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1 Introduction

An important property of the S-matrix is its invariance under field redefinitions [1-4]. The
Lagrangian and correlation functions (Green’s functions) change under field redefinitions;
however, the scattering amplitudes and physical observables remain unchanged.! Field
redefinitions which do not include derivatives, such as ¢(x) — F(¢(x)) for a scalar field, can
be viewed as a change of coordinates on the manifold where the scalar fields live, which does
not change the dynamics of the theory. An example is chiral perturbation theory, where
for two light flavors, the Goldstone boson manifold is the group SU(2) which is isomorphic
to the three-sphere S3. Two common field choices are to use Cartesian coordinates & =
(71,72, %3,7*) with the constraint #-# =1 for S, or the exponential parameterization
exp(im-7T/f) with = (7!,72,73) for the corresponding SU(2) group element. The two
forms lead to different off-shell correlation functions, but the same S-matrix elements.

The geometric approach was used to compute scattering amplitudes, and to charac-
terize deviations from the Standard Model (SM) in terms of the curvature of the scalar
manifold of the Higgs field [6, 7]. It was shown that deviations from the SM model for
Higgs Effective Field Theory (HEFT) or Standard Model Effective Field Theory (SMEFT)
have a simple universal form in terms of the curvature [6, 7]. Further work can be found
in refs. [8, 9]. Recently, the geometric structure of scattering amplitudes under field redef-
initions has been extended to include field redefinitions with derivatives and higher-spin
fields through several approaches [10, 11].

The geometric view of scattering amplitudes also has practical advantages. It reor-
ganizes the calculation of amplitudes in terms of geometric invariants. Many terms in a
Feynman-diagram expansion are organized into geometric quantities, leading to a more
efficient calculation of the amplitude. It provides a universal description of some scatter-
ing amplitudes — Higgs and longitudinal W scattering in BSM models, soft scattering
amplitudes for spontaneously broken theories [7, 12], and the renormalization group equa-
tions [6, 7, 13] in terms of the curvature.

!Scattering amplitudes refers to S-matrix elements, i.e., the on-shell amplitudes including external leg
(wavefunction) corrections. A simple derivation of S-matrix invariance is given in ref. [5], implementing
field redefinitions as a change of variables in the functional integral.



The previous results were extended to include gauge fields and combine the scalar and
gauge sectors in a unified framework [14]. Kinetic terms for the scalar and gauge fields
are unified into a combined metric tensor with both scalar and gauge indices. The results
unify scalar and gauge amplitudes, so that ¢¢ — ¢¢, ¢ — AA and AA — AA are different
components of a single curvature tensor. Even though the starting metric is block-diagonal,
with scalar and gauge components, the curvature tensor is not. Terms in the curvature
tensor such as Fé-r i have internal index sums which run over both scalar and gauge
indices. They give terms in the scattering amplitude from diagrams with internal scalar
and gauge exchange. The geometric analysis can be used to compute one-loop anomalous
dimensions. We apply the methods in this paper to reproduce the renormalization group
equations (RGEs) for the dimension-six even-parity bosonic operators in the SMEFT [15—
17] as a check on the formalism. We then obtain the RGEs for dimension-eight even-parity
bosonic operators in the SMEFT. Parts of the dimension-eight RGEs have been computed
previously [18-20], but a lot of terms are new. We agree with the previous results for the
terms common to both calculations.

We will use the standard EFT power counting in 1/M, where M is a mass scale.
Dimension-six contributions to the Lagrangian or RGE are proportional to 1/M?, dimen-
sion-eight contributions to 1/M*, etc. Section 2 discusses the geometric formulation we use,
including the combined scalar-gauge metric, covariant derivatives, and curvature. Section 3
computes the second variation of the action using geodesic coordinates for the fluctuations,
and the one-loop renormalization counterterms in terms of curvatures and field-strength
tensors. The SMEFT Lagrangian to dimension eight, and the expressions for the metric
and Killing vectors in the SMEFT are given in section 4. The formalism of sections 2 and 3
is applied to compute the RGEs in section 5. Operator counterterms have to be reduced
to the canonical dimension-eight basis. These reduction expressions are lengthy, and given
in appendix B, and the RGEs in the canonical basis are given in appendix C. Section 6
discusses the implications of our results for geometric zeros in the anomalous dimensions.
We conclude in section 7.

2 Field-space manifold

Consider a theory of scalar and gauge bosons with interactions with at most two deriva-
tives,? and ignore CP-violating interactions for simplicity. The general gauge-invariant
Lagrangian takes the form

L= %hlJ(qS)(DMZ))I(D%)J _V(g)— igAB(¢)FﬁFBHV , (2.1)

where hrj(¢), V(¢), and gap(¢) depend on the scalar fields, and

(Dud)' =0,0" +ASt5(0),  FB =0,A0-0,A0 —fLpACAD, (2.2)

2Higher-derivative interactions are linked to higher-derivative field redefinitions, which is outside the
scope of this work. They have been considered in refs. [10, 11].



where tﬁl((b) are Killing vectors of the scalar manifold, so they generate a symmetry.? The
Lie derivative of the scalar metric hy; vanishes,

(Leah) g =thhisr+hicsth (+hth =0, (2.3)
where hrjx =0rhry and tl{h ;=0 Jtﬁl. The Killing vectors satisfy the Lie bracket relations

[tA,tB]I:fczllBtéa (24)

and the relation
Vitia=—-Vitja, (2.5)

where t;4 =hy Jt}]l. The gauge coupling constant is included in t{4, and hence also in the
structure constants fCA B-

The kinetic term coefficient for the scalars, hrs(¢), can be interpreted as a metric in
scalar field space [21], and transforms as a metric under field redefinitions. The kinetic
term coefficient for the gauge fields, gap(¢), which depends on the scalars, is symmetric
under A <> B, and transforms as an invariant tensor with two adjoint indices under action
by the Killing vector tf4,

gaprte—1%4 app— s 9ap=0. (2.6)

We extend the notion of a field-space manifold to include gauge fields, where gap(¢)
will take center stage, and unify the scalar and gauge sectors, so eqgs. (2.3) and (2.6) are
components of a single equation. This also provides a unified description of scalar and
gauge amplitudes.

We group the scalars and gauge bosons into real multiplets ¢! and ABFB_ where
I,J,K,... are scalar indices and (Ap4),(Bug),... are gauge and Lorentz indices, treated
as a combined index. We will use ,j,k,... to run over both scalar and gauge indices. We

- h 0
gij = L (27)
0 —TNuapg 94B

from the scalar and gauge kinetic terms. The quadratic part of the gauge kinetic term is

define a combined metric

L= 50a5(0) [(0,42)(0,A2) ~(@uAD) D,4D)] (2:8)

The first term in the square brackets motivates the choice in eq. (2.7). The second term is
cancelled by the gauge-fixing term.

In earlier works [6, 7], the metric used was the scalar metric hry. This metric gives
the Christoffel symbol

1
Ty = §hIL (hyrx+hrkg—hikL), (2.9)

and Riemann curvature

Rrgic =hin (9T} = 0003+ DI T Y, — TN, ). (2.10)

3More details can be found in ref. [7].



Covariant derivatives using the connection in eq. (2.9) are denoted by Vi, where only
the scalar indices are treated as active indices. We can compare these with quantities
derived from the metric in eq. (2.7), which we denote with a tilde superscript. The various
components of the Christoffel symbol fék are

f{m :F5K7 (2.11a)
(Apa) I _ 1°(Cuce) _
Lok ™ =Tlaunr =T (au)Bus) =0 (2.11D)
~ 1
F{AMA)(BMB) = §hIJngABnMAMB’ (2.11c¢)
~(A 1
i) = 59"V igend)y, (2.11d)

where Vigap =gap,r is the covariant derivative using the connection Vj, since A, B are
not active indices for V. Christoffel symbols with an odd number of gauge indices vanish.
We will also use the notation

T 1

F{ANA)(BNB) = le‘lB(_nHAuB) ] I‘IAB == ghIJVJQAB, (2.12a)
~A 1
Fg(g;‘;) =I7p0)3 g =§QACVIQCB, (2.12D)

where 7., ., and 044 have been factored out. Even though the metric in eq. (2.7) is block

diagonal, we get non-zero mixed Christoffel symbols with both scalar and gauge indices.
The Riemann curvature tensor components Ez‘jkl are computed from the Christoffel

symbols 1:; > and the summation over indices runs over both scalar and gauge indices. The

components of E’«ijkl are
Riykr=RikL, (2.13a)
Riapayixr = Bapa)(Bup)(©pe)L = 0, (2.13b)

_ 1 1
RI(Apa)(Bug) = (4(V19AC)QCD(VJQBD) _4(VJ9AC)QCD(VIQBD)> Nuans

(2.13¢)
5 1 1 cp
Riaps)sup) = | 5ViIVi9a=7(V19ac)9” " (V1gBD) ) Muaps: (2.13d)
~ 1
R(Ap)(Bug)(Cue)(Dup) = — Z(VIQAC)hIJ(ngBD) NuapcMuppn
1
+ Z(VIQAD)}ZIJ(VJQBC) NuappMupnc: (2.13e)
Curvature components with an odd number of gauge indices vanish. Here
ViVigaB=94.17-T 948 K, (2.14)

since only the scalar indices are active indices for Vj. The gauge curvature obeys the
Bianchi identities

Rapa)Bup)17+ Bapa) 15 (Bug) T Bapa)1Bug)r =0, (2.15)



Figure 1. Generic one-loop graph. The internal (dashed) lines are fluctuation fields, n’ and C;?,
and the external (solid) lines are the background fields ®! and AB#5. All interaction vertices are
quadratic in the fluctuations.

and similarly for R[JKL and R(A#A)(B#B)(C/JC)(P,“D)' _

We will also use the covariant derivative V using the Christoffel connection I in
eq. (2.11), where scalar and gauge indices are both active indices. One quantity which
enters in helicity amplitudes is [14]

~ 1 1
ViVi(9aBMuaps) = (VIVJQAB— §V19AC 9°P V1980~ QVJQAC g“P VIQBD) Nuapp s
(2.16)
where A, B are active indices for the combined covariant derivative V, but not for the

scalar covariant derivative V. As in eq. (2.12), it is convenient to factor out 7,,,, from
both sides,

- 1 1 ~
ViVigap = <V1VJ9AB - ivIgAC 9PV 98p— ingAC g VIQBD) =V, VigaB.
(2.17)
These geometric quantities arise in the calculation of the renormalization group equations.

3 Renormalization

The one-loop renormalization of the Lagrangian in eq. (2.1) can be computed using the
background field method. The scalar fields are written as the sum of a background field ®
plus fluctuation 1, ¢! — ®!+n’. The one-loop renormalization is computed by expanding
the Lagrangian to second order in the fluctuations, and then integrating over the fluctua-
tions. A generic one-loop graph that contributes to the RGEs is shown in figure 1. This
method was used for the dimension-six SMEFT operators in ref. [22].

The expansion ¢! — ®/ +n! is not a covariant expansion to second order in the fluctu-
ation, and it is better to use instead an expansion in geodesic coordinates [6, 7, 23, 24]

1
¢f:q>f+nf—§r§KanK+... (3.1)

This results in a covariant second variation of the action. In our case, we use geodesic
coordinates for both scalar and gauge fluctuations,

. I
yie (cZ“A> | (3.2)



with the connection derived from the combined metric in eq. (2.7). The expansions of the
fields are

1~, .
o' =@ =S Tjn’n +..

1~ 1 M
=2 = D™ =S ) By 1A

1 1
— <1>f+nf_ieranKJrirngAﬂngr. o (3.3a)
ABus _ pABus _|_<‘B,U«B 2 5 )77j77k+~ -
B 1~
— ABus _|_<‘B,U«B ECZE CC#cnK 2F57(gﬁc JCCﬂC+

— ABus | (Bus _FgKCC#BnK_f_. . (3.3b)

where ®! and AP#B are the background fields. After expanding the action, we will simply
use ¢! and ABFB for the background fields when there is no ambiguity. Note that with
the choice in eq. (3.3), there is mixing between the scalar and gauge fluctuations at second
order.

The computation of the variation of the action to second order is a lengthy calculation.
The substitution in eq. (3.3) is used for the fields, and then the action is expanded to second
order in 1 and . There is considerable simplification when using the expansion in eq. (3.3)
and the symmetries in egs. (2.3) and (2.6). Using geodesic fluctuations gives the resultant
fluctuations in terms of geometric quantities. In computing variations of the action, it is
useful to define various covariant derivatives. The gauge covariant derivative of ¢ is

(Do) = 0u0"+ A t5(9), (3.4)
and the gauge covariant derivative of a gauge adjoint such as F4 B Or A g
(DuFas) = 0uF = Fpe A Fag, (D¢ = 0,01~ fpe A (3.5)

The derivative of the scalar fluctuation that is covariant w.r.t. gauge transformations and
scalar manifold coordinate transformations is [7]

(Zum) = 0"+t i A" + Tl (Do) '™ (3.6)
Since (D,¢)! transforms like the fluctuation n’, the covariant second derivative of ¢ is

(2uDpo)" = 0,(Dyu¢) +t s AT (D)’ +T% 1 (Du) ™ (Dusp)™ . (3.7)

Generalizing to the combined metric in eq. (2.7), we define a covariant derivative 2 w.r.t.
both the gauge field and the background metric g;; analogous to the definition of Z in
ref. [7]. Let

, I
7, [(fgfi ] (39)



be the analog of D, ¢ in the combined scalar-gauge space, and define
(@un)l = au77]+tIB,KAE77K+f§kZﬂ77k
=0 +t5 w AT + Tk (Dud) 0™ +T 4, (g F 4 P15
= 0"+t g AnS + T (D) n™ =T g Fi P
=(Zum)' ~ThpFu ™, (3.9)

and similarly

~ N\ (Ana) =(Apa) i
(2u€) " = 0uca - pip ACPRALT ) 7y
~(A ~(A
= 0, — L ASCPRAL TR (D, )T (o 4 T{gha) BBy
= (D¢ ) 4T 75 (Dye) (PHA+ TR F 7 A" (3.10)

The final expressions for the one-loop counterterms simplify greatly when written in terms
of Z,n and Z,(.
3.1 First order variation

The first variation of the action in eq. (2.1) is
1 v
577S:/d%{—hu(@MD“gt)J—4gAB7[F;3,FB“ —vlv}nf (3.11)
under scalar fluctuations, and
55— / d4x{hUtIB(DV¢)J—i—gAB,](D“qﬁ)IF/ﬁ,—l—gAB(D“FW)A}(B” (3.12)

under gauge fluctuations, and 6,5 =0, §:5 =0 are the classical equations of motion.

3.2 Second order variation

Obtaining the second order variation of the action is a tedious computation, with many
terms, which collapse into a covariant expression when using the symmetry conditions in
eqgs. (2.3) and (2.6). The second order terms can be divided into the scalar variation d,,, the
gauge variation d¢¢, and the mixed variation d,¢c. We have used the geodesic fluctuations
in eq. (3.3) to compute the second order variation, which results in a covariant expression
and simplifies the final result. To the second variation, we have added a gauge-fixing term,
eq. (3.20), to eliminate terms linear in (@MC”)A. The gauge-fixing term is included in the
expressions below.

n1n:  the scalar variation is

57771‘3 = ;/d4$ {h[] <.@,ﬂ7)1 (@”77)]4- {—E]KJL(DH(Zﬁ)K(D“(ﬁ)L—(V[VJV)

1
- (VIVJQAB ~T90B. —F?BQAC,J) FAwpS thhJLgABtfté} 77]77‘]} )

4
(3.13)



which can be written in the more compact form

OynS = % / d%{hf 1 (Zun) (Zm)”+ [—RIK J1(Dud) K (DFo)E—(V1V V)

1/~
— 1 (ViVagas) P EL ~trat]

nfnJ}. (3.14)

The covariant derivative V;V jgap is given in eq. (2.17). Scalar and gauge indices on the
Killing vector tf4 are lowered and raised by the metrics h;; and g4p and their inverses,

tra=hrsth, =g Bl (3.15)

n¢: the mixed variation is

1
OneS = /d456 [(hKJVIti;—hIJVKtix) (Duo)X —§(VJV19AB)(DV¢)JF£/

1

1
- §QBD9AD,IhLJté(Du¢)J+ §QBD9AD,IQCB,L(DV¢)LF e

1
+QBA,K(DM¢)Kh1LgBGté—Z(DV¢)J9AB,JQBD9DC,1F£, n'¢M. (3.16)
The first term can be rewritten using the identity
hiVrth—hisVith =2hg Vitd =2Vtga, (3.17)

which follows from eq. (2.5) since t4 is a Killing vector. The entire expression reduces to

1
S = [ { 2091810 47 (V sgam) = 55 (V 198) | (D)’

(= Rauny1(5m)+ 21540 Bu) ) F B"B”(DW)J}??ICA“A (3.18)

using the combined curvature R defined in eq. (2.13).

¢¢: the gauge variation is

1 ~ ~
S = [t { = gan s (Z,01 4 (G0

~ 1 ~ ~
+|trathia —Ricaws e (Dad) (D°0) + 29151 ((2,D08)' +(9,Dy9)")

+ (VIVJQAB _QAD,IQDGQGB,J> (Duo) (D)’

1 1
5 (QDBchA—gDAf%BJrQQCDfaB) Fﬁ_ngB,KhKLgCA,LFo%ng
1 1
+ ghIMgAB,MgCD,IFggFDO‘BUWJr §hIMgAB,MV,I7hw} CA“CBV} : (3.19)



Gauge-fixing term: the gauge-fixing term, which has been included in the above second
variation of the action, is

1
St = —5/d4w 946G,
~ 1
(-@;LC)A#‘FigAchB,I(Duﬁb)ICB“_hIJgABtJJBnI

= (2u) M +T15(Due) (Pr—tin" . (3.20)

This is an extension of the gauge-fixing term in ref. [25]. The gauge-fixing term in eq. (3.20)

gA

has been chosen to eliminate terms linear in (@M( )A# in the second variation of the action,
and to make the ¢ kinetic term invertible. Physical results do not depend on the choice of
gauge-fixing term.

Ghosts: there is also a ghost Lagrangian which depends on the gauge variation of the
gauge-fixing term in eq. (3.20). Under a gauge transformation with parameter #4,

o' =t m’o?, 8¢ = =00 — F P (A +CS) (3.21)

the ghost Lagrangian takes the form
A

_ 4G
Sehost = / d*z CA%SEC

= [t {(Due) 4D 4 (D) oGS P ~ AT (D,0) (D)

B

—2e4T15(D,0)! ABCgECB—CAh[JgACtétIBCB—CAh[JgACtétlByKUKCB} , (3.22)

where ¢ and ¢ are the anticommuting ghost and anti-ghost fields. The covariant derivative
of the ghost and anti-ghost analogous to eq. (3.10) is

~ A
(_@“c) = MCA_ %CAECC+F?B(D;L¢)ICB (DMC)A+F}43(D;A¢)ICB
(72) = uea—cafGaAl +esT Fa(Duo) = (Dye)atesTia(Dug)’ . (3.23)

in terms of which the ghost action is

ghost—/d 55{ @ﬂ )

1 1
‘f‘CA[<29AEVIVJ9EB_49AE9EC,IQCD9DB,J> (Du¢)I(D“¢)J+F?B(@“Du¢)I—tIAtIB}CB

+(Due)af b ¢ —28aT15(Dyud) [ pes c _CAhIJgACtétIB,KnKCB} ; (3.24)

which can be written in the simpler form

_ _ 1~
SghostZ/d4${(9nc)A(9”C)A+CA [QACngngCB(DM¢)I(DM¢)J+F}4B(@M‘D#(b)l_tIAtIB}CB

+[(Du) af BoC —2ealT5(Dud) f () —eatits xn”] CB}- (3.25)

The last line of the ghost action is cubic in the fluctuation fields, and not needed for the
one-loop functional integral over fluctuations.



3.3 One-loop counterterms

The divergent one-loop contributions are calculated from the second variation of the action.
The general form was first computed in ref. [26] and extended to a kinetic term with non-
trivial metric in ref. [7]. In the purely scalar case, if the second variation has the form

1
S =3 [ ate {his (@) () + Xi'n’}, (3.26)
then the infinite part of the one-loop functional integral in 4—2e¢ dimensions is
1 1 1
AS = tr =T [V, Y]+ -Tr X2 2
s 327r26/dx{12 r[Yy ]+2 r{ }}’ (3.27)
where
Yl =122, X1 =hKXk;. (3.28)

In our case, we can use the above results treating X and Y as matrices in the com-
bined scalar-gauge space, and subtract the corresponding expression for the ghosts. The
components of X,

[Xnn]IJ [XnC]I(B ) ]
X= ws) | (3.29)
[[ch](A“A)J (X)) gy

can be read off from egs. (3.14), (3.18), and (3.19), and X 5 for the ghosts from eq. (3.24).
The covariant derivative in the combined scalar-gauge space is

D, [Wi] =0, 77; + té’JAgtxriJc(Dm)L A 4C _FéBlj’% L ] [77;] , (3.30)
G G L En — oAy e+ Lp(Dud) M| |C5
and the commutator of covariant derivatives  takes a very simple form,
(91,2 Z’j = [Viu] "j = Rl 28 2LV L FC, (3.31)
extending ref. [7, (3.45)], where the combined Killing vector is
2 th
S -

This grouping of the Killing vectors was introduced in ref. [14]. The commutator of covari-
ant derivatives for the ghosts is

~ ~ 1A ~ ~ o~
29|, = D) 5= R*pr1(Du0) (Do) + VI E,
= R (Do) (Do) — ftpFa+T1pteFy, . (3.33)

The divergent contribution in eq. (3.27) allows us to compute the anomalous dimension
of the effective Lagrangian. The remaining computation is purely algebraic. Evaluate Y,
and X in terms of the metrics and potential in the Lagrangian, and then take the traces in
eq. (3.27). Note that matrix multiplication and traces are over the combined scalar-gauge
space. The ghost contribution is subtracted, since ghosts are anticommuting. We discuss
the application of our results to the SMEFT in the next section.

~10 -



4 Standard Model Effective Field Theory

Although the construction and main results of this paper apply to a general effective field
theory for scalars and gauge fields, it is of particular interest to apply it to the SMEFT. In
the SMEFT, the only scalar field is the Higgs doublet, which we write as four real scalars,

1 2+' 1
- <i4_zz3> , (4.1)

and the scalar indices I, J,... take values from 1 to 4. We group all gauge fields of the full
gauge group SU(3).®SU(2),®U(1)y into the multiplet

as in eq. (A.1),

i
AP=|wg|. (4.2)

By
The corresponding field-strength tensors are G2, i Wi, and By, Unless otherwise speci-

fied, @ runs from 1 to 3. At times we will combine the electroweak SU(2);,®U(1)y gauge
groups, and let a run from 1 to 4, where W4 = B,,,, and denote this explicitly.

The operators in the starting SMEFT Lagranglan are those that can be included as
terms in the metrics or potential. All fermions are dropped. The terms in the SMEFT
Lagrangian to dimension four are the SM terms

1 2
_ A e pv V_i v t _ trr .2
E——4GWG H 4W§VW‘W B wB"+D,H'D,H A(H H 21} )

1
_ o A pv a Ny v I I 1 2\2
__ZGIWG . 4W/J,Z/W a _ZB BN ( M¢) (D”d)) _Z)‘(d) (rb -v ) . (43)
From eq. (4.3), we can read off the potential

1
V(9) =Mo" 0" —v?)?, (4.4)
and gauge covariant derivative [6]
¢! 0 @Wi+B,  —gW} 90 W, ¢!
(D,6)! = 02| L |=9:Wi-a1B, 0 g0 W, gW}? ¢?
: On | 2 @W; —g W, 0 @eW2—g1B,| |¢°
o8 —g2W, —goW2  —g2Wi+gi1B, 0 ¢!
(4.5)

The Killing vectors ¢, can be read off from eq. (4.5)

¢4 _¢3 ¢2 ¢2
1] 1]t 1 ¢! 1| -¢t
=59 FRE t2 =592 o | ts=592 b | ta=591 R (4.6)
—01 ) — 03 ¢3

using 12,3 for the SU(2);, generators and ¢4 for the U(1)y generator.
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I_I2

Q| (HH)

Table 1. Bosonic dimension-two operator in the SM (and the SMEFT).

H* H2D? X2
Q| (HTH)? ‘Quep2|  (D*H'D,H) Qe |GG
"Rypap, |(H'D2H)+(D?*HTH) Qo | W, R

4@32 BMVBHV

Table 2. Bosonic dimension-four operators in the SM (and the SMEFT). The operator ‘R 20 18
redundant, and can be eliminated by integration by parts.

The notation we use for the SMEFT operators is given in appendix B and follows the
notation of ref. [27]. [The dimension-eight operators were also classified in ref. [28].] We
include an additonal left superscript with the operator dimension, since we need operators
of dimension d = 2,4,6,8. The even-parity bosonic SM operators of dimension two and four
are given in tables 1 and 2. These are generated by the one-loop formula, eq. (3.27).

We include all SM couplings other than the Yukawa couplings in our calculation. We
use the Warsaw basis [29] for the dimension-six terms, listed in table 3 with our notation
and the original notation of ref. [29]. The H® SMEFT operator gives a contribution to
the scalar potential, the H*D? operators contribute to the scalar metric, and the X2H?
operators contribute to the gauge metric, where X is a general field strength. We cannot
include the X3 operators in our initial Lagrangian in eq. (2.1). The dimension-eight even-
parity bosonic operators are listed in table 4, excluding the X* operators which we do not
need for this paper.

The H® operator contributes to the potential, the H%D? operators to the scalar metric,
and X2H* operators to the gauge metric.

The total potential to dimension eight is

gl 22 Lo [, 18 I
V= N0" =) = 2 O (001) — g "Cpe(67), (47)

and the total scalar metric to dimension eight is

1
hry =01y [1—1—4 (8022;[)2 " ggpz) (¢K¢K)2} + <_2 60H4D> ¢I¢J
1

+5 [ Crrape + Ol 5 (05 6%) | H1s (9). (4.8)

- 12 —



x3 HS
6 B 9 c 6
Qc | Qus |[[770 G GIPGTH QH\ Qo

6
Qw | Quys| €W WhewsH

(HHY?

X2H?

QHG 6Qg2H2 (HTH) G;%GMMV
QHW 6QVV2H2 (HTH) WﬁVWaHV
Qup | °Qpoyp | (HUH) By, B

QHWB 6QWBH2 (HTT&H) W;(}VB#V

H*D?
Quo|°Quuy | (HUH)O(H'H)
Qup 6QH4D2 (D“HTH) (HTDMH)

Table 3. Bosonic even-parity dimension-six operators in the SMEFT. The first column is the
notation of ref. [29], and the second column is the notation used in this paper.

where

O3 —1d2 —ads Paids
—p1d2 P p1ds —¢1o3

His(0) =919+ 4.9
(@) —¢ods d1ds P —d3d4 (4.9)
Gog3 —1d3 —P304 B3
The matrix H is
14
His(0) =5 [Talrywa(6),  wa(6)=[Tals, 6" 0", (4.10)
a=1
where the matrices T were defined in ref. [30], and are discussed in appendix A.
The total gauge metric is
l96Glaz 0 0
9AB = 0 lgwwlab [9wBla | (4.11)
0 lgw]s  9BB

where A and B run over the SU(3), SU(2), and U(1) gauge groups. The submatrices are
g6 =[1-2 “Cooppa(676")~"Caappa(6701)?] Tsxs.
lgwwlar = [1-2 *Crpapa(6'6") ="Clpl s (876" Tsxa—4 "Cih pawa($)an(9),
lowBla=lgBw]a= (2 "C e +8CWBH4) Tas
985 =[1-2 "Cpayps(670")~"Cpapa(670")?] (4.12)

Note that B in eq. (4.12) denotes the B,,, field strength for the U(1)y gauge group, and
not a gauge index. From eq. (4.8),

) 4
Rrjxr=-2 6CH4D (0rxégr—0rL7K)— §6C'H4Dz > ([Yalix[Yalso—[YalrL[Yalsx)

a=1

2
— (4 (6CH4D) +°ct —SCSQDQ) (66" (615070 —01L0K)
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HE X2H4

"Q s |(HTH)? QW | (HTH2GE G
8 1 a auv
HOD? QWhps | (HTH)Wg, W

8 (3) T a -i. b a b/.Ll/
Q HtH Qe |(HIT°H)(HI TP H)W S, W
Qe (H'H)*(D,H'D'H) . (1)2 +|( ) Wy

Q Quy HYH)(HYr*H)W?, B
“Q$ pa | (HVH) (H'7  H) (D, H7! DIH) pis| (HTH)( Wy

Q) (H'H)2B,,, B"
H4D*4

X H*D?

8 ~(1) v

Q.| (D HT D, H)(D”H D H) T O
8,(2) Qwpap:| WHH)(D*H'r*D"H)Wg,
Qyrips|(DuH'D,H)(D*HTD"H) 8

8~(3) Qg/?/)H4D2 iﬁabc(HTTaH>(DﬂHTTbDVH)W/iV
Qjyaps|(DHHTD, H)(DYH D, H)
8@521}{41)2 i(HTH)(D#HTDVH)BW

X3H?

QW |F7PE(HTH) G GErGEn
8 1 aoc av (&

QW y | e (HTH)Wa Whewer
QW gy | € (HIT H) B WheWer

X2H2]D?2
Q) e e (DHHTDYH)G G
Q%) s (DFH' D, H)GE,G7
8~ (1 v a a
Qs 12 (DrHY DY HYW 3, War
8 2 a av
Q%) o (DFHD, H)YWg,Wave

8@%1)2}12[)2 ieabC(DMHTTQDVH)WﬁleSP
8Q$/II/)BH2D2 (DNHTTGDMH)BVPWWP
SQS/)BH2D2 Z'(D“HTTGDVH)(BupWSp_BVPWﬁp)

QW2 pa | (DFHTT*DY H)(B,,, W&+ B,,War)

QW 2 (D*H'DH)B,,B,)
8Qg3H2D2 (D‘“HTDMH)BVPBVP

Table 4. Bosonic dimension-eight operators in the SMEFT. The X H*D? operators have a factor
of i relative to ref. [27] to make them hermitian. There are also X* operators which have not been
listed here.
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+(Clp="Cle e ) (Bsicd10L+0116 6K —0,1610K —Oricb01)
+dimension-eight T terms, (4.13)

where the T terms are complicated, and have not been shown explicitly.

5 Renormalization group equations

The RGEs can be computed using eq. (3.27). The starting Lagrangian to dimension eight
is given by expanding the potential and the scalar and gauge metrics to order 1/M*. The
coefficients included in the Lagrangian are those that multiply operators given by expanding
the potential and the metrics in eq. (2.1). As we have seen, the SM couplings m%, A, g1,
g2, and g3 can all be included, so the only SM couplings which are dropped are the Yukawa
couplings. The dimension-six SMEFT coefficients included in the form in eq. (2.1) are

6 6 6 6 6 6 6
Chss Cpans Cpapes Cgepzy Cyepzs Cpape, Cyppe,s (5.1)
and the dimension-eight coefficients are

8CH87 8022D27 801('_]26)3D27 808-2)]_[47 80[8[]})2[{47 SC‘(/[?;)QH47 SCgQ)HAM SCI(/‘]/-')BH4- (52)

While the starting Lagrangian has the form in eq. (2.1), the counterterms generated are
not limited to that form. Thus we can compute all terms in the entire RGE to dimension
eight which depend on the coefficients listed above.* As a non-trivial check of the method,
we reproduce the known SM RGEs, and the dimension-six RGEs computed in refs. [15-17]
which depend on the above coefficients. The dimension-four and dimension-six RGEs are
not included in the results in appendix C, and must be added to the equations given there.

The operators generated by the renormalization counterterms are not in the canonical
operator basis. The most lengthy part of the computation is converting the redundant
operators to the canonical basis using integration-by-parts and field-redefinition identities.
These relations are tabulated in appendix B. Eliminating operators by field redefinitions
is equivalent to using the equations of motion to first order, but not to higher orders (see,
e.g., ref. [31] for an HQET example). In our computation, the redundant operators have
a one-loop coefficient, so second-order quantities are effectively two-loop order, and can
be dropped. Thus one can use the classical equations of motion instead of field redefini-
tions to get the results in appendix B. This simplification cannot be used for a two-loop
computation.

The RGEs are given in appendix C for the dimension-eight corrections to the SM
couplings m%{ and A, and to the dimension-six SMEFT couplings GCHg, 6CH4D, GCH4 D2
GC'G2 2 6C'W2 2 6C’ B2p2 and 6CW g2 We also obtain the dimension-eight RGEs for the
HE HSD? H*D* X?H* X3H? X2H?D? and X H*D? operators. All other dimension-
eight SMEFT coefficients have no terms in their RGE that depend on the coefficients in

4Warning: as an example, the RGEs for H*D? operators in appendix C do not include H*D* terms,
since these are not in the listed coefficients. This does not mean that such terms vanish. They are present,
e.g., from wavefunction renormalization contributions, and were computed in ref. [20]. Similarly for all
other contributions which depend on coefficients not listed in egs. (5.1) and (5.2).
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egs. (5.1) and (5.2) and the SM bosonic couplings. Following the convention of refs. [15-17],
we list 167r2,u% for the RGEs to avoid a factor of ﬁ in each equation.

Parts of the dimension-eight RGEs have been computed previously in refs. [18-20].
These results include fermionic terms which we have not computed, and we have some
bosonic contributions which they have not computed. Refs. [19, 20] computes the RGEs
for the dimension-eight operators proportional to dimension-eight coefficients. We agree
with their results for all the terms both calculations have in common. In comparing, it is
necessary to take into account the opposite sign convention for the coupling constant in
the gauge covariant derivative, and the difference in gauge S-functions because we do not
include fermion loops.

The one-loop correction to the SM kinetic terms gives the field anomalous dimensions
(wavefunction renormalization factors) listed in eq. (C.3). These depend on the gauge-fixing
term, and are computed using our choice in eq. (3.20). There are dimension-six corrections
to the wavefunction renormalization. Note that the dimension-four contribution to g,
v =—g°—3g3, is twice the value in Feynman gauge.

As in previous calculations [15], there are some unusually large coefficients in the RGEs,
with several coefficients larger than 100. The biggest coefficient is in the RGE

ds 1568

1 Cis= STELY (60H4D)2+. A —0.17 (6CH4D>2+. N (5.3)

1
using the known value of A in the SM.

5.1 NDA

There are some consistency checks on our result using the NDA [32] rules given in refs. [33,
34]. Every operator in the Lagrangian has mass dimension d, and an NDA weight u=F —2,
where F is the number of fields in the operator.” One can write a Lagrangian term as

L=Cc0=CO, (5.4)
where
~ (47T)u ~ Md—4
O—Md_40, 0—7(470“0, (5.5)

and are dimensionless, and M is the SMEFT power counting scale. For example,

L="C\) ,(H'H)*(D,H' D" H)+°Cyys H®
- [ (fr; c) Dzl [(j}rr (HTH)Q(D#HTD“H)] + [ (fr; 8CH8] [(j}rf HS] (5.6)
so that , ,
Sél(qlgm = (4M7r)4805112D2 , 86AYHES = (fr)ﬁscm . (5.7)

Su is 2w, where w was defined in ref. [33]. This avoids half-integer values.
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Then if an operator O is generated by an L-loop graph with insertions of operators O;, we
have the power counting rules [32-34]

wde~qre. (5.8)

where the overall coefficient is order one, and

d—4="> (d;—4), u+2L="> u;. (5.9)

A strongly coupled theory is one where C; are order unity. It is inconsistent to have theories
with C; much larger than unity. In a weakly coupled theory, C; can be much smaller than
unity, and eq. (5.8) implies that loop corrections are small.

The H® operator has d=8, u=6, the H5D? and X?H* operators have d=8, u=4,
the H operator has d =6, u=4, the H*D? and X2H? operators have d =6 and u =2, the
H* operator which multiples A has d=4, u=2, and the gauge couplings multiply a d =4,
u=1 operator. Thus from eq. (5.9), the one-loop RGE for H® can only have terms of the
form

s~ (Mg) 5 {Ce } + (0 a) 5 "o, “Capgs} + (O )

+ ()\, gz) XGCHG X {6CX2H2, 6CH4D2} + ()\, 92)2 X {6CX2H2, ‘

2
Chapz} »  (5.10)

which is the structure of the terms found in eq. (C.22). One can similarly check that the
other RGEs satisfy eq. (5.9).

6 Geometric zeros

Much interest has centered around some surprising vanishing terms in the RGEs for the
SMEFT, first found in ref. [35]. For example, using the NDA described above for the
dimension-six coefficient °C’ 17ap2, the RGE can depend on

6 .

CH4D2 ~ ()\, 92) X {GCH4D2, ‘

Cyape } - (6.1)

The RGE for the dimension-eight coefficient e, 176 p2 can depend on

8 .

CH6D2 ~ ()\, 92) X {SCHGDZ, CX2H4}+()" 92) X {6CH4D2, CX2H2}2
+GCH6 X {6CH4D2, 5

Crapa - (6.2)

8 6

However, some of these entries vanish non-trivially— (g?) ><6CX2 ;2 in the first example,
and (g?) x c v2p4 in the second example — when all the diagrams are added up. The zeros
at dimension six were explained using on-shell methods [36]. Similar vanishing entries in
the RGEs have also been encountered at two loops [37] and when including gravity [38].
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We will explore this using the geometric approach to the RGE. Let us focus on the
terms of the schematic form (t-t)(V2g) (9¢)?, which would contribute to the RGE of the
d/ 2 d . s .
form “C 4_ 2 ~ (9°) X Cyapya—s- The gauge variation gives

%TT[XQ]gauge — [hKLtKAtLBn;w}
() (V2g) (04)2
1 1 J I J
X{ QVIVJQABnuu(Da¢) (Da¢) +(VIVJ9AB)(D/L¢) (DV¢)
=~ [tkt""] [V1V1945(Dag) (D°9)] . (6.3)

The ghost terms give

1
5 Tr [XQ]ghost

= (-2) [¢"° L1V (D) (D) | [~ Ptsea]
(t)(V2g) (96)? -
= [t#4"F] [V1V.948(Dag) (D°¢)"] (6.4)

The ghost terms enter the one-loop calculation with a minus sign, because they are anti-

commuting, which has been included. This gives the cancellation

1 1
§Tr{X2]gauge +§TI‘[X2]ghost =0. (65)
(tt)(V2g) (09)* (tt)(V2g) (09)*

This is consistent with the vanishing of these entries in the RGE that was found at di-

mension six and dimension eight. In the geometric approach it is clear that the same
cancellation happens at all mass dimensions.

7 Conclusion

The structure of scattering amplitudes can be elucidated using the geometry of field space.
The geometric approach allows for more compact, field-redefinition-independent expres-
sions for the scattering amplitudes. The geometric approach also simplifies the functional
integral calculation of loop corrections.

We have applied the geometry of field space for an effective field theory of scalars
and gauge bosons and calculated the one-loop counterterms. The resulting expression
depends on geometric quantities, demonstrating that the geometric approach continues to
be valuable at loop level.

As an important application of our results, we have calculated the RGEs for the
SMEFT for even-parity bosonic operators with mass dimension eight. The results are
listed in appendix C. Some of these terms were previously calculated in the literature [18-
20], and we agree with previous results. We also have many terms which are new.

Our calculation focused on combining the scalars and gauge bosons into a unified frame-
work. Fermions were not included. However, there should be a geometric formulation for
fermions, since field redefinitions involving fermions also leave physical results unchanged.
Including fermions, as well as higher-derivative operators, is necessary to capture the full
RGEs for the SMEFT at dimension eight. This will be explored in future work.
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A SU(2)L xSU(2)r generators

The Higgs doublet H; and H, :el-jH”, with €12 =1, € = —¢;;, both transform as SU(2)
doublets, and can be combined into a 2x 2 matrix which can be written as a linear combi-
nation of 1 and the Pauli matrices,

_ 0x +
“=(HH)= (_IZ+* fp) — bytiT . (A.1)

The group SU(2);, xSU(2)r acts on X by E—>gL§JgE, giving the generators in the four-
dimensional space of ¢!,

(00 0 —1 [0 01 0] 0-10 0
ol 00-10 | ol 000—1’ Tg:1‘1000 ,
21010 0 212100 0 210 0 0 -1
100 0] 1010 0| 001 0]
[0 0 0 1] [0 0 10] (0 -1 0 0]
j 1 j 1 |1
it 00 0’ T2t 0 00 ol 0 00 (4.2)
210100 21-1 000 210 0 01
-10 0 0] 0 —100] 0 0 —10]
Defining a fourth Pauli matrix 7% = —ilayo,
1 1
all __ © It a_J arl I, J, a
[T7] J—4Tr (T 7 ), [TR]" 4Tr (T T ) (A.3)
The Killing vectors in eq. (4.3) are
I
th=iprf]'y o', a=1,23,  ti=ig T3] ;¢ (A.4)
It is convenient to define the matrices
Y,=—-4 T3, a=1,2,3, T,=—-4TET}, (A.5)
0010 0001 ~1000
00 0-1 0010 0 -100
T, = Ty = T3 = Yy=—T4ns. A6
"“l1toool|l” " lo1oo0|l” * |0 o010 “* 4 (A-6)
0-10 0 1000 0 001

These are identical to the matrices Iy, in ref. [30]. We choose to denote them by Y to avoid
confusion with the Christoffel symbol.
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B Notation and operator relations

In this paper, we need the bosonic even-parity SMEFT operators up to dimension eight.
The renormalization counterterms generate operators of dimension d=2,4,6,8 multiplied
by m?;d. In addition to the operators present in the SMEFT Lagrangian in a canonical
basis, redundant operators are generated which can be eliminated by integration by parts
and by field redefinitions. At dimension six, we use the Warsaw basis [29], and at dimension
eight, the basis in ref. [27]. The dimension-eight operators were also classified in ref. [28].
To avoid confusion, we have used the notation dQ;:L) for operators in the canonical basis.
Here d is the operator dimension, F' is the field content, and n is used if there are multiple
operators with the same dimension and field content. The subscript F' is written as a
product of powers of G, W, B, H, D, and O for the field-strength tensors, Higgs field,
covariant derivatives, and covariant Laplacian. d is redundant, since it can be computed
from F', but we have included it for clarity. A generic gauge field strength will be denoted
by X. Other than the left superscript d, the notation is that of ref. [27]. The coefficient of
ng}) in the Lagrangian is denoted by dC}(;n).

Redundant operators, which are eliminated by integration by parts and field redefi-
nitions, follow the same notation dR%n) but are denoted by R instead of (). Redundant
operators do not appear in the Lagrangian, so we do not need a notation for their La-
grangian coefficients. Redundant operators are generated at one-loop order. As a result,
second-order terms in field redefinitions are of two-loop order, and field redefinitions are
equivalent to using the equations of motion accurate up to dimension eight.® To save space,
we have given relations which can be used to reduce each redundant operator to a linear
combination of canonical operators, rather than write each redundant operator in terms of
canonical operators. For example, GRSBI p2 can be written in terms of canonical operators
by first using eq. (B.11) followed by eq. (B.10).

To simplify the notation, it is convenient to define

Red
ju=i(H'D,H-D,H'H)=iH'D ,H, rp=0,(H'H),
=
ji=i(H'r"D,H-D,H't°H)=iH'D%H, o= D,(H't"H). (B.1)

The commutation relations

i i
Dy, Dy H = 591 B Ho+ 5.02Wy, 7.

[-D;u Dl/] 518 = _92€abCW£V cczﬁ)
[D,,D,]Bag =0, (B.2)

can be used to change the order of covariant derivatives. Since H is the only field with a
U(1)y charge in our analysis, the results for a scalar with general hypercharge yy are given
by the replacement g; — 2g1ypq.

51f redundant operators are generated at tree level, e.g., when integrating out a heavy particle, one needs
to keep the nonlinear terms in the field redefinitions [31].
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B.1 Dimension 0

At dimension zero, the only operator is 1 with coefficient the negative of the cosmological
constant,

L=—A+... (B.3)

B.2 Dimension 2

At dimension two, the only operator is “Q 2= (HTH) listed in table 1 with coefficient
1
L="Cy2"Qpy2 = 5miy(H'H) (B.4)
where mp is the Higgs mass in the broken phase.

B.3 Dimension 4

At dimension four, the canonical bosonic operators are 4@ ga=(H T2,
‘Quape = (D'HID,H), Qo = GZ,G7M . Qe =Wa,W*  and 'Q . = By, B* with

4., 4 4 4 4., 4
L= Z Cx2 Qx2+ Crzpz Quzpz+ Cra Qpa . (B.5)
X=G,W,B
The Higgs self-coupling is A = 4 174- The fields are rescaled so that the kinetic terms have
canonical normalization, ‘o 2 =—1/4, X6, 1r2p2 = 1, so the anomalous dimensions of 4CX2
4 . . .
and C\2 . give the field anomalous dimensions

d 4 1 d 4

VX:27 CX2’ YH = — % 717 CHZDQ. (B.G)
dlnp 2dlnp

There is one redundant operator at dimension four, 4RH25, which can be eliminated
by integration by parts,

Rypp=(HID2H)+(D*H H) = —2(D,H' D"H) = -2 "Q 25 . (B.7)
The dimension-four operators are listed in table 2.

B.4 Dimension 6

At dimension six, we use the operators in the Warsaw basis [29], which are listed in table 3.
The redundant dimension-six operators are listed in table 5. They can be eliminated by field
redefinitions and integration by parts. The operator relations for these are listed below, and
extend previous results to include dimension-eight contributions to the reduction formula.
The relations all respect the NDA power counting rules [32-34], which dictate the power
of coupling constants in the various terms.

Note that the relations need not remain valid when multiplied by additional fields,
because integration by parts has been used in their derivation. For example, one has the
relation in eq. (B.7),

H'D*H+D?*H'H+2(D,H' D"H) =0, (B.8)
but on multiplying by (HH),
(H'H) [H D*H+ D*H H+2(D, H D" H)| =°Q a5, (B.9)

instead of zero.
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H*D? X H?2D?

6RH4D (HTH) [HTD2H+D2HTH} GRS/)HQDQ jV DR,

"Ripi e (H'H)(D,H'D"H) SR, o |d(DPH) 70 (DY H) WS,
R®) . |(HI D, H)(HI D*H)+ (D, HIH)(D*HTH)  °R0), Y 0" B,

"Rigs s ind" "R} aps | (D) (DVH) By,

6 (4 .q -
R e Jud®"

Table 5. Redundant bosonic dimension-six operators in the SMEFT.

B.4.1 H*%D?

The redundant H*D? operators are related to the operators in the canonical basis as
6 4 6 1 5o
Ry =m} Qpa+ (‘4)“"47”%{ Crag— 5771%{ H4D2> Qo
6 6 6 8 6 6 8
+(6 °Cpre=16) “Crra+22 Chyape ) Qs+ (8 Copan+ Crape ) Qb po

6 8 6 8 6 8 6 8
+2 Cape Qopa+2 Coapa Qg2)m+2 Cyzpe QE/Il/)QH4+2 Crops Qs

8
"Rijip =5 @mio—3 Byao, (B.11)
6 6
Rgé)lDQ - QH4|:|_2 QH4D2 ) (B12)
6
RET_:;A)LDQ - QH4D+4 QH4D27 (B13)
RgA)LDQ _3 6QH4D_2 6RL[4|:|- (B14)

B.4.2 XH?2D?

The redundant X H2D? operators are related to the operators in the canonical basis as

GRS/)HQDz = —gomy 4QH4+§92 GQH4D
(492)\ dgom¥ 6CH4D+292m%{ "Crrape+am}; °C WBH"’) Qs
+ (=692 “Cpra+1692) “Crras—392) “Cpripe— 401\ “Cop e ) Qs
+( 85 GCH4D+%gg 5Cya o +691 6CWBH2> QW e
+( 92 H4D2+491 CWBHQ) Qg%m_zﬁ 6CGQHQégQ(GgH4
+( 292 CB2H2 g1 CWBH2> BQggm
+(291 Cyy2p2 =392 CWBH2> QWBH4
8 CW2H2 QWH4D2+12 CWBH2 QBH4D2’ (B.15)
GRS,)HQDQ = RE/II,)HQDQ—FZQQ GQW2H2+391 GQWBH27 (B.16)
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651 1 6 1 6 6 1 s 6
R222D2=<4g1m§{ CH4D2+§g2qu CWBHQ) QHG+§91 Quin+t291 Qpape

6 6 8
+(—91)\ CH4D2_292)\ CWBH2) QHS
3 6 6 8 6 6 8
+(291 Crap2+492 CWBH2> Q22D2+(91 Crap2+92 CWBH2> Qg%m
1 6 8 (1 1 & 8 (3 6 8 (1
—592 o Qe+ 592 Crpe Qs +201 Crogre Qg

6 8 6 8 6 8
+292 CB2H2 Q%/)BH‘l +4 CWBHQ Q%/)HALDQ_S CB2H2 Q(B}}HDQ’ (Bl?)

6

2 1 I 6 1 6
Rgsf)q?m:_ R }12024‘191 QB2H2+192 Qwpm- (B.18)

B.5 Dimension 8

The dimension-eight even-parity bosonic operator basis is that of ref. [27]. The operators
are given in table 4. The operator superscripts are not in consecutive order, e.g., Qw)g H2D2
with n=1,2,4. This because the n =3 operator in ref. [27] has odd parity, and is not used
in this paper. Redundant bosonic dimension-eight operators are given in tables 6, 7, and 8

and the relations used to eliminate these are listed below.

B.5.1 H%D?2

The redundant H°D? operators are related to the operators in the canonical basis as

"Riyjor = m%q °Q o —4A Qs (B.19)
SRE;%DQ Q&}%Dg Q% e, (B.20)
R .= ;mﬂ Quo+2) *Qps—2 "QU) .- ., (B.21)
"R e = —%qu Qo +2) Qs —"Q' s (B.22)
“Riph e = 5k Q22 Qs 43 Qa2 Q. (B.23)
8R2Qﬂ:%m%6QmazAc%ﬁ+3 QW L+2 Q@ . (B.24)
SRS%W ; my GQH6_2)‘ SQHS +5 SQET}%DZ. (B.25)

B.5.2 XH*D?

The redundant X H4D? operators are related to the operators in the canonical basis as

8
R%ZqﬁZO (B.26)
8 1 s 1
Rg/IQ/)H4D2 92 QH6D2 292 ngsDQ_ZgQ QVll/)zH4+192 QW2H4 +2 QWH4D2’
(B.27)
8,5(3 1 1 1 1
Rg/V)H“D? 492mH QH6_92)\ QH8+ 92 QH6D2—* g2 QW2H4_§91 QWBH4
1
Qév)m D25 (B.28)
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8 8
R$)H4D2 =2 Q%/?/)H‘lm ) (B.29)

R(5)H4D2 =92 QHGDQ g2 SQSL?%DQ— 192 QW2H4+ 192 Qg/)zm, (B.30)
SRE/?H4D2 =-2 Qg)/)H‘lDZ ’ (B.31)
8R(V17/)H4D2 Z%ggqu Q6 — 205\ "Q s +5g SQS%D2 —92 8Q(V;1/)2H4—91 SQwBHAL
+8 Qg/ll/)H‘lDQ’ (B.32)
R%?/)H“DQ QWH4D2’ (B.33)
SRE;?/)H4D2 Z—égﬂn[{ QH6+192>\ "Qps—9 QHGDQ ! g2 QH6D2
+192 QW2H4+192 QW2H4+391 QWBH4, (B.34)
SR(MI/%lD? = QWH4D2’ (B.35)
R(111214D2 éngH Qe+ 192/\ Qs — 392 QH6D2+ 192 QggDﬁ-ggz 8QS/)2H4
_% 92 QW2H4+3191 QWBH4 2 QWH4D2’ (B.36)
8R(wl/213r4D2 = _%92 Q%)2H4+%92 SQ%/?/)QH‘“ (B.37)
Rgl)'{‘lD? églm% 6QHﬁ‘Flglk 8@1{8_%91 8@%172_%91 BQ%DQ
191 QB2H4+ 192 QE/II/)BH‘l_Sng)‘{‘lD?’ (B.38)
“R) e = iglmH Quo—01X Qups + 501 “Qph 01 Qo — 501 Qs
592 QWBH4+2 QBH4D2 —2 R$31)LI4D2’ (B.39)
“Righaps =2 ngﬁqmz Qapape- (B.40)

B.5.3 XZ2H?2D?
The redundant X?H?D? operators are related to the operators in the canonical basis as

1 2)

RSQ)H2D2 2mH QG2H2 2 QG2H4+293 QG3H2+ QGQHQDQ’ (B.41)
SR(GQQ)H?DQ :% SRSQ)HQDQ ’ (B.42)
SR(G32)H2D2 == %qu GQG2H2 +2A SQ(GQH‘l _SQ(C¥22)H2D2 , (B.43)
SRglng? :% SR(G32)H2D2 ) (B.44)
Rinp: = ;m%{ Qs+ (_2)\+;g%> SQ%)2H4+39192 Qg +292 Qi
+8Q$/i2/)2H2D2 292 SQI(/Il/)H‘lD? ’ (B.45)
8R§/?/)2H2D2 :% 8R$/111)2H2D2 ; (B.46)
8R$)2H2D2 —%qu 6QWQH2+2/\ 8Q$/l1/)2H4 QWQHQDQ’ (B.47)
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8
it e

8p(1)
Ry pu2pe

8p(3)
Ry pr2p2

:% RO, e (B.48)
= —%ggqu °Quo+293) "Qus—593 "Q) o +93 "QW, i+ 9192 Qs

+0 QW g QW1 *QW, L, —8g QW (B.49)
=5 "B e (B.50)
L Qb (204 ) O b O 0

—2g; QW) 1, (B.51)
:% "R e (B.52)
- —%m%{ Qpegz+22 QW) Q%) 1 s, (B.53)
:% *RE) e (B.54)
=§9192m% 6QH6+§m12LI 6QWBH2—29192A SQHerggng SQS%DQ

+29192 SQg()aDa—%glm 8@%)2H4+é9192 8@%;?/)2;14—%9192 8Q§3H4

- <2)‘+4119§) SQS/)BH‘H_Q? 8Q§/[1/)QBH2+8QS/)BH2D2+91 SQS/)H‘lD?

+395 QW) s (B.55)
:% "R s (B.56)
= —ég1g2m%{ Qo _%m%{ GQWBH2+%.9192)‘ "Qprs —%9192 SQS%DQ

—29192 SQg%Dz—%ng SQ%)2H4+ég192 8@%,?,)2[{4—%%9192 SQ(B]-2H4

+ (2)‘+4119%) SQS/)BW —92 SQS/LBW _SQE/Il/)BH2D2 +91 8Q$/11/)H4D2

—3g2 QN i, (B.57)
:% "RE) s (B.58)
Zéglgszq 6QHG_%m%{ 6QWBH2—%§1192A 8@[{8"‘%9192 QU e

+Zglg2 SQS%D2+%9192 SQ%)2H4—ég1g2 8Q$)2H4—ig192 8Q§§H4

+ (2)‘_ ig%) SQg/Ilf)BH‘l 92 SQS/)QBHQ _8QS/)BH2D2 9 8Q$/[1/)H4D2

+395 QU)o (B.59)
:% RO (B.60)
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B.5.4 H*D*

The redundant H*D* operators are related to the operators in the canonical basis as

1 4 6 8
"R = Rﬁimz "Ry = i Que—2Xmiy Qo +43 Qs (B.61)
1 1
"R e = Qmjlq QH4+2)\mH QH6+2mH Q=42 "QU) ., (B.62)
6 8
Rgz)lDQD:mH QH4D2_2)‘ QH6D2_2)\ QH6D27 (B.63)
8 1 1 1

2

myg
1 28

)‘+ gl+ 92 QH6D2+4 QH6D2+92 QWH4D2+91 QBH4D2’

(B.64)
1 1 6 1 8 3 1 8

Rgzxm— 125{( 5)\ TG 2) Qo+ A (2)\—1‘9%) QH8+(_)‘_89%_89§> Qgém
3
g1+

(s

1 1 58
598 ) QU QU+ 1598 Qs 1598 "W

+Z% ngg 4+:9192 QWBH4 g QBH4D2, (B.65)
H4D4_ %1( **91 )GQH6+)‘(4>‘+9%+QS>8QH8
+(-2r-Je- j;) Qo+ (598~ 198) Qb +2 "o
% QW2H4 51; 8@%?,)2114—1—%9192 QWBH4—292 SQ%/)H4D27 (B.66)
SRﬁm i 1 4QH4+m (1)\"_1169%>6QHS+;m%I GQH4D+A<2A—ig%)8QHs
( Bt g+ 92> QH6D2+G 598 ) Qe
Qg/ll/)m‘i"' Q%?H‘l 513 28Q}B?Hﬁl_%fhg? QWBH4+91 QBH4D2
- QH4D4_ QH4D4+ QH4D4’ (B.67)
Ry = it 53 Qe 1A Q63 Qs+ 103 " 63 QU
1 2 8 1 (1)
—g%2 QW2H4_49192 QWBH4+92 QWH4D2 g1 QBH4D27 (B.68)
SRﬁDFim‘iI 4QH4+m?H< §A—E ) Quot+m¥ QH4D2+)\ <2A+ gl>8QH8
+(—A—Zg?—ég§) QH6D2+<—2A—4 = )QHW
+ QH4D4_ QH4D4 QH4D4+16 QE/[/QH4_76 % QW2H4+ QB2H4
"";9192 QWBH4 91 Q(Blf)‘I‘lDQ’ (B.69)
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s (7 6 1, 1 1, 1 ,)\s
R;IBLDAL_RETJZD‘*_'_ H(891+16 )QHG+)‘( 59 g 495) Qps

3 1 8 (1) 2)
+(4g%+293> QEanz‘i‘( 91"’ ) EqGDz

8 1 3 8
Th 2 QE/{l/)ZHAL_i Q%/?/)ZHAL Z % Q _ggng Q%/)BH‘l

+91 QBH4D2, (B.70)

8 (8 1 1 1 1 6 1 6 6
R;ﬂlm:zm‘}{ QH4+m%{ (‘2)\—169% 892> QH‘)‘_Em%{ QH“EI_m%{ Qpap2

1 9
+>\< oA+t g1+ gQ) QH8+<5A _gg)bggm

2 8

8 8
+(2/\—4 91— é > Q(;zspz_ Q%zxm‘f' Q;ZLDAL_

3 98
QSZD‘L—FE % QE/‘I/)QHAL

8 PR 3 8 8
7% Q%?)ZHAL—’_SQ% QBlgH4+§gng QE/%/)BH4_92 QS/H‘lD?’ (B71)

8 1
Rﬁglm R(81D4+ 16 migs QH6 )\92 QH8+

3 8 1
2 Qé{l/)sz; Qg/)szx 89192 QWBH4+ g2 Qé{l/)Hlez- (B-72)

3 1
5 8Q22D2 - o Qg%DQ

C Renormalization group evolution in the SMEFT to dimension eight

This appendix lists the renormalization group equations up to dimension eight. The terms
included in the RGEs are those that depend on the coeflicients that are included in our ini-
tial Lagrangian in eq. (2.1) through the metric and the potential. The dimension-two coef-
ficient m%{ and dimension-four coefficients g1, go, g3, A are included, as are the dimension-six
coefficients

6 6 6 6 6 6 6
CH6> CH4D7 CH4D2’ CG2H2’ CW2H2’ CB2H2’ CWBH2’ (C-l)

and the dimension-eight coefficients

8 8 8

Cirs: “Chpdpes Chiapes Coipar Clwoggss Ciwogsr Cilss Oy (C2)

Unless otherwise specified, only the dimension-eight terms in the RGE are listed here. The
full RGE are given by adding the dimension-four and dimension-six terms given previously
in refs. [15-17].

In the RGEs, we follow the notation of refs. [15-17], and use a dot over the coefficient
to denote 167r2,u%. Consequently, the anomalous dimensions are all multiplied by 1672.

C.1 Field anomalous dimensions

The field anomalous dimensions to dimension-eight in the gauge used in this paper are:

Y = —g%—3g§+3m12q GCH4D , (C.3a)
vo=—11g2—4m% °Cpoppa | (C.3b)
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H%D?

*R6 (H'H)2(H'D*H+D*H'H)

"Rt pe (HYH) [(D,HH)(HT D, H)]

SRk e (V) (D, HUH) (DFHH) + (Y D, H) (D2 )|
i iy

SRgf)im (HVH)jj,

"Rija e (7" )3

"Rige e (H ) g0

H*D*

R, (HTH)(D2H'D%H)

R, (HTD*H)(D*H'H)

"R (H'D?H)(H!D*H)+(D*H'H)(D?H' H)
R oy (D, H'D,H)(H'D?H+D?H'H)
*R®) .| (H'D,H)(D,H!DH)+(D,H'H)(D*H' D, H)
R 4 (H'H)(D,D,H'D,D,H)

R . (D,D,H'H)(H'D,D,H)

*r®) . |(D,D,HH)(D,D,H'H)+(HD,D,H)(H'D,D,H)
*r\Y) ., |(H'D,D,H)(D,H!D,H)+(D,D,H' H)(D,H'D,H)
*R$)\,« |(H!D,D,H)(D,H'D,H)+(D,D,H'H)(D,H!D,H)
*R) . (D, HD,D,H)(H'D,H)+(D,D,H D, H)(D,H H)
"R{7\ ps |(DyH' DDy H)(H' Dy H)+ (D, D, H' D, H)(D, H H)
R . (D, HD,D,H)(D,HH)+(D,D,H D, H)(H'D,H)
*RO) . |(D,H'D,D,H)(D,H'H)+(D,D,H'D,H)(H'D,H)

Table 6. Redundant even-parity bosonic dimension-eight operators in the SMEFT, part 1.
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X H*D?

B ranpryye,

W WG

8R$/13/)H4D2 JHT W

8R%4/)H4D2 T W

8R§)/)H4D2 eaberanpbryye,

8R$)H4D2 eaberanjbryye,

SRI(;/)H‘lD? eabe jan jryye,

*RG) i | (DFHITH)(H DY HYWS, + (HTr* D H) (DY HTH)W?,
“Ryy s pe [1(DHH o H) (HT DY HYW &, —i(H '+ DI H) (DY HH)W,
SRAQ | (HDHH)(H' 24 DY HYW8, + (DHHH)(DY B 7 HYWS,
*Riy s pe | i(H DFH) (H 70 DY HYW S, —i( DI HTH) (D" Hi 7 H)W,
8R$/11/2})14D2 cave(H'7*H)(H'r* DDy H + Dy Dy H'7? H)W,
831(131}{4132 i(D*HTH)(HTDVH)B,,

"R )i 31" Buw

He 7B OV D ) B

Table 7. Redundant bosonic dimension-eight operators in the SMEFT, part 2.

43 6
W =- gg% _4m%{ Cywap, (C.3¢)
1 6
VB:fg%—élm%, Cgape - (C.3d)

6

The gauge B-functions do not include fermionic contributions. In Feynman gauge, the H
anomalous dimensions of refs. [15-17] is

6 H4D2) . (C.4)

The gauge field anomalous dimensions are the same as eq. (C.3) if the fermions contribu-

1 3 6
i == 591 = 595 +m (2 Crricr—

tions are dropped.

C.2 Dimension 0

The RGE for the cosmological constant is

and is entirely dimension four. The dimension-six and dimension-eight terms vanish.
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X2H2D?
*RU) o pe | (HTH)D,GY, DRGvo

zR%) wepe | (HUH)D,GE DY G7ro
SR(GZ)HQDQ riD,GZ.GY
R ope | DG G7

zR%/)Q ope | (HUH)D, WS DEWave
R§/V)2H2D2 (HTH)DMWZ%D”W”“U

8
SR(VZ;L e | TPD W WAYe
Ry pope| D, W Wee

85(5) - _abc ;aptirbro c
Sg%)QHQDQ Z-Eabczazzbuagug//za
N I
Ry2iape | (H'H)D,B,oD"B
*r2) ., .| (H'H)D,B,,D"B"

8
SR%) . 140, B,y B
R o e r1d, By BY

“RG) o po | (HITH) D, By DFW Y

R o |(HITOH)D, B,y DV WAHE
SRg/?/)BHQ D2 r 0y By W
BR%/)BHZW r 0y Buo W
RO ope|  rMD WA B
8R$/?/)BH2D2 r D, Wi, BY?

Table 8. Redundant bosonic dimension-eight operators in the SMEFT, part 3.

C.3 Dimension 2

The RGE for the Higgs mass is

3

9
iy = m%{l?)\— 91— 295} +mj§{—4 Crao+2 GCsz} : (C6)

and has only dimension-four and dimension-six contributions given in refs. [15-17]. The
dimension-eight contributions vanish.
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C.4 Dimension 4
The RGE for the Higgs self-coupling is

. 3 3 9

A= {24A2—A (307 +993) +8gi‘+49?9§+89§}

10 3 3
2 6 6
+397 CBQHQ +39192 CWBH2 }
2 5 2 2
+m411_1{6 <GCH4D) +Z (GCH4D2) _6 6611'_14[]663_141)2 _32 (GCG2H2>

12" o) 4

2

The dimension-four and dimension-six contributions were given in refs. [15-17]. The

dimension-eight terms are proportional to m‘},.

C.5 Dimension 6

The dimension-eight RGEs for the dimension-six coefficients in the SMEFT Lagrangian are
listed below. The contributions are all of order m%l /M* in the SMEFT power counting.
The dimension-six contributions are given in refs. [15-17], and not included below.

C.5.1 HS

The RGE for the HS coupling is

. 10 2
5C 0 = m%{{—IQO 0C 16" Clyay+27 °Cp6°Clyapo+ (320A+g%—1093> (“Chranr)

37 5 2 28
+ < )\+ g%) (GCH4D2) ( 160)\— 91 +—= 92) GCH4DGCH4D2

48 16 3
9 96 19 6
—3192 CH4D CW2H2—791 CH4E| CBQH2_?,9192 CH4D CWBH2
6 6 3 56 6 7 6 6
+595 Crape CW2H2_§Q% Chape CB2H2_E9192 Chap2 Cyyppe

5003 (“Cyyay) 1497 (6CBQH2)2+(32A—121 q-2 g) (Copie)”

6 6 6 6
—11g192 Cyapz Cyyppz—179192 Cpepe Cyppe

1 17 5 1
~20 SCH8+(—22A+% = ) C§3D2+<g%+3g§> "l
12 12 6
=93 *Clfh g =393 "oy =307 “Cltls—300 *Clf s} (©8)
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C.5.2 H*D?
The RGEs for the H*D? couplings, which enter in the scalar metric, are

"Chun = m%{{—24 (GCH4EI)2+% <GOH4D2)2+8 "Chyapy Cppape—64 (GCG2H2> i

—24 (60W2H2)2_8 (6CB2H2)2+4 (GCWBH2)2_3 8022D2+2 Cf(‘IgDQ}
(C.9)

. 2
60H4D2 :m%{{ﬁ (GCH4D2) —8 60H4|:|6CH4D2 _16 <GCWBH2) 8 C}{ZgDZ} (CIO)

C.5.3 XZ?H?
The RGEs for the X2H? couplings, which enter in the gauge metric, are

60G2H2:m%{{_14 6CH4D60G2H2+4 6CH4D260G2H2_12 <GCG2H2) —6 C(G2)H4}
(C.11)

. 2 2
GCW2H2 :m%{{_M GCH4DGCW2H2 +4 GCH4D26CW2H2 —12 (GCW2H2) - <GCWBH2)

—6 "C\) -2 C§V2H4} (C.12)

6 - 2

2
Cp2pp :m%{{—u 6CH4D6CB2H2 +4 6CH41726CB2H2 —12 <GCB2H2> -3 (GCWBH2>

6 8c§3H4} , (C.13)

6 6 6 6 6 6 6
CWBH2 :m%{{_ﬁ CH4|:I C’WBHQ—i_2 C’H4D2 CWBHQ_8 CW2H2 C’WBHQ

—8 °Clop"Chyy gz —4 og;gm} . (C.14)

C.6 Dimension 8

The dimension-eight RGEs for the dimension-eight coefficients in the SMEFT Lagrangian
are listed below. The contributions are all of order 1/M* in the SMEFT power counting.

c.6.1 Xx*

There are 26 even-parity X* operators at dimension eight [27]. The non-zero RGEs involv-
ing the coefficients in eq. (C.2) are:

8

) =2 (CGQHQ)2 (C.15)
Ol =2 (CW2H2)2 (C.16)
"l =—2(" BQHQ)2 (C.17)
e = =4 “Cpop"Coppapg (C.18)
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SCSQ)BQ = _4 60G2HQGCB2H2 3 (Clg)

SCI(/‘ll)QBQ == _4 60w2H2 GCBQHQ 5 (020)
. 2
801(,3)232 =—2 (6CWBH2> . (C.21)

All other anomalous dimensions do not depend on the couplings in the Lagrangian in
eq. (2.1).

Cc.6.2 HS

The RGE for the H® coupling is
. 2
" = =126 ("Cpye ) +(960A—2003 ) "y Crpary + (—228A =993 +993 ) “Cls “Ca e

6 6 6 6 6 6
—5495 CHG CW2H2—189% CHG CB2H2—189192 CH6 CWBHQ

40 2
+ (—1568A2—3Ag%+4mg§> (6CH4D)

37 5 3 3 3 6 2
+ <—74>\2 - E)\Q%‘F Z>\9§ - gg% - 19%93 - 893) ( CH4D2>
52 112
+ (736A2 + ?Ag% - 3Ag%> GCH4DGCH4D2 + 124Ag% 6CH4DGCw2H2

+28\g? 6C’H4D6C’32H2 +38Ag192 6CH4DGCWBH2

+ (—20)\g§ —69795 —693) "Crape Coams

+ (679t 691 69103 ) "Cyys 2" Cipa g

+ (;)\glgg — 69?92 - 69193) 6CH4D2 6CWBH2

51202 (“Ca g g (~192X2+2007g3 ~ 129793 5493 ) ("Cyy2 2 ) ’
+(—64\2+56)97 — 1891 1292 ) (“Cp2 H2)2

+ (—32)\2 +22Xg7 + %Ag% —3¢1 — 124193 —3g§> <GCWBH2>2

—126202 °Clypo o °Clpo o+ (44)\9192 —12g1gs —249193) "Cyame Cw e

6 6 8
+(687g192— 249392120103 ) "Clpa gz Cry gz + (1920~ 67~ 1893 ) “Clys

+ (4032 g+ rgh - Jai - Sotad - J0b ) Ol

+ (48A2— gkg? —12Ag5— ggi‘— 29%9§+ig§) ¢,

+ (3653 39703 993 ) Oy + (12703 3393 —343) “Clh .

+ (1220 391 —36203) O+ (12001023302 —39168) O (C.22)
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C.6.3 HSD?

The RGEs for the H%D? couplings, which enter in the scalar metric, are

20 2
C}{lgD2 - 96 GCHGGCH4D—12 GCHGGCH4D2+(352)\+209%+Sg§> (GCH4D)

161 2
< 23A+ Uit 5y 9 2) (“Chrape) +(-64r—208+123 ) *Cyay Cpapa

6 6 6 32 6 6

—2295 Ciag Cyag2+697 Chapy CB2H2_§9192 Crap Cwpne
6 6 6 6 43 6 6

+89§ Chape CW2H2+69% Chape CB2H2+§9192 Chap2 Cywppe

£512) (60(;2H2)2+ (1927+463) (6CW2H2)2+ (641+123) (6CBQH2)2

+ (—39%—393) (GCWBH2)2+?9192 6CW2H26CWBH2+§QLQ2 6CB2H26CWBH2

+ <68)\+;g%— 36195) W+ (—8A+7g%+137g§> ), (C.23)
¢, =—18 60H660H4D2+?g% (%mm)2 ( 26A_§ gt 131 gg) (6CH4D2>2

+ (64/\+ 30 g%+23092) GCH4DGCH4D2+209f CH456032H2

35 6 6 6 6 6 6
+§g192 CH4EI CWBH2+1293 CH4D2 CW2H2*3Q% CH4D2 CBQH2

13 6 2
_Egng CH4D2 CWBH2+1691 ( CB2H2)

10 6 94 6 6
+<32>\—1Og%—|—393) ( CWBHz) +§glg2 Cwere Cywppe

14 6 10 58 7 10 4
_39192 CBQHZ CWBH2+ 3 g% C(lg02+<56)\—g%+3 > CI(T_IQQDQ (024)

C.6.4 H*D*

The H*D* operators are not included in the initial Lagrangian in eq. (2.1), but they are
generated in the counterterm structure. The RGEs are

e =— ? (GCH4D)2—1—;(GCH4D2)2+% °C s’ C e — 16 (GCWBHQ)Q, (C.25)
¢ H4D4——?(60H4D) -3 (*Cups)’~ 3 Crrsg"Crrepe (C.20)
il = 430(60;145) (CH4D2)2_136 "Crpa Crpspr =128 (“Caye)

18 (*Cypap —16(032H2)2+8(60WBH2)2. (C.27)
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C.6.5 XZ2?H*
The RGEs for the X2H* coefficients, which enter in the gauge metric, are
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C.6.6 X3H?

The X3H? operators are not included in the initial Lagrangian in eq. (2.1), but they are
generated in the counterterm structure. The RGEs are
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C.6.7 X2?H?D?

The X2?H?D? operators are not included in the initial Lagrangian in eq. (2.1), but they
are generated in the counterterm structure. The RGEs are
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C.6.8 XH*D?

The X H*D? operators are not included in the initial Lagrangian in eq. (2.1), but they are
generated in the counterterm structure. The RGEs are
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