
J
H
E
P
0
2
(
2
0
2
1
)
0
0
1

Published for SISSA by Springer

Received: October 31, 2020
Revised: December 23, 2020

Accepted: December 24, 2020
Published: February 1, 2021

Wigner functions and quantum kinetic theory of
polarized photons

Koichi Hattori,a Yoshimasa Hidaka,b,c,d Naoki Yamamotoe and Di-Lun Yange
aYukawa Institute for Theoretical Physics, Kyoto University,
Kyoto 606-8502, Japan

bKEK Theory Center,
Tsukuba 305-0801, Japan

cGraduate University for Advanced Studies (Sokendai),
Tsukuba 305-0801, Japan

dRIKEN iTHEMS, RIKEN,
Wako, Saitama 351-0198, Japan

eDepartment of Physics, Keio University,
Yokohama 223-8522, Japan
E-mail: koichi.hattori@yukawa.kyoto-u.ac.jp, hidaka@post.kek.jp,
nyama@rk.phys.keio.ac.jp, dilunyang@gmail.com

Abstract: We derive the Wigner functions of polarized photons in the Coulomb gauge
with the ~ expansion applied to quantum field theory, and identify side-jump effects for
massless photons. We also discuss the photonic chiral vortical effect for the Chern-Simons
current and zilch vortical effect for the zilch current in local thermal equilibrium as a
consistency check for our formalism. The results are found to be in agreement with those
obtained from different approaches. Moreover, using the real-time formalism, we construct
the quantum kinetic theory (QKT) for polarized photons. By further adopting a specific
power counting scheme for the distribution functions, we provide a more succinct form of
an effective QKT. This photonic QKT involves quantum corrections associated with self-
energy gradients in the collision term, which are analogous to the side-jump corrections
pertinent to spin-orbit interactions in the chiral kinetic theory for massless fermions. The
same theoretical framework can also be directly applied to weakly coupled gluons in the
absence of background color fields.

Keywords: Heavy Ion Phenomenology

ArXiv ePrint: 2010.13368

Open Access, c© The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP02(2021)001

mailto:koichi.hattori@yukawa.kyoto-u.ac.jp
mailto:hidaka@post.kek.jp
mailto:nyama@rk.phys.keio.ac.jp
mailto:dilunyang@gmail.com
https://arxiv.org/abs/2010.13368
https://doi.org/10.1007/JHEP02(2021)001


J
H
E
P
0
2
(
2
0
2
1
)
0
0
1

Contents

1 Introduction 1

2 Spinor-helicity formalism for photons 3

3 Wigner functions for polarized photons 4

4 Helicity currents and chiral/Zilch vortical effect 8

5 Quantum kinetic theory for photons 11
5.1 Free-streaming case 11
5.2 Collisions 13
5.3 Effective QKT for photons 14

6 Summary and outlook 15

A Derivation of Π(0)
µν and Π(1)

µνα 16

B Energy-momentum tensor of photons 17

C Derivation of the kinetic theory for photons with collisions 18

1 Introduction

Quantum transport of circularly polarized photons is a fundamental issue in various areas
of physics from optics, photonics, condensed matter physics, and nuclear physics to astro-
physics. One well-known example is the spin-dependent deflection of photons due to the
spin-orbit interaction, called the photonic spin Hall effect [1, 2]. Another recently found
example is the photonic helicity current induced by vorticity, called the photonic chiral vor-
tical effect (CVE) [3–7]. However, the photonic CVE defined through the Chern-Simons
(CS) current is not locally gauge-invariant. One can instead consider its gauge-invariant
version called the zilch vortical effect (ZVE) [8, 9] by making use of the so-called zilch [10–
12] as an infinite set of conserved quantities in non-interacting Maxwell’s theory.1

The conventional approach to describe the quantum transport of photons out of equi-
librium is based on the semi-classical equation of motion including the effects of the Berry
phase [1, 2, 4, 6]. In equilibrium, one may alternatively compute, e.g., the photonic helicity
current from quantum field theory [3, 7–9]. To the best of our knowledge, however, the

1See also ref. [13], where it is shown that the lowest-order zilch characterizes optical chirality for photons
interacting with chiral molecules.
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generic quantum kinetic theory (QKT) for non-equilibrium many-body photons with col-
lisional effects has not been well established based on the underlying quantum field theory
— quantum electrodynamics (QED).

In the case of Weyl or Dirac fermions, there have been substantial progresses in the
developments of relativistic QKT for massless [14–30] and massive cases [31–35] with ap-
plications to quark-gluon plasmas (QGP) in heavy ion collisions [36–43], Weyl semimet-
als [44–47], core-collapse supernovae [48], and cosmology [49]. For example, it was shown
that the CVE of Weyl fermions [50–54] is in connection to the Berry phase and the so-
called side-jump phenomenon [19–22]. Such a connection is revealed in the Wigner-function
approach based on quantum field theory along with the ~ expansion [21, 34].

It is thus tempting to explore a similar scenario for polarized photons. In ref. [55], the
Wigner functions of polarized photons and corresponding CVE and ZVE have been recently
investigated. However, the Wigner functions were derived from the mixture of right and
left-handed polarized photons via Maxwell’s equations and gauge constraints therein. It
is still desirable to obtain the Wigner functions constructed individually from right/left-
handed polarized photons through a first-principle derivation from QED to make a direct
comparison with fermionic Wigner functions in Weyl bases studied in ref. [21]. Moreover,
a corresponding QKT for tracking spin transport of polarized photons with collisions is
also needed.

In this paper, by exploiting the spinor-helicity formalism to write the covariant form of
polarization vectors for right/left-handed photons [56–59], we explicitly derive the Wigner
functions up to O(~) in the Coulomb gauge, which manifest how the Berry connections
are encoded in distribution functions as the case for Weyl fermions. We also compute
the photonic CVE and ZVE in local thermal equilibrium and confirm that our results are
consistent with the previous results in refs. [8, 9, 55]. By using the real-time formalism and
adopting a specific power counting scheme, we further construct the general form of the
effective QKT for polarized photons with the collision term characterized by self-energies,
similar to the fermionic case in ref. [60].

This formalism can also be directly applied to weakly coupled gluons in the absence
of background color fields. This would pave the way to future study of entangled spin
transport of quarks and gluons in QGP. Motivated by recent experimental observations of
global polarization of Λ hyperons in heavy ion collisions [61–63], this direction should be
important to understand how the dynamical evolution of the quark spin will be converted
to the local spin polarization of hadrons [60, 64–70] along the direction of the strong
vorticity generated in peripheral collisions; see other theoretical works on developments
of hydrodynamics with spin [71–75] and statistical quantum field theory [76–78], which
also aim at exploring underlying mechanisms and reconciling the existing tension between
theoretical predictions and experimental observations for local spin polarization in heavy
ion collisions (see ref. [79] for a recent review and more references therein).

The paper is organized as follows. In section 2, we briefly review the spinor-helicity
formalism and introduce the polarization vectors in the Coulomb gauge. In section 3,
we accordingly derive the Wigner functions for photons up to O(~). As a check on the
formalism that we develop in section 3, in section 4 we analyze the CVE/ZVE for photons
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in local equilibrium, confirming previous results from the literature. In section 5, we derive
the QKT for photons and its effective version with specific power counting. Finally, we
make short summary and outlook in section 6.

Throughout the present paper, we use the mostly minus signature of the Minkowski
metric ηµν = diag(1,−1,−1,−1), the completely antisymmetric tensor εµνρλ with ε0123 = 1,
and γ5 = iγ0γ1γ2γ3. We also use the notations A(µBν) ≡ AµBν + AνBµ and A[µBν] ≡
AµBν −AνBµ.

2 Spinor-helicity formalism for photons

Let us first briefly recapitulate essential parts of the so-called spinor-helicity formalism [56–
58] (see, e.g., ref. [59] for a review) that will be used in our following computations. The
basic idea of this formalism is to express spin-one vector fields as bispinors since they
transform in the (1/2, 1/2) representation of the Lorentz group. As an advantage of this
formalism, we can avoid the redundancy to embed a massless photon with two physical
degrees of freedom into a four-component vector field Aµ(x). As we will show below,
this formalism naturally allows us to obtain the result of the quantum kinetic theory for
spin-one photons in the same form as that for fermions.

In this formalism, the polarization vectors of photons are written with fermion spinors
as [56–58]

εRµ (p) = 1√
4k · p

ūR(k)γµuR(p), εLµ(p) = 1√
4k · p

ūL(k)γµuL(p) , (2.1)

for the right-handed and left-handed helicity, respectively. Here, p is the momentum of a
photon, while k is an auxiliary light-like vector such that p · k 6= 0 and p2 = k2 = 0.2 The
helicity eigenstates of massless fermions satisfy /p(1 + γ5)uR(p)/2 = (p0 − |p|)uR(p) and
/p(1−γ5)uL(p)/2 = (p0−|p|)uL(p) in the Weyl representation. In general, one may replace
p0 by n · p and p by the component transverse to nµ which is a timelike vector specifying
a Lorentz frame for the spin basis. Here we simply choose nµ = (1,0). By using

uR(p)ūR(p) + uL(p)ūL(p) = /p (2.2)

for on-shell photons, one can show

εµRε
ν∗
R + εµLε

ν∗
L = −ηµν + pµkν + kµpν

p · k
. (2.3)

We may now assign a proper kµ that meets the gauge choice. For example, we can take the
Coulomb gauge ∂⊥αAα = 0, where a transverse projection is defined as vµ⊥ ≡ (ηµν−nµnν)vν
for an arbitrary vector vµ.3 We also use shorthand notations |v| ≡

√
|v2
⊥| and v̂⊥µ ≡

v⊥µ/|v|. Then, the polarization sum is supposed to have the form

εRµ ε
R∗
ν + εLµε

L∗
ν = −ηµν −

p⊥µp⊥ν
|p|2

+ (p · n)2nµnν
|p|2

= −ηµν + 1
|p|2

p(µ
(
p · nnν) −

pν)
2
)
. (2.4)

2We adopt the same convention as in ref. [59].
3More generically, one may take a gauge condition ∂µ(ηµν − `µ`ν)Aν = 0, where `µ is a unit timelike

vector (`2 = 1) that is not necessarily equal to nµ. For convenience, we will choose `µ = nµ throughout
the paper.

– 3 –



J
H
E
P
0
2
(
2
0
2
1
)
0
0
1

Comparing this expression with eq. (2.3), one should thus take

kν
k · p

= 1
|p|2

(
p · nnν −

pν
2
)

= 1
2|p|

(
nν − p̂⊥ν

)
, (2.5)

which implies
kν = k · n

(
nν − p̂⊥ν

)
. (2.6)

In terms of the two-component spinors cR,L(p), defined respectively as the lower and
upper two-component fields of uR,L(p)/

√
2|p|, we have

εRµ (p) =
√
|p||k|√
k · p

c†R(k)σµcR(p) , εLµ(p) =
√
|p||k|√
k · p

c†L(k)σ̄µcL(p) . (2.7)

Let us focus on εRµ . In the frame nµ = (1,0), the explicit forms of cR(p) and cR(k) are (see,
e.g., ref. [21])

cR(p) =


√
|p|+p3

2|p|
p1+ip2√

2|p|(|p|+p3)

 , cR(k) =


√
|p|−p3

2|p|

− p1+ip2√
2|p|(|p|−p3)

 , √
|p||k|√
k · p

= 1√
2
. (2.8)

Then, one can show that

cR(p)c†R(p) + cR(k)c†R(k) = I, c†R(p)cR(k) = c†R(k)cR(p) = 0, (2.9)

where I is a unit matrix. It turns out that cR(k) corresponds to the eigenvector of right-
handed fermions with negative energy. Accordingly, we may denote cR(p) = c

(+)
R and

cR(k) = c
(−)
R for convenience, where we use the indices “(±)” to represent the eigenvectors

of right-handed fermions with positive and negative energies, respectively. We thus arrive
at the expression

εRµ (p) = 1√
2
c

(−)†
R (p)σµc(+)

R (p) . (2.10)

3 Wigner functions for polarized photons

Given the polarization vectors of right/left-handed photons, we are able to quantize the
polarized gauge fields and compute the corresponding Wigner functions. Similar to the
case for massless fermions, we can separate the right and left-handed sectors in the free
theory. We start from the mode decomposition of a U(1) gauge field with the right- or
left-handed helicity,

Ahµ(x) =
∫ d3p

(2π)3
1√
2|p|

(
ahpε

h
µ(p)e−ip·x + ah†p ε

h∗
µ (p)eip·x

)
, (3.1)

where h = R,L represents the index of helicity, and ahp and a
h†
p are annihilation and creation

operators, respectively, that satisfy the commutation relation

[ahp, a
h′†
p′ ] = (2π)3δhh

′
δ(3)(p− p′). (3.2)
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We are interested in the lesser and greater propagators for right/left-handed photons,
which are defined as [80]

Gh<µν (q,X) =
∫

d4Y ei q·Y~ 〈Ahν(y)Ahµ(x)〉 , Gh>µν (q,X) =
∫

d4Y ei q·Y~ 〈Ahµ(x)Ahν(y)〉 ,
(3.3)

respectively, where Y = x− y and X = (x+ y)/2. We may focus on the lesser propagator
for right-handed photons,

GR<
µν (q,X) =

∫
d4Y ei q·Y~

∫ d3p′

(2π)3
1√
2|p′|

∫ d3p

(2π)3
1√
2|p|

(3.4)

×
(
〈aR†
p′ a

R
p 〉εRµ (p)εR∗ν (p′)e−ip−·X−ip+·Y +〈aR

p′a
R†
p 〉εR∗µ (p)εRν (p′)e+ip−·X+ip+·Y

)
,

where p+ = (p+p′)/2 and p− = p−p′. One can easily show that Gh<µν (q,X) is a Hermitian
matrix according to its definition. Carrying out the Wigner transformation with the p±
momenta, one finds

GR<
µν (q,X) = π

∫ d3p−
(2π)3 e−ip−·X 1[(

|q|2 + |p−|2
4

)2
− (q · p−)2

]1/4

×
[
εRµ

(
q + p−

2

)
εR∗ν

(
q − p−

2

)
〈aR†
q−p−

2
aR
q+ p−

2
〉δ
(
q0 − p0

+

)

+ εRν

(
−q + p−

2

)
εR∗µ

(
−q − p−

2

)
〈aR
−q+ p−

2
aR†
−q−p−

2
〉δ
(
q0 + p0

+

) ]
, (3.5)

where
p0

+ = 1
2

( ∣∣∣q + p−
2

∣∣∣+ ∣∣∣q − p−2
∣∣∣ ) , p0

− =
∣∣∣q + p−

2

∣∣∣− ∣∣∣q − p−2
∣∣∣. (3.6)

For brevity, we take ~ = 1 above.
In order to perform the p− integral analytically, we expand the integrand with respect

to p− and retain the terms up to O(p−) such as

εRµ

(
q + p−

2

)
εR∗ν

(
q − p−

2

)
= Π(0)

µν (q) +
pα−
2 Π(1)

µνα(q) +O(p2
−) , (3.7)

where

Π(0)
µν (q) ≡ εRµ (q)εR∗ν (q) , Π(1)

µνα(q) ≡
(
∂qαε

R
µ (q)

)
εR∗ν (q)− εRµ (q)

(
∂qαε

R∗
ν (q)

)
. (3.8)

We also have the expansions p0
+ ≈ |q| +O(|p−|2) and p0

− ≈ q · p−/|q| +O(|p−|2). In the
end, this expansion provides us with the Wigner functions up to O(~). Plugging those
expressions into eq. (3.5), we then find

GR<
µν (q,X) (3.9)

≈π
∫ d3p−

(2π)3|q|
e−ip−·X

[
δ (q0−|q|)

(
Π(0)
µν (q)+

pα−
2 Π(1)

µνα(q)
)
〈aR†
q−p−

2
aR
q+ p−

2
〉

+δ(q0+|q|)
(

Π(0)
νµ (−q)+

pα−
2 Π(1)

νµα(−q)
)
〈aR
−q+ p−

2
aR†
−q−p−

2
〉
]

= 2πδ(q2)
[
θ(q0)

(
Π(0)
µν (q)+ i

2Π(1)
µνα(q)∂α

)
−θ(−q0)

(
Π(0)
νµ (−q)+ i

2Π(1)
νµα(−q)∂α

)]
f̌R(q,X) ,
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where we dropped the O(|p−|2) terms in the integrand except for those contributing to
the distribution functions. In the first term, we introduced the distribution function for
right-handed photons

f̌R(q, X) ≡
∫ d3p−

(2π)3 〈a
R†
q−p−

2
aR
q+ p−

2
〉e−ip−·X . (3.10)

In the second term, the commutation relation (3.2) leads to∫ d3p−
(2π)3 e−ip−·X〈aR

−q+ p−
2
aR†
−q−p−

2
〉 = 1 + f̌R(−q, X) . (3.11)

Combining those two cases, the distribution function f̌R(q,X) is defined for the four-
momentum qµ as

f̌R(q,X) =

f̌R(q, X) (q0 = |q|)
−
[
1 + f̌R(−q, X)

]
(q0 = −|q|) .

(3.12)

Note that the θ(−q0) part in eq. (3.9) characterizes the out-going photons.
To derive explicit forms of Π(0)

µν and Π(1)
µνα, it is crucial to use the expressions of εhµ from

the spinor-helicity formalism in section 2. Inserting eq. (2.10) into eq. (3.8), we have

Π(0)
µν (q) = 1

2tr
(
c

(−)
R c

(−)†
R σµc

(+)
R c

(+)†
R σν

)
, (3.13)

Π(1)
µνα(q) = i tr

[
A
(
c

(−)
R ∂qαc

(−)†
R

)
σµc

(+)
R c

(+)†
R σν − c(−)

R c
(−)†
R σµA

(
c

(+)
R ∂qαc

(+)†
R

)
σν
]
. (3.14)

Here and below, we define A(M) = −i(M −M †)/2 for a matrix-valued quantity M and
omit the arguments as c(±)

R = c
(±)
R (q) and c(±)†

R = c
(±)†
R (q). Now the computations of Π(0)

µν

and Π(1)
µνα are straightforward, and the details are given in appendix A. The results are

found to be

Π(0)
µν (q) = 1

2
[
(nµnν−ηµν)− q̂⊥µq̂⊥ν− iεµναβnαq̂β

]
, (3.15)

Π(1)
µνα(q) = 2i

[
a−α (q)−a+

α (q)
]
Π(0)
µν (q)− 1

2|q|
[
iq̂⊥(µεν)αβρn

β q̂ρ+ q̂⊥[µ
(
ην]α−nν]nα

)]
, (3.16)

where we have the Berry connections

aµ±(q) ≡ ic(±)†
R ∂qµc

(±)
R . (3.17)

Note that aµ±(−q) = −aµ∓(q). Since Π(0)
νµ (−q) = Π(0)

µν (q) and Π(1)
νµα(−q) = Π(1)

µνα(q), the
Hermitian property of Wigner functions is maintained properly. According to these results,
eq. (3.9) reads

GR<
µν (q,X)

= 2πδ(q2)sgn(q0)
[(

Re[Π(0)
µν (q)]− ~

2 Im[Π(1)
µνα(q)]∂α

)
+i
(
Im[Π(0)

µν (q)]+ ~
2Re[Π

(1)
µνα(q)]∂α

)]
×f̌R(q,X)

=πδ(q2)sgn(q ·n)

P (n)
µν −

~q⊥(µS
(n)
ν)α∂

α

2(q ·n)2

−i
(
S(n)
µν +

~q⊥[µ∂⊥ν]
2(q ·n)2

)fR(q,X) (3.18)
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up to O(~). Here, the standard polarization tensor in the Coulomb gauge and the spin
tensor of photons are, respectively, given as

P (n)
µν = nµnν − ηµν − q̂⊥µq̂⊥ν , S(n)

µν = εµναβq
αnβ

q · n
. (3.19)

Absorbing the Berry connections, we have defined a frame-dependent distribution function

fR(q,X) ≡
(
1 + ~

[
aα+(q)− aα−(q)

]
∂α
)
f̌R(q,X) . (3.20)

In fermionic systems, it has been shown that such a quantum correction is responsible for
the so-called side jump effect [20, 21].

Based on eq. (3.18), we may also write down the lesser propagator for left-handed
photons

GL<
µν (q,X) = πδ(q2)sgn(q · n)

[(
P (n)
µν +

~q⊥(µS
(n)
ν)α∂

α

2(q · n)2

)
+ i
(
S(n)
µν −

~q⊥[µ∂⊥ν]
2(q · n)2

)]
fL(q,X) .

(3.21)
Combining GR<

µν and GL<
µν , we obtain the full lesser propagator for photons

G<µν ≡ GR<
µν +GL<

µν

= 2πδ(q2)sgn(q · n)
[(
P (n)
µν fV −

~q⊥(µS
(n)
ν)α∂

α

2(q · n)2 fA

)
− i
(
S(n)
µν fA +

~q⊥[µ∂⊥ν]
2(q · n)2 fV

)]
,

(3.22)

where fA ≡ (fR − fL)/2 and fV ≡ (fR + fL)/2 in our conventions. Note that the latter
definition of fV is determined by the standard lesser propagator of photons at O(~0) so
that fV reduces to the distribution function of unpolarized photons. Although G<µν itself is
a gauge-dependent quantity, it can be utilized to calculate gauge-invariant quantities such
as the energy-momentum tensor shown in appendix. B. For the greater propagator, we
simply have to replace fV by (1 + fV) with keeping fA unchanged. More precisely, we have

G>µν = 2πδ(q2)sgn(q · n)
[(
P (n)
µν (1 + fV)−

~q⊥(µS
(n)
ν)α∂

α

2(q · n)2 fA

)
− i
(
S(n)
µν fA +

~q⊥[µ∂⊥ν]
2(q · n)2 fV

)]
.

(3.23)
Since we will always work in the frame nµ = (1,0), we hereafter omit the superscript “(n)”
for the polarization tensor P (n)

µν and the spin tensor S(n)
µν in the following. We will also

attach an index “γ” to the distribution function like fγ and similarly Sγµν for the spin
tensor to stress that these are of photons.

Notably, as opposed to the approach of solving the Wigner function from the equations
of motion in ref. [55], here the Wigner function is explicitly derived as an expectation value
of the corresponding operator in the quantum field theory. Although two results agree,
the free function U appearing in ref. [55] is uniquely fixed in the present calculation, which
further clarifies the physical picture underlying these results.
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4 Helicity currents and chiral/Zilch vortical effect

The primary purpose of this section is to reproduce the CVE/ZVE for photons found in
the previous literature such as ref. [55] to ensure the validity of our formalism. We may
now utilize Gh<µν to evaluate the CS currents for polarized photons,

Kµh(x) ≡ Ahν(x)F̃µνh (x) = 1
2ε

µναβAhν(x)
←→
∂ αA

h
β(x) , (4.1)

where F̃µνh = εµναβF hαβ/2 and
←→
∂ α ≡

−→
∂ α −

←−
∂ α. The derivative

←→
∂ α acting on both Ahν(x)

and Ahβ(x) is convenient for computations in terms of Wigner functions as in the case for
energy-momentum tensors of fermions discussed in, e.g., ref. [41]. In light of eq. (4.1), the
CS currents can be derived from the Wigner functions as

Kµh(X) = 1
2ε

µναβ
∫ d4q

(2π)4

∫
d4Y ei q·Y~

[
〈Ahν(y)∂xαAhβ(x)〉 − 〈

(
∂yαA

h
ν(y)

)
Ahβ(x)〉

]
= − i

~

∫ d4q

(2π)4 ε
µναβqαG

h<
βν (q,X) . (4.2)

Apparently, only the anti-symmetric and imaginary component of Wigner functions con-
tributes to the CS currents. Substituting eqs. (3.18) and (3.21) into eq. (4.2), the CS
currents read

Kµh (X) = ∓π
~

∫ d4q

(2π)4 δ
(
q2
)
sgn (q · n) εµναβqα

(
Sγβν ±

~
(q · n)2 q⊥β∂⊥ν

)
fγh (q,X)

=
∫ d4q

(2π)3 ~
δ
(
q2
)
sgn (q · n)

(
±qµ + ~

2S
µν
γ ∂ν

)
fγh (q,X) . (4.3)

Accordingly, the full CS current becomes

Kµ(X) ≡ KµR(X) +KµL(X) =
∫ d4q

(2π)3~
δ(q2)sgn(q · n)K̂µ(q,X) , (4.4)

where the phase-space CS current density is given as

K̂µ(q,X) ≡
−iεµναβqνIm

(
G<αβ(q,X)

)
2π sgn(q · n)δ(q2) = 2qµfγA + ~Sµνγ ∂νf

γ
V . (4.5)

Despite the gauge dependence, the CS current could be regarded as the spin component
of the angular momentum for photons [81, 82]. Spin-one nature of photons manifests
itself in the side-jump term associated with Sµνγ in eq. (4.5) that is twice larger than
the corresponding term in the axial charge current characterizing the spin polarization of
massless fermions.

Nevertheless, due to the gauge dependence of the CS current, it is tempting to also
introduce the zilch current as a gauge-invariant quantity delineating the helicity currents
of photons [10–13]. We may make comparisons with the related studies of the zilch vortical
effect in refs. [8, 9, 55]. Let us now consider the spin-3 zilch

Zµνρ ≡
1
2
[
F α
µ ∂ρF̃να − (∂ρF α

ν )F̃µα
]
. (4.6)
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To construct the zilch in terms of the Wigner function, we rewrite the zilch current with
the gauge field

Zµνρ(x, y) = 1
4(∂xρ − ∂yρ)ε(µαλσ

[
∂yν)∂

λ
xA

α(y)Aσ(x) + ∂αy ∂
σ
xAν)(y)Aλ(x)

]
− 1

4(∂xρ + ∂yρ)ε[µαλσ
[
∂yν]∂

λ
xA

α(y)Aσ(x) + ∂αy ∂
σ
xAν](y)Aλ(x)

]
, (4.7)

which yields

〈Zµνρ〉(q,X)

=− iqρ
2~ ε(µαλσ

[
Dν)D∗λG<σα(q,X)+DαD∗σG<λν)(q,X)

]
− 1

4ε[µαλσ∂ρ
[
Dν]D∗λG<σα(q,X)+DαD∗σG<λν](q,X)

]
=− iqρ

2~3 ε(µαλσ
[(
qν)q

λ+ i~
2
(
qν)∂

λ−qλ∂ν)
))
G<σα+ i~

2
(
qα∂σ−qσ∂α

)
G<λν) +O(~2)

]
−
ε[µαλσ
4~2 ∂ρ

[(
qν]q

λ+ i~
2
(
qν]∂

λ−qλ∂ν]
))
G<σα+ i~

2
(
qα∂σ−qσ∂α

)
G<λν] +O(~2)

]
, (4.8)

where Dν ≡ ∂ν/2 + iqν/~.
Although the general form of the zilch is involved, it may be simplified with the aid of

a specific power counting. Analogous to the power-counting scheme proposed in ref. [60]
for fermions, we assume that fγV = O(~0) and fγA = O(~1). We confirm, a posteriori, that
these assumptions are satisfied when a nonzero fγA is induced by a vorticity in local thermal
equilibrium (see below). When this ~ counting is applied, the leading-order contribution
to the zilch current reads

〈Zµνρ〉(q,X) ≈ π qρ
~3 sgn(q0)δ(q2)

(
K̂q(µqν) + ~ε(µαλσP λν)q

α∂σfγV

)
= 2π qρ

~3 sgn(q0)δ(q2)
(
2qµqνfγA + ~q(µS

γ
ν)σ∂

σfγV

)
, (4.9)

where q0 = q ·n and we use subindices such as Fq to represent an arbitrary function F(q,X)
in the phase space. The zilch current can be defined as Zα(X) ≡

∫
d4qẐα(q,X)/(2π)4 with

Ẑα(q,X) ≡ Θαµ
(n)n

νnρ〈Zµνρ〉(q,X) = 2π q
2
0
~3 sgn(q0)δ(q2)

(
2qα⊥f

γ
A + ~Sασγ ∂σf

γ
V
)
, (4.10)

where Θαµ
(n) ≡ η

αµ − nαnµ.
We may further investigate the CS and zilch currents in a local thermal equilibrium

with nonzero fluid vorticity ωµ = εµναβuν∂αuβ/2, where uµ is the fluid four velocity.
Although it is in principle not possible to determine the equilibrium distribution functions
without solving the kinetic theory with collisional effects, we may physically expect that
the equilibrium distribution functions take the Bose-Einstein form with the ~ correction
due to the spin-vorticity coupling

fγh,eq = 1
egh − 1 , gR/L = q · U ± ~λγ

2 Sµνγ Ωµν , (4.11)
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where Uµ = βuµ with β = 1/T and T being a temperature. The spin-vorticity coupling
term is given by the helicity of photons λγ and the thermal vorticity Ωµν ≡ ∂[µUν]/2. This
yields the leading-order terms in ~:

fγA,eq = −~λγ q̂µΩ̃µνnνN(q · u)
[
1 +N(q · u)

]
, fγV,eq = N(q · u) , (4.12)

where N(q · u) ≡
(
eβq·u − 1

)−1
and Ω̃ρσ ≡ ερσαβΩαβ/2. Indeed, these leading-order ex-

pressions with the spin-vorticity coupling meet our assumptions that fγV = O(~0) and
fγA = O(~1), unless the magnitude of the thermal vorticity compensates the smallness of
~. In more general cases, a stronger thermal vorticity could induce a larger fγA beyond our
counting scheme.

By analogy to the case of fermions where the helicity is λf = 1/2 [20, 21], we may
anticipate λγ = 1 for photons. As shown around eq. (4.19), we derive λγ = 1 by demanding
a frame independence of the zilch. Using eq. (4.12), the zilch current in the equilibrium
state is given by

Zαeq(X) =
∫ d4q

(2π)4 Ẑ
α
eq(q,X)

=−
∫ d4q

(2π)3~2 q0 sgn(q0)δ(q2)
(
2qα⊥λγqρΩ̃ρσnσ+q0S

ασ
γ Ωσρq

ρ
)
N(q ·u)

[
1+N(q ·u)

]
= (2λγ+2)Ω̃ασnσ

6π2~2

∫ ∞
0

d|q||q|4N(|q|)
[
1+N(|q|)

]
= (λγ+1) 4π2

45~2T
4ωα . (4.13)

Here, we assume a small flow velocity and thus uµ ≈ nµ. Then, we used Ω̃ασnσ ≈ βωα

which follows from
Ω̃µν = 1

2ε
µνλρ (β∂λuρ − uλ∂ρβ) . (4.14)

When taking λγ = 1 as determined just below, one finds

Zαeq(X) = 8π2

45~2T
4ωα . (4.15)

This equilibrium zilch current agrees with the results in refs. [8, 9, 55]. On the other hand,
for the equilibrium CS current, one finds

Kµeq = −
∫ d4q

(2π)3 sgn(q · n)δ(q2)
(

2qµλγ
qρΩ̃ρσn

σ

q · n
+ Sµνγ Ωνσq

σ

)
N(q · n)

[
1 +N(q · n)

]
= λγ + 1

9 T 2ωµ. (4.16)

When taking λγ = 1, the CS current is also consistent with the one in ref. [55].
In the following, we show how to obtain λγ = 1 by demanding a frame independence

of the zilch current (4.9). Note that it is more plausible to use the gauge-independent
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zilch current instead of the gauge-dependent CS current. Inserting eq. (4.12) into eq. (4.9),
we have

2qµqνfγA+~q(µS
γ
ν)σ∂

σfγV =−~
(

2qµqν
λγqρΩ̃ρσnσ

q ·n + q(µεν)σαβq
αnβ

q ·n Ωσκqκ

)
N(q ·u)

[
1+N(q ·u)

]
=−~

(
2(λγ−1)qµqν

qρΩ̃ρσnσ
q ·n −q(µΩ̃ν)αq

α
)
N(q ·u)

[
1+N(q ·u)

]
,

(4.17)

where we used the Schouten identity

qµενσαβqκ
qαnβΩσκ

2q · n = qµ
(
qνεκσαβ + qσενκαβ + qαενσκβ + qβενσακ

)qαnβΩσκ

2q · n

= −qµqν
qρΩ̃ρσnσ
q · n

− qµενσαβq
αnβΩσκqκ

2q · n − qµΩ̃ναq
α . (4.18)

For the frame-dependent term in eq. (4.17) to be absent, the helicity parameter is required
to be

λγ = 1 . (4.19)

Then, the equilibrium zilch current should read

〈Zµνρ〉eq(q,X) = 2π qρ
~3 sgn(q0)δ(q2)q(µΩ̃ν)αq

αN(q · u)
[
1 +N(q · u)

]
. (4.20)

In fact, the frame and gauge invariances of the zilch current 〈Zµνρ〉eq(q,X) can be succeeded
to Ẑαeq(q,X) ≡ Θαµ

(u)u
νuρ〈Zµνρ〉eq(q,X) if one defines the projection with the flow vector uµ

instead of that in eq. (4.10) with nµ. Nevertheless, the final form of the equilibrium zilch
current remains the same within the current working regime where uµ ≈ nµ. In summary,
the CVE and ZVE for photons are successfully re-derived from our approach.

5 Quantum kinetic theory for photons

In this section, we would like to construct the QKT for on-shell photons. We may first start
with the free-streaming case for simplicity as also shown in ref. [55] and then move to a
more sophisticated construction incorporating collisions. The primary goal is to derive the
generic form of collision term with quantum correction at O(~1) in terms of lesser/greater
self-energies. In such a formalism as recently constructed for fermions [21, 60], given the
information of classical collision term at O(~0) from, e.g., diagrammatic calculations, one
can systematically obtain the corresponding quantum correction in collisions.4

5.1 Free-streaming case

Considering the equation of motion for free photons, one finds(
ηµρ∂

2 − ∂ρ∂µ
)
x
〈Aνh(y)Aρh(x)〉 = 0 , (5.1)

4A concrete example for the application of QKT has been shown in ref. [48] on the neutrino transport in
core-collapse supernovae. Given the neutrino self-energies at O(~0) obtained through the weak interaction
with thermal nucleons, the O(~) correction in the collision term of neutrino QKT is derived, which explicitly
reveals the influence from vorticity and magnetic fields.
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which results in[
1
4(ηµρ∂2−∂ρ∂µ)− 1

~2 (ηµρq2− qρqµ)− i
2~(2ηµρq ·∂− qρ∂µ− qµ∂ρ)

]
Gh<ρν(q,X) = 0 , (5.2)

after the Wigner transformation. We may decompose the lesser propagator into the sym-
metric and anti-symmetric parts,

Gh<ρν = Gh<ρνS + iGh<ρνA , Gh<ρνS ≡ 1
2G

h<(ρν) , Gh<ρνA ≡ − i
2G

h<[ρν] . (5.3)

According to the Hermitian property of photon Wigner functions, Gh<(ρν) and Gh<[ρν]

are purely real and imaginary, respectively. In the Coulomb gauge such that
∂µx⊥〈Aν(y)Aµ(x)〉 = 0 and ∂νy⊥〈Aν(y)Aµ(x)〉 = 0, we should have the following constraints
for Wigner functions in phase space,(

q⊥ρ + i~
2 ∂⊥ρ

)
G<ρν = 0 , nρG

<ρν = 0 , (5.4)

and hence,

2q⊥ρGhρνS − ~∂⊥ρGhρνA = 0, ~∂⊥ρGhρνS + 2q⊥ρGhρνA = 0, nρG
h<ρν
S/A = Gh<ρνS/A nν = 0,

(5.5)
which are indeed satisfied by eqs. (3.18) and (3.21).

The real and imaginary parts of eq. (5.2) read

~2

4 (ηµρ∂2−∂ρ∂µ)Gh<ρνS −(ηµρq2−qρqµ)Gh<ρνS + ~
2(2ηµρq ·∂−qρ∂µ−qµ∂ρ)G

h<ρν
A = 0 ,

~2

4 (ηµρ∂2−∂ρ∂µ)Gh<ρνA −(ηµρq2−qρqµ)Gh<ρνA − ~
2(2ηµρq ·∂−qρ∂µ−qµ∂ρ)G

h<ρν
S = 0 , (5.6)

which further reduce to (
~2

4 ∂
2 − q2

)
Gh<µνS + ~q · ∂Gh<µνA = 0 ,(

~2

4 ∂
2 − q2

)
Gh<µνA − ~q · ∂Gh<µνS = 0 , (5.7)

by using the constraints from the Coulomb gauge in eq. (5.5). Due to the symmetric and
anti-symmetric properties of Gh<µνS and Gh<µνA , we thus find the master equations dictating
the dynamics of Gh<µνS/A read (

q2 − ~2

4 ∂
2
)
Gh<µνS/A = 0 , (5.8)

q · ∂Gh<µνS/A = 0 , (5.9)

where eq. (5.8) governs the on-shell condition and eq. (5.9) gives the free-streaming kinetic
equation. On the other hand, eq. (5.5) can be utilized to solve for the Wigner functions of
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photons. However, eq. (5.9) cannot uniquely determine the ~ corrections of photons. When
taking a constant frame vector nµ, eq. (5.8) results in δ(q2) term in Wigner functions up to
O(~) and eq. (5.9) simply leads to just the ordinary Boltzmann equation δ(q2)q · ∂fγh = 0
or equivalently δ(q2)q ·∂fγV/A = 0. In such a case, the free-streaming part is unmodified by
the ~ corrections for polarized photons analogous to the case for fermions in the absence
of background fields, whereas the collision term is more involved.

5.2 Collisions

We may follow the standard approach based on the Dyson-Schwinger equation and the
real-time formalism to systematically incorporate the collision term for the kinetic theory
of photons in light of a similar derivation for fermions [21, 83]. However, such a derivation is
technically more involved due to the tensor structure of photon Wigner functions as shown
in appendix C. Because of the axial part of Wigner functions and the involvement of ~
corrections, the derivation of QKT for photons is nontrivial as opposed to the derivation
for the classical kinetic theory in ref. [84]. Eventually, for the full photon propagator, we
obtain a master equation up to O(~3)(

q2 − ~2

4 ∂
2 + i~q · ∂

)
G<µν + ~Pµρ

(
Σ+
ρσ ? G

<σν + Σ<
ρσ ? G

+σν
)

= i~
2 P

µρ(Σ>
ρσ ? G

<σν − Σ<
ρσ ? G

>σν) , (5.10)

where (ÂB) νρ = A>ρσB
<σν − A<ρσB>σν and A ? B ≡ AB + i~

2 A ∗ B + O(~2) with A ∗ B ≡
(∂qαA)(∂αB)− (∂αA)(∂qαB) and

Pµν(q) = Pµν(q)− i~
2 δP

µν(q) , δPµν(q) = 1
|q|2

q
(µ
⊥

(
∂
ν)
⊥ + q̂

ν)
⊥ q̂⊥ · ∂⊥

)
. (5.11)

This master equation then gives rise to the kinetic equations and on-shell constraint equa-
tions up to O(~). Here Σ≶µν denote the lesser/greater self-energies of photons. We also
introduced the retarded and advanced propagators in eq. (C.8) with a similar defini-
tion applied to the retarded and advanced self-energies for photons. Moreover, we define
Σ+
σρ ≡ (Σret

σρ + Σadv
σρ )/2 and G+

σρ ≡ (Gret
σρ +Gadv

σρ )/2. In light of the derivation for CKT of
fermions, we will take Σ+

σρ = G+
σρ = 0, which corresponds to the vanishing real part of the

retarded self-energy and of the retarded propagator for the fermionic case. The ~ terms in
eq. (5.10) are essential to satisfy the gauge constraint (5.4).

We may decompose the self-energies into real and imaginary parts, Σ≶µν = (Σ≶Re)µν +
i(Σ≶Im)µν . Given that Σ≶µν are Hermitian, we find (Σ≶Re)µν = (Σ≶Re)νµ and (Σ≶Im)µν =
−(Σ≶Im)νµ. Decomposing eq. (5.10) into symmetric and anti-symmetric parts and taking
Σ+
σρ = G+

σρ = 0, we derive the kinetic equations [see eqs. (C.20)–(C.22)],

q · ∂G<µνS = −1
4P

(µρ
[
(Σ̂ReGS) ν)

ρ − (Σ̂ImGA) ν)
ρ

]
− ~

8δP
(µρ(q)

[
(Σ̂ReGA) ν)

ρ + (Σ̂ImGS) ν)
ρ

]
+ ~

8P
[µρ
[
( ̂ΣRe ∗GA) ν]

ρ + ( ̂ΣIm ∗GS) ν]
ρ

]
,
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q · ∂G<µνA = −1
4P

[µρ
[
(Σ̂ReGA) ν]

ρ + (Σ̂ImGS) ν]
ρ

]
+ ~

8δP
[µρ(q)

[
(Σ̂ReGS) ν]

ρ − (Σ̂ImGA) ν]
ρ

]
− ~

8P
[µρ
[
( ̂ΣRe ∗GS) ν]

ρ − ( ̂ΣIm ∗GA) ν]
ρ

]
, (5.12)

and the constraint equations dictating the on-shell conditions

q2G<µνS = ~
4P

(µρ
[
(Σ̂ReGA) ν)

ρ + (Σ̂ImGS) ν)
ρ

]
,

q2G<µνA = −~
4P

[µρ
[
(Σ̂ReGS) ν]

ρ − (Σ̂ImGA) ν]
ρ

]
, (5.13)

up to O(~).

5.3 Effective QKT for photons

As mentioned in section 4, we may further apply the power-counting scheme such that
fγV = O(~0) and fγA = O(~), which hence yield G<µνS = O(~0) and G<µνA = O(~). We also
assume (Σ≶Re)µρ = O(~0) and (Σ≶Im)µρ = O(~). The effective kinetic theory then becomes

q ·∂G<µνS =−1
4P

(µρ(Σ̂ReGS) ν)
ρ ,

q ·∂G<µνA =−1
4P

[µρ
[
(Σ̂ReGA) ν]

ρ +(Σ̂ImGS) ν]
ρ

]
+ ~

8δP
[µρ(q)( ̂ΣReG

(f)
S ) ν]

ρ −
~
8P

[µρ(ΣRe∗GS
∧

) ν]
ρ ,

(5.14)

with the constraint equations

q2G<µνS = q2G<µνA = 0. (5.15)

Note that contracting the first equation in eq. (5.14) with −ηµν/2 leads to the ordinary
Boltzmann equation for photons,

q · ∂fγV = 1
4P

µρ(Σ̂ReĜS)ρµ = −1
4Σ>µρ

Re Ĝ<Sρµ + 1
4Σ<µρ

Re Ĝ>Sρµ , (5.16)

where we introduced the shorthand notations

Ĝ<µνS/A ≡
G<µνS/A

2πδ(q2)sgn(q · n) . (5.17)

From eq. (5.16), one can read out the self-energies by comparing the collision term above
with scattering cross section.

Since

q · ∂Ĝ<µνA = −q · ∂
(
Sµνγ fγA + ~

2|q| q̂
[µ
⊥ ∂

ν]
⊥f

γ
V

)
= −Sµνγ q · ∂fγA + ~

8|q| q̂
[µ
⊥ ∂

ν]
⊥ (Σ̂ReĜS)ρρ (5.18)

by using eq. (5.16), we may rewrite the kinetic equation for G<µνA as

0 = δ(k2)
(
Sµνγ q ·∂fγA−

1
4P

[µρ
[
(Σ̂ReĜA) ν]

ρ +( ̂ΣImĜ
(f)
S ) ν]

ρ

]
+ ~

8|q|
[
|q|δP [µρ(Σ̂ReĜS) ν]

ρ

−q̂[µ
⊥ ∂

ν]
⊥ (Σ̂ReĜS)ρρ

]
− ~

8P
[µρ(ΣRe∗ĜS

∧

) ν]
ρ

)
+ ~

4P
[µρ[(q ·∂ΣRe)ĜS

∧] ν]
ρ
δ′(q2) . (5.19)
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One may wonder whether the possible corrections to the tensor structure of Ĝ<µνA from
collisions should be included in eq. (5.18). Nonetheless, such corrections will be at higher
orders in our power counting. Due to the gauge constraint (5.4), the right-hand side
of eq. (5.19) should be transverse to both nµ and qµ⊥. Except for εµναβqαnβ , the only
possible tensor structure is given by A[µBν], where Aµ and Bµ are two new timelike vectors
characterizing anisotropy of systems such that A · n = A · q⊥ = 0 and so does Bµ. In
addition, Aµ and Bµ should accordingly serve as the source for non-vanishing fγA. However,
according to our power counting, Aµ and Bµ have to be led by gradient terms and at O(~).
Consequently, we conclude that A[µBν] = O(~2) and the right-hand side of eq. (5.19) is
proportional to Sµνγ for systems we considered.

In practice, it is sometime more convenient to rewrite

− ~
8P

[µρ(ΣRe ∗ ĜS

∧

) ν]
ρ = −~

8P
[µρ
[
∂qα(ΣRe∂αĜS

∧

) ν]
ρ − ∂α(ΣRe∂qαĜS

∧

) ν]
ρ

]
. (5.20)

Also, we may analyze the last term involving δ′(q2) in eq. (5.19). This term can be more
explicitly written as

~P [µρ[(q · ∂ΣRe)ĜS

∧] ν]
ρ
δ′(q2) = ~δ′(q2)P [µρP σν]

[
(q·∂Σ>

Reρσ)fγV−(q·∂Σ<
Reρσ)(1+fγV)

]
(5.21)

up to O(~). Although (q · ∂Σ≷Reρσ) above could be off-shell, both Pµρ and P σν therein
are on-shell. Provided (q · ∂Σ≷Reρσ) are symmetric as their generic property, we find

~P [µρ[(q · ∂ΣRe)ĜS

∧] ν]
ρ
δ′(q2) = 0. Then the effective QKT for on-shell photons reduces to

Sµνγ q ·∂fγA = 1
4P

[µρ
[
(Σ̂ReĜA) ν]

ρ +(Σ̂ImĜS) ν]
ρ

]
− ~

8|q|
[
|q|δP [µρ(Σ̂ReĜS) ν]

ρ −q̂
[µ
⊥ ∂

ν]
⊥ (Σ̂ReĜS)ρρ

]
+ ~

8P
[µρ
[
∂qα(ΣRe∂αĜS

∧

) ν]
ρ −∂α(ΣRe∂qαĜS

∧

) ν]
ρ

]
. (5.22)

Finally, we may rewrite eq. (5.22) as a scalar kinetic equation,

q ·∂fγA = 1
4S

γ
µν

(
Pµρ

[
(Σ̂ReĜA) νρ +(Σ̂ImĜS) νρ

]
− ~

2|q|
[
|q|δPµρ(Σ̂ReĜS) νρ −q̂

µ
⊥∂

ν
⊥(Σ̂ReĜS)ρρ

]

+ ~
2P

µρ
[
∂qα(ΣRe∂αĜS

∧

) νρ −∂α(ΣRe∂qαĜS

∧

) νρ
])
, (5.23)

where we used SγµνSµνγ = 2 for on-shell photons. Eventually, eqs. (5.16) and (5.23) jointly
delineate the evolution of fγV/A in phase space. As mentioned in the beginning of this sec-
tion, in practice, one could read out the structure of self-energies through the collision term
in eq. (5.16) as the standard Boltzmann equation. Inputting the Wigner functions with ~
corrections, one is able to evaluate the collision term in eq. (5.23), which systematically
captures the quantum corrections.

6 Summary and outlook

In this paper, we have derived the Wigner functions and QKT of polarized photons in the
Coulomb gauge up to O(~) based on QED. We found that the Wigner functions incor-
porate anti-symmetric and imaginary components characterizing the helicity distribution
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in phase space, which are also responsible for the CS and zilch currents. In particular,
the derivation analogous to the fermionic case reveals the absorption of Berry connections
into distribution functions of polarized photons, which hence manifests itself in the frame-
dependence of the distribution functions. We also discussed the photonic CVE and ZVE
triggered by fluid vorticity and our findings are in agreements with some of previous studies.
This QKT enables us to track both the number (or energy) and spin densities of photons
(dictated by fγV and fγA more precisely) with collisions in terms of the self-energies. Adopt-
ing suitable power counting, the QKT boils down to simplified scalar kinetic equations for
practical applications.

There are several future directions. First, combined with the effective QKT for fermions
recently developed in ref. [60], we can further investigate the intertwined spin transport be-
tween electrons and photons in QED.5 In particular, it is curious whether the ZVE derived
by demanding the explicit frame independence in thermal equilibrium in the present study
remains unchanged when considering the helicity transfer from electrons through collisions.
Second, similarly to the case of massless Dirac fermions [28], it would be interesting to ex-
tend our formalism in curved spacetime, where an effective refractive index should lead to
the photonic spin Hall effect. Third, since the present formalism of photons can be directly
applied to weakly coupled gluons in the absence of background color fields, we may study a
similar scenario for entangled spin transport between quarks and gluons in QCD. Although
more complicated scattering processes are involved, this direction would be crucial to un-
derstand the dynamical spin polarization pertinent to heavy-ion experiments. We may also
generalize the present formalism to the gluonic case with the inclusion of background color
fields, which could have potential applications to the chirality transfer in QCD at the early
stage of the relativistic heavy-ion collisions. Finally, our formalism may also be applied
to other non-equilibrium systems involving polarized photons in condensed matter physics
and astrophysics.
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A Derivation of Π(0)
µν and Π(1)

µνα

In this appendix, we provide the detail of the derivations of Π(0)
µν and Π(1)

µνα in eqs. (3.15)
and (3.16). Let us first compute Π(0)

µν (q). Notice the relations,

c
(+)
R c

(+)†
R = 1

2|q| σ̄
νqν , c

(−)
R c

(−)†
R = 1

2|q| σ̄
ν q̄ν , (A.1)

5Notably, the formalism in ref. [60] has been lately applied to the Nambu-Jona-Lasinio model at the
quark level, which explicitly shows the spin polarization triggered by vorticity corrections upon the collision
term from detailed balance [70].
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where q̄µ ≡ (q · n)nµ − qµ⊥. Therefore, we have

Π(0)
µν (q) = 1

8|q|2 tr
(
σ̄ασµσ̄

βσν
)
qαq̄β . (A.2)

Then, we obtain eq. (3.15) by using q · n = |q| and the result of the trace6

καµβν ≡ 1
2tr

(
σ̄ασµσ̄βσν

)
= ηα(µην)β − ηαβηµν − iεαµβν . (A.3)

Next, we compute Π(1)
µνα(q). According to eq. (A.1) and an identity σν σ̄ασµ = κναµβσβ ,

we have

Π(1)
µνα(q) = i

2|q|tr
[
−A

(
∂qαc

(−)
R c

(−)†
R

)
σµσ̄ρσνq

ρ + σν σ̄ρσµq̄
ρA
(
∂qαc

(+)
R c

(+)†
R

)]
= i

2|q|tr
[
−A

(
∂qαc

(−)
R c

(−)†
R

)
σβqρκµρνβ +A

(
∂qαc

(+)
R c

(+)†
R

)
σβ q̄ρκνρµβ

]
. (A.4)

Then, we use

tr
[
A
(
∂qαc

(±)
R c

(±)†
R

)
σβ
]

= tr
[
A
(
∂qαc

(±)
R c

(±)†
R σβ

)]
= A

(
c

(±)†
R σβ∂qαc

(±)
R

)
, (A.5)

and

A
(
c

(+)†
R σβ∂qαc

(+)
R

)
= −aα+(q) q

β

|q|
− 1

2|q|nλε
λβσαq̂σ , (A.6a)

A
(
c

(−)†
R σβ∂qαc

(−)
R

)
= −aα−(q) q̄

β

|q|
− 1

2|q|nλε
λβσαq̂σ , (A.6b)

where aµ±(q) are the Berry connections given in eq. (3.17). Plugging those expressions,
we obtain

Π(1)
µνα(q) = i

2|q|2
[(

a−α (q) q̄β + 1
2nλε

λβσγηγαq̂σ

)
qρκµρνβ

−
(
a+α(q)qβ + 1

2nλε
λβσγηγαq̂σ

)
q̄ρκνρµβ

]
.

Inserting καµβν given above, this can be further written as eq. (3.16).

B Energy-momentum tensor of photons

We consider the Belinfante energy-momentum (EM) tensor of photons,

Tµν = −FµρF νρ + ηµν

4 FαβFαβ = −1
2F

(µ
ρF

ν)ρ + ηµν

4 FαβFαβ , (B.1)

which is a traceless and symmetric tensor. The first term can be written as

F (µ
ρF

ν)ρ(x) = ∂(µ
y ∂

ν)
x A

ρ(y)Aρ(x) + ∂ρy∂xρA
(µ(y)Aν)(x)

− ∂(µ
y ∂xρA

ρ(y)Aν)(x)− ∂(µ
x ∂yρA

ν)(y)Aρ(x) , (B.2)
6This relation follows from the traces in the four-component forms, tr [γαγµγβγν ] and tr [γ5γαγµγβγν ].
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which yields the following form after the Wigner transformation:

〈F (µ
ρF

ν)ρ〉(q,X) = −∆̂(µ
ρG

<ν)ρ(q,X)− ∆̂ (µ
ρ G<ρν)(q,X) + ∆̂(µν)G<ρρ (q,X)

+ ∆̂ ρ
ρ G

<(νµ)(q,X)

= − 1
~2

[
qρq

(µ
(
G<ν)ρ +G<ρν)

)
+ i~

2
(
q(µ∂ρ − qρ∂(µ)(G<ν)ρ −G<ρν)

)
− q(µqν)G<ρρ − q2G<(νµ) +O(~2)

]
. (B.3)

Here, we defined a derivative operator

∆̂µρ = 1
~2

(
qµ −

i~
2 ∂µ

)(
qρ + i~

2 ∂ρ
)

= qµqρ
~2 + i

2~q[µ∂ρ] + 1
4∂µ∂ρ . (B.4)

By further implementing the Coulomb-gauge constraint (5.4), we find

〈F (µ
ρF

ν)ρ〉(q,X) = − 1
~2

[
i~q(µ∂⊥ρ

(
G<ν)ρ−G<ρν)

)
−q(µqν)G<ρρ −q2G<(νµ)+O(~2)

]
. (B.5)

Inserting the lesser propagator (3.22), we find

~2〈F (µ
ρF

ν)ρ〉(q,X) = −4π sgn(q0)δ(q2)
(
2qµqνfγV + ~q(µSν)ρ

γ ∂ρf
γ
A

)
+O(~2) , (B.6)

where q0 = q ·n. Recall that we took nµ = (1,0). Accordingly, one finds ~2〈FαβFαβ〉(q,X) =
0, and thus the phase-space electromagnetic energy density is given by

〈Tµν〉(q,X) = 4π
~2 sgn(q0)δ(q2)

(
qµqνfγV + 2~q(µSν)ρ

γ ∂ρf
γ
A

)
. (B.7)

In the case of our counting scheme in which fγA = O(~), the quantum correction will be at
O(~2) and hence can be neglected.

C Derivation of the kinetic theory for photons with collisions

To include the collisions, we follow the standard approach in refs. [21, 83, 84] with the
Dyson-Schwinger equation

G−1
µν = G−1

(0)µν + Σµν , (C.1)

where Gµν and G(0)µν represent the full and collisionless Feynman propagators for photons
(right-handed plus left-handed) and Σµν corresponds to the self-energy. In the iterating
form, we have

Gµν(x, y) +
∫

d4wd4zGµρ(0)(x,w)Σρσ(w, z)Gσν(z, y) = Gµν(0)(x, y) . (C.2)

Here, Gµν(0) satisfies
�µx ρG

ρν
(0)(x, y) = iεµν(x)δ(4)

c (x− y), (C.3)

where �µx ρ ≡
(
− δµρ∂2 + ∂ρ∂

µ
)
x
, εµν(x) represents the polarization tensor with a gauge

dependence, and δ
(4)
c (x − y) corresponds to the delta function on the Schwinger-Keldysh

(SK) contour. Acting �µx ρ on eq. (C.2), we have

�µx ρG
ρν(x, y) + i

∫
d4zε(x)µρΣρσ(x, z)Gσν(z, y) = iεµν(x)δ(4)

c (x− y) . (C.4)
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Now, we focus on the parts of eq. (C.4) involving the lesser propagator G<µν(x, y) for
x 6= y. By utilizing the definitions

Gµν(x, y) ≡ θc(x0 − y0)G>µν(x, y) + θc(y0 − x0)G<µν(x, y),

Σµν(x, z) ≡ θc(x0 − z0)Σ>µν(x, z) + θc(z0 − x0)Σ<µν(x, z)− iΣ(δ)µν(x)δ(4)
c (x− z), (C.5)

and considering the SK contour, we obtain

0 =�µxρG<ρν(x,y)+i
∫ x0

t0
d4zεµρ(x)Σ>

ρσ(x,z)G<σν(z,y)+i
∫ y0

x0
d4zεµρ(x)Σ<

ρσ(x,z)G<σν(z,y)

+i
∫ t0−iβ

y0
d4zεµρ(x)Σ<

ρσ(x,z)G>σν(z,y)+εµρ(x)Σ(δ)
ρσ (x)G<ρν(x,y), (C.6)

which can be further written as

0 = �µx ρG<ρν(x, y) + i
∫ x0

t0
d4zεµρ(x)

(
Σ>(x, z)− Σ<(x, z)

)
ρσ G

<σν(z, y)

− i
∫ y0

t0
d4zεµρ(x)Σ<

ρσ(x, z)×
(
G>(z, y)−G<(z, y)

)σν
+ i
∫ t0−iβ

t0
d4zεµρ(x)Σ<

ρσ(x, z)G>σν(z, y) + εµρ(x)Σ(δ)
ρσ (x)G<σν(x, y), (C.7)

where t0 and t0 − iβ correspond to the initial time and final time in the SK contour.
G<µν(x, y) should be independent of t0 at t0 → −∞, so that we drop t0 dependence

by taking t0 → −∞. The last integrals along the imaginary-time axis in (C.7) thus vanish.
For the remaining integrals with respect to real time, we may rewrite the upper bounds of
the integral as ∞ since the integrations from x0 to∞ (or from y0 to∞) do not contribute.
Now, by introducing the retarded and advanced propagators

Gµνret(x, y) ≡ iθ(x0 − y0)
[
G>(x, y)−G<(x, y)

]µν
,

Gµνadv(x, y) ≡ −iθ(y0 − x0)
[
G>(x, y)−G<(x, y)

]µν
, (C.8)

and similar definitions for the self-energy, eq. (C.7) becomes[
�µx ρ + εµσ(x)Σ(δ)

σρ (x)
]
G<ρν(x, y)

= −
∫ ∞
−∞

d4z
[
εµρ(x)Σret

ρσ (x, z)G<σν(z, y) + εµρ(x)Σ<
ρσ(x, z)Gσνadv(z, y)

]
. (C.9)

Introducing G+µν(x, y) = [Gret(x, y) + Gadv(x, y)]/2, and Σ+µν(x, y) = [Σret(x, y) +
Σadv(x, y)]/2, we can express Gµνret/adv and Σµν

ret/adv as

Gµνret/adv(x, y) = G+µν(x, y)± i
2
[
G>µν(x, y)−G<µν(x, y)

]
, (C.10)

Σµν
ret/adv(x, y) = Σ+µν(x, y)± i

2
[
Σ>µν(x, y)− Σ<µν(x, y)

]
. (C.11)

Using these expressions, we find eq. (C.9) become[
�µx ρ + εµσ(x)Σ(δ)

σρ (x)
]
G<ρν(x, y)

= i
2

∫ ∞
−∞

d4zεµρ(x)
[
Σ<
ρσ(x, z)G>σν(z, y)− Σ>

ρσ(x, z)G<σν(z, y)
]

−
∫ ∞
−∞

d4zεµρ(x)
[
Σ+
ρσ(x, z)G<σν(z, y) + Σ<

ρσ(x, z)G+σν(z, y)
]
. (C.12)
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We may subsequently implement the Wigner transformation and work in the Coulomb
gauge. Note that

εµν(x)→ Pµν(q) = Pµν(q)− i~
2 δP

µν(q) +O(~2) ,

δPµν(q) = 1
|q|2

(
q

(µ
⊥ ∂

ν)
⊥ + q

(µ
⊥ q̂

ν)
⊥ q̂⊥ · ∂⊥

)
, (C.13)

following the Wigner transformation in our setup, where δPµν(q) = −
[
∂qαP

µν(q)
]
∂α is

determined by the structure of Pµν(q). One may check the ~ term in Pµν(q) is essential
to satisfy the gauge constraint. To be more precise, by taking ∂x⊥µ of eq. (C.4), the gauge
constraint yields ∂x⊥µ

[
εµρ(x)Σ̃ ν

ρ (x, y)
]

= 0 with Σ̃ ν
ρ (x, y) =

∫
d4zΣρσ(x, z)Gσν(z, y). Given

εµρ(x) is an operator, we find
(
q⊥µ + i~∂⊥µ/2

)
Pµρ(q)Σ̃ ν

ρ (q,X) = 0 with Σ̃ ν
ρ (q,X) being

the dual function of Σ̃ ν
ρ (x, y) after the Wigner transformation. One can directly show(

q⊥µ + i~∂⊥µ/2
)
Pµρ(q) = 0 and thus the gauge constraint is always satisfied. We assume

a weak-coupling theory, so that we, hereafter, assign ~ to the self-energy. The Wigner
transformation of (C.12) takes the form[
�µxρ+ 1

~
Pµσ(Σ(δ)

σρ +Σ+
ρσ)?

]
G<ρν+ 1

~
PµρΣ<

ρσ?G
+σν = i

2~P
µρ(Σ<

ρσ?G
>σν−Σ>

ρσ?G
<σν) .
(C.14)

where G≶,+µν and Σ≶,+µν are now functions of X and q, and

�̃µρ (X, q) ≡
ηµρ
~2

(
q2 − ~2

4 ∂
2 + i~q · ∂

)
− 1

~2

(
qµ + i~

2 ∂
µ
)(

qρ + i~
2 ∂ρ

)
. (C.15)

We also introduced the Moyal product such that

A(q,X) ? B(q,X) =
∫

d4Y eiq·Y/~
∫

d4zA(X + Y/2, z)B(z,X − Y/2) , (C.16)

which can be expanded in terms of ~ as

A(q,X) ? B(q,X) = A(q,X)B(q,X) + i~
2 A(q,X) ∗B(q,X) +O(~2) , (C.17)

where A ∗ B ≡ (∂qαA)(∂XαB) − (∂XαA)(∂qαB) is a shorthand notation of the Pois-
son bracket.

The term Σ(δ)
σρ + Σ+

ρσ in eq. (C.14) gives the self-energy correction, which we drop
since we are interested in the collisional effects. We also drop the term proportional to
PµρΣ<

ρσ?G
+σν because its contribution is negligible compared with G< for on-shell photons.

Eventually, eq. (C.14) reduces to(
q2 − ~2

4 ∂
2 + i~q · ∂

)
G<µν = i~

2 P
µρ(Σ<

ρσ ? G
>σν − Σ>

ρσ ? G
<σν). (C.18)

We may now decompose eq. (C.18) into the real and imaginary parts. By decomposing
the greater/lesser self-energies into the real and imaginary parts as Σρσ = (ΣRe)ρσ +
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i(ΣIm)ρσ, we find(
q2− ~2

4 ∂
2+i~q ·∂

)
(G<µνS +iG<µνA )

=−1
2P

µρ
[
i ̂(ΣReGS) ν

ρ −i ̂(ΣImGA) ν
ρ − ̂(ΣImGS) ν

ρ − ̂(ΣReGA) ν
ρ

]
− ~

4δP
µρ
[
(Σ̂ReGS) ν

ρ −(Σ̂ImGA) ν
ρ +i(Σ̂ImGS) ν

ρ +i(Σ̂ReGA) ν
ρ

]
+ ~

4P
µρ
[
( ̂Σ>

Re∗G
<
S ) ν

ρ −( ̂Σ>
Im∗G

<
A) ν

ρ +i( ̂Σ>
Im∗G

<
S ) ν

ρ +i( ̂Σ>
Re∗G

<
A) ν

ρ

]
+O(~3) , (C.19)

where we introduced shorthand notations, (AB) ν
ρ ≡ AρσB

σν and (ÂB) ν
ρ ≡ A>ρσB

<σν −
A<ρσB

>σν . By further separating the symmetric and anti-symmetric parts, we derive the
constraint and kinetic equations up to O(~),

q2G<µνS = ~
4P

(µρ
[
(Σ̂ReGA) ν)

ρ + (Σ̂ImGS) ν)
ρ

]
, (C.20)

q2G<µνA = −~
4P

[µρ
[
(Σ̂ReGS) ν]

ρ − (Σ̂ImGA) ν]
ρ

]
, (C.21)

q · ∂G<µνS = −1
4P

(µρ
[
(Σ̂ReGS) ν)

ρ − (Σ̂ImGA) ν)
ρ

]
− ~

8δP
(µρ(q)

[
(Σ̂ReGA) ν)

ρ + (Σ̂ImGS) ν)
ρ

]
+ ~

8P
(µρ
[
( ̂ΣRe ∗GA) ν)

ρ + ( ̂ΣIm ∗GS) ν)
ρ

]
, (C.22)

q · ∂G<µνA = −1
4P

([µρ
[
(Σ̂ReGA) ν]

ρ + (Σ̂ImGS) ν]
ρ

]
+ ~

8δP
[µρ(q)

[
(Σ̂ReGS) ν]

ρ − (Σ̂ImGA) ν]
ρ

]
− ~

8P
([µρ

[
( ̂ΣRe ∗GS) ν]

ρ − ( ̂ΣIm ∗GA) ν]
ρ

]
. (C.23)

The ~ terms in the kinetic theory are essential to satisfy the gauge constraint. For
example, we may show that eq. (C.18) as a master equation of the kinetic theory satisfies
the gauge constraint. Contracting the left/right-hand sides of the kinetic equation (C.18)
with q⊥µ, we have

l.h.s. = q⊥µ

(
q2 − ~2

4 ∂
2 + i~q · ∂

)
G<µν

= − i~
2 ∂⊥µ

(
q2 − ~2

4 ∂
2 + i~q · ∂

)
G<µν

= −~2

4 ∂⊥µP
µρ
(
Σ̂G

) ν
ρ

+O
(
~3
)
, (C.24)

and

r.h.s. = −~
2q⊥µ

[
Pµρi

(
Σ̂G

) ν
ρ

+ i~
2 iPµρ

(
Σ̂ ∗G

) ν
ρ

]
= ~2

4
(
∂ρ⊥ + q̂ρ⊥q̂⊥ · ∂⊥

) (
Σ̂G

) ν
ρ

+O
(
~3
)

= −~2

4 P
µρ∂⊥µ

(
Σ̂G

) ν
ρ

+O(~3), (C.25)

respectively. It turns out that the l.h.s. is equal to the r.h.s. up to O(~2). The proof above
also justifies the inclusion of necessary ~ correction in eq. (C.13).

– 21 –



J
H
E
P
0
2
(
2
0
2
1
)
0
0
1

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] K.Y. Bliokh and Y.P. Bliokh, Topological spin transport of photons: The Optical Magnus
Effect and Berry Phase, Phys. Lett. A 333 (2004) 181 [physics/0402110] [INSPIRE].

[2] M. Onoda, S. Murakami and N. Nagaosa, Hall Effect of Light, Phys. Rev. Lett. 93 (2004)
083901 [cond-mat/0405129] [INSPIRE].

[3] A. Avkhadiev and A.V. Sadofyev, Chiral Vortical Effect for Bosons, Phys. Rev. D 96 (2017)
045015 [arXiv:1702.07340] [INSPIRE].

[4] N. Yamamoto, Photonic chiral vortical effect, Phys. Rev. D 96 (2017) 051902
[arXiv:1702.08886] [INSPIRE].

[5] V.A. Zyuzin, Landau levels for an electromagnetic wave, Phys. Rev. A 96 (2017) 043830.

[6] X.-G. Huang and A.V. Sadofyev, Chiral Vortical Effect For An Arbitrary Spin, JHEP 03
(2019) 084 [arXiv:1805.08779] [INSPIRE].

[7] G.Y. Prokhorov, O.V. Teryaev and V.I. Zakharov, Chiral vortical effect: Black-hole versus
flat-space derivation, Phys. Rev. D 102 (2020) 121702 [arXiv:2003.11119] [INSPIRE].

[8] M.N. Chernodub, A. Cortijo and K. Landsteiner, Zilch vortical effect, Phys. Rev. D 98
(2018) 065016 [arXiv:1807.10705] [INSPIRE].

[9] C. Copetti and J. Fernández-Pendás, Higher spin vortical Zilches from Kubo formulae, Phys.
Rev. D 98 (2018) 105008 [arXiv:1809.08255] [INSPIRE].

[10] D.M. Lipkin, Existence of a New Conservation Law in Electromagnetic Theory, J. Math.
Phys. 5 (1964) 696.

[11] T.A. Morgan, Two classes of new conservation laws for the electromagnetic field and for
other massless fields, J. Math. Phys. 5 (1964) 1659.

[12] T.W.B. Kibble, Conservation Laws for Free Fields, J. Math. Phys. 6 (1965) 1022.

[13] Y. Tang and A.E. Cohen, Optical Chirality and Its Interaction with Matter, Phys. Rev. Lett.
104 (2010) 163901.

[14] D.T. Son and N. Yamamoto, Berry Curvature, Triangle Anomalies, and the Chiral Magnetic
Effect in Fermi Liquids, Phys. Rev. Lett. 109 (2012) 181602 [arXiv:1203.2697] [INSPIRE].

[15] M.A. Stephanov and Y. Yin, Chiral Kinetic Theory, Phys. Rev. Lett. 109 (2012) 162001
[arXiv:1207.0747] [INSPIRE].

[16] D.T. Son and N. Yamamoto, Kinetic theory with Berry curvature from quantum field
theories, Phys. Rev. D 87 (2013) 085016 [arXiv:1210.8158] [INSPIRE].

[17] J.-W. Chen, S. Pu, Q. Wang and X.-N. Wang, Berry Curvature and Four-Dimensional
Monopoles in the Relativistic Chiral Kinetic Equation, Phys. Rev. Lett. 110 (2013) 262301
[arXiv:1210.8312] [INSPIRE].

[18] C. Manuel and J.M. Torres-Rincon, Kinetic theory of chiral relativistic plasmas and energy
density of their gauge collective excitations, Phys. Rev. D 89 (2014) 096002
[arXiv:1312.1158] [INSPIRE].

– 22 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/j.physleta.2004.10.035
https://arxiv.org/abs/physics/0402110
https://inspirehep.net/search?p=find+EPRINT%2Bphysics%2F0402110
https://doi.org/10.1103/PhysRevLett.93.083901
https://doi.org/10.1103/PhysRevLett.93.083901
https://arxiv.org/abs/cond-mat/0405129
https://inspirehep.net/search?p=find+EPRINT%2Bcond-mat%2F0405129
https://doi.org/10.1103/PhysRevD.96.045015
https://doi.org/10.1103/PhysRevD.96.045015
https://arxiv.org/abs/1702.07340
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1702.07340
https://doi.org/10.1103/PhysRevD.96.051902
https://arxiv.org/abs/1702.08886
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1702.08886
https://doi.org/10.1103/PhysRevA.96.043830
https://doi.org/10.1007/JHEP03(2019)084
https://doi.org/10.1007/JHEP03(2019)084
https://arxiv.org/abs/1805.08779
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1805.08779
https://doi.org/10.1103/PhysRevD.102.121702
https://arxiv.org/abs/2003.11119
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2003.11119
https://doi.org/10.1103/PhysRevD.98.065016
https://doi.org/10.1103/PhysRevD.98.065016
https://arxiv.org/abs/1807.10705
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1807.10705
https://doi.org/10.1103/PhysRevD.98.105008
https://doi.org/10.1103/PhysRevD.98.105008
https://arxiv.org/abs/1809.08255
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1809.08255
https://doi.org/10.1063/1.1704165
https://doi.org/10.1063/1.1704165
https://doi.org/10.1063/1.1931204
https://doi.org/10.1063/1.1704363
https://doi.org/10.1103/PhysRevLett.104.163901
https://doi.org/10.1103/PhysRevLett.104.163901
https://doi.org/10.1103/PhysRevLett.109.181602
https://arxiv.org/abs/1203.2697
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1203.2697
https://doi.org/10.1103/PhysRevLett.109.162001
https://arxiv.org/abs/1207.0747
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1207.0747
https://doi.org/10.1103/PhysRevD.87.085016
https://arxiv.org/abs/1210.8158
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1210.8158
https://doi.org/10.1103/PhysRevLett.110.262301
https://arxiv.org/abs/1210.8312
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1210.8312
https://doi.org/10.1103/PhysRevD.89.096002
https://arxiv.org/abs/1312.1158
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1312.1158


J
H
E
P
0
2
(
2
0
2
1
)
0
0
1

[19] J.-Y. Chen, D.T. Son, M.A. Stephanov, H.-U. Yee and Y. Yin, Lorentz Invariance in Chiral
Kinetic Theory, Phys. Rev. Lett. 113 (2014) 182302 [arXiv:1404.5963] [INSPIRE].

[20] J.-Y. Chen, D.T. Son and M.A. Stephanov, Collisions in Chiral Kinetic Theory, Phys. Rev.
Lett. 115 (2015) 021601 [arXiv:1502.06966] [INSPIRE].

[21] Y. Hidaka, S. Pu and D.-L. Yang, Relativistic Chiral Kinetic Theory from Quantum Field
Theories, Phys. Rev. D 95 (2017) 091901 [arXiv:1612.04630] [INSPIRE].

[22] Y. Hidaka, S. Pu and D.-L. Yang, Nonlinear Responses of Chiral Fluids from Kinetic Theory,
Phys. Rev. D 97 (2018) 016004 [arXiv:1710.00278] [INSPIRE].

[23] N. Mueller and R. Venugopalan, The chiral anomaly, Berry’s phase and chiral kinetic theory,
from world-lines in quantum field theory, Phys. Rev. D 97 (2018) 051901
[arXiv:1701.03331] [INSPIRE].

[24] N. Mueller and R. Venugopalan, Worldline construction of a covariant chiral kinetic theory,
Phys. Rev. D 96 (2017) 016023 [arXiv:1702.01233] [INSPIRE].

[25] A. Huang, S. Shi, Y. Jiang, J. Liao and P. Zhuang, Complete and Consistent Chiral
Transport from Wigner Function Formalism, Phys. Rev. D 98 (2018) 036010
[arXiv:1801.03640] [INSPIRE].

[26] S. Carignano, C. Manuel and J.M. Torres-Rincon, Consistent relativistic chiral kinetic
theory: A derivation from on-shell effective field theory, Phys. Rev. D 98 (2018) 076005
[arXiv:1806.01684] [INSPIRE].

[27] O.F. Dayi and E. Kilinçarslan, Quantum Kinetic Equation in the Rotating Frame and Chiral
Kinetic Theory, Phys. Rev. D 98 (2018) 081701 [arXiv:1807.05912] [INSPIRE].

[28] Y.-C. Liu, L.-L. Gao, K. Mameda and X.-G. Huang, Chiral kinetic theory in curved
spacetime, Phys. Rev. D 99 (2019) 085014 [arXiv:1812.10127] [INSPIRE].

[29] S. Lin and A. Shukla, Chiral Kinetic Theory from Effective Field Theory Revisited, JHEP 06
(2019) 060 [arXiv:1901.01528] [INSPIRE].

[30] S. Carignano, C. Manuel and J.M. Torres-Rincon, Chiral kinetic theory from the on-shell
effective field theory: Derivation of collision terms, Phys. Rev. D 102 (2020) 016003
[arXiv:1908.00561] [INSPIRE].

[31] N. Mueller and R. Venugopalan, Constructing phase space distributions with internal
symmetries, Phys. Rev. D 99 (2019) 056003 [arXiv:1901.10492] [INSPIRE].

[32] N. Weickgenannt, X.-L. Sheng, E. Speranza, Q. Wang and D.H. Rischke, Kinetic theory for
massive spin-1/2 particles from the Wigner-function formalism, Phys. Rev. D 100 (2019)
056018 [arXiv:1902.06513] [INSPIRE].

[33] J.-H. Gao and Z.-T. Liang, Relativistic Quantum Kinetic Theory for Massive Fermions and
Spin Effects, Phys. Rev. D 100 (2019) 056021 [arXiv:1902.06510] [INSPIRE].

[34] K. Hattori, Y. Hidaka and D.-L. Yang, Axial Kinetic Theory and Spin Transport for
Fermions with Arbitrary Mass, Phys. Rev. D 100 (2019) 096011 [arXiv:1903.01653]
[INSPIRE].

[35] Z. Wang, X. Guo, S. Shi and P. Zhuang, Mass Correction to Chiral Kinetic Equations, Phys.
Rev. D 100 (2019) 014015 [arXiv:1903.03461] [INSPIRE].

[36] D.E. Kharzeev, M.A. Stephanov and H.-U. Yee, Anatomy of chiral magnetic effect in and out
of equilibrium, Phys. Rev. D 95 (2017) 051901 [arXiv:1612.01674] [INSPIRE].

– 23 –

https://doi.org/10.1103/PhysRevLett.113.182302
https://arxiv.org/abs/1404.5963
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1404.5963
https://doi.org/10.1103/PhysRevLett.115.021601
https://doi.org/10.1103/PhysRevLett.115.021601
https://arxiv.org/abs/1502.06966
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1502.06966
https://doi.org/10.1103/PhysRevD.95.091901
https://arxiv.org/abs/1612.04630
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1612.04630
https://doi.org/10.1103/PhysRevD.97.016004
https://arxiv.org/abs/1710.00278
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1710.00278
https://doi.org/10.1103/PhysRevD.97.051901
https://arxiv.org/abs/1701.03331
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1701.03331
https://doi.org/10.1103/PhysRevD.96.016023
https://arxiv.org/abs/1702.01233
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1702.01233
https://doi.org/10.1103/PhysRevD.98.036010
https://arxiv.org/abs/1801.03640
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1801.03640
https://doi.org/10.1103/PhysRevD.98.076005
https://arxiv.org/abs/1806.01684
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1806.01684
https://doi.org/10.1103/PhysRevD.98.081701
https://arxiv.org/abs/1807.05912
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1807.05912
https://doi.org/10.1103/PhysRevD.99.085014
https://arxiv.org/abs/1812.10127
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1812.10127
https://doi.org/10.1007/JHEP06(2019)060
https://doi.org/10.1007/JHEP06(2019)060
https://arxiv.org/abs/1901.01528
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1901.01528
https://doi.org/10.1103/PhysRevD.102.016003
https://arxiv.org/abs/1908.00561
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1908.00561
https://doi.org/10.1103/PhysRevD.99.056003
https://arxiv.org/abs/1901.10492
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1901.10492
https://doi.org/10.1103/PhysRevD.100.056018
https://doi.org/10.1103/PhysRevD.100.056018
https://arxiv.org/abs/1902.06513
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1902.06513
https://doi.org/10.1103/PhysRevD.100.056021
https://arxiv.org/abs/1902.06510
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1902.06510
https://doi.org/10.1103/PhysRevD.100.096011
https://arxiv.org/abs/1903.01653
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1903.01653
https://doi.org/10.1103/PhysRevD.100.014015
https://doi.org/10.1103/PhysRevD.100.014015
https://arxiv.org/abs/1903.03461
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1903.03461
https://doi.org/10.1103/PhysRevD.95.051901
https://arxiv.org/abs/1612.01674
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1612.01674


J
H
E
P
0
2
(
2
0
2
1
)
0
0
1

[37] A. Huang, Y. Jiang, S. Shi, J. Liao and P. Zhuang, Out-of-equilibrium chiral magnetic effect
from chiral kinetic theory, Phys. Lett. B 777 (2018) 177 [arXiv:1703.08856] [INSPIRE].

[38] Y. Sun and C.M. Ko, Λ hyperon polarization in relativistic heavy ion collisions from a chiral
kinetic approach, Phys. Rev. C 96 (2017) 024906 [arXiv:1706.09467] [INSPIRE].

[39] Y. Hidaka and D.-L. Yang, Nonequilibrium chiral magnetic/vortical effects in viscous fluids,
Phys. Rev. D 98 (2018) 016012 [arXiv:1801.08253] [INSPIRE].

[40] Y. Sun and C.M. Ko, Chiral kinetic approach to the chiral magnetic effect in isobaric
collisions, Phys. Rev. C 98 (2018) 014911 [arXiv:1803.06043] [INSPIRE].

[41] D.-L. Yang, Side-Jump Induced Spin-Orbit Interaction of Chiral Fluids from Kinetic Theory,
Phys. Rev. D 98 (2018) 076019 [arXiv:1807.02395] [INSPIRE].

[42] S.Y.F. Liu, Y. Sun and C.M. Ko, Spin Polarizations in a Covariant
Angular-Momentum-Conserved Chiral Transport Model, Phys. Rev. Lett. 125 (2020) 062301
[arXiv:1910.06774] [INSPIRE].

[43] S. Shi, C. Gale and S. Jeon, Relativistic Viscous Spin Hydrodynamics from Chiral Kinetic
Theory, arXiv:2008.08618 [INSPIRE].

[44] D.T. Son and B.Z. Spivak, Chiral Anomaly and Classical Negative Magnetoresistance of Weyl
Metals, Phys. Rev. B 88 (2013) 104412 [arXiv:1206.1627] [INSPIRE].

[45] G. Basar, D.E. Kharzeev and H.-U. Yee, Triangle anomaly in Weyl semimetals, Phys. Rev. B
89 (2014) 035142 [arXiv:1305.6338] [INSPIRE].

[46] K. Landsteiner, Anomalous transport of Weyl fermions in Weyl semimetals, Phys. Rev. B 89
(2014) 075124 [arXiv:1306.4932] [INSPIRE].

[47] E.V. Gorbar, V.A. Miransky, I.A. Shovkovy and P.O. Sukhachov, Consistent Chiral Kinetic
Theory in Weyl Materials: Chiral Magnetic Plasmons, Phys. Rev. Lett. 118 (2017) 127601
[arXiv:1610.07625] [INSPIRE].

[48] N. Yamamoto and D.-L. Yang, Chiral Radiation Transport Theory of Neutrinos, Astrophys.
J. 895 (2020) 56 [arXiv:2002.11348] [INSPIRE].

[49] N. Yamamoto, Magnetic monopoles and fermion number violation in chiral matter,
arXiv:2005.05028 [INSPIRE].

[50] A. Vilenkin, Macroscopic parity violating effects: neutrino fluxes from rotating black holes
and in rotating thermal radiation, Phys. Rev. D 20 (1979) 1807 [INSPIRE].

[51] J. Erdmenger, M. Haack, M. Kaminski and A. Yarom, Fluid dynamics of R-charged black
holes, JHEP 01 (2009) 055 [arXiv:0809.2488] [INSPIRE].

[52] N. Banerjee, J. Bhattacharya, S. Bhattacharyya, S. Dutta, R. Loganayagam and P. Surowka,
Hydrodynamics from charged black branes, JHEP 01 (2011) 094 [arXiv:0809.2596]
[INSPIRE].

[53] D.T. Son and P. Surowka, Hydrodynamics with Triangle Anomalies, Phys. Rev. Lett. 103
(2009) 191601 [arXiv:0906.5044] [INSPIRE].

[54] K. Landsteiner, E. Megias and F. Pena-Benitez, Gravitational Anomaly and Transport, Phys.
Rev. Lett. 107 (2011) 021601 [arXiv:1103.5006] [INSPIRE].

[55] X.-G. Huang, P. Mitkin, A.V. Sadofyev and E. Speranza, Zilch Vortical Effect, Berry Phase,
and Kinetic Theory, JHEP 10 (2020) 117 [arXiv:2006.03591] [INSPIRE].

– 24 –

https://doi.org/10.1016/j.physletb.2017.12.025
https://arxiv.org/abs/1703.08856
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1703.08856
https://doi.org/10.1103/PhysRevC.96.024906
https://arxiv.org/abs/1706.09467
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1706.09467
https://doi.org/10.1103/PhysRevD.98.016012
https://arxiv.org/abs/1801.08253
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1801.08253
https://doi.org/10.1103/PhysRevC.98.014911
https://arxiv.org/abs/1803.06043
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1803.06043
https://doi.org/10.1103/PhysRevD.98.076019
https://arxiv.org/abs/1807.02395
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1807.02395
https://doi.org/10.1103/PhysRevLett.125.062301
https://arxiv.org/abs/1910.06774
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1910.06774
https://arxiv.org/abs/2008.08618
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2008.08618
https://doi.org/10.1103/PhysRevB.88.104412
https://arxiv.org/abs/1206.1627
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1206.1627
https://doi.org/10.1103/PhysRevB.89.035142
https://doi.org/10.1103/PhysRevB.89.035142
https://arxiv.org/abs/1305.6338
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1305.6338
https://doi.org/10.1103/PhysRevB.89.075124
https://doi.org/10.1103/PhysRevB.89.075124
https://arxiv.org/abs/1306.4932
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1306.4932
https://doi.org/10.1103/PhysRevLett.118.127601
https://arxiv.org/abs/1610.07625
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1610.07625
https://doi.org/10.3847/1538-4357/ab8468
https://doi.org/10.3847/1538-4357/ab8468
https://arxiv.org/abs/2002.11348
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2002.11348
https://arxiv.org/abs/2005.05028
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2005.05028
https://doi.org/10.1103/PhysRevD.20.1807
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD20%2C1807%22
https://doi.org/10.1088/1126-6708/2009/01/055
https://arxiv.org/abs/0809.2488
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0809.2488
https://doi.org/10.1007/JHEP01(2011)094
https://arxiv.org/abs/0809.2596
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0809.2596
https://doi.org/10.1103/PhysRevLett.103.191601
https://doi.org/10.1103/PhysRevLett.103.191601
https://arxiv.org/abs/0906.5044
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0906.5044
https://doi.org/10.1103/PhysRevLett.107.021601
https://doi.org/10.1103/PhysRevLett.107.021601
https://arxiv.org/abs/1103.5006
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1103.5006
https://doi.org/10.1007/JHEP10(2020)117
https://arxiv.org/abs/2006.03591
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.03591


J
H
E
P
0
2
(
2
0
2
1
)
0
0
1

[56] R. Kleiss and W.J. Stirling, Spinor Techniques for Calculating pp̄→W±/Z0 + Jets, Nucl.
Phys. B 262 (1985) 235 [INSPIRE].

[57] J.F. Gunion and Z. Kunszt, Improved Analytic Techniques for Tree Graph Calculations and
the Ggqq̄`¯̀ Subprocess, Phys. Lett. B 161 (1985) 333 [INSPIRE].

[58] Z. Xu, D.-H. Zhang and L. Chang, Helicity Amplitudes for Multiple Bremsstrahlung in
Massless Nonabelian Gauge Theories, Nucl. Phys. B 291 (1987) 392 [INSPIRE].

[59] M.E. Peskin, Simplifying Multi-Jet QCD Computation, arXiv:1101.2414 [INSPIRE].

[60] D.-L. Yang, K. Hattori and Y. Hidaka, Effective quantum kinetic theory for spin transport of
fermions with collsional effects, JHEP 07 (2020) 070 [arXiv:2002.02612] [INSPIRE].

[61] STAR collaboration, Global Λ hyperon polarization in nuclear collisions: evidence for the
most vortical fluid, Nature 548 (2017) 62 [arXiv:1701.06657] [INSPIRE].

[62] STAR collaboration, Global polarization of Λ hyperons in Au+Au collisions at √s
NN

=
200GeV, Phys. Rev. C 98 (2018) 014910 [arXiv:1805.04400] [INSPIRE].

[63] STAR collaboration, Global polarization measurement in Au+Au collisions, Phys. Rev. C 76
(2007) 024915 [Erratum ibid. 95 (2017) 039906] [arXiv:0705.1691] [INSPIRE].

[64] J.-j. Zhang, R.-h. Fang, Q. Wang and X.-N. Wang, A microscopic description for polarization
in particle scatterings, Phys. Rev. C 100 (2019) 064904 [arXiv:1904.09152] [INSPIRE].

[65] S. Li and H.-U. Yee, Quantum Kinetic Theory of Spin Polarization of Massive Quarks in
Perturbative QCD: Leading Log, Phys. Rev. D 100 (2019) 056022 [arXiv:1905.10463]
[INSPIRE].

[66] J.I. Kapusta, E. Rrapaj and S. Rudaz, Relaxation Time for Strange Quark Spin in Rotating
Quark-Gluon Plasma, Phys. Rev. C 101 (2020) 024907 [arXiv:1907.10750] [INSPIRE].

[67] N. Weickgenannt, E. Speranza, X.-l. Sheng, Q. Wang and D.H. Rischke, Generating spin
polarization from vorticity through nonlocal collisions, arXiv:2005.01506 [INSPIRE].

[68] D. Hou and S. Lin, Polarization Rotation of Chiral Fermions in Vortical Fluid,
arXiv:2008.03862 [INSPIRE].

[69] S. Bhadury, W. Florkowski, A. Jaiswal, A. Kumar and R. Ryblewski, Dissipative Spin
Dynamics in Relativistic Matter, arXiv:2008.10976 [INSPIRE].

[70] Z. Wang, X. Guo and P. Zhuang, Local Equilibrium Spin Distribution From Detailed
Balance, arXiv:2009.10930 [INSPIRE].

[71] W. Florkowski, B. Friman, A. Jaiswal and E. Speranza, Relativistic fluid dynamics with spin,
Phys. Rev. C 97 (2018) 041901 [arXiv:1705.00587] [INSPIRE].

[72] D. Montenegro, L. Tinti and G. Torrieri, Ideal relativistic fluid limit for a medium with
polarization, Phys. Rev. D 96 (2017) 056012 [Addendum ibid. 96 (2017) 079901]
[arXiv:1701.08263] [INSPIRE].

[73] W. Florkowski, A. Kumar and R. Ryblewski, Relativistic hydrodynamics for spin-polarized
fluids, Prog. Part. Nucl. Phys. 108 (2019) 103709 [arXiv:1811.04409] [INSPIRE].

[74] K. Hattori, M. Hongo, X.-G. Huang, M. Matsuo and H. Taya, Fate of spin polarization in a
relativistic fluid: An entropy-current analysis, Phys. Lett. B 795 (2019) 100
[arXiv:1901.06615] [INSPIRE].

– 25 –

https://doi.org/10.1016/0550-3213(85)90285-8
https://doi.org/10.1016/0550-3213(85)90285-8
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB262%2C235%22
https://doi.org/10.1016/0370-2693(85)90774-9
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB161%2C333%22
https://doi.org/10.1016/0550-3213(87)90479-2
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB291%2C392%22
https://arxiv.org/abs/1101.2414
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1101.2414
https://doi.org/10.1007/JHEP07(2020)070
https://arxiv.org/abs/2002.02612
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2002.02612
https://doi.org/10.1038/nature23004
https://arxiv.org/abs/1701.06657
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1701.06657
https://doi.org/10.1103/PhysRevC.98.014910
https://arxiv.org/abs/1805.04400
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1805.04400
https://doi.org/10.1103/PhysRevC.76.024915
https://doi.org/10.1103/PhysRevC.76.024915
https://arxiv.org/abs/0705.1691
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0705.1691
https://doi.org/10.1103/PhysRevC.100.064904
https://arxiv.org/abs/1904.09152
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1904.09152
https://doi.org/10.1103/PhysRevD.100.056022
https://arxiv.org/abs/1905.10463
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1905.10463
https://doi.org/10.1103/PhysRevC.101.024907
https://arxiv.org/abs/1907.10750
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1907.10750
https://arxiv.org/abs/2005.01506
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2005.01506
https://arxiv.org/abs/2008.03862
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2008.03862
https://arxiv.org/abs/2008.10976
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2008.10976
https://arxiv.org/abs/2009.10930
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2009.10930
https://doi.org/10.1103/PhysRevC.97.041901
https://arxiv.org/abs/1705.00587
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1705.00587
https://doi.org/10.1103/PhysRevD.96.056012
https://arxiv.org/abs/1701.08263
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1701.08263
https://doi.org/10.1016/j.ppnp.2019.07.001
https://arxiv.org/abs/1811.04409
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1811.04409
https://doi.org/10.1016/j.physletb.2019.05.040
https://arxiv.org/abs/1901.06615
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1901.06615


J
H
E
P
0
2
(
2
0
2
1
)
0
0
1

[75] K. Fukushima and S. Pu, Spin Hydrodynamics and Symmetric Energy-Momentum Tensors
— A current induced by the spin vorticity, arXiv:2010.01608 [INSPIRE].

[76] F. Becattini, V. Chandra, L. Del Zanna and E. Grossi, Relativistic distribution function for
particles with spin at local thermodynamical equilibrium, Annals Phys. 338 (2013) 32
[arXiv:1303.3431] [INSPIRE].

[77] F. Becattini, W. Florkowski and E. Speranza, Spin tensor and its role in non-equilibrium
thermodynamics, Phys. Lett. B 789 (2019) 419 [arXiv:1807.10994] [INSPIRE].

[78] F. Becattini, M. Buzzegoli and A. Palermo, Exact equilibrium distributions in statistical
quantum field theory with rotation and acceleration: scalar field, arXiv:2007.08249
[INSPIRE].

[79] F. Becattini and M.A. Lisa, Polarization and Vorticity in the Quark-Gluon Plasma, Ann.
Rev. Nucl. Part. Sci. 70 (2020) 395 [arXiv:2003.03640] [INSPIRE].

[80] M. Le Bellac, Thermal field theory, Cambridge University Press (2000).

[81] E. Leader and C. Lorcé, The angular momentum controversy: What’s it all about and does it
matter?, Phys. Rept. 541 (2014) 163 [arXiv:1309.4235] [INSPIRE].

[82] K. Fukushima and S. Pu, Relativistic decomposition of the orbital and the spin angular
momentum in chiral physics and Feynman’s angular momentum paradox, arXiv:2001.00359
[INSPIRE].

[83] J.-P. Blaizot and E. Iancu, The quark gluon plasma: Collective dynamics and hard thermal
loops, Phys. Rept. 359 (2002) 355 [hep-ph/0101103] [INSPIRE].

[84] J.-P. Blaizot and E. Iancu, A Boltzmann equation for the QCD plasma, Nucl. Phys. B 557
(1999) 183 [hep-ph/9903389] [INSPIRE].

– 26 –

https://arxiv.org/abs/2010.01608
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2010.01608
https://doi.org/10.1016/j.aop.2013.07.004
https://arxiv.org/abs/1303.3431
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1303.3431
https://doi.org/10.1016/j.physletb.2018.12.016
https://arxiv.org/abs/1807.10994
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1807.10994
https://arxiv.org/abs/2007.08249
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2007.08249
https://doi.org/10.1146/annurev-nucl-021920-095245
https://doi.org/10.1146/annurev-nucl-021920-095245
https://arxiv.org/abs/2003.03640
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2003.03640
https://doi.org/10.1016/j.physrep.2014.02.010
https://arxiv.org/abs/1309.4235
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1309.4235
https://arxiv.org/abs/2001.00359
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2001.00359
https://doi.org/10.1016/S0370-1573(01)00061-8
https://arxiv.org/abs/hep-ph/0101103
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0101103
https://doi.org/10.1016/S0550-3213(99)00341-7
https://doi.org/10.1016/S0550-3213(99)00341-7
https://arxiv.org/abs/hep-ph/9903389
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F9903389

	Introduction
	Spinor-helicity formalism for photons
	Wigner functions for polarized photons
	Helicity currents and chiral/Zilch vortical effect
	Quantum kinetic theory for photons
	Free-streaming case
	Collisions
	Effective QKT for photons

	Summary and outlook
	Derivation of Pi(mu nu)**((0)) and Pi(mu nu alpha)**((1))
	Energy-momentum tensor of photons
	Derivation of the kinetic theory for photons with collisions

