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1 Introduction

The pure spinor formalism [1] has become a real contender for computations in string per-
turbation theory. It has some noticeable advantages over the more traditional approaches
based on the RNS and the Green-Schwarz formalisms, given that it is manifestly space-
time supersymmetric and Lorentz covariant. As the formalism does not make use of any
world-sheet spinors, one does not have to sum over spin structures. This is a significant
simplification in calculations of higher loop amplitudes compared to the RNS formalism.
Thus it should not come as a surprise that certain calculations were first (or even only)
performed using the pure spinor formalism. This includes the computation of the complete
quartic effective action of type II string theory at sphere level (including the RR fields of
the RNS formalism) [2], the calculation of an arbitrary n-point amplitude of massless open
strings on the disk in type I string theory [3] and the computation of the closed string
four-point 3-loop amplitude in type II string theory at low energy [4].

However, the calculation of purely closed string amplitudes at the disk level seems
to be lacking in the literature on the pure spinor formalism and it is the purpose of this



note to fill this small gap.! The case of one closed and two open strings was discussed
in [6, 7]. However, the case with only closed string vertex operators on the disk presents new
questions, given that fixing the conformal Killing group (CKG) of the disk only allows to fix
one and a half closed string vertex operators. Moreover, the disk amplitude with a single
closed string vertex operator would naively vanish with the usual tree level prescription
of dealing with the fermionic zero modes in the pure spinor formalism. Both of these
issues will be addressed in the following. The answers are already hidden in the literature
and we are going to collect and apply these known results to the mentioned closed string
amplitudes on the disk. More concretely, we are going to calculate a two-point function of
closed string states which would correspond to massless NSNS states in the RNS formalism
(i.e. the graviton, dilaton and Kalb-Ramond field) by following the gauge fixing procedure
described in [8, 9]. Afterwards we calculate the disk one-point function of the same states
using the alternative zero mode prescription introduced in [10].2

Needless to say that the results agree with the corresponding calculations performed
in the RNS formalism. In that formalism the closed string two-point function on the disk
in superstring theory was calculated in [12-16] (see also [17, 18] which revisited the topic
more recently). The dilaton one-point function, on the other hand, was calculated for the
bosonic string in [19, 20] and a generalization to the superstring was performed in [21].

2 The pure spinor formalism

Let us begin with a short introduction to those aspects of the pure spinor formalism that

are relevant for our question.

2.1 Matter and ghost CFT of the pure spinor formalism

The action of the pure spinor formalism is given by?
1 2 1 ma Aana _ —( a\ Qo J— ~
5= %/d 2 (SOXTDX0 + paDO” + 00" — wadDX — Wa0N" ) (2.1)
It leads to the holomorphic energy momentum tensor
1
T(z) = —iaXmﬁXm — Pa00% + wa,ON* (2.2)

and a similar expression for the anti-holomorphic energy momentum tensor.* The theory
has a vanishing central charge in ten spacetime dimensions [1].

LOf course, these amplitudes could be obtained indirectly from purely open strings on the disk, applying
the relations found in [5] in the context of the RNS formalism. What we mean here is a direct calculation
of the closed string disk amplitudes in the pure spinor formalism.

2A different approach to calculating low point functions, using the usual zero mode prescription, was
employed in [11], which deals with the open string two-point function on the disk. It would be interesting
to better understand the relation between the two methods.

3See appendix A for our conventions and notation.

40f course, all the formulas in the rest of this subsection have an obvious antiholomorphic counterpart.



It is convenient to introduce the supersymmetric fields

1
mm =9X™ + 5(077”89) , (2.3)
1 1
do = pa 5 (X7 + 1(64796) ) (b (24)
because these conformal primaries of weight h = 1 appear in the vertex operators of

massless fields and, thus, play an important role in the calculation of scattering amplitudes
in the pure spinor formalism, as we will review below. We will need the following OPEs:

8
X"™(2,2)X™(w, W) = —n™"In |z — w|?, Pa(2)0° (w) = jjiuﬂ
_mn aplm (w
™ ()1 (w) = (217711;)2 da(2)dg(w) = _%liu())7 (2.5)
m w B
d (2)IM (w) = ”ff);(), do(2)0° (w) = jf o

In the pure spinor formalism A% is a commuting SO(1,9) Weyl spinor. Therefore, it
contributes to the Lorentz current and the total contribution from the spacetime fermions
is given by

1 1
MM = i(pvmnﬁ) — §(w7m”)\) =Xm— N (2.6)
The relative sign between the two fermionic contributions can be traced back to the relative

sign in the action (2.1). The Lorentz current (2.6) is determined by demanding

U = 6anResz:w (Mm"(z)‘lla(w)) = —%(ymn)aﬁwﬁ(w), e e {04 \*}. (2.7)

Note that the sign is in line with
€mn m,n m
0¥ = 5 Rese— (070" ()0 (w)) = ™ (w) (2.8)

for the Lorentz current ™" of the world-sheet fermions in the RNS formalism. Equa-
tion (2.7) implies the OPE

(Y™ 5N (w)
Nmn « — . 2
() = T (29)
Moreover, the OPEs of two Ns and two Ms are given by®
pln pymlq — paln ymlp mlg,,pln
N NP () = N™9(w) —n™"N™P(w) 0™ iy (2.10)
z—w (z —w)
Pl rmla () — paln prmlp mq,pln
M ()M () = T M) MR (w) (2.11)
z—w (z —w)

SFormula (2.10) has a sign for the simple pole terms which differs from much of the literature. How-
ever, it is consistent with our conventions. Moreover, it is the full M™" which appears in the vertex
operator (2.16) below, if one combines the contributions from the 3rd and 4th term in (2.16).



Finally, let us remind the reader that nilpotency of the BRST operator

Q= SZXE)dal2), (2.12)
i.e. Q% =0, implies that A has to be a pure spinor, i.e.
(Ay™A) =0, (2.13)
and similarly for the right-movers.

2.2 DMassless vertex operators in the pure spinor formalism

In this article we are interested in the scattering amplitudes of closed strings on the disk
(we actually always mean the upper half plane H; when talking about the disk). More
precisely, we focus on those massless states whose polarization tensor can be obtained via a
tensor product of two vectors, i.e. €y, = &, ®E,,. In the RNS formalism, these correspond
to the NSNS states, i.e. the graviton, the Kalb-Ramond field and the dilaton. The vertex
operator for such a state is given by

Ve (z,2) =VW(z) @ VP(z),  abe{0,1}, (2.14)
where [1]

VO(2) = (X" Aa(X,0)] (2), (2.15)

v (z) = QGO‘AQ(X,G)JerAm(X,H)+daWa(X,9)+%Nm”J-“mn(X,6) () (2.16)

are related to the massless open string vertex operators.® In (2.15) and (2.16), Aq, Ay, W
and F,,, are all spacetime superfields (the superfields of super-Maxwell theory). The first
vertex operator V(© is BRST closed, i.e.

Qv =o, (2.17)
and the second vertex operator V() fulfils
Qv =gy (2.18)

Hence it is in the BRST cohomology once we integrate it over the world-sheet. Conse-
quently, V(© and V() are called the unintegrated and integrated vertex operator, respec-
tively. Analogous statements hold for the right-moving part of (2.14).

The fields A,,, W* and F,,, in (2.16) are not independent. Rather, they are the field
strengths given by [24]

1

Ap = g’V%BDOzAﬂ’ (219)
1

We = o (DA™ — 0™ Ag), (2:20)

Fmn = OmAn — OpAp,, (2.21)

In (2.14) we made the fact explicit that the product of the open string vertex operators involves a
tensor product of the two polarization vectors. In the following we will omit the ® symbol and leave it
implicit. Moreover, in the literature V© and VOV are often denoted by V and U, respectively.



where we introduced the superderivative

0 1
Dy=—+4+=(7v"0)00n - 2.22
o 5 (7"0)ad) (2.22)

The superfields fulfil the following equations [24, 25]

2D(aA6) = 'Y%Am ) Do A, = ('YmW)a + OmAa
1 (2.23)
Do Fmn = 2a[m(7n]W)Oé7 DO&WB = Z(Pymn)aﬁfmn .

When calculating amplitudes one needs the 8-expansion of the superfields. Restricting
to the bosonic spacetime degrees of freedom (of a vector field with polarization vector &, ),
relevant for the concrete calculations in the later sections, and making the gauge choice
6% A, (X,0) = 0, the expansions can be found, for instance, in (10.2.31) of [26]:"

Aa(X.0) = X {52 (70), = (00O D)ikiney + OF°) |
A (X,0) = ¢ibX {gm _ iikp(eymme)gq + 0(94)} ,
WX, 0) = X { Dk (7700 + O(6°) |
Fon(X,0) = &% {Zik[mfn] — %ik[pgq]ik[m(eyn]pqe) + 0(94)} . (2.24)

We only displayed the expansions up to the order in € that is relevant for our purposes.
Moreover, we organized the X™-dependence of the superfields into plane waves with mo-
mentum k™. Note that all the superfields in (2.24) depend holomorphically on z, i.e.
X™ = X™(z). This means that we use the separation of X™(z,%) into left- and right-
movers, i.e. X™(2,Z) = X"(2) + X "(2). V® in (2.14) is obtained from (2.15), (2.16)
and (2.24) by replacing the left moving fields X (z),6(z), A%(z) with their right moving
counterparts X (z),0(z), A" (z) and &,, with &,,. In this way the full closed string vertex
operator (2.14) contains a factor e X(22) 8

Note that we allow a # b in (2.14). When calculating closed string amplitudes on the
sphere, the corresponding conformal Killing group allows to fix three closed string vertex
operators, leaving all the others integrated. Thus, in that case the choice a = b is possible
and always made in the literature. However, the conformal Killing group of the disk does
not allow to fix the positions of two closed string vertex operators completely. Thus, when
calculating a disk amplitude with only closed strings, one has to allow the possibility a # b
in (2.14). We will see this more concretely in section 3. This possibility was also discussed

in [7, 27).

"The expansion in [26] is more general, allowing to describe also fermionic spacetime degrees of freedom.
Moreover, note that our momenta are real, i.e. they differ from the corresponding momenta of [26] by a
factor of 1.

8 A side comment: if one wanted to make the relation between the closed string vertex operator (2.14)
with two open string vertex operators precise, one would have to take into account that the closed string
momentum is split over the two open string vertex operators. This is well known from the RNS formalism,
cf. [14, 16], and in the context of the pure spinor formalism it was discussed in [6].



In sections 3 and 4 we will calculate two- and one-point functions of closed strings
on this disk. For that purpose it is useful to rewrite the right-moving part of the vertex
operator (2.14) using the doubling trick, in order to allow for a unified treatment of the
left- and right-movers. This is done in the rest of this subsection.

Concretely, in the following we consider a type II theory in a flat ten dimensional
spacetime, which contains a Dp-brane that is spanned in the X7 x X5 x ... x X}, plane. As
usual, we use the fact that the D-brane is infinitely heavy in the small coupling regime, i.e.
it can absorb an arbitrary amount of momentum in the X, 1, ..., Xy directions transversal
to the D-brane. Thus, momentum is effectively only conserved along the D-brane in the
perturbative regime that we are working in.

Left- and rightmovers separately have the standard correlators on the upper half plane

(X™(2)X"(w)) = —n""In(z —w),
5,0

(pa(2)07 (w)) = —2—, (2.25)
B
(2N () = 22

where the antiholomorphic part is analogous. At the boundary of H,, i.e. at the real axis,
the first p + 1 components of the world-sheet fields satisfy Neumann boundary conditions
and the remaining 9—p components Dirichlet boundary conditions. Both of these boundary
conditions impose non-vanishing correlators between the holomorphic and antiholomorphic
parts of the fields. We can simplify the calculations by employing the doubling trick, i.e.
we replace the right moving spacetime vectors and spacetime spinors by

vectors: X (Z) = D™, X"(z), spinors: ¥(2) = M%VU’(Z) or W.(2)= N, ¥s(z),

(2.26)
with U € {6%,A*} and ¥, € {pa,ws} and constant matrices D, M and N. This corre-
sponds to extending the world-sheet fields to the entire complex plane and allows us to use
only the correlators in (2.25), leading to

(X™()X"(®W)) = —D™ In(z — W) ,

_ 8 5
<pa(z)93(ﬁ)> = Z]Vi%, @a(g)gﬁ(w» _ zN_aw ’ (227
_ 8 5
(wa ()X (w)) = Zj\{i% (Wa(2)N (w)) = gN_aw .

The matrix D™ is the same as in the RNS formalism [14, 16]. Concretely, D™" is given
by
™ m,n€{0,1,...,p}

D™ =¢—n™ mmne{p+1,...,9}, (2.28)
0 otherwise
which fulfils
D'=pT'=D. (2.29)



As described above, only the momentum parallel to the brane is conserved. So for momen-

tum conservation, we have
N

> (ki + D)™ =0. (2.30)

=1

Concerning the matrices M“; and N, # we will need that
N, M =6," ie. N=(M")"1, (2.31)
MO ATEM%% = D™ yilg = N,OYIENG"  de. MTy™M = D™ 4" = Ny"N', (2.32)

M™M= D™ ymf = N oy NS e, MAMMT = D™ A" = NTAN. (2.33)

On the right hand side we give the corresponding relations in matrix notation. In order to
indicate whether we are talking about the gamma matrices with lower or upper indices, we
use the symbols 4™ and 4™, respectively. This is done in this subsection in order to make
it easier to follow the ensuing discussion of the right-moving vertex operators. In the rest
of the article, the position of the indices can be inferred from the context if they are not
given explicitly. The relations (2.31)—(2.33) are derived in appendix B. A similar analysis
in the context of the RNS formalism can be found for instance in appendix B of [14].

We can make the replacements (2.26) in the right-moving parts of the vertex opera-
tors (2.14). In this way the right-moving superfields can be expressed in terms of X and
6. We would like to demonstrate this using A,[, k](X,0) as an example. This can be
rewritten according to

Aq [ga k] (Ya g) = Za [gv k] (DXa M@)
= DX {é‘m(vag)a - % (PYPMQ)Q(HMT'ymane)Zk[mzn} }

ik-D- ra — m 1 — mn . ya
= ¢tk D-X {gm((MT) T~ M@)a—l—G((MT) "My, MO) o (0M T pMG)zk[mfn]}
—— ———
=1 =1

= LI (T { (D (170)s — 35 ()0 DAY (DT |
= ((MT)™),P A4[D-€, D-K|(X,0), (2.34)
where we used

MT"}/man _ MT,_y[man,yp]M — MT,Y[mMMflﬁn(MT)flMT,}/p}M

= MTA MINTA N MTAP M
= DI, D" DPly73"y* = D™ D", DP 41457~
= D™, D", DP AT (2.35)

Moreover, note that in a contraction of fermions like (6y™"78) or X" A, etc., the left spinor
is implicitly a transposed spinor. This explains the appearance of M7 in the second row
of (2.34). For the other superfields we find analogously

Zm[gv k] (y7 g) = DmnAn[D'Ea D-k|(X,0),
W€, K)(X,0) = M*WF[D-{, D-|(X,0), (2.36)
Foml€, k)(X,0) = D,,P D, Fpy|D-€, D-E)(X,6).



We also have to transform the remaining right-moving world-sheet fields appearing in the
vertex operators. Analogously to (2.26), we have (cf. also appendix B)

(07

do = (M"Y N Pdg, X =M%\, T"=pma", N™=D",D" NP (237)

Putting everything together we obtain the right-moving part of the vertex operators as
V@) = (NALE K(X,0)(Z) = (\*Au[DE, D-K|(X,0))(z 2
(2) = (N Al€ (X, 0)) () = (A" AalD-E D-KI(X,6)) (). (2.38)
V(@) = (00" Au[E X.0) + T A€ (X, 0)

+d WOE K| (X,0) + %Nm"?mn €, B)(X, 9)) (%)

- (aeaAa[D.g, D-K|(X,0) + [ A, [DE, D-k|(X, 0)

+do W [D-E, D-k|(X,0) + %Nm”fmn [D-€, D-k|(X, 9)> (z). (2.39)

2.3 Calculating correlators

The prescription to calculate closed string amplitudes on the sphere and open string ampli-
tudes on the disk is well known and tested in the pure spinor formalism. Both world-sheets
do not have any moduli and their conformal Killing vectors (CKVs) allow the fixing of
three closed or open vertex operators, respectively. For an n-point function with n > 3, it
is a convenient choice to fix the vertex operators i = 1,n — 1 and n to the positions z1, z,,_1
and zp:

n—2
AZeed(1,2,...,n) = <V1(0’0)(z1,z1) I1 / d2zivi<“>(zi,zi)v,§°€>(zn_l,zn_l)v,gom(zn,zn)>,
=2

n—2

Zn—1
AP(L,2,...n) = <V1(O)(z1)H / dziv;“)(zi)v,§°>1<zn_1)v7§0>(zn)>. (2.40)

i=2"%i-1

For open superstrings the integrated vertex operator positions are ordered, such that z; <
20 <z3< ... < zp—2 < zp—1 < zp, and integrated over the corresponding parts of the real
axis (if we perform the calculation on the upper half plane). Other orderings of the vertex
operators can then be inferred via relabelling. Almost all tree level calculations performed
in the pure spinor formalism so far are of these two types. The only exceptions that we are
aware of can be found in [6, 7] which calculate 3-point functions on the disk with one closed
and two open string vertex operators. However, as we mentioned in the introduction, the
case with only closed string vertex operators on the disk is more subtle, given that fixing
the CKG of the disk only allows to fix one and a half vertex operators. Moreover, the disk
amplitude with a single closed string vertex operator would naively vanish with the usual
tree level prescription as it does not contain three factors of A* (cf. section 2.3.2 below).
Both of these issues will be addressed in the following.



2.3.1 Integrating out the non-zero modes

In this section we follow relatively closely the presentation in [26]. We introduce the short-
hand notation A,(z) = A, (X(2),6(2)) and similarly for the other superfields. Moreover,
we denote by V any of the superfields, i.e. V € {Ay, Ap, W, Frun}.

The h = 1 primaries 90,11, d,, N™" appearing in the integrated vertex opera-
tor (2.16) do not have any zero modes at tree level. Thus, they can be integrated out
by applying Wick’s theorem, employing the OPEs

—ik™V(w)

I (z)V(w) = — (2.41)
do(2)V(w) = D;]_j(g), (2.42)
NWQW%WW:—;yﬁf%m% (2.43)

™ is antisymmetric in the

where in the last equality we used the fact that the matrix ™
spinor indices: (y™),° = —(y™")?,. Tt turns out that 99 does not contribute to the
closed string two- and one-point functions that we are going to calculate, given that it only
has a singular OPE with d,. In the two-point function there is only one integrated vertex
operator and for the one-point function its potential contribution vanishes due to the zero
mode integration, cf. section 2.3.2. Using (2.41)-(2.43) and the superfield equations of

motion (2.23), one infers the OPE of Vi(o)(zi) with Vj(l)(zj) via

VO A (o) = (RN ALAL () = —— ke AV (), (244)
Jt 71
VO ()dalV3 (z5) = ——A" (Dadl) W (2
Zji
1 , ,
= ——A(=Dadj+ Vs AL WY (27)
gt
1 . ,
= — [@aywy — 45, 00mW5)] (21). (2.45)
Ji
1 mn j 1 af.mn i i 1 i -
‘/i(o)(zi)§N Fon(25) = —E)\ (V™) P AT (2) = —;AQ(QWJ. )(z). (2.46)
Jt 9

The two terms (QAfXWjO‘) and —A"OC(QW]‘?‘) can be combined to the BRST exact expres-
sion Q(A;Wj), which does not contribute to the two-point function that we are going to
calculate. Hence, we can effectively use

VOV () = — [~k A0 — 43, 00™ W) (21). (2.47)
]t

This is all we need for the two-point function, given that there is only one integrated

vertex operator and the non-zero modes of the unintegrated vertex operators only interact

via their plane wave-factors. Similarly, apart from the plane-wave factors, the terms on the

right hand side of (2.47) only depend on A and 6, which do not have any non-trivial OPEs

with the remaining unintegrated vertex operators in the two-point calculation. Thus, aside



from the plane wave factors, only the zero modes of A and 6 will contribute in the remaining
computation of the two-point function after employing (2.47). The zero mode integration
is discussed in the next section. Here, we would just like to recall that the interaction of
the plane waves contributes the Koba-Nielsen factor, which at tree level takes the form

I, = <H eiki'X(zi)> =Cp, [1 (2 —z)/% (2.48)
=1

ij=1
i#j

The constant ng arises from the path integral over the non-zero modes of X™, cf. [23].7

2.3.2 Integrating out the zero modes

At tree level only the conformal weight zero fields have zero modes. These are X™, 6% and
A%, The evaluation of the X" zero modes is the same as for the RNS superstring and gives
a momentum preserving d-function. The evaluation of the correlator of the remaining zero
modes of ¢ and A® is more subtle.

There exist actually two different zero mode prescriptions for tree level calculations
in the literature which are usually equivalent but can differ for very low point functions,
as we will see below. The usual prescription fixes the PSL(2,C) invariance on the sphere
and the PSL(2,R) invariance on the disk by utilizing three unintegrated vertex operators,
V;(O) Vgo) = )\C“AQXBZ% for closed strings on the sphere or VZ-(O) = \*A’ for open strings on
the disk. When dealing with closed strings on the disk, one would also use Vi(o) = \*AL
albeit for three factors of the closed string vertex operators (2.14) (after rewriting the
right-movers according to (2.38)). This is the case we are going to discuss and apply in
the following.

After performing the integration of the non-zero modes of 96%, 11", d, and N™" as
described in the last subsection, one is left with an expression cubic in the ghosts A%:

n—2
<V1(0)(Z1) H Vi(l)(zi)Vﬁ)l(zn—1)V750)(Zn)> _ <)\a)\ﬁ)\7faﬁ~/(9; zi)>0 . (2.49)
=2

The subscript on (...)o indicates that the bracket on the right hand side denotes a zero
mode prescription, as all the non-zero modes are already integrated out. The argument of
(...)o in (2.49) has a finite power series expansion in % and it was argued in [1] that only
terms involving five powers of 6 contribute (at ghost number 3). Given that the tensor
product of three A and five § contains a unique scalar, all terms of this type are proportional
to each other (cf. the nice discussion in appendix A of [28]) and are determined by!?

((A"0)(Ay"0) (XyP0) (0mnpt) )0 = 2880 . (2.50)

9Strictly speaking, our usage of the symbol (...) is a bit ambiguous. Most of the time, we use it like
here to denote a path integral expectation value (and, thus, it contains constants like this ng from the
path integral over the world-sheet fields). However, sometimes (i.e. if {...) only has two world-sheet fields
as arguments) we also use it to denote the Green’s function, cf. for instance (2.25) and (2.27).

10YWe chose the normalization for convenience in order to simplify the explicit factors arising in the two-
point calculations of section 3. A different choice of this normalization could be absorbed in the constant
Cp, appearing in the final result, cf. (3.11) below. We follow here the convention used for instance in [29].

~10 -



Two further examples of zero mode expressions, which follow from (2.50) and which are
needed for the two-point function calculation of section 3, are

(A™0) (A" 0) (MNP0 (09rs10)) = 24016757, (2.51)
" 288 u
() Xs0) X7"0) (O7906) ) = =0 1mms1704 - (2.52)

These and additional zero mode expressions can be found, for instance, in appendix A
of [28].
As discussed in [10] there is an alternative zero mode prescription at tree level (cf.
also [30]), i.e.
(I)p=1. (2.53)

In this zero mode prescription only terms involving no A- and 6-zero modes contribute. In
other words, while at ghost number three, the unique element in the BRST cohomology is
proportional to 6%, at ghost number zero, it is proportional to the unit operator.

Using this alternative zero mode prescription, only integrated vertex operators con-
tribute to scattering amplitudes. Further, using (2.53) we can simplify the integrated vertex
operator if we are looking at a purely bosonic scattering amplitude. In that case the only
contribution to the amplitude comes from [10]

1
VW(2) = XM A (z) — M Fn(2), (2.54)
where M™" is the Lorentz current (2.6) of the pure spinor formalism.!!
We will need this alternative zero-mode prescription for calculating the closed string
one-point function on the disk in section 4.

3 Closed string two-point function on the disk

We now want to calculate the elastic scattering of two massless bosonic states off a Dirichlet
p-brane in a flat background using the pure spinor formalism. More precisely, we consider
states which would arise from the NSNS sector in the RNS formalism (i.e. the graviton,
dilaton and Kalb-Ramond field). We calculate the amplitude by inserting two closed string
vertex operators with appropriate boundary conditions on the disk. The corresponding
calculation in the RNS formalism can be found in [14, 16]. Further we recommend [18],
where a rather detailed presentation of the RNS calculation is given.

The two closed strings have polarizations €¢; and e and momenta k; and k. These
strings are massless and have transverse polarizations, i.e.

K2=0,  mak! = cjmnk] =0. (3.1)

As a first step to calculate the scattering of two massless closed strings on the disk in
the pure spinor formalism, we need to formulate a correlation function. For closed strings
on the disk, we can not just use the tree level prescription (2.40). Whereas on the sphere the

" Compared to [10] we adjusted the sign of the M™"-term to our conventions.
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six conformal Killing vectors allow us to fix three vertex operator positions, the situation
on the disk is different. Because we have only three conformal Killing vectors, we can only
fix one and a half vertex operator positions. Since we have two vertex operator insertions
at points z1 = x1 + iy1 and zo = x2 + iyo, we are going to fix the positions 1 = 0,29 =0
and yo = 1 and keep the integration over y;, which we will call ¥ in the following.

The form of the correlator in this case can be inferred by employing the methods of [8, 9]
(which are based on [31]). As the discussion in those papers is rather technical and the final
result in (3.3) below is rather plausible (and similar to the RNS string, cf. formula (2.12)
in [18]), we refrain from reviewing the details of [8, 9, 31]. Suffice it to say that [8] introduces
anti-commuting BRST partners (; = (7 + z(y of the complex vertex operator positions z;
(where j enumerates the vertex operators) and uses them to write the vertex operators as

Vi(z,¢) = V%) + GV V(). (3.2)

Applying the formulas of [8] to the case at hand leads then to'?

Aclosed( ):
- 92121 [ dwidy; [ a6 a¢t st -13(AGE)E)
< (Vi(21,0)V1(71,81) Va2, )V (22.C))
92
=T [ dnidis [ 4G74G 1) 0210 DB
x<(v1<°><w1+z'y1> (¢ +icH VI @a+iyn) ) (VI (@1 —ign) + (¢ =iV (w1 - i)
% (Vi) (wa-+io) +(G +iCHV3 ) (wa+ i) ) (V) <x2—z'y2>+<<§—i<§>v§”<w2—iy2>)>
gch/d /dCl< zyl)—HClVl (zyl))
< (V0 (i) =itV (i) ) Vi T (1))
2, . _
=97 [ay (i (v )V i)+ v )7 (i) OGOV (1) ). (3.3)

In the last equality we performed the Grassmann integral [d({ ¢{ = 1 and used the fact
that %(0) and ¢} are anticommuting. Moreover, we inserted the coupling constant g. = el®)
for closed strings and the physical tension 7, = e~ {2 (27) 7P/~ (P+1)/2 of the Dp-brane in

the definition of the amplitude.

2To be a bit more concrete, formula (5.8) in [8] would take the form Lo = myx1 + mams + 7o (y2 — 1) —
byc® (1) — bac™ (x2) — byc’(y2) — palt — P2C5 — pyCy + Bav™(w1) + By (x2) + BiyY (y2), where 7} and p},
are auxiliary fields, which lead to the delta functions in the first line of (3.3) when integrated out, while b7
and 7 are antighosts which lead to factors of ¢ and §(y*) when integrated out. Here, c* and ~+* are the
diffeomorphism ghosts and their (commuting) BRST partners. However, as shown in appendix B of [§] all
the ghost contributions cancel in the final correlator, thus leaving (3.3) when the dust settles.
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The gauge fixing in (3.3) is not complete yet. The amplitude is still invariant under
the PSL(2, R) transformation z; — —% which acts on y according to y — % (to account for
this discrete unfixed conformal Killing transformation, we inserted the factor 1/2 in (3.3)).
This transformation maps the interval 0 < y < 1 to 1 < y < oo. We can fix also this
discrete symmetry by restricting to only one of the two intervals and multiplying the result
by 2. For concreteness we choose 0 < y < 1, i.e.

1 — — —
A (1,2) = g2, [ ay (V)T (i) + VO iV i) O 0T (-0 ).
(3.4)

The two summands in (3.4) are actually equal, as we show in appendix C, and, thus,
we finally obtain

1 —
Ag(1,2) = 2igin, [ ay (VO ViV OV <) . 39)

Using (2.38) and (2.39), the amplitude (3.5) becomes a standard correlation function
in the pure spinor formalism (i.e. one which can be evaluated using the standard correla-
tors (2.25))

Aggred(1,9) =
1 . _ _
—2ig2r, [ dy (OAilés, a])(i9) (96 Asa [ Dy, D] + T Aun[ D, D] (30

_ 1 _
+d WP [D-£1, D-k] + gNm”}'lmn[D-fl, D-kﬂ)

(i) Maléa, Bl (YA DEp DR]) () )

The expression in (3.6) can be evaluated following the steps in section 2, resulting in

1
A%(;sed(l’ 2) — QQETpCDQ / dy |21y|k1Dk1 ’2Z|k2Dk2|Z _ iy’2k1~k2|i + iy‘2k1.D.k2
0

(=50 (il B A DG, DMl F) Mo [DEs, D)

=,
—Arn[&1, k1] WAD &y, D ki ]) (A Ag[€2, ko)) (AA2[D-Ey, D-ks]) )
=a/
_1iy ( —i(NA1[€1, k1)) ko A1[D-&1, D-k1](AAs[€a, ka])(AA2[D-&y, D-ks)])
—d,
—(MAL[EL, k1)) (MW [D-Ey, D-k1]) Ao €2, ko] (AA2[D-Ey, D-k]) )
=dy
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+1iy ( —i(AA1[é1, k1)) k2-D-A1[D-&;, D-k1](Az[€a, ko)) (AA2[D-Ey, D-k2])

=d,

HOM[6 O WA D6y, Dbl Ao ha) A DE, D] ) ) (3:7)
0

— I
_d3

! 4y FeDk (1 — )2 ke dy da ds
= 2¢%1,C / d () —_— (— — ) , 3.8
JeTtDz | Y\ (T4 )2 (1+y)? 2y 1+y+1—y (3:8)

where in the last equality we used k1-D-k1 = ko-D-ko and we defined d; = d}+d]/. The d; are
kinematic factors, which are calculated by using the first zero mode prescription described
in section 2.3.2 and fulfil the identity di + d2 4+ d3 = 0, which can be shown by explicitly
computing the d;.'* Note that we dropped a factor (27)PT16PT1(ky 4+ D-ky + ko + D-k3) in
equation (3.7), which comes from the X™ zero-modes. This delta function describes the

momentum conservation along the world-volume of the D-brane. Moreover, Cp, is again
an overall constant arising from performing the path integral over the non-zero modes of
the world-sheet fields.

It is customary to evaluate the integral in (3.8) by performing the substitution [14, 16]

_1-VE

— 3.9
YT e (3:9)
yielding
D(ky-ko)T(ky-D-ky)
closed 2
1,2) = dsk1-D-k1 —dy k1-ko) . 1
ADy N1, 2) gchCDQF(l~|—k1-k2~|—k1~D-k1)( 3 k1 1 — dy k1-ka) (3.10)

Using momentum conservation and transversality, we can rewrite the kinematic factors.
Finally, we obtain the result

I'(—t/2)'(2¢%) < t

closed 2 2

A 1,2) = 2 = A1
Do ( ) ) gchODQ F(l — t/2 + 2(]2) q ay + 20,2) y (3 )
where ¢° = %kl-D-kl is the momentum parallel to the world-volume of the brane and

t = —(k1 + k2)? = —2k;-ko is the momentum absorbed by the p-brane.'* The kinematic
factors a1 and ao are defined by
ay = Tr(e;-D)ky-ex-ky — ky-€g-Dey-ky — ky-€p-€1 -D-ky
—ki-€l-e1-D-ky — ki-ea-€] -ky + ¢*Tr(er-€2) + {1 < 2}, (3.12)
ay = Tr(e1-D)(ka-D-€a-D-ko + ki-€3-D-kg + ko-D-€9-k1)
+k1-D-€1-D-€3-D-koy — kQ‘D'EQ'G,{‘D'kl + q2TI‘(€1'D'62'D)

—*Te(er-eD) — (q2 - i) Tr(e1-D)Tr(es-D) + {1 ¢ 2. (3.13)

In the pure spinor formalism we obtained exactly the same kinematic factors as in the RNS
formalism [14, 16], which is another indication for the equivalence of these two formalisms.

13We used Cadabra2 [32] to perform these calculations.
M Note that ds # a1 and d; # a2, because d3 contains terms proportional to ki - k2 which contribute to
the %ag-term.
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4 Closed string one-point function on the disk

One further interesting amplitude that was not calculated in the pure spinor formalism so
far, is the closed superstring one-point function on the disk. For this amplitude, the usual
zero-mode prescription, employed in the last section for the two-point function, can not
be used, given that there is only a single closed string vertex operator (or alternatively
two open string factors). Hence, our strategy is to make use of the alternative zero-mode
prescription of [10], reviewed in section 2.3.2. More concretely, we are not going to fix the
position of the single vertex operator, but divide by the volume of the CKG of the disk, i.e.
PSL(2,R) (we are working on the upper half plane again). Of course, this volume is infinite,
but we will see that the ratio of this volume and the integral over the position of the vertex
operator is finite. This is consistent with the fact that one could alternatively fix the posi-
tion of the vertex operator, leaving a residual subgroup of the CKG which has finite volume.
Therefore, we need to calculate

d?z

m, Veka

d2
A1) = gory [ o

i, VOKG <V(1)(Z’E)> = 9eTp

(VOETYE) . @

This seems the obvious guess for the one-point function, but it also comes out from an
analysis following [8], as we did for the two-point function above. Plugging in the vertex
operator (2.54), we obtain

d2
A=) = gy [ <(8XmAm[§,k:](z)—;Mm”}"mn[{, k](z))
< (aXTAr (DE D7) %M”}}S (D D] (z)>>
g [ EE (XAl H()BXTADE D)
m, Veka

T M & (2T F, [DE DH|(2)). (4.2)

Here we have already implicitly used the zero mode prescription to simplify the expression:
all terms containing only one Lorentz current vanish, because they will still contain either
AY or 6 after computing the OPEs. The expression in (4.2) can now be evaluated by
following the same steps as for the two-point function, just using the zero mode prescription
(1)p = 1. We have to compute the OPEs between the left and right moving fields, expand
the superfields in 6 (the #-expansions are given in (2.24)) and discard all terms which
contain any power of A% or #%. This results in

d?z |z — E|k'D'k

H, Veka (2 —2)?

A%Zsed(l) = gchCH+ ( - anngraEa =+ kaDamgmkrDrbgb

_nm [snr]nk[mén] D[raDs]bkagO

C dQZ 1 ( m'r'é- D ag + kmg kbz k € kmDnbg )

= gcT, T N9\ my a m - m&Sn

g P H+ ]H[+ VCKG (Z o 2)2 77 b [ ] b
d? 1

= _gchCH+ & Tr(e-D). (4.3)

H, Vokag (2 — 2)?
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To obtain the first equality in (4.3) we have used the OPE of X™ in (2.5) and of the Lorentz
current M™" in (2.11). Transversality, masslessness and momentum conservation,

(k + D-k)™ =0, (4.4)

allowed for further simplification. Moreover, Cy, is again an overall constant arising from
performing the path integral over the non-zero modes of the world-sheet fields.

What is left, is to calculate the volume of the conformal Killing group on the upper
half plane H, i.e. PSL(2,R) = SL(2,R)/Zs. Such a transformation is given by

Az+ B
7 D (45)
A B . A B,C,DeR,
where <C D> € SL(2,R) ie. {AD BO—1. (4.6)

The discussion is facilitated by making a Cartan decomposition of the group G =
SL(2,R) [33]
F:KxATxK —G

4.7
(k1,a,ke) — g = kiaks . (4.7)

Here K is the isotropy group of z = i, i.e. it consists of all SL(2,R) transformations with

Ai+ B
— 5 — - 4.
k(z =1) it D 1 (4.8)
This leads to
which, together with AD — BC' = 1, implies
A2+ B*=1, C*+D*=1. (4.10)

0
On the other hand, AT is the group of all matrices of the from g _4 | with a > 1. The
a

map F defined in (4.7) is surjective. However, a Cartan decomposition g = kjaks with
a € AT and ki, ks € K is determined only up to a factor 1 in k; and a related factor in
ko [33]. This means that F' is of degree 2.

For the calculation of the volume of SL(2, R), we need to choose an explicit parametriza-
tion of an element g € SL(2,R). In view of (4.9) and (4.10) and the definition of A™, this

can be chosen as
[ cos(f1) sin(f1)) (€' 0O cos(fz) sin(f2) (4.11)
-~ \—sin(6y) cos(1)) \ 0 et \ —sin(fy) cos(hs) ) ’ '
with ¢ > 0 and 0 < 6; < 27 for ¢ = 1,2. With this parametrization a standard measure on

SL(2,R) is given by (cf. section VII, paragraph 2 in [33])'°
dp = d6;dt dfy sinh(2t) . (4.12)

15The normalization of the measure is actually a matter of convention. A different overall factor can be
found, for instance, in formula (4.20) of [34]. Different choices for the overall normalization constant are
related by different values for Cy .
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The volume of PSL(2,R) = SL(2,R)/Zs is half the volume of SL(2,R). Thus, we finally

arrive at

1 2w oo 2
Veka = 5/0 d01/0 dt ; dfs sinh(2t). (4.13)

In principle, we would have to regularize the volume of the conformal Killing group in (4.13),
because it is infinite. But actually, it cancels almost (up to a factor —) against a similar
factor in the one-point function (4.3). This can be seen as follows:

d?z z=i i;z: / dzz’ 2'=€* tanh(b) /27r >
4z e [ & =) [T / db sinh(2b).  (4.14
/H+ (z —2)? D, (1 —2'7')? 0 4 0 (25) ( )

Thus, we obtain

1
APesed(1) = ger,Cha, —Tr(e-D). (4.15)

This agrees with the corresponding calculation in the RNS formalism, cf. appendix D.

To determine the constant Cy, we compare the graviton one-point function obtained
from (4.15) with the graviton one-point function obtained from the Dirac-Born-Infeld action
for the graviton (cf. formula (8.7.24) in [23])

S=2 [artlen™,, (4.16)

where hipp = Grn — Dmn = —47rgceik'X €mn 1S only traced over the directions tangent to

the Dp-brane, which is denoted by the indices mH.lﬁ Using Feynman rules we find that
A%:viton(l) = —27rgCTpem”m” . (4.17)

To calculate the graviton amplitude from (4.15), we have to make use of the fact that for
a graviton Tr(e) = 0. Hence, we find Tr(e-D) = Zem”mu. We can conclude that

ABaton(1) = 9o Cin, —€ my (4.18)

Comparing the two results in equation (4.17) and (4.18), we can determine the factor
Ch, = —n%. Therefore, the final result for a closed string one-point function on the disk
is given by

Apsed (1) = —mg.7, Tr(e-D) . (4.19)

5 Outlook

In this paper we showed how to use the pure spinor formalism in order to calculate purely
closed string amplitudes on the disk. We focused on the low point functions (i.e. the one-
and two-point functions) of massless states that would correspond to the NSNS sector in
the RNS formalism. A generalization to the massless states of the other RNS sectors would

110 defining hmn = —4ngee™* X emn we follow [23], cf. formula (3.7.11a).
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be straightforward. Moreover, the analog of (3.4) for higher n-point functions follows along
the same lines, resulting in

1 _ —
A1) = i, [y (VO T i+ iV i) (5.1)

In the last equality we used similar BRST arguments as for the two-point function, cf.
appendix C. It would also be interesting to generalize our analysis of the disk to the
projective plane. The corresponding two-point function of massless closed strings in the
RNS formalism was calculated in [35] (see also [18]) and the dilaton one-point function was
calculated in [20, 36] for the bosonic string and generalized to type I in [21].

The results of our paper, taken together with [3, 5], should allow us to calculate
explicitly higher point functions of closed strings on the disk and in this way learn more
about the low energy effective action on the world-volume of D-branes. Optimistically, this
might for instance pave the way to verify the existence of an ejge;9R*-interaction at disk
level, predicted in [37] using heterotic/type I duality. Such a term could have interesting
consequences for string theory model building, as it would lead to a disk level correction
to the Einstein-Hilbert term in four dimensions after compactification on a manifold with
non-vanishing Euler number [38]. For minimally supersymmetric four dimensional type IIB
orientifolds with D9-branes, this would constitute the leading gs-correction to the Einstein-
Hilbert term in four dimensions, dominant compared with the one-loop corrections obtained
in [39].!7 Such a correction in the string frame could then lead, via a Weyl rescaling, to
a correction to the Kéhler potential of the moduli and/or to a redefinition of the moduli
fields, as discussed for instance in [41, 42].
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A Notation

In this appendix we summarize our notation. We use o/ = 2 throughout the paper, unless
o/ is made explicit. We use the following words as synonyms

holomorphic = left moving,

antiholomorphic = right moving .

17 A similar disk level correction to the four dimensional Einstein-Hilbert term was discussed in type 1IB
orientifolds with D7-branes and O7-planes wrapping four-cycles with non-trivial first Chern form, cf. [40].
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Spacetime vector indices are denoted by the small Latin alphabet a,b,c,..., while we use
small Greek letters «, 3,7, ... for spinor indices.

In expressions, where we have many indices that are symmetric or antisymmetric, for
both vector and spinor indices we use the convention that

1

A[lalAiQ Ay = ] (Aileig AL £ permutations) , (A.1)
1

A%alAgQ Ay = ] (AilA?m Ay + permutations) . (A.2)

The Lorentz group in 10 dimensions has two inequivalent representations that are
denoted by 16 and 16’. Following [25, 43] we use the convention (common in the pure
spinor literature) that a spinor ¢® with an upper index transforms in the 16 representation
while a spinor v, with a lower index transforms in the 16’ representation. As stressed
in [25], there is no way to raise or lower the indices, as the two representations 16 and 16
are inequivalent. The gamma matrices are symmetric, i.e. 7™ = ™8 and YaB = VBa
and they fulfil the following algebra

VN A" e = 20M0%, (A.3)
where ™" is the Minkowski metric. In section 2.2, we use the notation 7" and ™

when suppressing the lower or upper indices of ;7 and ™8 respectively. Moreover, for
antisymmetric products of gamma matrices we use a similar convention as before so that

1
] (y™A™2 ... 4™ 4 permutations) . (A.4)

mi..mnp [m1..mp] _

v =7

Throughout the text we use round brackets in order to denote contractions of fermions
with (products of) gamma matrices, i.e.

(W17™ha) = VT etc. . (A.5)
Note that it is implicitly understood here that ¥ is a transposed spinor.
B Relations for the matrices M % and Naﬁ

In this appendix, we would like to derive the formulas (2.31)—(2.33). The relation (2.31)
follows from the OPE

B 5.6 Y MB 5B
= (3 (5 MBS (5 BTy o 7! %
0 =N, M"0 =N,"M = = . B.1
pa(z) (w) o p’Y(Z) ) (w) « 52_@ = — = _ w0 ( )
The relations of (2.32) can be obtained by demanding
0"z £ D™ I"(Z), da() = N,Pds(z). (B.2)

We show this exemplarily in the case of the relation involving M, as this is the one that
we actually use in the main text. From

" (z) = (Dmnaxn + ;Mvae%ggmﬂaeﬁ) (%) = D™ 11(%) (B.3)
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we read off

MO AJsMP% = D™yl (B.4)

It is straightforward to check that (2.31) and (2.32) imply consistency of all the OPEs
in (2.5) with the doubling trick (i.e. the remaining OPEs do not lead to any new conditions).

From the relations (2.33) we actually use the one involving N in the main text. That
relation follows from demanding

¥ (z) = D™, D" 5M () . (B.5)

This holds if in addition to (B.4) we have

N, "N = D yned (B.6)
because
_ 1 _
() = =5 (7)) (B.7)
1_ 28 =
= —Pa(Y""55 =" (2) (B-8)
1 € mad n nad . m B pp(=
= =1 NaPe(v" 5 — 1" 5 ME,0°(2) (B.9)
1 _
= =P (Na V"N, TME A ME, = NN, ME M) (2) - (B.10)
1
= =P8 (D" D", - D"y DTA, ) (2) (B.11)
1 _
= =1 D™D (T, = 7,00 (%) (B.12)
= D™ D" YR (Z). (B.13)

In (B.10) we used (2.31) and in (B.11) we employed (B.4) and (B.6).

C Independence of the correlator of the localization of the integrated
vertex operator

If we make the dependence of the vertex operator on the polarization vector and the
momentum explicit, we can write (2.38) and (2.39) more explicitly as

Using this, we can rewrite the first summand of (3.4) according to
! )z : \ 0 7 .
[ s (Ve i) VO k(=) Vil k() Vsl <0)) (€3

-/ "4y <vf” €1, k) (i) VO k] (i) Vi, ko)) O E, k21<—z‘>> ,
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i.e. the correlator is independent of whether the integrated vertex operator is located at iy
or at —iy. This can be shown explicitly using Cadabra, or it can be seen as follows:

/0 a (Ve k) i)V 6y ) (=i Vs o o ()73 [ k(1) )

= / a (Ve ki) ViV D8 D) (i) Vi o ko) )V, [D-E5. Dbl (1))

= / 1dy< / Zdzavf@[a,wz)v(”[Dfl,nkl] (=) Ve (€ ke () V2 (D€, D+hz) (- >> (C4)
= / a / as (Ve b))V (D€, Dok (=i Vi [, kel )V (D5, Dok (1)) (C.5)

/ dy / 0= (V0 e k) ()QVV [DE, Dokl (i) Vi o, kel ()VE (D &, Dbl (1) (C.6)

/ dy / 0= (VD6 k) (2)i0, Vi (D, D k) (i) Vi o, hal(DVEV 1D B, Dok (- > (C.7)

:"/ dy@y</ VOl k) (VO (D E, Dok (i) Vi [ ko] () VO (D6, Do) (—
0 —

Y

“i [ (o [ 0l VD E D -V, 0V (DE, Dl >> (C8)

Y

:i/ dz<V1“’[el,kluz)vf”[D-El,D-m(—i)v;“[sm](z')v;”[ng,D-sz—iD

—1i

—i [ 4 (Ve )V D& DOV k)Y (D8 D k() (C.9)

0

+ [ au{ (Vi) Vi) ) VO IDE D) i) Vi el 0V [D 6 D -1))

0

= / dy (Vi ks k(i) V,” (D, Do) (=i Vi 0 kol V5 (D&, Dol (<)) (C.10)

In (C.4) we rewrote V1 [51, k1] as an integral over 8V1 [51, k1] and used that there is no
contribution from the lower integration end due to the “cancelled propagator argument”,
which states that terms with vertex operators at the same position vanish, cf. p. 196
n [23]. In (C.5) and (C.7) we used (2.18), in (C.6) we deformed the BRST contour and
used (2.17), in (C.8) we performed a partial integration and in (C.10) we again used the
cancelled propagator argument.

The analysis above can be generalized to an n-point function with n > 2, i.e. to the
case when there are additional integrated closed string vertex operators in the correlation
function, cf. (5.1). When deforming the BRST contour in that case, the BRST charge @
(1,1)

also acts on the integrated vertex operators V; for j = 2,...,n— 1. However, this does
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not give any additional contributions, as can be seen as follows:

Q [, VOl K-V DE DH(E)

= | (VO HEVODE DHE) + VO K20V VD E DH ()

H+
= [ d&:(0[VOLg kl(2)VIDE D-K)(Z)| + 3|V, k)(2)V O [D-E D-K)(2)] )
H+
~ [ de(VOLE k@)Y O DE DH@)+V Ol @)V O [DE DH@)  (C11)
—0. (C.12)

We used the divergence theorem in (C.11) (in the form of (2.1.9) in [23]) and the final van-
ishing result holds inside the correlator when applying the cancelled propagator argument
again.

D NSNS one-point function on the disk in the RNS formalism

For ease of comparison, in this appendix we include the calculation of the NSNS one-point
function on the disk in the RNS formalism, even though it is not new. As usual, we
could either map the one-point function from the disk to the upper half plane or calculate
it directly on the disk. We will perform the calculation on the upper half plane in this
appendix, as we did for the pure spinor formalism in the main text.

For the bosonic string the one-point function of a closed string on the disk was calcu-
lated in [19] and a generalization for the superstring can be found in [21].

On the upper half plane we need a total superghost charge ¢ = —2. Hence, the vertex
operator has to be in the (—1, —1) picture. Therefore,we need to calculate
d?z

Voxa Vicr,-1(2:2)) - (D.1)

Do (1) = 9cTp
As in (4.1) we did not fix the conformal Killing group symmetry (hence there are no

c-ghost insertions). Instead we kept the factor —~— explicitly and we will show that
Veka

it cancels against a similar factor in the amplitude, leaving a finite result. Again we
can split the vertex operator into a holomorphic and an antiholomorphic part V(z,%z) =
7N

emn V1 (2)V_1(Z), where
V7 (2) = e Gy (2)eR X (2) (D.2)

and the antiholomorophic part can be determined via the doubling trick. Concretely, we
can extend the fields to the entire complex plane in the following way

e X™(z) for z € H

X"(z) = { D™ X" (z) for z ¢ H™’ (D-3)
my Y™ (z) for z € HT

¥(z) = { DmnW(z) for z€e H~ (D4)
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The matrix D™" was introduced in (2.28). It accounts for the boundary conditions. This
allows us then to make the replacement

X"(z) — D" X"(2), 4"(2) — D" "Z),  9(z) — 9(2). (D.5)
With this replacement we can express the vertex operator solely by (D.2):
Vi (21,51) = €1mnDnTV_nhi(k1, Zl)Vzl (D-kl,fl) . (D.G)

For the calculation on the upper half plane, we need the correlators of the world-sheet
fields on H, which are given by

(X™(2)X (w)) = —-D™"1n(z —w),
. —n, pmn
W) @) = —— (0.7)
(% 1
—9(2) g —0(@)y —
(e e ) =
With these correlators we can evaluate
d2 A - =
A1) = gery [ 5 {emne O (2)e RO PG 2)hXE) (Dg)
Voka
to be 22 Tr(eD)
Assed(1) = go7,C S D.9
Do ( ) 9cTp H H, VCKG (2—5)2 ( )
The Koba-Nielson factor |z —E\k'D'k is equal to one, because k-D-k = —k? = 0 due to

momentum conservation (4.4) and the fact that we are looking at massless states. The
factor Cy . accounts for the functional determinants of the world-sheet fields, like in the
pure spinor formalism. Of course, there is no reason why Cy . should be equal to the corre-
sponding constant Cp, in the pure spinor formalism. And indeed, (D.9) agrees with (4.3)
only if C . = —Cm, . Assuming this, the two results are identical and, thus, (D.9) can be
treated in exactly the same way as in section 4.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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