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1 Introduction

The asymptotic properties of gravity have been studied for decades [1-4] in the context

of asymptotically flat spacetimes at null infinity, see [5-10] for recent reviews. Much of

these studies are rightly motivated by the need to understand the intricate nature of

gravitational radiation. One remarkable outcome of these studies was the discovery of

the infinite-dimensional Bondi-Metzner-Sachs (BMS) group of asymptotic symmetries in



asymptotically flat spacetimes at null infinity. Recent works have shown that the BMS
group is related to the infrared properties of gravity, namely soft-theorems and memory
effects [8]. See references [11-13] for earlier works on these issues and the reviews [8, 9]
for further references. The exploration of the connections between the BMS group, soft-
theorems, and memory effects have led to enormous activity. Further enlargements of the
BMS group [10, 14-17] have also been argued to be relevant.

The BMS symmetries are exact symmetries of General Relativity, in the sense that
they leave the action invariant up to a surface term. This strongly suggests that they
should be visible in any description, in particular at spatial infinity and timelike infinity,
provided boundary conditions at spatial and timelike infinity are compatible with boundary
conditions at null infinity. This poses the dynamical question: how to relate boundary
conditions at null, spatial, and timelike infinity? The answer to this question remains
poorly understood, and therein lies the key to many unresolved issues. The importance of
understanding these issues has been stressed by Friedrich in a recent article [18].

On the specific question of BMS symmetries at spatial infinity there has been a lot
of progress in recent years, motivated in part by the need to understand the relation
between the BMS group, soft-theorems, and memory effects. Earlier investigations of the
asymptotic symmetries at spatial infinity [19-22] successfully found boundary conditions
that gave Poincaré group as asymptotic symmetries.

This situation was exhilarating on one hand and disappointing on the other. Exhil-
arating because at least at spatial infinity there are consistent boundary conditions that
lead to Poincaré group as asymptotic symmetries whereas at null-infinity this does not
seem desirable. Disappointing because the lack of understanding of the BMS symmetries
at spatial infinity means that the relation between boundary conditions at null and spatial
infinity is incomplete. This had remained a deep puzzle for many years.

Henneaux and Troessaert [23-25] in a series of paper have resolved this tension, both
in the cylindrical representation and the hyperbolic representation of spatial infinity. They
have proposed boundary conditions at spatial infinity that are invariant under BMS sym-
metries. The BMS symmetries have non-trivial action on the fields and have generically
non-zero charges. They have also related BMS generators at spatial infinity to BMS gen-
erators at past and future null infinity. Other works in this direction include [26, 27].

The situation at timelike infinity remains much less developed. Following works at
spatial infinity [21, 22|, earlier work [28-30] had proposed boundary conditions that gave
Poincaré group as asymptotic symmetries. To the best of our knowledge, no attempt
has been made to realise BMS symmetries at timelike infinity in the non-linear theory.
Motivated by the relation between the BMS group and soft-theorems, these issues were
addressed in the linearised gravity in [31, 32], though the main focus in these papers is
somewhat different. The main aim of this paper is to present boundary conditions in non-
linear general relativity at timelike infinity that realise BMS symmetries in the sense that
BMS symmetries have non-trivial action on the fields and have generically non-zero charges.
Our work in motivated by the corresponding developments at spatial infinity [23-27].

Such a study is important for several reasons. Over the last two decades, it has been
argued in a variety of contexts that stationary black holes also possess an infinite number



of symmetries in the near horizon region [33-38].! Typically a class of these symmetries
is similar to supertranslations at null infinity. It is believed that global charges associ-
ated with supertranslations receive contributions from the horizon as well as from null
infinity. Clearly, a complete discussion of conservation laws associated with supertransla-
tions requires a detailed understanding of how the symmetries at the horizon relate to the
symmetries at null infinity. However, this has not been understood.? Toy model studies
include [39, 40]. It has been suggested by several authors, specifically by Chandrasekaran,
Flanagan, and Prabhu in [38] that timelike infinity can be used to relate symmetries at the
horizon to symmetries at null infinity.

In this paper we only focus on timelike infinity with perhaps the simplest boundary
conditions that allow for the BMS symmetries. The dynamical questions on the relationship
of our boundary conditions to null and spatial infinity is beyond the scope of this work.
Issues related to further enlargement of BMS symmetries [14-17] are also beyond the scope
of this work. We hope to return to these questions in future works.

The rest of the paper is organised as follows. In section 2, we introduce our notion of
asymptotic flatness at timelike infinity. Many of the calculations here are direct translations
of those at spatial infinity. Having said so, we must add that the literature at spatial infinity
is fairly large and confusing. Therefore, it is absolutely essential to work-out things from
the start to the end for timelike infinity separately. In section 3, a detailed study of the
asymptotic equations of motion is presented. In section 4, expressions for supertranslation
and Lorentz charges are proposed. In section 5, the Schwarzschild solution is written in a
form such that it manifestly satisfies our boundary conditions. In section 6, some general
remarks on supertranslations are made. We close with a brief discussion in section 7.
Dynamical questions regarding the non-triviality of our construction, i.e., whether non-
trivial radiative spacetimes exist that satisfy our boundary conditions at timelike infinity
requires a separate investigation.

2 Asymptotic flatness at timelike infinity

In this section we introduce our notion of asymptotic flatness at timelike infinity. It is
based on the corresponding notion introduced by Beig and Schmidt [41, 42] at spatial
infinity, which has been extensively studied over the years [43-47]. We work with a co-
ordinate based definition. If needed, our results can be readily translated to geometric
frameworks. A notion of asymptotic flatness at timelike infinity in the geometrical frame-
work of Ashtekar-Hansen [21] was introduced by Cutler [28] and Porrill [29]. A closely
related notion in the geometrical framework of Ashtekar-Romano [22] was discussed by

The symmetry groups in these papers do not coincide. This is so because different authors preserve
different structures: some prefer to preserve a particular geometric structure on the null surface, whereas
others preserve the near horizon geometry.

2To some extent these issues were explored in [35, 36]. In these references, advanced Bondi coordinates
are used; however, since advanced Bondi coordinates do not cover future null infinity, the relation between
symmetries at future null infinity and the future horizon remains unexplored. These points were recently
emphasised in [39, 40].



Gen and Shiromizu [30]. Our notion is different from all these previous works, as we allow
a class of spi-supertranslations to act as asymptotic symmetries at timelike infinity.

2.1 Asymptotic metric
To introduce our notion of asymptotic flatness at timelike infinity we start by introducing
a set of “polar coordinates” for Minkowski spacetime {7, p, 8, ¢} as follows

S g—— r__ P (2.1)

t 14 p?

where 7, = diag{—1,1,1,1} and 2* are a standard set of cartesian coordinates and

r? = (z1)? + (22)? + (2®)2. In these coordinates flat spacetime metric takes the form

dp?

2 _ 2 2 2 2 s 2 2

ds* = —dr° + 7 (1 s + p*(df” + sin” Odyp )) , (2.2)
= —dr? + 20D dgodg’ (2.3)

where we denote coordinates {p, 0, p} collectively as ¢*. Metric h((l%) is the unit metric on

Euclidean AdS3 hyperboloid H.
We start by considering a general class of spacetime admitting an expansion at timelike
infinity of the form

G = Myw + Z % +o(t™™), (2.4)

n=1

where Kgﬁ), for each n, is a function of % Following Beig and Schmidt [42], this metric

can be put in the following more convenient form

ds® = —N2dr? + hapd¢®de, (2.5)

where
N=14 7% (2.6)
hay = 72 1569 + 2069 + 56+ 0 ()] (2.7)

A derivation of the form of the metric eq. (2.5)-eq. (2.7) starting from eq. (2.4) is given
in appendix A. We define asymptotically flat spacetimes at timelike infinity as spacetimes
admitting an asymptotic expansion as in eq. (2.5)—eq. (2.7). Further boundary conditions
will be specified below. We will comment on the smoothness of fields o, hg,), hﬁ), etc. on

EAdS3 hyperboloid H at a later stage.

2.2 Supertranslation at timelike infinity

A natural question to ask is what is the set of diffeomorphisms preserving the form of the
metric eq. (2.5)-eq. (2.7).% In particular, if supertranslations are genuine symmetries of

3In the context of spatial infinity this question has been analysed in great detail by many authors over
the years; see [44, 45] for a concise summary of the earlier results.



general relativity then they should also be realisable at timelike infinity. In order to spell out
our boundary conditions explicitly, we start by looking at the action of supertranslations
on asymptotic fields.

2.2.1 First order

As shown in detail in appendix B, the diffeomorphism
_ 1
r=7-w(@)+0(3), (28)

- 1 - 1
¢ = ¢% + —hOPGw () + O (2> , (2.9)
T T
preserves the asymptotic form of the metric to order % Here w(¢®) is an arbitrary function
on H that determines the higher order terms in the diffeomorphism uniquely. When w(¢®)
is in the four-parameter class of solutions of

D,Dyw — wh =0, (2.10)

with D, being the covariant derivative on H compatible with metric hg;), the transformation
eq. (2.8)—eq. (2.9) correspond to a translation. More generally, the above diffeomorphism
corresponds to a supertranslation. The four functions satisfying eq. (2.10) are

{\/1Jrp2,p0059,psiné’simgzﬁ,psin&cosqb}7 (2.11)

representing respectively, the time-translation and three-spatial translations.

Under general supertranslation eq. (2.8)—-eq. (2.9), the zeroth order field h((l%) does not

transform,
By — by (212)
whereas the first order fields transform as,
o — o, (2.13)
h) = 1) + 2D, Dy w — 20h1Y). (2.14)
We define,
kap = h(}) +20h1). (2.15)
It follows from eq. (2.14) that under general supertranslation,
kab — kap + 2DaDyw — 2wh(Y, (2.16)

Now, there are two natural set of boundary conditions to consider. First, one can dispose
of all the supertranslations by demanding

kap = 0. (2.17)

These are the boundary conditions used in [28-30]. As is clear from eq. (2.16) that with
these boundary conditions, supertranslations are not allowed asymptotic symmetries. In



the class of diffeomorphisms eq. (2.8)—eq. (2.9) only translations (cf. eq. (2.10)) are allowed
asymptotic symmetries.
Second, motivated by the work on spatial infinity [46] and [23, 24] one can choose,

k= hObg, 0. (2.18)

The requirement that the trace of k, vanishes should be invariant under supertransla-
tions. From eq. (2.16) we therefore deduce that the following differential equation for the
function w,

(0-3)w=0. (2.19)

This is the class of supertranslations we work with in this paper. Here [ is the Laplacian
on H: O=D,D.

There can be other classes of transformations with appropriately modified notions
of asymptotic flatness, e.g., logarithmic translations, superrotations, more general super-
translations, that one can explore. We do not study them in this work. Very likely, our
considerations can be extended to include a study of logarithmic translations following,
say, [46]. However, how superrotations [31, 32, 53] at timelike infinity can feature in such
an analysis is not clear to us. Naively, the introduction of superrotations does not look

compatible with the zeroth order equations of motion in the 1/7 expansion.*

2.2.2 Second order

It is of interest to study the action of supertranslations on the second order fields. At
second order the diffeomorphism presented in eq. (2.8)—eq. (2.9) generalises to,

o _ 1

T=7:—W(¢a)+7__F(2)<¢a)+O(7__2> 7 (2.20)

6 =3+ ZHOBR(F) + 56 +0 () | (2.21)
T T T

where the functions F®)(¢%) and G®%(¢°) are uniquely fixed in terms of the function
w(¢®) by the requirement that the form of the metric should remain the same to order
T%. We apply the above transformations and expand the metric in eq. (2.5)—eq. (2.7) upto
second order. Using the boundary condition £ = 0, we find,

1 1 1 1
B2 5 ) kg + WD, kg + 500 Kac + 50 kre = 50 (Da koe) = 5" (Dy hae)
+ 20whgz) + O(qWp) — OWab — ac(awg) — 0w’ () + (0 & w)

+ w2h((z%) — 2Wwep + WiWhe - (2.22)

Here o0, = D,o,DyDyoc = 0pa, DaDpDeo = e etc. and similarly for w. A detailed
derivation is given in appendix B.

4We thanks the anonymous referee for suggesting us to add these comments.



A non-trivial consistency check on this expression is presented in appendix D. There
we consider doing a supertranslation on flat spacetime. We begin with (for flat spacetime)

s=0, nM =0 n?=o. (2.23)

We note that o does not change under supertranslations. Thus for the supertranslated
spacetime too o = 0. From eq. (2.14), it follows that for the supertranslated spacetime

W) = kgp = —20h %) + 20, (2.24)
and from eq. (2.22), it follows that
h2 = w2 — 20wy, + wlwpe. (2.25)

(2)

In appendix D, we check that the expression in eq. (2.24) for kq, and eq. (2.25) for h,,’ are

consistent with the second order equations of motion.®

3 Asymptotic expansion of the equation of motion

Einstein’s equations can be split into 341 form, providing a set of three equations appro-
priately projected along normal direction to constant 7 hypersurface. The split provides
the Hamiltonian and momentum constraints, and the evolution equation for the metric on
the 3-dimensional 7 = constant hypersurface. These equations read,

1 1
H=_—0,K+KypK®— —h®D,D,N = 1
Na + b N b 07 (3 )
H, = DyK? — D,K =0, (3.2)
1 1
Hap = Rab + 307 Kap - 2K K§ + KKy, — ~ DaDsN = 0. (3.3)

Here D is the covariant derivative compatible with metric hy, and Ky, = ﬁ&hab is the
extrinsic curvature of the constant 7 hypersurface.
These equations can be expanded in inverse powers of 7 as,

gO @ g@) 1
H= "5+ 5+ +O<T5), (3.4)
© g (2) 1
Ho=="—+"5 +=3 +O<T4>, (3.5)
Hy =g+ tgw Lygo, (1 3.6
ab = ab+; ab+§ ab+ ﬁ : ()

The expansion coefficients at zeroth, first, and second order are summarised in the following
subsections. A detailed derivation of these results is given in appendix C.

5An expression for corresponding transformation of hffb) at spatial infinity was reported in equa-

tion (4.111) of [46]. All the w-w-terms, the analog of the third line in eq. (2.22), are missing there. We
note that the action of supertranslations at the second order has not been much discussed in the literature;
comments appear in [46, 47], though neither of these papers present any details on this specific calculation.
We hope that the reader will find our appendices B and D useful. The action of translations was discussed
in [42].



3.1 Zeroth and first order

At zeroth order, the Hamiltonian and the momentum constraints are identically satisfied.

The evolution equation implies that the three-dimensional metric hsl))) on H must satisfy,

0 0 0
HY = RO 1250 — o, (3.7)
This condition implies that # is maximally symmetric with R(®) = —6 and the Riemann
tensor is given by,
(0)
© _R 0)5©0) _ (@10 _ _3(0),(0) | 1(0);(0)
Rabcd 6 (h‘t(zc) bd h‘ad hbc ) - _h((lc)h‘bd + h‘ad hbc : (38)

Thus H is Euclidean AdS3 space, as noted earlier.
At first order, the Hamiltonian constraint gives,

HY = (—O+3)0 =0. (3.9)

The momentum constraint gives,

Dlkyy, = Dok (3.10)
The evolution equations H (gll)) = 0 gives,
O+ 3) kay = DuDpk + kh'Y. 3.11
ab

Boundary conditions presented in eq. (2.18) further simplify these equations to

DPkgy, = 0, (O43) ke = 0. (3.12)
3.2 Second order
At second order, the Hamiltonian constraint takes the form,

h? = 1262 + %k“” kap — k®D, Dyo — Deo Do, (3.13)

where h(? is the trace of hﬁ), h? = h(o)“bh(ﬁ). In arriving at this equation we have used
the boundary condition & = 0 cf. eq. (2.18) and the first order equations of motion. The

momentum constraint reads,

1 1
D2t = ikbp (Dp kpa) + Da (—8 kY kye + 80 — k%D, Dyo — DCUDCU) : (3.14)

The evolution equation H 512;) = 0 yields,
O+2)h) = S5 + 557 + 557, (3.15)



where the non-linear source terms have the following expressions,

Sk (Dc ka(a D) de> - %Da KDy kg + (DC ki) (Dckg) — (D€ kag) (Dd kbc)

— kP ke + K (DC Dakay — DeDya kb)d) , (3.16)

s — _p,D, (deDC Dda) 1 4D (—Dckab + D, k:b)c) — doky,

+ (=20 k"D, Dyo + 4k Dy Dec ) (3.17)
S457) = DuDy (50 = D.oD a) + hiy) (1807 + 4D°0De0r) + 40D, Dy . (3.18)

The second order equations of motion, in the form presented above, with more re-
strictive boundary condition k., = 0 take a particularly nice form and can be concisely
presented in terms of the electric and magnetic parts of the Weyl tensors, as is the case at
spatial infinity [45, 48, 49]. These results are presented in appendix E.

4 Charges at timelike infinity

Next we would like to understand contributions from timelike infinity to the Iyer-Wald
global charges [50, 51] (see also [38]) for supertranslations and Lorentz symmetries. To this
end, we compute contributions from timelike infinity to the Lee-Wald symplectic form.
This computation is presented in section 4.1. We find that with our boundary conditions
this contribution vanishes. It has been suggested by several authors® that this should be the
case with appropriate boundary conditions at timelike infinity. As a result, “future charges”
can be computed on any two-dimensional topologically-spherical surface surrounding the
“sources” at timelike infinity. We present charge expressions in section 4.2. Some further
properties of these charges are studied in section 4.3.

What are these sources at timelike infinity? Note that bound objects (and fields) reach
timelike infinity. Fields close to these bound objects do not become weak and cannot be
regarded as asymptotic fields in the usual sense. In the 7 — oo limit, it is convenient to
regard individual bound systems, gravitationally unbound relative to each other, as finite
number of points on the timelike infinity hyperboloid H. These points serve as sources for
the charge integrals. This picture will become more clear in section 5 where we discuss the
Schwarzschild solution in the 7 — oo limit.

4.1 Contributions to the Lee-Wald symplectic form

Consider a spacetime with no horizons. The components of the boundary are the past and
future null infinity J—, J* and the points (in the Penrose diagram in figure 1) past and
future timelike infinity i~, i*, and spatial infinity i°. Since the global charge variation is
invariant under local deformations of the Cauchy surface ¥, one can deform ¥ in the far
future to i U J . Then, the first variation of the Iyer-Wald global charges satisfies

0Q¢(X) = 6Qe(T ™) +0Qe(i). (4.1)

6See for example section 7 of [38].




Figure 1. Consider a spacetime with no horizons. The components of the boundary are J—, J*
and the points at infinity i~, i°, and i*. Since the first variation of global charges is invariant under
local deformations of the Cauchy surface X, one can deform ¥ in the far future to ¥ U J . Then,
the first variation of the Iyer-Wald global charges satisfies dQ¢(2) = dQ¢(J ) + dQe(i1). With
our boundary conditions 6Q¢ (i) = 0.

With our boundary conditions we now show that 6Q¢(i*) = 0. This is schematically shown
in figure 1. Recall that

0Q¢(X) = Q(g, 09, £¢g). (4.2)
The computation proceeds as follows. The Lee-Wald symplectic form [50, 51] is
Q(g, 619, 029) = /Ew(9»519,529) = vany Vhdz, (4.3)
where
WY = pveBud [02G0aV 30195 — (1 < 2)],
1 1 1 1

Pesit = gitg® g — S Pg g™ — S g g — Sg" g g™ + Sg" g7 g, (44)

and where n” is the unit normal to the hypersurface X,

n = —Ndr, (4.5)

and V, is the covariant derivative compatible with the spacetime metric g,,. We choose
the hypersurface ¥ to be a 7 = constant surface. The volume factor vhd®z grows as 73
in the 7 — oo limit. The aim, therefore, is to determine how w7n, behaves in the 7 — oo

limit. On 7 = constant hypersurface,

—winy =Nw" =w’ (14+0(1/7)). (4.6)

~10 -



As a result, the problem simply reduces to analysing the behaviour of w” in the 7 — oo
limit. For our purposes, the w?” expression can be written in a more convenient form as
follows,

1 1
w? = " g% g% (62910 V 501 9p5) — 59759'/”950’ (02900 V 3019us) — 597')9&69“5 (02900 V3019us)

1 1 2{e% 1 ro
- 59 97" 9% (862900 V 5019,5) + 59 977 9" (82910 V 50195) — (1 <+ 2)

1 1
=g (Qéugaﬁfszgm) Vd1gus — B (guug5a(;2gm) V761905 — 5 (gwga%wm) Vs (9“6519”5)

1 1
— 5 (9"020u0) (97" 9°PV 5619us) + 5975 (9"“629va) (9"°V 5019.5) — (1 <> 2)

1
=3 (62977 (V78190p) +021Ing (V5619") + 62977 (V561 Ing) +d2In g (V761 In g)
—2029ap (V*61977) = (1 ¢ 2)] (4.7)

where we have simply raised and lowered the indices in a convenient form and have con-
verted some terms to the determinant g of the metric. In this form, each of the terms in
w” can be easily evaluated. The following expressions are useful:

26 26
Ogrr = == +o(1/7), 597 = == +o(1/7), (4.8)
5gu = 761D + of7) 59 = — L shMab 1 o(1/13) (4.9)
Jab = ab ) 9" =3 o(1/7), .
and for the four-dimensional Christoffel symbols the following expressions are useful:
1 1
¢, = gh0 haa = 205 +o(1/7), (4.10)
T

T 1 T g 2

FTT = §h Orhrr = _; + 0(1/7_ )7 (411)
1

m = —5h T 0hay = Thiy) + of7). (4.12)

Using these expressions, the first term in eq. (4.7) for v = 7 becomes,

029°% (V7 619ap) = 029" (V7 0107r) + 029 (V7 819ap)

25 28 Syh(Dad
:_(20+...>(120+...>_<_ 2 +--~>(51h$3+---)
T T T

(6200, 1) — 4610650 ) + 0(1/7%)

a

1
3
= % (52kab51kab — 209001k — 201062k + 8510520> +o(1/7%).  (4.13)

The second term becomes,

(0) ¢ ¢ (1)ab 0) ¢ 7 (1)ab
h'doh 46 h:'61h
ab 92 +>( 120_ ab 12 _|_>

20
89 lng(Vg(SlgTﬁ) = ( ja + .

T T

1

== ( — 40610620 + 461kdo0 + 1002kd10 — (51]€52]€> + 0(1/7'3) . (4.14)
T

- 11 -



The third term becomes,
5297',3 (V5(51 ln g) = (52gTT 87— ((51 ln g)

_ (2520 N ) ( 2010 A6 AW N )

T 2 T2
1
— (8010020 — 202001 k) + o(1/73). (4.15)
-
The fourth term becomes

a

T T T

0) ¢ 7 (1)ab 0) ¢ 7 (1)ab
521ngv7—511ng:_<2520+h@bd2h _|_...)a,r<2ila+hb51h _|_>

= ig (16(510520’ — 4610609k — 461kdo0 + (51]{(52]{5) + 0(1/7’3) . (4,16)
-

The fifth term becomes

02908 (Vo‘(ﬁgTﬁ) = 029rr (V7019™") + 029ap (VafslgTb)
= (2620 _|_) (_26120 _|_) + 1(51052h$)h(0)ab+...)
T T T

1
= ﬁ (2(510’(52k — 16(510’520) + 0(1/7’3) . (4.17)

Most of these terms cancel out upon (1 <+ 2) anti-symmetrisation. The final expression for
w7 reads,

2
wh = —3(510(52143 — (51]@‘52(7) + 0(1/’7’3) . (4.18)
T

Using the boundary condition, & = 0, the O(1/73) term in eq. (4.18) vanishes. Hence, in
the 7 — oo limit
Q(g, 019, d29) = 0. (4.19)
This implies,
5Qe(iM) = 0. (4.20)
To summarise: we have shown that with our notion of asymptotic flatness, timelike infinity
does not contribute to the Lee-Wald symplectic form. Hence, the contribution to the first
variations of the Iyer-Wald charges from timelike infinity is zero. It has been suggested by

several authors that this should be the case. The result is entirely expected on physical
grounds. Thus, eq. (4.1) simplifies to

6Qe(X) = 0Qe(T ™). (4.21)

The contribution from null infinity, §Q¢(J ), is well studied; for a review see [5]. One
of key ideas in the subject is that the integral over null infinity can be written as the
difference of the localised charges [38§]

Qe(TH) = QE(TH) — QLT (4.22)
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where Ji are respectively the future and past 2-sphere limits of null infinity J*. In
the following we will be interested in ngoc(jjf), which is what we call “future charges”.

Timelike infinity hyperboloid H reaches jj_r in the p — oo limit.

4.2 Charges

Since the contributions to the Lee-Wald symplectic form from timelike infinity vanishes,
it follows that “future charges” can be computed on any two-dimensional topologically-
spherical surface surrounding the “sources” at timelike infinity. To keep the notation
simple, we denote them by simply Qg¢, instead of ng’c(jj).

Motivated by the corresponding expressions at spatial infinity [46], we propose expres-
sions for supertranslation and Lorentz charges at timelike infinity and show appropriate
conservation properties. We do not present a first principal derivation for these expres-
sions. Such a derivation can be given, for example, by relating the expressions below to
the corresponding expressions to null infinity, but such a calculation is not attempted in
this work.

We begin by observing some elementary properties of the 1/7 expansion of the Weyl
tensor projected on 7 = constant hypersurface. In four spacetime dimensions, the Weyl ten-
sor expressed in terms of the Riemann tensor, Ricci tensor and Ricci scalar takes the form,

1 R
Wapuw = Rapuw = 5 (9auBsy + Rangpy = JavRpu — Ravgsu) + & (Jaugsy = Javgsu) -
(4.23)

Let (7, ¢%) be the four-dimensional spacetime coordinates associated to the 341 split. Then,
for a general spacetime coordinates x* = x# (7, ) we define

oxH
0o’

The vectors e# with {a = 1,2,3} are tangent to 7 = constant hypersurface. The projected

(4.24)

B
et =

electric part of the Weyl tensor on 7 = constant hypersurface is defined as,
Eay = WageonSein”. (4.25)

For vacuum spacetimes, with R,z = 0 = R, Gauss-Codazzi equations give,
Eqy = Raguesn’eln” = —£,Kqp + Koo K§ + N "D, DN, (4.26)

where £,, is the Lie-derivative with respect to the unit normal n*.

Given the expansions for the extrinsic curvature components and the lapse function NV
in powers of 1/7, we can obtain the expansion of the electric part of the Weyl tensor. A
calculation gives,

1 1
Eab = ;E(S‘})) + ﬁEz(z?)) _|_ cee, (427)

where the zeroth order expansion coefficient identically vanishes and the first order expan-
sion coefficient is,

E((Zé) =0 — Uhfl(l))). (4.28)
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The first order electric part of the Weyl tensor satisfies the following properties on H,

Eillj) = Eéi), (symmetric) (4.29)
EWM* = 0o — 30 =0, (traceless) (4.30)
D,EM? =0, (divergence-free) (4.31)

upon using the first order equations of motion. It then follows that for conformal Killing
vectors £% on H, E((li)ﬁa is a conserved current. The four translations induce four conformal
Killing vectors {* = D% on H (recall when w represents a translation for wqp — hg%)w =0),
and this conserved current can be used to construct “future charges” [29, 30],

Q=g [ Vads Bt (4.32)

where C' is a two dimensional topologically-spherical surface surrounding sources on H.
The induced metric on C is g4 and 7% is the unit outward normal to C' in H. These
charges are “conserved” in the sense that the integral can be done on any topologically-
spherical surface C' of H surrounding the sources, and the answer is independent of the
choice of C.
Clearly for supertranslations, such a construction does not work as D%w is not a confor-
mal Killing vector on H. Fortunately, a slight modification of this construction works [46].
We have,
E&)fa = E(}))w“ = opw® — owy. (4.33)

a

Next consider 2D(w(,04)) for translations wep, — hg%)w =0, ie,

2D (wa0p)) = D*(waop) — D*(wpoa) = 3wop + wWa0p” — wpoq —wp(30)  (4.34)

= 3woyp + wogp — wop — 3wyo (4.35)
= oupw® + 2wop — 3owy . (4.36)

Hence, for translations,
Efj}g“ — 2D%(wq0y)) = 2(0wp — wWo). (4.37)

The key point is that the term Da(w[aabl)ﬁarb when integrated over C only contributes a
total divergence and therefore is zero. Hence,

/C Vad*z (E((l}))fa — 2D%(wia0y)))E" b= /C Vad*z Ec(dlj)é“arb =2 /C Vi &2z (owy — wap)rP.

(4.38)

This last expression admits generalisation for supertranslations. The current (owy, — woy)
is conserved for supertranslations as well, since (O — 3)w = 0, implying

D (owy — wop) = 0. (4.39)
Hence, we can define a charge for supertranslation w as
Qu = 47TG \fd2 (owp — wap)rP. (4.40)

For translations this expression reduces to the previous expressions [29, 30].
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Expression for Lorentz charges is relativity easier to propose. One of the second order
equation of motion, namely eq. (3.14), automatically gives a conserved tensor,

1 1
Jap = —h® + 5Kk + % (—Skcdk“l 1 80% — kDDl — DCUDCU> (4.41)

with D%J,, = 0. For a Killing vector £* on ‘H representing a four-dimensional rotation or
boost we define,

1
=— a2 ab, 4.42
Qe = 5 [ Vada utr (4.42)
These charges match with [29, 30] upon setting k., = 0 and noting the fact that the second

order magnetic part of the Weyl tensor is related to J,; by the curl operation defined in
appendix E.

4.3 Commutator of charges

In the previous section, we wrote expressions for supertranslation and Lorentz charges.
The Poisson bracket between two charges is defined as (see e.g., [38, 52]),

{Qxa Qx’} = _5xQx’ (4.43)

where the variation d, acts on the fields as the transformation induced by the asymptotic
symmetry. Supertranslation charges defined in eq. (4.40) can also be written as

_i 2 o a_i 3 |:_([)) a, ., a:|
Qw—47rG/Cd:1;\/§(aaw awa)r—47rG/vdm8a RO (0w — ow®)|, (4.44)

where V is the part of H surrounded by C'. Now, we wish to compute the Poisson bracket
between Lorentz charges and supertranslation charges. Identifying y = £ (a Lorentz trans-
formation) and ' = w (a supertranslation), eq. (4.43) becomes,

{Q¢, Qu}t = —0¢Qu, - (4.45)

Using which the Poisson bracket becomes,
1 a a
{Qe,Qu} = _R/ &z 9, {55 [M(a w—ow )]}
/dgx da |V =R {EDy (0w — ow®) — (0w — ow?) Dbga}}

4rG
= —ﬁ 3z 9, [\/ —h( {c* (fbwa) + wEDyo® — (EbDbJ) wh—o (fbwaa)
v

— (Ubw - awb) Dbfa}]

1
— R /v d3x Oy [M{ga (_ngbw) s (_gbIwaa _Wb'Dagb) }}

4;0 d*z 9, [\/ —h(0) {wﬁbDbaa — (fbDbo) w® — UbwDbfa}}
= 1C / d*z 0, \/ —h) {c® (£_¢w) — oD (£,5w)}}
4; g d*z 0, [\/ —hO) {weDyo — (¢"Dyo) w* — o wDbga}}
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= Q. +—/ d>z \/—hOD, [wgbl)bo - (fbDbO)OJ — 0’wDyg" ]

=Qu+ i d*z /=hO) [wE" DDy — (£"Dyo) Ow — 0"wDa DyE"]

= Q. +7/d3 vV —h() [wf [Da, Dplo® + 3w€lo, —3 (f Dba)w o w[Da,Db}ﬁ}

=Qu,+ m Br /—hO) [ R D5 4 3webay — 3 ("Dyo) w— awa((l%)fa}

= Qur (4.46)

where w’ = £_gw. We have used the result, d¢v/ —h(© = (1/2)v/ —h(o)h(o)“bdgh((l%) =

One could attempt the calculation the other way round, i.e., identifying ¥’ = ¢ (a
Lorentz transformation) and y = w (a supertranslation). That calculation is more involved.
We expect to recover @)y possibly with terms that only contribute to a total divergence on
C. At spatial infinity the technology for identifying total divergence on the cuts of de Sitter
hyperboloid is fairly well developed, see e.g., [49]; at timelike infinity some further technical

work is required.

5 The Schwarzschild solution near timelike infinity

In this section, we write the Schwarzschild solution near timelike infinity in the Beig-
Schmidt form eq. (2.5)—eq. (2.7). The Schwarzschild metric in standard static coordinates
takes the form

ds? = (1 — 2GM> dt* + (1 - 2GM> dr® 4 r2dQ?, (5.1)
T T

where dQ? = (df? + sin? dy?) is the round metric on the unit two-sphere. We begin by
introducing (79, po) coordinates defined as follows:

r = poTo- (5.3)

These coordinates do not bring the Schwarzschild solution near timelike infinity in the
Beig-Schmidt form as in eq. (2.5)—eq. (2.7). A chain of further coordinate transformations
outlined in appendix A are required (as expected). In coordinates (19, pp) the non-zero
components of the metric takes the form to leading order in 1/79:

_ 1 _
Gromy = —1+ (2GM) (5" + 2p0) —+0(?) (5.4)
Gporo = 4G M + Oy ) (5.5)
_ 2 2\—1 2\—1 1
Goopo = 01+ p3) "+ @GM)(1+ p8) ™ (5" +2p0) 0+ O(1) (5.6)
900 = P75 +O(1) (5.7)
9o = paTgsin® 0 + O(1). (5.8)
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Since g 7, term does not fall-off as O(7; '), the metric is not in the Beig-Schmidt form at
O(ty 1). To fix this, following appendix A we do the transformation,

po=pi+ 2, (59)
Glp1) = 4GM(1 + ), (5.10)
0= T1. (5.11)
In the new coordinates (71, p1) the non-zero metric components take the form,
grin = —1+ (2GM) (o7 + 201) 711 + o) (5.12)
9o = O(1 ) (5.13)
Goun = T2+ gL+ GM)(1+ ) (o7 + 6p1 ) 7+ O(1) (5.14)
900 = pTi +8GMpi (1 + pf)m + O(1) (5.15)
Jpp = piTEsin® 0 + 8GMpy (1 + p?)sin? Or + O(1). (5.16)

The above metric is in the Beig-Schmidt form, though it does not satisfy our boundary
condition k = 0. To bring the metric in the requisite form, we do a general supertranslation
and call the final coordinates (7, p):

m=1—F(p), (5.17)
14 p?
pL=p+ Tp 9,F (p), (5.18)

F(p)=-GM (p +24/1 + p2sinh~? p) . (5.19)

F(p) does not satisfy OF = 3F. The resulting metric is in the requisite Beig-Schmidt form
at first order in the expansion in inverse powers of 7, and

) = —20hY). (5.20)

a

That is, not only k = 0, but the full k. is zero. The field o takes the value,
o=—(GM) (p_l + 2p) ) Oo = 30. (5.21)

From these transformations, we see that as 7 goes to oo for fixed r, p goes to 0. Thus,
the horizon r = 2GM intersects the timelike infinity hyperboloid H at the origin p = 0.
Note that the function o is singular at p = 0.

The four functions satisfying

DaDyw — WiV =0, (5.22)

are { V' 1+ p?, pcosb, psin @ sin ¢, psin b cos (;5} representing respectively, the time-transla-
tion and three-spatial translations. The charge integral

1
Q. = re /C Vi &2z (owy — woy)r?, (5.23)

on p = constant spherical surface C for time-translation w = /1 + p? gives M.
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H+

Figure 2. Horizon H™ intersecting the timelike infinity hyperboloid H. In the limit 7 — oo the
intersection shrinks to a point.

6 Some final remarks

In the previous section we saw that for the Schwarzschild solution the fields o and h((lt) =
—2Uh((z(;) are singular at p = 0. The singularity is such that the charge integral is finite
even on a p = € surface C'. Thus, for the region r > 2GM of the Schwarzschild solution,
timelike infinity is the hyperboloid H minus the origin. This indicates that for a system
composed of individually bound systems, gravitationally unbound relative to each other,
timelike infinity for the spacetime region describing outside the world-tubes of these system
can be taken to be H minus one point each for the individually bound system. These points
act as sources for the charge integrals.

For simplicity we focus on only one bound system, represented as a black hole, and
take the horizon to intersect the timelike infinity hyperboloid H at the origin p = 0. We
excise the point p = 0: i* = H\{p = 0}. The horizon is a blow up of the point p = 0 as
schematically shown in figure 2. Having excised the point p = 0, the fields are all smooth
at timelike infinity. The considerations of section 4 can be carried over. The first variation
of the Iyer-Wald charges at timelike infinity vanishes

5Qe(iM) =0. (6.1)

This is schematically shown in figure 3.

Let us comment on the general form of the solutions for w, ¢ and relate it to the
Green’s function discussion of [53]. The supertranslation function w and the field o both
satisfy the equation (O — 3)f = 0. Expanding in spherical harmonics, we have

0 l

=0 m=-—1

The equation for functions f;(p) admits two classes of solutions. The first set takes the form,

[
(1) P [—1 3+1 3 2)
=P g (L2 2 g _
fl (p) Cl2 1( 2 ) 2 a2+7 Y ) (63)
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Figure 3. For a black hole formed by gravitational collapse, components of the boundary are J
Jt, HT and the points at infinity ¢, i, and ¢t. Since the first variation of global charges is
invariant under local deformations of the Cauchy surface ¥, one can deform ¥ to J* U it U HT
in the far future. Then, 6Q¢(X) = 0Qe (T ) + Qe (i) + dQ¢ (H™). With our boundary conditions
5Qc (i) = 0.

. . . r(+2 . .
where o F is the standard hypergeometric function where ¢; = I‘(2+(l)+F2()3+l) is a convenient
2 2

normalisation. In the p — 0 limit these solutions go as fl(l) (p) ~ % pl. In the p — oo limit

they behave as fl(l) (p) ~ p. These functions correspond to supertranslations:
0 l D
W(p0.0) =" D amfy” (p)Yim (9. ). (6.4)
=0 m=-1

This can be seen as follows. For Minkowski space, in outgoing coordinates (u,r,6,p) =
(t —r,r0,p), the time-translation takes the form,

2
au:at:%87+%a _ S0, VIR, (6.5)
T

In the 7 — oo limit and then p — oo limit, 8, ~ pd;. Thus the expected behaviour
of f(0,¢)0, is indeed the one captured by the supertranslations eq. (2.8)-eq. (2.9) with
w(p, 0, ) given in eq. (6.4). A general null infinity supertranslation f(6, ¢)d, correspond to

) l

f(9> Sp)au = Z Z Clm}/lm(ev 90)8u (6'6)

=0 m=—1
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This construction, from the function f(6,¢) to w(p, 8, ) via eq. (6.4), is the same as the
Green’s function construction of reference [53].7
The second independent set of solutions for the functions f;(p) takes the form
(D) y _ ~1-1 l L1, 5
fl (p)_p 2 Fy _1+§a1_§a§_l7_p : (67)

1

In the p — 0 limit these solutions go as fl(H) (p) ~ p~!=1. Explicitly first few of these

functions are

§00) =7+ 2p (6.8)
() = p72(1 = 20%)\/1 + 2, (6.9)
) = p3, (6.10)

etc. For [ > 2, in the p — oo limit they behave as fl(H) (p) ~ const. p~3. Our o for the
Schwarzschild solution matches with fO(H) (p). Motivated by the corresponding discussion
at spatial infinity, it is natural to speculate that the most general o consists of the linear
sum of the functions fl(H) (P)Yim (0, )

[e'S) l

a(p0,0) =33 dim £ (0)Yim (60, ). (6.11)

=0 m=—1

Note that such a o is singular at p = 0.

7 Conclusions

In this paper, we have initiated the study of supertranslations at timelike infinity. Largely
developing on the previous works at spatial infinity, we have proposed a definition of
asymptotic flatness at timelike infinity in four spacetime dimensions. We presented a
thorough study of the asymptotic equations of motion and the action of supertranslations
on asymptotic fields. We showed that the Lee-Wald symplectic form Q(g,d1g,d29) does
not get contributions from the future timelike infinity with our boundary conditions. As a
result, the “future charges” can be computed on any two-dimensional surface surrounding
the sources at timelike infinity. We presented expressions for supertranslation and Lorentz
charges. For general spacetimes we expect

future charges &2F0 Bondi charges at J U700 spatial infinity charges. (7.1)
Whether radiative spacetimes with non-trivial supertranslation charges exist that satisfy
this hierarchy is open to argument [9].

Our work offers several opportunities for future research. We list a few directions.

It is very much desirable to understand the relation between timelike infinity and null
infinity. We expect our charge expressions can be matched with appropriate expressions
for supertranslation and Lorentz charges at jf (the future endpoint of the future null
infinity) following [23, 26].

7A proof can be explicitly written using the addition theorem of spherical harmonics.
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Can our boundary conditions we used to give a prescription for relating supertransla-
tions at future null infinity to supertranslations at the horizon, thereby making the general
idea mentioned in section 7 of [38] more precise? Note that this viewpoint differs from that
of [36] where global Bondi coordinates were used to link generators at the past null infinity
J~ and the future horizon HT.

Finally, there are other classes of transformations, e.g., logarithmic translations, su-
perrotations, more general spi-supertranslations etc. that we have not considered in this
work. Omne would like to understand their action/role at timelike infinity. For much of
our non-linear analysis we used the boundary condition k£ = 0. Is it desirable to relax this
condition?

We hope to return to some of these problems in our future work.
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A Asymptotic form of the metric

We begin by considering a general class of spacetimes admitting an expansion at timelike
infinity of the form

N AN !
G = 1y + 34 <>n+ (A1)
— T)T
where
2 = —Nwatx”, (A.2)

and where x* are a set of Cartesian coordinates on flat spacetime at infinity. This class
of the spacetimes can be put in a more convenient form as in eq. (2.5)-eq. (2.7). In this
appendix we do so explicitly, following Beig and Schmidt [41]. The form eq. (2.5)—eq. (2.7)
is our starting point for defining asymptotically flat spacetimes at timelike infinity.

The ten functions in 6,(3,) at any given order n are functions of the dimensionless
coordinate (z?/7). To avoid cumbersome notation, henceforth in all the expressions we
shall simply write 6;(3,) without mentioning its dependence on (z7/7).

Instead of the Cartesian coordinates z*, it is more convenient to use (7, ¢*) as a new
set of coordinates, with 7 defined in eq. (A.2) and ¢* are coordinates on hyperboloid #.

For any set of ¢ we define functions w*(¢®), such that,
s
wi(g) = 2. (A.3)

T
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Using this relation we get,
dxt = whdr + 7(0w")de®. (A.4)
Inserting the above equation in eq. (A.1) we obtain the following expression for the line

element,

dz"dz”

ds®> = gudzrtdx” = |1 + Z K("

Nuw + Z E(” —+ o | (WdT + T(Oaw!)de?) (w”dT + T(@bw”)dqﬁb)

= | + Z g/(ﬁ/)
n=1

X {w“w”de + TW" (Oqw")dpdT 4+ Tw! (Oqw” )dodr + T (Oaw")@bw”)dd)“dqﬁb}

14 - n 14 1
- l_nuuwﬂw - Z Efw)wﬂw n + - ] dr?

n=1
+ 27 [nww“(aaw”) + ngl f&?w”(@aw”)% + .- ] drdo®

do®de®. (A.5)

n 1
+ 72 [mw(aa ) (Opw”) +Ze<> Dat) (") = +

Using nuwtw” = —1 and n,w”(0,w") = (1/2)0,(w,w*) = 0, along with the following

definitions,

5" (¢%) = Lt (A.6)
A (6°) = €0 wh(0,w") (A7)
B () = €0 (9a") (Op”) (A8)
() = 1 (as?) (0" (A.9)
the asymptotic form of the line element at timelike infinity takes the form,
5(M) (e m A(”) c
ds? = — ll + Z ? ((b ) + O ( _m_l) dr® + 271 Z # + 0 (T_m_lﬂ drdo®
n=1 ™ n=1 T
0, ¥ “;)w ) 1 )
e + 20 & +0 (T*m’ ) dg*de”, (A.10)
n=1

l f: o ¢C (Tml)l 2 dr? + 21 [i A(({:(lgbc) +0 (Tmlﬂ drde”

n=1 n=1

(™) (4
(0) + Z hab ) ( —m—l)] de®de® . (A.11)

Here, ¢(™(¢°) are functions of 5™ (¢°), e.g., o) = (5(1) /2).
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Next we show that there exist a coordinate transformation that brings the metric in
eq. (A.11) to a form where,

o™ (¢%) =0, forn>2, (A.12)
A (¢°) =0, forn > 1. (A.13)

We achieve this order by order. At first order, we take

o — g0 G(”i@b), (A14)
T="7. (A.15)
This yields,
do® = do® — Gmadw L (abG )d¢b (A.16)
and _
o™ (¢%) = o™ (6) + G(l);((bb)aaa(n) +0(7 7). (A.17)

In these new coordinates, line element eq. (A.11) takes the form (keeping track of all the
first order terms),

(1) ( 4c D) 7e
. [HZUT@’M@(%?)} a7 1 o7 | A2 (%) ﬁ’ ) +o(-2)] d7dg
[0, ey (69) N © 2 (69) G o
+7 hab+%+0(7 )| do®de® — hy, + ‘1% +0(r7?) —5—drde
0, ha (9°) i
+277 | B+ =L 4 0 (72) ;(a G dgedg®
W (ge _ i
_— [ 42 ) %(‘é ) +(9(r—2)} a7 +2[AD(6°) ~ h{) GV 1 0 (77)| drdg”
h(l) e 2 -
+72 R 4~ == %(“b i =h) (0.60°) +0 (7—2)] dg dg’ . (A.18)
Thus setting,
AL =pfamr, (A.19)

the line element takes the requisite form at the first order in the inverse powers of 7.

Keeping track of the second order terms, we have

() (g @ @) 4o
ds? = — |14 2 | (@) 20 Yo (7—3)] dr* +2r [A“ ) 4o (7—3)] drde*
T T T
o p@(ge
o2 4t (¢ )y abT(f e (7—3)] d"de”. (A.20)
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The following coordinate transformation,

F2)(ge
T=T+ 7_(¢ ), (A.21)
T
9" = ¢, (A.22)
yields
® 12 4 945(2) @) 2 _ 9, F@
ds? = — {1 4200, ) 220 - 22 +O (%3)} d7% + 27 [A“ _?“F +0 (%3)} drde°
T T T
(1) (2) (2)
2,0 hap | hay | 27 (0) ~—3 b
+T7 |:h’ab+7_+7_2+ 7,_2 hab+0(7— ) d¢d¢
(A.23)
Thus, no (1/7) term has been generated in the coefficient of the d7d¢® term and hence the
condition Agl) = 0 continues to hold. Furthermore, if we choose,
2F?) =253 (A.24)

then the (1/72) term in the coefficient of the d7? in the metric can be set to (')2. Thus
the modified metric has only [(c!)?/72] term in the coefficient of the d72 and no (1/7) term
in the coefficient of the d7d¢p®. We can now use,
o, GPU

+ — = (A.25)

: (A.26)

Il
-

¢(l

|
nll

T

and choose the function G®%(¢%), such that AP ROab — G and hence the (1/72) term
in the coefficient of the d7d¢® can be made to vanishes. Next, setting
F(S) c
rory T (A.27)
we can eliminate (1/73) term in the coefficient of the d72.

Proceeding in an identical manner, we can eliminate all terms in the coefficient of
drd¢® and all terms beyond 72 in the coefficient of d72. Thus, metric eq. (A.11) can be
reduced to the one satisfying conditions eq. (A.12)—eq. (A.13). Thereby, we arrive at our
final form eq. (2.5)—eq. (2.7).

B Action of supertranslation on asymptotic fields

We apply the following transformation,

o . 1
T:%_w(d)a)_i_TF(2)(¢a)+O<T2) 7 (B.1)
a a 1 a ~c 1 a/c 1

6 = ¢ + —hO%9yu(¢°) + 5GP 4(¢°) + O (73) . (B.2)
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We obtain,

dr = {1 _lre o (})} a7 + {—aaw +10,F® 10 <_1)] do® (B.3)
72 73 T 72
do® = [5“ +1a, (h<0>ababw) L1 (aCG@)a) e (1>} d°
L (nowg 26y o(L)]ar B.4
The following relations are also obtained,
_ 1 1
o(¢") = 0(¢") + ZhO0ywdso + O (72> : (B.5)

- 1
hig (6°) = by (%) + Zh 00,0 (2chy))
1 c 0 1 c 0 1
+ [G@) (2n%)) + 5 (RO g,0) (RO5,0) acadhgb)] +O (Tg) , (B.6)
Moy — W 7ey o Ly (0)ed (1) (1)
By (6%) = hly) (6°) + =hO 0 (9n)) +0 =3k (B.7)

Inserting these expressions in the full metric we can read the changes in the first order
fields,

oc—0 (B.8)
hyy = By = 2whly) + RO (9.h5)) + B0 (KOP10,0) + A0, (ROP0,w)
(B.9)

This last expression can be more conveniently written as,

) — 1l + 2D, Dy — 20nY). (B.10)

a a

In order to preserve the original form of the metric, we must choose,
1
F® = 5w + BO%900,0 — 5th3 (h0w) (RO o), (B.11)

2G2) = —9,F® 4 250,0 — (Oyw) Oa (h<0>bpapw) + 2w0aw — h}) 0w — BPwd w (8ch(0)) .

a

(B.12)

(2)

This results in the transformation for A’ as

B = B — DawDyw + [~whly) + DwDehl) + 20Dy D] + (2@ + w?) 1Y)
+2D,GYY — 4w Dy Dyw + DyDw DyDew + 2D, D°w Dw L))

b) b)ed
¢, © . pOpp©  _ pOpp©
+ Dw Dhw (DL + T T, = Tl Ty Y (B.13)

where we have used the following notation

0) ._ 0 0)i(0) 0)i(0) 0)i1~(0)
Dcrj(iq)r = acrz()q)r - Ft(:p) Fiqr - ng) Fpir - F((:r) qui ’

(B.14)
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and the following results

Ty + Digp = Obhy). (B.15)
P+ Len = Dl (B.16)
Opw 0, h O 4 102,000 = D, Dw — Dl T [, (B.17)

Next we simplify eq. (B.13). Defining ¢, = D,¢, for any scalar function ¢, we obtain,

(5whg? = — wowp — wkap + Qthg,))) + WD kap + wi kae + wg ke — QUcwch,(l?,) — dowap
+ (200 + 2we0® — e + ) Ay — oy + whwne + wfw iy + Wi T,

1
~ 5 (DaDy + DyD) FO 4,0 4 20wap + 0pwa

1 1 1 1
— §wc (Dg kpe) + oawp — ikbcwg + 20Wap — iwc (Dp kge) + opwa — 3 kacwy

1
— WacWh — JWe (DoDy + DpDy) w + 2wawp + 2wwgep
1 (0) 0 (0) 0
- §wpwq (DaI‘bpq + DbI‘((Ip)q> —wawil'y ) — wquf‘((lp)q

_ F(O) p F(O)

(0) p 1r(0)
d + ch 'T ba)p (ac b)dp

+ W (DCF(S) (

o ). (B.18)

We further obtain,

(DaDy + DyDy) F) = 2040 + 2wa0p + 204wy + 20wap
+ we (DoDy + DyDy) € + 20cqwp + 200wy + 0c (Do Dy + Dy Dy) w°
— Waewp — Wpews — We (D Dy + DyDy) we. (B.19)

Combining these expressions we obtain,

1 1 1 1
6wh((j)) = —Ww kab + wCDC kﬁab + iwgkac + 5(&12 kbc — §wc (Da kbc) _ 5&.}6 (Db kac)

+ 20wh£) + 0 (W) — OWab — O(aWh) — OcW(gp) 1 (0 > W)

+ Wewp + (—wcwc + w2> h((l%) — 2WWap + WEWhe

S (Durf - Dy - Ty 1)

2
+ (Der) — D + TP — TP ) ). (B.20)

Using
Delgy — Dal'ey = TP Ty + TG T, = Rigl, = —hih) + hihy),  (B21)
Dol — Dolgon + Te) " oy, = Th "L, = iy = —hhy) +hihy), (B:22)
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)

we obtain our final form for 5wh((12 ,
3uh3) = k& Dekun + 10 Ko+ 36 b — 36 (Da ki) — 20 (Dy hac)
+ 20wh§3)) + 0(aWh) — OWab — Tc(aWp) — O (ab) + (0 4> w)
+ w?hl — 20wy + wlwpe. (B.23)
C Expansion of the equations of motion

Given the previous series of coordinate transformations, we arrive at the following form of
the asymptotic metric, near timelike infinity,

ds? = —=N%dr? + hgpdd®dg?, (C.1)
where
N=1+ U(fa), (C2)
hay = 72 [BQ(6%) + 20 (67) + =12 (6%) + O <1>} . (C.3)
ab = T \Nap ' tab L2 ab 73
The future directed unit normal vector to a 7 = constant surface is,
n, =—NV,T, nt = %54‘ (C4)

The induced metric on 7 = constant hypersurface is hgp, while the inverse spatial metric
has the following expansion,

a 1 a 1 a 1 al a C 1
hab = ﬁh@) b_ ﬁh(l) b_ = (h@) b pMap ) b) +0 (75) . (C.5)

For any spatial tensor Té;:) at order n in the expansion, we raise and lower indices with
hg,))), for example, .
b 0 0)bd
Tmab — p(Oacp Obdp i), (C.6)
For a general spatial tensor T, we have T% = hehpbIT, ;.
The extrinsic curvature Kg,. The extrinsic curvature of 7 = constant hypersurface
takes the form,

1 o (Lao_ o) 1 20 _ 7,0 1
Kab = 27N87—hab = Thab + (2hab — Jhab + ; g hab — §hab + O ﬁ . (C?)

Upon raising one and two indices respectively we have

1y 1 (1 (a
K = hKogy = =6 + — (—thl) - aég)
T

72
L[ 250, Oy(Ma 3 @a 1) @apy (1) 1
+ ﬁ o 5b + §hb — hb + §h ph’pb + O ﬁ (C8)
Kab — haCKg — %h(())ab + % <—2h(1)ab o O,h(O)ab>

1 3 1
el <_2h<2>ab + 2 Wer (00 1 37 b Uth;)) L0 (TG> . (C9)
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The trace of the extrinsic curvature becomes,

K=akp=20 2 (210 35) 4 L (3024 Tp0 — 5@ 1 Lyerp ) L o (1)
73 2 2 a 74

T T2 2

(C.10)

Asymptotic expansion of intrinsic geometry. For any perturbed symmetric, spatial
tensor S(Sb), we note the following identity

~0u55) + 0SS + 8:55y) = —DaSyy + DySTY + DSy + 20(0PS ),

(C.11)

(0)

where D denotes covariant derivative compatible with A " on H. Using the above identity,
the asymptotic expansion of the Christoffel symbol takes the form,

[pe = %had (—Oahpe + Ophac + Ochyq) (C.12)
= T+ T+ ST+ 0 (). (C.13)
where
e — _pMap0d %M o (—Dyhy) + Dyhly) + Dehyy) + 20070 (C.14)
" == (nP" = A7) P + 1h<0>ad (~Dahi) + Dohy) + Dehiy) +2007h %))
%M o (—Dyhyy) + Dyhly) + Dehiy) + 203 hiY)) (C.15)

Here, Fl()g)a is the non-tensorial Christoffel symbol associated with the zeroth order spatial

metric hgl),). The other expansion coeflicients are tensors and have the following simplified

expressions,
ribe — % (-D"hyy) + Dyh(D® + DY) (C.16)
ride = % (-Dhy? + Dyh P + DehD*) — %h(l)“d (~Dahiy) + Dohiy) + Dehiy)) -
(C.17)
The three-dimensional Ricci tensor takes the form,
Rap = 0Ly, — Ol + Ty Ty — Tl
=R\ + R< >+ —RY >+0(713>. (C.18)
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Here, R((l%) is the Ricci tensor associated with the spatial metric hg%), while the other two

expansion coefficients are,

1 c
5 (DDl + DD — DD hy) = DDAY) (C.19)

RE) = L (DD + DDWE — DN — DDA

D)~ 10 [0 (<) + Dirgy + D))

1
1 (1)cd (
+ =Dy (h D.h 5

2 Ci

1 c
+ 7D (=D%hiy) + Dy + Dby )
1 ) 1 1
— {Dahg “DohD 4 S Dol — SDh Dy (C.20)

These expressions will be used extensively in what follows.

The Hamiltonian constraint. The Hamiltonian constraint takes the form,

1
H=—0.K+ Ku3K» — Nh“bDanN =0, (C.21)

1
N
where D, is the covariant derivative compatible with h.. Expanding out each of these
terms we obtain,

H = HT(QO) + T;) - fi(f) +0 <Tl5) : (C.22)
where
HO =, (C.23)
HY = (~0+3)0 =0, (C.24)
H® = b 907 — TR0 — Zon® 4 hOD, D0 4 oo + KOPTE Do = 0.

(C.25)

Using, ko = hg? + 2ah((1%), cf. eq. (2.15), the second order coefficient can be simplified,
yielding,

1
H® = 2 1242 - Zk“bkab + kD, Dyo + D.oDCo
1 1
+ iak —o(@-3)0— §DCO' (D°k) + D.oD k. (C.26)

Now upon using our boundary condition £ = 0 and lower order equations of motion it
simplifies to

H®? =p® — 1262 — ik“bkab + k"D, Dyo + D.o Do = 0. (C.27)
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The momentum constraint. The momentum constraint H, = 0 takes the form,

H, = DyK’ — D,K = 0. (C.28)
This can be expanded as,
Lyo Ly 1o
Ho=—-H,’ +—SH,’ +5H,” +... (C.29)
T T T
where
H® =0 (C.30)
1
1 — = b 1.5b
HY = — Dy (kb — ko}) (C.31)
HO — —Dh@ 4 Ly )+ Tk (Dok™) — 3y (Do) - Lee (D) + % (Dok)
a a 9 P 2 P 2 a 4 2
+ D, [h@) — gkb%bc + ok — 402] : (C.32)
Using second order Hamiltonian constraint H® = 0 and boundary condition k = 0,

together with first order equations of motion, we get

1 1
H? = —Dypb 4 kap (Dykpa) + Da <—8k”%bc + 802 — kD, Dyo — DCO‘DCO’) =0.
(C.33)

Asymptotic expansion of the evolution equation. The evolution equation of the
spatial metric hgp takes the following form,

1 1
Hyp :=Rap + N&Kab — QKMKg + KKg — NDanN =0. (0.34)

Expanding in powers of % we have,

Ho=HY + THY + 5D+ (C.35)
where
HY =R 4200 — o, (C.36)
HY = —% (O +3) kap = 0, (C.37)
H? = —% (@+2)n%) 4 TGP 7o) L 7o) — o, (C.38)
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and where the non-linear terms are

T4 = 5 | (PehataDy ) = 5Pk Dubcs + (Do) (Dek) = (D7Has) (Dhc)

_ kclz)kpb + Led (Dchkab — Dcp(akb)d)] , (0.39)
(ko) _ 1 ed ¢
Tp" =3 [—Dapb (k: Dcha) 1 4D (—Dckab + D(akb)c) — doky,
+ (—2h%y KD Dao + 4k“hY) Dy Deo )|, (C.40)

1
Ty = 5 [DaDy (507 = DeoDeo ) + gy (180 + 4D 0 Do) + 40Dy Dyo],  (C41)

where we have used the boundary condition k = 0 and the first order equations of motion.

D A consistency check

In this appendix we perform a non-trivial consistency check on our asymptotic equations
of motion and expression eq. (B.23) for 5wh£3,)- We consider doing a supertranslation on
flat spacetime. Thus to begin with we have (for flat spacetime)

o=0, nY) =0, n2—o. (D.1)

We note that ¢ = 0 does not change under supertranslations. Thus for the supertranslated
spacetime too o = 0 and from eq. (B.10) it follows that

h) = 6,00 =k = —2wh() 1 2wy, (D.2)
From eq. (B.23) it follows that
h(%) = wzh((l%) — 2WwWep + WeWpe- (D.3)

a

We check that expression eq. (D.2) for k4, and eq. (D.3) for hg%) are consistent with second
order equations of motion.
Recall that Ow = 3w, and also we note the following useful relation,

Owa = DyDPDow = DyDyDPw = [Dy, Do) DPw + Dyw
= R Dy + 3, = —2h{ 0w + 3w, = wq . (D.4)

chba
Hamiltonian constraint. The Hamiltonian constraint eq. (C.27) becomes,
h? = ikabk“b. (D.5)
Given expression eq. (D.2) for kq,, we have
ikabk“b = 3w? — 2w + wepw® = —3w? + wepw®, (D.6)
which matches with the trace of eq. (D.3), viz.,

h? = 3w? — 200w + wwe = —3w? + WPwyy. (D.7)
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Momentum constraint. The momentum constraint presented in eq. (C.33) becomes,
DR = %kbp Dykipa — %kbc Dok (D.8)
On the one hand, the right hand side of eq. (D.8) is
%kbp Dylipa — %kbc Dakipe = — 2wy’ + w*DyDewq + Bwwy — w R 0
= —wawg + WDy Dow, + 3wwy — w (—hg%) hl()?l) + hl(,g) h((l(zl)) w?
= —wbwg + WDy Do, (D.9)
On the other hand, the divergence of eq. (D.3) yields for the left hand side of eq. (D.8)
Dbh((j?) = (thSI))) — 2wwap + wgwcb)
= 2w, — 2wlwep — 2wlw, + wad’wcb + wiOw,
= —wlwgp + w0 LW, (D.10)

which matches with eq. (D.9).

Evolution equation. The evolution equation as presented in eq. (C.38) is decomposed
into several terms,

1 1
(O+2)hG) = 5 | DekaaDy k4 Dekly) Do k™ | 2 Do kD kg
ab T g | ZeldaZb® T Zerdb Ta® ) o
Term 1 Term 2 Terrm 3
c dy c d P
+ (D° kaa) (Dekf) = (D° kaa) (D kue) = k8 ke
——
Term 4 Term 5 Term 6
cd 1 cd 1 cd
+ | K'DeDakay | = | 5 KDeDa kg +5 kDeDykag | - (D11)
Term 7 Term 8 Term 9

We first evaluate the right hand side using eq. (D.2) and then evaluate the left hand side
using eq. (D.3) and show the match.

We obtain the following expression for various terms on the right hand side. For
“Term 1” we have,

%Dc kaoDpk® = 2D, <7wh((i?l) + wda> Dy (fwh(o)‘:d + de)
= —20°[Dy, Delwa — 20 Wabe + 2Wade[ Dy, D)w? + 2wagew,™
= 21} (wetw®) — 40 Wape + 2Wagotwy™ | (D.12)
while “Term 2” follows from interchange of (a,b) in “Term 1”. For “Term 3” we have,
éDadeDb kea = 2Dq (—wh® 1+ w*!) D, (—wh) + wea)
= —6wywp + 2 {[Da, Dc}wd + wadc} {[Ds, DcJwq + wrdc }

= 2wcwch((l%) — 4wCwape + 2wadcwbdc ) (D.13)
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For “Term 4” we have,

(D kaa) (Dekf)) = 4D° (—whly) + waa) D) (—wdf + wy?)

= 4wcwch$}) — 8w wype + 4wadcwbdc. (D.14)
For “Term 5” we have,

(D kaa) (D Fipe) =4D° (—whfj} n wad) D (_whg? + wbc>

=4wawp — 4w [Dp, De|wyq — 8w wape — 4w Dy, De]wp + 4[De, Dd}wawbc‘i + 4wacdwb‘:d

= —4wqwp + 8wewCh 0 _ 120 Wape + AWaeaw; ™ + 4w Whea
ab b

= —4w,wp + 8wcwch((l%) — 8w wape + 4wacdwbc‘i +4w[Dy, De]ws

:4wcwché%) — 8w Wape + AwWgeaw,”d . (D.15)
For “Term 6” we have,

EE kpy = 4 (—wd? + wh) (—whz(;;) + wpb)

= 40?09 — 8wway + 40wy . (D.16)

For “Term 7” we have,

kD, Dy kyy = 4 (—wh(O)Cd 4 de> D, Dy (_whg? + wab)

= 12w2h(%) — 4w6dwcdh(%) — 4w0wgp + 40 Wapde , (D.17)

a Qa

and finally for “Term 8” we have,

%k“l D, D hipa = 2 (~wh @ 4 w*) D, Dy (—whiy) +wia)

= 2WWap — 2Waewj — 2wh0)edp, {[Da, Dglwp } — 20w0wgp + 20 Wpade + 20D, {[Da, Dg)ws}
= 6w2h((1%) — 2w0wap + 2w wpage — 2wcdw0dh$)) )

(D.18)
“Term 9” is obtained by interchanging (a,b) in “Term 8”. Collecting all these expressions

we get,
(O+2) hﬁ) = —4w2hgz) + Swwgp + 2h((l%) (wew®) — dwewey — 4w wape + 2wadcwbdc . (D.19)

On the other hand, using expression eq. (D.3) for h((ﬁ)) we obtain,

(O+2) hﬁ) = 2w2h((l%) — dwwep + 2wWiwey + hgl),)DC Dw? — 2D° D, (wwap) + DD, (wgwdb)

= 8w2hg%) — 10wwqgp + 2h£) (wew€) + 2wiwep — 4w wWape + 2wacdwb0d
+ wepw; + wiOwep — 2wlwgp - (D.20)
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We now have the following identity,

Owgp = D°D. D, Dypw
= D° (Rj)) ") + De Do Dy

= (=B2nQ + B BQ) W + [De, D] Dy’ + Dy De Dy
= —wap + B0w + RO P 4+ ROW + D, [D,, Dy)w’ + Dy Dy O

bpca a
= —wgp + 3Wh¢(z(z]7) + (—hl(fc)) h;?l) + hl(,g) hé%)) WP — 2wap + R;%)wg + 3wap
— 3w + 6wh'Y . (D.21)

Thus we obtain,

(O+2) b2 = 802 — 10wwap + 21 (wew®) + 2wSwes — 4w Wape + 2wacawr™

+ wep (—3wg + 6wd) + wy (—Bch + 6wh£2)> — 2w (—Swab + Gwhg%))

= — 4w2h((l%) + Swwgp + 2h((l%) (wew®) — dwewey — 4w wape + 2wacdwlfd , (D.22)

which matches with eq. (D.19). A similar calculation at spatial infinity was done in [47].

E Expansion of the Weyl tensor

In four spacetime dimensions, the Weyl tensor expressed in terms of the Riemann tensor,
Ricci tensor and Ricci scalar takes the form,

1 R
Waﬁuu = Ra,@uu - 5 (ga,uR,Bu + Raugﬁu - gauRﬁu - Ral/.gﬁu) + g (ga,ugﬁu - gaugﬁu) .
(E.1)

Let (7, ) be the four-dimensional spacetime coordinates associated to the 3+1 split. Then,
for a general set of spacetime coordinates x# = z#(7, %) we define

oxH

I’

el = (E.2)

The vectors e with {a = 1,2,3} are tangent to the 7 = constant hypersurface. The
projected electric part of the Weyl tensor on 7 = constant hypersurface is defined as,

Eop = WagueSnPeyn”. (E.3)
For vacuum spacetimes, with R,z = 0 = R, it simplifies to,
Eap = Raguein’eln’ = — £, Ko + Koo K{ + N"'DyDyN (E.4)

where £, is the Lie-derivative with respect to the unit normal eq. (C.4). We have used
the fact that 7 = constant surface is spacelike.

~ 34—



The projected magnetic part of the Weyl tensor is defined as,

By, = = (eagngp” W) egnﬂe’;n”

6
€gnﬁ Ea,@pa) gp'yga W'y&uuegnu

gn'geagpa) (k"7 4+ enn7) (h”5 + en”n‘s) Wsuwepn”

)
Q0

NI~ NI~ N~ N

/_\/f?/\

W eapor) (HBT Woseln) . (E.5)

For vacuum spacetimes,

(eg‘nﬁeaﬁpa) (h’”h"‘SRM;Wefn”) = —leacd (DCK,‘f — DdK§> = —eacchKg.

Bab = 9
(E.6)

DN |

Note that we have used the result, €,q5,n" = eabcege%ez, where €4, is the three-dimensional
Levi-Civita tensor. In what follows we will expand both the electric and magnetic parts of
the Weyl tensor.

Expansion of the electric part of the Weyl tensor. Given the expansions for the
extrinsic curvature components and the lapse function N in powers of 1/7, we can obtain
the expansion of the electric part of the Weyl tensor. A calculation gives,

1 _a 1

where the zeroth order expansion coeflicient identically vanishes and the first order expan-
sion coefficient is,

Ey) = —ohly) +DDyo, (E.8)
while the second order expansion coefficient is,
1 c
By = 30y — by + WPk — 0D Dyo TG D — Thyy)
1
= — iy + 50y + Kk — okap %kab — 0D Dyo
1
— 5 (=D kap + Dk, + Dyk§) Deo + 2Da0Dyo - 9D,  (E.9)

For the first order term, we have the following properties,

E{g? = Eéi), (symmetric) (E.10)
EWM* = 30 + 0o =0, (traceless) (E.11)
DyEMY = 0. (divergence-free) . (E.12)
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We consider the following combination at the second order

E? —6EY = — b 46521 — 26D, Dyo + 2D,0Dyo — B\ Do Do

1 1 3
— 5 (=D°kap + Dok + Dykg) Deo + Rk — gkab (E.13)

For kab = 0,
EY —6EY) = —h® 1+ 6621 — 20D, Dyo + 2D,0Dyo — h) Do D0, (E.14)

is also symmetric, traceless, and divergence free upon using second order equations of

(2)

motion. The trace and divergence equations for h, can equivalently be thought of as

tracefree and divergence free conditions for Eﬁ) — O'E((lll)).

Expansion of the magnetic part of the Weyl tensor. We now compute the expan-
sion of the magnetic part of the Weyl tensor starting from eq. (E.6),

1
Bab == _GacdhcmDng = *B(})) + B(Q) Tt (E15)
T

a

The first order expansion coefficient is,

BY — ( D) +5gpca>

€acd
= 0[5 (1~ 2088) + 51000 | = 50, (D°3). (E.16)

while the second order expansion coefficient is,

B2 - eggd{ [ — 2607 (6] = Lk, + 085 Dk + LnOmryaey

1
2h(0)cm1“7(n?,pkg <;kg> _pe <2kdp kpb) 4 e (ngg) } (E.17)

where, we have used the result, h(l)dphﬁ)) = (k% — 20h0P) (K, — ZUhS;))) = kP kyy —
4013? +4025§l. These expressions become much simpler for k., = 0, in which case, we have,

BY —o, (E.18)
BY) = oy D° (P! = 2500%) . (E.19)
Bl(ﬁ)) in eq. (E.19) is symmetric,
€acd
(dbah — ahor) D° (b - 2610?)
(Dbhff ") +4(D'o?) - DP (h®)

D" (80 = D,oD°0) +4(Do?) = D" (120 = DooDe0) =0,  (E.21)

eOatr gl) — Orabre()) pe (n2 — 2510) (E.20)

— 36 —



where we have used the second order equations of motion. Bg) is traceless,
BE® = ) D (2 — 2p0dg2) — o, (E.22)
furthermore Bc(j) is divergence-free,
DaBlS2)a _ 6(O)aCd D, {/Dc (hl()? _ th(z(c)l)oj)}
ac 2 0

— i, [, (12 — 2100?)]

_ L oac (2) _ 97 (0)_(0)acd 2

= 26 [D,, Dc]hbd 2Ny € D,D.o

1
— ,E(O)acd (Rbpach((iz)p + deachl(,2)p)

2
L (0)acd ), (0 ), (0)) 12 (0); (0 0),(0) 7(2)
= 3¢ (=S ng2 + B ) BEP 4 (=R R + R ) BP] = 0,

(E.23)

The trace and divergence equations for h((i) can equivalently be thought of as tracefree and

divergence free conditions for B((li).

Evolution of the electric and magnetic parts of the Weyl tensor. Here we describe
the evolution equation for the electric and magnetic parts of the Weyl tensor. It will be
advantageous to define,

curl Ty, = €O DeTE . (E.24)

acd

It follows that,
curl (curl Typ) = Eg?d De (E(O)dpq Dqub)
= 6512)06(0)@[1 DD, Ty, = (6787 — 5967) DD, Ty
= DD, Ty, — O Ty,
= [D°, Do) T + Dy (D°T) — OB T,
= RO me 74+ RO M T 4D, (DT,) — 0T,
= 2T + (0507 + B HO™) Ty + D (D) — OOIT,

= — (O+3) Typ + Dy (D°Ty) + W OTE . (E.25)
Thus, if the tensor T is traceless and divergence free, the above expression yields,
curl (curl Tpp) = — (O +3) Ty - (E.26)

(1

Since the combination (El(j) —oF aé ) and Bg,) are both traceless and divergence free, both

of them satisfy the above identity. A calculation then shows that

ol (EY) — 0By} = =B — 469 2 (Do) By . (E.27)
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On the other hand,

curl Bc(i) = e(o)aCchBéi)
= 0 cdp, {egz]))q DP <h§2)q - 25?02)}
= -2 1 60°0 — 19 (D oD 0) + 2D,0Dyo — 20D, Dyor

=B —oEY. (E.28)

As a result, the evolution equation in terms of the electric part of the Weyl tensor takes
the form

(O+2) (BES - oBY)) = 4 curl [ (Do) By (E.29)

and equivalently in terms of the magnetic part of the Weyl tensor takes the form

(0+2) BY) = 4¢ly), B} Do (E.30)
Eq. (C.38) can equivalently be thought of as eq. (E.29) or eq. (E.30). In terms of the
electric and magnetic parts of the Weyl tensor, the second order equations take much
simpler forms. The above analysis is inspired by the corresponding results at spacelike

infinity [45, 48, 49].
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] H. Bondi, M.G.J. van der Burg and A.W.K. Metzner, Gravitational waves in general
relativity. 7. Waves from axisymmetric isolated systems, Proc. Roy. Soc. Lond. A 269 (1962)
21 [NSPIRE].

[2] R.K. Sachs, Gravitational waves in general relativity. 8. Waves in asymptotically flat
space-times, Proc. Roy. Soc. Lond. A 270 (1962) 103 [INSPIRE].

[3] A. Strominger, On BMS Invariance of Gravitational Scattering, JHEP 07 (2014) 152
[arXiv:1312.2229] [INSPIRE].

[4] T. He, V. Lysov, P. Mitra and A. Strominger, BMS supertranslations and Weinberg’s soft
graviton theorem, JHEP 05 (2015) 151 [arXiv:1401.7026] [INSPIRE].

[5] A. Ashtekar, Geometry and Physics of Null Infinity, arXiv:1409.1800 [INSPIRE].

[6] F. Alessio and G. Esposito, On the structure and applications of the Bondi-Metzner-Sachs
group, Int. J. Geom. Meth. Mod. Phys. 15 (2018) 1830002 [arXiv:1709.05134] [INSPIRE].

[7] T. Médler and J. Winicour, Bondi-Sachs Formalism, Scholarpedia 11 (2016) 33528
[arXiv:1609.01731] [INSPIRE].

[8] A. Strominger, Lectures on the Infrared Structure of Gravity and Gauge Theory,
arXiv:1703.05448 [InSPIRE].

— 38 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1098/rspa.1962.0161
https://doi.org/10.1098/rspa.1962.0161
https://inspirehep.net/search?p=find+J%20%22Proc.Roy.Soc.Lond.%2CA269%2C21%22
https://doi.org/10.1098/rspa.1962.0206
https://inspirehep.net/search?p=find+J%20%22Proc.Roy.Soc.Lond.%2CA270%2C103%22
https://doi.org/10.1007/JHEP07(2014)152
https://arxiv.org/abs/1312.2229
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1312.2229
https://doi.org/10.1007/JHEP05(2015)151
https://arxiv.org/abs/1401.7026
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1401.7026
https://arxiv.org/abs/1409.1800
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1409.1800
https://doi.org/10.1142/S0219887818300027
https://arxiv.org/abs/1709.05134
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1709.05134
https://doi.org/10.4249/scholarpedia.33528
https://arxiv.org/abs/1609.01731
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1609.01731
https://arxiv.org/abs/1703.05448
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1703.05448

[9]

A. Ashtekar, M. Campiglia and A. Laddha, Null infinity, the BMS group and infrared issues,
Gen. Rel. Grav. 50 (2018) 140 [arXiv:1808.07093] [INSPIRE].

P.B. Aneesh, G. Compere, L.P. de Gioia, I. Mol and B. Swidler, Celestial Holography:
Lectures on Asymptotic Symmetries, arXiv:2109.00997 [INSPIRE].

A. Ashtekar and M. Streubel, Symplectic Geometry of Radiative Modes and Conserved
Quantities at Null Infinity, Proc. Roy. Soc. Lond. A 376 (1981) 585 [INSPIRE].

A. Ashtekar, Asymptotic Quantization of the Gravitational Field, Phys. Rev. Lett. 46 (1981)
573 [INSPIRE].

A. Ashtekar, Asymptotic Quantization: Based On 1984 Naples Lectures, in Monographs and
Textbooks in Physical Sciences — Lecture Notes, Bibliopolis, Naples Italy (1987).

G. Barnich and C. Troessaert, Aspects of the BMS/CFT correspondence, JHEP 05 (2010)
062 [arXiv:1001.1541] [INSPIRE].

G. Barnich and C. Troessaert, Supertranslations call for superrotations, PoS CNCFG2010
(2010) 010 [Ann. U. Craiova Phys. 21 (2011) S11] [arXiv:1102.4632] [INSPIRE].

M. Campiglia and A. Laddha, Asymptotic symmetries and subleading soft graviton theorem,
Phys. Rev. D 90 (2014) 124028 [arXiv:1408.2228] [INSPIRE].

N. Gupta, P. Paul and N.V. Suryanarayana, An S/l\g Symmetry of RY3 Gravity,
arXiv:2109.06857 [INSPIRE].

H. Friedrich, Peeling or not peeling — is that the question?, Class. Quant. Grav. 35 (2018)
083001 [arXiv:1709.07709] [nSPIRE].

R.L. Arnowitt, S. Deser and C.W. Misner, The Dynamics of general relativity, Gen. Rel.
Grav. 40 (2008) 1997 [gr-qc/0405109] [INSPIRE].

T. Regge and C. Teitelboim, Role of Surface Integrals in the Hamiltonian Formulation of
General Relativity, Annals Phys. 88 (1974) 286 [INSPIRE].

A. Ashtekar and R.O. Hansen, A unified treatment of null and spatial infinity in general
relativity. I — Universal structure, asymptotic symmetries, and conserved quantities at
spatial infinity, J. Math. Phys. 19 (1978) 1542 [INSPIRE].

A. Ashtekar and J.D. Romano, Spatial infinity as a boundary of space-time, Class. Quant.
Grav. 9 (1992) 1069 [INSPIRE].

C. Troessaert, The BMS4 algebra at spatial infinity, Class. Quant. Grav. 35 (2018) 074003
[arXiv:1704.06223] [NSPIRE].

M. Henneaux and C. Troessaert, BMS Group at Spatial Infinity: the Hamiltonian (ADM)
approach, JHEP 03 (2018) 147 [arXiv:1801.03718] INSPIRE].

M. Henneaux and C. Troessaert, Hamiltonian structure and asymptotic symmetries of the
Einstein-Mazwell system at spatial infinity, JHEP 07 (2018) 171 [arXiv:1805.11288]
[INSPIRE].

K. Prabhu, Conservation of asymptotic charges from past to future null infinity:
Supermomentum in general relativity, JHEP 03 (2019) 148 [arXiv:1902.08200] [INSPIRE].

K. Prabhu and I. Shehzad, Asymptotic symmetries and charges at spatial infinity in general
relativity, Class. Quant. Grav. 37 (2020) 165008 [arXiv:1912.04305] [INSPIRE].

-39 —


https://doi.org/10.1007/s10714-018-2464-3
https://arxiv.org/abs/1808.07093
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1808.07093
https://arxiv.org/abs/2109.00997
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2109.00997
https://doi.org/10.1098/rspa.1981.0109
https://inspirehep.net/search?p=find+J%20%22Proc.Roy.Soc.Lond.%2CA376%2C585%22
https://doi.org/10.1103/PhysRevLett.46.573
https://doi.org/10.1103/PhysRevLett.46.573
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C46%2C573%22
https://doi.org/10.1007/JHEP05(2010)062
https://doi.org/10.1007/JHEP05(2010)062
https://arxiv.org/abs/1001.1541
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1001.1541
https://doi.org/10.22323/1.127.0010
https://doi.org/10.22323/1.127.0010
https://arxiv.org/abs/1102.4632
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1102.4632
https://doi.org/10.1103/PhysRevD.90.124028
https://arxiv.org/abs/1408.2228
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1408.2228
https://arxiv.org/abs/2109.06857
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2109.06857
https://doi.org/10.1088/1361-6382/aaafdb
https://doi.org/10.1088/1361-6382/aaafdb
https://arxiv.org/abs/1709.07709
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1709.07709
https://doi.org/10.1007/s10714-008-0661-1
https://doi.org/10.1007/s10714-008-0661-1
https://arxiv.org/abs/gr-qc/0405109
https://inspirehep.net/search?p=find+EPRINT%2Bgr-qc%2F0405109
https://doi.org/10.1016/0003-4916(74)90404-7
https://inspirehep.net/search?p=find+J%20%22Annals%20Phys.%2C88%2C286%22
https://doi.org/10.1063/1.523863
https://inspirehep.net/search?p=find+J%20%22J.Math.Phys.%2C19%2C1542%22
https://doi.org/10.1088/0264-9381/9/4/019
https://doi.org/10.1088/0264-9381/9/4/019
https://inspirehep.net/search?p=find+J%20%22Class.Quant.Grav.%2C9%2C1069%22
https://doi.org/10.1088/1361-6382/aaae22
https://arxiv.org/abs/1704.06223
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1704.06223
https://doi.org/10.1007/JHEP03(2018)147
https://arxiv.org/abs/1801.03718
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1801.03718
https://doi.org/10.1007/JHEP07(2018)171
https://arxiv.org/abs/1805.11288
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1805.11288
https://doi.org/10.1007/JHEP03(2019)148
https://arxiv.org/abs/1902.08200
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1902.08200
https://doi.org/10.1088/1361-6382/ab954a
https://arxiv.org/abs/1912.04305
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1912.04305

[28] C. Cutler, Properties of spacetimes that are asymptotically flat at timelike infinity, Class.
Quant. Grav. 6 (1989) 1075.

[29] J. Porrill, The structure of timelike infinity for isolated systems, Proc. Roy. Soc. Lond. A
381 (1982) 323.

[30] U. Gen and T. Shiromizu, Timelike infinity and asymptotic symmetry, J. Math. Phys. 39
(1998) 6573 [gr-qc/9709009] [INSPIRE].

[31] M. Campiglia and A. Laddha, Asymptotic symmetries of gravity and soft theorems for
massive particles, JHEP 12 (2015) 094 [arXiv:1509.01406] [INSPIRE].

[32] A.H. Anupam, A. Khairnar and A. Kundu, Generalized BMS algebra at timelike infinity,
Phys. Rev. D 103 (2021) 104030 [arXiv:2005.05209] [INSPIRE].

[33] J.-i. Koga, Asymptotic symmetries on Killing horizons, Phys. Rev. D 64 (2001) 124012
[gr-qc/0107096] [INSPIRE].

[34] L. Donnay, G. Giribet, H.A. Gonzalez and M. Pino, Supertranslations and Superrotations at
the Black Hole Horizon, Phys. Rev. Lett. 116 (2016) 091101 [arXiv:1511.08687] [INSPIRE].

[35] S.W. Hawking, M.J. Perry and A. Strominger, Soft Hair on Black Holes, Phys. Rev. Lett.
116 (2016) 231301 [arXiv:1601.00921] [INSPIRE].

[36] S.W. Hawking, M.J. Perry and A. Strominger, Superrotation Charge and Supertranslation
Hair on Black Holes, JHEP 05 (2017) 161 [arXiv:1611.09175] [INSPIRE].

[37] S. Carlip, Black Hole Entropy from Bondi-Metzner-Sachs Symmetry at the Horizon, Phys.
Rev. Lett. 120 (2018) 101301 [arXiv:1702.04439] [INSPIRE].

[38] V. Chandrasekaran, E.E. Flanagan and K. Prabhu, Symmetries and charges of general
relativity at null boundaries, JHEP 11 (2018) 125 [arXiv:1807.11499] [INSPIRE].

[39] K. Fernandes, D. Ghosh and A. Virmani, Horizon Hair from Inversion Symmetry, Class.
Quant. Grav. 38 (2020) 055006 [arXiv:2008.04365] INSPIRE].

[40] L. Donnay, G. Giribet and F. Rosso, Quantum BMS transformations in conformally flat
space-times and holography, JHEP 12 (2020) 102 [arXiv:2008.05483] [INSPIRE].

[41] R. Beig and B. Schmidt, Finstein’s equations near spatial infinity, Commun. Math. Phys. 87
(1982) 65.

[42] R. Beig, Integration Of Einstein’s Equations Near Spatial Infinity, Proc. Royal Soc. A 1801
(1984) 295.

[43] A. Ashtekar, L. Bombelli and O. Reula, The Covariant Phase Space Of Asymptotically Flat
Gravitational Fields, in Analysis, Geometry and Mechanics: 200 Years After Lagrange,
M. Francaviglia and D. Holm eds., North-Holland, Amsterdam The Netherlands (1991).

[44] A. Ashtekar, J. Engle and D. Sloan, Asymptotics and Hamiltonians in a First order
formalism, Class. Quant. Grav. 25 (2008) 095020 [arXiv:0802.2527] [INSPIRE].

[45] G. Compere, F. Dehouck and A. Virmani, On Asymptotic Flatness and Lorentz Charges,
Class. Quant. Grav. 28 (2011) 145007 [arXiv:1103.4078] INSPIRE].

[46] G. Compere and F. Dehouck, Relaxing the Parity Conditions of Asymptotically Flat Gravity,
Class. Quant. Grav. 28 (2011) 245016 [Erratum ibid. 30 (2013) 039501] [arXiv:1106.4045]
[INSPIRE].

40 —


https://doi.org/10.1088/0264-9381/6/8/009
https://doi.org/10.1088/0264-9381/6/8/009
https://doi.org/10.1098/rspa.1982.0075
https://doi.org/10.1098/rspa.1982.0075
https://doi.org/10.1063/1.532666
https://doi.org/10.1063/1.532666
https://arxiv.org/abs/gr-qc/9709009
https://inspirehep.net/search?p=find+EPRINT%2Bgr-qc%2F9709009
https://doi.org/10.1007/JHEP12(2015)094
https://arxiv.org/abs/1509.01406
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1509.01406
https://doi.org/10.1103/PhysRevD.103.104030
https://arxiv.org/abs/2005.05209
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2005.05209
https://doi.org/10.1103/PhysRevD.64.124012
https://arxiv.org/abs/gr-qc/0107096
https://inspirehep.net/search?p=find+EPRINT%2Bgr-qc%2F0107096
https://doi.org/10.1103/PhysRevLett.116.091101
https://arxiv.org/abs/1511.08687
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1511.08687
https://doi.org/10.1103/PhysRevLett.116.231301
https://doi.org/10.1103/PhysRevLett.116.231301
https://arxiv.org/abs/1601.00921
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1601.00921
https://doi.org/10.1007/JHEP05(2017)161
https://arxiv.org/abs/1611.09175
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1611.09175
https://doi.org/10.1103/PhysRevLett.120.101301
https://doi.org/10.1103/PhysRevLett.120.101301
https://arxiv.org/abs/1702.04439
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1702.04439
https://doi.org/10.1007/JHEP11(2018)125
https://arxiv.org/abs/1807.11499
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1807.11499
https://doi.org/10.1088/1361-6382/abd225
https://doi.org/10.1088/1361-6382/abd225
https://arxiv.org/abs/2008.04365
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2008.04365
https://doi.org/10.1007/JHEP12(2020)102
https://arxiv.org/abs/2008.05483
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2008.05483
https://doi.org/10.1007/bf01211056
https://doi.org/10.1007/bf01211056
https://doi.org/10.1088/0264-9381/25/9/095020
https://arxiv.org/abs/0802.2527
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0802.2527
https://doi.org/10.1088/0264-9381/28/14/145007
https://arxiv.org/abs/1103.4078
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1103.4078
https://doi.org/10.1088/0264-9381/28/24/245016
https://arxiv.org/abs/1106.4045
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1106.4045

[47]

[48]

[49]

[50]

[51]

[52]

[53]

A. Virmani, Supertranslations and Holographic Stress Tensor, JHEP 02 (2012) 024
[arXiv:1112.2146] [INSPIRE].

R.B. Mann, D. Marolf and A. Virmani, Covariant Counterterms and Conserved Charges in
Asymptotically Flat Spacetimes, Class. Quant. Grav. 23 (2006) 6357 [gr-qc/0607041]
[INSPIRE].

R.B. Mann, D. Marolf, R. McNees and A. Virmani, On the Stress Tensor for Asymptotically
Flat Gravity, Class. Quant. Grav. 25 (2008) 225019 [arXiv:0804.2079] [INSPIRE].

J. Lee and R.M. Wald, Local symmetries and constraints, J. Math. Phys. 31 (1990) 725
[INSPIRE].

V. Iyer and R.M. Wald, Some properties of Noether charge and a proposal for dynamical
black hole entropy, Phys. Rev. D 50 (1994) 846 [gr-qc/9403028] INSPIRE].

G. Compere and A. Fiorucci, Advanced Lectures on General Relativity, arXiv:1801.07064
[INSPIRE].

M. Campiglia, Null to time-like infinity Green’s functions for asymptotic symmetries in
Minkowski spacetime, JHEP 11 (2015) 160 [arXiv:1509.01408] [INSPIRE].

— 41 —


https://doi.org/10.1007/JHEP02(2012)024
https://arxiv.org/abs/1112.2146
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1112.2146
https://doi.org/10.1088/0264-9381/23/22/017
https://arxiv.org/abs/gr-qc/0607041
https://inspirehep.net/search?p=find+EPRINT%2Bgr-qc%2F0607041
https://doi.org/10.1088/0264-9381/25/22/225019
https://arxiv.org/abs/0804.2079
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0804.2079
https://doi.org/10.1063/1.528801
https://inspirehep.net/search?p=find+J%20%22J.Math.Phys.%2C31%2C725%22
https://doi.org/10.1103/PhysRevD.50.846
https://arxiv.org/abs/gr-qc/9403028
https://inspirehep.net/search?p=find+EPRINT%2Bgr-qc%2F9403028
https://arxiv.org/abs/1801.07064
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1801.07064
https://doi.org/10.1007/JHEP11(2015)160
https://arxiv.org/abs/1509.01408
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1509.01408

	Introduction
	Asymptotic flatness at timelike infinity
	Asymptotic metric
	Supertranslation at timelike infinity
	First order
	Second order


	Asymptotic expansion of the equation of motion
	Zeroth and first order
	Second order

	Charges at timelike infinity
	Contributions to the Lee-Wald symplectic form
	Charges
	Commutator of charges

	The Schwarzschild solution near timelike infinity
	Some final remarks
	Conclusions
	Asymptotic form of the metric
	Action of supertranslation on asymptotic fields
	Expansion of the equations of motion
	A consistency check
	Expansion of the Weyl tensor

