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ABSTRACT: We derive the Wigner functions of polarized photons in the Coulomb gauge
with the i expansion applied to quantum field theory, and identify side-jump effects for
massless photons. We also discuss the photonic chiral vortical effect for the Chern-Simons
current and zilch vortical effect for the zilch current in local thermal equilibrium as a
consistency check for our formalism. The results are found to be in agreement with those
obtained from different approaches. Moreover, using the real-time formalism, we construct
the quantum kinetic theory (QKT) for polarized photons. By further adopting a specific
power counting scheme for the distribution functions, we provide a more succinct form of
an effective QKT. This photonic QKT involves quantum corrections associated with self-
energy gradients in the collision term, which are analogous to the side-jump corrections
pertinent to spin-orbit interactions in the chiral kinetic theory for massless fermions. The
same theoretical framework can also be directly applied to weakly coupled gluons in the
absence of background color fields.
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1 Introduction

Quantum transport of circularly polarized photons is a fundamental issue in various areas
of physics from optics, photonics, condensed matter physics, and nuclear physics to astro-
physics. One well-known example is the spin-dependent deflection of photons due to the
spin-orbit interaction, called the photonic spin Hall effect [1, 2]. Another recently found
example is the photonic helicity current induced by vorticity, called the photonic chiral vor-
tical effect (CVE) [3-7]. However, the photonic CVE defined through the Chern-Simons
(CS) current is not locally gauge-invariant. One can instead consider its gauge-invariant
version called the zilch vortical effect (ZVE) [8, 9] by making use of the so-called zilch [10-
12] as an infinite set of conserved quantities in non-interacting Maxwell’s theory.!

The conventional approach to describe the quantum transport of photons out of equi-
librium is based on the semi-classical equation of motion including the effects of the Berry
phase [1, 2, 4, 6]. In equilibrium, one may alternatively compute, e.g., the photonic helicity
current from quantum field theory [3, 7-9]. To the best of our knowledge, however, the

1See also ref. [13], where it is shown that the lowest-order zilch characterizes optical chirality for photons
interacting with chiral molecules.



generic quantum kinetic theory (QKT) for non-equilibrium many-body photons with col-
lisional effects has not been well established based on the underlying quantum field theory
— quantum electrodynamics (QED).

In the case of Weyl or Dirac fermions, there have been substantial progresses in the
developments of relativistic QKT for massless [14-30] and massive cases [31-35] with ap-
plications to quark-gluon plasmas (QGP) in heavy ion collisions [36-43], Weyl semimet-
als [44-47], core-collapse supernovae [48], and cosmology [49]. For example, it was shown
that the CVE of Weyl fermions [50-54] is in connection to the Berry phase and the so-
called side-jump phenomenon [19-22]. Such a connection is revealed in the Wigner-function
approach based on quantum field theory along with the % expansion [21, 34].

It is thus tempting to explore a similar scenario for polarized photons. In ref. [55], the
Wigner functions of polarized photons and corresponding CVE and ZVE have been recently
investigated. However, the Wigner functions were derived from the mixture of right and
left-handed polarized photons via Maxwell’s equations and gauge constraints therein. It
is still desirable to obtain the Wigner functions constructed individually from right /left-
handed polarized photons through a first-principle derivation from QED to make a direct
comparison with fermionic Wigner functions in Weyl bases studied in ref. [21]. Moreover,
a corresponding QKT for tracking spin transport of polarized photons with collisions is
also needed.

In this paper, by exploiting the spinor-helicity formalism to write the covariant form of
polarization vectors for right/left-handed photons [56-59], we explicitly derive the Wigner
functions up to O(h) in the Coulomb gauge, which manifest how the Berry connections
are encoded in distribution functions as the case for Weyl fermions. We also compute
the photonic CVE and ZVE in local thermal equilibrium and confirm that our results are
consistent with the previous results in refs. [8, 9, 55]. By using the real-time formalism and
adopting a specific power counting scheme, we further construct the general form of the
effective QKT for polarized photons with the collision term characterized by self-energies,
similar to the fermionic case in ref. [60].

This formalism can also be directly applied to weakly coupled gluons in the absence
of background color fields. This would pave the way to future study of entangled spin
transport of quarks and gluons in QGP. Motivated by recent experimental observations of
global polarization of A hyperons in heavy ion collisions [61-63], this direction should be
important to understand how the dynamical evolution of the quark spin will be converted
to the local spin polarization of hadrons [60, 64-70] along the direction of the strong
vorticity generated in peripheral collisions; see other theoretical works on developments
of hydrodynamics with spin [71-75] and statistical quantum field theory [76-78], which
also aim at exploring underlying mechanisms and reconciling the existing tension between
theoretical predictions and experimental observations for local spin polarization in heavy
ion collisions (see ref. [79] for a recent review and more references therein).

The paper is organized as follows. In section 2, we briefly review the spinor-helicity
formalism and introduce the polarization vectors in the Coulomb gauge. In section 3,
we accordingly derive the Wigner functions for photons up to O(h). As a check on the
formalism that we develop in section 3, in section 4 we analyze the CVE/ZVE for photons



in local equilibrium, confirming previous results from the literature. In section 5, we derive
the QKT for photons and its effective version with specific power counting. Finally, we
make short summary and outlook in section 6.

Throughout the present paper, we use the mostly minus signature of the Minkowski
metric 7" = diag(1, —1, —1, —1), the completely antisymmetric tensor e**?* with €923 = 1,
and 75 = 179v19%y%. We also use the notations A#BY) = A*BY + AYB* and AFBY =
AFBY — AV BH,

2 Spinor-helicity formalism for photons

Let us first briefly recapitulate essential parts of the so-called spinor-helicity formalism [56—
58] (see, e.g., ref. [59] for a review) that will be used in our following computations. The
basic idea of this formalism is to express spin-one vector fields as bispinors since they
transform in the (1/2,1/2) representation of the Lorentz group. As an advantage of this
formalism, we can avoid the redundancy to embed a massless photon with two physical
degrees of freedom into a four-component vector field A*(z). As we will show below,
this formalism naturally allows us to obtain the result of the quantum kinetic theory for
spin-one photons in the same form as that for fermions.

In this formalism, the polarization vectors of photons are written with fermion spinors
as [56-58]

65(]7) = \/Zulgi'pﬁ}{(k)’y“u;{(p), G;I:(p) = \/lelgi'paL(k)’YMuL(p)v (2'1)

for the right-handed and left-handed helicity, respectively. Here, p is the momentum of a
photon, while k is an auxiliary light-like vector such that p -k # 0 and p? = k? = 0. The
helicity eigenstates of massless fermions satisfy p(1 + v5)ur(p)/2 = (po — |p|)ur(p) and
P(L=75)ur(p)/2 = (po — |pl)uL(p) in the Weyl representation. In general, one may replace
po by n - p and p by the component transverse to n* which is a timelike vector specifying
a Lorentz frame for the spin basis. Here we simply choose n* = (1,0). By using

ur (p)ur (p) + ur(p)uL(p) = p (2.2)
for on-shell photons, one can show
o, PR R
p-k
We may now assign a proper k* that meets the gauge choice. For example, we can take the

epen +eler =—n

(2.3)
Coulomb gauge 0| ,A“ = 0, where a transverse projection is defined as v| = (n** —n#n")v,

for an arbitrary vector v*.*> We also use shorthand notations |v| = /|v}| and 9, =
v1,/|v|. Then, the polarization sum is supposed to have the form

2
R _Rx L _Lx biLuPlv (p' n) me 1 Y29
€,€, +e€,€, = —Nuw — =N+ —5pulp-nn, — = .(2'4)
ptv putv v FE FE w T p2 (u( v) )

*We adopt the same convention as in ref. [59].
3More generically, one may take a gauge condition 9, (n** — £*4*)A, = 0, where £ is a unit timelike

vector (¢2 = 1) that is not necessarily equal to n*. For convenience, we will choose £* = n* throughout
the paper.



Comparing this expression with eq. (2.3), one should thus take

k., 1 Dy 1 .
— nny — =) = —(ny — P, 2.5
k-p |pl? (pnn 2 ) 2/p| (= pr) 25
which implies
ky=Fk-n(n, —pr,). (2.6)

In terms of the two-component spinors cg 1,(p), defined respectively as the lower and
upper two-component fields of ug 1,(p)/+/2|p|, we have

e (p) = ch(K)oucr(p),  €i(p) = of (k)oueL(p) - (2.7)

Let us focus on 65. In the frame n#* = (1, 0), the explicit forms of cg(p) and cgr (k) are (see,
e.g., ref. [21])

lefie" lele- PR 1
_ P _ P _ 1
CR(p) - pl+ip? ) CR(k) - _ pl+ip? ) \/ﬂ - ﬂ (2'8)
v 2[p|(Ipl+p3) 2|pl(lpl—p?)
Then, one can show that
cr(p)ck (p) + cr(k)ck (k) =1, ch(p)er(k) = ch(k)er(p) =0, (2.9)

where [ is a unit matrix. It turns out that cg (k) corresponds to the eigenvector of right-
handed fermions with negative energy. Accordingly, we may denote cg(p) = cg) and
cr(k) = cg) for convenience, where we use the indices “(£)” to represent the eigenvectors
of right-handed fermions with positive and negative energies, respectively. We thus arrive

at the expression

ﬁmzjﬁﬁ@%ﬁwy (2.10)

3 Wigner functions for polarized photons

Given the polarization vectors of right/left-handed photons, we are able to quantize the
polarized gauge fields and compute the corresponding Wigner functions. Similar to the
case for massless fermions, we can separate the right and left-handed sectors in the free
theory. We start from the mode decomposition of a U(1) gauge field with the right- or
left-handed helicity,

d3p 1 —ip-x * ip-x
Aﬁ(x) :/ (af,eﬁ(p)e P +azT€Z (p)e”® ), (3.1)

(2m)* v/2[p]

where h = R, L represents the index of helicity, and aZ and aZT are annihilation and creation
operators, respectively, that satisfy the commutation relation

[a", 1] = (27)35" 5G) (p — p). (3.2)

P 7p



We are interested in the lesser and greater propagators for right/left-handed photons,
which are defined as [80]
Gl (0. ) = [dYe T (AhmAl@),  GlEaX) = [dYeT (Al@Aly).
(3.3)

respectively, where Y = z —y and X = (z + y)/2. We may focus on the lesser propagator
for right-handed photons,

GR=(q, X / Ay / L \/2|7 / \/2\7 (3.4)

X ((a;{,Tag‘) en(p)ey(pe P= XY (o alTyeR (p)eg(p,)e“p"xﬂp*y)

)

where p; = (p+p')/2 and p— = p—p’. One can easily show that GZE(q, X) is a Hermitian
matrix according to its definition. Carrying out the Wigner transformation with the py
momenta, one finds

d3p_ . 1
R —ip_-X
G (4, X )_77/(27T)3ep N2 1/4
(laP+ )"~ (a7
p— * p—
X € <Q+ 2) e (q— 2) ( quT— qR+P;>5 (QO —Pg)

where 1
Al Bl B) ) Rl e
For brevity, we take h = 1 above.

In order to perform the p_ integral analytically, we expand the integrand with respect
to p_ and retain the terms up to O(p_) such as

(a4 B ) e (0= B ) =m0 + 1) + 062, (3.7
where
100 = @@, 1 = Ore@)d @ - d@0ra @) (63

We also have the expansions p§ ~ |q| + O(|p—|?) and p® ~ q - p_/|q| + O(|p—|?). In the
end, this expansion provides us with the Wigner functions up to O(h). Plugging those
expressions into eq. (3.5), we then find

Gr(q,X) (3.9)

< [ e X a0 lal) (10 + 10 ) @ ol )

-5 9t %

pZ
+o(ao+lal) (T -0+ T (-0) ) (a®, o™, )]

—2r8() [Blan) (TEa) + 510 (000" ) ~6(-a0) (T -+ 5 TR (~0)0" ) | Fa, ),




where we dropped the O(|p_|?) terms in the integrand except for those contributing to
the distribution functions. In the first term, we introduced the distribution function for
right-handed photons

frlg, X) = / d'p (@ p_alt , e =X (3.10)
n(eX) = [ oogtalsag r : ,
In the second term, the commutation relation (3.2) leads to
Bp_ .
—ip_- X/ R Rt
/ (2m)3°¢ <a,q+1’2 a_q_L> =1+ fr(-q,X). (3.11)

Combining those two cases, the distribution function fR(q,X ) is defined for the four-
momentum g as

. fr(q, X) (g0 = |ql)
X) = K .
Fule: %) { 1+ fr(=a.X)| (a0 =~lal). 12

Note that the 6(—qo) part in eq. (3.9) characterizes the out-going photons.
(1)

To derive explicit forms of H,g, and II,yq, it is crucial to use the expressions of eZ from
the spinor-helicity formalism in section 2. Inserting eq. (2.10) into eq. (3.8), we have

1
1) (q) = St (C§ e Mo el au) ; (3.13)
HE}V)a(q) =itr [.A(cg)ﬁqacgﬁ)a cg)cgﬁay — c% )c% t UH.A< (+)8 c(+) )a,,} . (3.14)

Here and below, we define A(M) = —i(M — MT)/2 for a matrix-valued quantity M and

omit the arguments as CSE) = c,(ai) (¢) and cgﬁ = cgﬁ(q). Now the computations of Hfg}

and Hgl,,)a are straightforward, and the details are given in appendix A. The results are
found to be

119

1 N . .
;w (¢) = [(nunv nul/) —qluqly— 1€uuo¢,8naqﬁ] ) (3.15)

2
N 1 0 | A
H/(Lly)oz <Q) =2 [aa (Q) - CL(—: <Q)} H,EB/) (Q) 2| | {IQJ_ 61/)046,0”5(1'0 + q1fu (7711]01 — Ty na)} ) (316)

where we have the Berry connections

at(q) = 10%)@%0%). (3.17)
Note that a!(—q) = —a%(q). Since H,(,,B(—q) = H,(Loy)(q) and H,(,L)a(—q) = l'Il(}l,)oé(q)7 the

Hermitian property of Wigner functions is maintained properly. According to these results,
eq. (3.9) reads

R
G (g, X)

—2m8(?sgn(an) | (Rel11) (@)~ 5 w11 (@0 ) +i (1ml1t) )+ g Rel1tfl (0o )




up to O(h). Here, the standard polarization tensor in the Coulomb gauge and the spin
tensor of photons are, respectively, given as

n) _ €wapqd N
S = el P (3.19)

P;SLL) =NuyNy — Nuv — @L,u(jLu > q-n

Absorbing the Berry connections, we have defined a frame-dependent distribution function

frla, X) = (14 hla$(9) — a®(0)] D) fr(g, X). (3.:20)

In fermionic systems, it has been shown that such a quantum correction is responsible for
the so-called side jump effect [20, 21].

Based on eq. (3.18), we may also write down the lesser propagator for left-handed
photons

hgy (S o hq1,0.,
GL5 (g, >=w6<q2>sgn<q~n>[<P£ﬁ>+M)+i(8&"’ q““)]fL(q, X).

2(q - n)? 2(q-n)?
(3.21)
Combining GR< and G/Ij”f, we obtain the full lesser propagator for photons
_ AR L
Gﬁ,j =G, <+ G, >
g (S 0° ha, 1,0
- 2 : (n) g, _ _LWPv)a” )_< () p. o 1LOLy >
2md(q”)sgn(q ”)KPW fv 2 n)? fa) —i{ Sy fa+ 2(q )2 N
(3.22)

where fa = (fr — fu)/2 and fv = (fr + f1.)/2 in our conventions. Note that the latter
definition of fy is determined by the standard lesser propagator of photons at O(h°) so
that fyv reduces to the distribution function of unpolarized photons. Although G ., itself is
a gauge-dependent quantity, it can be utilized to calculate gauge-invariant quant1tleb such
as the energy-momentum tensor shown in appendix. B. For the greater propagator, we
simply have to replace fy by (1+ fv) with keeping fa unchanged. More precisely, we have

hqy ST o )
G;u=2w5(q2)sgn(q'n)[<P£3)(1+fv) (u(y)afA) ( W fa + MLl LV]fvﬂ

2(q - n)? 2(q - n)?
(3.23)

2

Since we will always work in the frame n* = (1, 0), we hereafter omit the superscript “(n)

(n)

for the polarization tensor P;Sln,) and the spin tensor Sj,/ in the following. We will also
attach an index “y” to the distribution function like f7 and similarly S}, for the spin
tensor to stress that these are of photons.

Notably, as opposed to the approach of solving the Wigner function from the equations
of motion in ref. [55], here the Wigner function is explicitly derived as an expectation value
of the corresponding operator in the quantum field theory. Although two results agree,
the free function U appearing in ref. [55] is uniquely fixed in the present calculation, which

further clarifies the physical picture underlying these results.



4 Helicity currents and chiral/Zilch vortical effect

The primary purpose of this section is to reproduce the CVE/ZVE for photons found in
the previous literature such as ref. [55] to ensure the validity of our formalism. We may
now utilize GZf to evaluate the CS currents for polarized photons,

i) = Ab@) Fp () = 5 Al(a) T 0 Al(a), (4.1)

where F}"" = P Fh, /2 and ?a = 3(1 — %a. The derivative %)a acting on both A"(x)
and Ag(:c) is convenient for computations in terms of Wigner functions as in the case for
energy-momentum tensors of fermions discussed in, e.g., ref. [41]. In light of eq. (4.1), the
CS currents can be derived from the Wigner functions as

4 v
R = el [ S [y et [(al)on Ab(a) — (0 AL0) Ah(0)]

i d4q praf h<

Apparently, only the anti-symmetric and imaginary component of Wigner functions con-
tributes to the CS currents. Substituting eqgs. (3.18) and (3.21) into eq. (4.2), the CS
currents read

T d4 h
/CZ (X) = :Fﬁ/ 7346 (qZ) sgn (q-n) GWQBQa (Svy + WQL,@@.u) f;? (¢, X)

(2 )
N / (zf)% 70 (@) sen (@) (iq“ + 255”@) fil(a, X). (4.3)

Accordingly, the full CS current becomes
dq

H(X) = KR(X) + KX = [ G oipola®smnia - mk @ X), (@44)
where the phase-space CS current density is given as
. —ier B Im(GS,(q, X
IC“(q,X) _ q ( aﬂ(q )) :2q“fz+thyW8Vf{}. (4.5)

27 sgn(q - n)d(q?)
Despite the gauge dependence, the CS current could be regarded as the spin component
of the angular momentum for photons [81, 82]. Spin-one nature of photons manifests
itself in the side-jump term associated with S in eq. (4.5) that is twice larger than
the corresponding term in the axial charge current characterizing the spin polarization of
massless fermions.

Nevertheless, due to the gauge dependence of the CS current, it is tempting to also
introduce the zilch current as a gauge-invariant quantity delineating the helicity currents
of photons [10-13]. We may make comparisons with the related studies of the zilch vortical
effect in refs. [8, 9, 55]. Let us now consider the spin-3 zilch

1 « n a\ 17
Zywn = 5| FuOpFva = (0pF, ") Fya) - (4.6)



To construct the zilch in terms of the Wigner function, we rewrite the zilch current with
the gauge field

Z

1 o o o YO
pup<$> y) = *(azp - 8yp>6(/w¢)\a [ayu)ag?A (y)A <m) + 8y 61: AV) (y)A)‘(:U)}

4
1 (0% g o NO

- Z(aa:p + ayp)ﬁ[ua)\o [ayu]a;\A (y)A ((L‘) + ay 895 AZ/] (y)A)\(x)] ) (47)

which yields

<Zul/p>(% X)

= ;que(mg [D,)D*G<7(g, X) + DD G, (g, X)]
le[wmap [DV]D**G@a(q, X)+DD* G ](q, X)}
- ;%3 (uaAquV)q)\‘i‘%( )8>‘—q)‘81,)))G<"a (aaﬂ Uaa)GO‘V)—i—O(hQ)}
N [Z;;U@ [(qy]q 4+ (qy]a 8}))G<m 2( 07— aaa)qu]Jro(hz)}’ (4.8)

where D, = 0,,/2 +iq, /h.

Although the general form of the zilch is involved, it may be simplified with the aid of
a specific power counting. Analogous to the power-counting scheme proposed in ref. [60]
for fermions, we assume that f{, = O(h%) and f{ = O(h'). We confirm, a posteriori, that
these assumptions are satisfied when a nonzero f} is induced by a vorticity in local thermal
equilibrium (see below). When this & counting is applied, the leading-order contribution
to the zilch current reads

q a a o
<Z,MVP> (Q7X) ~ ﬂ—hip Sgn(Q0)6(q2) (’C (udv) + he(ua)\a 0 fV)

= 27rﬁ sgn(qo)d (2qqufX + hq(MSZ)Uang) , (4.9)
where gy = ¢-n and we use subindices such as F; to represent an arbitrary function F(q, X)
in the phase space. The zilch current can be defined as Z%(X) = [ d*qZ%(q, X)/(2n)* with

@2

2°(4, X) = O35 1 L) (4, X) = 200 sn(a0)3(¢?) (248 /3 + hS270,13), (4.10)
where @?7’;) = — n%nkt.

We may further investigate the CS and zilch currents in a local thermal equilibrium
with nonzero fluid vorticity w* = e“”o‘ﬁuy(%UB /2, where u* is the fluid four velocity.
Although it is in principle not possible to determine the equilibrium distribution functions
without solving the kinetic theory with collisional effects, we may physically expect that
the equilibrium distribution functions take the Bose-Einstein form with the h correction
due to the spin-vorticity coupling

1 hA

Flea= g7 ORL=a Ut 2870, (4.11)



where U¥ = fut with § = 1/T and T being a temperature. The spin-vorticity coupling
term is given by the helicity of photons A, and the thermal vorticity €, = 9;,U,]/2. This
yields the leading-order terms in A:

eqg = —PA@un,N(q-uw)[1+ N(g-w)],  fJeq=Ng u), (4.12)

where N(q-u) = (eﬁq'“ — 1>_1 and Q,, = €p0ap2%” /2. Indeed, these leading-order ex-
pressions with the spin-vorticity coupling meet our assumptions that f{; = O(R®) and
fi = O(h'), unless the magnitude of the thermal vorticity compensates the smallness of
h. In more general cases, a stronger thermal vorticity could induce a larger f) beyond our
counting scheme.

By analogy to the case of fermions where the helicity is Ay = 1/2 [20, 21], we may
anticipate A\, = 1 for photons. As shown around eq. (4.19), we derive A, = 1 by demanding
a frame independence of the zilch. Using eq. (4.12), the zilch current in the equilibrium
state is given by

4
26,3) = [ g2 %)

d4 o PO oo
:/(%T)g)’]f#qosgﬂ(%ﬁ(f) (QQL)WQ/JQP N 405y Q"Pqp) N(g-u)[1+N(g-w)]

Qng [
=2\ +2)——— | dlq|lg/*N 1+N
(A +2) iz [ dlalla*N(lah) 1+ (q)]
4% _,
=(A\y —|—1)45h2T w. (4.13)
Here, we assume a small flow velocity and thus u &~ n*. Then, we used Q% n, ~ fw®
which follows from

~ 1
Qr = 56“”‘” (BONu, — urD,P) . (4.14)
When taking A, = 1 as determined just below, one finds

872

ZealX) = 45h?

eq

— T, (4.15)

This equilibrium zilch current agrees with the results in refs. [8, 9, 55]. On the other hand,
for the equilibrium CS current, one finds

4
]ng: —/(gﬂggsgn(%nﬁ( )<2Q'u)\ q?‘i‘s UQVO'q >N(qn)[1+N(qn)]

RSV (4.16)

When taking Ay = 1, the CS current is also consistent with the one in ref. [55].

In the following, we show how to obtain A\, = 1 by demanding a frame independence
of the zilch current (4.9). Note that it is more plausible to use the gauge-independent

~10 -



zilch current instead of the gauge-dependent CS current. Inserting eq. (4.12) into eq. (4.9),
we have

2quqny+hq(uSZ)(,8"fV:—ﬁ(2quy 19p”_To 4 Lurioes ﬂQ"”qH) N(q-u)[1+N(q-u)]

qn qan

Q7 n, ~
=—h (2()\7— 1)‘]qu ge q~nn —Q(MQV)aqa> N(qu) [1—|—N(qu)] ,
(4.17)
where we used the Schouten identity
qan ok qan Qo
qMGVUQBQWQ(fi_n = dqu (QVeﬁcraﬁ + Go€urap T Gatvorp + q,BEVUom) 243771
4, n que q“ngQ7"q ~
= _quqy P o H I/O'Olﬂ ﬁ K _ unyaqa . (418)

q-n 2q-n

For the frame-dependent term in eq. (4.17) to be absent, the helicity parameter is required
to be
A =1, (4.19)

Then, the equilibrium zilch current should read
q ~
(Zuwp)ea(a, X) = 275 sg0(40)0 (%) )0 ™ N (g - u) [L + N(q - w)] - (4.20)
B3

In fact, the frame and gauge invariances of the zilch current (Z,,,)eq(g, X) can be succeeded
to Zg‘q(q, X)= ®?$UVUP<Zqu>eq(Qa X) if one defines the projection with the flow vector u#*
instead of that in eq. (4.10) with n*. Nevertheless, the final form of the equilibrium zilch
current remains the same within the current working regime where u* ~ n*. In summary,
the CVE and ZVE for photons are successfully re-derived from our approach.

5 Quantum kinetic theory for photons

In this section, we would like to construct the QKT for on-shell photons. We may first start
with the free-streaming case for simplicity as also shown in ref. [55] and then move to a
more sophisticated construction incorporating collisions. The primary goal is to derive the
generic form of collision term with quantum correction at O(h!) in terms of lesser/greater
self-energies. In such a formalism as recently constructed for fermions [21, 60], given the
information of classical collision term at O(A°) from, e.g., diagrammatic calculations, one

can systematically obtain the corresponding quantum correction in collisions.?

5.1 Free-streaming case

Considering the equation of motion for free photons, one finds

(n40” = 8,0") (Af() AR (@) =0, (5.1)

4A concrete example for the application of QKT has been shown in ref. [48] on the neutrino transport in
core-collapse supernovae. Given the neutrino self-energies at O(h°) obtained through the weak interaction
with thermal nucleons, the O(%) correction in the collision term of neutrino QKT is derived, which explicitly
reveals the influence from vorticity and magnetic fields.
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which results in

1

1
2 (n"q* — qpd") — (277 2q-0— 0" —q"0,) | G""(¢,X) =0, (5.2)

0% — 0,0") — =

2h

after the Wigner transformation. We may decompose the lesser propagator into the sym-
metric and anti-symmetric parts,

Gh<py _ Gh<p1/ + Gh<pl/’ GgL<pu Gh<(pu) 7 GZ<PV = _%Gh<[PV] . (5'3)

(NN

According to the Hermitian property of photon Wigner functions, G"<() and Gh<[rv]
are purely real and imaginary, respectively. In the Coulomb gauge such that
9% (Au(y)Au(z)) = 0 and 9y, (A, (y)Au(x)) = 0, we should have the following constraints
for Wigner functions in phase space,

ik
(mw+}2m$)GQW:07 "A?@”zoa (5.4)
and hence,
2q1,G¢" —hdL,G" =0, hd1,Ge" +2q1,GN" =0, n,GeL = GEln, =0,
(5.5)

which are indeed satisfied by eqs. (3.18) and (3.21).
The real and imaginary parts of eq. (5.2) read

ﬁ2 14 v h v
1 0% =00 G~ = (140" = 4 ) G ™" + 5 (20 00— 4,0 — g9, GR™ =0,
h2

h
1 ~(20,q-0—q,0" —q"0,)GE=" =0, (5.6)

5 1,07 = 0,0 G~ (1,4 ~ 4" )G~ — 5

which further reduce to

<h2 82 > Gh<,u,1/ + h aGh<,u,1/ . 07
h? h< h<
Zaz — | Gy — hg - OGS =0, (5.7)

by using the constraints from the Coulomb gauge in eq. (5.5). Due to the symmetric and

anti-symmetric properties of Gh<” Y and Gh<“ v

the dynamics of GS/<: Y read

we thus find the master equations dictating

2
<q2 — %8 ) G =0, (5.8)
q- G =0, (5.9)

where eq. (5.8) governs the on-shell condition and eq. (5.9) gives the free-streaming kinetic
equation. On the other hand, eq. (5.5) can be utilized to solve for the Wigner functions of
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photons. However, eq. (5.9) cannot uniquely determine the A corrections of photons. When
taking a constant frame vector n*, eq. (5.8) results in §(¢?) term in Wigner functions up to
O(h) and eq. (5.9) simply leads to just the ordinary Boltzmann equation §(¢*)q- 8f; =0
or equivalently 6(q%)q- 0 Iy /AT 0. In such a case, the free-streaming part is unmodified by
the A corrections for polarized photons analogous to the case for fermions in the absence
of background fields, whereas the collision term is more involved.

5.2 Collisions

We may follow the standard approach based on the Dyson-Schwinger equation and the
real-time formalism to systematically incorporate the collision term for the kinetic theory
of photons in light of a similar derivation for fermions [21, 83]. However, such a derivation is
technically more involved due to the tensor structure of photon Wigner functions as shown
in appendix C. Because of the axial part of Wigner functions and the involvement of A
corrections, the derivation of QKT for photons is nontrivial as opposed to the derivation
for the classical kinetic theory in ref. [84]. Eventually, for the full photon propagator, we
obtain a master equation up to O(h%)

h2
<q2 - O +ihg- a) G 4 WP (S, % G<7¥ 4 55, + G

in
= S P (S5, x G5 — T X G (5.10)

where (@)p” = AJ, B~ — A5, B> and Ax B = AB + B A% B+ 0O(h?) with Ax B =
(040 A)(OaB) = (9aA)(9q, B) and

v 14 ih 12 v 1 17 AV) A
P (q) = P (q) — 5 0P (q),  0P™(q) = W‘]T(aﬁ +3dq-01).  (5.11)

This master equation then gives rise to the kinetic equations and on-shell constraint equa-
tions up to O(h). Here Ef,/ denote the lesser/greater self-energies of photons. We also
introduced the retarded and advanced propagators in eq. (C.8) with a similar defini-
tion applied to the retarded and advanced self-energies for photons. Moreover, we define
Xt = (IS5 + $adv) /2 and G}, = (G5! + Gad¥) /2. In light of the derivation for CKT of
fermions, we will take ¥F, = G ) = 0, which corresponds to the vanishing real part of the
retarded self-energy and of the retarded propagator for the fermionic case. The A terms in
eq. (5.10) are essential to satisfy the gauge constraint (5.4).

We may decompose the self-energies into real and imaginary parts, ny = (Eﬁe) w +
i(Eﬁn)W. Given that Z?W are Hermitian, we find (EEG)W = (Eﬁe)w and (Eﬁn)w =
—(Z?m)w. Decomposing eq. (5.10) into symmetric and anti-symmetric parts and taking
¥y, = G7, =0, we derive the kinetic equations [see egs. (C.20)-(C.22)],

o1 ) sy 0] P T 4 (5
¢ 9G" = = P¥|(SpeGs))) — (SmGa),| = 20PY(@)|(SreCa)) + (S1Gs), |
h — —
+ gPW[(ERe 5« GA) Y+ (S * Gs)py]} ,
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q-0G" = *EP[ [(ER Ga) )+ (EImGS) ]] + h‘sp[#p( )[(ZR Gs)," — (ZImGA) q

h —
- gpw[(zRe +Gs))) = (St + Ga),] (5.12)

and the constraint equations dictating the on-shell conditions

ZP( {(ERGGA) )—l-(ZImGs) )}

PG —
h
PC = = 7P| (SreGs),) = (SimGa),] (5.13)
up to O(h).
5.3 Effective QKT for photons
As mentioned in section 4, we may further apply the power-counting scheme such that
fv = O(R) and f3 = O(h), which hence yield Gg"" = O(h°) and G = O(h). We also
assume (Eﬁe)g = O(R°) and (E>m)g = O(h). The effective kinetic theory then becomes
v 1 = 1
q-0Gg" :_ZP(M)(EReGS)p),
h

v 1 = 5 124 = 14 h 0 v - 14
@G == TPV | (SreGa) 4 (SinCs) | + GOP()(SreGY) ) — S P (SpenGs)
(5.14)
with the constraint equations
PG = PG = 0. (5.15)

Note that contracting the first equation in eq. (5.14) with —7,, /2 leads to the ordinary
Boltzmann equation for photons,

1 N
q-0fy = fP“’)(EReGs)W - _,g>qu§W i Zzligpagpu, (5.16)
where we introduced the shorthand notations
G<uu
G = 5/4 . 5.17
S/A 276(¢?)sgn(q - n) ( )

From eq. (5.16), one can read out the self-energies by comparing the collision term above
with scattering cross section.
Since

q- GG<‘“’ = —q- 0 (SgyfA + ﬂA[“a f‘\/) _S/Wq afA | | [fa }(ERQGS) (5'18)

by using eq. (5.16), we may rewrite the kinetic equation for G<” Y as

1 = NG
=5<k2>(ss”q-afx—4PW[@ReGA);u(zlmagf))pJ} (lgl6 Pl (SncCis)

8lal

Juarl o A b= ) B
q[i‘aJ(zReGs)';]8P[“P<2R9*Gs>p}> TPV [(q-02R0)Gs] 0 (07) - (5.19)
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One may wonder whether the possible corrections to the tensor structure of Gi“ Y from
collisions should be included in eq. (5.18). Nonetheless, such corrections will be at higher
orders in our power counting. Due to the gauge constraint (5.4), the right-hand side
of eq. (5.19) should be transverse to both n* and ¢/. Except for P g,ng, the only
possible tensor structure is given by A¥BY, where A* and B are two new timelike vectors
characterizing anisotropy of systems such that A-n = A-¢;, = 0 and so does B*. In
addition, A* and B* should accordingly serve as the source for non-vanishing f. However,
according to our power counting, A* and B* have to be led by gradient terms and at O(h).
Consequently, we conclude that A#BYl = O(/?) and the right-hand side of eq. (5.19) is
proportional to S4” for systems we considered.
In practice, it is sometime more convenient to rewrite
= D Pl (S« Gs)) = — P[0, (S1e0uCs)) - 0u(CrednGs))] . (520)
] e p ) qo era P @ €~ qo P

Also, we may analyze the last term involving ¢’(¢?) in eq. (5.19). This term can be more
explicitly written as

WP [(q - O%Re)Gs] 1 (q7) = ho' (¢2) P12 P7) (-0 00) 11— (005500 (1+17)] (5.21)

up to O(h). Although (g - 983

Re pg) above could be off-shell, both P*? and P°” therein

are on-shell. Provided (q - )M ) are symmetric as their generic property, we find

Repo
hplee [(g- 8ZRe)Gs]py] §'(¢%) = 0. Then the effective QKT for on-shell photons reduces to
1 - < - X h - = dravl s A
S a0 = 3 P (SreGn) )+ (BmGs) | = g [lalo P (SneGis) 1 =107 (SreCis
h S A A v S 4 A v
+§PW’ |04 (CRe0aGs) ) = Oa(Bredy, Gs), (5.22)

Finally, we may rewrite eq. (5.22) as a scalar kinetic equation,

1 - X - = A — —
0013 =150 <P“p [(SeGa);+ (D) |~ 5o 0P (Sneis) — 9 (S
h A\ v A\ v
+§P#P [8qa(EReaaGs)p —8a(zReaans)p]> , (5.23)

where we used S}, 54" = 2 for on-shell photons. Eventually, eqs. (5.16) and (5.23) jointly
delineate the evolution of f\wl /A in phase space. As mentioned in the beginning of this sec-
tion, in practice, one could read out the structure of self-energies through the collision term
in eq. (5.16) as the standard Boltzmann equation. Inputting the Wigner functions with &
corrections, one is able to evaluate the collision term in eq. (5.23), which systematically
captures the quantum corrections.

6 Summary and outlook

In this paper, we have derived the Wigner functions and QKT of polarized photons in the
Coulomb gauge up to O(h) based on QED. We found that the Wigner functions incor-
porate anti-symmetric and imaginary components characterizing the helicity distribution
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in phase space, which are also responsible for the CS and zilch currents. In particular,
the derivation analogous to the fermionic case reveals the absorption of Berry connections
into distribution functions of polarized photons, which hence manifests itself in the frame-
dependence of the distribution functions. We also discussed the photonic CVE and ZVE
triggered by fluid vorticity and our findings are in agreements with some of previous studies.
This QKT enables us to track both the number (or energy) and spin densities of photons
(dictated by fy; and f} more precisely) with collisions in terms of the self-energies. Adopt-
ing suitable power counting, the QKT boils down to simplified scalar kinetic equations for
practical applications.

There are several future directions. First, combined with the effective QKT for fermions
recently developed in ref. [60], we can further investigate the intertwined spin transport be-
tween electrons and photons in QED.? In particular, it is curious whether the ZVE derived
by demanding the explicit frame independence in thermal equilibrium in the present study
remains unchanged when considering the helicity transfer from electrons through collisions.
Second, similarly to the case of massless Dirac fermions [28], it would be interesting to ex-
tend our formalism in curved spacetime, where an effective refractive index should lead to
the photonic spin Hall effect. Third, since the present formalism of photons can be directly
applied to weakly coupled gluons in the absence of background color fields, we may study a
similar scenario for entangled spin transport between quarks and gluons in QCD. Although
more complicated scattering processes are involved, this direction would be crucial to un-
derstand the dynamical spin polarization pertinent to heavy-ion experiments. We may also
generalize the present formalism to the gluonic case with the inclusion of background color
fields, which could have potential applications to the chirality transfer in QCD at the early
stage of the relativistic heavy-ion collisions. Finally, our formalism may also be applied
to other non-equilibrium systems involving polarized photons in condensed matter physics
and astrophysics.
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A Derivation of ITI(® and 1I(?)
pv pro

In this appendix, we provide the detail of the derivations of H,(PV) and H,(}V)a in egs. (3.15)

and (3.16). Let us first compute H,(LOV) (¢). Notice the relations,

L o 1,
C%—i_)cgr)-r = mo qv C( )C( t = 7(10- qv , (Al)

®Notably, the formalism in ref. [60] has been lately applied to the Nambu-Jona-Lasinio model at the
quark level, which explicitly shows the spin polarization triggered by vorticity corrections upon the collision
term from detailed balance [70].
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where ¢* = (¢ - n)n# — qi. Therefore, we have

H;(/,OV) (q) = 8‘q|2tr(5’aauaﬂau)(hz(jﬁ . (AQ)
Then, we obtain eq. (3.15) by using ¢ - n = |g| and the result of the trace®
1
OBV — §tr (&aau(}ﬁau) _ na(unu),@ _ na,@nuu _ jeamnBy (A.S)

Next, we compute Hgl,,)a(q). According to eq. (A.1) and an identity o¥5%o# = V8 og,

we have
i - - - — —
HE}V)C“(Q) - mtr[ - A(%“é{ )C% )T>Uu‘7p0qu + O'VO'pO'quA(aqaC%+)C§3L+)T):|
i

mtr[ — .A((?qa cg)c(_ﬁ)a’gq”/{upyﬁ + A(aqacg)cgﬁ)Jﬁcjp/ﬁl,pﬂ/g} . (A9

Then, we use

tr[A(ﬁqacgE)c%)T)aﬂ} = tr {A(ancgi)cgﬁa )} = A(cgﬁaﬁaqacg)), (A.5)
and
LA |
A6, ) = —g2 ()L — —_pyeMoag, A.6a
(e Dnli”) = ot @ g .
_/8 1
A8 ac(—) = _q® q)i — — Mg, A.6b
(ko one”) = a2y - g o

where a/{ (¢q) are the Berry connections given in eq. (3.17). Plugging those expressions,
we obtain

i _ 1 .
H/(}u)a(Q) = W { (a—a (q) Q’B + 2”A€)‘Bm777aq(r> qpﬂupuﬂ

- <a+a(q)q5 + ;mew”maq}> qpfﬁupuﬁ] :
Inserting k**# given above, this can be further written as eq. (3.16).
B Energy-momentum tensor of photons
We consider the Belinfante energy-momentum (EM) tensor of photons,
TH = —FI'FY "TWFaﬁFaﬂ = —%F(HPF”)P + UTWFO‘BFM : (B.1)

which is a traceless and symmetric tensor. The first term can be written as

F(“pF”)p(x) = Y AP (y) Ap(z) + 0005, AW (y) A ()
— O 0y AP (y) A (z) — 010,, A) (y) AP () , (B.2)

SThis relation follows from the traces in the four-component forms, tr [y*y*v?~*] and tr [y®y*y*~4%4"].
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which yields the following form after the Wigner transformation:
hich yields the foll g f i he Wig f
(FU FP) (¢, X) = =AW GP(q, X) — A FG<P) (¢, X) + AW G<r(q, X)
+ ApﬂG W) (¢, X)
1

v v .h v v
=234 g (G< P L G<p )) . 2 (g, — q,00) (G< P _ <P ))
— qlrg >G<P G0 1+ or?)]. (B.3)
Here, we defined a derivative operator
" 1 ih quq 1
Bup = =5 (0= 50) (a5 + 5 + 2 ) = B+ 200y + 00, (B.4)

By further implementing the Coulomb—gauge constraint (5.4), we find

<F(“pF”)p>(q,X) [1hq(“8L (G<U)P_G<Pl/))_q(,uql/)G<pp_q2G<(u,u,)_’_O(hQ)} . (B.5)

T2
Inserting the lesser propagator (3.22), we find

W2(F" FP) (g, X) = —47 sgn(qo)3(q?) (2q”q” o+ hg#82°9, fg) +O(),  (B.6)

where o = ¢-n. Recall that we took n# = (1,0). Accordingly, one finds h2(F**F,5)(q, X) =
0, and thus the phase-space electromagnetic energy density is given by

(T)(g, X) = — sen(a0)d(a*) (a"a" f{ + 2ha 70, 17 ) . (B.7)

4
n2
In the case of our counting scheme in which f{ = O(h), the quantum correction will be at
O(h?) and hence can be neglected.

C Derivation of the kinetic theory for photons with collisions

To include the collisions, we follow the standard approach in refs. [21, 83, 84] with the
Dyson-Schwinger equation

Gy = G(‘O)W + S, (C.1)
where G, and Gq),,,, represent the full and collisionless Feynman propagators for photons
(right-handed plus left-handed) and X, corresponds to the self-energy. In the iterating
form, we have

G (z,y) + /dA‘wd4 G‘(‘(’)D)(:c W)Yo (w, )G (2,y) = G%')(a:,y). (C.2)
Here, G?OV) satisfies
04 , Gl (2, y) = e ()50 (x — ), (C.3)

where O | = (- 5%62 + 8,;8“)1, e"” () represents the polarization tensor with a gauge

dependence, and 5&4) (z — y) corresponds to the delta function on the Schwinger-Keldysh

(SK) contour. Acting [J% ) on eq. (C.2), we have

O G (z,y) +1 / AdAze(2)"PD 0 (2, 2) G (2, y) = i ()0 (z — y) . (C.4)

~ 18 —



Now, we focus on the parts of eq. (C.4) involving the lesser propagator G<**(x,y) for
x # y. By utilizing the definitions

G (z,y) = be(z0 — y0)G™H (2, y) + Oc(yo — 0) G (,y),
SHY (2, 2) = O (m0 — 20) 57 (2, 2) + Oe(20 — 20) DM (1, 2) — IO ()6 (2 — 2), (C.5)
and considering the SK contour, we obtain

o Yo
0=, G ()i [ A2 ()57, (0,2) G ()i [ dle (@) 55, (2,206 (2.y)
o

to
to—if
[ A @) (0,2)GP )+ (@) S )G (2.), (C.6)
Yo

which can be further written as
X

0=08,G(ey) +i [ dac(2) (57 (2,2) — 5%(x.2)),, G (2,)

to
Y
i [ A ()55 (2, 2) X (G (2, ) — G<(2,1))
to
to—if
F1 [T @) S (@G (2 ) + (@) ()G (@), (c.7)
to

where tg and tg — i3 correspond to the initial time and final time in the SK contour.

G<"(xz,y) should be independent of #; at ¢ty — —o0, so that we drop t; dependence
by taking tg — —oo. The last integrals along the imaginary-time axis in (C.7) thus vanish.
For the remaining integrals with respect to real time, we may rewrite the upper bounds of
the integral as oo since the integrations from z( to oo (or from gy to co) do not contribute.
Now, by introducing the retarded and advanced propagators

G,uu (.CI?, y) = ie(xO - yO) [G> (.CE, y) - G<($’, y)]wj )

Ghie(,y) = =i0(yo — 20) [G7 (2,y) — G=(z,y)]"", (C.8)

adv

and similar definitions for the self-energy, eq. (C.7) becomes

[, + 7 (2)25) (2)] Gz, y)

_ L O:O at [0 (@) T2, )G (2, y) + 0 (@) T (@, )G ()] . (C9)
Introducing Gt (z,y) = [Gret(2,y) + Gaav(z,y)]/2, and T (z,y) = [Sret(z,y) +
Yadv(Z,y)]/2, we can express Gfelfc/adv and Efeyt/adv as

Glotjade(@:y) = G (2, y) £ % (GZH (2, y) = G (2,y)] (C.10)
Shetjady (25 y) = 2T (2,y) £ % (271 (@, y) — XM (2, y)] (C.11)

Using these expressions, we find eq. (C.9) become
[O4, + e (2)S8)(2)| G (x,y)

i oo
= 5 [W d4zeﬂp(:p) [E;U($’ Z)G>0V(Z’ y) . E;,(x, Z)G<UV(Z, y)]

— /_O:O d*ze(z) [S1 (2, 2) G (2,y) + S5, (2, 2)GT7 (2,y)] - (C.12)
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We may subsequently implement the Wigner transformation and work in the Coulomb
gauge. Note that

ih
¢ (2) = P(q) = PP (g) = S0P () + O()
v 1 14 AV) A
P (q) = W (q(fal) + q(qu)QL : fh) ) (C.13)
following the Wigner transformation in our setup, where 6P*(q) = —[0q,P""(q)]0q is

determined by the structure of P*”(q). One may check the i term in P#(q) is essential
to satisfy the gauge constraiflt. To be more pregise, by taking 07 u of eq. (C.4), the gauge
constraint yields 0f , [¢"?(x)X,’ (x, y)] = 0 with X (x,y) = [d*2,0(x, 2)G?(z,y). Given
e"?(x) is an operator, we find (qi, +ih01,,/2)P* ()2, (¢, X) = 0 with X (g, X) being
the dual function of X (x,y) after the Wigner transformation. One can directly show
(g1 +1h01,/2)PH(q) = 0 and thus the gauge constraint is always satisfied. We assume
a weak-coupling theory, so that we, hereafter, assign h to the self-energy. The Wigner
transformation of (C.12) takes the form

1 1 i
O 5 PP (S04 Sl | G 4 PSS 4G = I (S5, 4GP 7 =25 4 G<)

(C.14)
where G5, and ¥5, are now functions of X and ¢, and
- 0t R, 1/, ih,, ih
We also introduced the Moyal product such that
Alg, X) * B(g, X) = / dty e/ / d2A(X +Y/2,2)B(z, X — Y/2), (C.16)
which can be expanded in terms of A as
ih
Alg, X) * B(q, X) = A(q, X)B(g¢, X) + 7 A(g, X) » B(g, X) + O(*), (C.17)

where A x B = (0,4,A)(0xeB) — (0xaA)(0,,B) is a shorthand notation of the Pois-
son bracket.

The term 23‘2 + E;;U in eq. (C.14) gives the self-energy correction, which we drop
since we are interested in the collisional effects. We also drop the term proportional to
PP EEJ*G+" ¥ because its contribution is negligible compared with G=< for on-shell photons.

Eventually, eq. (C.14) reduces to
2 h2 2 : <pv ih up (y< >ov > <ov
q —Za +ihg- 0| G 2577 (B, *G77 =X % G=7). (C.18)

We may now decompose eq. (C.18) into the real and imaginary parts. By decomposing
the greater/lesser self-energies into the real and imaginary parts as X,; = (XRe)po +
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i(Xtm) po, We find

2
<q2—7182+ihq-6> (G +iGM™)

—_—

1 . S A v . v v v
=5 [I(ZRGGS)p —i(ZmGa), — (EmGs), _(ZReGA)p}

h -~ R v
— 1P [(SreGs),” — (Z1uGa), +i(E1als), +i(EreCa),) |

h — —
+ PSR GE) ) — (S GR), Hi(55,5G8) /iSRG | +O(RY), (C.19)

where we introduced shorthand notations, (AB),” = A,;B°” and (@)p” = A, B —
A5, B>7". By further separating the symmetric and anti-symmetric parts, we derive the
constraint and kinetic equations up to O(h),

G = %P( [(EReGA) v) 4 (EImGs) )} ; (C.20)
PO = — —P[NP[ER Gs))) = (CmGa),)| (C.21)
0-9G5" = — 1P [(S1Gs),)) — (S1mC))] - %P(W(q) (CreGa),) + (SimGs),|
+ P(“ (Sre+Ga))) + (B Gs),) | (C.22)

q- 0GR = =PI [(SpeGa) )+ (SiGs) ] + hap[w( ) [(CreGs),) = (BimGa),]
- gpﬂﬂﬂ [(ERe +Gs) ) — (St * GA);]] . (C.23)

The A terms in the kinetic theory are essential to satisfy the gauge constraint. For
example, we may show that eq. (C.18) as a master equation of the kinetic theory satisfies
the gauge constraint. Contracting the left /right-hand sides of the kinetic equation (C.18)
with g ,, we have

h2
Lh.s. = qip <q2 - 182 + 1hq : 8) G<MV
ih 2 h2 2 : <pv
= 0L |~ T +ihg-0) G

= —71(1 phe (2(;) +0 (5), (C.24)
and

Pt (SG) "+ gipe (55G) |

h
r.hs. = —50Lu

= FLQ (37 +d74.-0)) (i@): +0 (h3)
- —hjpupalu (ZG) + O(h%), (C.25)

respectively. It turns out that the Lh.s. is equal to the r.h.s. up to O(h?). The proof above
also justifies the inclusion of necessary h correction in eq. (C.13).
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