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Introduction

Via the AdS/CFT correspondence, correlation functions in holographic CFTs are mapped

to on-shell scattering amplitudes in AdS space. These fundamental observables encode

important theoretical data, and play a central role in testing and exploiting the correspon-

dence. Computing these holographic objects was once a notoriously difficult task because

the complexity of perturbation theory is amplified by the spacetime curvature. Explicit

results were available only in a handful special examples. In recent years, however, the

application of bootstrap ideas has led to drastic simplifications in the calculation, prompt-

ing a great deal of new developments. A vast amount of results for amplitudes have now



been obtained in a variety of supergravity theories, both at tree level [1-12] and at loop
level [13-23]. The results exhibit a remarkable simplicity which is obscured by the dia-
grammatic expansion and is reminiscent of the situation in flat space. Moreover, these
AdS supergravity amplitudes display many unexpected interesting structures, such as hid-
den conformal symmetries [5, 6, 9] and Parisi-Sourlas-like dimensional reduction [24]. By
contrast, amplitudes of super Yang-Mills theory in AdS so far have received much less atten-
tion. Tree-level four-point amplitudes were computed only very recently in [25] for a class
of backgrounds of the form AdS;.; x S3, generalizing the result of an earlier work [26].1
Many aspects of AdS supergravity amplitudes have not been similarly explored in the gluon
context. Nevertheless, there is a lot of incentives to further pursue the study of AdS gluon
scattering. On the one hand, gluon amplitudes in general have simpler structures compared
to graviton amplitudes. This makes them easier targets to study and also more suitable
arenas for new ideas. On the other hand, gluon and graviton amplitudes are known to be

2 Gluon amplitudes are in a

intimately connected in flat space by double copy relations.
sense more fundamental, as graviton amplitudes can be constructed by “squaring” them.
It is conceivable that some of these flat space properties extend to AdS space as well.

In this paper, we continue the investigation of gluon scattering in AdS and initiate the
study of loop-level amplitudes. For concreteness, we focus on the cases where the hyperbolic
space is AdS5 and require the system to preserve eight Poincaré supercharges (i.e., the dual
SCFTs have 4d N = 2 superconformal symmetry). Such backgrounds arise in several top-
down constructions. For example, we can consider a stack of D3-branes probing F-theory
singularities [32, 33], or a large number of D3-branes with a few probe D7-branes [34]. In
the near horizon geometry, both classes of theories contain an AdSs x S3 locus which carries
localized degrees of freedom organized into an eight dimensional NV = 1 vector multiplet.
This vector multiplet transforms in the adjoint representation of the flavor group Gz which
is a gauge group from the bulk perspective. The Kaluza-Klein reduction of this multiplet
onto AdSs gives rise to an infinite tower of states which have at most Lorentz spin 1.
These are the massless and massive gluons and their super partners. An important feature
of these theories is that the coupling between the gluons with gravitons is parametrically
smaller than the gluon self-coupling in the large central charge limit. Therefore, it is natural
to decouple gravity and consider a spin-1 gauge theory on AdSs x S? which describes the
leading order dynamics of the gluonic sector. Furthermore, we can also consider a consistent
truncation of the gluon theory to its lowest Kaluza-Klein level (the massless sector). This
gives rise to an AdSs toy model without the S? internal manifold.

Specifically, we will consider scattering amplitudes of super gluons. They are scalar
super partners of the spin-1 gluons, and are the super primaries of the superconformal
multiplets. The super gluons are labelled by an integer Kaluza-Klein level £k = 2,3,.. .,
which determines their squared masses in AdS to be m? = k(k — 4). Furthermore, we
will use the Mellin representation [35, 36] to facilitate the computation. In this formalism
AdS scattering amplitudes become Mellin amplitudes, which share a lot of similarities

!For AdS gluon amplitudes in bosonic Yang-Mills theory with four or more points, recent works in-
clude [27-30].
2See [31] for a recent review.
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Figure 1. The unitarity method in AdS. The (2222) one-loop super gluon amplitude in AdSs x S3
can be constructed by “gluing” together all (22pp) tree-level amplitudes. For the case of AdSs
without internal manifold, there are no higher Kaluza-Klein modes and p is restricted to 2.

with flat space amplitudes. Thanks to supersymmetry, we can further express the Mellin
amplitudes in terms of simpler reduced Mellin amplitudes. In flat space, this reduction is
analogous to extracting a fermionic delta function from the super amplitudes. One of the
main results of this paper is a closed form expression for the four-point one-loop reduced
Mellin amplitude of k; = 2 super gluons, for any gauge group Gr. To obtain this result,
our main technical tool is the AdS unitarity method developed in [37], which is illustrated
in figure 1. Intuitively, the one-loop amplitude can be obtained by “gluing” together pairs
of tree-level four-point amplitudes and summing over all the modes which run in the loop.
From the figure, we can see that the necessary tree-level input for AdSs x S® is the (22pp)
amplitudes for arbitrary values of p, which have already been computed in [25]. The gluing
procedure will be made precise in the paper, and its realization in Mellin space turns out to
be similar to the supergravity case [17, 19]. However, a major difference is that the super
gluons transform in the adjoint representation of the color group. This makes the amplitude
contain multiple independent color structures which are reshuffled under crossing. These
color structures add an extra layer of complication which is absent in the supergravity case.
We will perform gluing in each color channel, which gives part of the answer. By further
using crossing symmetry we will show that the one-loop reduced amplitude is uniquely
fixed. However, this procedure does not make it clear whether the result should sensitively
depend on the chosen gauge group. To answer this question, we find that the reduced
Mellin amplitude can be rewritten in the following remarkably simple form

M(S, t) ~ dstBst(Sa t) + dsuBsu(37 t) + dtuBtu(57 t) (11)

where the three terms are related by crossing symmetry. The function By (s, t) is essentially
a box diagram depicted in the L.h.s. of figure 1, and has the form of an infinite sum of
simultaneous simple poles

o0

Bulst) = 3 7o T (1.2)

where ¢, are constants independent of the Mellin-Mandelstam variables. Interestingly,
similar building block amplitudes also appeared in the supergravity one-loop reduced am-
plitudes [17, 19]. In this paper we give a closed form expression for Bg(s,t) in terms of



special functions, see (5.26). On the other hand, the factors dg, dgy, di, are “box dia-
grams” in color space and are formed by contracting the structure constants of G in the

following way
dy = fIDK pRIL pLIsM pMIs] (1.3)

Note that the dependence on the gauge group only enters the reduced amplitude through
the structure constants f//X (and also in the overall constant suppressed here). Therefore
the answer above is in fact valid for any choice of the gauge group. One might also
notice that the structure of the above result is reminiscent of the gluon one-loop amplitude
in flat space. In fact, we can take the zero-curvature limit of the AdS amplitude and
show that M (s,t) reproduces exactly the 8d flat space amplitude. As another interesting
example, we will also compute the super gluon one-loop amplitude in the AdS5 toy model
with no internal manifold. In applying the unitarity method, the Kaluza-Klein level p is
now restricted to 2 because the higher Kaluza-Klein modes have been excluded from the
spectrum. It turns out that this modification does not alter the structure of the reduced
Mellin amplitude but changes only the ¢, coefficients. Taking the flat space limit, we find
that the amplitude By (s, t) becomes the 5d one-loop box diagram instead.

The rest of the paper is organized as follows. In section 2 we review the setup of the
problem and the basic kinematics of four-point functions. In section 3 we analyze the tree-
level super gluon amplitudes and extract data from them. The one-loop computation was
first performed for the simpler AdSs toy model in section 4 and then for the full-fledged
AdS5 x S3 theory in section 5. In section 6, we consider another contribution to the
super gluon four-point function, which arises from coupling to gravity and is at the same
order as the one-loop gluon contribution. We conclude with a brief discussion of future
directions in section 7. Various technical details are relegated to the three appendices. In
appendix A and B we collect some useful results for superconformal blocks and D-functions.
In appendix C we explain how to take the flat space limit of one-loop Mellin amplitudes
and how they reduce to flat space box integrals.

2 Preliminaries

2.1 Setup

In this paper, we study scattering amplitudes of super gluons in AdS5. Such super gluons
can arise in two basic setups. The first is to consider a stack of N D3-branes probing an
F-theory 7-brane singularity [32, 33]. The near horizon geometry has a metric identical
to that of AdSs x S°, except that one of the angular coordinates of S® has a changed

periodicity. More precisely, we have
ds® = db? + sin® 0dp* + cos® HdQ3 (2.1)

where d3 is the metric of S3, and 0 < 0 < 5. The angular variable ¢ has a period of
2m(1 — v/2), where v takes values

(2.2)



depending on the type of the 7-brane singularity. The 7-brane is located at the slice 6 = 0,
which fills the AdS5 and occupies an S? in the compact space. On this singular locus, there
is a 7+1 dimensional N' = 1 vector multiplet which transforms in the adjoint representation
of a gauge group G . Corresponding to the values of v in (2.2), G is given by

Gr=U(1), SU2), SU(3), SO®), Es, Er, Bs. (2.3)

The Kaluza-Klein reduction of the N' = 1 vector multiplet gives rise to an infinite tower
of states which are organized into different %—BPS super multiplets of the 4d N = 2
superconformal algebra. We refer to the superprimaries of these %—BPS super multiplets
as the super gluons. The SU(2)r R-symmetry of the 4d N' = 2 superconformal group is
identified with one of the SU(2) factors of the S isometry group SO(4) ~ SU(2)g x SU(2) 1,
while the other SU(2);, factor is a global symmetry. On the other hand, gravity is not
restricted to this subspace. Instead, it propagates in the full ten dimensional space. The
Kaluza-Klein reduction of the ten dimensional supergravity multiplet gives rise to an infinite
tower of super graviton multiplets in AdSs. An interesting feature of such systems is that
at large N the self-interactions of the super gluons are parametrically larger than their
couplings with the super gravitons. More precisely, the cubic couplings of super gluons
scaleas 1/ VN, while the couplings involving two super gluons and one super graviton scale
as 1/N. Therefore, in 1/N expansion the super gluon four-point functions have the form

G4—gluon = Gdisc + %Ggluon tree 1 %(Ggluon 1-loop + Ggraviton tree) +..., (24)
where G ;s is the disconnected contribution, Ggluon tree a1d Ggraviton tree T€spectively come
from tree-level gluon and graviton exchanges, and Ggluon 1-loop is the gluon one-loop con-
tribution.

The second setup is to consider a stack of Ny D7-branes wrapping an AdSs x S°
subspace in the AdSs x S° near horizon geometry of N D3-branes [34]. In the limit
N < N, the probe D7-branes do not back-react the AdSs x S° geometry. The theory is
conformally invariant and preserves a 4d N' = 2 superconformal symmetry. The low energy
degrees of freedom on the D7-branes are again described by an eight dimensional ' = 1
vector multiplet which transforms in the adjoint representation of a gauge group SU(Np).
Reducing this multiplet onto AdS5 leads to the same spectrum of super gluons. Just as
in the previous setup, there is a separation of scales in the super gluon self-couplings and
their couplings to the super gravitons at large N. These couplings also have the same 1/N
scaling. Therefore at O(1/N), the super gluon four-point functions consist of only tree-level
exchange contributions of super gluons. As was shown in [25], the tree-level gluon exchange
amplitudes are completely determined by the spectrum and superconformal symmetry, and
have the same form for all choices of gauge groups. Therefore the super gluon tree-level
amplitudes at O(1/N) are the same in both setups up to an overall constant.

Finally, we can also consistently truncate the AdSs x S3 super gluon theory to the
lowest Kaluza-Klein mode, and obtain an AdSs theory without an internal S3. The tree-
level super gluon exchange amplitude of the lowest Kaluza-Klein mode remains the same
after the truncation. We will use this truncated theory as a toy model when studying the
super gluon amplitudes at one loop.



2.2 Super gluon four-point functions

. . . Liaq...ar;a1...Q) —
The above mentioned super gluons are dual to scalar superprimaries O, . F=2 of

the %—BPS multiplets with £ = 2,3,.... Here I = 1,...,dim(GF) is the color index, in the
adjoint representation of the flavor group Gr. The SU(2) indices a; = 1,2 and a; = 1,2
are respectively for SU(2)r and SU(2)r. The former is the R-symmetry group of the 4d
N = 2 superconformal algebra, while the latter is an additional global symmetry. These
operators have spin & under SU(2)g and spin & — 1 under SU(2);. Because the operators
are -BPS, their conformal dimensions are determined by the SU(2)g spins to be k.

It is convenient to keep track of the SU(2) indices by contracting them with auxiliary

two-component spinors v% and v°
I/ .. —\ Liaq...ax;a1...05—2 _ _
O (z;v,0) = O, Vay - - VayVay - - - Vag_y (2.5)

where indices are lowered with € tensors v, = v’es, Vg = Q_Jbea;. We can then consider

four-point correlators of such operators
Gﬁiﬁﬁ’fé (w4504, 04) = <O;ﬁ(x1;1}1,171)(9;€§ (3?2;1)2,172)(9;% (363;1137773)012 (z4;v4,74)) , (2.6)

which are functions of both the spacetime and the internal coordinates. For the purposes
of this paper it is enough to consider pairwise equal external weights k1 = ko = p and k3 =
k4 = g, and will focus on such correlators from now on. For a discussion on the kinematics
of correlators with most general weights, see [25]. Exploiting conformal symmetry and the
two SU(2) symmetries, we can write the correlators as functions of four cross ratios

. p . A5 - 55P2 (750 - 75, )92
Gropgy 1 = (o v v4)x(21;;2: 2)" (%5 2) A (U TATNC) (2.7)
12734

Here z;; = x; — xj, v; - vj = ’U?U?ﬁab, v; - Vj = U]Vj€sp, and the cross ratios are defined as

i Vj
2 .9 2 9
$13£L'24 $143523
U=—>5—"5, V="5-75. (28)
$12x34 x12x34
~ (v1-v3)(vg - vg) (U1 - v3)(V2 - Uy)
_ , — A1 v3)\2 ) (2.9)
(v1 - v2)(vs3 - vg) (v1 - v2) (3 - Ug)

It is easy to see that g;;,éff?’l‘* is a polynomial of degree min{p, ¢} in «, and a polynomial
of degree min{p, ¢} — 2 in 3.

We have so far only exploited the bosonic symmetries. The fermionic generators in
the superconformal group generate extra constraints known as the superconformal Ward
identities [38]. To write down these identities, we make a change of variables

U=z2z, V=(1-2)(1-2). (2.10)
Then superconformal Ward identities read

ppaq

(20z — 00a)Goht 14 (2, 7, B)]

(20: = aa)Gppeg " (2, 500, B)] .y = 0
B (2.11)



These constraints can be solved and lead to solutions of the form

InIxI3ly _ pl1l2l3]y 11121314
gppqq - gO,ppqq + Rprqq (2‘12)

where R is a factor determined by superconformal symmetry
R=(1-za)(l-za), (2.13)

and gé};;jgh is a function that contains coupling-independent information and becomes
holomorphic (or anti-holomorphic) when setting « = 1/z (or @ = 1/z). The function H
is called the reduced correlator and contains all the dynamical information. It is always
possible to find Gy and H such that each of them separately enjoys Bose symmetry.? More

precisely, we can restore the stripped kinematic factor and rewrite (2.12) as

I IoIs1 oI5 L3l
Gopg " = Goppag  + R Hppeg™ (2.14)
where
R = (v1 - v2)?(vs - v4)%a2325, R (2.15)

is crossing symmetric. The protected part Gg has the original conformal dimensions and
SU(2)r x SU(2), weights. On the other hand, H can be viewed as a four-point correlator
of operators with shifted conformal dimensions k; — k; + 1 and SU(2) g R-symmetry spins
% — % — 1. These shifts are due to the nontrivial weights carried by the factor R under
conformal and SU(2) g transformations. Note that in particular the reduced correlator with
k; = 2 is a singlet under both SU(2)g and SU(2)r.

A convenient language to discuss holographic correlators is the Mellin formal-
ism [35, 36]. In this representation, holographic correlators have simple analytic structure
which closely resembles that of flat space scattering amplitudes. The Mellin amplitudes

are defined by*

00 dsdt s t-p—g 2p — s 2q—s pt+qg—1 pP+qg—u
LIsIsly 2 2
gpéq?l“‘/m(zim)?mv i M”pqu{ 2 }F{ 2 ]F{ 2 }F{ 2 ]

(2.16)

where s+t+u =", k; = 2(p+q). However, we can also define a reduced Mellin amplitude

from the reduced correlator

10 dsdt s t-p—q —~ 2p — 2q — —t —u
HIIJ;D{JQQLSM =/ - . zUzvtngWQqF[ P S} F[ g 8} r? {p +a } 2 [p—l— g u] .
—ico (4mi) 2 2

Note that the u variable is replaced by its shifted version @ = u — 2, and this shift is
necessary due to the nontrivial conformal weights of R. Bose symmetry then acts on the
Mellin amplitude M by permuting s, ¢, u, in addition to permuting the quantum numbers of
each operator. However, acting on the reduced Mellin amplitudes Bose symmetry permutes
instead s, t, 4. Thanks to the superconformal Ward identities, the reduced amplitude

3In the case of identical operators, Bose symmetry is just crossing symmetry.
“Here we have restricted the discussion to (ppqq) correlators. For the most general weight configurations,
we refer the reader to [25] for details.



determines the full amplitude. The protected part Gy for holographic correlators turn out
to take a form resembling Wick contractions in mean field theories. As was argued in [2],
such functions do not contribute to Mellin amplitudes. By translating (2.12) into Mellin
space, we find

Mppgg = R o Mppgq (2.18)

where R is a difference operator descending from the factor R. The explicit action of this
operator can be found in [25] but is not needed in this paper. When computing one-loop
correlators, we will focus on the reduced Mellin amplitudes which have already taken into
account superconformal symmetry.

2.3 Flavor symmetry

As noted in the previous subsection, the four-point correlators of super gluons carry flavor
indices. This adds an extra layer of complication on top of the superconformal kinematics
discussed above. Below we give a detailed discussion about how to deal with the flavor
structures.

A concrete way to discuss these structures is to decompose the correlator into different
flavor channels that appear in the tensor product of adjoint representations in the s-channel

GhbBli— N phblisliq, (2.19)
acadj®ad]j
Here PL21300 ape projectors which project the external indices to the irreducible repre-

sentation a appearing in adj ® adj, and form a complete basis for flavor structures. For
example, the projectors associated with exchanging the identity and adjoint representations
are given by

2| T3] 1 IIo|I51 1
P12\34: 511]25[3[4’ P12\34_

. _ LsIs pIsI31, 99
1 dim(GFr) adj V2hY f f (2.20)

where hY is the dual Coxeter number, 2 is the length squared of the longest root, and
17K are the structure constants of the flavor group Gr. The projectors satisfy symmetry

properties
P£112|[3[4 _ (_1)RaP£211|1314 ’ PCILII2\I3I4 — PCIL3[4|11[2 (2.21)

where R, is the parity of the exchanged representation, i.e., R, = 0 for symmetric repre-
sentations and R, = 1 for antisymmetric representations. They are also idempotent

P£1]2\1314P£413\1516 _ 5abP£112\1516 ) (2.22)
Contracting the external indices gives a delta function for the internal representations
P£112|1314P£1]2|I3I4 = Jupdim(Ry) - (2.23)

We can use this property to compute the dimension of representation a.
We will also encounter the problem of decomposing exchanged flavor representation in
a different channel. This amounts to performing a change of basis. Consider exchanging the



I I
g2 n e >l
12 13

a
12A13

Figure 2. Decomposition of a t-channel projector into s-channel projectors. The projectors in the
two channels are related by the flavor crossing matrix F;. Note that here the vertices are oriented,
and we read the lines around a vertex anti-clock-wisely.

representation a’ in the t-channel, which is captured by the t-channel projector PCI;?[Q'IJ“.

We can decompose it into various s-channel representations as

a/

P1312|1114 _ ZﬂaP£1[2|IBI4 , (2.24)
a

using the completeness of the basis. To get the overlap coefficients, we use (2.23) and get

1 Ish|I1 1 3
= ——_paeiphhilsh 2.25
Ha dim(R,) ¢ @ ( )
Let us define the t-channel flavor crossing matrizx
' 1 Lo|I3I
(Fu)a" = gy Pe P (2.26)

then we can express the overlap coefficients as
ta = (F)a® - (2.27)

Diagrammatically, this is represented by figure 2.
Therefore, it follows that a t-channel “exchange” can be expressed in the s-channel as

Z plalzilnls Hg) _ Z phlzlisls Z (Ft)a“’Hé'f)- (2.28)

a
, ; . —~— ; . , - .
o/ €(adj@ad)): t-channel coefficients a€(adj®ad))s @ E(adj®ad));

s-channel coefficients
Similarly, for the u-channel we define the crossing matrix

/ 1

EWEIREYS
= G PP (229)

(Fu)aa
Then the u-channel decomposition can be rewritten in the s-channel as

ST phBsh gty 5~ phbinh S (g H (230)
——

a a
, X . - . , - .
o€ (adj@adj)u u-channel coefficients a€(adj®adj)s o' €(adj®ad))u

s-channel coefficients

The elements of these flavor crossing matrices can be expressed in terms of the 35 and
67 symbols of the flavor group. We will not go into the details of computing the matrix



elements. Instead we will refer the reader to the book [39] for techniques of performing
such computations, and table 6 of [40] for a list of examples.

Finally, in this paper we will use the group Eg as a nontrivial explicit example to
demonstrate various computations — although all our results can also be phrased abstractly
without reference to the explicit crossing matrices, as we will show. We record here the
crossing matrices of Eg [41]

1 125 3375 1 245 1125 3375 1 _ 245
248 8 31 2 248 8 31 2
1 _3 27 1 _ 7 1 3 2r _1 7
248 8 31 5 10 248 8 31 5 10

_ 1 1 23 1 7 _ 1 1 23 1 7

By = 248 8 62 30 15 v Fu= 248 8 62 30 15 (2‘31)

1 25 225 1 0 _ 1 25 225 1 0
248 '8 62 2 248 8 62 2
1 _5 _9 1 1 5 9 1
248 ~ 56 217 2 248 56 217 2

where from top to bottom along each column (or from left to right in each row) the represen-
tations are a = 1, 3875, 27000, 248 (adj), 30380. Note that the first three representations
are symmetric, while the last two are anti-symmetric.

2.4 Superconformal block decomposition

To be able to reconstruct the one-loop correlator, we need to decompose correlators into
superconformal blocks. In order to understand the contribution of each superconformal
multiplet, we study the fusion rules of the operators O appearing in our four-point func-
tion. Operators in N/ = 2 SCFTs are organized into different superconformal multiplets
which have been classified in [38]. Here we will encounter three types of them: Bg, C R(L.L)

272
and A2 5 The B multiplets are f—BPS (known as short multiplets), and the confor-

R(3.5)
mal dimensions of the super primaries as fixed by the SU(2)r spin R is %. The super

gluons belong to this type of multiplets and are the corresponding super primaries. The ¢
multiplets are also protected, and are known as semi-short. The super primary has SU(2)r
spin %, Lorentz spin £ and dimension 2 + 2R + £. The multiplets A are long multiplets,
and the conformal dimensions are not protected by supersymmetry. These are the only
three types of multiplets which appear in the fusion rules of two B [38]

47 E P32
s s . A A
By x By = B+@D| D Crot D Ay (2.32)
pmt2_ k1 020 \ k2 k1 pmt2_ k1
2 2 2 2 2 2

The exchanged multiplets in the four-point function are those residing in the overlap of
Bkl X Bk2 and B ks X Bk4 This is the most general fusion rules, but we will only need a less
general setup to study the four point correlator (2.7). In particular, it is more convenient
to write the solution to the superconformal Ward identities in a slightly different form [38]

G, V;a)= Y@ =W =Df@ (e, ayew,viy) (2.33)

r—x

®See appendix A of [42] for a summary of the unitary representations and different notations used in the
literature.

~10 -



where we defined the new cross ratios

2
y=20—-1, z=--1, z=
z

ST )

~1. (2.34)

We have also temporarily suppressed the flavor indices in (2.7), as well as the SU(2),
dependence, to lighten the notation. These extra structures are independent of the super-
conformal properties, and therefore can be easily restored. Given a four-point correlator G,
we can first obtain f(x) by setting y = Z. Then from (2.33) we can easily determine K. In
contrast to the function H defined in (2.12), K alone is not invariant under Bose symmetry.
Instead, there is an inhomogeneous term coming from the single-variable function f under
crossing.

The contribution of exchanging a superconformal multiplet to the four-point function
is captured by superconformal blocks, which are linear combinations of bosonic conformal
blocks of the super primary and super descendants of the superconformal multiplet. They
were obtained in [38] and are recorded in appendix A. In practice, it is most convenient to
present them in terms of contributions to f and K in (2.33). Furthermore, the function K
can be decomposed into different SU(2)z channels. For computing the one-loop amplitude
of (2222), only the R-symmetry singlet contributions are relevant.

To write down these contributions, let us first introduce the bosonic conformal blocks

— (ks (R)kacie(2) —kage (Dkarz(2)) (2.35)

where
kn(z) = 29 Fy(h, h; 2h; 2) (2.36)

and this expression is valid in any four-point function with Ay = Ay, Ag = A4. The long

super multiplets Aé o do not contribute to f(x). Moreover, only the long multiplets
tl 272

with R = 0 contribute to the singlet channel of X by®
A 1 .
KA Rtlsing = 10R0GA+2,0(2,2) . (2.37)
The semi-short multiplets ¢ R(L,4) contribute
bl 2 b 2

(_1)6—1223—@ (R+ %>

fro(x) = kryote(2)
Rt ﬁF(R + 1) +2+ (238)
(_1)R+123R—2F (R+%
K% ol o = GRye+a,R+0(2,2) -
wlsing V(R + 1) ’
Finally, the short multiplets Br contribute
4" (R + 1) (~1)R23R1T (R + 1)
B 2 B 2 _
fR(x) ﬁF(R+ 1) R(Z) ’ ]CR|s1ng \/EI‘(R+ 1) GR+27R 2(272) ( 39)

5We introduced a factor of i such that when we expand the superconformal block into bosonic conformal
blocks the conformal block of the super primary appears with a unit coefficient.
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From these expressions, it is easy to see that the contributions to f from short and
semi-short multiplets satisfy the following relations

(=) #1273 (R4 L) T(R + £+ 3)
PR+ (R+0+3)
(-3) "r@+1r (a+ R+ 1)
P(R+%)T(a+R+1)

fhe= fBrera (2.40)

f]c%—&-a,(—a = f]%,ﬁ : (241)

These relations arise from the fact that short and semi-short multiplets can recombine and
form long multiplets at unitarity bounds [38]. As a result, their contributions to f cancel
and they only contribute to the function K.

Generalized free field theory. As a simple application, let us consider the supercon-
formal block decomposition of generalized free field (GFF) theory correlators. The result
is also needed later for computing the one-loop amplitudes.

The GFF correlators give the disconnected contribution of holographic correlators,
which are leading in the 1/N-expansion. We are interested in the correlators of four
identical operators with dimension k

GEEE = shingiols 4 shisghGERT) | ghiishgSTED (5 4
where i
U u _

Let us look at the three independent flavor structures 67125814 §lilsglzla  shlaglals gopa
rately. The coefficient functions of these structures can be straightforwardly rewritten in
the form of (2.33). Note that the first term 6/1/263/4 just corresponds to exchanging the
identity operator in the s-channel. For the other two terms, we denote the SU(2)r x SU(2)[,

singlets of functions I from Q,?kii (tu) by /C,itsll?lg We would like to know the OPE co-
(tyu)

efficients of long multiplets in these functions. To this end, we decompose le sing nto
conformal blocks and find
®) = (k)
Ky sing = > ZAn7eG2k+2+2n+é,€(27 zZ), (2.44)
n:—k—i—l =0
Ky e = S S (-1)ia®) Gorzranise(z Z) (2.45)
n=—k+1 /=0
where
A®) (=D 4 Dok + 0+ Dpo(n+ €+ 2ok +n+ €+ 2)3 o
e AT (k)T (K + 1 — §)
(2.46)

" C+1D)2k+n)+0O)k+n)I(k+n+0+1)
P(k+n+0+1) '

- 12 —



Note that due to the aforementioned multiplet recombination, there is an ambiguity in
interpreting these conformal blocks. On the other hand, we note that recombination only
happens at the unitarity bound. Since we are restricting ourselves to the R = 0 sector,
the conformal twist of the recombined long multiplets is 7 = 2, i.e., the conformal blocks
Gii04(2,2)." In the holographic limit to be discussed, which corresponds to turning on
interactions for the generalized free field theory, we expect that all long multiplets are
double-trace operators with minimal twist 4.5 Therefore, their coefficients are not affected
by recombination and are simply given by (2.46) with n > 0.

3 Data from tree-level gluon amplitudes

Let us proceed to tree level. The four-point super gluon Mellin amplitudes were computed
in [25] for arbitrary external weights. To compute the (2222) correlator at one loop, we
will only need the (22kk) tree-level correlators.

3.1 Correlators in position space

To extract the CFT data, it is more convenient to rewrite the Mellin space result in position
space. Let us first give the result written in the form of (2.14), before outlining how the
translation was performed. The protected parts for correlators (22kk) with & > 2 are
related to the k = 2 case by

E—2(5. . & \k—2
v3 -V U3 -V
Go,22kk = (03 - 04) 2(k(f§) 1) Go,2222 5 (3.1)
L34
and the dynamical parts have the form
Hoopr = (02,2,2)2(CSH§§3<;1¢ + CtHé?kk + Cqu(Z/)fk) : (3.2)

Here c4 ¢, are color structures

cy = flil2d pIlsls ¢ = fhlad pIlls cy = fR187 pIlalz (3.3)
which are related to the projectors defined in (2.3) by
I o I N L T G XY
Thanks to the Jacobi identity, they satisfy
cs+ci+c,=0. (3.5)

The function G 2222 has the form of Wick contractions

Go,2222 = (v -2y - vy)" (Ca2)? (C (o — 1)atsad, + 2003355 + ol — a)atyzly
’ o 25 s

2 .2 2,2 .2 .2
31923y L13T14L23%24

+ ¢t

(1= sty sty 2001 o)y 50

2,2 .2 .2
L13T14L23%24

"In fact, we observe that the above A;k 1), coefficients with n < 0 are all zero except for one value
n = —k + 1, which corresponds to 7 = 2.

8For the conformal block Get2n+e,0(2, Z), the associated operators have conformal twist 7 = 4 + 2n and
are linear combinations of the double-trace operators : 0.0 0, : 050" 1504 G eyt On+2620n+2 :
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while Hé;,iku) can be expressed in terms of D-functions (see appendix B for their definition
and properties)

20k =Dk (Digkt1e  Di2kkt1 o ke
H(s) — < 94y 9 _ g4y, ) . k—2 . k—2
22kk 372 $%2x%4 33%2:@3 (v3 - v4) (v3 - v4) )
A4k—1) (Digrr kDigktik ol
H(t) — ( T )45 ) ) . k—2 . k—2 3.7
22kk 372 55%337%4 9 x%xi (U3 U4) (U3 U4) ) ( )
g _ Ak—1) (k Dipgrr1i  Digkk
22kk

r _ CooNk=2(= = \k—2
32 2 x%ﬂ%z& 5'3%?@%4)(”3 v (03 - 2a) .

Note that Hé;,iku) satisfy the relation
t
Hhy, + Ho + Hisly =0, (3.8)

which parallels the Jacobi relation (3.5). Finally, Ca 22 is related to the cubic coupling of
the AdSs x S® SYM, and appears in the three-point function of Oy as

(v1 - v2)(vg - v3)(v3 - V1) .

(O2(x1;v1)O2(22;v2)O2(23;v3)) = C222 535 (3.9)
T12T73723
It can be expressed in terms of flavor central charge as’
9 6
(Capp)" = o (3.10)
J

The translation from Mellin space to position space was done in two steps. One
writes down an ansatz for G in terms of exchange and contact Witten diagrams which
are expressed in terms of D-functions using the method of [43]. The coefficients of these
diagrams are found by matching the Mellin amplitudes. Similarly, one finds a position
space expression for the reduced correlator H in terms of D-functions. Then the protected
piece Gy can be solved from (2.14), and can be simplified into the form (3.6) after using a
few D-function identities which are summarized in appendix B.

Moreover, the D-functions in (3.7) satisfy a set of differential recursion relations which
shifts their weights. These relations are collected in appendix B, and allow us to relate
Hé;,:ku) with & > 2 to Hég’ztéu) by differential operators. Let us define

k=25 . & \k—2
H ) = ey e
T12%34

Then using the formulae in appendix B, one can show

1 k—2

UHS = o2 [1G+2—Udw)(UHS") - (3.12)
ta=1

9Here the flavor current two-point functions are

1.2
272 6

(T ()7, (0)

For the AN/ = 2 SCFTs arising from D3-branes probing F-theory singularities, C7 is given by C7 = %N,
where N is the number of D3-branes, and v is determined by the type of the singularity according to (2.2).
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3.2 Extracting tree-level data

We are interested in the tree-level anomalous dimensions which are encoded in the log U
coefficients of the reduced correlators in the small U expansion. Let us first focus on
the case with k = 2. Using the differential recursion relations, we find that the reduced
correlator can be compactly written as

s U?
e, = ?(2&] + (14 V)oydy + U D(2,2) |
U2
Hh, = — (20 + Vo2 + (1+U)dydy)®(z, %), (3.13)
u U2
1, = (20 + Vo2 — 20y + (U — V)dydy — UdZ)d(z, )

where ®(z,z) = Dl,l,Ll is the well known scalar one-loop box diagram. The logU coeffi-
cient of ®(z, z) is given by

U(z,2) = (I>(Z7Z)|logU _ log(l —z) — 1_og(1 —2) ‘

(3.14)

AR A

)

It is then straightforward to obtain the log U coefficients of Hg‘;;; , simply by replacing ®

with ¥ in (3.13), as differential operators acting on log U would lead to rational functions.
Similarly, the log U coefficients of Hg‘;;;) are obtained by further acting on Hé‘;)ﬂ‘log y With
the differential operators in (3.12). It is not difficult to decompose these log U coefficients

into conformal blocks, and we find'?

5 1 (=D .. _
HéQ)kkhogU = Z (2 _ LY 2) ) wv(m?U 'Goptorontee(z,2) (3.15)
n,f
1 k) _
Hggkkhog[] =Y <2 + (—1)Z) w,(l}U 'Goyarantei(z,2) (3.16)
n,l
u -1 ¢ — —
Hé23ck|1ogU == Z (1 + (2)> wfng 'Gorgaianiee(z,2) | (3.17)
n,t

g (=D 4 1), 2782k 4 — DD(k+n+ 04 1) (3.18)
w = . .
‘ 3T(k — DR (k+n— )T (k+n+e+3)

The coefficients wflkg are proportional to the schematic averaged quantity <a7(10%fy£12>a in each

color channel

1 _ _
B} Z(‘lg?%’}’y(ibaU 'Gororonten(z,2) = P£112|I3I4’H22kk‘10g[] (3.19)
n,l
where ag)% are generalized free field theory OPE coefficients and 77(112 are the tree-level

anomalous dimensions of the double-trace operators.

10We remind the reader the difference between K and H. The factor (z — y)(Z — ) in (2.33) is 4U 'R
where R was defined in (2.13). Therefore a long multiplet of which the super primary has dimension A
and spin £ contributes to H by UflGAJrg,g.
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4 Toy model: AdSs; without internal S3

In this section, we first study one-loop amplitudes in a toy model where the AdSs super
gluon theory does not have an internal S® manifold. This amounts to setting all k£ > 2 fields
to zero in the AdSs x S3 theories, which consistently truncates the theory to the k = 2
sector. As a result, there is no operator mixing in this model. All the double-trace operators
are of the schematic form : Oo[0"9*O, :, and there is a one-to-one correspondence between

' We will use this simplified model to explore the analytic

the conformal twist and n.
structure of super gluon one-loop amplitudes in AdS, and to see what color structures can
arise. We will first perform calculations in the Fg theory where we use the explicit crossing
matrices of Fg and apply the AdS unitarity method in each independent flavor channel.
The AdS unitarity method was first developed in [37]. Here we will use the Mellin version
of this method, originally presented in [37] and further developed in [17, 19], to manifest
the simple analytic structure of the one-loop amplitude. After solving the Fg example, we
show the result can be cast in a form agnostic of the color group choice. We then prove

that this form of the answer holds for general gauge groups.

4.1 One-loop amplitude with Fg color group

As was pointed out in [37], one-loop correlators are determined by the log? U coefficients in
the small U expansion. Our first task is to compute these coefficients in each independent
color channel.

Our starting point is the disconnected correlator. We use (2.20) to express §/1/4§72%
and 6715351214 a5 t- and u-channel projectors, and then the crossing matrices (2.28)
and (2.30) to decompose them in the s-channel. Using the results in section 2.4, we find
that the contributions of long operators are the same in channels of the same parity

(0) _ 1400 _ 14(0)
H2222,long,1 = H2222,1ong,3875 = H2222,10ng,27000

X (14 (-1)* _ _
<H> (8A£L2,%)U "Gorantee(z,2)
0

nl= 2
0 0) o (1—(=1)* 2)y77-1 _
Ho9p2,1ong,248 = 202 long 30380 = D — (84, DU Goyantep(z,2) . (4.1)
n, =0

Similarly, at tree level we use (2.20), (3.4), (2.28) and (2.30) to find the following s-channel
decompositions of the log U coefficients

(1)

H?IQ)22,1|logU -3 e’} 1 + (_1),@ (2)

H2222,3875|10gU = (02,2,2)2¢2hv —1% X Z <2 ) wn,gU_lGG—i-Zn-i-é,K(za z),
(1) 1 =0

H9992.27000 ’10g U 10 "

(4.2)

1By contrast, the AdSs x S° theories allow, e.g., operators of the form : O30"~19*Os5 : which have the
same conformal twist when n > 1 and lead to a degeneracy. We will discuss more about operator mixing
in section 5.
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) o0
H2222,248|10gU —(C 2,2,V % 1—(=1)" w2 )U G

1 = (Ca,2.2)"% ik > 5 6+2nte,0(2, 2) -
Ha292 30380 |10g U n,6=0

(4.3)

Note that in the adjoint (248) channel, there are two types of contributions. The log U
coefficient receives contributions not only from the two crossed channels, but also from the
s-channel.

Because there is no operator mixing, the log? U coefficients at one loop are simply given
by squaring the tree-level coefficients and then dividing by the disconnected coefficients.
We find that they can be written as

7'15222 1|1Og U 9
5d _
Hé2)22 3875’10g v | = (Ca2)* (1*hY)? = | X Feven(2,2) , (4.4)
(2),5d 1
H3232,27000| 1052 100
7'[;2)22 248’ 9
(2),5d log*U = (Co22)* (¥°hY)? (é) X Fodd(2, %) , (4.5)
M99 30380‘]0g U
where the two basic functions of cross ratios are
(2)\2
& 1w’ 1+ (=D _
even == u—aG n ) ;
Feven(2, Z) n,%—:() 5 8A(2) ( 5 6+2n+0,(2, %)
( (2)) (1) (4.6)
O 1 (w 1—(-1
Fodd(z,2) = = ( ) U Gorontee(z,2) .
S eal 2

We now follow the strategy of [17, 19] and look for a Mellin amplitude that reproduces
these log? U coefficients. To achieve this, we look at the small V expansion of Feyen and
Fodd- We find that they contain at most log? V' singularities in the V' — 0 limit. Such
log? U log? V singularities of the four-point correlator require the reduced Mellin amplitudes

to have simultaneous poles of the form'?

1
(s —2m)(t —2n)’

m,n=2,34,.... (4.7)

We then make the following simple ansatz which is consistent with the symmetry in the
even and odd channels

— > 1 1
_ even
Meven = mzn:zg Cmn ((S —2m)(t — 2n) + (s —2m)(a — 2n)> 7
v odd
_ _ ) 4.8
Modd m%::Q Cmn ((s —2m)(t—2n) (s—2m)(a— 2n)> (48)
Here we have assumed that c&V" and 239 are numbers independent of Mandelstam vari-

ables. Taking the residues in the inverse Mellin transformation, we can extract the

12Recall that the Gamma function factor already have double poles at these locations. The inverse Mellin
integrand then has in total triple poles, which give rise to log? U log? V' singularities upon taking residues.
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log? Ulog? V coefficients as a power expansion in U and V. By matching them with the
log2 V' coefficients Feyen,odd in the small U, V' expansion, we can obtain the coefficients
cevenodd e find they are the same function up to a sign

Codd — _coven _ 5d (49)

mn — Cmn = " Cmn >
and
W VA= )C(n =10 (m+n - 3)
18T (m + $)T (n+ 3) D(m+n—1) (4.10)

Cmn -

X (3m2n —2m? + 3mn? — 11lmn + 6m — 2n% + 6n — 3)

is symmetric under n < m. Note that so far we have only used and matched the log? V'
coefficients of Feven,odd. However, it turns out that the amplitudes (4.8) with these coeffi-
cients reproduce the full functions Feyen odd, which include log V' singularities and regular

terms as well. This implies that there are no additional single poles in s in the reduced

odd
mn

even

oven and ¢

Mellin amplitude, confirming the assumption that ¢ are independent of the
Mandelstam variables.

Let us denote the above building block amplitudes as

i i 5
B ; — mn ,
# 2 (s —2m)(t — 2n)
o i d
B2, = L , (4.11)
s 2 (s —2m)(a — 2n)
o i od
Bt == mn; 5
v ol (t—2m)(a — 2n)

which are the AdSs box diagrams. This interpretation of the amplitudes becomes clear
when we examine their behavior in the flat space limit. The flat space limit corresponds
to the high energy regime of the Mellin amplitude where s, ¢ are taken to be large [36]. As
we show in appendix C, any Mellin amplitude which has the form of B2 and coefficients
with the following scaling behavior

(mn)z 2
Cignfiw‘f'"' (4.12)
(m+mn)2~

in the large m, n limit, becomes the D-dimensional scalar one-loop box diagram in flat
space. In the current case the coefficients (4.10) scale as 1/(mn(m + n))% and there-
fore (4.11) become the 5d box diagrams in the flat space limit.

Continuing the above discussion, the one-loop reduced amplitude of (2222) should be

9B + B3 + M B
o= (B + B3 + Ao B7d)
Missy = (Cop2) (W?hY)? | 1o (B3 + B3 + AsB30) | (4.13)
2B — B3
0
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I I I, L I A
dst - dsu — dtu —

) L ) A L L

Figure 3. Box diagrams for colors. Each vertex represents a structure constant and the lines are
in the adjoint representation.

in order to be consistent with the log? U coefficients. Note that in the symmetric channels,
we have also included the box diagram quf which is compatible with the symmetry of these
channels. This box diagram does not contribute the log? U coefficients, and therefore the
parameters \; are not fixed by them. However, the one-loop reduced amplitude should also
be crossing symmetric

Migsza(s ) = 3 (Fr)a” MygZo(t.5) (4.14)
a/
AdS; / AdS;
Migora(s:t) = > (Fu)a® Moy o (s t) . (4.15)

Imposing these conditions uniquely solves the unknown coefficients, and gives

)\1:%, )\2:—2, A3 =16. (4.16)
Let us also make a comment regarding the completeness of the ansatz. As pointed out ear-
lier, the fact that the reduced Mellin amplitude reproduces the complete log? U coefficient
rules out single poles in the s variable. Via the full crossing symmetry, this also rules out
single poles in ¢ and @. Therefore, the only ambiguities are regular contact terms.

Written as (4.13), the color structure of the one-loop amplitude is quite obscure and the
answer appears to sensitively depend on the specific choice of the gauge group. However,
we claim that the amplitude can be rewritten in a more illuminating form as

My = 9(Ca22)* (Au B3 + dsu B2 + druBYY) (4.17)

where

dgr = thKfKIQLfLIngM[4J ,

dgy = fJIleKIQLfLI4MfM13J , (418)
A, = fJIleKlgLfLIQMfMI4J ,

are box diagrams for the color part (see figure 3). Clearly, this form of the answer can be
generalized to any color group.

To show that the two representations (4.13) and (4.17) are equivalent, we decompose
the color structures dg¢, dgt, dz, into s-channel projectors and compare the coefficients in
each channel. This can be done by following the procedure outlined in figure 4. We first cut
open the box diagram vertically, and view it as the contraction of two t-channel projectors
associated with the adjoint representation. We then use the crossing matrix to express
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— Z (F)), o (Ft)badj> S < - .b-
a,b
3 @0y > - <

Figure 4. Writing the color box function Bg as s-channel projectors. The box diagram can

be obtained as the product of two t-channel projectors in which the adjoint representations are
exchanged. We then use the crossing matrix to expand each t-channel projector in the s-channel,
and idempotence of projectors to write the function as a linear combination of s-channel projectors.

each t-channel projector as a linear combination of the s-channel projectors. Finally, using
the idempotence of projectors (2.22) we reduce the color box to be a linear combination of
s-channel projectors, and find
2
dy = (WPRY)2 Y (Fo)) Pl altals (4.19)
a

The other two color boxes can be obtained by substituting I3 <> I4 and Is <> I3 respectively
and then applying crossing relations of projectors. Using these relations and the explicit
form of the Eg crossing matrices, it is straightforward to verify that (4.13) and (4.17) agree.

4.2 One-loop amplitude with general color group

In the previous subsection we worked out the explicit example of Eg gauge group. The
answer was then rewritten in a different form (4.17), which depends only on the structure
constants of the group and indicates a straightforward generalization to any color group.
In this subsection, we prove that the one-loop reduced amplitude for general color groups
is indeed given by (4.17).

Let us first start with some simple facts about projectors. From (2.22), (2.23) and the
definition (2.20), it follows that

1

Fio' = — 4.20
e’ = Fm(@r) (4.20

for any representation a in the tensor product. Similarly, we also have

_1)Ra
Fu)u' = D™ 4.21
(e = G (4.21)
Therefore, the contribution of the disconnected correlator is always
0 X (14 (-1)° N _
%52)22,10ng,even = Z < 9 ) (8A£,2)U 1G6+2n+4,f(zvz) (422)
n, =0
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X -

Figure 5. Jacobi identity in the diagrammatic form. The second term has a minus sign because
vertices are oriented.

for the even channels, and

1Y) = i 1=y 8APHU-'a (2, 2) (4.23)
2222 long,odd — 2 nl 6+2n+£,0\%5 2 .
n =0

for the odd channels, regardless of the gauge group Gp. Note that the 1/dim(Gp) factor
is cancelled out due to the appearance of the same factor in the definition (2.20).

At tree level, the t- and u-channel exchanges Hg;)kkhogU and Hgﬁﬂ log U together con-
tribute

(Ca22)22RY x (—3(F)™ o (LEEDY) o z 4.24
5,2.2) 070" X (=3(F1)a™Y) Y 5 Wy 6+2n+6,6(2, Z) (4.24)
0

nd=

in the even channels, and

& (1 (=1 B
(Co22)2Y%RY x (Fy), ™Y Z <(2)> WS%UilG'(;_;_QnJ,_e,[(Z,Z) , (4.25)
0

nd=

in the odd channels. To proceed, we need to compute the (F;),*¥ matrix elements for a
odd. We look at the Jacobi identity which is diagrammatically represented by figure 5.

£112|1314. The second and third terms

We contract both sides with the s-channel projector P
respectively give —(F;),*¥ and —(F,),*¥. Because a is odd, the last two terms contribute
equally. On the other hand, due to the delta function in (2.22) the first term is only nonzero

and equals to one when a is the adjoint representation. We then find

. 1
(]~:‘1‘/)‘cxdjadJ = (FU)adjadJ = 50 (4.26)

and
(Ft)adi” = (Fu)agi® =0, a€odd, a#adj. (4.27)

On the other hand, we note that in the adjoint channel there is also another contribu-
tion from the s-channel tree-level exchange Hé‘;)kk]log[]. This allows us to write the total
contribution in the odd channels as

L= (1= (=1)f
(Ca92)%1%hY x (3(F1)a™Y) Z <(2)> CL)?(.?’zU_lG6+2n+&[(Z,Z> , (4.28)
0

nl=

which have the same form as the even channels (4.24) up to an overall minus sign.
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Let us now move on to the one-loop level. It follows from the above discussion that
the log? U coefficients are

- F a € even

7_[(2)75‘1 C h\/ adj\2 % even
2292, 02 = I 5,2,2) (W*RY)? ((Fe)a™Y) Fost. acodd
where Feven,odd Were defined in (4.6). Then from (4.19) and the discussion of the Mellin
amplitudes of Feyen odd, we know that M‘242‘12525 must include 9(0272,2)4(d5tl3§td + dg,B2Y) as
part of the answer. By requiring that the one-loop reduced amplitude is crossing symmetric,

(4.29)

we arrive at (4.17). Note that in the above derivation, we have not used any special
properties that are specific to certain groups. Therefore, (4.17) is the one-loop reduced
Mellin amplitude for any gauge group.

5 One-loop gluon amplitude on AdS; x S3

Let us now compute the super gluon one-loop amplitudes in the theories of D3-branes
probing F-theory singularities. Compared with the AdSs toy model studied in the previous
section, here the space is AdS5 x S3. The S factor gives rise to infinitely many additional
massive super gluons from Kaluza-Klein reduction, which must be summed over in the one-
loop amplitude. The existence of these massive modes leads to a degeneracy in double-trace
operators, and presents additional complexity in using the AdS unitarity method. We will
first review how to solve this mixing problem, and then compute the one-loop reduced
Mellin amplitude for an arbitrary gauge group Gp. A remarkable feature of our result is
that it admits a closed form expression, unlike the case without S%. We will also show that
the answer reproduces the 8d box diagrams in the flat space limit, which agrees with the
fact that our background is now eight dimensional.

5.1 Mixing problem

For a fixed engineering conformal twist 7 = 44-2n and Lorentz spin ¢, the space of SU(2) p x
SU(2), invariant double-trace operators in each flavor channel is (n+1)-dimensional. Since
operators with different flavor representations do not mix, we will suppress the flavor indices
in this subsection to simplify the notation. Schematically, these operators can be written as

C OOy, O30 031, L 020 Onn (5.1)

where we have also suppressed the SU(2) g x SU(2), indices. For computing the (2222) one-
loop amplitude, only the singlets are relevant. Turning on interactions lifts the degeneracies,
and we will denote the eigenstates O, ¢ ;.

At the disconnected level, these double-trace operators contribute to the reduced cor-
relator (kkkk) as

szkkk Jong — ZZ@ U~ 'Gorrontatee(z,2) (5.2)
n=0 ¢

where aflkz are related to three-point function coefficients by

k+n—1
k 0 0
aT(l,z = Z C]gk)@kJran,l,iClgk)@kJrnfll,i : (5'3)
=1
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We remind the reader that there is a shift in dimension by 2 in the conformal blocks
according to (2.37) because we are looking at the reduced correlators. At tree level, we will
focus on the log U coefficients of the reduced correlator of (22kk). They can be decomposed
into long operator conformal blocks as

oo
1 k) _

H;;kk’]ogU =) Zwi,gU 'Gorontaren(z 2) (5.4)

n=0 ¢
where wflkg is given by
® _ " o0 0 0
Wpoe = Co00s s —2.0.: Vedn—2,0,CkkOp .0 (5.5)
i_1

(1)

with 7k1+n—2 ¢; being the tree-level anomalous dimension of Qg 4p—2.0.
Let us now look at the (2222) correlator at one loop. The key object is the log? U
coefficient of its reduced correlator, which is computed by

2 > _ _
Higmo gz = 22 D el Gogonsee(z,2) (5.6)
n=0 ¢
with
15 0 (1) 12,4(0)
Frye= 9 Z 022@,1,@,,- (’Yn,ﬁ,i) 022@%[,1- . (5.7)
=1

Due to operator mixing, we cannot compute F,, , using only the (2222) correlator at dis-
connected and tree levels. However, this quantity can still be expressed in terms of the
lower-order data extracted from H,(C(;C)kmong and Hél?)kkhogU if we consider arbitrary k. To
see this, let us rewrite the above results in matrix notation. We first define a (¢ + 1) by
(¢ + 1) matrix

Cyr = , (5.8)

(0)
CQ+27Q+2©¢],Z,'L

which involves the double-trace operators with conformal twist 2g + 4. Then CC” gives
the long multiplet coefficients of the following matrix of disconnected correlators

(2222)0) o (2,2,¢42,¢+2)©
= (5.9)

T
)
(g+2,+2,2,2)O ... (g+2,¢+2,g+2,q+2)®

Cq! (Cq!

long coef.

Note that due to large N factorization, (rrss)(®) contains no long operators unless r = s.
Therefore, the matrix CC” is diagonal, and we will denote it as

Cq7g(Cq7g)T = qu . (5.10)

Moreover, we can collect the ¢ + 1 eigenvalues of tree-level anomalous dimensions into a
diagonal matrix

. 1 1
Ty = diag(y\) 1,70 00 - (5.11)
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We can then consider the matrix

(2222)(1) s (2,2, +2,q+2))

CoiT00(Cor)’ = .
(a+2q+22,2)0 . (g+2q+2q+2q+2)0 ) o
(5.12)

The first row (or the first column) are wék_)kJrM with k = 2,3,...¢+ 2, which appear in the
tree-level (22kk) correlators. Furthermore, it is easy to see that quantity (5.7) corresponds

to the matrix elements

1
Fn,é =35 (Cn,érn,ﬁ (Cn7€)T> N;é (Cn,frn,f (Cn,é)T> . (513)

2

Since N is diagonal, it follows that this matrix element can be expressed as

(k) 2
182 (W 2pio0)
Foe=3 > — - (5.14)
k=2 Op_pioy
This gives the correct answer for the average of the squared tree-level anomalous dimen-
sions, with operator mixing properly taken into account.

5.2 One-loop amplitude

Because the color structure is independent of mixing, the discussion in section 4.2 directly
applies here. The log? U coefficients of AdSs x S four-point correlator take the same form
as in the AdSs case (4.29)

8d
(2) 2,127 V)2 dj\2 Fevens @ € even
H2222 a‘log p = 9(C222)"(V°h") ((Fr)o™V)" x { ;ZZZ, € odd (5.15)
The only difference is that Feven,oda are now replaced by
> 1+ (-1 _ ~
‘FS\in Z Fn@ < (2 ) ) U 1G6+2n+€,€(zaz) )
e e (5.16)
odd Zs Z Z an ( ) U_1G6+2n+f,€(z> 2) :
n, =0
where F), ¢ is given by (5.14) as
n+2
Fot =Y Egne, (5.17)
with
(k) 2 2 —dAn—t—6
1 Wnto—k,e m(k—1)*(n+1)27*" (n+0+2)
Egne= 5 % =

o2 sal), )+ e+ AT (n+3)
D30k 0+ DI+ L4 D0 (—k+n+ €+ 4)
D(~k+n+3)0 (n+£+3)T(k+n+0+2)
(5.18)
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Following the same procedure, we find that the log? V' coefficients of F5d, and F5¢; can

be respectively matched by the reduced Mellin amplitudes

A 8d  _ 18d 8d
Meven - Bst + B

su

M3y = B3 — B3 (5.19)

Here we have defined the eight dimensional AdS® x S3 box diagrams as

sd 0 CSd
B — mn ,
st mz’ng (s —2m)(t — 2n)
su E ~ ) :
Bl (s —2m)(a — 2n)
BSd i Cvgvfbin
tu — ~ )
v o (t —2m)(a — 2n)

with the coefficients given by

sa 4 (3m2n —4m? + 3mn? — 16mn + 15m — 4n? + 15n — 12)
C =
mn 21(m+n—4)(m+n—-3)(m+n-—2)

(5.21)

Using this solution we can check that the functions F54

84 and F39, are completely re-

produced by the amplitudes (5.19). This implies that the simultaneous poles are again
sufficient. It follows from the discussions in section 4.2 that the one-loop reduced Mellin
amplitudes for AdSs x S2 are

— 3
Miss ™" = 9(Co20) (dst BS! + dsuBSS + A BEY) (5.22)

We also note that the coefficients 3% scale as

]d mn
~———— ... 5.23
R (523)
in the large m, n limit. According to the results in appendix C, the Mellin amplitudes (5.20)
become eight-dimensional box integrals in the flat space limit. There is actually a more
explicit way to see this. It turns out that the AdSs x S box diagrams can be computed
in a closed form. The basic building block is the following double sum

1

s, 1) = m;:l (m + 1) (s — 2m) (¢ — 2n) (5:24)
which can be performed in terms of polygamma functions
L Lo (28 Lo (28 e ()]
001) = g {9 (2) +07 (-3) - [ (-3)
[ (] fap© (L5 o (1
()] 20 () (53)
2 m PO (=) +v PO (=L) ++
THG D Astf Hstt) | s+ (5.25)
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Here v is the Euler-Mascheroni constant. Mellin amplitudes in various examples, including
the ones in this paper, can be written in terms of this building block, upon shifting the s,
t variables, plus edge terms involving a single sum. For the case at hand the double sum
is divergent, but it can be regularized in different ways. The difference between different
regularizations is simply a constant. This can be seen as follows. Both 9,85 and 9,85
are given by convergent sums, and they lead to Bg{i up to a constant of integration which
depends on a single variable. This together with symmetry under s <> ¢t implies the constant
of integration is actually independent of both s and ¢. The final result is given by

s (40 (23) 100 (o) (0 (=)0 (- 5)) )

+Ry(s,t)p® (2 - ;) + Ry (¢, s)yp® (2 - t) + 72 Ry(s,t) — 52

S 2
2 Ys+i—g) T 52)

where different choices of regularization would lead to different values of a and the rational

functions are given by

4 (352t — 8s% + 3st? — 32st + 60s — 8t? + 60t — 96)

o 2
Ro(s,1) 27(s+t—8)(s+t—6)(s+t—4) 7 20
8 (352 + 3st — 265 — 10t + 48)
o 2
Ri(s,t) Py P (5.28)
Ro(s, 1) = 357t = 857+ 3st” — 325t + 605 — 817 + 60L — 96) (5.29)

27(s +t—8)(s+t—6)(s+t—4)

Given this explicit expression it is straightforward to compute the flat space limit where
—s, —t are large. We obtain

2 (—s
o Aot (=) | 8(slog(—s) +tlog(~1)) , dn’st
st 9(s +1)2 9(s +1) 9s +1)?

+5, (5.30)

for some constant S which depends on a. This precisely agrees with the eight dimensional
box function in flat space! Note that also in this case the computation involves the in-
troduction of a regulator, and we have a corresponding ambiguity. The method presented
here can also be used to resum the AdSs x S® one-loop reduced Mellin amplitudes obtained
in [17, 19].13

6 Coupling to gravity

In section 5, we considered the gluon one-loop contribution to the four-point function
(2222) which is of order O(N~2). However, at the same order there is another independent
contribution arising from the tree-level exchange of the massless supergravity multiplet.
Such contributions to super gluon four-point functions were considered for AdSg and AdS7

3Due to the different form of the ¢, coefficients, this strategy does not immediately apply to the 5d
amplitude (4.17) with just the AdSs factor. However, we expect similar ambiguity structure which contains
contact terms affecting only the CFT data of double-trace operators with low-lying spins.
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theories in [26],'* and the correlators were shown to be fixed by the superconformal Ward
identities up to an overall normalization determined by the stress tensor central charge.
Here we similarly compute the super graviton exchange amplitude for AdSs.

The exchanged supergravity multiplet includes an SU(2) g singlet scalar super primary
field of dimension 2, a vector field of dimension 3 and SU(2) spin 1, and an SU(2) g neutral
graviton field of dimension 4. We can compute the amplitude due to super graviton
multiplet exchange using the position space method developed in [1, 2]. We write down an
ansatz for the four-point function as the linear combination of all exchange diagrams and
contact diagrams with no more than two derivatives

LixIsly — _ shilaslsls Iy 513 L3 sloly L2051
Gobgh pravity = 01 207G + 07140 BGL 4 0716 Gy + Gy . (6.1)

In this ansatz, G is the s-channel exchange contribution

. 2 . 2 1
G, — (v1 - v2)*(vs - v4) <>\SW2,0 A, (a _ 2))/\;371 +>\9W4,2) , (6.2)

1 4
L1934

where (a — %) is an SU(2) g polynomial capturing the exchange contribution of the spin-1
contribution, and Ag, Ay, Ay are unknown parameters. The exchange Witten diagrams
Wa ¢ can be expressed as a finite sum of the D-functions, and formulae for computing
such diagrams can be found in appendix A of [2]. G} and G, are related to G by crossing
symmetry. We have assumed the contact part GZ1/2/3/4 contains all R-symmetry and color
structures, i.e., it is a degree-2 polynomial in « after extracting the factor (v -vs)?(vs-v4)?
and contributes to all color channels. Furthermore, we assume that the contact term
contains at most two derivatives, so that the correlator has the correct behavior in the
flat space limit. This means we have only Ds 222, and x%2D37372,2 with its crossing images.
Imposing the superconformal Ward identities (2.11), we can fix all coefficients in the ansatz

up to an overall constant.'® The answer is given by

I1 121314 _ I 12131y
G2222,gravity - RH2222,gravity (63)
where
2
HI11213[4 . 24(0272,9) 5I1]25[3]4 D272,373 5]1[46[213 D2,373,2 5[1[35[214 D2’37273
2222,gravity — 2 2 + 2 + 2 ’
’ m P GV 13

(6.4)
The coefficient C3 2 4 appears in the three-point function two Oz and the super primary of
the massless supergravity multiplet as

_ (v1 - v)?
(Oa(z1,v1)O2(w2,v2) Oy (23)) = Co2.9—5—5 5~

, (6.5)
9312551395%3

“However, in these theories the super graviton exchange contributions are not of the same order as the
super gluon one-loop contributions.

15Note that supergravity multiplets of higher Kaluza-Klein levels are not exchanged in this correlator.

16Equivalently, one could also write down the ansatz in Mellin space, and then solve the ansatz by
imposing the Mellin space superconformal Ward identities [4, 11].
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and is related to the stress tensor central charge by

80
C 2 6.6
( 21279) 307_ ( )
Here the central charge appears in the stress tensor two-point function as
Cr 1
(To )T O = 1 (Bur Lo+ Tuolie = 0080 (6.7)

TuTy
2

where I, = 0, — 2 In the theories of D3 probing F-theory singularities, the central
charge is [44]

_ 35N?
C2m2(2 —v)

where v characterizes the singularity type (see foonote 9). Note an interesting feature

Cr +O(N) (6.8)

of (6.3) is that it does not contain a protected part. Under the twist « = 1/z or a = 1/%,
the four-point correlator vanishes.

Let us also express this correlator in Mellin space. The Mellin amplitude of the four-
point function is

MRl = ghlghlipg, o ghilighls v, 4 6T TgT2l 0, (6.9)

where

(u—4)2+2s(u—1)a — 8a
5—2

My = —3(Caag)*(v1 - v2)(v3 - U4)2( F(s— 4)a2> . (6.10)

and M;, M, can be obtained by using crossing symmetry. This Mellin amplitude can be
further expressed in terms of a compact reduced Mellin amplitude defined from H

5[1125[3]4 5[1145[2[3 5]1[35[2[4)

Aql112131. 2
B3ty = ~12(Cog)P( g + Ty + (6.11)

where werecall t = u—2=6—s —t.

7 Discussion and outlook

In this paper, we initiated the study of AdS gluon amplitudes at loop levels. Our main
results are the simple Mellin space formulae (4.17) and (5.22) for four-point one-loop am-
plitudes of SYM on AdSs and AdSs x S3. For the case of AdSs x S2, we performed the
sums in the amplitude and obtained a closed form expression, see (5.26). These results
are reminiscent of the flat space amplitudes, with logarithms replaced by polygamma func-
tions, and reproduce the latter in the large AdS radius limit. Our work leads to a number
of natural research avenues for the future. We list some of them below.

« In this paper, we focused on the simplest one-loop amplitude with the lowest Kaluza-
Klein level k; = 2. To further explore the loop-level dynamics, we should also study
more general amplitudes with higher Kaluza-Klein levels. Computing these ampli-
tudes requires a thorough analysis of the mixing problem at the tree level which is
so far missing in the literature.
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« Relatedly, the tree-level super gluon amplitudes on AdSs x S? was shown to display a
hidden eight dimensional conformal symmetry [25]. It would be interesting to explore
how this structure can help to organize the loop-level amplitudes.

o Recently, a double-copy-like relation was found in [45] which relates all tree-level
four-point amplitudes of AdSs x S® IIB supergravity, AdSs x S3 SYM, and bi-adjoint
scalars on AdSs x S'. It would be very interesting to see if the tree-level relation can
be extended to the loop level as well.

« For super gluon four-point functions at O(N~2) the only loop contribution is the
one which we computed in this paper with gluons running in the loop. However, at
O(N~%) we can also have one-loop box diagrams where two internal legs are glu-
ons and the other two legs are gravitons. Since the gluons are restricted to the
eight dimensional subspace while the gravitons can propagate in the full ten dimen-
sional space, it will be particularly interesting to examine the flat space limit of this
amplitude. Presumably, it should match a ten dimensional flat space one-loop box in-
tegral where the two of the four internal propagators are confined to a codimension-2
subspace.

e It would also be interesting to extend the one-loop analysis to other backgrounds
which have AdS factors other than AdSs5, and to explore the structure of one-loop
amplitudes across different spacetime dimensions. Similar supergravity one-loop four-
point amplitudes have been computed for eleven dimensional supergravity on AdS7 X
S4 [20] and AdSy x S7 [23].

e We can also apply the AdS unitarity method to compute all-loop contributions that
correspond to the iterated s-cuts in flat space, as has been done in the supergravity
case [21, 22]. However, to fully determine these higher-loop correlators knowing
just tree-level four-point functions is no longer sufficient. We would also need the
information of multi-trace operators which are encoded in higher-point correlators.
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A N = 2 superconformal blocks

For reader’s convenience, we record below the expressions for superconformal blocks which
were obtained in [38].
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Long multiplet A2 :
& P R,(5:3)

SA re = (y—2)(y — T)Pa(y)Gatay (A.1)
where Pr(y) is the Legendre polynomial.

Semi-short multiplet é R(4,2)F
272

1
S%,z = Pr(y) (G2R+e+2,z + ZGRG2R+Z+4,£ + aR+e+2GzR+z+4,z+2>

R 1 1
+P R—l(y)ﬁJrl <G2R+£+3,£+1 + ZG2R+£+3,z71 + 4aR+£+2G2R+£+5,£+1)
(R—1)R R+1

Pr_ P, — A2
+Er 2(9)4(2R_ (2R + 1)G2R+€+4,é+ R+1(Y) R+ 1G2R+£+3,€+1 (A2)

where
R2
2R—-1)(2R+1) "

aR = (A3)

Short multiplet Br:

(R—- 1R
A2R—1)(2R+ 1)

S = Pr(y)Garo + Pr_1(y)Gar+1,1 + Pr_2(y)Gar+2,0 - (A.4)

2R+1

Using these expressions, it is straightforward to extract the single variable function f
and the two variable function K in the representation (2.33). In the singlet channel, we
find (2.37), (2.38) and (2.39).

B Properties of D-functions

In this appendix, we collect a few useful formulae of the D-functions. The D-functions are
defined as a four-point contact Witten diagram in AdSg,1 with no derivatives

ddzdzo

A
A, _
DA17A2,A37A4(;U1 :/ d+1 HGBa Z xz I GBa(Z)xi) - (28 + (2_ fl)2> (Bl)

20

Contact diagrams with derivatives can also be expressed as D-functions with shifted weights
by using the identity

VIGEIVLGES = A1As(GphG5 — 205,655 GR3T) . (B.2)

It is convenient to write the D-functions as functions of cross ratios by extracting a kine-
matic factor
L. T(A) 2 (a2,)35a—B1-04 (2 )3Ta-Be-Aa

iy _L14) Ti) = D U,v),
F( EA—fd) s A1,Az, A37A4( z) (l‘%3)%EA_A4(x%4)A2 Al,AQ,Ag,A4( )

(B.3)
where YA = Zle A;. The D-functions are independent of the spacetime dimension.
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The D-functions satisfy the derivative relations such as

d—XA 0
DAl,A2+1A3+1,A4 (J}Z) = M@DA1,A2,A37A4 (x’t) . (B4)

We can rewrite the relations in terms of D-functions and get

DAy +1,804+1,85.81 = — OUDAL g Ag A

DAy Ay Ast1.A401 = <A3 + Ay — %EA - U3U> 1NN
Dy Ao+1,8541,00 = — OVDAL Ay A5 A

DAy +1,00,05, 0041 = (Al + Ay~ %EA - V3V>DA1,A2,A3,A4 ;
Day Agt1.85.80401 = (D2 + Uy + VOv)Da, Ay As.Ay s

DAy +1,80,0541,04 = @EA — Ay +Udy + V3v>DA1,A2,A3,A4 .

These identities allow us to shift the weights of D-functions by taking derivatives. Another
set of useful identities arise from the invariance of (B.1) under permutation of operators.
It is straightforward to find

DAy 2yrs 0 (U V) =VT22DAL Ay aung (U/V,1)V)
= VA A Dy A aua, (U/V,1)V)
= Dag,a0,00,8,(V,U) (B.6)
_ VA1+A4_%EADA27A1,A47A3(U, V)
= UAsAa Do s, (U, V)

Let us now focus on the special D-function with A; = 1. The associated D-function is
the well known scalar one-loop box integral in four dimensions, and evaluates to [46]

Driis = (2, 7) = —— <2L12(z) 9T (5) + log(22) log G - z)) . (B.7)

Z—z

Using this explicit formula, it is straightforward to check that in the small U expansion
(i.e., small z and fixed %), the log U coefficient of ®(z, z) is given by

~ log(1 —z) —log(1 — %)

Dz, 2)|10gU = p— . (B.8)
Finally, from this expression we can verify the following differential recursion relations
D(z,z 1 1
0.0(2,7) = — (z, %) n ogU __ og V, ’
z—z (z2—=1)(z—2) =z(z—2) (B.9)
D(z,z 1 1 '
90 (2,7) = (z,2) ogU ogV

z—z (z-1(z—2) z(z—2)°
These relations imply that any D-function obtained from Dl,l,l,l by using the “weight-
shifting” operators in (B.5) can be written as a linear combination of the basis functions
®(z,z), logU, log V and 1, with rational coefficients in z and z. This property was useful
for manipulating the tree-level correlators in position space and extracting the protected
part of correlators.

~ 31—



C Flat space limit of Mellin amplitudes

Let us consider a holographic CFT in 1/c¢ expansion. Its four-point correlators at one loop
can be reconstructed following [37] and in a wide class of examples [17, 19] they have a
remarkable structure in Mellin space, namely, the Mellin amplitudes have only simultaneous
simple poles. We consider a (partial)-Mellin amplitude of such a form

M(s,t) = Z( Cmn (C.1)

i (s —2m)(t — 2n)

where ¢, has the following large m,n behavior

(mn)z 3 T (C.2)

Cmn =

v}

(m+mn)z 2
We would like to obtain the flat space limit of M(s,t), defined as the limit where s, ¢
become large. Naively, we would expect M(s,t) ~ 1/(st). However, this behavior is

enhanced provided
(mn)%_?’
Z —————— = divergent, (C.3)
D_o
7 (m+n)5
which happens for D > 4. In this case, the leading contribution to the Mellin amplitude
at large s, t arises from the region with large m,n ~ s,t, and the Mellin amplitude in the

flat space limit is well approximated by
(mn)%_?’ 1

Mﬂat(s’t) = /0 dmdn (m + n)%*Q (5 — 2m)(t - 2”) '

(C.4)

Note that this integral is real and finite for s,t < 0 and 4 < D < 6. We can compute
Miat(s,t) in this region, and then analytically continue it to other regions. This integral
can be performed as follows. First, we perform the integral over m to obtain

2n7 " 2F1( L, D2, —i—l)

(D — 4)t(2n — s) (C5)

Maa (s, t) / dn

The integral over n can be performed by first using the integral representation for the
hypergeometric function

oF (a,b;c;2) = F(b)rr((cc)_b) /01 dCQb_l(l )1 — Oc—b—l (C.6)

and then integrating over n and over (, in that order. The result appears to be quite
complicated, but using standard identities for hypergeometric functions it can be written
in the following compact form

Mﬂat (37 t) =
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where the analytic continuation s — s+ie,t — t +ie is understood. We see that Mg, (s, t)
is a function of s/t up an overall factor

$D/2-3

t

Maar(s,t) ~ f(s/t) (C.8)

which indeed displays an enhanced behavior with respect to 1/(st) for D > 4. Furthermore,
up to an overall coefficient, Mg, (s,t) exactly agrees with the flat space massless scalar
box integral in D dimensions

Mar (5, 1) = Z)I(D)(s,t) (C.9)

where

1 4 4
0= (1=3) [ Tdes( S o 1) (s —tosapf= . (©10
0 ;=1 i=1

In summary, the partial Mellin amplitude (C.1) with the behavior (C.2) reduces to the
D-dimensional massless scalar box integral in the flat space limit.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] L. Rastelli and X. Zhou, Mellin amplitudes for AdSs x S®, Phys. Rev. Lett. 118 (2017)
091602 [arXiv:1608.06624] [INSPIRE].

[2] L. Rastelli and X. Zhou, How to Succeed at Holographic Correlators Without Really Trying,
JHEP 04 (2018) 014 [arXiv:1710.05923] [INSPIRE].

[3] L. Rastelli and X. Zhou, Holographic Four-Point Functions in the (2, 0) Theory, JHEP 06
(2018) 087 [arXiv:1712.02788] [INSPIRE].

[4] X. Zhou, On Superconformal Four-Point Mellin Amplitudes in Dimension d > 2, JHEP 08
(2018) 187 [arXiv:1712.02800] [INSPIRE].

[5] S. Caron-Huot and A.-K. Trinh, All tree-level correlators in AdSs x Sy supergravity: hidden
ten-dimensional conformal symmetry, JHEP 01 (2019) 196 [arXiv:1809.09173] [INSPIRE].

[6] L. Rastelli, K. Roumpedakis and X. Zhou, AdSs x S Tree-Level Correlators: Hidden
Siz-Dimensional Conformal Symmetry, JHEP 10 (2019) 140 [arXiv:1905.11983] INSPIRE].

[7] S. Giusto, R. Russo, A. Tyukov and C. Wen, Holographic correlators in AdSs without Witten
diagrams, JHEP 09 (2019) 030 [arXiv:1905.12314] [INSPIRE].

[8] V. Gongalves, R. Pereira and X. Zhou, 20" Five-Point Function from AdSs x S°
Supergravity, JHEP 10 (2019) 247 [arXiv:1906.05305] [INSPIRE].

[9] S. Giusto, R. Russo, A. Tyukov and C. Wen, The CFTg origin of all tree-level 4-point
correlators in AdSs x S3, Bur. Phys. J. C 80 (2020) 736 [arXiv:2005.08560] [INSPIRE].

— 33 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1103/PhysRevLett.118.091602
https://doi.org/10.1103/PhysRevLett.118.091602
https://arxiv.org/abs/1608.06624
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1608.06624
https://doi.org/10.1007/JHEP04(2018)014
https://arxiv.org/abs/1710.05923
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1710.05923
https://doi.org/10.1007/JHEP06(2018)087
https://doi.org/10.1007/JHEP06(2018)087
https://arxiv.org/abs/1712.02788
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1712.02788
https://doi.org/10.1007/JHEP08(2018)187
https://doi.org/10.1007/JHEP08(2018)187
https://arxiv.org/abs/1712.02800
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1712.02800
https://doi.org/10.1007/JHEP01(2019)196
https://arxiv.org/abs/1809.09173
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1809.09173
https://doi.org/10.1007/JHEP10(2019)140
https://arxiv.org/abs/1905.11983
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1905.11983
https://doi.org/10.1007/JHEP09(2019)030
https://arxiv.org/abs/1905.12314
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1905.12314
https://doi.org/10.1007/JHEP10(2019)247
https://arxiv.org/abs/1906.05305
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1906.05305
https://doi.org/10.1140/epjc/s10052-020-8300-4
https://arxiv.org/abs/2005.08560
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2005.08560

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[25]

[26]

[27]

[28]

L.F. Alday and X. Zhou, All Tree-Level Correlators for M-theory on AdSy x S*, Phys. Rev.
Lett. 125 (2020) 131604 [arXiv:2006.06653] [INSPIRE].

L.F. Alday and X. Zhou, All Holographic Four-Point Functions in All Maximally
Supersymmetric CFTs, Phys. Rev. X 11 (2021) 011056 [arXiv:2006.12505] [INSPIRE].

C. Wen and S.-Q. Zhang, Notes on gravity multiplet correlators in AdSs x S3, JHEP 07
(2021) 125 [arXiv:2106.03499] [INSPIRE].

L.F. Alday and A. Bissi, Loop Corrections to Supergravity on AdSs x S°, Phys. Rev. Lett.
119 (2017) 171601 [arXiv:1706.02388] [INSPIRE].

F. Aprile, J.M. Drummond, P. Heslop and H. Paul, Quantum Gravity from Conformal Field
Theory, JHEP 01 (2018) 035 [arXiv:1706.02822] [INSPIRE].

L.F. Alday and S. Caron-Huot, Gravitational S-matriz from CFT dispersion relations, JHEP
12 (2018) 017 [arXiv:1711.02031] [INSPIRE].

F. Aprile, J.M. Drummond, P. Heslop and H. Paul, Loop corrections for Kaluza-Klein AdS
amplitudes, JHEP 05 (2018) 056 [arXiv:1711.03903] [INSPIRE].

L.F. Alday, On genus-one string amplitudes on AdSs x S°, JHEP 04 (2021) 005
[arXiv:1812.11783] [NSPIRE].

F. Aprile, J. Drummond, P. Heslop and H. Paul, One-loop amplitudes in AdSs x S°
supergravity from N' =4 SYM at strong coupling, JHEP 03 (2020) 190 [arXiv:1912.01047]
[INSPIRE].

L.F. Alday and X. Zhou, Simplicity of AdS Supergravity at One Loop, JHEP 09 (2020) 008
[arXiv:1912.02663] [INSPIRE].

L.F. Alday, S.M. Chester and H. Raj, 6d (2,0) and M-theory at 1-loop, JHEP 01 (2021) 133
[arXiv:2005.07175] [INSPIRE].

A. Bissi, G. Fardelli and A. Georgoudis, Towards all loop supergravity amplitudes on
AdS5x85, Phys. Rev. D 104 (2021) L041901 [arXiv:2002.04604] [INSPIRE].

A. Bissi, G. Fardelli and A. Georgoudis, All loop structures in supergravity amplitudes on
AdSs x S® from CFT, J. Phys. A 54 (2021) 324002 [arXiv:2010.12557] [INSPIRE].

L.F. Alday, S.M. Chester and H. Raj, ABJM at strong coupling from M-theory, localization,
and Lorentzian inversion, JHEP 02 (2022) 005 [arXiv:2107.10274] [INSPIRE].

C. Behan, P. Ferrero and X. Zhou, More on holographic correlators: Twisted and
dimensionally reduced structures, JHEP 04 (2021) 008 [arXiv:2101.04114] INSPIRE].

L.F. Alday, C. Behan, P. Ferrero and X. Zhou, Gluon Scattering in AdS from CFT, JHEP
06 (2021) 020 [arXiv:2103.15830] [INSPIRE].

X. Zhou, On Mellin Amplitudes in SCFTs with Eight Supercharges, JHEP 07 (2018) 147
[arXiv:1804.02397] [INSPIRE].

K. Roehrig and D. Skinner, Ambitwistor Strings and the Scattering Equations on AdSs x S®,
arXiv:2007.07234 [INSPIRE}.

C. Armstrong, A.E. Lipstein and J. Mei, Color/kinematics duality in AdSy, JHEP 02 (2021)
194 [arXiv:2012.02059] [INSPIRE].

S. Albayrak, S. Kharel and D. Meltzer, On duality of color and kinematics in (A)dS
momentum space, JHEP 03 (2021) 249 [arXiv:2012.10460] [INSPIRE].

— 34 —


https://doi.org/10.1103/PhysRevLett.125.131604
https://doi.org/10.1103/PhysRevLett.125.131604
https://arxiv.org/abs/2006.06653
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.06653
https://doi.org/10.1103/PhysRevX.11.011056
https://arxiv.org/abs/2006.12505
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.12505
https://doi.org/10.1007/JHEP07(2021)125
https://doi.org/10.1007/JHEP07(2021)125
https://arxiv.org/abs/2106.03499
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2106.03499
https://doi.org/10.1103/PhysRevLett.119.171601
https://doi.org/10.1103/PhysRevLett.119.171601
https://arxiv.org/abs/1706.02388
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1706.02388
https://doi.org/10.1007/JHEP01(2018)035
https://arxiv.org/abs/1706.02822
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1706.02822
https://doi.org/10.1007/JHEP12(2018)017
https://doi.org/10.1007/JHEP12(2018)017
https://arxiv.org/abs/1711.02031
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1711.02031
https://doi.org/10.1007/JHEP05(2018)056
https://arxiv.org/abs/1711.03903
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1711.03903
https://doi.org/10.1007/JHEP04(2021)005
https://arxiv.org/abs/1812.11783
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1812.11783
https://doi.org/10.1007/JHEP03(2020)190
https://arxiv.org/abs/1912.01047
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1912.01047
https://doi.org/10.1007/JHEP09(2020)008
https://arxiv.org/abs/1912.02663
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1912.02663
https://doi.org/10.1007/JHEP01(2021)133
https://arxiv.org/abs/2005.07175
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2005.07175
https://doi.org/10.1103/PhysRevD.104.L041901
https://arxiv.org/abs/2002.04604
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2002.04604
https://doi.org/10.1088/1751-8121/ac0ebf
https://arxiv.org/abs/2010.12557
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2010.12557
https://doi.org/10.1007/JHEP02(2022)005
https://arxiv.org/abs/2107.10274
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2107.10274
https://doi.org/10.1007/JHEP04(2021)008
https://arxiv.org/abs/2101.04114
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2101.04114
https://doi.org/10.1007/JHEP06(2021)020
https://doi.org/10.1007/JHEP06(2021)020
https://arxiv.org/abs/2103.15830
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2103.15830
https://doi.org/10.1007/JHEP07(2018)147
https://arxiv.org/abs/1804.02397
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1804.02397
https://arxiv.org/abs/2007.07234
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2007.07234
https://doi.org/10.1007/JHEP02(2021)194
https://doi.org/10.1007/JHEP02(2021)194
https://arxiv.org/abs/2012.02059
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2012.02059
https://doi.org/10.1007/JHEP03(2021)249
https://arxiv.org/abs/2012.10460
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2012.10460

[30]

P. Diwakar, A. Herderschee, R. Roiban and F. Teng, BCJ amplitude relations for
Anti-de Sitter boundary correlators in embedding space, JHEP 10 (2021) 141
[arXiv:2106.10822] [INSPIRE].

Z. Bern, J.J. Carrasco, M. Chiodaroli, H. Johansson and R. Roiban, The Duality Between
Color and Kinematics and its Applications, arXiv:1909.01358 INSPIRE].

A. Fayyazuddin and M. Spalinski, Large N superconformal gauge theories and supergravity
orientifolds, Nucl. Phys. B 535 (1998) 219 [hep-th/9805096] [INSPIRE].

O. Aharony, A. Fayyazuddin and J.M. Maldacena, The Large N limit of N =2, N =1 field
theories from three-branes in F-theory, JHEP 07 (1998) 013 [hep-th/9806159] [INSPIRE].

A. Karch and E. Katz, Adding flavor to AdS/CFT, JHEP 06 (2002) 043 [hep-th/0205236]
[INSPIRE].

G. Mack, D-independent representation of Conformal Field Theories in D dimensions via
transformation to auxiliary Dual Resonance Models. Scalar amplitudes, arXiv:0907.2407
[INSPIRE].

J. Penedones, Writing CFT correlation functions as AdS scattering amplitudes, JHEP 03
(2011) 025 [arXiv:1011.1485] [INSPIRE].

O. Aharony, L.F. Alday, A. Bissi and E. Perlmutter, Loops in AdS from Conformal Field
Theory, JHEP 07 (2017) 036 [arXiv:1612.03891] [INSPIRE].

M. Nirschl and H. Osborn, Superconformal Ward identities and their solution, Nucl. Phys. B
711 (2005) 409 [hep-th/0407060] [INSPIRE].

P. Cvitanovi¢, Group theory: Birdtracks, Lie’s and exceptional groups, Princeton University
Press, Princeton U.S.A. (2008).

C.-M. Chang, M. Fluder, Y.-H. Lin and Y. Wang, Spheres, Charges, Instantons, and
Bootstrap: A Five-Dimensional Odyssey, JHEP 03 (2018) 123 [arXiv:1710.08418]
[INSPIRE].

C.-M. Chang and Y.-H. Lin, Carving Out the End of the World or (Superconformal
Bootstrap in Siz Dimensions), JHEP 08 (2017) 128 [arXiv:1705.05392] [INSPIRE].

C. Beem, M. Lemos, P. Liendo, L. Rastelli and B.C. van Rees, The N' = 2 superconformal
bootstrap, JHEP 03 (2016) 183 [arXiv:1412.7541] [INSPIRE].

E. D’Hoker, D.Z. Freedman and L. Rastelli, AdS/CFT four point functions: How to succeed
at z integrals without really trying, Nucl. Phys. B 562 (1999) 395 [hep-th/9905049]
[INSPIRE].

O. Aharony and Y. Tachikawa, A Holographic computation of the central charges of d = 4,
N =2 SCFTs, JHEP 01 (2008) 037 [arXiv:0711.4532] [INSPIRE].

X. Zhou, Double Copy Relation in AdS Space, Phys. Rev. Lett. 127 (2021) 141601
[arXiv:2106.07651] [INSPIRE].

N.I. Usyukina and A.I. Davydychev, An Approach to the evaluation of three and four point
ladder diagrams, Phys. Lett. B 298 (1993) 363 [INSPIRE].

— 35 —


https://doi.org/10.1007/JHEP10(2021)141
https://arxiv.org/abs/2106.10822
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2106.10822
https://arxiv.org/abs/1909.01358
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1909.01358
https://doi.org/10.1016/S0550-3213(98)00545-8
https://arxiv.org/abs/hep-th/9805096
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9805096
https://doi.org/10.1088/1126-6708/1998/07/013
https://arxiv.org/abs/hep-th/9806159
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9806159
https://doi.org/10.1088/1126-6708/2002/06/043
https://arxiv.org/abs/hep-th/0205236
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0205236
https://arxiv.org/abs/0907.2407
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0907.2407
https://doi.org/10.1007/JHEP03(2011)025
https://doi.org/10.1007/JHEP03(2011)025
https://arxiv.org/abs/1011.1485
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1011.1485
https://doi.org/10.1007/JHEP07(2017)036
https://arxiv.org/abs/1612.03891
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1612.03891
https://doi.org/10.1016/j.nuclphysb.2005.01.013
https://doi.org/10.1016/j.nuclphysb.2005.01.013
https://arxiv.org/abs/hep-th/0407060
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0407060
https://doi.org/10.1007/JHEP03(2018)123
https://arxiv.org/abs/1710.08418
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1710.08418
https://doi.org/10.1007/JHEP08(2017)128
https://arxiv.org/abs/1705.05392
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1705.05392
https://doi.org/10.1007/JHEP03(2016)183
https://arxiv.org/abs/1412.7541
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1412.7541
https://doi.org/10.1016/S0550-3213(99)00526-X
https://arxiv.org/abs/hep-th/9905049
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9905049
https://doi.org/10.1088/1126-6708/2008/01/037
https://arxiv.org/abs/0711.4532
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0711.4532
https://doi.org/10.1103/PhysRevLett.127.141601
https://arxiv.org/abs/2106.07651
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2106.07651
https://doi.org/10.1016/0370-2693(93)91834-A
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB298%2C363%22

	Introduction
	Preliminaries
	Setup
	Super gluon four-point functions
	Flavor symmetry
	Superconformal block decomposition

	Data from tree-level gluon amplitudes
	Correlators in position space
	Extracting tree-level data

	Toy model: AdS5 without internal S3
	One-loop amplitude with E8 color group
	One-loop amplitude with general color group

	One-loop gluon amplitude on AdSAdS5 x S3
	Mixing problem
	One-loop amplitude

	Coupling to gravity
	Discussion and outlook
	N=2 superconformal blocks
	Properties of D-functions
	Flat space limit of Mellin amplitudes

