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1 Introduction

Consistent Kaluza-Klein truncations are a precious tool for constructing compactifying so-
lutions to ten or eleven-dimensional supergravity using a simpler lower-dimensional theory.
Given a splitting of the higher-dimensional spacetime into an internal manifold M and an
external spacetime X, a consistent truncation selects a finite subset of the KK modes of
the higher-dimensional theory on M and provides an effective theory on X describing their
non-linear dynamics. The selected KK modes must form a protected sector, in the sense
that they do not mix in the equations of motion with the modes that have been truncated
out. In this way all solutions of the lower-dimensional theory on X are guaranteed to also
be solutions of the original higher-dimensional theory.

For such non-trivial reduction to be possible, the internal manifold M should have a
special geometric structure. The simplest case is when M admits a homogeneous action
of a group ¢, that is M = ¥4/ for some subgroup # C ¢. Then one can decompose
all higher-dimensional fields into representations of ¢ and truncate to the ¢-singlets. This
¢-invariant truncation is consistent, since the singlet fields can never source the non-singlet
fields. When in particular M is a group manifold, M = ¢, one has a conventional Scherk-
Schwarz reduction [1]. Examples of such consistent truncations in the context of M-theory
— which is our principal interest in this paper — can be found in [2-5].

As a step towards more general classes of truncations, it is convenient to think about
reductions on homogeneous manifolds using the language of G-structures. Let us consider
Scherk-Schwarz reductions for definiteness. A group manifold M = ¢ admits a basis of
globally defined left-invariant one-forms, {€*}, a = 1,...,dim M, that reduces the struc-
ture group to the identity (i.e. M is parallelisable). Furthermore, the group action implies
that de® = % foc%e® A €°, where f,.% are the structure constants of the Lie algebra Lie¥.
This means that the left-invariant identity structure has singlet, constant intrinsic torsion
(singlet because de® is expressed in terms of the invariant {e®} basis, and constant be-
cause the coefficients of the expansion are constant). The truncation ansatz is defined by
expanding all higher-dimensional fields in the basis of invariant tensors of the structure.
When this is plugged into the equations of motion, we can again invoke the argument that
only singlet tensors are generated and conclude that the truncation is consistent. Since the
spin bundle is also trivialised, Scherk-Schwarz reductions preserve the full supersymmetry
of the higher-dimensional theory. More generally, ¢-invariant consistent truncations on
coset manifolds M = &/ are based on the existence of an .# structure with constant,
singlet intrinsic torsion, and preserve only a fraction of supersymmetry or none at all.

Interestingly, the argument based on G-structure applies also to internal manifolds M
that are not homogeneous. It is sufficient that M has a structure group Gg with only
constant, singlet intrinsic torsion; then the truncation to the Gg-singlets is guaranteed to
be consistent. This can preserve different fractions of supersymmetry, depending on how
many Gg-invariant spinors exist on M. In fact the Gg structure data determine the full
field content and gauge interactions of the truncated theory. Examples of this type in
M-theory are the truncations based on Sasaki-Einstein and weak-Gy holonomy manifolds
of [6], and the tri-Sasakian reduction of [7].



However there are consistent truncations that are not captured by conventional G-
structures. Classic examples are the maximally supersymmetric consistent truncations on
spheres, such as eleven-dimensional supergravity on S” [8] and S* [9]. M-theory trunca-
tions preserving less supersymmetry and containing warped AdS solutions can be found
in [10-13].! Building on the evidence emerging from these examples, a conjecture was for-
mulated in [11] stating that for any warped, supersymmetric AdS p X M solution to higher-
dimensional supergravity, there is a consistent truncation on M down to D-dimensional
pure gauged supergravity with the same amount of supersymmetry.

Exceptional Generalised Geometry and Exceptional Field Theory offer an understand-
ing of these more complicated examples that unifies them with the conventional ones.
Exceptional Generalised Geometry uses an extension of the ordinary tangent bundle T'M
to a larger bundle E on M, whose fibres transform in a representation of the exceptional
group Egg). In this way the diffeomorphism and gauge symmetries of higher-dimensional
supergravity are unified as generalised diffeomorphisms on E. The notion of generalised
(g structure, that is a Gg structure of E, rather than of T'M, leads to a new systematic ap-
proach to consistent truncations with different amounts of supersymmetry: one can argue
that there is a consistent truncation any time a supergravity theory is reduced on a mani-
fold M admitting a generalised Gg structure with constant singlet intrinsic torsion [14]. In
particular, all maximally supersymmetric truncations, both conventional Scherk-Schwarz
reductions and sphere truncations, can be seen as generalised Scherk-Schwarz reductions on
generalised parallelisable manifolds [15-23]. This also provides a connection to Poisson-Lie
T-duality as described in [24] (see also [25]). Truncations preserving less supersymmetry
are based on generalised structures larger than the identity, the half-maximal case having
been explored rather extensively by now [14, 26-30]. Moreover, a proof of the conjecture
of [11] was given in this framework [14, 27], based on the fact that the conditions for a
supersymmetric AdSp X M vacuum can be rephrased as the requirement that M admits
a generalised Gg structure with vanishing non-singlet intrinsic torsion [31-33].

Although the general ideas were illustrated in [14] for any amount of supersymme-
try, the Exceptional Generalised Geometry approach to consistent truncations has been
developed just for maximal and half-maximal supersymmetry so far. In this paper we en-
large this framework and discuss in detail truncations of eleven-dimensional supergravity
preserving minimal N' = 2 supersymmetry in five dimensions.

While a strict USp(6) C Eg(s) generalised structure leads to a truncation to minimal
N = 2 gauged supergravity in five dimensions, smaller Gg C USp(6) structures lead to
matter coupled supergravity. We show how the Gg C USp(6) structure defines a continuous
family of USp(6) structures, and identify the moduli space of this family with the vector
multiplet and hypermultiplet scalar manifolds in the truncated five-dimensional theory. We
also show how the generalised Lie derivative acting on the generalised tensors defining the
(g structure specifies the isometries of the scalar manifold that are being gauged. This
fully determines the truncated N' = 2 supergravity theory.

!Note that whenever there is non-trivial warping the truncation falls out of the conventional G-structure
framework.



We then derive general expressions that encode the uplift formulae for how the eleven-
dimensional bosonic fields are encoded in terms of the moduli and the generalised tensors
defining the G g structure. In order to make this truncation ansatz explicit we need to solve
a number of technical issues. One is that, in contrast to the maximal and half-maximal
case, the structure is not entirely characterised by the generalised vectors K (i.e. sections
of F, transforming in the fundamental of FEg)) which control the vector multiplet sector
of the truncated theory. We also need to consider generalised tensors J4 belonging to the
Eg(6) adjoint bundle, which eventually control the hypermultiplet sector. A related point,
that is crucial to derive the scalar truncation ansatz, is the construction of the generalised
metric on E, which receives contributions both from the K; and the J4. A significant
advantage of the formalism however, is that the expressions are universal. The ansatz can
be applied to any N = 2 background once one identifies the K; and .J4 singlets.

As application, we discuss M-theory truncations on geometries associated with M5-
branes wrapping a Riemann surface ¥. The near-horizon geometry of this brane configura-
tion is given by a warped AdSs X M solution to eleven-dimensional supergravity, where M
is a fibration of a deformed S* over ¥ [34, 35]. The fibration corresponds to a topological
twist in the dual superconformal field theory on the M5-branes, where the holonomy of the
Riemann surface is cancelled by a U(1) in the SO(5) R-symmetry, which in the supergrav-
ity background is realised geometrically as the isometries of S*. Depending on which U(1)
is chosen, one obtains different AdSs X M solutions, and correspondingly different U(1)g
generalised structures.

We start with the A/ = 2 background of Maldacena-Nutiez [34]: specifying its U(1)g
generalised structure and discussing its singlet intrinsic torsion, we obtain a consistent
truncation to five-dimensional A/ = 2 supergravity including four vector multiplets, one
hypermultiplet, and a non-abelian SO(3) x U(1) x R gauging. This extends the abelian
truncation of [36] (see also [10, 37] for previous subtruncations) by adding SO(3) vector
multiplets, which in the dual superconformal field theory source SO(3) flavour current
multiplets. We also spell out the full bosonic truncation ansatz. The same construction
also applies to the “BBBW” solutions [35, 38], as the corresponding generalised structure
is a simple deformation of the Maldacena-Nunez one, controlled by a (discrete) parameter
describing the choice of U(1)g in SO(5). The corresponding truncation features only two
N = 2 vector multiplets, one hypermultiplet and an abelian gauging. We show that the
Maldacena-Nunez truncation admits a new non-supersymmetric AdSs solution when the
Riemann surface is a sphere, which turns out to be perturbatively unstable. We also find
new non-supersymmetric vacua in the BBBW truncations. Together with the consistent
truncation including the A” = 4 solution of [34], whose U(1)g generalised structure embeds
in USp(4) C USp(6) and leads to half-maximal supergravity [14, 39], the present study
completes the landscape of what we believe are the most general consistent truncations that
can be derived from eleven-dimensional supergravity on known smooth solutions associated

with M5-branes wrapped over Riemann surfaces.?

2Tt may be possible to find other consistent truncations, that are not subsectors of the ones given here by
using large structure groups, in analogy with the consistent truncation on S7 viewed as a Sasaki-Einstein
manifold [6] rather than a generalised parallelised sphere. However such truncations will have fewer fields.



The rest of the paper is organised as follows. In section 2 we characterise the generalised
structure relevant for M-theory truncations on a six-dimensional manifold preserving N' = 2
supersymmetry. In section 3 we specify the truncation ansatz and discuss how the gauging
is determined from the generalised structure. In sections 4 and 5 we apply our formalism
to consistent truncations associated with Mb5-branes wrapping a Riemann surface, first
for Maldacena-Nufiez backgrounds and then for BBBW ones. We conclude in section 6.
The appendices contains a brief account of Eg ) generalised geometry, a summary of five-
dimensional N = 2 gauged supergravity and some technical details of our computations.

2 M-theory generalised structures and N = 2 supersymmetry

In this section we first recall some basic notions of Exceptional Generalised Geometry
for the case of interest here, namely eleven-dimensional supergravity on a six-dimensional
manifold, and then we illustrate how the general procedure described in [14] applies to
consistent truncations to five-dimensional N' = 2 gauged supergravity. A more extended
review of the relevant generalised geometry can be found in appendix A.

2.1 The HV structure

Consistent truncations of eleven-dimensional supergravity on a six-dimensional manifold
M are based on Eg) X R* generalised geometry. This extends the tangent bundle T'M
to the generalised tangent bundle E on M, and the corresponding structure group GL(6)
to Eg(g). The group Egg) contains GL(6) as its geometrical subgroup, and we can use the
latter to decompose the generalised tangent bundle as

E ~ TM & AN*T*M & A°T*M . (2.1)

Therefore the sections of E consist, locally, of the sum of a vector, a two-form and a
five-form on M,
V=vt+w+o. (2.2)

These are called generalised vectors and transform in the 27 of F).

All geometric structures of conventional geometry on M, such as tensors, Lie derivative,
connections etc, admit an extension to E [40-42]. In particular, generalised tensors are
defined by considering bundles whose fibers transform in different representations of Eg ).
We can define dual generalised vectors Z as the sections of the dual tangent bundle

E* ~ T*M @ A*TM & A°TM , (2.3)

transforming in the 27 of Eg)- Locally the dual vectors are sums of a one-form 0, a

two-vector @ and a five-vector &,
Z=04+0w+7. (2.4)

The adjoint bundle transforms in the 1 + 78 of Eg) and, in terms of GL(6) tensors, is
defined as

adF ~ R® (TM @ T*M) @& A3T*M @ AST*M @ APTM & ASTM , (2.5)



with sections
R=Il+r+a+a+a+a, (2.6)

where, locally, [ € R, r € End(TM), a € A3T*M is a three-form, a € A°T*M is a six-form
and a € A’TM and & € ASTM. This bundle plays an important role as the components
of the M-theory three-form and six-form gauge potentials are embedded in adF'.

As we will see, the bosonic fields of eleven-dimensional supergravity can be unified
into generalised tensors. The supergravity spinors on the other hand arrange into repre-
sentations transforming under USp(8), the double cover of the maximal compact subgroup
USp(8)/Z3 of Egs). For example the supersymmetry parameters are section of the gener-
alsied spinor bundle S, transforming in the 8 of USp(8). It will be this compact USp(8)
or more generally a subgroup of it, that determines the R-symmetry of the reduced five-
dimensional theory.

The manifold M admits a generalised structure, Gg C USp(8)/Z2, when the structure
group Eg(g) is reduced to the subgroup Gg. Typically this can be characterised by the
existence of globally defined generalised tensors that are invariant under Gg. The amount
of supersymmetry of the eleven-dimensional theory that is preserved by the Gg structure
is given by the number of Gg singlets in the spinor bundle, S.3

In this paper we are interested in structures preserving N’ = 2 supersymmetry. The
generic case is provided by what has been called an HV structure [33, 43, 44]. It consists
of a triplet of globally defined tensors in the adjoint bundle, J, € I'(ad F'), with o = 1,2, 3,
satisfying

[Jas J8) = 2€a8yJy tr(JoJg) = —dagp, (2.7)

together with a globally defined generalised vector K € I'(F) having positive norm with
respect to the Fgg) cubic invariant,

o(K,K,K) :== 6k%>0, (2.8)
where & is a section? of (det T* M )1/ 2 and satisfying the compatibility condition
Jo- K =0, (2.9)

where - denotes the adjoint action.® See appendix A for a definition of the cubic invariant
and the other generalised geometry operations appearing in these formulae.

The HV structure {J,, K} defines a reduction of the structure group to USp(6) C Eg .
Indeed the vector K is stabilised by Fyy4) C Ege), while the J, are invariant under the
subgroup SU*(6). The compatible K and J, have SU*(6) N Fy4y ~ USp(6) as a common
stabiliser. The globally defined vector K € I'(E) with positive norm is called a vector-
multiplet structure, or V structure for short. A triplet of J, € T'(adF’) that define the

3Here we will assume that either G5 is simply connected or is U(1) so that it lifts to a G's subgroup of
USp(8).

4Recall that det T* M is just a different notation for the top-form bundle AST* M that stresses that it is
a real line bundle. Here we are assuming that the manifold is orientable and hence det T M is trivial and
so we can define arbitrary powers (det 7" M)? for any real p.

5 Note that we are using slightly different conventions for the J, tensors compared with [44]. In particular
JAV = gJhere € T((det T*M)Y? @ adF).



highest root suy subalgebra of ¢g(g) and satisfy the conditions (2.7) is called a hypermultiplet
structure, or H structure. This justifies the name HV structure for the compatible pair
{Ja, K}

It is easy to check that the amount of supersymmetry preserved by a HV structure is
N = 2. Under the breaking

USp(8) D USp(6) x SU(2) g - (2.10)

the spinorial representation decomposes as 8 = (6,1) @ (1,2) and we see that the are
only two USp(6) singlets. The SU(2)y factor in (2.10) is the R-symmetry of the reduced
theory so that the two singlets form an R-symmetry doublet, as expected for N' = 2
supersymmetry parameters.

A strict USp(6) structure is not the only option to obtain N' = 2 supersymmetry.
In fact, any subgroup Gg that embeds in USp(6) in such a way that there are no extra
singlets in the decomposition of the spinorial representation of USp(8) does the job. Al-
though the number spinor singlets is unchanged, when the structure group is smaller than
USp(6) in general one finds more Gg singlets in the decomposition of the 27 and the 78
representations. Let us denote by

K], IZO,...,nv, (2.11)
the set of independent generalised vectors corresponding to Gg singlets in the 27, and by
Ja, A=1,...,dimH, (2.12)

the set of independent sections of the adjoint bundle corresponding to Gg singlets in the
78 that also satisfy the condition®

Ja-K;=0 VIandVA. (2.13)

The latter generate a subgroup H C Cpg,q (Gs), where Cp, , (Gs) is the commutant of Gg
in Egg), so that
[Ja, JB] = fap“Je, (2.14)

with f4p® being the structure constants of . The generalised structure G C USp(6) is
fully characterised as the group preserving the set

{K1,Ja}. (2.15)
We can always normalise such that the ny + 1 generalised vectors satisfy

(K1, K;,Kg) =6K%Cryx, (2.16)

SNote that there are singlets in the adjoint bundle that do not satisfy (2.13). These are given by
K1 Xaq K7, where K7 is the dual of the generalised vector K; and X,q is the projection onto the adjoint
bundle, and will not play a relevant role in our construction.



with Cryx a symmetric, constant tensor and K is a section of (det 7™M )1/ 2 fixed by the
structure. In addition we can normalise the adjont singlets to satisfy

tr(JaJp) = nap, (2.17)

where n4p is a diagonal matrix with —1 and +1 entries in correspondence with compact
and non-compact generators of H, respectively.

Any generalised structure has an associated intrinsic torsion [31], which is defined as
follows. Let D be a generalised connection compatible with the Gg-structure, that is,
sastisfying DQ; = 0 for all i, where Q; is the set of invariant generalised tensors that
define the structure. Formally, the generalised torsion T of D is defined by, acting on any
generalised tensor «, i

(L —Ly)a=TV) «a, (2.18)

where L is the generalised Lie derivative, LD is the generalised Lie derivative calculated
using D and - is the adjoint action on a.” The intrinsic torsion is the component of 7" that
is independent of the choice of compatible connection D, and hence is fixed only by the
choice of generalised structure. In general, one can decompose the intrinsic torsion into
representations of GGg. In particular, for a consistent truncation we will be interested in
the case where only the singlet representations are non-zero.

2.2 The generalised metric

An important ingredient to derive a consistent truncation is the generalised metric G on
M. This is a positive-definite, symmetric rank-2 tensor on the generalised tangent bundle,

G:E®QFE—R"
V.V = GV, V') = GunVMV'Y (2.19)

that encodes the degrees of freedom of eleven-dimensional supergravity that correspond
to scalars in the reduced theory. We provide the explicit relation between the generalised
metric and the supergravity fields on M in eq. (3.19). The generalised metric is defined
in analogy to the ordinary metric: a metric g on M can be seen as an O(6) structure on
TM that at each point on M parameterises the coset GL(6)/O(6). Similarly, at each point
p € M a choice of a generalised metric corresponds to an element of the coset

E6(6) X |R+

o € Tsp(®)/Z5

(2.20)
Since a Gg C USp(8)/Z2, the Gg structure will determine a Gg-invariant generalised
metric, given in terms of the invariant tensors that are used to define the Gg structure. The
expression of Gpsn that is relevant for truncations preserving maximal and half-maximal
supersymmetry was given in [14, 15, 22]. Here we will discuss the N' = 2 case.
Consider first the case of a generic USp(6) structure. As discussed in the previous
section this is specified by an invariant generalised vector, K, together with an su(2) triplet

"We view the torsion as a map 7' : I'(E) — I'(ad F') where ad F is the Ey4) x RT adjoint bundle.



of sections of the adjoint bundle J,, e = 1,2,3. These objects define a USp(6)-invariant
generalised metric through the formula

(2.21)

2 . .
G(Kv):?)(gc(K,K,V) G CEVV) oK, Js -V, s V)>

oK, K,K)?2 “¢(K,K K) + o(K,K,K)

This formula can be motivated as follows. The globally defined K induces the splitting of
the 27 of Fg(s) into orthogonal subspaces

V =Vo+ Vag (2.22)

in the singlet and 26 representation of Fy4); correspondingly, the Eg ) cubic invariant on
the 26 reduces to the symmetric invariant form of Fjy)

(K, V,V) =c(K,Vo, Vo) + c(K, Vag, Vag) - (2.23)

This expression however is not positive definite, since the symmetric form of Fj) has
signature (14, 12) and overall (2.23) has signature (14, 13). The first term in (2.21) contains
the contribution from the singlet component Vg and makes the metric positive definite in the
singlet. To do the same in the 26 we need the full HV structure. Under SU(2)gy x USp(6)
the 27 decomposes as

27 =16 (1,14) @ (2,6), (2.24)

and the action J, on V projects on the (2, 6) part, as the rest is an SU(2)y singlet. Then
we can write the contribution to the metric in the (2,6) as

C(K, J3 . ‘/7 J3 . V) s (2.25)

and add it in (2.21) to make it positive definite. Note that (2.21) only contains one element
of the triplet J,, that we chose to be J3. This is because, for each J,,

(K, JoV.Ja-V)=—c(K,V,(Ja)* - V) = c(K,Vi26), Vi26)) - (2.26)

where there is no sum over a and in the last equality we have used that (J,)? = —1 in
the V(3 6) subspace. We see that the action of each of the J, gives the same result. This
reflects the fact that the generalised metric is independent of the action of the SU(2)n
supergravity R-symmetry.

For the purpose of constructing the truncation ansatz by comparing with (3.19), we
will also need the inverse generalised metric. We can exploit the isomorphism between
the generalised tangent bundle F and its dual E* provided by the generalised metric to
construct a USp(6) singlet K* € T'(E*) as K*(V) = G(K,V), where V is any generalised
vector. Then, denoting by Z € I'(E*) a generic dual vector, the inverse generalised metric
is given by
cH(K*, K*, 7)? Ly c(K*,Z,7) A c(K* J3-Z,J3- Z)
C*(K*,K*,K*)2 C*(K*,K*,K*) C*(K*,K*,K*) )

(2.27)
where the action of the cubic invariant ¢* and of the adjoint elements J, on the dual

G Yz,2)=3 (3

generalised vectors can be found in appendix A.



2.3 The HV structure moduli space and the intrinsic torsion

When the Gg structure is a subgroup of USp(6) (and there is no supersymmetry enhance-
ment), it determines an USp(6) structure and hence by definition defines a generalised
metric. However, a given Gg structure can determine several different USp(6) structures.
Thus one gets a family of generalised metrics that can be obtained from the Gg-invariant
tensors, depending on which USp(6) structure one chooses. Concretely, we use the K and
J A tensors characterising the G g structure to construct a generalised vector K and a triplet
of J, satisfying (2.7)—(2.9), which then we use to build the generalised metric as in (2.21).
The parameterisation of K and J, in terms of K; and J4 provides a set of deformations
of a reference USp(6)-invariant metric, that correspond to acting on the structure with
elements of Fge) that commute with G'g, modulo elements of USp(8)/Z2 that commute
with Gg. The resulting generalised metric thus parameterises the coset

_ Chy()(Gs)
Cusp(s)/2.(Gs)

(2.28)

This is the moduli space of our Gg structure, namely the space of deformations of the
reference USp(6) structure that preserve the Gg structure. For the N' = 2 structures of
interest in this paper, this splits in the product

M= My x My, (2.29)

where My is the V structure moduli space, corresponding to deformations of K that leave
Jo invariant, while My is the H structure moduli space, which describes deformations of .J,
that leave K invariant. The fact that these deformations are independent follows from the
requirement (2.13). When given a dependence on the external spacetime coordinates these
deformations provide the scalar fields in the truncated theory, with My and My being
identified with the vector multiplet and the hypermultiplet scalar manifolds, respectively.

We next outline how to construct the V and H structure moduli spaces. The procedure
will be further illustrated in sections 4 and 5, where concrete examples will be discussed
in detail.

The V structure moduli space. A family of V structures is obtained by parameterising
the generalised vector K as the linear combination

K=hK;, (2.30)

where h!, I = 0,. .., nvy, are real parameters, and imposing the property (2.8). Using (2.16),
this is equivalent to
Crixh'h/n® =1, (2.31)

showing that the ny + 1 parameters h! are constrained by one real relation and thus define
an ny-dimensional hypersurface,

My ={hl: Cryxh'h/nE =1}. (2.32)



This is our V structure moduli space. It will be identified with the vector multiplet scalar
manifold in five-dimensional supergravity. The metric on My is obtained by evaluating
the generalised metric on the invariant generalised vectors,

1
arjy = §G(KI’KJ) (233)
Using (2.21), it is straightforward to see that this gives
ary = 3hrhy — 2Cr b, (2.34)

where h; = Crxrh hL. Then Gambient = %a[ sdhtdh’ gives the metric on the ambient
space,® and the metric on My is obtained as the induced metric on the hypersurface.

The H structure moduli space. A family of H structures is obtained by parameterising
the possible suy subalgebras of the algebra spanned by the J4. The fact that we only have
two singlet spinors means that Cgy(s)/z,(Gs) must contain an SU(2) g factor (as in (2.10))
that acts on the two singlet spinors. Furthermore, the corresponding suy algebra must be
generated by a highest root in eg). The Lie algebra h = Lie H generated by the Ja is
the simple subalgebra of the Lie algebra of Cgg (Gg) that contains the suy factor. Since
b C ¢g(6) the suy algebra is generated by a highest root in b.

The H structure moduli space is the space of choices of such highest root su, algebras

in b, namely the symmetric space?

H
SUQ2)g x Cy(SUQ2)m)

My = (2.35)
Such spaces are known as “Wolf spaces” and are all quaternionic-Kéhler, as expected from
the fact that My is going to be identified with hyperscalar manifold in five-dimensional
supergravity. Points in My can be parameterised by starting from a reference subalgebra
j ~ suy C b and then acting on a basis {j1,j2,j3} of j by the adjoint action of group
elements h € H, defined as

Jo=ady jo = hjoah7'. (2.36)

Clearly, this action acts trivially on j if h € SU(2)g ~ exp(j), or if h belongs to the
commutant of this SU(2)y in H, that is h € Cy(SU(2)x). This way, we obtain a triplet
of “dressed” generalised tensors J,, a = 1,2, 3, which depend on the coset coordinates and
parameterise our family of H structures.

The intrinsic torsion. This picture that the Gg-structure defines a family of HV struc-
tures also allows us to give a characterisation of the intrinsic torsion. As discussed in [44],
the intrinsic torsion of an HV structure is encoded in the three quantities

LK, LiJa, ja (2.37)

8The normalisation is chosen so as to match standard conventions in N = 2 supergravity, see appendix B.
9Note the strictly the denominator group is not quite the product SU(2)g x C(SU(2) ) but generally
involves modding out correctly by terms in the centre of each factor. Here we will ignore these subtleties.
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where, given a generalised vector V € T'(E), one defines a triplet of functions'’

1

a(V) = = caps /M K2t (J5(Ly J,)) (2.38)

that formally are moment maps for the action of the generalised diffeomorphism group on
the space of H structures.

In general, if K, is the space of Gg-compatible connections, then the definition (2.18)
defines a map 7 : Kgg; — W where now we view the generalised torsion 7" as a section of
W C E* ® ad F.'' The Gg-intrinsic torsion is then an element of VVlftS = W/Wg4 where
Wgs =Im7. Now let p € M be a particular point in the family of HV structures (2.28)
and USp(6), C Eg6) be the corresponding structure group. By construction, Gg is the

common subgroup of all the USp(6), subgroups. This means that
s = ﬂ Kysp), (2.39)
P

that is, only a Gg-compatible connection is compatible with every HV structure in the
family. Hence Wag = (N, Wysp(s), and so

Wiee = UWIZEP (2.40)
In other words, knowing the intrinsic torsion of every HV structure in the family fixes the
intrinsic torsion of the Gg structure.

Now, recall that each K in the family of HV structures is a linear combination of Kj
(with constant coefficients), while each J,, is defined by the exponentiated adjoint action of
a linear combination of J4 (with constant coefficients) on a fixed reference su(2) algebra.
Hence the intrinsic torsion components L K and L J, for the whole family are determined
by knowing

Lk, Ky, Lk, Ja. (2.41)

These also determine ji, (V) when V has the form V = VI K, even when the components
V1 are functions because of the condition (2.13). Thus the final components of the Gg
intrinsic torsion are determined by

/ w2 tr(Ja(Lw J5)) | (2.42)
M

where we require ¢(K, Ky, W) = 0, which defines a generalised vector that is orthogonal
to those of the form V' = V! K. Note that the expressions (2.41) and (2.42) are in general
not independent, but are sufficient to determine the intrinsic torsion.

3 M-theory truncations to A/ = 2 supergravity in five dimensions

Any generalised G g structure on a manifold M with only constant, singlet intrinsic torsion
gives rise to a comnsistent truncation of eleven-dimensional or type II supergravity on M.

Y9Recall the change of conventions from those of [44] discussed in footnote 5.
HEor Eg(6) generalised geometry W transforms in the 27 + 351 representation.
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While the general ideas (along with the details for five-dimensional truncations preserv-
ing half-maximal supersymmetry) were given in [14], here we focus on the specific case
of truncations of eleven-dimensional supergravity leading to N' = 2 supergravity in five
dimensions, based on Gg C USp(6) structures.

Although some of the formulae giving the truncation ansatz in terms of the structure
are necessarily quite involved, a great advantage is that they are universal expressions
good for any A/ = 2 consistent truncation. One does not have to search for the correct set
of consistent modes on a case-by-case basis. All the particulars of the given truncations
are encoded in terms of the given Gg structure defined by the set of K; and J4 singlets.
For example, following the discussion in the previous section, the scalar matter content
is determined by the commutant of Gg in Fg), giving ny vector multiplets and ny hy-
permultiplets, whose scalar manifolds are identified with the V structure and H structure
moduli spaces, respectively. The gauge interactions of the truncated theory are determined
by the torsion of the G g-structure, which in turn depends only the generalised Lie deriva-
tives Ly, Ky and Lk, Ja. Together this data completely specifies the full five-dimensional
supergravity.

3.1 The gauging

The gauge interactions of the truncated theory are determined by the intrinsic torsion of
the generalised structure Gg. As already emphasised, we assume that the intrinsic torsion
takes values in the singlet representation of Gg, with components that are constant on M.
As explained in [14], this means that the generalised Lie derivative along the invariant
vectors K acting on any invariant tensor @);, is given by

Lk, Qi = —Tint (K1) - Qi (3.1)

where T (K7) is a Gg singlet in the adjoint bundle. This means that Ti,(K7) is in the
Lie algebra of the commutant group ¢ = Cg, d)(Gs). Thus —Tiyt defines an “embedding
tensor” [45, 46], that is a linear map

© :span({K;}) — LieG. (3.2)

The image of this map defines the Lie algebra of the gauge group Ggauge of the truncated
theory and also how it embeds Lie Ggauge = Im © C Lie G, thus giving Ggauge as a subgroup
of the commutant group

Ggauge € G = CEd(d)(GS) . (3.3)

For the structures of interest in the present paper, the relevant invariant tensors are
the vectors K7 and the adjoint bundle singlets J4 that generate H C G. The former are
the generators of the gauge algebra with structure constants f|; J]L given by

L, Ky =01 -K;=0;4ta) 2Ky, .= f1/°Ky, (3.4)

where (t4) ;% are the representations of the generators of LieG acting on V. For the Ju
singlets we have

Li,Ja =071 Ja=[Jxp), Ja] = 012 fpaCJc = pra®Jp, (3.5)
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where fap® are the H structure constants, as in (2.14). For convenience we have also
defined the linear combination of the J4 with constant coefficients,

Jirey) = 01, (3.6)

so that the action of the generalised vector Kj on J4 is represented by the adjoint action
of J(k,;). Recall that generally the intrinsic torsion of the G structure is captured by the
expressions (2.41) and (2.42). The condition that one has singlet, constant intrinsic torsion
is thus that (3.4) and (3.5) are satisfied with constant f;;% and p;4® and in addition that

/ k2tr(Ja(LwJB)) =0, (3.7)
M

where the generalised vector W satisfies ¢(K, Ky, W) = 0. The condition on W implies
it transforms non-trivially under Gg and hence, since J4 are singlets, the corresponding
intrinsic torsion cannot be a singlet and so must vanish. Alternatively, recall from the
discussion in section 2.3 that (3.7) is equivalent to the vanishing of the moment maps
to (W) given in (2.38) for all H structures in the family of HV structures defined by the
Gg structure. Any one H structure is related to another by the action of #H, as in (2.36).
Furthermore it is straightforward to show that p, (W) is invariant under this action. Hence
if po(W) = 0 with ¢(Kr, K;,W) = 0 at any point in the family then it vanishes for all
and (3.7) holds.

We now show how the singlet intrinsic torsion determines the gauging of the lower-
dimensional A" = 2 theory. The constants fr;* and ©74, defined in (3.4) and (3.5) re-
spectively, can be identified with the embedding tensor components that encode generic
gaugings of five-dimensional N = 2 supergravity theories, including those involving vector
fields that transform in non-adjoint representations of the gauge group, as well as antisym-
metric rank-2 tensor fields.!? For simplicity, here we just discuss the case where (3.4) define
the structure constants of a Lie algebra, implying that it is not necessary to introduce an-
tisymmetric rank-2 tensor fields. These determine the symmetries of the scalar manifold
that are gauged, and hence all matter couplings of the A/ = 2 theory, completely fixing the
five-dimensional Lagrangian (see appendix B for a brief account of N' = 2 supergravity in
five dimensions). In particular, the vector multiplet scalar covariant derivatives and the
gauge field strengths are given by

Dhl = dh! + g frt AT RE (3.8)
1
Fl=aAl + B g fJKI.AJ A AE ) (3.9)
where g is the gauge coupling constant and A’ = Aﬁd:z:“ are the five-dimensional gauge
fields. In order to obtain the hyperscalar covariant derivatives, we need the Killing vectors

on the H structure moduli space (2.35) that generate the gauged isometries. These can be
constructed from (3.6) using the standard formalism of coset spaces, see e.g. [49]. Given

12The embedding tensor formalism is most commonly used to describe the gauging of maximal and
half-maximal supergravity [45, 46], see however [47, 48] for its use in an A = 2 context.
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the left-action of a generator Ji,) on the coset representative L € H, the corresponding
Killing vector kr on My is determined by the equation

L' Jxp L ~ gu, (L71dL), (3.10)

where the symbol ~ means that the equality holds up to an element of the algebra one
is modding out by, which in the present case is SU(2)y x Cx(SU(2)y).'? Writing k; =
k:;(aqix, where ¢X denote the coordinates on My, the hyperscalar covariant derivatives
then read

Dg® =dgX + g ATE . (3.11)

From the Killing vectors k; we can then compute the triholomorphic Killing prepo-
tentials P/, o = 1,2, 3, that determine the fermionic shifts and the scalar potential of
the N' = 2 supergravity theory, see appendix B for the relevant formulae. These Killing
prepotentials are moment maps of the isometries being gauged, and as such can be nicely
computed from the generalised geometry formalism. Recalling the definition of the moment
map 4 in (2.38), they are given by

1
g P = —eam/ K> tr(Jﬁ(LKIJ’Y))// K?
8 M M

| (3.12)
=3 e tr (Ja(Lk, Jy)) -

In this formula, recall that the J, are the dressed triplet, hence the resulting moment maps
are function of the H structure moduli. In the second line, we have used the fact that the
singlet torsion components tr (Jg(Lg,Jy)) are constant on M and hence the integrals over

k2 cancel.

3.2 The truncation ansatz

Our conventions for eleven-dimensional supergravity are as in [42]. The eleven-dimensional
bosonic action is (we denote by a hat the 11d quantities)

0
Il
>

1 A 1 O NN
— *1— = F——-ANFAF 1
2/<R* P AF — CANE A ), (3.13)
where F' = dA and A is the three-form potential. The equations of motion are
R 1 )3 [ p1b2p3 L F2) =0
A — 7o \ Fap1p2ps D 19 9w =Y
1 (3.14)
A% F+ - FANF =
The six-form potential ;1 dual to the three-form A may be introduced via the first-order

relation

~ 1 - ~ 2
RdA+ S Andd=dd, (3.15)

whose exterior derivative gives the Maxwell equation.

13 A similar construction could be made for the Killing vectors that gauge isometries in the V structure
moduli space, starting from the sections of the adjoint bundle that generate M~ mentioned in Footnote 6.
However, this will not be needed for our purposes.
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As first step of the truncation procedure, we arrange the eleven-dimensional bosonic
fields into generalised tensors transforming in representations of GL(5,R) x Eg), where
GL(5,R) gives the tensorial structure of the fields in the five-dimensional theory obtained
after reduction. Then we expand each Eg(g) representation in terms of the Gg invariant
tensors transforming in the same representation. We separate the eleven-dimensional coor-
dinates in coordinates z#, = 0, ..., 4, on the external spacetime X, and 2™, m=1,...,6,
on the internal manifold M.

The bosonic fields of eleven-dimensional supergravity are decomposed as

§=e G dxt'da” + gmpD2"D2"

A= %Amnppzmnp + %Aumndx“ A DZ™ + % Apymda™ A DZ™ + % Apyp dzP

A= éflml,_mGDzml'“m6 + éz‘iumlmm5dx“/\Dzml“'m5 + ﬁf:llwml“,,de’“’/\Dzml"'m4
+ ..., (3.16)

where Dz = dz™ — h,dz", and all tensor field components may depend both on x#
and 2™, except for the external metric, for which we assume a dependence on the external
coordinates only, g, = guv ().

The barred fields need to be redefined. In appendix C we provide a justification for
these redefinitions by studying the gauge transformations of the metric and three-form
potential. For the three-form components we introduce the new fields A,,.,, A, via

A = Ay = B A Ay = Ay + b P Ay (3.17)

Similar redefinitions apply to the six-form components with at least two external indices,
however we will not discuss them in detail here.

The supergravity fields having all components on the internal manifold M arrange into
the inverse generalised metric

GMN <> {Ay 9mn;, Amnpa Amy..mg}, (318)

in the following way'*

(Gil)mn = eZAgm”
(G = 2P A
(G 15 = 2™ (Apting Angnans] + Apny..ns)
(G s mims = 2 (Gmamaming -+ P A Agninal)
(Gil)mﬂnz n1..ms = e2A[
+ 9" (Apmyma (Agining Angnans) + Agny.ms)]
(G_l)ml..‘m5 ni..ng = eQA[

+ gpq(Ap[mlmQ Am3m4m5} + Apmy--ms)(Aq[nlnz An3n4n5} + Aqm---w)] )
(3.19)

gm1m27[n1n2An3n4n5]

9my..ms,n1...n5

1 This expression follows straightforwardly from the elements of the conformal split frame given in [42].
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where gimymg, nins = 9my[nyYjma|ns), and similarly for gm,  ms ny..ns. Since the generalised
metric is a scalar on the external spacetime, after imposing our truncation ansatz it will
provide the scalar fields of the reduced five-dimensional theory.

The density k introduced in section 2.1 when defining the HV structure is related to
the determinant of the generalised metric and is an Eg () invariant. For eleven-dimensional
metrics of the form (3.16), this is given by [42, 44]

k2 = 32 \/det gpn - (3.20)

The tensors with one external leg arrange into a generalised vector 4, on M, with
components

'AMM = {humv Aumm;luml...ms }7 (3.21)

and will provide the gauge potentials of the reduced theory. The tensors with two anti-
symmetrised external indices define a weighted dual vector B, on M, which is a section
of det T*M ® E*, with components

B/.LI/M = {A,uyma A;wml.“mm guuml...mg,n}a (3'22)

and will give the two-form fields of the reduced theory. The last term in (3.22) is re-
lated to the dual graviton and we will not discuss it further here. The tensors with three
antisymmetrised external indices arrange into the generalised tensor

Cul/pa = {Aul/m A/u/pm1mzm3> g#ﬂpm1...m5,n}a (3-23)

which is a section of (a sub-bundle of) the weighted adjoint bundle det T*M ® ad F', whose
components are labeled by & = 1,...,57. See e.g. [50, 51] for more details on this tensor
hierarchy.

As discussed in [14], the bosonic part of the truncation ansatz is obtained by imposing
that the generalised tensors above are expanded in singlets of the Gg structure. The
generalised metric is obtained by constructing the K and J, parameterising a family of
HV structures as detailed in section 2.3, and plugging these generalised tensors in the
formula (2.27). The resulting generalised metric depends on the H and V structure moduli;
when given a dependence on the external coordinates x*, these are then identified with the
hyperscalar and vector multiplet scalar fields of the truncated N' = 2 theory, respectively.
Thus we have

hI(J))K]
L(x)jaL(x)™"

K s MN

giving GV (z) from (2.27), (3.24)
Ja
where L is the representative of the coset My. Comparing the expression for the generalised
metric with its general form (3.19), we obtain the truncation ansatz for A, gmn, Amnp (as
well as A, me, Whenever it is needed). Note that &2 given in (3.20) is independent of the

scalar fields h!(z) and L(z), so it can be evaluated using any chosen representative of the
family of HV structures defined by the Gg structure.
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The gauge potentials A,/ (x) on the external space-time are defined by taking
A, = A (2)K; € T(T*X) @ span({ K }) (3.25)

where span({K;}) C I'(E) is the vector space spanned by the set of Gg singlets K,
1=0,1,...,ny. Similarly the two-form fields are given by

By, =By, r(x) Kl € T(A*T*X) @ span({K}}), (3.26)

where span({K/}) C I'(det T*M ® E*) is the vector space spanned by the weighted dual
basis vectors Kbl, the latter being defined by KbI(KJ) = 3k% 6’ ;. We also have

Cuvp = Cowp () J) € D(APT*X) @ span({J}}), (3.27)

where span({J%}) C T'(det T*M ® ad(F)) is spanned by the Gg singlets in the weighted
adjoint bundle, here denoted by J"A and given by JZ = k2J4. In appendix C we show
that these expressions, together with the field redefinitions (3.17), lead to the correct five-
dimensional covariant objects, consistent with the expected gauge transformations.

4 N =2 truncations on Maldacena-Nuiiez geometries

We now apply the above formalism to consistent truncations of eleven-dimensional su-
pergravity based on generalised structures arising from Mb5-branes wrapping a Riemann
surface.

We start with the A' = 2 AdSs Xy, M solution of Maldacena and Nunez [34] and show
that the manifold M admits a generalised U(1) structure with singlet intrinsic torsion,
and therefore can be used to construct a consistent truncation. As we have stressed above,
once we identify the singlet K; and Jy4 tensors defining the structure it is straightforward
to read off the form of the NV = 2 supergravity.

We already observed in [14] that this process yields N' = 2 supergravity with one
hypermultiplet and four vector multiplets. Here we give the details of the construction
and derive the gauging, which defines an SO(3) x U(1) x R gauge group. Our truncation
includes as a subtruncation the reduction to N' = 2 supergravity with one vector multiplet,
one hypermultiplet and U(1) x R gauging recently obtained in [36].

4.1 The MN1 solution

We are interested in warped AdSs solutions to eleven-dimensional supergravity that de-
scribe the near-horizon region of M5-branes wrapping supersymmetric cycles in a Calabi-
Yau geometry. The amount of supersymmetry of the solutions depends on how the cycle is
embedded in the ambient geometry. This corresponds to a topological twist of the world-
volume (0, 2) theory on the M5-branes. The simplest examples are the solutions found by
Maldacena and Nuiiez [34] describing the near-horizon geometry of M5-branes wrapped on
a Riemann surface ¥ of negative constant curvature. The topological twist of the (0,2)
world-volume theory is realised by identifying the spin connection on ¥ with a U(1) connec-
tion in the SO(5) R-symmetry group of the M5-brane theory. The theory preserves N = 2
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or N' = 1 superconformal symmetry in four dimensions, depending on how the U(1) is
chosen inside SO(5). The corresponding supergravity solutions are warped products of
AdSs5 times a six-dimensional manifold, M, which is the fibration of a deformed S* over ¥.
The SO(5) is realised via the action of the isometry group of the round S*. The structure
of the fibration reflects the twist of the world-volume theory and determines the amount
of supersymmetry of the solutions, which in five-dimensional language is either N’ = 4 or
N = 2, respectively.

In this paper we focus on the N' = 2 solution, which we call the “MN1 solution” in the

following. The eleven-dimensional metric is'®

9 =e* gaas, + 96 (4.1)

where gaqs, is the Anti de Sitter metric with radius ¢ = %R, R being the length scale of
the internal space M. The metric on M takes the form
1/3

3 1/3
g = R? 2173 (3 + cos? C)

)
2 sin” ¢ 2 2 2
gy +d¢" + 3+ cos2C (01 + 05+ (03 +v) )1 . (4.2)

Here, gy is the uniform metric on (a quotient of) the hyperbolic plane ¥ = H?, with Ricci
scalar curvature Ry = —2, while v is the spin connection on ¥ satisfying

dv = —voly (4.3)

with voly the volume form on ¥.'® The deformed S* is described as a foliation of a round
S3 over an interval, with the interval coordinate being ¢ € [0, 7], while 0, a = 1,2,3, are
the standard SU(2)jef-invariant forms on S3, expressed in terms of Euler angles {6, ¢,v}.
Their explicit expression can be found in appendix D, together with more details on the
parameterisation of S%.

The warp factor is

2A 2%/ 2 \1/3
e"" = (3> (3 4 cos? ()13, (4.4)
while the four-form reads
~ R3[| 15+4cos’C 4
F = Ve msm (dC Aoy ANoa A (o3 +v)
- (4.5)
+ sin ¢ (d{ A o3+ Zm o1 N\ 02> A volz} .

15We present the solution in a form similar to the one given in [52, Sect. 5]. The precise dictionary with
this reference is: a = (, v = —¢, Yamsw = ¥, e = ezA, m~t = ladsy = %R, where the variables on the
left-hand side are those of [52] while the variables on the right-hand side are those used here. The length
scale R that appears in our expressions is equal to the radius of S* in the related AdS; x §* Freund-Rubin

solution of eleven-dimensional supergravity. The four-form Fin (4.5) has an overall opposite sign with

respect to the one of [52], = —FaMmsw; this sign does not affect the equations of motion, it just modifies
the projection condition satisfied by the supersymmetry spinor parameter.
16Choosing local coordinates z,y on the hyperbolic plane, one can write gs = M, voly = dmy%dy,

_dz
e

and v =
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Note that the invariant volume form (3.20) is given by
k% = R?voly Avoly, (4.6)

where voly is the volume form of the round S* of radius R.
The solution has SU(2)iefs X U(1)right symmetry, which embeds in the SO(5) isometry
group of a round S* as

50(5) D) 50(4) ~ SU(2)1eft X SU(Q)right D) SU(2)left X U(l)right- (47)

This symmetry is manifest as the solution is given in terms of the o,. The globally-defined
combination (o3 4 v) describes a fibration of S* over ¥, such that the U (1)yignt action on
S4 is used to cancel the U(1) holonomy of ¥.

The U(1)yignte factor provides the R-symmetry of the holographically dual N' = 1
SCFT, while SU(2)ef corresponds to a flavour symmetry. The dual NV = 1 SCFT has
been described in [53].

4.2 Generalised U(1) structure of the MN1 solution

The solution reviewed above admits a generalised U(1)g structure, which will be the basis
for constructing our consistent truncation. In order to characterise it we proceed in two
steps. The first is purely group theoretical: it consists in embedding the relevant U(1)g in
FEg(6), computing its commutant and the corresponding decompositions of the generalised
tangent and adjoint bundles. To this end, it is convenient to decompose Egg) according to
its maximal compact subgroup USp(8)/Z,. Since the usp(8) algebra can be given in terms
of Cliff(6) gamma matrices (see appendix E.1), this reduces the problem to gamma matrix
algebra. The details of the derivation can be found in appendix E; here we will just give
the results. Once the relevant U(1)g singlets are identified, the second step is to express
them in terms of the geometry of the six-dimensional manifold M.

The generalised U(1)g structure of the MN1 solution is the diagonal of the ordinary
geometrical U(1) ~ SO(2) C GL(2,R) structure on the Riemann surface and a U(1) factor
in the SO(5) C SL(5,R) =~ Ejy4) generalised structure for the generalised tangent space of
the four-sphere. In terms of the isometry group decomposition (4.7) this can be identified
with U(1)ignt. If we denote by 1 to 4 the directions in M along S4 and by 5,6 those along
¥, the generator of U(1)g can be written as a usp(8) element as

PN A -
u(l)s =il's6 — 5(I'2 — I'sq), (4.8)

where T, are six-dimensional gamma matrices. The first term corresponds to the U(1)
holonomy of ¥ while the second one is the U(1)yjgnt in SO(5). By computing the commu-
tators of (4.8) in USp(8) we find that the U(1)g structure embeds in USp(8) as'’

USp(8) D SU(2) x SU2)u x U(1) x U(1)s, (4.9)

"Here and below we give expressions ignoring subtleties involving the centres of each group; thus for
instance we will not distinguish between embeddings in USp(8) and USp(8)/Z.
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where as above we distinguish the factor SU(2)y that gives the R-symmetry of the five-
dimensional supergravity theory. Under this splitting, the spinorial representation of
USp(8) decomposes as

8=(1,2)0® (2,11 (2,1)1 2 (1,1)® (1,1)_s, (4.10)

where the elements in the brackets denote the SU(2) x SU(2)y representations and the
subscript gives the U(1)g charge. We then see that there are only two spinors that are
singlets under U(1)g and that transform as a doublet of SU(2)y as required by N' = 2
supersymmetry.

The embedding of the U(1)g structure in the full Eg) is obtained in a similar way
(see appendix E.2 for details)

Eg(6) D Chyey (U(1)s) = R x Spin(3,1) x SU(2,1) x U(1)s, (4.11)

where Cpg (U(1)s) is the commutant of U(1)s in Ege). We can now determine how
many generalised vectors and adjoint elements are U(1)g singlets. Under (4.11) the 27
decomposes as

27 =(1,1)(0,8) ® (4,1)(0,—4) © (2,1)(3,—9)

( (4.12)
@ (1, 3)(27_4) @ (1, 3)(_2’_4) @ (2 3) 2) @

2,1)(-3,-9)
(2,3)(—1,2)»

where the first subscript denotes the U(1)g charge and the second one the Rt charge. We
see that there are five singlets K;, I =0,1,...,4, where

Ko € (1,1)0g) (4.13)
is only charged under the R™, while
{K17K27K37K4} S (4,1)(07,4) (414)

form a vector of SO(3,1).

The singlets in the 78 adjoint representation are the generators of the commutant
CEg) (U(1)s). However only the generators of the SU(2,1) subgroup are relevant for the
structure. Indeed, (4.12) shows that the generators of RT x SO(3,1) do not leave the
singlet vectors invariant, and therefore, as discussed in section 2.1, do not contribute to the
truncation. As shown in (E.40) and (E.41), they can be obtained as products K x,q K7.
We denote by J4, A =1,...,8, the elements of the adjoint bundle generating sus ;. Four
of them are in the 36 of USp(8) and generate the compact subalgebra sus @ uy, and four
more are in the 42 of USp(8) and generate the rest of sus 1.

The U(1)g structure is then defined by

(K;,Jay, I1=0,...,4, A=1,...,8. (4.15)

The derivation of the explicit expressions for these generalised tensors relies on the
way the solution of [34] is constructed by deforming the AdS7 x S* background dual to flat
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M5-branes so as to describe their backreaction when wrapping a Riemann surface ¥. The
world-volume theory on the wrapped Mb5-branes is made supersymmetric by a topological
twist, where the spin connection on the Riemann surface is cancelled by switching on
a background gauge field for a U(1) subgroup of the SO(5) R-symmetry. On the dual
background the topological twist implies that M is an S* fibration over ¥

St M
k (4.16)
h

The generalised tangent bundle for S* is given by
By ~ TS @ A*T*S*, (4.17)

and transforms under SL(5,R) ~ Ey4). Tt is generalised parallelisable, meaning it admits
a globally defined frame [15]. The idea is then to consider first the direct product ¥ x S4,
express the Eg(g) generalised tensors on this manifold in terms of the frame on ¥ and the
parallelisation on S*, and then implement the twist of S* over ¥ so as to make globally
well-defined objects. In the decomposition

Ege) O GL(2,R) x SL(5,R), (4.18)

where GL(2,R) is the structure group of the conventional tangent bundle on ¥ and
SL(5,R) =~ Ejy4) is the structure group of the generalised tangent bundle on 5S4 the E¢6)
generalised tangent bundle on ¥ x S* decomposes as

E~TY® (T*YL® Ny) @ (A*T*Y ® N}) @ Ey, (4.19)
and the adjoint bundle as

adF ~ adFy @ (TERT*Y) @ (T"E ® Ey)

2k * 2 * (420)

In the expressions above Ej is the generalised tangent bundle on S* introduced in (4.17),
ad Fy is the adjoint bundle on S*,

ad Fy ~ R (TS* @ T*S*) @ A3T*S* @ A3TS*, (4.21)
and Ny and Nj are the following bundles on S4,

Ny ~ T*S* @ AT* 54,

4.22
Nj ~ R@ A3T*S?. (4.22)

The bundles F4, Ny and Nj admit the globally defined generalised frames
E; € T(Ey), E,€T(Ny), E.eT(Ny, i,j=1...,5, (4.23)
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see appendix D for their expression in a coordinate basis and note that they include a
contribution from the three-form gauge potential Ags of the flux on the S*. Geometrically
this defines a generalised identity structure on S*. Given the way U(1)g is embedded in
USp(8), we will find it useful to also introduce the following linear combinations of the
generalised frame elements F;; on sS4,

[1]

1=FEi3+Foy, Eg9=FEiy—Fy, E3=FE— FE3,
1=Fi3—Fou, Ex=FEuu+FEy, Z3=FE;+Es. (4.24)

[t

Since their restriction to T'M corresponds to the Killing vectors generating the SU(2)jeft X
SU(2)sight ~ SO(4) C SO(5) isometries of S* (again see appendix D for their explicit
expression), =, and ia, a = 1,2,3, may be seen as generalised Killing vectors generating
the corresponding generalised isometries.

As for the Riemann surface ¥, it can be (a quotient of) the hyperbolic plane H? as
in the MN1 solution reviewed in section 4.1, but we can also take a torus T2, or a sphere
S2. We introduce orthonormal co-frame one-forms eq, es on ¥, such that the constant
curvature metric and the compatible volume form on ¥ are given by

gy = (e1)* + (e2)?, voly =ej Aes. (4.25)

The metric is normalised so that the Ricci scalar curvature is Ry = 2k, where k = +1 for
5% k=0 for T? and k = —1 for H? (and quotients thereof). We also define the U(1) spin
connection, v, on ¥ as

d(e; +iez) =ivA(er +iea), dv = k voly . (4.26)

The decompositions (4.19) and (4.20) allow us to express the U(1)g invariant gener-
alised tensors in terms of tensors on ¥ and the S* generalised frames introduced above.
We provide the derivation in appendix E and here just present the resulting expressions.
Let us first focus on the singlet generalised vectors Kj. These can be written as

Ky = el . (R2 voly A Eé) , K17273 =el. 217273, K, = el . =3, (4.27)

where T is a section of the adjoint bundle implementing the twist of S* over ¥ as in (4.16),
ensuring that these are globally defined objects on the six-dimensional manifold. Recall
that in the MNT1 solution, the U(1) that is used to twist the four-sphere and compensate
the spin connection v on ¥ is the Cartan of SU(2)righe C SO(5). The Egg) twist element
T is constructed in a way similar to the one used in [14], albeit with a different choice
of U(1) in SO(5). We embed the connection one-form v in a generalised dual vector, the
Killing vector generating the Cartan of SU(2)yight in the generalised vector Z3 introduced
above, and we project their product onto the adjoint of Eg). That is,

T = —% UV Xad 53, (4.28)
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where x,q denotes the projection onto the adjoint and again R is the radius of S*. Evalu-
ating its action in (4.27), we find that this is trivial for all the K;’s except for K4, and we
obtain our final expressions

Ko=R*vols A B,  Kig3=CEi23, Ki=E53—RvuAEs. (4.29)

A similar procedure applies to the singlets J4, A =1,...,8, in the adjoint bundle. In this
way we obtain (see appendix E for the derivation)

1
T = = 1= A 1= A
J1=§e - (—Rei XaaB1 — Reg Xaa Za + R E] Xad €1 + R 25 Xad €2),
1
T = = 1= o 1= A
Jo=—e ~(R€1 Xad 2o — Reg Xpq=21 — R .:; Xad €1 + R .:T Xadeg),
2
1 T A A —1 * A
Js=ge (1 ®ex —éa®@e1 — Reg Xag Vs + R Wls Xaq €2
— EX Xad Bos + Eiig Xad Eys)
5[1 ad £2]5 5[3 ad £4]5) »

Ly
— — —1 —x N —1 —% A
J4:§e -(R€1 Xad 2o — Reg Xaq21 + R =9 Xad €1 — R =1 Xadeg),

: ] L (4.30)
Js=ge - (Rer xaa S1 4 Reg Xaa Bz + BT E] Xaa &1 + BT Ej Xaa €2)
1 4
J6:—§eT' (él®61+éz®€2+ZEf5XadEi5+2)’
=1

Jr=eT . (Reg Xaq U154+ R W35 Xoq 82),
Jsg = TﬁeT . (él ®eg— €y ®er —3Res Xaq Pis +3R_1 \I/ir, Xad €2
— B3y Xad Eojs + E3j3 Xad Eys)

where the superscript * denotes dual generalised vectors, transforming in the 27, and we
introduced ¥1; = Re; A FE; and Vo, = Reg A E;. The adjoint action of eT is evaluated using
the formula (A.21); we do not show the resulting expressions as they are rather lengthy.
Evaluating the commutators [J4, Jp] using again (A.21), we checked that the J4 satisfy
precisely the SU(2,1) commutation relations (see (F.4) for our choice of SU(2,1) structure
constants).

4.3 The V and H structure moduli spaces

We now construct the V structure and H structure moduli spaces. Applying the general
discussion of section 2.3 we have

C () (Gs) Spin(3,1) SU(2,1)
My x My = o) =R" x '~ X ’ , 4.31
v "7 Cusps)z:(Gs) SU(2) — SU@2)u x U(1) (4.31)

As we now show the first two factors give the V structure moduli space and the last factor
the H structure moduli space.
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The V structure. Evaluating (2.16) for the K constructed above we obtain the con-
stant, symmetric tensor Cryx. Using the invariant volume (4.6), we find that the non-
vanishing components of Cjji are given by

1
Corg = Crog = Crjo = 30T forI,J=1,...,4, (4.32)

where
n = diag(—1,—-1,—1,1). (4.33)

A family of V structures is then obtained by defining K as the linear combination (2.30)
and imposing the condition (2.31). It follows that our V structure moduli space is the
hypersurface

Croch! W R = RO (=(h1)? = ()2 = (h%)% + (h")?) = 1. (4.34)

It will be convenient to redefine the A! in terms of the parameters

{x,HY, H? H3, HY} (4.35)
as
hO — 2—2
W=-xsH, 1=1,...,4, (4.36)
so that
K =%"2Ko - (H'Ki + H Ky + H*Ks + H'K,) . (4.37)

From (4.34) we see that H' are coordinates on the unit hyperboloid %,

— (HY? — (H»)? — () + (HY)? =1, (4.38)

while 3 (that we assume strictly positive) is a coordinate on R*, whose powers in (4.36)
are dictated by the weight of the K’s under the action of the RT that commutes with the
generalised structure. The resulting V structure moduli space thus is

S0O(3,1)
My =Rt x —/——~ 4.39
% 5003) (4.39)
and will determine ny = 4 vector multiplets in five-dimensional A’ = 2 supergravity.
Note that by identifying SU(2) ~ Spin(3) this matches the first two factors in (4.31). The
isometry group is SO(3, 1) because the h! form a vector rather than a spinor representation

of Spin(3,1).

The H structure. We next turn to the H structure moduli space, again following the
general discussion given in section 2.3. Since the commutant of SU(2)y in SU(2,1) is
U(1), from (2.35) we obtain that the H structure moduli space is'®
B SU(2,1)

CSU2)g x U(1)”

8 More precisely one has Mg = SU(2,1)/S(U(2) x U(1)).

My (4.40)
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This is a simple quaternionic-Kéhler manifold of quaternionic dimension ny = 1. We will
denote by

{,€ 01,0-} (4.41)

the coordinates on this space. In appendix F we give the explicit parameterisation chosen
for the coset space as well as the explicit form of the “dressed” su(2) elements J,, depending
on {p,& 61,02}, in terms of su(2,1) elements. Below we will use this dressed triplet to
construct the generalised metric. In appendix F we also give the SU(2,1) invariant metric
on My, which will provide the hyperscalar kinetic term in the five-dimensional theory.

4.4 Intrinsic torsion and gauging

For the U(1)g structure constructed in the previous section to lead to a consistent trun-
cation, it must be checked that its intrinsic torsion only contains U(1)g singlets, and that
these are constant. In particular we need to show that equations (3.4), (3.5) and (3.7) hold.
For the first two conditions we evaluate the generalised Lie derivatives of the tensors K7y
and Jy4 in (4.29) and (4.30), using the action of generalised Lie derivative on a generalised
vector and on sections of the adjoint bundle given in appendix A.

Consider first the algebra of the generalised vectors (4.29). Using the fact that, under
the generalised Lie derivative, the S* frames E;; generate an so(5) algebra

LEij Ekl = —Ril (5ikEjl — (51'[Ejk + 5leik - 5jkEz'l) ) (4‘42)
one can show that the only non-zero Lie derivatives are
2
LKaK,B = _Eeaﬁ’yK'ya aaﬁ7’7 = 1a233, (443)

so that the vectors K,, a = 1,2, 3, lead to an SO(3) factor in the gauge group in the five-
dimensional supergravity.!? This embeds in the SO(3,1) factor of the global symmetry
group of the ungauged theory in the obvious way. Hence (4.43) determines the compo-
nents of the embedding tensor acting on the vector multiplet sector of the five-dimensional
supergravity theory.

We thus have that the non-vanishing structure constants are f,g, = —2€,3, and the
gauge coupling constant is g = %. Recalling (3.8), the non-trivial vector multiplet scalar

covariant derivatives are 5
DH® =dH" — g, AP HY (4.44)

while the gauge field strengths read
1
F=dA’, Fr=dA"- = g ATNAT, Fr=dAt (4.45)

In order to determine the gauging in the hypersector we also need to compute the Lie
derivative of the J4 along the generalised vectors K;. We find that the J4 are neutral
under the action of the SO(3) generators K,

Lx,Ja=0, A=1,..38, (4.46)

9For simplicity, we use the indices a, 8 = 1,2,3 both to label the generators of the SU(2)x entering in
the definition of the H structure and the generators of the SU(2) in the V structure, although these are
different subgroups of Eg ).
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consistently with the fact that the gauging in the vector multiplet sector does not affect
the hypersector. On the other hand, the remaining generalised vectors Ky and Ky act
non-trivially on the J4, and determine an abelian gauging of the SU(2,1) generators. In
detail, the generalised Lie derivative of the J4 along K gives

1

LKO(Jl ):0, LKOJSZ_EJEM
1
Ly (J1 + J5) = = (Jo + Ju) LiyJs = ——(Jg +2J7 —V/3J5),
’ R = (4.47)
Lk, (J2 + Ju) :0, L, J7 = EJG’
Ly (J2 = Ja) = ( —J5), V3
° Lk, Js = ﬁJG,
while the one along K, yields
2 K
LK4(J1_']5) :_E<J2+J4)7 LK4J3= ﬁ{](;,
2 K
Ly, (J1+Js5) = _E<J2 —Ju) — R (J2+ Ju), L, Js = 2R (J3 + 277 = V3Jg)
2 __F
Lii(J2 +Ja) = 5(J1 = J5), LrsJr =375
2 K V3k
Lri(J2 = Jo) = (N1 + J5) + 5 (J1 = J5), Liyls = =56
(4.48)

The actions (4.47) and (4.48) can equivalently be expressed in terms of an adjoint action as
Li,Ja = [J(KO),JAL LK4JA=[J(K4),JA], A=1,...,8, (4.49)

where the sections of the adjoint bundle

J(KO) 4R (Jg +2J7 — \/i]g)
1
V3

correspond to SU(2,1) generators acting on the H-structure moduli space (4.40) as isome-

Jky) = IR (Jg +2J7 — fJS) J3 + Js) (4.50)

R(

tries. We denote by kg and k4 the corresponding Killing vectors on My. These can be
calculated applying (3.10) to the coset representative L given in appendix F, and read

ko = 85 ,
ks = —k 65 + 2 (92891 — 91(992) . (4.51)

These Killing vectors specify the isometries of My that are gauged in the five-dimensional
supergravity. The hyperscalar covariant derivatives (3.11) are determined as

2
D(91 +i92) Zd(91+i92) — E1A4 (91 +i02),

Eat (4.52)

e+ Lo
Dg_d§+RA =
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The triholomorphic Killing prepotentials P;* obtained by evaluating the moment
maps (3.12) read

1
Py = {0,0, 4e2¢’} :

Pf = {\/ﬁewﬁl 5 \/§e¢(92 3 _1 + %e&p(20% + 29% - K:) } Y (453)

with P{* = P3* = P = 0.

The information above completely characterises the five-dimensional N = 2 supergrav-
ity obtained upon reduction on M. This will be discussed in section 4.6. Before coming to
that, we provide the explicit bosonic truncation ansatz.

4.5 The truncation ansatz

The truncation ansatz is built following the general procedure described in section 3.2. We
compute the inverse generalised metric (2.27) out of the U(1)g invariant generalised tensors.
This depends on the V structure moduli {¥, H', H?, H3, H*} and on the H structure moduli
{¢,&, 01,62}, which are now promoted to scalar fields in the external, five-dimensional
spacetime. Then we evaluate the generalised tensors A, By, Cpuu, using (3.25)—(3.27).
Separating the components of these tensors as described in section 3.2, we obtain the
ansatz for the eleven-dimensional metric § and three-form potential A.

We start from the covariantised differentials Dz™ = dz" — h,,""dx* of the coordinates
on M, that appear in (3.16). From (3.21) and (3.25) we see that h, = h,0p, is given by

hy = Al Kilru (4.54)

where K7|ras is the restriction of K to the tangent bundle of M. Evaluating the right
hand side using the explicit form (4.29) of the generalised vectors K7, we obtain

2 -
hu = (AT Ea + A}, &), (4.55)

where we recall that &, &, a = 1,2,3, are the pull-back to TM of the SU(2)1eft-
and SU(2)yight-invariant vectors on 53, respectively, whose coordinate expression is given
in (D.2) and (D.3). It follows that Dz™, and thus both the eleven-dimensional met-
ric and three-form, contain the five-dimensional gauge potentials A%, A*, gauging the
SU(2)1est X U(1)right isometries of S3in M. Notice that A° does not appear in (4.55) as Ko
does not have a component in 7'M, hence it will not enter in the eleven-dimensional metric.
However K will appear in the ansatz for the three-form, as it does have a component in
A2T*M.

In order to express our ansatz in a more compact way, it will be convenient to introduce
new one-forms (2, and Qa, a = 1,2,3, adapted to the symmetries of the problem, that
incorporate the covariantised differentials above but also include some more terms. Recall
that we describe S* as a foliation of S3, parameterised by Euler angles {6, ¢,v}, over an
interval, parameterised by (. We define

Q1 = cosy DO + sin)sinf D¢, Q1 = cos ¢ DO + sin ¢ sin 6 Dy
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Q9 = —sinyY DO + cosysinf D¢, Qy = sin ¢ DO — cos ¢ sin 6 D,
Q3 = D) + cosH D¢, Q3 = D¢ + cos 6 D1, (4.56)
which are analogous to the left- and right-invariant forms o4, 6, given in (D.6) and (D.7),

but with the ordinary differential of the coordinates being replaced by the new covariantised
differential D. This extends the differential D given above and is defined as

2 -
Dz2" = d2" — E(Ao‘é’g” + Acgm) (4.57)
with
R R R
Al = = (Ore1 — O1e3), A? = = (b1e1 + O2e9), AP = 4 AL,
ﬁ<21 12) ﬁ(l 1 22) 2
AY = A~ a=1,23, (4.58)

where the five-dimensional scalars 61,65 are two of the H structure moduli, and we recall
that e1, ey are the vielbeine on the Riemann surface ¥ while v is the connection on ¥.
The local one-forms A%, A% gauge all the left- and right- isometries of S3, respectively, and
would correspond to SO(4) ~ SU(2)iery X SU(2)right gauge potentials in the reduction of
eleven-dimensional supergravity on S* down to seven-dimensional supergravity. However,
in the further reduction on ¥ of interest here only A%, A* become five-dimensional gauge
fields, while the rest of (4.58) implements the twist on the Riemann surface and introduces
the five-dimensional scalars 61, 05.
We are now in the position to give the truncation ansatz for the eleven-dimensional
metric
Jg= ezAngx“dm” + gmnD2"DZ" . (4.59)

The warp factor is

e2A = A3 (ePx)/5 (4.60)

while the part with at least one internal leg reads
Jmn D2 D" = R251/3(e‘p2)_6/5 g{—i—RQA_Q/?’ezW‘:’Z_S/E’ [(e_2‘p23 sin? (4 H_ cos® §) d¢?

1 1 ~
+ M sin2C6a59a®QB—§sin2CHa Q0 ®Q3—cos(sinCdC®,dgH

i

(4.61)

where ®, is the symmetrised tensor product, defined as Q ®; Q = F(OQ® Q+0Q®Q). In
these expressions we introduced the function

A= (e_2@023)_4/5 cos? ¢ + (e_2¢23)1/5H+ sin? ¢, (4.62)
as well as

Hy=H'+ (Hlsinesinqﬁ—H251n9008¢+H3c059) ,
dgH, = H'd(sin#sin ¢) — H* d(sinf cos ¢) + H>d cos . (4.63)
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Note that in the last expression the exterior derivative acts on the internal coordinates and
not on the scalars H’, which only depend on the external coordinates.

We next come to the eleven-dimensional three-form potential A. We first give our
result and then make some comments. The ansatz for A reads

~ 1 -
A= —§R3 cosC [24sin? C AT e 2283 ™01 0y A Qg A Q3
1 - ~
+ ZR3 sin® ¢ A7 (e 2223 d¢ A H Qo A Q3
1
+ R? cos ¢ (DE — 610 + 6,D61) A volg + R cos ¢ (29% + 2602 — n) voly AQ3

1 ~
+§R2COSC(J—"4/\Q?, — F* A Q) + R cos ¢ X% x5 FO
1
2v/2

where the five-dimensional gauge field strengths, F, and the covariant derivatives, D, of

+ R3cos( |:<D92 Ael — Db A 62) A+ <D91 Ael + Doy A 62> A Q2:| , (4.64)

the five-dimensional scalars were given in (4.45) and (4.52), respectively.

Equation (4.64) has been obtained by first computing A through the general procedure
of section 3.2, then implementing a gauge shift by an exact three-form so as to obtain a
nicer expression (this is why derivatives of the external fields appear), and finally dualising
away the five-dimensional two- and three-forms, so that the only five-dimensional degrees
of freedom contained in the ansatz are scalar and vector fields, in addition to the metric
guv- Let us outline how this dualisation is performed. Evaluating (3.26) and (3.27), we
find that only one external two-form B and one external three-form C appear in the ansatz
for A. These are paired up with the generalised tensors E5 and E. on S%, which, as
generalised tensors on M, are sections of det T*M ® E* and det T* M ® ad F', respectively.
The combination entering in A is

[BEs 4+ CE5], = RBAdcos¢+ RCcos¢ = (C—dB)Rcos¢+d(BRcos¢) ,  (4.65)

where the subscript on the left-hand side indicates the restriction to the three-form part,
and the last term in the expression is removable via a gauge transformation of A. Hence
B and C only appear in the combination (C — dB). This means that the two-form gets
eaten by the three-form via the Stuckelberg mechanism, giving it a mass. While a massless
three-form in five-dimensions is dual to a scalar field, here we dualise the two-form at the
same time and also obtain a vector field. The duality relation is obtained considering the
duality between the eleven-dimensional three-form A and six-form A given in (3.15), and
looking at the relevant terms with three external indices. In this way we find that

1
C—dB=3%"%5dA — A* NdA* + A% A dA™ — 37 CasrA” A AP N AT (4.66)

We have used this expression to eliminate (C — dB) completely from the truncation ansatz.
This explains the *5F° term appearing in (4.64).

Our truncation ansatz reproduces the Maldacena-Nuiiez solution given in section 4.1
upon taking x = —1 and setting the scalars to

1, 4
H'=H*=H*=60,=0,=¢(=0, H'=%=1, = 5log 5. (4.67)
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The consistent truncation of [36] is recovered as a subtruncation that projects out the
fields transforming under SU(2)jef;, that is setting A® = H* =0, a = 1,2, 3, which also
implies H* = 1.2 The further truncation to minimal gauged supergravity is obtained by
setting the scalars to their AdS value (4.67) and taking A% = —A%.

One can obtain a slightly larger subtruncation by projecting out only the modes
charged under U(1)g, rather than SU(2)jeg, namely setting A' = A2 = H! = H? = 0.
This leaves us with two vector multiplets, one hypermultiplet and just the abelian gauging
generated by the Killing vectors (4.51), which is the same as the one in the truncation
of [36].2! A notable generalisation of this subtruncation will be discussed in section 5.

The truncation of [36] was obtained via a reduction of gauged seven-dimensional su-
pergravity on the Riemann surface ¥. Similarly, we can obtain our truncation ansatz by
combining the well-known truncation of eleven-dimensional supergravity on S* [9], leading
to seven-dimensional maximal SO(5) supergravity, with a further truncation reducing the
seven-dimensional theory on Y. Starting from the convenient form of the bosonic trunca-
tion ansatz on S* given in [56], we have explicitly checked that this procedure works out
as expected and reproduces the ansatz above.

4.6 The five-dimensional theory

We now put together the ingredients defining the truncated five-dimensional theory and
discuss it in more detail. This is an N = 2 gauged supergravity coupled to four vector
multiplets and one hypermultiplet. The vector multiplet scalar manifold is

S0O(3,1)
=Rt x =/ 4.68
My *750(3) (4.68)
while the hypermultiplet scalar manifold is
SU(2,1)

Mnu (4.69)

- SU2)g x U(1)”
As discussed before, these have a geometric origin as the V and H structure moduli spaces
of the internal manifold. At the bosonic level, the vector multiplets are made of gauge
fields A’ and constrained scalar fields k!, I = 0,1,...,4, which we have parameterised
in terms of ¥ and H!, I = 1,...,4, in (4.36). The latter scalars satisfy the constraint
nryH'H’ = 1, with n = diag(—1, -1, —1,1). We have also found that the non-vanishing
components of the symmetric tensor Cyyx are given by

1
COIJ:CIDJ:CIJ0:§77]J7 I,Jj=1,...,4. (4.70)

20Then the one-forms €, essentially reduce to those in [36], up to slightly different conventions, while fla
drop out of the ansatz. When comparing our truncation ansatz with the one given in section 4.1 of [36], one
should take into account that A" = — AFNR (this is seen from comparing our 11d Maxwell equation with
the one in [54], which provides the 7d to 11d uplift formulae used in [36]). Moreover ¢P*® = ¢FNE 4 7/
At o AFNR A0 o \FNR 53 9l/35FNR (20 _ 2(e2*)FNR |9, ,| = %‘01’2|FNR’ €= %gFNR'

21 Curiously, this five-dimensional supergravity with two vector multiplets and one hypermultiplet looks
closely related to the N' = 2 “Betti-vector” model obtained in [55, Section 7] as a consistent truncation of
IIB supergravity on TV, The two models are not the same though, as the details of the couplings between
the fields are different.
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The kinetic terms in the vector multiplet sector are controlled by the matrix a;;, given by
the general formula (2.34), which in our case reads

1

ago = §Z4,
apy =0,
2 _
ary =572 (QmKHKnJLHL—mJ) , IJ=1,...,4. (4.71)

The hypermultiplet comprises the scalars ¢* = {(, &, 61,602}, and the kinetic term is
given by the quaternionic-Kéhler metric on My that we derived in appendix F,

1
gxydg¥dgY = 2dp? + &% (daf - deg) +3 e (A€ — 01dfy + 02dh;)* . (4.72)

The gauge group is SO(3) x U(1) x R. The symmetries being gauged are the SO(3) C
S0O(3,1) isometries of My and two abelian isometries in My, generated by the Killing
vectors (4.51). Note that the J¢ term generates the non-compact R factor and the 6205, —
010y, term generates the compact U(1).

We recall for convenience the gauge field strengths

FO=dA,  Fr=dA* —gep AN A,  Fl=dA', a=1,2,3, (4.73)

and the covariant derivatives of the charged scalars,

DH® = dH" — %e“mAﬂ HY,
2
D(91 +i92) = d(@l +i92) — §1A4 (91 +i92) R

1 K
DE=de+ A — At 4.74
E=di+ A - S AT (4.74)

where the gauge coupling constant is given by the inverse S* radius, g = %. The scalars 3,
H* and ¢ remain uncharged. The gauging in the hypersector is the same as in [36], while
the gauging in the vector multiplet sector is a novel feature of our truncation.

Plugging these data in the general form of the N/ = 2 supergravity action given in
appendix B, we obtain the bosonic action for our model,

1 1 3 &
S = / {(R—m/) «1— SIFONFO = = N apy FIA«F) - 2572d8 A +dS
167G 2 2 52
3 4 4
-3 3" anDEH) A¥D(EH) - 9xvDg* AxDgY + 3 nrs A AFIAF |,
I,J=1 1,J=1

(4.75)

where G5 is the five-dimensional Newton constant.?? The scalar potential V is obtained
from the Killing prepotentials of the gauged isometries as summarised in appendix B. The

22 As discussed in [33], the five-dimensional Newton constant is given by (G5) ™' o fM 32 volg = fM K2

dn(l—g)

In the present case, f Iy k> = R?Voly Vols, where Voly = is the standard volume of a Riemann

surface of genus g and Voly = %R‘l is the volume of a round S* with radius R.
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Killing prepotentials were already given in (4.53). We can check this expression by starting
from the Killing vectors (4.51) and evaluating (B.15) using a standard parameterisation
for the universal hypermultiplet; we have verified that indeed the same result is obtained.
Then (B.17) gives for the scalar potential

1 { el 2 HAe?

% + 32 =24 ¢ (2((H)? - 1) (63 + 63) — r)

TRZ\4xt T T
1
+3 M (2(H")? — 1) (267 + 263 — K)Q] } : (4.76)

The supersymmetric AdS vacuum conditions summarised in eq. (B.18) are easily solved
and give the scalar field values

1. 4
H'=H?>=H?=0,=0,=0, H*=%=1, cpzilogg,

that is precisely the values (4.67) that reproduce the MNT1 solution reviewed in section 4.1.

(4.77)

The negative curvature x = —1 for the Riemann surface arises as a positivity condition
for the scalars ¥ and e??. The critical value of the scalar potential yields the cosmological

constant A=V = corresponding to an AdSs radius ¢ = %R, again in harmony with

_3%’
the solution in section 4.1.

By extremising the scalar potential (4.76) we can search for further AdS; vacua within
our truncation. Then, by analysing the mass matrix of the scalar field fluctuations around
the extrema we can test their perturbative stability. In the following we discuss the outcome

of this analysis for the three extrema that we have found.

o We recover the supersymmetric vacuum (4.77). Being supersymmetric, this is stable.
The supergravity field fluctuations source SU(2, 2|1) superconformal multiplets in the
dual N' =1 SCFT [53], with the supergravity mass eigenvalues providing the confor-
mal dimension A of the operators in the multiplets. The field fluctuations that were
also considered in [36] correspond to the energy-momentum multiplet (containing the
energy-momentum tensor with A = 4 and the R-current with A = 3) and to a long
vector multiplet of conformal dimension A = 1+ /7 (see [36] for more details). The
additional SO(3) vector multiplet included in this paper sources a conserved SO(3)
flavour current multiplet in the dual SCFT. The three scalar operators in this mul-
tiplet have conformal dimension A = 2 (once) and A = 4 (twice), while the SO(3)
flavour current has conformal dimension A = 3, as required for a conserved current.
Another piece of information about the dual SCFT is given by the Weyl anomaly
coefficients; these are obtained from the five-dimensional Newton constant G5 and

the AdSs radius ¢ through the formula a = ¢ = %.

o When x = —1 we also recover the non-supersymmetric vacuum discussed in [36],
that was originally found in [57]. The analysis of the scalar mass matrix shows
that the fluctuation of H* has a mass squared m2¢? ~ —4.46, which is below the
Breitenlohner-Freedman bound €2m2BF = —4. We thus establish that this vacuum
is perturbatively unstable. Note that the unstable mode lies outside the truncation
of [36].
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e For k = 41, we find a non-supersymmetric vacuum with non zero value of the H-
scalars, given by

21/3
= W’

21/6
ew:g, =35 a0 =32 R m)

% 55/6

where /¢ is the AdS radius. This appears to be a new solution. It represents an SO(3)
worth of vacua really, since the scalars HY, o = 1,2, 3, can take any value such that
VHY? + (H?2)2+ (H3)? = /(HY)?2 -1 = \/7279. We find that a linear combination
of the fluctuations of ¥, ¢ and H* has mass squared m2¢? ~ —5.86 < m%F€2, hence

this vacuum is perturbatively unstable. Nevertheless, it allowed us to perform a non-
trivial check of our truncation ansatz for non-vanishing H-fields, as we have verified
that its uplift does satisfy the equations of motion of eleven-dimensional supergravity.

5 Truncations for more general wrapped Mb5-branes

The N = 2 and N' = 4 Maldacena-Nufiez solutions are special cases of an infinite family
of N' = 2 solutions [35, 38],%% describing M5-branes wrapping a Riemann surface in a
Calabi-Yau geometry. These solutions, which we will denote as BBBW solutions, have
the same general features of the MN1 solution. In particular, they all admit a generalised
U(1)g structure, which we use to derive the most general consistent truncation to N' = 2
gauged supergravity in five dimensions associated with such backgrounds. As we will
see, the truncated theory has two vector multiplets, one hypermultiplet and gauge group
U(1) x R. It generalises the U(1)yigne invariant subtruncation of the truncation presented
in the previous section: the matter content is the same and the gauging is deformed by
one (discrete) parameter. Our systematic approach allows us to complete the consistent
truncation derived from seven-dimensional maximal SO(5) supergravity on ¥ previously
presented in [37] by including all scalar fields in the hypermultiplet and directly deriving
the gauging.?*

5.1 The BBBW solutions

The BBBW solutions describe M5-branes wrapped on a Riemann surface ¥, such that the
(2,0) theory on the branes has a twisting over ¥ depending on two integer parameters p
and ¢q. The way the Riemann surface is embedded in the ambient space determines the
local structure of the latter. The authors of [35, 38] showed that there is an infinite family
of allowed geometries, corresponding to the fibration £1 & Lo < ¥ of two complex line
bundles over the Riemann surface, so that the total space is Calabi-Yau. The degrees of
these line bundles are identified with the integers that parameterise the twist of the M5
world-volume theory, p = deg £y and ¢ = degLs. By the Calabi-Yau condition p and ¢
must satisfy p + ¢ = 2¢g — 2, with ¢ the genus of ¥. In this setup, the N =1 and N = 2
twistings considered in [34] arise from setting p = ¢ and ¢ = 0 (or p = 0), respectively.

#See also [58], where a subset of the solutions was previously found.
24We thank Nikolay Bobev and Alberto Zaffaroni for pointing out this reference.
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The corresponding AdSs X M supergravity solutions are generalisation of the MN1
solution reviewed in section 4.1. The eleven-dimensional metric is a warped product

§ =€ gaas; + 96, (5.1)

with warp factor
e?A (% = PP ALS, (5.2)

where ¢ is the AdS radius. The six-dimensional manifold M is still a fibration of a squashed
four-sphere over the Riemann surface, with metric

_ 1-
g = Al/3eX0 gy + 1A gy, (5.3)

where the Riemann surface metric gy satisfies (4.25), (4.26), and the metric on the squashed
and fibered S* is

g9 = Xo tdpg + Y XN (dpd + pd(des + ADY2) (5.4)
=12

The angles 1, 2 vary in [0,27],%° and

0 0
1o = cos(, 1 = sin  cos 3 o = sin ( sin 3 (5.5)

with ¢,0 € [0,7]. The two circles ¢; and @y are independently fibered over the Riemann
surface, with connections

—1+Z’U A(z):_l—z
2 2

AWM = v, (5.6)
where v is again the connection on ¥ and the discrete parameter z is related to the integers
p and q as

p—q

z=—. 5.7
s (5.7)

The warping function A and the constants fy, go depend on z and on the curvature k of
the Riemann surface as

2
. 1
A=Y"Xpg, el=xgl, &= —g X1 Xo (1—2)X14+ 1+ 2)Xs], (5.8)
I=0
with

Xo = (X1X2) 72,
1+ 2

XX, = ,
2 2z — kV1+ 322 (5.9)
X5 — 1+ 724 722 +3323 + k(1 + 42 + 1922)V/1 + 322
1 —_ .

42(1 — 2)?

ZThey are related to the angles of section 4.1 by 1 = —(¢ +)/2 and @2 = (¢ — 1) /2.
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The four-form flux is given by

1 - 2

i —5/2 2 2 A A
F=—1A™ [IZ_O(XIW — AXy) + 2AXo| voly
1 - 2 . .
+ 176&1/2 STX; g [d(p?) A (dpi + ADY] AdAD) (5.10)
=1

where the Hodge star #4 is computed using the metric (5.4).

The solution has two U (1) isometries corresponding to shifts of the angles ¢1, @2 that
parameterise the two diagonal combinations of the U(1)ygne and U(1)iey subgroups of
SO(5). It turns out that neither of them corresponds to the superconformal R-symmetry
of the dual N' =1 SCFT, which is given by a linear combination involving X7, X5 [35, 38].

5.2 Generalised U(1)g structure

The construction of the generalised structure associated to the BBBW solutions follows
the same lines as for the MN1 solution. We first embed the ordinary U(1) structure in
FEg(s) and then look for the invariant generalised tensors. The generalised U(1)g structure
of the solutions is determined by the topological twist of the M5 world-volume theory, as
a linear combination of the U(1) holonomy of ¥ and the U(1)yight and U(1)iegs subgroups
of the SO(5) R-symmetry group

Ul)s ~ U(l)s = U(D)right — 2 U(1)1efs - (5.11)

This embeds in Fg(g) as an element of its compact subgroup USp(8) with generator

. i . .
u(l)s =ils6 — ——(pl'12 —qT's4), 5.12
(1) p+q( ) (5.12)

where T's¢ is the uspg element generating U(1)y and %(flg + f34) generate U (1)t /right -
When p = g we recover the U(1)g structure group of the MNT1 solution, whereas ¢ = 0 (or
p = 0) gives the MN2 structure considered in [14]. Below we assume that p, g are generic,
and do not fulfill these special conditions which as we have seen lead to a larger truncation.

By looking at the singlets under u(1)s in the 27 and 78 representations of Egg), we
find that the U(1)g structure is defined by eight J4, A = 1,...,8, in the adjoint bundle
and three generalised vectors Ky, I = 0,1,2. The singlets in the adjoint bundle have the
same form (4.30) as for the MN1 solution, while the three singlet generalised vectors take
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the same form as a subset of the MN1 generalised vectors,?®

Ko=¢el - (R%*voly AEL),
K1 :eT-ég, (513)

However now the twisting element T has a more general form dictated by the embed-
ding (5.12), that is

R
T=-— v X E19 — qFEs4). 5.14
o ad (D E12 — q E34) (5.14)
This makes our generalised tensors globally well-defined. We emphasise that these depend
on the integers p, ¢ only through (5.14).

5.3 Features of the truncation

The number of U(1)g singlets in the 27 and 78 implies that the truncated supergravity
theory contains two vector multiplets and one hypermultiplet. The H structure moduli
space is the same as for the MN1 case,

SU(2,1)

Mu = S5, < U)

(5.15)

As before, this is parameterised by real coordinates ¢* = {p,&, 61,62} and the metric
is given by eq. (4.72). The V structure moduli space is determined again following our
discussion in section 2, and is a subspace of the one for the MN1 truncation. Evaluating
the cubic invariant on the singlets K as in (2.16), we obtain that the non-zero components
of the Cr k tensor are

1
Corg = Crog = Crjo = 3 forI,J=1,2, (5.16)

with n = diag(—1, 1) . Parameterising the V structure moduli as in (4.36), with [ = 1,2,
the constraint (2.31) gives the equation of the unit hyperboloid SO(1,1),

— (HY? +(H?)? =1, (5.17)
while again ¥ parameterises RT. Thus the V structure moduli space is

My =R x SO(1,1). (5.18)

26Before acting with Y, the singlets for the BBBW solutions are related to those used for the MN1
solutions as
Ko= KMNU g — gMNL g, gMNL

and to the structure of the MN2 solution in [14] as

KI — K(I]\/[NQ 4 (Ké\/INQ 4 Ké\/INQ),

1, MN2 MN2 1
Ko = = (K5 — K, 2
0 2( 5 s ) Ky = KY™N2 - L(MN2 | Nz
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The kinetic matrix ar; then takes the same form (4.71), that is

1
a00:§E4,

apy = ap2 =0,
2 (2(H1)2 +1 —2H'H?

apg =% LomE? a(m?) 1) , I,J=1,2. (5.19)

3

The gauging of the reduced theory is obtained from the generalised Lie derivative L,
acting on the Ky and the J4. The Lie derivatives among vectors are now trivial,

Li,K;=0, 1,J=0,1,2. (5.20)

As discussed in section 2, the Lie derivatives Lg,J4 are conveniently expressed as the
adjoint action of SU(2,1) generators,

LryJa = [Jko)sJal, Ly Ja=[Jky,Jal,  LiyJa = [Jik,), Jal- (5.21)

Evaluating the generalised Lie derivatives we find
1
J(KO) = 1R (Jg +2J7 — \/gjg) ,
1
J(Kl) = @ Kz (Jg + 2J7 — \/51]8) ,
L (J + 1J> (5.22)
B \/3 /3 8] - .

Eq. (5.20) implies that the vector multiplet sector is not gauged, so the field strengths are

1
Ty = =5 % (Js + 2J7 = V3J5)

all abelian,
Fl=adAl, (5.23)

while (5.22) specifies the gauging in the hypermultiplet sector in terms of x and z. The
SU(2,1) generators act as isometries on My; the corresponding Killing vectors can again
be computed using (3.10) and read

ko = 85 ,
ki1 =rz0g,
ko = —k 85 + 2 (92891 — 91(992) . (5.24)

It follows that the covariant derivatives of the charged scalars are

2
Dty +i62) = d(6r +i62) — 1A% (01 +169),
1

_ 1 0
DE=d+ 5 A+

K (zAl — AQ) , (5.25)

where again the inverse S* radius % plays the role of the gauge coupling constant. The
Killing prepotentials can be computed either from (3.12) or from (B.15), and read

1
Py = {0,0, 4e2¢},
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Py = {0 0, /4;262“0}

P = (VB0 VIl 1 e (0 20— ) | (5.26)

Notice that for z = 0 (that is p = ¢), the quantities above reduce to those obtained for the
MNT1 structure in section 4.4.
The five-dimensional bosonic action is then determined to be

2
! /[(R—QV)*l—;ZA‘}"OA*}“O—B > apgFIA«F! —2572d8 A «dX

~ 167G5 2,52,
g %2; ary A(SH") A+d(SH?) — gxyDg™ A¥Dg" — A° A (F' A F! — F? A]-"?)} ,
. (5.27)
where the scalar potential reads
. % {Z‘; B 2e2;H2 +22[_2+62@ (2(H1)2(0f+0§) _ K)
" ée‘”((H 0P+ (H2)?) (267 + 205 — )’
t 26 (20 (HY)? + 26 (H?)? + AH' H? (203 + 03 — #)) | } . (5.28)

It is straightforward to analyse the supersymmetric AdSs; vacuum conditions (B.18).
The hyperino equation gives

01 =60=0,

»7F =k (2H' - H?) (5.29)
where we assume k = £1 (hence leaving aside the case k = 0). The gaugino equation gives
2N PS4+ H'PY + H*PS =0,

H?PY+ H'P§ =0. (5.30)
Plugging the Killing prepotentials (5.26) and using (5.29) we obtain
3k 0% (zH1 - H2) —4H? =0,
ke (zH? — H') —4H' = 0. (5.31)

Taking into account the allowed range of the scalar fields, the solution to these equations is

H' 1+ kV1+ 322 » 4
—_—_—= e = —— .
H? 3z V14322 — 2k

For k = 1, well-definiteness of the fields requires |z| > 1, as in [35], while z can be generic

(5.32)

for kK = —1. The MN1 case z = 0 is recovered as a limiting case after fixing kK = —1. The
critical value of the scalar potential determines the AdS radius ¢ as

. 2 2\3/2 1/3
v (% 9kz" + (1 + 329) R
472

(5.33)

— 38 —



Although we do not present the uplift formulae for this truncation, we have checked
that the supersymmetric vacuum identified above matches the BBBW solution summarised
in section 5.1. To do so, we have computed the inverse generalised metric G~! associated
with the U(1)g structure under consideration; this depends on the V structure and H
structure parameters. From the generalised metric we have reconstructed the ordinary
metric gg and the three-form potential on M, as well as the warp factor e*2. Substituting
the values for the scalars found above, we find agreement with the solution in section 5.1
upon fixing the S4 radius as R = % and implementing the following dictionary:

20 36*290*@”0 7

3 _ L o002
Y0 = Z e 4 5

o1 (5.34)
H = §X04(X1 - Xo),

1 1
H? = 5 X0 (X1 + Xa),
with our AdS radius being given in terms of the quantities appearing there as
¢ =92%3cfoting. (5.35)

By extremising the scalar potential?” we recover the supersymmetric vacuum and also
find new non-supersymmetric vacua, where the scalar field values are rather complicated
functions of the parameter z. As an example, we give the numerical values for one chosen
value of z, that we take z = % When k = —1 we find a new extremum of the potential at

¥~ 09388, ©=~0.1109, H?~1.0217, 6;=0,=0, 0~15276 R, (5.36)
while when x = 1 we find an extremum at

¥~ 0.8631, ©=~0.2812, H?~1.5506, 60 =60,=0, ¢~1.0644R, (5.37)
and another one at

Y~ 1.1580, ©~0.8455, H?~1.9847, 60, =0,=0, ¢~0.6198R, (5.38)

where for each solution we have also indicated the corresponding AdS radius /.

6 Conclusions

In this paper we have illustrated the Exceptional Generalised Geometry approach to N' = 2
consistent truncations of eleven-dimensional supergravity on a six-dimensional manifold M.
We have argued that for the truncation to go through, M must admit a generalised
Gg C USp(6) structure with constant singlet intrinsic torsion, and we have explained how
this completely determines the resulting five-dimensional supergravity theory. We have

2TTo do so, it is convenient to parameterise H' = sinh o, H? = cosh o, and extremise with respect to c.
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also given an algorithm to construct the full bosonic truncation ansatz. This formalism
provides a geometric understanding of the origin of the truncations, in particular those
that are not based on invariants of conventional G-structures on the tangent bundle. It
also sidesteps the need to reduce the equations of motion in order to uncover the matter
content and couplings of the truncated theory.

The main technically involved part of this formalism is deriving the truncation ansatz.
However a significant advantage is that once this is done the relevant expressions can be
used to derive the uplift formulae for any A/ = 2 consistent truncation. One does not
have postulate the set of consistent modes case-by-case. Furthermore the structure of the
resulting gauged supergravity is then simply determined by the generalised structure.

To demonstrate the concrete effectiveness of the formalism we worked out the full
bosonic truncation ansatz on Maldacena-Nunez geometries, leading to five-dimensional
N = 2 supergravity with four vector multiplets, one hypermultiplet and a non-abelian
gauging, having the N'= 2 AdS; solution of [34] as a vacuum solution. This extends the
truncation of [36] by SO(3) vector multiplets. For the BBBW geometries [35, 38], we
obtained a truncation featuring two vector multiplets, one hypermultiplet and an abelian
gauging, completing the truncation obtained in [37]. This can be seen as a one-parameter
deformation of the truncation obtained from the one on Maldacena-Nunez geometry by
imposing invariance under the Cartan of SO(3). Although in this case we did not give all
details of the truncation ansatz, it should be clear that it can be obtained by following
precisely the same steps presented for the case of Maldacena-Nunez geometry. Since the
generalised geometry tensors on S* used in these trucations are a subset of those appearing
in the reduction of eleven-dimensional supergravity to maximal SO(5) supergravity in seven
dimensions, it should also be clear that our consistent truncations can equivalently be
obtained as truncations of maximal SO(5) supergravity on a Riemann surface.

Together with the half-maximal truncation presented in [14, 39], which is based on
the A = 4 solution of [34], this work provides the largest possible consistent truncations
of eleven-dimensional supergravity that have as seed known AdSs; X, M supersymmetric
solutions describing M5-branes wrapped on a Riemann surface (larger truncations may be
possible by including degrees of freedom that go beyond eleven-dimensional supergravity,
such as membrane degrees of freedom).

It would be interesting to explore further the relatively simple five-dimensional super-
gravity models obtained in this paper and construct new solutions thereof. These would
have an automatic uplift to eleven dimensions, and may have an interpretation in the dual
SCFT. For the subtruncation with no SO(3) vector multiplet, solutions of holographic
interest have been discussed in [36]. Our larger consistent truncation may offer the possi-
bility to obtain solutions where non-abelian gauge fields are activated, which are quite rare
in holography. For instance, constructing a supersymmetric, asymptotically AdSs black
hole with non-abelian hair would represent a qualitatively new type of solutions.

It will be natural to adapt our construction to truncations of eleven-dimensional su-
pergravity on a seven-dimensional manifold, leading to four-dimensional gauged N = 2
supergravity. This uses Gg C SU(6) structures in Ey(7) generalised geometry, and would
allow one to derive new consistent truncations based on the generalised structures under-
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lying the AdSy Xy, M7 solutions of [59, 60], which in terms of ordinary G-structures only
admit a local SU(2) structure. The solutions of [59] are the most general N' = 2 AdS,
solutions to eleven-dimensional supergravity supported by purely magnetic four-form flux;
they represent the near-horizon region of M5-branes wrapping a special lagrangian three-
cycle in My7. The solutions of [60] have both electric and magnetic flux, and should arise
from M2-M5 brane systems. Analysing the respective generalised structure it will become
possible to enhance the truncation to minimal gauged supergravity obtained in [11] and [61]
(for the solutions of [59] and [60], respectively) by adding matter multiplets. One example
of this construction has been given in [62].

It will also be useful to extend our formalism to NV = 2 truncations of type II su-
pergravity. Minimally supersymmetric AdSs solutions of type IIB and massive type ITA
supergravity were classified in [63] and [64], respectively. It would be useful to reformu-
late the classification of explicit solutions in terms of generalised Gg C USp(6) structures;
this would be a first step towards constructing consistent truncations to five-dimensional
supergravity using our approach. One concrete application would be to check if the 1IB
solution of [65], given by a warped product of AdSs and a deformed S°, admits a consis-
tent truncation to five-dimensional supergravity including (massive) KK modes that do not
belong to the well-known IIB truncation leading to maximal SO(6) gauged supergravity.
This would be somewhat analogous to the IIB consistent truncation on Sasaki-Einstein
structures [66, 67], where only a subset of the retained KK modes are also captured by
SO(6) gauged supergravity.

A more challenging generalisation of our formalism would be the one to truncations
preserving only A = 1 supersymmetry in four dimensions. Although a considerable amount
of work remains to be done, it should be clear that the generalised structure approach to
consistent truncations has the potential to classify all possible consistent truncations of
higher-dimensional supergravity that preserve any given amount of supersymmetry.
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A Eg() generalised geometry for M-theory

In this section we briefly recall the main features of the generalised geometry of M-theory
compactifications on a six-dimensional manifold M. For a more detailed discussion we refer
to [42] and [44, App. E].
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We use the following conventions for wedges and contractions among tensors on M

/
(p +p )' v[al...apuap+1..

(v A u)* e = ],
ply'!
(g +4")
(>‘ A p)al--~aq+ql = W )‘[al...aqpaq+1...aq+q/}’
1 .
(U—‘)\)al...aq,p = avblmbp)\bl...bpal...aq_p if p<g,
\)a1p—g — 1 a1...ap7qb1...bq)\ ifp>
(vad) i biby P24,
S 1
(Jv oA = WUQCI"'C”fl)\bCL..c,@_u

d! )
(q — 1)'(d +1— Q)' alay...ag—1Paq...aq] -

(j)\ /\ p)a, al...aq = (Al)

We will denote by - the gl(6) action on tensors: given a frame {é,} for TM and a co-frame
{eq} for T*M, a =1,...,6, the action, for instance, on a vector and a two-form is

(T‘ : U)a = rabvb (T‘ : w)ab = —1%Weh — T pWac - (AQ)

For M-theory on a six-dimensional manifold we use Egg) x RT generalised geometry.
The generalised tangent bundle F is

E ~ TM @ A*T*M @ A’T*M , (A.3)

where, as customary, we decompose the various bundles in representations of GL(6), the
geometric subgroup of Eg). The sections of F, the generalised vectors, transform in the
27 of Eg) and can be written as

V=v+tw+to, (A.4)

where v is an ordinary vector field, w is a two-form and ¢ is a five-form.?®

28The generalised tangent bundle E has a non-trivial structure that takes into account the non-trivial
gauge potentials of M-theory. To be more precise the sections of F are defined as

V=ett v, (A.5)

where A+ A is an element of the adjoint bundle, V = v+w+o, with v € I'(T'M) are vectors, w € T'(A2T* M)
and ¢ € T(A’T*M), and - defines the adjoint action defined in (A.23). The patching condition on the
overlaps U, NUpg is i

Viay = et v, (A.6)

where A(o5) and A(aﬁ) are a two- and five-form, respectively. This corresponds to the gauge-transformation
of the three- and six-form potentials in (A.5) as

Ata) = As) +dA(ap) »

. . . 1

Afa) = Ag) + dA(ap) = 5d0 ) A Ag) - (A7)
The respective gauge-invariant field-strengths reproduce the supergravity ones:

F=dA,
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The dual bundle E* is defined as
E* ~ T*M @ A*TM & A°TM , (A.9)
with sections
Z=04+w+7, (A.10)

where ¢ is one-form, @ is a two-vector and & is a five-vector. Generalised vectors and dual
generalised vectors have a natural pairing given by

1 1
(Z,V) = 0m0™ + 5 0™ wonn + 57 8™ Oy - (A.11)

We will also need the bundle N ~ detT*M ® E*. In terms of GL(6) tensors, N
decomposes as
N~T*M @& AT*M @ (T*M @ AST*M), (A.12)

and correspondingly its sections Z, decompose as
Zb:)\+p+7'. (A13)

The bundle N is obtained from the symmetric product of two generalised vectors via the
map ®n : F @ E — N with
A=vow +v Jw,
p=vic +v 0 —-wAd, (A.14)
T=jwAo +ju Ao
The Eg ) cubic invariant is defined on £ and E*as?

c(V,V,V)==6lywho—wAwAw,
AL 2, Z) = —6a@ NG —DANDNGD. (A.15)

The adjoint bundle is defined as
adF ~ R@® (TM @ T*M) & A3T*M & AST*M & A3TM & ASTM , (A.16)
with sections

R=Il+r+a+a+a+a, (A.17)

where locally [ € R, » € End(TM), a € A>T*M, etc. The ¢q(q) sub-algebra is obtained by
fixing the factor [ in terms of the trace of r as | = %tr r. This choice fixes the weight of
the generalised tensors under the R factor. In particular it implies that a scalar of weight
k is a section of (det T*M)*/3: 1;, € T'((det T*M)H/3).

F:dfl—%A/\F. (A.8)

29This is 6 times the cubic invariant given in [44]. Because of this, we introduced a compensating factor
of 6 in the formulae (2.8) and (2.9).
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It is also useful to introduce the weighted adjoint bundle
(detT*M)®adF > R®AT*M @ (TM @ ASTM), (A.18)
whose sections are locally given by the sum
R,=¢+¢+1, (A.19)

where ¢, ¢ and v are obtained from the adjoint elements r € TM @ T*M, a € A3TM,
a € A3TM as

é = avolg ¢ = a_volg ¥ =r-volg, (A.20)
where volg is a reference volume form.

The action of an adjoint element R on another adjoint element R’ is given by the
commutator, R” = [R, R']. In components, R” reads

1 2
"= g(a_na'—o/_na)—|—§(d/_|&—@—ld/)a
1
=[]+ jasja —jo’ sja - S(aad —alLa)1,
2
+ja sja—jasja — (& sa—asa)l,
3 (A.21)
d'=r-d -7 a+da—a.d,
i'"=r-ad —r-a—and,

/

/ / / ~/ ~ !
o =r-o —r-aot+oia—ala,

~ 1 ~/ !~ /
a ' =r-a—r-a—alha,

where - denotes the gl(6) action defined in (A.2).
The action of an adjoint element R on a generalised vector V' € I'(F) and on a dual
generalised vector Z is also denoted by - and is defined as

V =R-V Z'=R-Z, (A.22)
where the components of V' are

V=Ww+r-v+taiw—alo,
W =lw+r-wtviat+alo, (A.23)

o =lo+r-c+viatalw,

and those of Z' are

N A~ A A~ ~ ~

v =—l0+r-0—&ia+d6.aa,

A/ A A A A

O ==lo+r-O—astv—06ua, (A.24)
A~/ A~ A~ ~ ~ N

0 =—l6+r-6—aiv—aNhb.

The ¢4(6) Killing form on two elements of the adjoint bundle is given by

1
tr(R, R) = (3 tr(r)tr(r’) + tr(rr’) + asd + o’ sa—asd — &' &) . (A.25)

| =
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The combination of diffeomorphisms and gauge transformations by the three-form and
six-form potentials defines the generalised diffeomorphisms. The action of an infinitesimal
generalised diffeomorphism is generated by the generalised Lie (or Dorfman) derivative
along a generalised vector. The Lie derivative between two ordinary vectors v and v’ on
TM can be written in components as a gl(6) action

(L") =" 00" — (0 x v) ™0™, (A.26)
where the symbol x denotes the projection onto the adjoint of the product of the funda-
mental and dual representation of GL(6). The generalised Lie derivative is defined in an
analogous way; we introduce the operators 0y; = 0y, as sections of the dual tangent bundle
and we define the generalised Lie derivative as

(Ly V)M = VNON V'™ — (0 xaa V)M N V'Y, (A.27)

where VM M =1,...,27, are the components of V in a standard coordinate basis, and
Xad is the projection onto the adjoint bundle,

Xad : E*® E — adF, (A.28)

whose explicit expression can be found in [42, Eq.(C.13)]. In terms of GL(6) tensors, (A.27)
becomes

Ly V' =L + (Lo — tydw) + (Lyo’ — tydo —w' A dw) . (A.29)

The action of the generalised Lie derivative on a section of the adjoint bundle (A.17) is

1 2
LyR = (Lyr + josjdw — glla_:dw—dede—l—g]ld_ndo)—{—(ﬁva—i—r-dw—a_:da)

+ (Lya+r-do+dwAa)+ (Lya—asdw)+ Lya. (A.30)

We will also need the action of Ly on the elements of the bundle N. Given a section
Z, = A+ p+ 7 of N, its Lie derivative along the generalised vector V =v +w + o is

LyZ, = LA+ (Lyp— ANdw) + (Ly7 — jpAdw + jA A do). (A.31)
Since Z, = V' @y V", this is easily obtained by applying the Leibniz rule for Ly .
Ly(Z,) =LyV' ey V"+V' @y LyV". (A.32)
It is also straightforward to verify that
dZ, = LyV' + Ly/V , (A.33)

for any element Z, =V @y V' € N.
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B Five-dimensional N = 2 gauged supergravity

In this appendix we summarise some essential features of matter-coupled five-dimensional
N = 2 gauged supergravity [68-70], following the conventions of [70].3° We limit ourselves
to the bosonic sector and only consider gaugings that do not require the introduction of
two-form fields, as these are enough to describe our examples in sections 4 and 5.

The fields of five-dimensional N/ = 2 supergravity arrange into the gravity multiplet,

ny vector multiplets and ny hypermultiplets. The bosonic content consists of the vielbein
€
x=1,...,ny, and 4nyg hypermultiplet scalars ¢~, X =1,...,4ny. The ¢* parameterise a

ny + 1 vector fields Aﬁ, I =0,...,ny, together with ny vector multiplet scalars ¢*,

‘very special real’ manifold My, with metric g,,, while the ¢~ parameterise a quaternionic-
Ké&hler manifold My, with metric gxy. All together, the scalar manifold of the theory is
the direct product

M= My x My. (B.1)

A very special real manifold My is a hypersurface that is conveniently described in
terms of ny + 1 embedding functions h!(¢), I = 0,...,ny, satisfying the constraint

Crieh'h/nf =1, (B.2)

where Crjx is a completely symmetric constant tensor. The metric on My is given by

Gzy = hjx—h; arj, (B3)
where
hl = —\/gazhf : (B.4)
and
ary = 3hrhy — 2C1 ", (B.5)
with the lower-index functions being
hr = C]KLhKhL = a[KhK. (B.6)

The matrix ay; is assumed invertible, and also controls the gauge kinetic terms.

In the gauged theory, a subgroup of the isometries of the scalar manifold M, which are
global symmetries of the Lagrangian, is promoted to a gauge group. The gauge generators
tr satisfy [tr,t;] = —fr7%tk, with the structure constants f; obeying fI(JHCKL)H =0.
The gauge covariant derivatives of the scalars are given by

’Du(z)x = 8u¢x +9 k%A{L ’

(B.7)
D,qu = 8qu + gk;(-A;IL )

39However, in order to match the normalisations defined by our truncation ansatz, we rescale the gauge
fields appearing in [70] as A{ ., = — \/gA{here' Since we maintain the same form of the covariant derivatives,
it follows that the gauge coupling constant g is rescaled as ghere = —\/g Gthere- This implies that the
expression for the scalar potential given in (B.13) below acquires a multiplicative 2/3 factor compared to
the one in [70].
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where k7 (¢) and kf( (¢) are the Killing vector fields generating the gauged isometries in
the vector multiplet and hypermultiplet scalar manifolds, respectively. Equivalently, the
vector multiplet scalar covariant derivatives can be expressed in terms of the embedding
functions h! as

Duh' = 0uh" + g fr A WS = 0,0 D" . (B.8)

One also has the gauge field-strengths
Ty = 20, A0+ g fr A AL (B.9)
We now have all the elements to write down the bosonic Lagrangian. This reads

- 1 3 1 1
P gR-V-gu g Fh, FIm — 5 9y Dud" DY — o gxyD.q* Drq¥
1 . 1 1
— G €N Al | FAFS & gfun AVAY (<5 P+ g ofu KAL)
(B.10)

The vector multiplet scalar kinetic term can also be written in terms of the constrained
scalars h! using the identity

3
9ayDud" DHeY = 501 sD, DR (B.11)
Using a differential form notation, the action reads
1 3 3 1
S = /5(73— 2V) x 1 — Zau}"l/\*}"‘] — ZaUDhI/\*Dh‘] — §ngDqX A «Dg¥

1 1
+ *C]JKAI/\ [4;J/\.FK+ngNJAM/\AN/\ (—fK—i- mngLKAH/\AL):| .

8
(B.12)
The scalar potential V is given as a sum of squares as
4 o - L ,
V=29 (<2P- P+ g"VP, - Py NaN™) | (B.13)
where
ﬁ = hI _‘Ia
P;v = hi _»Ia
, 6 .
N = [hfk:ff“‘, (B.14)

are the fermionic shifts, also appearing in the supersymmetry variations of the fermion
fields: P is the gravitino shift, P, is the gaugino shift, and A% is the hyperino shift.
Here, the arrow symbol denotes a triplet of the SU(2)y R-symmetry, and f)i(A are the
quaternionic vielbeins, satisfying f)i(A fyia = gxy. The Killing prepotentials ]31 on My are
defined for nyg # 0 by

AngPr = JxY Vyki (B.15)
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where J; ¥V is the triplet of almost complex structures defined on any quaternionic-Kéhler
manifold. Plugging these expressions in (B.13) and using the identity (cf. [70, App. C])

g*Yhlh) =a' = h'h, (B.16)

we can express the scalar potential as

_2

V=3

e {(Qa” —~ 6h'T) Py - Py + ngykfk}/hfh" . (B.17)
Notice that the Killing vectors k¥ on My do not appear here, i.e. the gauging in the vector
multiplet sector does not contribute to the scalar potential. This is true as long as we
restrict to gaugings that do not require the introduction of two-form fields.

Supersymmetric AdSs vacua are obtained by setting all gauge fields to zero, all scalar
fields to constant, and imposing that the gaugino and hyperino shifts vanish,

WPr=0, AWEf=o0. (B.18)
Then the gravitino shift gives the AdS cosmological constant via

A=V=—2¢°P.P. (B.19)

C Gauge transformations

In this appendix, we study the reduction gauge transformations of eleven-dimensional su-
pergravity to five dimensions. We first repackage them in terms of generalised geometric
objects and then use our truncation ansatz to derive the gauge transformations of five-
dimensional N' = 2 supergravity.

The infinitesimal gauge transformations of the eleven-dimensional metric and three-

and six-form potentials are

6.@:2@@7
5A— £oA - a5,
SA=£yA—d)+ %d/\/\A, (C.1)

where ¥ is a vector field, \ a two-form and 3\ a five-form. The hat on the Lie and exterior
derivative operators emphasises that the derivatives are taken with respect to all the eleven-
dimensional coordinates. The fields g, A and A are decomposed as in (3.16), while the gauge
parameters are expanded as

=v= vm—a
T 9am)
R _ 1-
A= A= Auda? + 2 Adat,
2 ~ = 1= v 1= v
A=A+ A dzt + 5)‘deu + 30 pda!? + (C.2)
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where, in the last line we omitted the terms that are not relevant in what follows. We only
consider internal diffeomorphisms, as the external ones have the standard action dictated
by the tensorial structure of the field. That is why the vector ¢ has only components on
M. As in (3.16), we do not impose any restriction on the dependence of the fields on the
coordinates {z#, 2"}.

In (C.2) and the rest of this section we use a notation that manifestly displays the
external indices and always contracts the internal ones. For the metric components we

define
9 = gmnd2z"d2", hy, = h,um (C.3)

and for a generic p-form w

1
v ol wm1“.mpdzm1--.mp :
p!
1
wu == mwuml“'mpfldzml"'mpfl 7
1
W = Mwuuml,_.mp_QdZml.,.m]F2 | o

We already mentioned in section 3.2 that the barred components of the three- and
six-form must be redefined as®!

A,ul/ = Aul/ - Lh[MAu] ) (C 6)
Apvp = Apwp — Lhy,thy Agls

and similar redefinitions of the six-form. An analogous redefinition for the barred gauge
parameters will be given later.

As discussed in section 3.2, the components of the metric, warp factor, three and six-
form potentials and the dual graviton g with the same number of external legs fit into Egg)

representations
G {A, g, A A} (C.7)
Ay =hy+ A+ A, (C.8)
B;w = A,uz/ + Auu + gul/ ) (CQ)
C;wp = A;wp + Auup + g/wp ) (C.lO)

where GMY is the inverse generalised metric, A, € E is a generalised vector, B, € N is a
weighted dual vector and C,, is a section of the weighted g adjoint bundle (det 7*) @
adF. The same holds for the gauge parameter, which we arrange into a generalised vector

31The contractions are defined as follows

Lh[#Ay] = h[HmAy]mndZn Lh[yA)/p] = h[umAl/p]m Lh[uLhVAp] = h[umhynAp]nm (C5)
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A, a weighted dual vector éu and a section of a sub-bundle of the 78, @W,
A=v+A+A,
B =M At (C.11)
Dy =Ny + A+

In (C.7)-(C.10) we introduced the dual graviton to give the full Eg) representation. How-
ever in this paper we will not discuss the dual graviton since it is not relevant for the
truncation we are interested in.

We can now decompose the gauge transformations given above. We find that the fields
with no or purely internal legs transform as

§e2d = L, 28 ,

59:£vga
SA=LoA—dh,
5A=LoA—di+ %d)\/\A, (C.12)

where the Lie derivative £ and the exterior derivative d are taken with respect to the
internal coordinates only, although the fields and gauge parameters depend on both the
internal and external coordinates. When repackaging all the fields with no external legs
into the inverse generalised metric, the transformations (C.12) become the action of the
generalised Lie derivative along the generalised vector A,

NGl =L,G7L. (C.13)
Consider now the fields with one external leg. Their gauge transformations are

Ohy = —0,v + Lyhy,
§A, = =8+ Ay, — 1, dA + Lo Ay,
§A, = =0 A+ AN, — tn, dX —dAA A, + LA, (C.14)

and it is straightforward to verify that they can be recast into

6A, = =0, A+ LA, + dE,, (C.15)
where
LaAy = (Lohy) + (LoAy — u,dN) + (Lo Ay — i, dX — Ay AdN), (C.16)
La, A= (Lp,v)+ (Lp,A—todAy) + (Lo, A — tpdA, — XA dA,). '
By redefining the gauge parameters>?
E.=E,—A, QN A, (C.18)
32In components the redefinition (C.18) reads
2= et i (C.17)
Mo =Nyt A — A AN A,

"
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with A, @n A = (tp, A+ 10 Ay) + (th\ + 1A, — AAA,), and using (A.33) to compute
4=, = d=, — La, A — Ly Ay, (C.19)

we bring the variation (C.15) to an appropriate form to compare with five-dimensional
gauged supergravity
0A, = —0uN — Lg, A+ dE,. (C.20)

The variations of the fields with two external legs are
0A,, =—2 8[,}”} —dA + Lhy, O A — Lh[udx,,] + LoAuw — tay,0Al
0 = 20,7, — AN + thy, O A — Lh[udiy] + LoAuy — 1g,0 1Ay (C.21)
+ (DA — dX) A Ay +dAAA Ay
By a lengthy but straightforward computation (C.21) can be written as
0By = 20,5y — 2L A, By + Hyw On A — A, @N Ay
+ Lay, Ay On A+ 2L 4, A QN Ay + LAy, QN Ay (C.22)
—d[®p — 24, Xad Zy) — Buv Xad A,
where we defined the field strength
Huy = dBpy + L, A+ 201,A,) . (C.23)
Applying the Leibniz rule for the generalised Lie derivative and (A.33) one can show that
L, Ay @ON A+2L 4, A RN Ay + LAy, O Ay = d[ A}, Xad (Ay @n A)] (C.24)

and the variation of By, can be written in a form compatible with five-dimensional gauged
supergravity

0B, = —2 8[“3,,] — 2LA[MEZ/] +Huw N A — 5./4[“ QN A,,] —do,, (C.25)
where we have made the following redefinition of the gauge parameters3?
e, = EMV + 2./4[# Xad El,] + By Xaa A — A[u X ad (A,,] QN A). (C.27)

Finally we should consider the variations of the fields with three external legs. To our
purposes it is enough to study the three-form

5Auup = EUAW,p — 38[“X,,p] — 3Lh[M (2 O[Z,Xp] + dXVp])

_ (C.28)
+ 2Lh[MLhu(ap]>\ —dA,) —2 La[HULhUAp] )
33In components
Mv = o — oAy — 20, M) F g, thyy At Lhp, o Ay))
v = (XW — oA — 2Lh[H5\u + Lh[“LhVS\ + thy, Ay = 20 A Ay — AN Ay (C.26)

—AA Lh[“Al,] + (LUA[H) A Al,]) .
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In generalised geometry (C.28) embeds in the lowest component of the variation of the
tensor Cp,p in (C.10). We introduce the modified field strength for the three-form field

C;wpa

Hywp = —dCpup + 30,8, + 3LA[#BVp] + Ap, ®n (33,,./4,)} + LAuAp]) , (C.29)

and by manipulations similar to what we did previously we can recast the gauge varia-

tions as
0Cup = —35[;}1%;)] — SLA[#(I)yp} + 3H [ Xad Zp) + Hpuwp Xad A

— 36[/“, Xad 5Ap] - ‘A[M Xad (Ay Xad (5./4/)]) s

up to terms involving a four-form gauge parameter, which would continue the tensor hier-

(C.30)

archy.

The five-dimensional gauge transformations are obtained by plugging the reduction
ansatz in the variations (C.20), (C.25) and (C.30). The fields A,’(z) are expanded as
in (3.25)

A, = A (z) Ky, (C.31)
where K are the generalised vectors that are singlets of the Gg structure. In (3.26), the
two-from fields are expanded on the weighted duals K bl of the generalised vectors K. These
are elements of the bundle N and can also written as

K/ = DVEK; oy Kk (C.32)

where the tensor D!/K satisfies D'5LCypp = 1/25§ where Crk is defined in (2.16). So
the two-forms are expanded as

BMV = B,w](x) DIJKKJ QN Ki . (0.33)
The gauge parameters have a similar expansion
- 1_
A=-AN(2)K;, E,= —§:M7I(x)D”KK 7 ON Kk . (C.34)

With the ansatze (C.31) and (C.34) for A, and the gauge parameters, the varia-
tions (C.20) of the one-forms become

0A! (x) = B (2) + [l Au(@)A" () = 50 DT B (C.35)

where we used the algebra of the vectors K (3.4) and (A.33).

The variations of two-forms are reduced in a similar way. We expand the field strength
’Hil, as in (C.31) and use again the generalised Lie derivative of vectors K given in (3.4).
In this way we obtain for the gauge variations of the five-dimensional two-forms By, r(x)

0By = DZu) 1 — 2011k Hp AN = 2015k 0 A7 AL — O P, (C.36)
where ®,, = @AHVJI’A and
D[uEV],I(x) = a[uau],l(x) + QXII?]'AL]LL(:E)EV],K(ZE) > (037)
with
XE = Crpy DEMY fL (C.38)

This is in agreemement with five-dimensional supergravity. The variation 6C,, reduces
analogously.
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D Parameterisation of S* and generalised frames

The six-dimensional geometry of interest in this paper is given by a four-sphere S* fibered
over a Riemann surface Y. In this appendix we describe S as a foliation of S? over an
interval and review the generalised frames on S*.

D.1 Parameterisation of S°

In terms of the standard Euler angles 0 < 0 <7, 0 < ¢ < 27, 0 < ¢ < 47, the unit metric
on the round S3 reads

gso = i(d92+d¢2+dw2+20059d¢d¢) . (D.1)

The Killing vectors generating its SO(4) ~ SU(2)iefs X SU(2)right isometries can be split
into SU(2)efs-invariant Killing vectors &, a = 1,2, 3, generating the SU(2)yight isometries,
and SU(2)yigns-invariant Killing vectors £a, generating the SU(2)ig isometries. The left-
invariant vectors read

§1 = —cot 0sint) Oy + cos ) Oy + %(%,
sin
. cos )
£ = —cotfcosp Oy — sin Oy + ] 0y ,
§3 =0y, (D.2)

while the right-invariant ones are

£ = Zizz Oy + cos ¢ Oy — cot fsin ¢ 0y ,
£y = —% Oy +sin ¢ Gy + cot 0 cos ¢ Oy ,
£3=20,. (D.3)
These satisfy
Le lp=€apr &y, Lils=—€apyly,  Leip=0, (D.4)

where L is the ordinary Lie derivative. We also introduce the one-form counterparts of
these Killing vectors, namely left-invariant one-forms o, and right-invariant one-forms &,,.
These satisfy

L5a05:5a5, Lga&ﬁ:(saﬁ,
1 N 1 - -
do, = —3 €apy0p Aoy, dé, = 5 €apr08 NGy, (D.5)
and their coordinate expression is

01 =cosydf +sinysinfde,
09 = —sint dl + cosysinf do, (D.6)
o3 =dy + cosfdo,
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61 = cos ¢ df + sin ¢psin O dyp
09 = sin ¢ df — cos ¢psinfdy, (D.7)
03 =d¢ + cosfdy.

The metric (D.1) may also be expressed as
1 1/, o -
9sr = (0% + 05 + 032)) = - (a% + 62+ ag) . (D.8)
We fix the orientation on S® by defining the volume form as
1 1. - ~ 1 .
volgs = §01 ANog Aoy = gal ANog Aoy = gstd@/\qu/\dzp. (D.9)

D.2 Parameterisation of S*

The round four-sphere of radius R can be described via constrained R® coordinates R/,
i =1,...,5, satisfying &;;4'y’ = 1. In these coordinates, the metric and the volume form
read

g4 = R?6;dy'dy’ | voly = IR4 €ivigiziais Y Ay A dy® A dy® A dy® . (D.10)

The constrained coordinates can be mapped into angular coordinates {(, 6, ¢,v}, where
0<(¢ <, and {0,4,9} are the Euler angles on S® introduced above, as

yt +1iy? =sin¢ cos g 02 (41¢) ,
y® +iy? =sin( sin g e2(4=¥) )
y° = cos(. (D.11)
Then the metric and volume form in (D.10) become
g1 = R? (d¢? +sin Cdsks ) |
— R? [d{2 + isnﬂ ¢ (0 + dg? + v + 2cos 0 do cw)] ,
voly = R*sin® ¢ d¢ A volgs = éR“ sin® ¢Csinfd¢ A dO A de A dip. (D.12)

We denote by v;; = vj;;) the Killing vector fields generating the isometries of S4. These
satisfy the sos algebra,

‘CUijvkl = R (5ik'Ulj - 5ilvkj - 5jkvli + 5]'11}]“') . (D,13)
Demanding that the constrained coordinates transform in the fundamental representation,
Loyyn = to,dyr = R (idj — y50un) (D.14)

and using the map (D.11), we can work out the expression for the Killing vectors in the
basis defined by the angular coordinates {(, 0, ¢,1}. In particular, we obtain the following

~ 54 —



embedding of the SU(2)ight and SU(2)ief; generators given in (D.2), (D.3) into the SO(5)
generators:

2
R
2
R

& =vi3 + v, &2 = V14 — Vo3, £3 = V12 — V34,

£l = v13 — Vag, €9 = Vo3 + V14, €3 = V12 + v34 . (D.15)

=RV
=RV

D.3 Generalised frames on S*

In generalised geometry all spheres are generalised parallelisable as they admit globally
defined frames on their exceptional tangent bundle [15]. In particular the generalised

tangent bundle on S* is
By ~ TS*® A’T*S*, (D.16)

and its fibres transform in the 10 of the structure group SL(5,R). We will also need the

bundles

Ny ~ T*S* @ AT*S4,
Nj ~ R A*T*S*, (D-17)

whose fibres transform in the 5 and 5’ representations, respectively. These bundles admit
globally defined frames, which in constrained coordinates read

Eij = vij + R? x4 (dy; A dyj) + Lvi]’AS‘l € I'(Ey),
FE; = Rdy; — y; voly +Rdy; A AS4 € F(N4) , (D18)
EZ{:yi—I—R xqdy; + Y Aga S F(Ni),

where the Hodge star %4 is computed using (D.10), and the three-form potential Ags must

satisfy
dAgs = 3R ' voly . (D.19)

This is the flux relevant for the AdS7 x S* supersymmetric Freund-Rubin solution to eleven-
dimensional supergravity; the twist over the Riemann surface discussed in the main text
will modify it. The E;; are generalised Killing vectors generating the sos algebra via the
action of the generalised Lie derivative,

Lg,En=—R " (0aEj — 6aEj + 6By — 6j1Eq) - (D.20)
In the main text we will need the following linear combinations,

Z1 = L3+ By, Ho = Fiy — FEo3, E3 = Fio — F34,
Z1 = E13 — Eoy, E9 = FE14+ Ea3, E3=Fio+ E3y. (D.21)

Using the map (D.11), the frame elements (D.18) can equivalently be expressed in
terms of angular coordinates on S*. In particular, choosing a gauge such that the potential
Aga satisfying (D.19) is SU(2)1ee X SU(2)rignt invariant,

1
Ags = §R3 (cos(3¢) —9cos() o1 Aoa A os, (D.22)
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we find that the combinations (D.21) are expressed in terms of the SU(2)iery and SU(2)right
invariant tensors as

2
By = E£a+ d(cos( 0q) ,
2

—_
— j—
—

2
2
2
*“T R 2

- R
o — —d(cosC dq) . (D.23)
The Z, can be seen as left-invariant generalised Killing vectors generating the SU(2)rignt C
S0(4) ¢ SO(5) generalised isometries, while =, are right-invariant generalised Killing
vectors generating the SU(2)je, generalised isometries. We will also need the expressions
for E; and E/ in terms of angular coordinates, in fact just for ¢ = 5. These read

4
Es; = —Rsin{d{ + % sin(2¢)d¢ A o1 Aoa A os, (D.24)
RS
Ef =cos¢ — 6 (cos(2¢) +3) o1 Aoz A os. (D.25)

Notice that dE} = + Es.

E Details on the generalised U(1) structure of MIN1 solution

In this appendix we give the details of the construction of the U(1) structure discussed in
section 4.2. In order to identify the correct U(1) subgroup of Egg) % R™ and its commutant
it is convenient to decompose Ep ) under its maximal compact subgroup USp(8) and then
express the USp(8) representations in terms of Cliff(6) gamma matrices. For the latter step
we also need the decomposition of Eg) under SL(6)x SL(2). We first give a brief summary
of the decomposition of Fgg) under USp(8) and SL(6) x SL(2) and then we apply this to
the construction of the U(1) structure, which reduces to simple gamma matrix algebra.

E.1 USp(8) and SL(6) x SL(2) decompositions

In this section we mostly use the conventions of [71]. Consider first the decomposition
of Eg under USp(8). We denote by M,N,--- = 1,...,27 the g indices and by
a,B,...=1,...,8 the USp(8) ones.

The fundamental of FEgg) is irreducible under USp(8) and is defined by an anti-
symmetric traceless tensor

yed —ylafl  ye g, (E.1)

The USp(8) indices are raised and lowered by the USp(8) symplectic form Q% and its
inverse. The dual vectors in the 27 are denoted by Z,s. The adjoint of E¢() decomposes as

78 = 36 + 42, (E.2)

where the 36 is the adjoint of USp(8) and the 42 contains the non-compact generators.
The elements of the 36 are 8 x 8 matrices u®g satisfying

Hap = HBa (E.3)
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with pag = (Q*I)M/ﬂg. The non compact generators pingys € 42 are anti-symmetric
tensors satisfying
pP Q)05 = 0. (E4)

The adjoint action on the 27 is
(uV)*P = o VP — PV — 0y (E.5)

and the Fgg) commutators are

1
[, 1]%7 = 77 — gﬂ‘”é%aeﬂ —(n e v) (E.6)
[, V)70 = —dple P — (5 v) . (E.7)

Given the generalised vectors V, V', V" and the duals Z, Z’, Z”, the g quadratic
form becomes

<VY7 Z> = VaﬁZaﬂ 5 (ES)
and the cubic invariants are
C(V, V,, V//) — V%V’BVV”VQ ’

E.9
2,2',2") = Z." 23 7" (E9)

We will also need the projection into the adjoint of the product of a generalised vector
V and a dual generalised vector Z

(V x Z)aﬁ _ Qv(avzhw)

E.10
(V x 2)70 = ¢ (VWZW + Ve B ;tr(VZ)Q[aﬂmﬂ) . (£.10)

Consider now the decomposition of Eg) under SL(6) x SL(2). We denote the SL(6)
indices with m,n,...=1,...,6 and the SL(2) indices 7,7... =1,2. Under SL(6) x SL(2)
the 27 and 27 decompose as

27 = (6,

27 = (6

)+ (15,1) VM = (i ymny

(E.11)
)+ (35,1)  Zar = (2", Zoum) »

NN

where V™" and Z,,,, are anti-symmetric. The components in (E.11) are related to the
GL(6) tensors (A.3) and (A.4) as follows

1 2

V=w v =0 v° Jvolg = o,
R (E.12)
Z=w 21:V016_|J 22:’0.
The adjoint of Fg) decomposes as
78 = (35? 1) ® (17 3) S (201 2) MMN = (an muij ) Mznnp) ) (E13)

where '™, are real, traceless, 6 x 6 matrices generating SL(6), ,uij are real and traceless and
generate SL(2) and M?”n,np are a pair of real fully antisymmetric tensors in the (20, 2). The
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matrices u™, are identified with the traceless part of the GL(6) matrix r, with the trace
given by the diagonal non-compact generator of SL(2), where we have also set | = £ tr(r),
1 1
ey =1y — g tr(r)o™, ply = —p?y = 3 tr(r) . (E.14)
The compact and remaining non-compact generator of SL(2) are identified with the com-
binations of six-form and six-vector transformation a =+ &.
The tensors M?innp correspond to the three-forms and three-vectors

Minnp =a"""?, N12nnp = Gmnp - (E15)

Using Cliff(6, R) gamma matrices one can relate USp(8) and SL(6) x SL(2) represen-
tations. We introduce the doublet of matrices

= (0™, itm7), 1=1,2. (E.16)
Then the 27 and 27 of USp(8) are given in terms of SL(6) x SL(2) representation by

1 A i N
Vel = ST 4 gV )]

v : (E.17)
Za — Lm fwi af + *Zmn fwmn? aff ’

where I'},,,7 denotes the anti-symmetric product of two gamma’s and I';. The 36 and the
42 of USp(8) are given
1

. AU T
pap = 71" (L") +16’ 1l + 2 6l iy 1™ T5] 5 (E.18)
1 PN ~ N ~ PN An Lo N ~ [aB~4]
o = 3 [—an(rin © LT — Loy @ DPT) 4 307 @ TS 4 1t L7 © anq

where ® denotes the tensor product of two gamma’s, u™, is traceless and ufnnp are anti-
symmetric in the three lower indices.

A

We take the Cliff (6, R) gammas I';, with m =1,...,6 such that
rt = ¢-1,,C (E.19)
where C' is the charge conjugation matrix satisfying C7 = —C, which we identify with the
USp(8) symplectic invariant 2. The chiral gamma is given by
0y =ilt...T9. (E.20)

Since the six-dimensional manifolds we are interested in are S* fibrations over
a Riemann surface, we further decompose the Cliff(6) gamma matrices according to
SO(4) x SO(2). We take m = 5,6 to be directions along the Riemann surface

Ip=1®T,, m=1234,
I's =7 ®T;, (E.21)
Ig=r®Ts,

where 'y, are the SO(4) gamma matrices with I's = I'1234 and 71, y2 are the SO(2) ones.
Then the six-dimensional chirality matrix becomes

[7 =i ®Ts. (E.22)
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E.2 The U(1) structure

We can now give the details of the construction of the U(1)g structure discussed in sec-
tion 4.2. The N = 2 solution of [34] has an U(1)g structure corresponding to the diagonal
of the SO(2) holonomy on the Riemann surface ¥, and the U(1)yignt subgroup of the SO(5)
isometry of the four-sphere, according to the embedding

50(5) D) 50(4) ~ SU(Q)]eft X SU(Q)right D) SU(Q)]eft X U(l)right . (E.23)

Seen as an element of Eg(g), the U (1)g corresponds to a compact generator and therefore
belongs to USp(8). Using the expression (E.18) for the generators of USp(8), and now
taking the indices m = 5, 6 for the direction along the Riemann surface, the U(1)g generator
can be written as

PN RPN -
u(l)s =il'se — 3 (I'12 = T'a4) (E.24)

where I'sg is the generator of the SO(2) holonomy of ¥ and %(f‘m — T'34) generates
U(1)right C SO(5).

To embed this generator in Eg) and determine the invariant generalised tensors it
is convenient to decompose all Fgg) representations into USp(8) one’s and then use the
parameterisation of USp(8) in terms of gamma matrices of section E.1. In this way the
computation of the commutant, Cpg (U(1)s), of U(1)s in Eg(s) and the determination of
the U(1)g singlets reduce to simple gamma matrix algebra.

We first compute the commutators of U(1)g with the generic elements of the 36 and
42 in (E.18). This will allow to determine the number of U(1)g singlets in the 78 and the
commutant Crgq (U(1)s). Using (E.6) we find that there are eight singlets in the 36. Five
correspond to elements of SO(6) C SL(6),

S8 — Py, 1. -
! o6 Sf’ﬁ) = —(I'yqs —T'13),

a 2
R P (E.25)
R S8 — Z(Py, +Tag),
S§36) — I3y, 5 2( 14 + I'23)
two are compact elements of (20, 2) associated to
1 A, A, A A
Ségﬁ) = §(F135 +T'46 — DI'aze +T'ass)
(E.26)

36) _ 1 = o o o
CORE 5 (T'136 = P'uas + Lags + age)
and the last one is the generator of SO(2) C SL(2) corresponding to the anti-symmetric

part of plo,
SP9 =ity (E.27)
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A similar computation gives the singlets in the 42: four are non compact elements of
SL(6)
1 - ~ ~ ~ ~ ~ ~ ~
S\ — O elM 4ol - I o I° - o)

1 - ~ A N ~ A
5542) = _Z(Fg, QI —TsaI°—T% ®F6)

! (E.28)
S el +feol + e+ 1y el?)
1 - N N N N N N N
i = —S(MeM+ Dol -1 ol -Tyel),
two are the non-compact generators of SL(2)
1 - N A A A
S\ — J(0" @y + 17T @ Dly)
Z. (E.29)
59 = 2" @ Dulr + "I @ T),
and the remaining ones are in the (20, 2)
S$42) _ _l(f‘ﬁ © D257 _ [0 [137 _ ['5 o [247 _ 16 g 147y
4 (E.30)

1 - N ” N N A~ ~ N
Sé42) _ _Z(F6 ® 1247 _ 5 Q 147 + I Q 1237 + 6 ® F137) )
These singlets generate the commutant of U(1)s in Egg). Given the number of singlets

this must be
CEg, (U(1)s) = RT x Spin(3,1) x SU(2,1) x U(1)s.. (E.31)

From the commutators (E.6) and (E.7) it is easy to see that the factor R is generated by

the combination
Jr = S 4 gt (E.32)

Similarly it is straightforward to identify the generators of the group SO(3,1) as

S0 i S0(3. 1,4 4
1 I S R
J50(3 1) _ 55(36) ’ Kfo(?”l) _ _i5§42) , (E.33)
JSO(3 1) ;5(36) : K§0(3,1) _ iSfZ) ‘

The remaining singlets give SU(2,1). The compact generators are defined as

SU(2,1 136

g - L g

JsU@) _ 7S(36)

2 8

SU(2,1) (36) (36) (36) (36) (E.34)
J3 :_Z( 1Sy =837 = 557)

SU(2,1 i 36 36 36 36

T ):——4\/§(S§ I R T
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while the non-compact ones are

JfU(2,1) _ _55542) Jés*U(2,1) _ _%S((s42)
SU@2,1) 1 4(42) SU2,1) 1 4(42) (E-35)
J5 ’ - 558 J7 ’ - 555 .
The compact singlets give the commutant of U(1)g into USp(6),
Cusps)(U(1)s) = SU((2) x SU2)g x U(1) x U(1)s . (E.36)

We also need the U(1)g singlets in the 27. Computing the action (E.5) of U(1)g on a
generic element of the 27, given in (E.17), we find five singlets

27 = (1,1)(08) @ (4, 1) (0,—0) D (2,1)(3,-2) & (2,1)(_5 _9)

_ — _ (E.37)

® (1,3)(2,—4) D (1,3)(—2,—4) D (2,3)(1,2) ® (2,3)(—1,2) »

One is a singlet of both SO(3,1) and SU(2,1) and has charge 8 under R*,
Ky~ if56f‘7 =115, (E38)

where in the second equality we used (E.21) for the gamma matrices. The other singlets
are invariant under SU(2,1) and form a quadruplet of SO(3,1) of charge —4 under R*

Ky ~ i(Dy3 —T20)l7 = y2) ® (T'13 — Taa)
Ky ~ 1(1j14 + 1?23)1?7 =72 ® (I'ia +Ta3) (E.39)
Ky ~ i(Th2 +T3g)l'7 = ) ® (T12 + T's4),
Ky~ i(Dp —Tag)ly = Y2) ® (T'12 — T34) .

The singlets in the 27 and 78 are all we need to specify the generalised U(1)g structure.
However, the generators of SO(3,1) and R™ in (E.31) do not leave the singlets generalised
vectors invariant and hence do not belong to the U(1)g structure. Using (E.10), one can
show that they are obtained as products of the singlets in the 27 and their duals

JO0BY = icop (Kp xaa K3), K300 = —i (Ko xaa K}),  a=1,2,3, (EA0)

and
Jr = 4(Ko xaqd Kq) — 4(K4 Xaa KJ) - (E.41)

In summary the generalised U(1)g structure is defined by the five generalised vectors
and the eight generators of SU(2,1)
{K7,Ja} 1=0,....4, A=1,...,8. (E.42)

The last step is to derive explicit expressions for these generalised tensors in terms of
geometrical objects on the six-dimensional internal manifold M. We use the fact that, in
our case, M is a fibration of the four sphere over a Riemann surface and that the four-sphere
is generalised parallelisable as reviewed in appendix D.3.
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We decompose the six-dimensional bundles in representation of GL(2,R), the ordinary
structure group on the Riemann surface, and SL(5,R), the exceptional structure group of
S4. Under

Eg6) O GL(2,R) x SL(5,R), (E.43)

the generalised tangent bundle decomposes as

E~TY® (T*Y® Ny) @ (A*T*Y @ N;) @ Ey,

(E.44)
27 = (2,1) @ (2,5') @ (1,5) & (1,10),

where Ey, Ny and N are defined in appendix D.3. Using (E.17) and defining Cliff (5, R)
gamma matrices as

Fi:{rla"'vr5}7 (E45)
we can identify the components of the 27 in (E.44) as
{71 X 1772 & ]l} €

(
(melny»elr}e E (E.46)
(

In terms of generalised vectors, the elements of the (2,1) embed as

R! <f1> , (E.47)
€2
while those in the (2,5) and (1,5) can be written as

e1 N\ E;, .
Wi:R(el/\EZ) and R?voly A E, 1=1,...,5, (E.48)

where voly = e; A e is the volume form on the Riemann surface, R is the S* radius, and

E; and E! are the sections of Ny and Nj defined in appendix D.3. The elements of the

(1,10) are the Z,, éa, with o = 1,2,3, defined in (D.21), and E;5 with ¢ = 1,2, 3, 4.
Comparing with (E.38) and (E.39), we see that

Ko € (1,5) ~ A’°T*Y @ Ny, Kre(1,10)~Ey, forI=1,....4, (E.49)
and can then be written as generalised vectors on M as
Ko~ R*volg A EY,  K,~Z,, Ki~E3, (E.50)

where a = 1,2, 3. To have the final expressions for these five generalised vectors we still have
to implement the twist of S* as described in section 4.2. The E¢(6) element implementing
the twist is

R -
T:_vaad:ﬁv
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1
=—-£QvU— ZRBU/\d(cosgag), (E.51)

and acts on the frames E;;, F; as
T B — E. 1 E=(8:1:6: Sat:6s _lg.p.k E
e By =Eyjt+guA 5(017i05]2 + 3[:05)4) 5 95 F5 v A B

eT . E’L = E,L —+ %’U A (E[/152]Z + E[,3(54]l> y (E52)

where P is the matrix

pi— , (E.53)

It is then straightforward to check that only K is modified by the twist, and the expres-
sions (4.29) are obtained.

Finally we need the expressions for the singlets in the 78 generating SU(2,1). Under
Ege) O GL(2,R) x SL(5,R) as

adF ~ad Fy @ (TY @ T*Y) @ (T*S @ Ey) @ (AN*T*S @ Ny) @ (TE @ E;) @ (AT ® Nj)
78 ~ (1,24) & (4,1) @ (2,10) @ (1,5) & (2,10) & (1,5) (E.54)

where ad F} is the adjoint bundle on S*
ad Fy ~R@ (TS* @ T*S*) @ A3T*S* @ A3TS*. (E.55)

The expressions for the singlets are easily obtained from (E.10) as products of the 27 and
27. In this way we obtain precisely the expressions given in eq. (4.30), where the twisting
by T can be evaluated with the aid of (E.52).

F Parameterisation of the H structure moduli space

SU(2,1 ]
W that describes

the hypermultiplet structure moduli space. We model the generators of SU(2,1) on the

We discuss here our parameterisation of the coset space My =

matrices j4, A =1,...,8, defined as:
j123=—1A123, J4,5,6,7 = Ma,5,6,7 5 js = —iAg, (F.1)
where Aa, A = 1,...,8, are the standard Gell-Mann matrices generating the sug algebra

in the fundamental representation. These generators satisfy

jym+mja=0, with m = diag(—1, —1,1), (F.2)

tr(jAjB) :277143 Withn:diag(ilvilailalalvlv1771)’ (F3)
as well as the commutation relations

U17j2] = 2.]3) [jS)jl] = 2.]27 [.j?)j3] = 2.]1’
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sl = ~Gs + Vi) [5G+ VBishie] =25, [l 5 s+ V)| =20,
i) = ~(a-+ VEis), | 5(-a+ VEis)ds| =2ir,  [irog (s + Vi) = 2

2
li1,i4] = i7, 7, J1] = js, 4, 7] = —i1,
[i2,J4] = J6> 6, J2] = ja, li4,J6] = =2,
li1,J5] = —Je; li6,j1] = —Js, li5,je] =
li2,J5] = j7, [i7,J2] = js, 5, 7] = =,
li1,Js] = li2,Js] = [i3,is] = 0,
lia, V3is —Js] = lis» v3is — Js] = lis, V3i3 + is] = [ir, V3js +Js] = 0, (F.4)

where the first three lines show the three suy subalgebras. Note that {ji,j2,j3,js} generate
the compact subgroup SU(2) x U(1) C SU(2,1). It is convenient to choose a solvable
parameterisation for the remaining generators, describing the coset space % Fol-

lowing the appendix D of [72], we define3*

1 1
Ti= Y (i—io—iu—is) . Ty = — (i 4iotis—is) .
1 2\/5(11 j2 —ja —Js) P 2\/5(“ j2 +ja —Js)
T, = ! (2J7 +Js — \/gjs) Hy = }JG- (F.5)
4 ’ 2
These span the Borel subalgebra of the SU(2,1) algebra and satisfy the commutation
relations
1 1
[Ho, Te]| =T, , [Hy, T1] = §T1 , [Hy, To] = §T2, [Th,T5] =T, . (F.6)

A parameterisation of the coset is obtained by exponentiating the Borel subalgebra as

I = e—(91+92)T1+(91—92)T2+§T- e—QWHO (F?)

I

where {p,&, 01,02} are the four real coordinates. Starting from the coset representa-
tive (F.7), we compute the Maurer-Cartan form L~'dL and then identify the coset vielbeine
as the coefficients of its expansion in the coset generators,

L~ 'dL = -2 dgng—e“”(del +d(92)T1 +e¢(d91 —dHQ)TQ —&-6250 (d{ — 61d6s + 92(191) T, . (FS)

SU(2,1)

In this way we obtain the following Einstein metric on SUR)XUQ)

1
ds? = 2dg? + 2 (d6} + d63) + 5 €7 (d€ — 6162 + 62d01)° . (F.9)

The normalisation is chosen so that the Ricci scalar is R = —12, in agreement with our
five-dimensional supergravity conventions.

In the main text, we need the “dressed” sus algebra constructed via the adjoint action
of the coset representative on the sus algebra generated by {ji,j2,j3}, that is

=L L™, Ja=LjpL™", js=LjzL" . (F.10)

34 We rearrange the indices of their 3 x 3 matrices as lthere — 3here, 2there —> lhere, Sthere — 2here-
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An explicit evaluation using (F.7) gives

it

A

J3=-

1 . 1 _ .. 1 . 1 )
:*eW(J1+J5)+Ze(’D(9§—39%+2€ 22) (i1 —5) + = €% (£—260102) (j2+ja) + —= €% baj

2 2

V2

€201 (3j+V/3js) +—= [€#(63+0103 —205€) —2¢7901 | (13 +2j7— V3]s),

1
f 4v2

. 1 B o 1 o 1 .
_ 7e‘P(J2—J4)+Ze(P(6%_30§+26 QW) (J2+J4)_§eip (£+260102) (j1—]j5) — —=€e%01js

V2

1
e?05(3j3+v/3js) + Wi [e“” (03+0702+26,£) —2 6_5092} (i3+2i7—V3]s)

[ 2@(03_1_9192_{_2025) 691} (j1—Js)—

L

- i
1

4f 12

+Fe [91<J1+J5)+6z<j2—j4)]—%e“(&ﬁhﬂé[2—e2@(9%+9§)(3jg+¢318)}

1
+32 [ 290(02+02) +462‘P(1+§2) 12(0%—}—9%)4—4672(‘0} (j3+2j7_\/§j8)~ (Fll)

(62 (63+630>—2601€) — 665 (j2+])

Now we can replace the matrices j4 with the generalised tensors J4 invariant under the

U(1) generalised structure. This provides our four-parameter family of H structures.
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