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1 Introduction

The exclusive leptonic decays of the charged B, -meson are of paramount importance for ex-
ploring the complex quark-flavour dynamics in the Standard Model (SM) and for probing the
nonstandard flavour-changing mechanisms beyond the electroweak scale. However, the helic-
ity suppression of the two-body leptonic B, — u v, decay process is expected to yield the
tiny branching fraction of O(10~7), which prevents the decisive measurements at the BaBar
and Belle experiments with more than 5o significance (see [1-4] for the available searches
at the eTe™ colliders). On the other hand, the radiative leptonic B, — £, decays with an
energetic photon will evidently lift such unwanted helicity suppression [5-10], at the price of
introducing the additional suppression from the electromagnetic coupling constant and from
the Lorenz invariant three-body phase space factor. Reconstructing the B-meson decay
vertex with just a single charged particle will unfortunately bring about the tremendous
challenges for searching B, — v, and B, — ~{v; at the LHCb experiment. It is therefore
advantageous to investigate the four-body leptonic decays B, — ¢/ £’ { vy with ¢, ¢’ € {e, p}
with three charged tracks for the sake of facilitating the experimental reconstruction of the
bottom-meson candidates in the hadronic collision environment and circumventing the he-
licity suppression mechanism applied to the two-body leptonic decays simultaneously. From



the QCD perspective, the rare leptonic decays B, — ¢/ ¢' ¢ 7, with the invariant mass of the
lepton pair (¢ v ) of order my Aqcp will further provide us with the valuable information on
the inverse moment of the twist-two B-meson distribution amplitude in heavy quark effective
theory (HQET), which serves as an indispensable ingredient for the theory description of a
variety of the exclusive B-meson decay observables [11-19] based upon the heavy quark ex-
pansion as well as the dispersion technique. Moreover, the exclusive four-body decays B, —
y*(— €' ') £, with the four-momentum (p,,) of the intermediate photon state satisfying
P2~ (’)(mg) are apparently of interest for addressing the “notorious” open issue of the system-
atic uncertainty due to the analytical continuation of the (local) operator product expansion
(OPE) from the Euclidean to the Minkowskian domain in the practical applications [20-22].

In analogy to the exclusive electromagnetic penguin decays B — K®*)¢¢ [23, 24], the
presence of the vector-meson resonances (e.g., p, w, etc) in the (¢ #') invariant mass spectrum
of By — ¢'{' ¢y will invalidate the applicability of the perturbative factorization approach
for evaluating the resulting hadronic tensor in the collinear regime of p? ~ O(A(QQCD). As
a consequence, we will focus on the kinematical region of the virtuality of the photon
state appearing in B — v* £y above the light vector-meson threshold, in contrast to the
previous phenomenological explorations in the entire kinematically allowed regions [25, 26]
by employing the vector-meson-dominance (VMD) ansatz, which permits us to apply
the appropriate OPE techniques for disentangling the strong interaction dynamics at
the separated distance scales. In particular, QCD calculations of the four-body leptonic
B, -meson decays at leading power in an expansion in terms of Aqcp/my, with the hard-
collinear dilepton system resemble constructing the soft-collinear factorization formula for
the vacuum-to-bottom-meson correlation function 7%} entering in the radiative leptonic
Bgs — 00 amplitude [14] generated by the B-type insertion of the effective weak operators.
In addition, the nonperturbative hadronic dynamics imbedded in the timelike B, — v*{1,
form factors with an off-shell photon carrying the hard momentum p, ~ O(my,) will be
characterized by the bottom-meson decay constant fp,, which has been determined from
the lattice-QCD simulation at Ny = 2 4 1 + 1 with the relative precision of approximately
0.68 % [27]. As the power counting scheme for the virtuality of the photon state dictates
factorization properties of the non-hadronic radiative B, — ~v*fvy, decay form factors,
the non-local hadronic matrix element defined by the time-ordered product of the weak
transition current 4y, (1 — v5) b and the bottom-quark electromagnetic current will result
in an unsuppressed contribution at p? ~ O(m?) in the heavy quark expansion.

In contrast to the radiative leptonic B, — /v, decays with an on-shell photon state,
it necessitates the introduction of three independent hadronic form factors to parameterize
the non-local matrix element encoding the QCD effects for the four-body leptonic decays
B, — ~v*(— ¢'0) {1, by implementing the two nontrivial constraints from the Ward-
Takahashi identity.? Consequently, one of the major technical objectives of the present

'The hard-collinear matching coefficient entering the perturbative factorization formulae of the radiative
B — ~* form factors were originally computed at O(«s) in [7] with the strategy of regions.

2 Alternatively, this observation can be understood from the Lotentz decompositions of the (axial)-vector
current matrix elements governing the exclusive semileptonic B — V{1, decays [12], where V stands for a
light vector meson.



paper consists in computing the leading-power contributions to the generalized form factors
of B, (pp) — 7*(p) €(q1) 7¢(g2) in the heavy quark expansion based upon the soft-collinear
effective theory (SCET) approach and the local OPE technique at p* ~ O(my, Aqep) and
p* ~ O(m?) respectively, including the next-to-leading logarithmic (NLL) resummation for
the parametrically large logarithms of m;/Aqcp in the obtained factorization expression
with the renormalization-group (RG) formalism. The yielding formulae for the radiative
B,, — ~* transition form factors with an off-shell hard-collinear photon can be further
evaluated by postulating the complete momentum dependence of the leading-twist B-meson
distribution amplitude rather than by introducing the inverse moment Ap and the first
two inverse-logarithmic moments O'g) at the NLL accuracy as in the case of computing
the on-shell B, — v form factors [5, 7-9]. Furthermore, we will endeavour to carry out
the factorization analysis for various subleading-power corrections to the exclusive rare
B, — v* W* decay form factors in the hard-collinear p?-regime with the aid of the two-
particle and three-particle higher-twist HQET distribution amplitudes. In addition, the
primary phenomenological new ingredient of our analysis consists in the comprehensive
investigation of the full angular decay distribution for B, — v*(— £ ) W*(— £1y) in
terms of five independent kinematical variables for both ¢ = ¢’ and ¢ # ¢': the invariant
masses of the dilepton system (p?) and of the lepton-neutrino pair (¢?), the three angles 61,
02 and ¢ defined in appendix A, which allows for the systematic construction of a numbers
of observables accessible at the LHCb and Belle II experiments.

The outline of this presentation is as follows. We will set up the computational framework
in section 2 by establishing the general parametrization of the four-body leptonic B-meson
decay amplitude to the lowest non-vanishing order in the electromagnetic interaction and
by exploiting the interesting implications of the Ugp (1) gauge symmetry on the emerged
B, — ~v* W* decay form factors. The matching procedure QCD — SCET; — SCETYy; for
the appearing B-meson-to-vacuum correlation function defined by the flavour-changing
b — u weak current and the electromagnetic quark current carrying a hard-collinear
momentum p will be performed at leading power in Aqcp/mp in section 3 with the
accustomed perturbative factorization technique, where the subleading power contribution
from the virtual photon radiation off the heavy bottom-quark field will be also derived at
leading order (LO) in the strong coupling constant with the OPE technique. In particular,
the Ward-Takahashi relations of the generalized radiative B-meson decay form factors will
be demonstrated explicitly at one loop. The non-local power suppressed corrections from a
number of distinct sources (parametrized by the higher-twist bottom-meson distribution
amplitudes) will be further addressed here by employing the HQET equations of motion
at tree level. In section 4 we will proceed to carry out the QCD — HQET matching
program for the aforementioned B-meson-to-vacuum correlation function at O(ay), where
the factorization-scale independence of the achieved expressions for all the B, — v* W*
form factors will be further verified at next-to-leading order (NLO) in QCD taking advantage
of the RG evolution equation for the effective decay constant fg (1). Having at our disposal
the factorized expressions for these hadronic transition form factors, we will turn to
investigate their numerical implications with the three-parameter ansatz of the HQET
B-meson distribution amplitude as proposed in [9] in section 5, where the phenomenological



aspects of the four-body leptonic B-meson decays will be subsequently explored with
circumstances on the basis of the corresponding full differential distribution described by the
five independent kinematical variables as previously mentioned. The concluding remarks
and theory perspectives on the future improvements will be presented in section 6. We
collect in appendix A the kinematics of the exclusive reaction B, — ¢/ ' { iy with £ = ¢/
and £ # ¢’ and then present in appendix B the explicit expressions of the angular coefficient
functions entering the interference term of the full differential distribution for the four-body
leptonic decay with identical lepton flavours.

2 Preliminaries

By analogy with the detailed discussions on the B-meson radiative leptonic decays [5-10],
the four-body leptonic B;, — ¢ ?' ¢ 7y decay amplitude can be expressed as

A(B, — ' L)

= G}Z“b (0 1) ¥ (p2) Uar) Peg2) | [7"(1 = y5)w] [ (1 = 95)8] By () s (21)

where pp = mpv = p+ ¢ is the four-momentum of the B-meson momentum with v being

its velocity, p = p1 +p2 and ¢ = ¢ + ¢2 denote the outgoing momenta carried by the off-shell
photon and the W* boson in the cascade decay process B, — v*(— £ ) W*(— (1),
respectively. It further proves convenient to work in the rest frame of the B-meson and to
introduce the two light-cone vectors n, and 7, fulfilling the general relations n? = 72 = 0
and n - n = 2 such that

n-p _ n-p n-q _ - q
pa:Tna+Tnaa QQ:Tna"i_Tnaa Vo =

N + Na

5 (2.2)

Keeping the first-order contribution to the decay amplitude A(B; — ¢ ¢ L) in the
electromagnetic interaction gives rise to following expression

GFrVuw igg Qo 14 /
— 3411 f v E

X {Tuu(pBap) [Z(Ch)’yﬂ(l - 75)7/4((]2)} - ifB p’é Luu(pBap)}v (23)

where the hadronic matrix element 7}, and the leptonic rank-two tensor L, are defined by

A(B, = ' Ly)

Tou(p:p) = /d4x e (0] T{75™ (), w(0) (1 = 75)b(0)}| By (pB)) , (2.4)
Lyu(ps,p) = /d41‘ T (0(q1) De(q2) | T{75™ (2), £(0) (1 — 45)12(0)}10) . (2.5)
The explicit form of the fermion electromagnetic current is given by
3 (@) =Y Qqa(a)na(w) + ZZ: Qe l(x)ml(x) (2.6)
q
and the B-meson decay constant in QCD is defined by the local axial-vector matrix element

(Ol 5 bIB,, (pB)) =i fB 1 - (2.7)



Taking advantage of the general decomposition of the hadronic tensor [7, 28]

Tou(P,q) = i €upo 1”07 Fy (P>, p) + 0 - p gy Fa(0®,n - p) + vu pp Fi (9%, - p)
PuPb
+0upy P2, -p) + 0 pogv, F3(p%n-p) + o Fy(p*,n-p),  (2.8)
and employing the two relations due to the conservation of the electromagnetic cur-

rent [29, 30]
2 2 P’ 2
Fi(p™n-p) = —Fa(p*,n-p) — w2 Fy(p”,n-p),

— 2
F3(p*,n-p) = _(Qb (fu;)éB B _ (v]?p

)2 FQ(p27 n- p) ) (29)

we can readily derive the following expression for the B — ¢/ ¢’ £ i, amplitude

_ 2 ;T — _
(B = £ 07) = FE2 Mo ()37 )] [dan) (1 = )]

{i €uvpy FV(an n-p)+o *Puv FA(pQ’n “p)

U-
+ Pty [Fl(pQ,Wp)Jrnst(pz?n-p)} } (2.10)

with €p123 = —1 and the redefinition prescription of the axial-vector form factor [5]

Fapn-p) = Fa(pon - p) + 212 (2.11)
to account for the second term in (2.3) due to the virtual photon radiation off the lepton
field. Apparently, constructions of the perturbative factorization formulae for the gener-
alized B, — ~* transition form factors Fy, Fa, Fy and Fj constitutes the primary task in
predicting the full differential distributions of the four-body leptonic bottom-meson decays.
To this end, it proves more convenient to introduce an alternative parametrization of the

nonlocal matrix element 7, (p, q) for facilitating the practical QCD calculations

Tyu(p:@) = i €uupo 1707 Fy (P>, - p) + v - p gy, Fa(0®, 1 p) + vu pu F1 (0%, 10 p)
r- r- Pubv £
+vuPuF2(P2,n-p)+v'pkuF3(p2,n-p)+:%sz;(pQ,n-p), (2.12)

by separating the Lorentz structure g, into the longitudinal and transverse components

NNy + nyn
gHV — gl”“/ -+ gi‘y’ gﬂy — % . (213)
It is then straightforward to establish the transformation rules between Fj and I (i=1,...,4)
2 2
B r A A r -
Fi=F-—1"Fy,, FE=FK-——Y _F,,
! ! r? — 41y A 2 2 r2 — 41y A
=y 2 [ W S (2.14)
3 — 13 7”%—4?"2 A 4= 14 T%—47"2 A .



where we have introduced the two dimensionless kinematic variables

2v - 2
r = i P , ro = 7]972 , (with 7% —4ry > 0), (2.15)
My ;)

allowing for an equivalent formulation of the Ward-Takahashi identities (2.9)

. dry . L A(Qy— dry .
Br=-"2F, By=- (s 2Q1>2f3 TE_ T2y, (2.16)
1 Ty ™

It is important to stress that these relations hold to all orders in the perturbative expansion
and to all orders in the heavy quark expansion, irrespective of the power-counting behaviour
of the off-shell photon momentum.

3 QCD factorization for B, — v* £v, with a hard-collinear photon

3.1 The B-meson decay form factors at leading power

We will proceed to derive the factorized expressions for the radiative leptonic B, (pg) —
v*(p) ¢(q1) 7¢(g2) decay form factors in the kinematic region of p?> ~ O(myAqep) by
implementing the perturbative matching program QCD — SCET; — SCETy; for the
hadronic matrix element T,,. Integrating out the hard fluctuation modes with virtualities
of order m? for the B-meson-to-vacuum correlation function (2.4) results in the SCET]
representation?®

T (p,q) = Qu {C\(/AO)Q(WP,M) v+ (C(VAO) (np,) + CF 7 (- p, M)) ﬁu]
< { [ ate e OGS @), @V(0) (1425 hu(0)) B
+ [atwer [aty 0GRy @), i £8) ), EW(0) (14 5) ()15 |

1
QU/ {C(Bl)l(n P,Taﬂ)vu‘f‘c( )2(n~p77'“u,)ﬁu}
mp

{ /d4a:e /d4y/dre_mp”

OT{550,) (2), i L) (), (EW)(0) (L +5) (Wi DLWe)(rm) hv<o>}|B;>} ,
(3.1)
for the longitudinal indices 4 and v, and

T0:0) = QuCl mopn { [ diz e O[T @), EW) )3 (1=3) ko (0)}B; )

+ [ataere [aty O ), L0 W), EW0) 7 A=)k (0)}B; )}
(3.2)

3For definiteness, here we employ the power counting scheme of the two external momenta
n-p~O(my),  fi-p~O(Aqep) ~ON)n-p,  n-ge~ii-g~O(my),

where the scaling parameter X is defined to be of order (Aqcp/ms)'/2.



for the transverse indices p and v. The explicit expressions of the effective electromagnetic
currents up to the O(\?) accuracy can be written as

il =¢ gé v |

(1),L 7 1 " 1 "

Jeeo = 8wt s i Pel 5 €8T Per o 5 €

il =(ew. S vla ra v fwlie) i,

jﬁ(zz:i gW 'YJ_VY qs +qs Ys 10 WTf (3.3)

The multipole expanded SCET Lagrangian with the homogenous power counting in the
expansion parameter \ appearing in (3.1) and (3.2) reads [31] (see [32] also for an independent
derivation in the hybrid momentum-position space)

ﬁ(l) = (s WT /) ELC & — f ] %Lc Weaqs,

_ . . 1
£ —gw! (m-D+zmMzmc) L¥:
_ff (Zn 54‘ ZELC - Z%Lc) We gs
+ QSngLuWJiEch_glch chLﬂDs qs - (34)

In addition, the perturbative matching coefficients of the AO-type and Bl-type SCET}
operators at the required accuracy are further given by [33-36]

S i ) . -2
C‘(/Ao)l(n.n'u) = 1+a47CT’F {—21n2 (nﬂp) +51In <n,up) —2Lip(1—7r)— 31 “lnr

——6}+O(a§),

a; C 2r 2
O (nep,p) = F{(l )21”+1—r}+0(a§)’

—Tr
A0)3 asCr r? 1
PV (nep, ) = — {[(14)2_1
s)

47 -7

}+O(a§),

PV (n-p, 7 ) = —*+(9(

B1)2 1
P mpr) = (-147) 40, (39
with the two abbreviations r = n - p/my and a5 = as(u). It is interesting to remark that
the three-body Bl-type effective operators cannot generate the leading-power contribution
to the SCET] correlation function 731 in comparison with the hard-collinear factorization
formula for the light-ray matrix element 7I,HM

Implementing the SCET| — SCETy; matching procedure for (3.1) and (3.2) by integrat-
ing out the hard-collinear fluctuation at the short-distance scale (m; AQCD)I/ 2 subsequently



yields

Th(p,q) = Qu {C(AO)Z(R Py ) Uy + (C(AO) Y- p,u) + CR (- p, u)) ﬁu} Ty

mB/ o <Z>Bwu) 7(80)

p— w =+ i0 I (n'paﬁ'p7w7lu’)

+ Qu/o dr [C(vBl)l(n P, T, ) Uy + C(VB1)2(n~p,T,u) ﬁu} ny,

my

X fB(MQ)”lB /Oodw¢g(wvu)‘/7lfBl)(n'vavﬁ'p7w7ﬂ)7 (3.6)
0

which can be taken from the analytical expressions of the soft-collinear factorization formulae
for the B-meson-to-vacuum correlation functions II,, | and l:Il,7 | obtained in [19, 37], and

) fBu;)mB [ bt

80y o
ﬁp_CU—FZOJJ‘ (n b, n pawau)a (37)

which allows us to determine the two generalized B;, — v* form factors with a transversely
polarized virtual photon state. The renormalized jet functions entering (3.6) and (3.7) have
been worked out in [7, 19] up to the O(ay) order

2 2
T rp,rpo) =1+ 22 2 Mgy M 1n(1—_°”)
I 47 n‘p(w—n~p) n~p(w—n-p) n-p
2 2
_lnz(l_w) (”p+1)1 (1_w>_7r_1}7
SC :
I ep,miepw, ) = =5 = n (1—;’_]0) (1=7)8(r)6(1—7),
2 2
(A0) _ asCp |, W T
.7 -1 1 T
jj_ (n p,n p7w7,u) + 47‘[‘ { n np(w_ﬁp) 6
n n-p—w @2 12
—— S In—= In-— +1In — 43|}, (3.8)
w np —p*  np(w—n-p)

Matching the achieved SCET representations (3.6) and (3.7) for 7;,““ onto the general
decomposition (2.12) of the nonlocal matrix element 7}, with the requirement T,, =
7L”u + ’7}1 leads to the desired expressions of the B, — +* {7, form factors with a hard-



collinear photon

A w f m o0 _
FV,LP:FA,LP:_QJCB(M)BC\(/AO)I(n'pmu)/ dw ¢B( ) jAO)(n'p7n'pawau)a
n-p 0 n-p—w-+10

(3.9)
A 4’["2 A
Foop= <_r2> Fuvp, (3.10)
1
_ Qufp(p)m (A0)2 /°° dpw, 1) (A0) _
F2 Lp = ” Cy " (n-p,p) : dwﬁ-p—w—i—i() ‘7\\ (n-p,n-p,w, )
1 1 00
o | dr O (n-p, 7 p) /0 dmg(w,u)»ﬂfBl’(n'p,T,ﬁ-p,w,m}, (3.11)
. 4r . u
FS,LP:<_22> Forp+ 4Qu 5l )K(u), (3.12)
7"1 1mB

Fyop= 2 fB(p)mp { {C‘(/AD)1(n'p”u)_'_c‘(/A0)3(n.p,u)} /0 do ﬁq-ji—(tjiio

X ‘7||(A0)(n'paﬁ'pvw7,u)
1 1 00
+Hb /0 dTC‘(/Blﬂ(n.p,T,,u) /0 dwqﬁg(w’lu) ﬁfBl)(n-p,T,n‘p,W,M)}, (3'13)

where the soft-collinear factorization formulae of the subleading power form factors Fy and
Fy are obtained by applying the two constraints (2.16) from the Ugpy (1) gauge symmetry of
the electromagnetic interaction. The perturbative function K () arises from expressing the
QCD decay constant fp in terms of the static decay constant fz(x) [5, 38]

f5 = Fa(u) K(u) = fo(n) [1 (1) Or (1 ’“‘2+1>+0<a§>]- (3.14)

27 my

Inspecting the obtained factorization formulae (3.9), (3.10), (3.11), (3.12), (3.13) for
the B-meson radiative decay form factors indicates that it is inevitable to generate the
parametrically enhanced logarithms of m;/Aqcp by employing a universal value of the
factorization scale p, which warrant an all-order summation in perturbation theory at the
desired accuracy. To this end, we will set the factorization scale u of order /Aqcp mp and

take advantage of the RG evolution equations for the hard matching coefficient C(AO) 1,
the conversion function K, and the leading-twist B-meson distribution amplitude ¢7, 5 in

momentum space [35, 36, 39, 40]

d (A0),1 _ {_ ( Iz ) (A0)
dln,uCV (n-p,p) = | —Teusp(as) In nop) T (as)
d

dlnp Kﬁl(ﬂ) = ’)/K(as) Kﬁl(/i) ,

Ao (w, p)
dlnp

C\(/AO)’ 1(” D, ,U,) P

= |Teusplats) In = — vy (as) | 6w, )
[Feantor 5 =)

o) [T o265 (L) + 0h.  (315)



The perturbative expansions for the various anomalous dimensions read

0 n4+ o] n+1
cusp Oés Z < > Fgﬁgp, (AO Z < > ’Y(AOL (n) )

n=0 n=0
o0 n+1 (n) oo n+1
=) ( > Sl = ( ) LR (3.16)
n=0 n=0
where the series coefficients of our interest are given by
268 40
Fgu)sp_4CF I‘gl)sp:CF {3_47T _gnf:|
53672 447 1276 807 208 16
12 =Cr{1470— 3)+ | ——— — ——n?

A0.0 Z _50, AAD.0) ¢
! 18 6 27

1585 572 125 72
0 = i ——W+34c(3)+< + )W]

127 1472
1 =3Cp, W=y |2 1D 7 =-2Cr, (3.17)
6 9 3 K
147 254 557 32 57l
(1) — 44" 924 b | =4 )
Yy’ =Cr {CF[ + 3 ¢(3 )] [9 6 8C(3) |+ 27+ 9 |

The general solutions to these evolution equations can be further written as follows [5, 41]

P - pop) = Ur(n po ) CF O (0 py )
K~ () = Us(pn2, 1) K~ (pn2)

— 0 ] 9
QZSE(LU,,U,) — eV*Qﬁ/Eg F(Q g) A ?”7@5;(7’7/’50) {maX(Waﬁ)]

I'(g) Ho
X {m] o F1 (1 -g,2—¢,2, m) , (3.18)

where the explicit expression of the RG functions U; and U, at the NLL accuracy can
be found in the appendix of [5] and the perturbative kernels V' and g take the following
forms [41-43]

as() doy @ do!
V= = - YN cus YN ’
V)= L B lr o) | B ”"(“)]

_ as(l)  Teysp(@) 20p . asp)
fr— = d P ~ — l . .
9= 90 o) /aswo) “Bla) Bo  as(uo) (3.19)

~10 -



Figure 1. Diagrammatical representation of the QCD correlation function T}, (pg, ¢) at LO in the
strong coupling constant.

3.2 The B-meson decay form factors beyond leading power

We now turn to evaluate the power suppressed contributions to the radiative B-meson
decay form factors from a number of distinct sources on the basis of the perturbative QCD

factorization technique:

o The subleading correction to the hard-collinear quark propagator at O(a?) from the
off-shell photon radiation off the light-flavour constituent of the bottom-meson.

e The two-particle and three-particle higher-twist corrections of the HQET B-meson
distribution amplitudes on the light-cone from the non-vanishing transverse motion of
quarks in the leading partonic configuration and from the non-minimal Fock state
with an additional soft-gluon field.

e The “kinematic” power correction from the subleading component of the hard-collinear
photon momentum 7 - p in the hadronic representation of the non-local matrix element
T,, as presented in (2.12).

e The power suppressed local contribution from the energetic photon emission off the
heavy bottom-quark field at tree level.

Following the computational strategy detailed in [15], we start with the tree-level
contribution to the QCD correlation function (2.4) from the diagram 1(a)

4
Tou(p,q) D iQy /d4x / (2d7:§4 exp (i k- x) (p—kl)2+10
x (0 () v ($— K) v (1 —75) ho(0)| By (v)) - (3.20)
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Expanding the hard-collinear quark propagator appeared in (3.20) at the next-to-leading-
power (NLP) accuracy leads to

p— K 1 ﬂ+{ n-kn-k p 1 4 Ko }+
- 5 T RERE

(p—k? n-(p—Fk) 2
—_——

LP NLP (3.21)

where the abbreviation “LP” stands for the leading power term in the heavy quark expansion.
The yielding NLP correction from the first non-local term in curly brackets can be computed
with the well-known operator identity [44, 45]

[q(z) D hy(0)] =i /01 du @ q(x) gs Gop(uz) 2 v° T hy(0) + (v - 9) [q(x) T hy(0)]
(3.22)

due to the HQET equations of motion at the classical level (see [46, 47] for further
discussions). Moreover, it proves necessary to implement the improved parametrization of

Vy, —
14
al'L

the vacuum-to- B-meson matrix element of the three-body quark-gluon operator [48]

<O|Qa(7—1 ’I’L) 9s G;w(7—2 n) hv,@(o) |Bq(v)>

_ fB,(n)msp,
N 4

- (ny Uy — Ny Uu) XA(7_17T27/J’) + (nu T — Ny 'Y,u) [W(7—177—2a M) + YA(Tla 727M)]

(149 { @ = 030) a1 72000 = W0 (1,720 00)) = 0,0 172,10

+ i a1 V7 5 Xa(T1, 72, 1) — i €uuap ™ VP 45 Ya(T1, T2, 1)

- (nu Vy — Ny U,u)'ﬂW(TlaTZaM) + (n,u Tv _nV’VM)ViZ(TlaTZaM)}VS} . (323)
Ba
Apparently, the relevant momentum-space distribution amplitudes can be obtained by
performing the Fourier transformation with respect to the light-cone variables 7 and 7

00 00 .
\PX(Tla T2, M) = /0 dw /0 dwy e (w171t 72) wX(wlaw%M)?
Uy € {\va, WA, X4, Ya, XA, Y/A, W, Z} . (3.24)

To facilitate the construction of the desired soft-collinear factorization formulae, we express
the eight invariant functions ¥x in terms of the more suitable distribution amplitudes with
the definite collinear twist (see [49] for an alternative proposal of geometric twist)

D3 =04 Dy, Dy =D +Py,

U=V +Xy, Ty=Uy—Xy,

Py =V +Uy+2Y4—2Y4+2W,  Us=—U,u4+X,1—2Yy,

Us=—Uy—X+2Y0, Dg=Dg— Dy +2Y4+2WH+2Ya—42Z.  (3.25)

We can then readily obtain the factorized expression for such NLP contribution

he, (1 Qu fe(k) mp . he, (1) — - he, (I
T, 1(\I£P(p7 q) = T aop [(g,t, -t fuvnv> gNLlE’,)L +nuny gNLfg,)ﬁﬁ} ) (3.26)
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where the newly defined “form factors” Q?(C’ are given by

c u(n-p+w +uw
glk\lILPI)L_/ dwl/ dw?/ du (TE b ! 2) Yy (wr, w2, 1)

— w1 — uwsy)?
+/ dwm (/_\ ) PB(w, 1), (3.27)
gll\ll(iP AR / dwl/ de/ du Z,En pzclul_zz:;g) V5 (w1, wa, )
+/ dw#w)? (A 2) d5(w, 1) . (3.28)

The hadronic parameter A entering (3.27) and (3.28)can be defined in a manifestly covariant
and gauge invariant manner [50]

i (Ogiv- DT hy| By (v))
(0[gT hy|Bg(v))

(3.29)

The subleading power contribution from the second local term in curly brackets of (3.21)
can be evidently expressed by the B-meson decay constant

e ) = ~ Qu fe(p)mp

vu, NLP 2n - p [(gi_y +1 Euunv) - n,unu} . (3.30)

Applying an additional HQET operator identity from the equations of motion

1
%q(x) 7y T hy(0) = —i / duu §(z) gs G (uz) 23 v, T ho(0), (3.31)
p 0

we can proceed to construct the tree-level factorization formula for the third non-local term
in curly brackets of (3.21)

hc, (T1T Q fB(M) mp hc, (I11) (111
Ty/j,l(\m)a(?y q) = un—p { nun l/gNCLP mn T My VgNLP n)n} ) (3.32)

where

gII\IICLPHrIz)n / dur — - ¢Bwu / dwl/ dwz/ du s w17w27u)2, (3.33)

p—w (n-p—wi—uws)

gllxlripné)n / dwl/ de/ du (Ap— wl_uw2) [uga(wr, w2, p) +ha(wi, w2, )]

_/0 dwﬁ'pl_w (A_2> oh(w,p). (3.34)

Adding the different pieces together, the “dynamical” power corrections to the exclusive

B, — ~v* {1, form factors due to the energetic photon emission from the light quark can be

~13 -



summarized in the following

C n 2 u f
phe,dyn _ 2Qu fB(p)mp (gNLPL 2>_|_o (cs, AJmy)

V.NLP =TT 2
Fgcl\?ﬁ’lg_ _% (gNLP Lt5 >+O (s, A/mp)
i = 4Q“<{;B_](;;) = ( ONLb )+0 (cves Afr) |
sty = 1SS (G 1) 0/, apm),
s =1L 6 0 ),
R OL Q”(J; ff;g‘z) (G5 R ~ G5 ) +O s M) . (335)

We are now in a position to compute the subleading power corrections to the radiative
B,, — v* {; form factors from both the two-particle and three-particle B-meson distribution
amplitudes at tree level by employing the perturbative factorization technique. Implementing
the light-cone expansion of the hard-collinear quark propagator in the background soft-gluon
field [51] (see [52] for an improved discussion on the massive quark propagator)

00 4 e_ig.z 1 M) G
OIT {q(@). a(0)}10) > i, | ééﬁﬂﬁémwwﬂfg&ggs
' (3.36)

with the gluon-field strength tensor G** = GY,, T* = D, A, — D, A, and taking advantage
of the general parametrization of the three-body HQET matrix element (3.23), we can
immediately establish the soft-collinear factorization formulae for the three-particle higher
twist corrections

F3PHT _ fo3PHT _ Qu fB mB / / /
V,NLP = £' A NLP dwi dwy | du e wl—uwQ)
[( u— 1)7#4(601,002, 1) = (wr,wa, 1 )}+(’)(a5,A/mb),

4QufB )mB u gz (wi, w2, 1)
F?FI)\II{TP— / dwl/ dwg/ du (op—w1 —uiwn)? 5 O (as, A/my) ,

4 u 1 ) )
FNp=— Q fB mB/ dwl/ dwo / du W) fawr,wz M)Jr(?(asv/\/mb)v

(n-p—wi —uws)?

GM"(ux),

EfRip =0 (as, A/mb)

20, 1
Ff%%_w/ dwl/ dw?/ Ll r— [(1=2u) 5 (wr, w5, 1)
+ s (wr, w2, 1) +(1—1) ¢4(w1,w2>ﬂ)—U¢3(W1,w2vﬂ)} +0 (as, A/my) , (3.37)

where the achieved expressions for the two form factors F‘?}Pl\%ﬁ, and FjP§EP are in accordance
with the analogous NLP contributions to the double radiative bottom-meson decays in the
kinematic limit 7 - p — 0 as displayed in eq. (4.37) in [15].
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For the purpose of evaluating the two-particle higher-twist effects, we will introduce the
generalized decomposition of the two-body non-local B-meson-to-vacuum matrix element
with the off-light-cone corrections up to the O(x?) accuracy [48]

(01(GsYs)(x) (Ydho)a(0)|Bq)

- M/ dw W”Fw{2 (05w, 1) + 2% g (w, )]

=L [(6hw.n) — 65 ) + 42 (g0 — gp@)] frs] . @39

op
It is then straightforward to write down the resulting factorized expression

2Qu fB(1) ms : > 95w, 1)
T2PHT _ L e Py / dw 9B
Vi (p7Q) n-p (g,uu L €uvpo NV ) 0 w (ﬁ-p—w)Q

- nuny/ do B 95w, 1) } (3.39)

(n-p—w)?

Applying the two non-trivial constraints on the subleading twist HQET distribution ampli-
tudes in momentum space [17, 19] (see also [44, 45, 48] for the coordinate-space identities)

d? 3 ~.d 1 © dwy d
- /OO ch¢4(w7w2>#) + /w diw;?bll(w - LUQ,WQ,M), (340)
0
d? 3 d
_QMgg(w,M)—[2+(w— A) }%(w ) — *¢Bwu +/ %I%(W wa, 11)
—/O den %(w w2, +/ e 5 Us(w — w2, wa, 1), (3.41)

the twist-four and twist-five B-meson distribution amplitudes gﬁ (w, p) can be decomposed
into the Wandzura-Wilczek contributions [53] calculable from the lower-twist two-particle
distribution amplitudes gi)g (w, p) and the “genuine” three-particle distribution amplitudes
of the same collinear twists

G ) = G s 10) — / on [ (1,20

9p(w, 1) = gg(w,p) — 2 dwl/ duzws< w_uwl,u>, (3.42)

where the manifest expressions of the Wandzura-Wilczek terms are given by

gh(w,p) = i :O dﬂ{(ﬂ —w) [6p(p, ) = 6f(p,m)] =2 (A = p) ch(p,u)},
9p(w, 1) = % :O dp {(p —w) (b0, 1) = 85(p, )] = 2(A = p) ¢B(pvu)}- (3.43)
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We are then led to an equivalent form of the obtained factorization formula (3.39)

T2PHT ;) q):_QufB<M>mB{< i
v )

PV T (g i) GRS 7, GREBTn | (344)

where the newly introduced invariant functions are defined as follows

1
%E%TL—Z/ dw QBWM / dwl/ dwz/ du U1/14(w17w2,u)7

(n-p—w) (n-p—wi —uws)?

(1-
Gt~ 2 [ du gB +/ dw1/ dw2/du Ws@Lent) gy

0 (n-p—w) (n-p—w1—uws)?

Matching the tree-level SCET computation of the correlation function 7}, (3.44) onto the
appropriate hadronic representation (2.12) yields

F2PHT _ f2PHT MQQPHT + O (as, A/my)

V,NLP — H A NLP — — (n '}?)2 NLP,L
FERE = O (o, Amy).
FRLE = O (o, Amy).
FRh = O (0, Amy).
2
FERiy = - 29u LU gy 0 0y, Ajmy), (3.4

: : 2PHT
where the factorized expression of Iy \p (

two-particle subleading twist correction to B, — v /£, [9] and the established formula of
Ffl}}iTP is completely consistent with the counterpart contribution to the very correlation
function suitable for constructing the light-cone QCD sum rules for B — «w, K form
factors [18].

The “kinematic” power corrections to the radiative B-meson decay form factors can be

F%PI{I{EP) can be alternatively inferred from the

determined by employing an equivalent hadronic representation for the correlation function
T,, other than (2.8) and (2.12)

n-pr . .
Tup(pa Q> = 9 {_Z (1- ’fp)ﬁuupa nf v Fy + (1 + "fp) g;J[u FA}
2P+ 3 bk, (B 228 || aun,
4 2 2
—l—Lp 2+73 + Kp F1+73+2F4 nuﬁr/
4 2 2
n-p (s ~ F E R
+ P R B 2 2B ) 4k (2 28| Aun,
4 2 2
+M_i+ B+ F +§ +O(K2) (3.47)
4 9 Rp 1 2 5 Ty Ny Kp y .
where the dimensionless variable x), is explicitly defined by
2
_ P AQCD>
kp=-—->n~0 < . 3.48
P (n .p)g mp ( )
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Confronting (3.47) with the LP QCD expression for the diagram 1(a) allows for the
determination of the subleading power “kinematic” corrections at tree level

R = oy QLB 10 (0 )

Fgcl\?ﬁ% = Kp W /000 nZw—w ¢5(w,p) + O (ozs, /ff)) ,

il = 2, O fﬁ(,‘;,) e ,Zw_ — p(w,n) + O (a5, 2) |

EySip = —2#p Qu fi(l;) = _/OOO n ,Zw_ = Oplw.n) +0O (as, nf,) ;

Fy%ap = O (Oés, /@2) ,

cmlﬁl}ii; =3k W /OOO niw—w dplw,p)+ 0O (ozs, /{%) : (3.49)

Furthermore, we derive the power suppressed local contribution from the hard-collinear
photon radiation off the bottom quark as displayed in the diagram 1(b)

F%E = _fB(:;)gmB 7,3Q_b T+ O(as, Afmy)

FRip = JW (1+22) 5 0t afm)

Bkt - W (B+32) 2 2g+ 0 Ajm),

FRiE = W (B+32) n2q+ 0t Ajm),

Fs = 4f37(7%) B %3 T3Q_b T+ O (s, Afmy)

Ry = —W (1 +2 ff) TSQ_” -+ O (s, Afmy) (3.50)

by introducing further three dimensionless quantities
ys = myp/mp, yB=1-yB, r3=q° /My =712 —YBT1+ YB - (3.51)

The obtained expressions for the vector and axial-vector form factors are compatible with
the counterpart contributions to the radiative leptonic B,, — v {1, decay by taking the
on-shell photon limit p? — 0 [5].

Collecting the individual NLP corrections discussed so far allows us to write down the
following master formula

_ rhc,dyn 3PHT 2PHT hc, kin Qy, loc B A A
Finve =F; xpp tFinee tFine 5 Ne tFiaLe « (Fi=Fv, Fa, Fi4),  (3.52)

where the detailed expressions of the separate terms appearing on the right-hand side can
be found in (3.35), (3.37), (3.46), (3.49) and (3.50). Prior to concluding the explorations of
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factorization properties for the generalized B, — +* W* form factors with a hard-collinear
photon, we pause for a while to compare our computations of the subleading power terms in
the heavy quark expansion with the previous theory analysis in the QCD framework [54-56].

o To facilitate an exploratory comparison with [55], we first establish the conversion
relation of their “longitudinal” form factor FA” and a complete set of the exclusive
transition form factors introduced in (2.8)

FAH :—[Fl-i—ng—FﬁA} s (3.53)
mp

which further implies another advantageous representation with the aid of our equa-
tion (2.14) as well as the two relevant identities in (2.4) and (2.6) of [55]

P’ v-p\| QefB
o= (1_ mB)] vep } (3.54)

Plugging the obtained NLP factorization formulae of Fy and Fj at tree level into (3.54)

o VD A
FAH :—{F1+pF3+
mp

and performing the (hard)-collinear expansion up to the O(Aqcp/msp) accuracy
leads to

_ 4Qufs(w)mp  a-p 2fB( ) (), _ Aqep
FAH - (n ,p)2 /\E(ﬁ .p”u) + n- (Qb Qu Qﬁ) +0 <0457 mb(3>557)

where the second term vanishes evidently due to the electric-charge conservation

and the inverse moment of the twist-three distribution amplitude ¢5(w, pt) is defined
by [13]

¢p(w, 1)
/ dw _i o 10 (3.56)

Mg (- p, )
Interestingly, the power suppressed three-particle contribution from the “genuine”
twist-three distribution amplitude ¢3(w1, w2, 1) disappears at LO in the strong coupling
constant, owing to the complete cancellation of the distinct dynamical mechanisms
entering (3.35) and (3.37). It is straightforward to verify that the yielding expres-
sion (3.55) for the form factor Fs reproduces the obtained result of [55] adopting the
Wandzura-Wilczek approximation. Inspecting the soft-collinear factorization formulae
for the “dynamical” power corrections (3.35) reveals that the first term in the curly
brackets of (3.21) will generate the non-vanishing contributions to the form factors 3
and Fj starting at next-to-next-to-leading-power (NNLP) in an expansion in powers of
Aqcp/mep, thus supporting the proposed ansatz for the non-perturbative form factor
¢ (p?, 7 - p) [55] analytically.

o We leave out the subleading power contributions to the exclusive B;, — ~* £ v, decay
form factors with a hard-collinear photon from the light-meson resonances (for instance
p and w) discussed in [54, 55, on account of (i) their insignificant numerical impacts
in the kinematical regions satisfying the constraints p> > 1.5 GeV? and n-p > 3.0 GeV
as already observed in [55], (ii) particularly a lack of the rigorous and systematic
formalism to address the resonance contributions. In addition, the OPE-controlled
dispersion technique for evaluating the soft NLP contributions to the v*y — 7° form
factor [57-59] and the on-shell B — ~ form factors cannot be straightforwardly applied

~ 18 —



to the analogous computation for the generalized B;, (pg) — v*(p) W*(q) form factors
in the time-like regime of p? ~ O(Aqcp mw), due to the yielding divergent dispersion
integrals in the vicinity of p? = s with so representing the threshold parameter in

the p-meson channel

/ ds Img Fi(s,n - p)7
s—p2—10

which is precisely the argument to motivate an implementation of the phenomenological

(Fi = Fv, Fa, F1,...,4), (3.57)

ansatz for the soft form factor in the so-called B-type contribution to By s — v££ [14].

e Applying the principle of gauge invariance of the QED interaction, model-independent
constraints on the radiative B, — 7* W* form factors and the resulting phenomeno-
logical implications on the differential distributions for B, — ¢ ¢ £, have been
recently explored in [56], reaching the major observation of the vanishing form factor
Fy4(p?,n-p) in the on-shell photon limit based upon their form-factor parametrization
scheme. Switching to our form-factor convention instead implies the following relation

2
lim |Fa, + —— (1—p> FAl ~0,

3.58
p?=0 (v-p)?—p mp (3:58)

which can be readily validated by employing the established result (3.55) for the
transition form factor Fa,. Actually, the vanishing longitudinal form factor in the
on-shell photon limit can be expected naturally from the very fact that there exists
no longitudinal polarization for an on-shell photon as already mentioned in [55].

4 QCD factorization for B, — ~* £v, with a hard photon

Now we turn to derive the perturbative factorization formulae for a complete set of the
B,, — v*W* form factors with an off-shell photon state possessing the four-momentum

u ~ O(myp) by implementing the QCD — HQET matching for the B-meson-to-vacuum
correlation function (2.4). Evaluating the tree-level diagrams displayed in figure 1 at leading

power in the heavy quark expansion immediately leads to the factorized expressions

ro_ Je(wms ) Qu Qp ]

Fyo = 2 e — +0 (s, Agep/my)

pro__ Je(wms { ( y> ]+0 e, Ao /)

4 m% rg—1 © 20

a0 IB(wmp  4ry [ ( ?/Bﬁ) }

= m% 47y | 79 21y ) r3—1 +0 (s, Agcp/ma)
FLO:_fB<M>mB 4rs [ (1+y37’1> :|—|—(’)(a Agcp/ms)
2 mi 4ry | 7o 219 rg—1 5 0Q

A f 47‘ UYB rr-l 1+yB) Qb
pro_ fe(w)mp  4r [ < o
’ mg _4T2 T2 1 7’3_1 + (as’ QCD/mb) ’

Pl

1+2=—
* 1) rg—1

~19 —
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(a) (b) (¢) (d)

Figure 2. Diagrammatical representation of the NLO correction to the QCD correlation function
T,.(pB,q) due to the hard photon radiation from the light anti-quark.

It is evident that the large-recoil symmetry relation between the vector and axial-vector
form factors at p?> ~ O(my Aqep) is no longer valid for large p? of order m% even at
O(a?), due to the emerged leading-power contribution from the hard photon radiation
off the heavy bottom-quark. In addition, it is straightforward to verify that the resulting
expressions of the four longitudinal form factors 2 1,...,4 satisfy the obtained Ward-Takahashi
identities (2.16). In contrast to the SCET factorization formulae (3.13) for the B;, — v* {1y
form factors with a hard-collinear photon, the yielding results of Fy and Fg are observed to
be free of the Aqcp /my suppression compared with the remaining transition form factors
at p? ~ O(m3).

We are now in a position to perform the NLO computation of the non-local matrix
element 7,,(pp,p) in the hard p? region by applying the standard perturbative matching
program, which is somewhat more sophisticated than the QCD — HQET matching for the
heavy-to-light currents at one loop [50, 60]. It is apparent that the gluonic corrections to
the short-distance Wilson coefficients can be conveniently split into two pieces with the
distinct electric charges in the following

Cr f, u A
FNLO :]:ZLo+as(53r F fB(?/;)sz Kr) "t <7«le> Hf} , (Fi=Fy, Fa, Fr_4).
b 2 3=
(4.2)

The renormalized coefficient function H} can be readily determined by identifying the
hard contributions of the one-loop QCD diagrams presented in figure 2 (apart from the
wavefunction renormaization of the external bottom quark at O(cay) [61])

V= (4 hlms”) T (P52 mmir) = [+ =) @,

n r1(r1+3r2) —2ra (34 279) (1—rs) In(1 — 7"3)}7 (4.3)

27“3
qu _qqu o 2 2 _ B
/HA =y + - (7"% - 47”2) {2 {Tl T2 (2 + TQ)] CO,u + [Tl (7"3 3) + 41"2] ln( T'Q)
_(n+2) (: —r3) —4 (1 ) In(l — rg) — 12 +4T2} | )
3
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) 4 3 2
7_[11127“2{ < lnlLQ—FQ) — |:T2(2—|-7’17“2—27“3)+7“1:| Co’u

r? — drg 4 mj r? — drg
7"3—1 2 2 (7“2—1)(7“3—1):|
_ _ In(1 —
+ T3 L”% —4ry (rz =ry +rims) 273 n( ")
el 2—ry—r1r3
2 —2r3) In(— _" 4.5
2(7%_4?“2)( + 717y — 2r3) In(—ry) + 2 }7 (4.5)
2 2
~ 1 o 3 "
= (-1 —([“Ihts +1 4.6
N 4dro 3. u? 279 { ro }
HY = ———"— —In— +2 — | — (-4 —2r9) —2| C
’ ri — 4ry { (4 . m T2 r o Lr? —dry (=d+71 =22 0, u
1-— 2 —1 —1
ik [ R (A4 2ry i) + (r: — Dlrs )} In(1 — r3)
r1rs ™ —47’2 T3
9 2 279 (1+T3)—T1
= |—(2 —2r3) — 1| In(—r9) — 4.7
2 g, @2 -1 () o, (47)
2
Ay = (—412> %, (48)

where we have defined the perturbative loop function

. 1{L12<(r3+1)ﬁ+ru>+L12<(1+r3)ﬁ+m>_Li2<(1—r3)ﬁ+m>

RV (rs — DVA+ 1y (1 —7r3)VA+ 1y (rs — VA + 1y
. (1= VA . 9 1. of m+VA 72
4+ 2Li, <M>+2ng (1ﬁ>+2ln <M>+3}, (4.9)

with

A=A1,79,73) = 1475472 =219 —2r3 — 21913 =15 — 4719,
re =1y (1473) — (1 —13)2. (4.10)

The appearance of the second term in the yielding expression (4.6) for H¥ follows from the
exact Ward-Takahashi relations (2.16) and the matching equation (3.14) for the QCD and
HQET B-meson decay constants.

Along the same vein, we can derive the renormalized hard kernel Hg’ by extracting the
perturbative contributions from the one-loop QCD diagrams displayed in figure 3

wt = (1) (P 2 (448 2ry+1] C
= ; = +1|+ m( +8r3+ra—r172)+272+ 0,b

1-— 3 4 m%
=) { 2 [—2(7+2r3+57s) 471 (8+72+1075)] +37 —2}
273 r%—4r2 2 3 ! 2 3 !
ry (8+4r3—ry) 2—1o+1y
— | 1 4.11
2(7“%—47"2) . 2 +th ( )
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Figure 3. Diagrammatical representation of the NLO correction to the QCD correlation function
T,.(pB,q) due to the hard photon radiation from the heavy bottom-quark.

A~ 4 3 1% (D) T2 :|COb
b b

H —_H J— — In — ] — - (848 _ —(8+1r9)—4 2
A V+ ( nm + )—|-|: ( —+ r3 7”17”2)+ 1( —+ 2)

In(1—r3) ro o (ro+8) }
3 —2)—27r3(8 2V 99—
+ 573 {r%—4r2[ T (r1—2) —27r3(8+712)] - +2(2—19)
3 2— —
_Tb2( +r3) 22t 7 2 (81
ry—4r 2 1
- 4 [ro(re—2ry) 3. u? 4ry(ry—2) {7’2(7”1—7’ —3) }
b 2 (712 1 3
= 1 -In—+1 92l
" 1—r3 [ r2 —4ry * } (4 nmg—i— * r2 —4ry r? —dry 0,0
272 Ary 2 54T1+T3(2+r3)}
—— 97— |(2— -2 In(1—
r3 {(T%—4r2)2 {( )" 473 (rs Tl)}—i_ r%—4r2 n(l—rs3)
227”1, [27"2(?”;—2T3—2)_T3_5] 1n2—7”2+7“b+ 219 7’1(1—2%7“3)—27“27
ry—4ro r{—4r 2 1—r3 72— 471y
(4.13)
75 T Tt (4.14)
g _— — In— ]
2 47‘2 3 T2 4 m% I
N 4r ~p  4(r3—5) (3 2 8ry (3—219+413)(1—r
e () it 0 (Fnll ) S O
1 1 b 1 1 2
4drg [1—r3 2(1+37r3)—r1(1—"7
s (1 208 s n )] gy
1 T3 r{ —4ry
4ry 8 -5 2— 4
_% T2+27’1 (r3 )ln T2+Tb_%7 (4.15)
7"1 7“1—47“2 2 ’["1
- () (4.16)
47‘2 ’

where for brevity we have introduced the convention

c :1{Li <§1—T2\A>+Li (61_r2ﬁ>—Li <§1+T2\5>
VSN R & — VA ? & +mp VA ? & — VA

~ Liy <§1 + 72 \A) ~ i ( ) ) ~ Liy ( 9 )
&+ VA (rs — 1)(& — VA) (rs — 1)(&+ V)
+ Liy <M>+2L12 <1+ VA )-”2} (4.17)

53+\/X rg—1 6

- 29 —



with
G=ra(ra—r3—3), &=(r3—1)(2—r1)+1+7r3) VA,
3=2-r1, ry =/ra (re —4) —i0. (4.18)

Employing the RG evolution equations of the effective decay constant fz (1) as well as the
bottom-quark mass my,

f o) o k+17
d;lffn(z) = mi(as) f(p) = I;)’Yk,hl ( Z(:)> ] (1),
dmy(p) e as(m "

T = y(as) () = L§ o (220) ]mbw, (4.19)

with the first two series coefficients given by [62, 63]

127  147% 5
Y,n=3Cr, Mu=Cr |—+ —-ngl, (4.20)
6 9 3
and [64, 65]
97 20
’YO,mZGCF’ VI,mZCF [3CF+3CA—3TLf:| , (4.21)

it is then straightforward to demonstrate the factorization-scale independence of the resulting
expressions for the exclusive B, — v* ¢, form factors

dFNLO A
L =0(2), (Fi=Fy,Fa, i 4). (4.22)

s

dlnp

In analogy to the SCET factorization for the radiative leptonic B-meson form factors with
a hard-collinear photon, the HQET decay constant fg (u) will be converted to the QCD
decay constant fp by means of the matching relation (3.14). Subsequently, the enhanced
logarithms of order In (my/Aqcp) entering the hard function K ~!(u) will be summed at the
NLL accuracy according to the second identity in (3.18). Importantly, the resulting NLO
expressions (4.2) for the four-body leptonic B-meson form factors are observed to comply
with the Ward-Takahashi constraints (2.16) at the accuracy of O(«s), thus providing a
valuable check of our computation.

5 Numerical results

We are now ready to explore the phenomenological implications of the obtained factorization
formulae for the exclusive B, — ~* W™ form factors by applying a variety of effective
field theory approaches, with an emphasis on the systematic computations of the angular
observables for the four-body decay process B, — v*(— £' ) W*(— £ ;) of experimental
importance. To achieve this goal, we will proceed by specifying the different types of theory
inputs (the electroweak parameters, the bottom-quark mass, both the leading-twist and
higher-twist B-meson distribution amplitudes in HQET, and so on) entering the factorized
expressions of the B-meson transition form factors emerged in the general decomposition of
the corresponding decay amplitude (2.10).

~ 93 -



Parameter Value Ref. || Parameter Value Ref.
Gp 1.166379 x 1075 GeV~2  [66] || |Vis| (3.70£0.10 +0.12) x 103 [66]
al? (my) 0.1188 % 0.0017 66] || ol (mz)~ 127.952 £ 0.009 (66]
Me 0.511 MeV [66] || m, 105.658 MeV [66]
T (77 4.198 +0.012 GeV [66] || mpS(2GeV) 4.53270:088 GeV [67]
ms, 5279.34 £ 0.12 MeV [66] | 75, (1.638 £ 0.004) ps [66]
FBuNy—24141 190.0 + 1.3 MeV [27]

A, (110) (350 & 150) MeV [14] {0.7, 6.0}

M (10) /X3y (o) | 0.500.10 91 || {65 (1), 35 (o)} | {0.0, 72/6} [14]
272 (o) + A2 (p0) | (0.25 £ 0.15) GeV?2 [9] {-0.7, 6.0}

Table 1. The numerical values of the various input parameters employed in the theory predictions
for the four-body leptonic B-meson decays.

5.1 Theory inputs

In analogy to QCD factorization for the radiative B, — ¢ v, decay [61], the twist-two
B-meson distribution amplitude in HQET ¢]§ (w, 1) apparently serves as the fundamental
non-perturbative ingredient appearing in the SCET factorization formulae of the exclusive
B, — ~v* v, form factors with a hard-collinear (off-shell) photon. Following [9], we will
adopt the improved three-parameter ansatz for d%(w, to) with an attractive analytical
behaviour under the RG evolution at the one-loop accuracy

') w) w w

* = —a,3—a,—) = - 1
¢B(w7 :U'O) F(Oé) U (5 «, 3 «, (U0> wg exXp ( ) ) (5 )
where U(a, b, z) stands for the confluent hypergeometric function of the second kind pos-
sessing an integral representation for Re[a] > 0 and Re[z] > 0

1

Ula,b,z) = ()

/ dte #t ¢ (t 1)o7t (5.2)
0

In the numerical evaluation, we will adjust the shape parameters wgy, o and 8 to cover the
allowed ranges for the inverse logarithmic moments of the leading-twist HQET distribution
amplitude displayed in table 1 by applying the following identities [15]

A, (o) = (G ) w0 35)00) = 9(8 1) — (o~ )+ 1n (5= )

6—1 p—-1
_ _ 2 ?
55 (o) = [F500)] + 6 WD(a -1 = pV(E-1)+ (5.3)
where the explicit definitions of Ap,,, 85313 and 31(3?”) read [9]
o +
)\gl (M) _ / dw ¢B(wa/‘) ’
uw 0 w
_(n 0 dw B, "
7)) = e [ [ (P2 o] o). (5.4)
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Substituting (5.2) into the constructed solution (3.18) to the Lange-Neubert evolution
equation [39] results in (see [9] for the RG evolution function in coordinate space)

¢p(w, 1)
el T [ 4 (1o 220 sty sl Laky 1
485 |as(po) \ as(po) as(p) ) 2B as(po)  \rl, Bo
) Ks
" ( as(w) - as(u) ) (as(u) )”’(’0 /260 (1> po €*7”
as(po) s (o) s (po) wo wo
w (B T(2+ks) T(a—ks—2) ( w)
- F: sT2,ks =052, ks -0,
X{wo () T(5—rs—2) oy [ Ks+2,ks+3— 552, ks+3— o
w\e " T T (24 ks —a) w
F: - La—ks—l,a—kg,—— )
+<w0> T(B—a)T(a—rs) > 2<a’a Prlia-s “mn wo)
(5.5)
where the expansion coefficient kg is explicitly defined by
(0)
Leusp s ()
Ky = In . 5.6
2 Bo as(:u()) ( )

In comparison with QCD factorization for the exclusive non-hadronic B-meson decays B, —
v Ly [5, 7-9] and By, s — v [15, 68, 69] in the heavy quark limit, the LP contributions to the
generalized B, — v* W* form factors presented in (3.13) are more sensitive to the precise
shape of the twist-two distribute amplitude QSE (w, po) rather than determined by the inverse
moment Ap(uo) completely at the one-loop accuracy. Consequently, the four-body leptonic
B-meson decays under discussion are expected to provide us with abundant opportunities
for probing the partonic landscape of the heavy-quark hadron system delicately.

Moreover, the two-particle and three-particle higher-twist B-meson distribution am-
plitudes in HQET are evidently indispensable for evaluating the LP contributions to the
two radiative form factors F2(4)7Lp collected in (3.11) and (3.13) as well as the sublead-
ing power corrections calculable with the perturbative factorization technique displayed
in (3.35), (3.37), (3.46) and (3.49). Following [9, 15] we will adopt the concrete phe-
nomenological models fulfilling the classical equations of motion and the corresponding
asymptotic behaviour at small quark and gluon momenta from the conformal spin analy-
sis [70] (see [8, 48] for the two sample choices of the higher-twist distribution amplitudes at
the twist-six accuracy)

dp(w o) = b5 " (w, o)+ 5 ™ (w, o)

= | [t (o)) oeth0) [N o) ~ N )] w2 ) + 0 ) =2 [ ot ()]

w

$3(w1i,we, o) = —% (o) [A%(Mo)—A%{(Mo)] wiws f'(wr+ws),

da(wrwz, o) = 5 52(10) [N (10) + X1 (10) | w3 f (wi+ws),

N
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Pa(wi,wa, o) = 5(p0) Mg (o) w1 w2 f (w1 +wsa)
ha(wr,wa, o) = (o) Nz (o) w1 wa fwi+ws)

Uslen, o) = (10 Ny o)z [ dn (),
w1tw2
nlir, 0, 0) = () Xy (o) | _dnf()
b6 (w1, wa, po) = »(fo) [/\%(Mo)—/\%{(uo)} /oo dm /Oo dna f(n2), (5.7)
wi1+tws2 1

which further enable us to determine two-particle twist-four and twist-five distribution
amplitudes g% (w, o) by virtue of the obtained identities (3.42) and (3.43). The non-
perturbative profile function f(w) and the normalization constant »(ug) are given by

e ol 2)
/ dow? f(w) = B + <[220 0) + My (po)] (5.8)

The appearing HQET parameters )\% and )\%I can be defined in terms of the local
effective matrix element of the dimension-five quark-gluon operator [11, 48, 50]

(014(0) g5 G T 7y (0)| By (v))

_ fBénB Lo (L20) [ Gow) + 08— 28) (e —wl]} - 59)

The RG evolution equations for /\% and )\fq at the one-loop accuracy read [71, 72]

d [ AE(w) AB() ) _
iz (ohn) e () = 10

where the anomalous dimension matrix ygg takes the form

s () <§CF+§NC $Cr—

= 11
YEH P %CF_%NC 8CF+ N>+O( ) (5 )

The manifest solution to (5.10) can be readily constructed by diagonalizing the achieved
2 x 2 mixing matrix ygg [19, 71]. The available predictions of these two HQET quantities
from the method of two-point QCD sum rules can be summarized as follows

{(0.11 £ 0.06) GeV?, (0.18 £ 0.07) GeV?}, [11]
{NE(0), Nir(no)} = § {(0.0340.02) GeV2, (0.0640.03) GeV?} ,  [712]  (5.12)
{(0.01 £ 0.01) GeV?2, (0.15 £ 0.05) GeV?} . [73]

Apparently, the yielding results for the chromo-electric and chromo-magnetic matrix elements
deviate from each other significantly despite the implementations of the same calculational
framework. The dominating discrepancies for the numerical values displayed in [11] and [72]

— 96 —



can be attributed to the sizeable QCD radiative correction to the dimension-five quark-gluon
condensate and the yet higher-power contribution from the dimension-six vacuum condensate
at tree level, which have been included in the updated computation [72] with a further
improvement on the (partial)-NLL resummation of the emerged large logarithms appearing
in the HQET sum rules. Instead of constructing the desired sum rules from the appropriate
correlation functions with one two-body and one three-body local current, the authors of [73]
suggested to employ the diagonal Green functions for the sake of obtaining the alternative
sum rules for )\% and )\%{, with the expectation that the parton-hadron duality approximation
becomes more reliable due to the positive definite property obviously. Introducing the higher
dimensional correlation functions, however, turns out to worsen the OPE convergence in
contrast to the previously adopted non-diagonal ones, as already observed in [73]. In view of
an absence of the satisfactory evaluation for these two non-perturbative parameters, we will
follow closely the strategy of [9, 15] such that the numerical intervals of the combinations
A% /A% and 2 A% + A%, collected in table 1 accommodate the obtained results from the two-
point sum rules [11, 72| and particularly lie within the upper bounds for )\QE and )\%{ derived
from the diagonal correlation functions [73]. In addition, the HQET parameter A entering
the soft-collinear factorization formulae (3.35) and (3.46) can be identified as the “effective
mass” of the heavy-meson state [50, 60]: A = mp, —mp + (’)(AéCD/mb), where we will take
mp = (4.8 £ 0.1) GeV numerically following the standard arguments presented in [9, 15].

Now we turn to discuss the practical implementations the interesting SM parameters
appeared in the exclusive B;, — v* vy decay form factors. The strong coupling constant
as(u) in the MS scheme will be computed from the initial condition af? (myz) summarized
in table 1 with the associated three-loop RG evolution equation, by further adopting the
quark-flavour threshold scales p4 = 4.8 GeV and p3 = 1.2GeV for crossing ny = 4 and
ny = 3, respectively. Furthermore, the bottom-quark mass entering the perturbative hard
matching functions (3.5) is generally interpreted as the pole mass due to the on-shell
kinematics [13-15, 34]. However, the bottom-quark pole mass suffers from an intrinsic
ambiguity of order Aqcp known as the infrared renormalon (see [74] for an excellent review).
We will therefore employ the potential-subtracted (PS) renormalization scheme for the
bottom-quark mass [75] and then convert the obtained expressions of the hard functions
from the pole scheme to the PS scheme for the mass parameter accordingly (see [76] for
an overview of the leading renormalon-free and short-distance mass definitions for nearly
on-shell heavy quarks). Another important hadronic quantity governing the factorized
result for the four-body rare B-meson decay amplitude in the entire kinematic region is
the leptonic decay constant of the charged bottom-meson fp,, whose interval collected in
table 1 is borrowed from the lattice-QCD computation with the number of dynamical quark
flavours Ny = 2+1+1 in the isospin symmetry limit [27] (see [77] for the further discussion
on the strong-isospin violating effect and [78-80] on the technical strategies to address the
more complicated electromagnetic correction).

Apart from the theory input parameters so far discussed, we still need to specify the
hard scales up1 and upo entering the resummation improved hard functions C‘(/AD)’ ! and
K1 presented in (3.18), which will be varied in the interval up1 = ppe € [my/2, 2my)]
around the default value my. Additionally, the factorization scale p in the SCET expres-
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sions (3.9), (3.10), (3.11), (3.12), (3.13) will be taken as u € [1.0,2.0] GeV with the central
value 1.5 GeV. By contrast, the allowed interval of the factorization scale y appearing in the
HQET expression (4.2) will naturally read [my/2, 2my] in that the typical short-distance
fluctuation mode carries out the four-momentum p,, ~ O(my).

5.2 Theory predictions for the B, — v* £, form factors

We proceed to investigate the numerical impacts of the newly derived QCD radiative correc-
tions and the subleading power contributions to the three transition form factors appearing
in the four-body leptonic decay amplitude (2.10) in the entire kinematic region. To facilitate
detailed explorations of the dynamical patterns dictating the exclusive B,, — ~* £ vy form fac-
tors with a hard-collinear photon, we first display the obtained leading-power contributions
at the leading-logarithmic (LL) and NLL accuracy, the power suppressed corrections from
expanding the hard-collinear quark propagator in the small parameter Aqcp/ms beyond the
LP approximation, the higher-twist contributions from the two-particle and three-particle
B-meson distribution amplitudes, the “kinematic” power corrections presented in (3.49),
and the local NLP contributions due to the off-shell photon radiation from the heavy
bottom quark at 1.5 GeV? < p? < 4.0 GeV? in figure 4, where the perturbative uncertainties
from varying the hard scales up; and upo as well as the factorization scale p are further
indicated by the yielding bands. The resulting uncertainties from the NLL resummation
improved predictions are evidently much less than the counterpart LL computations. In
particular, the achieved LL and NLL uncertainty bands for the imaginary part of the vector
form factor Im Fy turn out to be well separated in the majority of the hard-collinear p?
regime. The peculiar behaviours of the LP contributions to the two complex-valued form
factors Fy and Fl + % Fg can be traced back to the soft-collinear convolution integrals in
the SCET factorization formulae (3.9), (3.10), (3.11), (3.12), (3.13) which are effectively
controlled by the generalized inverse moments )\:]5(15 - p, ) of the two-particle B-meson
distribution amplitudes in HQET.* Applying the exponential model of gbﬁ (w, o) [11] as an
illustrative example, the distinctive features of the two inverse moments displayed in figure 5
are indeed observed to dictate the intricate photon-momentum dependence of the transverse
and longitudinal decay form factors, respectively. Furthermore, it is plainly not unexpected
to discover from figure 4 the increasing significance of the “kinematic power corrections”
to the two essential form factors |Fy | and ‘)\ (ﬁ’l + sl—'g Fg) ’, when the off-shellness the
hard-collinear photon moves towards higher values. The very prominent subleading power
contributions from the hard-collinear quark propagator at tree level will consistently shift the
LL predictions of |Fy/| and ’)\ (Fl + % Fg)‘ by an amount of approximately (20-30) % for
1.5GeV? < p? < 4.0GeV2. In addition, they constitute an important source of generating
the large-recoil symmetry violation |Fy — FA| between the vector and axial-vector form
factors, which is constructed to characterize the power suppressed terms in the heavy quark
expansion conveniently [5]. Our numerical studies of the subleading twist contributions to
the radiative leptonic B-meson form factors summarized in (3.37) and (3.46) imply that the

“The explicit definition of the inverse moment A} (7 - p, 1) is in analogy to (3.56) with an obvious
replacement of the twist-three distribution amplitude: ¢5(w, 1) — ¢5(w, u).
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Figure 4.

p* [GeV?]

Breakdown of the distinct QCD mechanisms contributing to the transverse and longi-
tudinal transition form factors involved in the four-body leptonic decay amplitude (2.10) in the
kinematical region p? € [1.5, 4.0] GeV?, with the theory uncertainties due to the variations of the
hard and hard-collinear scales indicated by the individual bands. The representative value of the
large component n - p for the virtual photon momentum is taken as 4.0 GeV.

magnitudes of the yielding three-particle higher-twist corrections are at least suppressed

by a factor of twenty when compared with the corresponding two-particle NLP effects in

virtue of the smallness of the two normalization constants A% and A%,. Unsurprisingly, the

local subleading power contributions (3.50) from the HQET formalism will bring about

insignificant impacts on the exclusive non-hadronic B,, — v* W* decay form factors: (4-6)%
for |Fy| and (4-10)% for ‘/\ (13’1 + e Fg,)‘ numerically, which are in accordance with the
previous observation in the context of B — v /vy [8].
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Figure 5. The photon-momentum dependence of the generalized inverse moments A% (72-p, u) for the
two-particle B-meson distribution amplitudes by employing the exponential model proposed in [11]
for illustration purposes. The uncertainty bands arise from the variation of the non-perturbative
shape parameter wp € [300,400] MeV.

We further present in figure 6 the obtained theory predictions for the individual pieces
contributing to the three form factors of our interest, as the analytical functions of the
inverse moment Ap,, by adopting the input kinematic parameters n - p = 4.0 GeV and
n-p = 0.75GeV. Interestingly, the LP contribution of the vector form factor |Fy| turns
out to be significantly more sensitive to Ap, than that for the longitudinal form factor
‘/\ (F 1+ F3) ,
distribution amplitudes at small quark and gluon momenta, which appear in the LP soft-
collinear factorization formulae (3.9), (3.10), (3.11), (3.12), (3.13). It is further worth
mentioning that the two-particle subleading twist corrections to both form factors |Fy/|

stemming from the different asymptotic behaviours of the very B-meson

and ‘)\ (Fl + % Fg)’ develop the yet stronger Ap, -dependence in comparison with the
counterpart lower-twist contributions from ¢ (w, 1) and ¢5(w, p). Additionally, the inverse-
moment dependence of the helicity form factor |Fy — FA] originates from the “kinematic”
power corrections (3.49) entirely, keeping in mind that the NLP dynamical contributions
displayed in (3.35) merely generate the “local” large-recoil symmetry breaking effects

independent of the higher-twist B-meson distribution amplitudes.

In contrast to QCD factorization for B — ~ /v, with an on-shell photon, the LP
contributions of the non-hadronic radiative B, — v* ¢, form factors in the heavy quark
expansion cannot be determined by the inverse moment A, (10) completely even without
taking into account the higher-order gluonic corrections. It is therefore interesting to explore
the actual dependencies of the exclusive B-meson decay form factors on the intricate shapes
of the HQET distribution amplitudes, along the lines of [16, 37, 55, 81]. To this end, we
show in figure 7 the achieved predictions of the exclusive B, — v* W* form factors with
three sample choices of the model parameters 8%3 and 81(333 for fixed Ap, (p0) = 350 MeV in
the kinematic domain p? € [1.5, 4.0] GeV2. It is not surprising to observe the pronounced
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Figure 6. Theory predictions for the inverse-moment dependencies of all separate pieces contributing
to the radiative B, — v* W™ form factors in the decay amplitude (2.10) in the interval A\p, €
[200, 500] MeV, with the uncertainty bands from varying the hard and hard-collinear scales. The
representative values of the large and small components for the virtual photon momentum are taken
as 4.0 GeV and 0.75 GeV.

sensitivities of both the transverse and longitudinal form factors under discussion to the
precise shapes of the B-meson distribution amplitudes, which are in accordance with the
previous observations on the SCET sum-rule computations for heavy-to-light B-meson decay
form factors at large recoil [18, 19]. We are then led to conclude that the four-body leptonic
bottom-meson decay processes allow us to probe the partonic landscape of the heavy-hadron
system diversely, in a complementary manner to the semi-leptonic and electroweak penguin
decays of B-mesons [23, 24, 82, 83|, with the aid of the upcoming sufficient experimental data.
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Figure 7. The predicted photon-momentum dependencies of the three transition form factors
governing the four-body leptonic B-meson decay amplitude (2.10) with three sample choices of the
dimensionless shape parameters Egj and 81(;37 but with fixed Ag, (110) = 350 MeV, characterizing
the non-perturbative behaviours of the leading-twist distribution amplitude ¢JE§ (w, po)-

We now turn to display the LP contributions to the radiative leptonic B, — v* £,
form factors in the kinematic regime p? € [4.0, 16.0] GeV? at the LL and NLL accuracy
in figure 8, where the residual perturbative uncertainties from varying the factorization
scale are further represented by the individual bands. Unlike the factorized expressions
for the exclusive B,, — v* ¢, form factors with a hard-collinear photon, the counterpart
contributions of these form factors in the hard p? region are apparently the real-valued
functions at O(a?). The emerged strong phases for Fy(4) and (Fl + % Fg) at the NLL
accuracy are generated perturbatively by the four one-loop diagrams shown in figure 2, which
can be understood from the final-state rescattering mechanism B;, — X,z vy — ¢ 0y at
hadronic level with X, ; standing for the appropriate neutral light-hadron states. Moreover,
the higher-order QCD corrections to both the transverse and longitudinal form factors at
O(a) will give rise to the very minor impacts on the corresponding tree-level predictions
at 4.0 GeV? < p? < 16.0 GeV? (numerically less than 10% in magnitudes). In particular,
the NLL resummation improved computations are highly beneficial for pining down the
theory uncertainties of the LL QCD predictions effectively.

5.3 Differential decay distribution for B, — £ £ £,

Having at our disposal the theory predictions for the exclusive radiative B, — v*{iy
form factors, we are now in a position to address the phenomenological aspects of the
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Figure 8. Theory predictions for the photon-momentum dependencies of the exclusive B, —
v* L vy form factors with an off-shell photon carrying the hard momentum p, ~ O(m;) in the LP
approximation. The uncertainty bands are obtained by varying the factorization scale in the allowed
intervals of p € [mp/2, 2my).

four-body leptonic B-meson decays with an emphasis on the numerous decay observables
of experimental interest. In doing so, we begin to derive the five-fold differential decay
width for the process B, — ' ' i, with non-identical lepton flavours in terms of the two
invariant masses p? and ¢? as well as the three angles 61, 6, and ¢ (see appendix A for the
detailed definitions)

d&°T(B, — (' L) GhazulVal® 3 (12, 2 o 2 2 9
dp? dq? d cos 61 d cos 02 dp - 212 rd pd b N2 0,8 TG, o 01, 02, 0)

=N®* ") TP, ¢, 61, 02, 9), (5.13)

by employing the explicit expression of the obtained decay amplitude (2.10) and by further
summing over spins of the final-state particles. It is straightforward to decompose the
angular distribution J into a set of the trigonometric functions

T (%, ¢°, 01, 02, ¢) = Jy (1+cos?01) (1+cos?Oz) +Jo sin? 6 sin? By +J3 (1+cos?6;) cos by
+[Ja sinfa+J5 sin (262)] sin (261) sin ¢
+[J6 sinfa+J7 sin (26)] sin (261) cos ¢
+Jg sin? 6y sin? 6y sin (26) +Jo sin? 0y sin? B, cos (2¢), (5.14)
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where the nine independent coefficient functions J; = J;(p?,¢%) (i = 1,...,9) can be
expressed by the three radiative bottom-meson decay form factors

Ji = “jiAIQ-%\iiv|2}<

— s

J2 =5 [l@xl? + |F)|> + 2Re (FA 15”*” ,
J3 = Re (ﬁA F;) :

Ji= 5 (FaFp).

Js = yim (EvFy + By F)

Js =~ Re (Fv Ty + By F)

Jr = —% Uﬁlﬂl@ﬂ + Re (ﬁAﬁﬁ‘)} ,
Jg = %Im (FaFy) .
Ty = i (|l = |Fv?] . (5.15)

We have introduced the shorthand notations for the distinct combinations of the transition
form factors with the appropriate kinematic functions

Fy =2\ @NLP2 @) Fr,  Fa=2pP@0+5° ) Fa,

~ . N ~ . X ’l) . p

Fa= {(1_(]2)2_194} Fa, Ey :)‘(171927 q2) (F1+mBF3> ) (5.16)
where the two dimensionless hadronic variables are defined by p* = p?/m% and ¢ = ¢*/m%.
It remains important to point out that our expressions for the full angular distribution
of B; — ¢’ {'{ 1y coincide with ref. [55] by applying the replacement rules for the helicity
angles and for the exclusive B, — v* W* decay form factors

. 1—a2)2 — pt

vep g, (1@ —p! 1

0, — 01, Ow —m—0s, Fa — Fa, FA”—>— P+ —F3+

mp A(17ﬁ2) 62)

(5.17)

To facilitate the experimental explorations we proceed to construct the following
weighted angular integrals for the five-fold differential decay width (5.13)

d°T(B; — (' L)

2 2
6:,0
0% dq? d cos By dcos By dgp X W45 01,602,0),

(5.18)
to obtain the double differential distributions in the invariant masses p? and ¢?. Adopting

1 1 27
X(p2,q2):/_1dC0891 /_1(100892 ; d¢

wx = 1 immediately leads to the familiar differential decay rate
T 1 &PBR 327
dp2dq? T, dp*dq® 9

Inspecting the yielding predictions for the double differential branching fractions of the four-

N@* ¢*) A1+ Jo) . (5.19)

body leptonic B-meson decay processes displayed in figure 9 implies that the newly obtained
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Figure 9. Theory predictions for the double differential branching fractions of the four-body
leptonic B-meson decays with non-identical lepton flavours in the hard-collinear p? region (left
panel) and in the hard p? region (right panel), where the numerical value of the large component of
the virtual photon momentum is taken as 4 GeV. The yielding uncertainty bands are obtained by
adding the individual errors from varying all the theory input parameters in quadrature.

subleading power corrections computable in the perturbative factorization framework appear
to enhance the counterpart LP contribution at the NLL accuracy significantly in the hard-
collinear p? region (as large as O(40 %) enhancement at p? = 2.5 GeV?2 numerically) for the
fixed value n - p = 4 GeV, where the substantial uncertainties represented by the blue and
pink bands are due to the poorly constrained shape parameters of the two-particle and three-
particle B-meson distribution amplitudes. By contrast, the resulting uncertainties for the
differential branching fractions in the hard p? region turn out to be insignificant numerically
(at the level of O(10 %)), which can be traced back to the very independence of the HQET
factorization formula (4.2) on the non-local hadronic quantities. Additionally, we predict the
rapidly decreasing branching fractions in the kinematic regime 4.0 GeV? < p? < 16.0 GeV?
when the invariant mass of the ¢’ pair moves towards the higher values, which provides an
explicit confirmation of the expected numerical features dictated by our power counting
scheme (see [55] for an earlier discussion).

Along the same vein, we can readily define the non-vanishing angular asymmetries
normalized to the differential decay width by taking the appropriate weight functions

71 —
d*T 1 BT(B; =00 0i)
20, = | dcosd 20 u
Ac2s, [ddeqzl /_1 cosfy sgn (cos(261)) dp? dq? d cos 6,
5 3
:]_— —|—7 ,
2\/5 \/§4J1+J2
— _1 _
d’T 1 dT(B; =00 0) 3 J3
oy = | dcosd 0 u =2 ,
Actz | dp?dq? | /4 cos 0z sgn (cos(62)) dp? dq? dcos b 24J1+Js
_71 —
d*T 2m dT (B, =000 2 Jg
S =159 79 in(2 u = — R
A= | g | J, semtuintze) dp?dg?dy w AT+
__1 _
d*T 27 d3T(By, = 0'0'0w)) 2 Jy
@26= |5 d 2 u _z 7
Aczo | dp?de?| ¢ sgn(cos(29)) — 5T mas A
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2 -1 1 2 4 _ /5 p—
3 Uy
T 44+
2 -1 1 27 4 _ )7
Aeten = [d;lz §q2] /—1 deosfy 0 d¢ sgn (cos(@)) sgn (cos(61)) dd;(i;? ;fsgfdiz)
3 J
44T+ 05

2r 17 1 1 2
As¢,c91,092: W /_ldC0891 /_ldC0892 o d¢

d°T(B;, — ' L)

x sgn (sin(¢)) sgn (cos(61)) sgn (cos(02))

dp? dq? dcos by dcosby do
R
_7T4J1—|-J2’
2r 17 1 1 2
coh,cl1,c0o = | 7 o9 7 o d 0 d 0 d
Ac.co1,c00 A2 A [1 cos 1/71 cos 0o ; 1)

d°T(B;, — ' L)
dp? dg? dcos 6y dcosfydo

x sgn (cos(¢)) sgn (cos(61)) sgn (cos(h2))

R
o A +Jy’

where the sign function reads sgn(+|z|) = £1 for any non-zero real number x. In contrast to

(5.20)

the established angular observable A.g,, we observe the vanishing single forward-backward
asymmetry in the angle 6; by taking advantage of the derived differential decay distri-
bution (5.13) immediately. In order to determine the underlying mechanism for such an
interesting discrepancy, we recall the well-known expression of the differential forward-
backward asymmetry for the electroweak penguin B — K*¢/ decay process [84]

Arg(B — K*(0) < Re (A L AT ) = (L= R) (5.21)

where the four transversity amplitudes in the factorization approximation are given by

. Vig* Ai(q?
A pry = (C5" F C1o) (7) 1g)

mp + mg+’ mp — Mg+

AJ_7L(R) X (Cgeﬁ F CIO) (5.22)
Confronting further the exclusive three-body B — W* ¢’ ¢’ decay amplitude

M(B =W 0) o< [€ (1)1 € (p2)] {iﬁuum ey« (@) Fy (0%, n-p) +ew (@) v-pFa(p.n-p)

-€ * V-
+0, 2 20+ L )] (5.2
mp mp
with the analogous formula for the semileptonic B — K*¢¢ decay amplitude
_ _ 2m
* n eff . v B 2
M(B = K* 00) ox [a) v (G5 + Cros) tlao)| {ze,wpv - () {mB T2V )]
. 6 *
+ |:6K*M(p)—q§2(p)qu] (mp + mg~) Al(q2)+...}, (5.24)
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we are then allowed to express the differential forward-backward asymmetry of B — W* ¢/ ¢/
from (5.21) analytically by implementing necessary replacements for the hadronic form
factors and especially for the short-distance Wilson coefficients

Cf 51, Cp—o0, (5.25)

which leads to the vanishing result apparently due to an exact cancellation between the
left-handed and right-handed contributions.

We now turn to present our predictions for the differential angular asymmetries of
the four-body leptonic B, — ¢ ?' ¢ 7y decays in the kinematic domain 1.5 GeV? < p? <
16.0 GeV? in figure 10, where the uncertainty bands are obtained by adding all the separate
errors from the variations of the essential theory inputs in quadrature. The yielding
pronounced results for the two angular observables Ay, and A, in the hard-collinear p?
region will evidently enable us to carry out the dedicated measurements with the encouraging
precision at the LHCb and Belle II experiments. However, the four angular asymmetries
Acap, Asgeorr Acgeo, and Acg co, o6, can reach at most O(10 %) numerically based upon
our improved calculations for the radiative B,, — v* { vy decay form factors. In addition,
the resulting predictions for the two remaining asymmetry observables A4 and Agg co, c6,
appear to be merely at the level of O(5%), thus rendering their measurements considerably
challenging for the ongoing collision experiments. It remains important to remark that the
achieved uncertainties of the differential angular asymmetries for 1.5 GeV? < p? < 4.0 GeV?
are unsurprisingly improved, when compared with the obtained results for the differential
branching fractions presented in figure 9, on account of the substantial cancellation of the
parametric uncertainties from the badly known B-meson distribution amplitudes in HQET.

We are now in a position to investigate the binned distributions for both the branching
fraction and the two promising angular asymmetries with the required kinematic cut on
the large component of the off-shell photon momentum

d’T (B, — (' L)

t (mp—+/p?)?
(BR [t1, t2]) = 7B, /2 dp? / 0 dg® 6 (n-p—3GeV)
t1 0

dp? dq? ’

T t2 (mB_\/IE)Q 1

(Ac2g, [t1, ta]) = m /t dp? /0 dq? /1 d cos 61 sgn (cos(26;))
) 1 _

d°*T(B; — 0" L)
0(n-p— u
X 0 (n-p—3GeV) dp? dq? d cos 61
TB, b2 2/(7"3_\/?)2 2/1
t1, ta]) = ——"—— d d d 0 0
(Acs [t1, t2]) BR[t1, ta]) /t1 D A q . cos B2 sgn (cos(f2))

dT(B; — ' L)
dp? dq? d cos 6

x 0 (n-p—3GeV) (5.26)

where the conversion relations for the two scalar quantities n - p and 7 - p are given by

my — ¢* + p? + \/A(m%, p?, ¢?) ) my — ¢* + p? — \/A(m%, p?, ¢?)

n-p=
2mB ’ p 2mB

nep=
(5.27)
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Figure 10. Theory predictions for the various angular asymmetries of the four-body leptonic
B-meson decays with non-identical lepton flavours in the hard-collinear p? region (left panel) and in
the hard p? region (right panel), where the numerical value of the large component of the virtual
photon momentum is taken as 4 GeV. The yielding uncertainty bands are obtained by adding the
individual errors from varying all the theory input parameters in quadrature.

We collect the numerical results for the LP and NLP computations of these binned ob-
servables in table 2 subsequently with the combined theory uncertainties by adding all
the individual errors in quadrature. Here the matching parameter p2, = (4.0 £ 1.0) GeV?
has been introduced to separate the hard and hard-collinear p? regimes such that the
factorized expressions of the non-hadronic B, — v* ¢y form factors summarized in (3.52)
are expected to be applicable for p? € [1.5 GeV?, p2,,], whereas the obtained HQET ex-
pressions shown in (4.2) will be employed for evaluating the angular functions J; in the
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Uncertainties
Observables [t1, to] LP Total
(GeV?) (NLL) [ (LP+NLP) | p  wm  69” dg. Pl Vil
(15, my] | 0884037 | 123703 | 1095 01 03 o3 0o oo
B ) | 20| OSTRI | 0ssth g0 gt R g gy 4
3.0, mp] | 032408 | 0427505 | 1008 f0os Toos  Toor foos Toos
[4.0, mE] | 0.24%008 | 0247587 | T30 *0o0  fooo  fooo Foos oo
(1.5, mp] | —0.387068 | —0.45%505 | To07 *00r  To0s  Toor  Fooe
Acso, 1. 2] 2.0, mp] | —0407063 | —0.467505 | To07 oot fos Toos fooe
3.0, mp] | —0477007 | —0.50%007 | To00 001 001 Tooi oor -
[4.0, mE] | —0.547000 | —0.54005 | T30 Fooo T fooo  Fodo
(15, my] | 048453 | 038759 | 1503 f0os 005 007 008
ooy 0. 2] 2.0, mp] | 043%535 | 036759 | D003 T0os Tooi Toor Toos -
3.0, my] | 0284530 | 0287395 | X00; F0oe oo oo foos -
[4.0, mE] | 017THGGY | 017RRET | X300 f0o0 Tt fooo oo

Table 2. Theory predictions for the binned distributions of the branching fraction as well as the two
angular asymmetries Aq29, and A.g, for the four-body leptonic B-meson decays with non-identical
lepton flavours, where the numerically sizeable uncertainties from varying distinct input parameters
are further displayed for completeness.

kinematic interval p2,, < p?> < m%. Comparing the numerical predictions for the first
and last bins of (BR [t1, t2]) indicates that the predicted hard-collinear contribution to
the branching fraction in the bin p? € [1.5GeV?, 4.0 GeV?] is approximately a factor of
three larger than the counterpart effect from the hard p? bin [4.0 GeV?, m%] within the
sizeable theory uncertainties. Importantly, the factorizable subleading power corrections to
the binned branching fractions of [1.5 GeVZ, 2.0 GeV?] and [1.5 GeV?, 4.0 GeV?] with the
SCET factorization technique will bring about the notable enhancements for the correspond-
ing LP predictions, amounting to about O(30 %) and O(50 %) respectively. In addition,
the yielding prediction of the binned decay rate (BR [1.5GeV?2, 2.0 GeV?]) deduced from
table 2 is observed to be compatible with the previous calculation in the QCD factorization
framework [55]. Apparently, the newly derived subleading power corrections can modify
the corresponding LP predictions for the two binned asymmetries (A.q, [1.5 GeVZ, m%])
and (A, [1.5 GeVZ, m%]) by an amount of approximately O(20 %). We further mention in
passing that the fast-decreasing binned asymmetries (A, [t1, m%]) with the growing value
of 1 can be actually understood from the distinctive feature of the very differential angular

asymmetry presented in figure 10.

Finally we turn to explore the phenomenological opportunities for the four-body
charged-current bottom-meson decays B;, — ' ' { iy with identical lepton flavours ¢/ =
£, which will become quite challenging experimentally due to the very appearance of
the two indistinguishable like-sign leptons in the final state and especially the practical
implementation of the essential cut on the virtual photon momentum for the sake of adopting
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the perturbative QCD factorization theorems. To this end, we will begin with the manifest
expression of the full decay amplitude to lowest non-vanishing order in the electromagnetic
interaction

Atot(B,, — LLL1g) = A(B, (pB) = 7" (p)(— €(p1) U(p2)) W*(q)(— Lq1) 7e(g2)))
A(B, (pB) = 7" (B)(— @) £(p2)) W* (@) (= £(p1) 7e(q2)))
= Aai(B, = 00L0D) — Aexe(By, — (001), (5.28)

where the relative minus sign evidently stems from the Fermi-Dirac statistic for leptons. It
is then straightforward to write down the desired differential decay width for the exclusive
transition process B, — a7

[l Adiel* + [Aexel? = 2 Re (A, Aexc) | dPaps,  (5.29)

2m)*
2mp

- 1
dU(By — 0001;) = <2)

where we have introduced the degeneracy factor 1/2 to prevent the double counting of the
identical particles in the final state and d®4 pg stands for an element of relativistically
invariant four-body phase space

dp? dg? d cos 01 d cos 05 do

) dp? dg? d cos 0y d cos 0y d . (5.30)

The explicit definitions of the two invariant masses p? and ¢ together with the three helicity
angles 01, 62 and ¢ bear resemblance to the counterpart kinematic variables without a tilde
symbol (see appendix A for more details). The yielding full differential decay rate for the
four-body leptonic B-meson decay with identical lepton flavours can be expressed as

d°T(B;, — (0L1)
dp? dq? d cos 01 d cos O3 do

G2 a2, |V 2 1
= Wm% Al/Q(mQB7p27q2) {p4 j(p27 q27 017 927 ¢)

1 9 S
+ ]?j(ﬁ% (727 91) 927 (b) - pTﬁQuZnt(p{ va q27 q~27 917 91» 927 921 d)v (Z))}? (531)

where the angular distribution J of our interest has been previously derived in (5.14) and
the emerged interference term Jiys remains invariant under the following transformation

e, Ced,  eb, ol oo (5.32)

We can readily identify the translation rules between the two complete sets of variables
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with and without a tilde for later convenience

P = (1> {— Al/Q(sz,pQ,qQ) (cos @y — cosby) + (mQB —p? - q2) (1 — cos 6y cos bs)

4
+ 2\/pT<J2|sin01sin92| cosqb] )

1
§ = (4> {)\1/2(m23,p2, q2) (cos By — cosBy) + (m2B —p? — q2) (1 — cosq cosBy)

+ QW]sinel sin 6| cosd;] ,

~ 1 )\1/2(m2 p2 q2)

01 = B Y > 0 05) — p2 2
cos 0 N (2, 2 ) l 9 (cos By + cosfs) —p” +q°| ,

~ 1 )\1/2(m2 p2 q2)

0y = AR ] 6 2 2
cos by N2 77 l 5 (cosf +cosba) +p~ — q7| ,

~ /2002 2 42 55 .y
Sinqb:—/\ (sz,}j ,({) Vp?q s1n0~151n 2| sing

)‘1/2(m37p27 q2) ]52 62 sin (91 sin 92

. 2 0 2Y (2 52 22V (1 — eosd 7]

cos b = 2(p° +¢°) — (mp —p° — ¢°) (1 — cos 0y cosby) (5.33)

2/p?% G2 ‘sinélsinég‘ ,

which will further enable us to derive the analytical form of [Jt in terms of the five
independent variables (p?, ¢2, 01, 02, ¢) collected in appendix B.

As already pointed out in [55], the two resultant four-momenta p = p;+p2 and p = ¢1+p2
in this case cannot be distinguished experimentally. We will therefore implement both
kinematic cuts on the light-cone components n - p and n - p simultaneously for constructing
the accessible binned distributions in order to validate the established factorization formulae
for the transverse and longitudinal B,, — ~* W* form factors. Moreover, the precise
correspondence between the invariant mass of the off-shell photon and the kinematic
variable p? does not hold anymore for the case of identical lepton flavours. Consequently, we
propose to define the double-binned observables for the branching fraction and the angular
asymmetries with the necessary kinematic constraints

2 (mp—/p?)?

m 1 1 2w
<BR[t1,t2;fl,fz]>:TBu/0 de2/0 dq2/1d00891/1dc0592 a0

d°T(B; — (L)
dp?dq? dcosby dcosbadep’

m?2 (mB—/p?)? 1
-~ TB., B 9 9
A 5 |t1, 12501, ¢ / d / d / d 0
( ch1+ch1 [ 1,02, 01 2]> BR [tl,tz,tl,t2]> D 0 q . cos 0

/ dc0892/0 d¢ {Sgn(cos(ﬁl))—i-sgn(cos(él))}

d°T (B — (0L1y)
dp? dq?dcosty dcosOydg’

Gmeas(p27ﬁ2,t1,t2, 51752)

X @meas(p27ﬁ27t17t27t~lat~2)
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m2 (mp—1/p?)? 1
gy TB., B . 5 9
A 5o |t1, T t1, ta]) = — d d d 0
< 0291+0291[17 2, 1, 2]> 2(B7€[t1,t2;t1,t2]> /0 P /0 q /1 cos 0

/_lldCOSGQ /027r do [sgn (cos(261))+sgn (cos(26~1))}

N -~ PT(B- =00l
X Omeas (D7, %, t1, 12,1, 2) (B, )

dp? dq?dcosty dcoshydg’
m? (mp—/p?)? 1
- B, B 5 )
5 |t ta; ty, ta]) = — d d dcosf
(Acgytedy L1 25 t1, t2]) AR R /O p /O q /_1 cosf;

/_11 d cos 0y /027r do [sgn (cos(f2))+sgn (COS(ég))}
d°T(B; — (L)

X @meas(p27ﬁ27t17t2,fla£2)

dp? dq? dcos0y dcoshadg’
m32 (mp—+/p?)? 1
- TB, B o V )
A o [, b, Be]) = _ / d/ d/d 0
< 091,691[ 1,02, 01 2]> <BR[t1, tQ, t17 t2]> 0 D 0 q . COsU

/_11 dcosby /027r d¢ [sgn (cos(61)) sgn (cos(él))}
d°T(B; — (L)

X @meas<p27ﬁ27t17t27t~1;£2)

dp?dq?dcosty dcosfydg’
m? (mp—1+/p?)? 1
U B, B vV )
i 1t1, ta;t1, to|) = — d d d 0
WAcan, com [ £2: 1. ) (BR[t1, t2; t1, ta]) /0 b /0 4 /_1 cost1

/_11 dcos by /027r d¢ [sgn (cos(267)) sgn (cos(29~1))}
d°T(B; — £LL1y)

X ®meas(p2?ﬁ2vt17t27fla£2)

dp? dq? dcos0y dcosOadg’
m?2 (mp—v/p?)? 1
g ny TBu B 2 2
5 |ty to; t1, to]) = _ d d dcosh
<A692,092[ 1,02, 01, 2]> <BR[t1,t2;t1,t2]> \/[) 1Y /0 q [1 cos

/11 dcosby /027r d¢ [sgn (cos(62)) sgn (cos(ég))}

d°T(B;, — (L)
dp? dq? dcos 0y dcoshado’

X @meas<p27ﬁ2atlat27£1at~2) (534)

where the newly defined measurement function is explicitly given by
Omeas = [e<p2—t1>e(tz—pz)9(ﬁ2—£1>9(£2—p2)+9(p2—51>9(£2—p2>9(ﬁ2—t1>9(t2—152)
— 0(p* —t1,max) O(t2,min—P*) 0(F* —t1,max) 0 (t2,min — ")
X {9(n-p—3GeV)0(n-ﬁ—3GeV) ,

tl,maxzmax{tla 7§1} ) t2,min :min{tg, 7?2} (535)

It is important to remark that our definitions for the exclusive four-body B, — ¢ 007y decay
observables differ from the previous strategies suggested in [55] on account of executing
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Uncertainties

Observables [t1, to] LP Total
(Gev?) | (NLL) | (LP+NLP) | 55" Ap, Pl [Vl
(L5, mE] | 07603 | 115555 | L0508 022 0s 06 f0m
SRt 1or | O] | 0TI | o0zalBiE o0 g w0 g g g
3.0, mE] | 0237068 | 0327050 | T06s Tooe Tooe Toos Toos o0
[40, m] | 0157558 | 01575058 | X000 Tooo  Tooo  Tooo Tooe  Toor
[L5, mE] | —0.543065 | —0.60%068 | X600 000 oo oo oo -
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Table 3. Theory predictions for the binned distributions of the branching fraction (BR) as well
as the three angular asymmetries (A9, 4 25,5 (Aeg, cg,) and (A, .4,) for the four-body leptonic
B-meson decays with identical lepton flavours, where the numerically sizeable uncertainties from
varying distinct input parameters are further displayed for completeness.

the essential kinematic cuts distinctly. As displayed in table 3, the yielding double-binned
branching fraction in the kinematic domain {p?,p?} € (1.5 GeVz,mQB] is predicted to
be (1.1575:27) x 10~ which lies well below the upper limit 1.6 x 10~% for BR(B;, —
pwt pu” p” ) reported by the LHCb Collaboration with the lowest of the two p'tp~
invariant masses below 0.96 GeV? [85]. Despite of the different implementations of kinematic
constraints, our result for the partially integrated decay rate in the hard-collinear interval
{p?,p?} € [1.5 GeV?,2.0 GeVZ] turns out to be comparable with the numerical value
achieved in [55]. In particular, the subleading power corrections to the binned branching
fractions of {p?,p?} € [1.5GeVZ, 2.0GeV?] and {p?,p?} € [1.5GeV2, 4.0GeV?] tend to
enhance the counterpart LP predictions significantly. Comparing the numerical predictions
for (BR) collected in tables 2 and 3 further leads us to conclude that the coherent interference
of the direct and exchange amplitudes merely generates the minor corrections to the
double-binned branching fractions of B, — ££ {1, for all the hard-collinear {p?, p*}-bins.
Furthermore, our numerical computation indicates that only three of the six asymmetry
observables (A g | 95,): (Aup, cg,) and (A, 5,) shown in table 3 can reach O(50 %) in
magnitudes and the yielding theory predictions suffer from the relatively lower uncertainties
than those for (BR), mainly due to the anticipated cancellation of the non-perturbative
uncertainties from the HQET distribution amplitudes and of the perturbative uncertainties
from the residual factorization/renormalization scale dependencies.
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6 Summary and conclusions

In this paper we have performed the improved QCD calculations of the exclusive radiative
B, — v*lip, form factors with an off-shell photon carrying either the hard-collinear
momentum p, ~ my, (1, A%, A) or the hard momentum p,, ~ m; (1,1,1) by taking advantage
of the modern SCET factorization program and the traditional local OPE technique,
respectively. Applying further the renormalized jet functions in the factorized expressions
of the analogous B-meson-to-vacuum correlations for constructing the light-cone sum rules
of the semileptonic B — V transition form factors [19] as well as the soft contribution to
the on-shell B — « form factors [7], we constructed explicitly the soft-collinear factorization
formulae for both the transverse and longitudinal B — v* £, form factors at the NLL
accuracy in the hard-collinear p?-region with the aid of the Ward-Takahashi identities
due to the Ugpy(1l) gauge symmetry and the standard momentum-space RG formalism.
Subsequently, we evaluated the distinct subleading-power contributions to the generalized
B — v*W* form factors at p? ~ O(my Aqcp) from expanding the hard-collinear quark
propagator beyond the LP approximation, from the two-particle and three-particle higher-
twist HQET distribution amplitudes, from the “kinematic” power corrections suppressed
by the small (but non-vanishing) component of the virtual photon momentum, and from
the energetic photon radiation off the bottom quark at LO in the strong coupling constant.
The yielding HQET factorization formulae of the non-hadronic B — v* form factors were
then derived in the NLL approximation for p? ~ O(m?) with the effective decay constant
fB encoding the non-perturbative dynamics of the composite bottom-meson system.
Having at our disposal the desired expressions for the exclusive B — v* £y decay form
factors, we proceeded to explore their numerical implications with the three-parameter
ansatz for the essential B-meson distribution amplitudes whose RG evolution behaviours
can be determined analytically in terms of hypergeometric functions at one-loop order [9].
It has been observed that the resulting non-local power corrections from the subleading
terms in the expanded hard-collinear quark propagator can shift the counterpart LP
predictions by an amount of approximately (20-30)% in magnitudes in the kinematic
domain p? € [1.5, 4.0] GeV2. In particular, the predicted LP contribution to the vector
form factor |Fy/| appeared to develop the yet stronger sensitivity on the inverse moment
AB, in comparison with the obtained longitudinal form factor ’)\ (F 1+ % Fg)

, which can
be traced back to the quite distinct asymptotic behaviours of the two HQET distribution
amplitudes gbﬁ(w,u) at small partonic momentum w. Unsurprisingly, the generalized
radiative B — ~v* W* form factors dependent on the invariant masses of both v* and W*
turned out to be rather sensitive to the precise shape of the B-meson distribution amplitudes.
By contrast, the resulting theory predictions for such non-hadronic decay form factors in
the hard p?-regime suffered from the enormously reduced uncertainties due to the apparent
independence of the non-perturbative light-ray distributions. We then turned to investigate
systematically the angular observables for the four-body leptonic decays B, — ¢/ ¢' £,
with non-identical lepton flavours ¢ # ¢ and (more complicated) identical ones ¢ = /.
Our numerical results indicated that the dominant contribution to the branching fraction
of B; — 0 {'{; indeed arises from the hard-collinear p?-region rather than from the
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kinematic regime of p, ~ m; (1,1,1) as anticipated by the power-counting analysis. It
is also interesting to remark that the newly computed subleading power contributions to
the binned branching fractions resulted in the sizeable enhancements of the corresponding
LP computations based upon the SCET factorization approach. Additionally, the two
promising asymmetry observables (Agoq, [t1 t2]) and (Acp, [t1 t2]) for non-identical lepton
flavours have been predicted to be as large as O(20 — 50)% for all the selected p?-bins
with the substantially improved precision. Furthermore, we quote our theory prediction
for the double-binned branching fraction of By, — ({7, as (1.157037) x 107 in the
kinematic interval {p?,p*} € [1.5 GeV?, m%] with the additional cuts on the large light-
cone components of the two indistinguishable lepton-pair momenta n - p > 3 GeV and
n-p>3GeV.

Confronting our theory predictions for the binned decay rates and the angular asymme-
tries with the upcoming dedicated measurements at the LHCb and Belle II experiments
will be evidently beneficial for advancing our knowledge of the poorly constrained B-meson
distribution amplitudes in a complementary manner to the previous determination from the
exclusive radiative B — /£, decays. In this respect, it will be in high demand to carry out
a global fit of all the key exclusive channels including further a variety of semileptonic and
nonleptonic bottom-meson decays for the sake of obtaining the more stringent constraints
on the fundamental HQET distribution amplitudes (see also [86] for an alternative strategy).
Further theoretical investigations of the non-hadronic B — ~v* W* form factors can be also
pursued by constructing the soft-collinear factorization formulae for their subleading power
contributions systematically with the QCD — SCET| — SCET}; matching procedure [87].
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A Kinematics for the four-body decays B, — ¢’ 0Ly,

In this appendix, we will begin with the essential kinematics for the four-body leptonic decays
By (pg) — v (p)(— £ (p1) £ (p2)) W*(q)(— £(q1) 7e(q2)) with non-identical lepton flavours
¢ # (. Following the discussion for the exclusive B — K*(— K){{ decays [84], it is
customary and convenient to express the full differential decay distribution of B, — ¢/ ¢' £ 1y,
in terms of the five kinematic variables: the two invariant masses p? and ¢, the helicity
angles 01 and 6o, as well as the azimuthal angle ¢ (see figure 11).

More explicitly, we choose the z-axis along the flight direction of the off-shell photon
momentum p in the B-meson rest frame. The angle 8 is then defined as the angle between
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Figure 11. Kinematics of the four-body leptonic decay B, — ¢ £/ £ 7.

the ¢/~ direction of flight and the z-axis in the dilepton rest frame. As a consequence, the
leptonic momenta in the dilepton rest frame (2 ¢-RF) in the massless limit are given by

/2
Dil2e—RrE = Tp (1, sinfy, 0,cosb;),
/2
Paloe_RF = 72;0 (1, —sinfy, 0, — cosby). (A.1)

In addition, 0, is the angle between the /~-momentum q; and the negative z direction in
the W*-boson rest frame. The azimuthal angle ¢ is defined by the relative angle between
the decay plane of the ¢/ system and the £, decay plane. Accordingly, the two momenta
q1 and ¢z in the £y rest frame (¢ 7p-RF) can be written as

~—— (1, sin by cos ¢, sin by sin ¢, — cosba),

e
2
Ve
2

QI‘EDngF =

@lep,—RF = (1, —sin 6y cos ¢, —sin by sin ¢, cos ). (A.2)

Now we proceed to investigate the more complicated kinematics for the exclusive
four-body bottom-meson decays B, — ¢ (' {7, with identical lepton flavours ¢ = ¢. In
order to evaluate the so-called exchange amplitude Ay displayed in (5.28), it proves more
convenient to introduce further the two invariant masses in the following

P=@+p)?, @=m+ae)’, (A.3)

as well as the three alternative helicity angles 1, 6, and ¢ such that

~2
V7L ;
Q1|eg/_RF = T (]., 8111917 0,c0891),
D

VP (A.4)

P2lyi—pp = - (1, —sin#y, 0, —COSél),
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correspond to the four-momenta of the final-state leptons from the cascade decay process
v*(p) — £(q1) ¢'(p2) in the dilepton rest frame (£ ¢'-RF), and

~2 - - ~ - -
P1le g,—rF = ——=— (1, sinfy cos ¢, sin b sin ¢, —cos bs),

“[S 5
[\

@\ v,—rF = (1, —sin by cos ¢, —sin by sin ¢, cos by), (A.5)

coincide with the four-momenta of the final-state particles produced from the cascade weak
transition W*(q) — ¢'(p1) v¢(q2) in the ¢ v, rest frame (¢’ v,-RF), respectively.

B Explicit expressions for the angular function J,;

Here we will present the detailed expressions for Jiy entering the differential decay distri-
bution of the exclusive four-body bottom-meson decay with identical lepton flavours (5.31)
due to the coherent interference of the direct and exchange amplitudes. By analogy with
the result (5.14) for the non-hadronic process By — ' {7, with ¢/ # ¢, the yielding
decomposition for the intricate angular function [Jj, can be cast in the form of

Tt = J1 (cos by + cos 02)2 + Jy (cos by + cosBy) (1 + cos by cosfy)
+ J3 (cos By 4 cosBy) sin® 6 sin? By + Jy (cos By + cos ) (sin2 6, + sin® 02)
+ J5 (1 + cos by cosbs) (sim2 6, + sin? 02) + Jg sin® 6, sin® 0y
+ Jr (
+ Js (
+ Jo (1 + cos 6y cosfs) sinfy sin by sin ¢

cos 6 + cosfs) sin By sin f sin ¢

cos 01 + cosba) (14 cosfy cosby) sinf; sinfy sin ¢

+ le sin 01 sin 69 (sin2 0, + sin> 92) sin ¢

+ Ji (cos 01 + cos ) sin 0y sin Oy cos ¢

+ Ji2 (1 4 cos @y cosfy) sin by sin by cos ¢

+ Jis (cos 01 + cos 02)2 sin 67 sin 6y cos ¢

+ Ji4 (cos By + cos ) sin(26) sin(26s) cos ¢

+ Jp5 sin? 6y sin® 6y sin(2¢) + Ji6 (cos 61 + cos B3) sin® #; sin? 6, sin(2¢)

+ Jy7 sin? 6; sin® 6y cos(2¢) + Jis (cos B + cos B3) sin? 6, sin? 6, cos(2¢). (B.1)

The coefficient functions J; (with ¢ = 1,2,...18) can be further expressed in terms of
the generalized B, — v* W* transition form factors Fj, = Fy(p?, ¢?) and Fy, = Fj,(p%, ¢%)
together with the suitable kinematic functions (k =V, A, ||)

J1=—pG* (145> —¢°) Re [(1+52_52)FAF2+FAFM ;

Jo=— P2 @ AV2(1,52,4%) Re [(1 +p —éQ)Fv]F*AJroIFﬂ ;
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6p° ¢

L D) (1+p*—§¢*)Re (FaFy)

J3 = -3 /\3/2(1 p’ AZ){ 1+

+ (1-p* = %) Re (FFy) } :
Ji= 2 PP (L+p% — ) A2(1,5%,¢%) Re (FaFy)

Js == 02 * A\(1,p%,¢%) Re (Fy ) ,

2
= 1 (A-p2—¢*)?| s s 1-pP—¢ 5 | N1, .
6_[2_M) Jl—J5—27 WJ12+fRe<F”F”>’
j—l 52 G2 \(1,p%,4%) Im | (1 —FAFi+(1 — P F F + F
7=5 VP EALDG) (14p°—¢*) FaFj +(14p° = §°) Fy Fia + F| F]|
- 1 PN . R 9 . "
Js=—7 VP22 (1—p°—@*) A(1,5%,¢°) Im (FV FY)

N2 A2

jgz—\/ﬁTqﬂll_ﬁlij;(f Jio )\3/2( : q )I (FVIF”)]
o= \/ﬂpm 1,52,6%) Tm (F” IFV)

~ 1 — [1-p2—¢ ~)\3/21A2A2 . i
Ji=—1 /quQ[ p];q?q Jy )Re(quﬂFﬂ”)],

2 2

T A A A 1)A2’A2 N A * 2 2 * *
Jig=— \/I?TQQ{(];Q)RG {(1+P2—q2)FAFH - (1+p2—q2)F|| s — FIIFH]

= 1 (1-¢*)?*-p* 1
_ 1 [0 20 13/2 A2 2y | L—q7)"—Dp " 1 "
=g VPEX05.8) l N R () Re(AF))
. 1 o5 2 2 . 29 29
Jis =5 0 @ MN/2(1,p%, ¢%) Im [(1 +9°— @) FaFy + (149" =) Fy Fiy + FVFH} (B-2)
where for convenience we have introduced the shorthand notations
VP o v - ﬁ o
F‘” = Fl(p27q2) + — F3(p27 q2) ) IFH = Fl(p27 q2) + — F3(p27 q2) )
mp mp
P =p*/mp, @ =q/my. (B.3)

The remaining four angular coefficients appearing in (B.1) turn out to be linearly dependent
of those already derived in (B.2) by virtue of the following relations

P

J13 2\/W Jlﬁz—m J87
~ ~ 1 -~
Jir = 3 J1 —J5, Jig = —3 Jy. (B.4)
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