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ABSTRACT: We develop the method of Green’s function to evaluate the one loop deter-
minants that arise in localization of supersymmetric field theories on AdS spaces. The
theories we study have at least N’ = 2 supersymmetry and normalisable boundary condi-
tions are consistent with supersymmetry. We then show that under general assumptions
the variation of the one loop determinant with respect to the localizing background reduces
to a total derivative. Therefore it receives contributions only from the origin of AdS and
from asymptotic infinity. From expanding both the Greens function and the quadratic
operators at the origin of AdS and asymptotic infinity, we show that the variation of the
one loop determinant is proportional to an integer. Furthermore, we show that this integer
is an index of a first order differential operator. We demonstrate that these assumptions
are valid for Chern-Simons theories coupled to chiral multiplets on AdS; x S'. Finally
we use our results to show that U(N.) Chern-Simons theory at level k coupled to Ny chi-
ral multiplets and Ny anti-chiral multiplets in the fundamental obeys level-rank duality
on AdS, x S1.
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1 Introduction

Supersymmetric localization on compact spaces and its applications has been studied ex-

tensively recently, see [1] for a recent review. This area began with the work of Witten [2]

and was developed in the works of [3-5] to enable the evaluation of observables in super-

symmetric quantum field theories. The exact computation of supersymmetric partition
functions and Wilson lines served as highly non-trivial checks of AdS/CFT [6-8|. Field
theories defined on a compact space serve as standard examples for applying the method

of localization. This is because the method relies on identifying a fermionic symmetry Q).

The Lagrangian including the localizing term is symmetric under ¢ only upto boundary

terms and restricting the space to be compact ensures that these boundary terms do not

arise.



The systematic extension of the method of supersymmetric localization is an important
problem. Non-compact spaces which form the canonical examples to study localization are
of the form AdS,, x S™. This is mainly due to the variety of applications of supersymmetric
theories on such spaces. For example, localization of " = 2 gravity on AdSs x S? is impor-
tant for obtaining the exact entropy of BPS black holes in these theories [9-14]. Similarly
the exact evaluation of the supersymmetric partition function of A/ = 8 supergravity on
AdSy serves as an important check of the holographic duality with ABJM theory [15, 16].

As demonstrated in [17], when the method of supersymmetric localization is applied to
non compact spaces one needs to carefully examine the boundary conditions implemented
on the fields.! The boundary conditions of both the bosonic and fermionic fields must be
chosen so that they are consistent with the superysmmetric transformations. They also
must be chosen so that boundary terms that arise under the action of () on both the original
action as well as the localizing term vanish. Furthermore, the path integral must be well
defined under these boundary conditions. Normalizable boundary conditions on all fields
ensure that the boundary terms at asymptotic infinity vanish as well as the path integral
is well defined. However normalizable boundary conditions may not always be compatible
with supersymmetry.

In [18], the method of Greens function was introduced to evaluate one loop determi-
nants that arise in localization. This was done for the N' = 2 chiral multiplet on AdSs x S*.
The method involved studying the variation of the one loop determinant under a param-
eter o, that parametrises the localizing background and then integrating with respect to
«. It was shown that whenever normalizable boundary conditions also are consistent with
supersymmetric transformations, the variation of the one loop determinant reduces to a
total derivative and one only needs to evaluate the boundary contributions from the origin
of AdSs and the asymptotic infinity. Furthermore, it was demonstrated that the final result
for the one loop determinant agrees with the index whenever the boundary conditions are
normalizable and supersymmetric.

In this paper we develop the Green’s function method further. A brief outline of the
Greens function method is the following. Let Dp(«) be the bosonic operator and Dp(«)
be the fermionic operator that occurs in the evaluation of the one loop determinants. They
depend on the classical localising background through the parameter a. Then the variation
of the one loop determinants with respect to « is given by

210 Zraopl) = T [GF(;LDF@} T [GB(;;DB(OZ)} , (1.1)
Here Gp, Gp are the bosonic and fermionic Greens function corresponding to the operator
Dp and Dp respectively.

We show that under some general assumptions which hold for theories with at least
N = 2 supersymmetry on spaces of the form AdS,, x S™ the variation of the one loop
determinant with respect to a which parametrises the localising backround always reduces

!See also [19] where the partition function for a chiral multiplet on the twisted background of AdSsx
S' with flavor fugacity turned on was computed using the localization technique.
2 parametrises the vector multiplet background.



to a total derivative. This reduction to a total derivative holds whenever supersymmetric
boundary conditions are compatible with normalisable boundary conditions. The general
assumptions that we make relate to the properties of the second order operators, Dg and
Dpr, that arise in these theories in the evaluation of the one loop determinants. These
assumptions enable the evaluation of the variation given in (1.1). Then integrating with
respect to a we can obtain the one loop determinant. In this paper we demonstrate
that these properties hold for both the vector multiplet as well as the chiral multiplet on
AdSs x S'. We have also verified that it continues to hold for the vector as well as the
hypermultiplet on AdSs x S? [20]. We suspect that the general assumptions are properties
that hold whenever the actions have at least N’ = 2 supersymmetry but at present we do
not have a proof.

Here we state these assumptions in a qualitative form. In the next section we make
these quantitative. These assumptions are made on the second order differential operators
that appear after one reduces the operators Dg, Dp to only the radial equation parametris-
ing the AdS direction. This reduction is made by expanding all the fields in an appropriate
basis. For example, it is the Fourier basis corresponding to the two S'’s for the case of
AdSQ x S 1

1. The matrix second order operator corresponding to the one loop bosonic determinant
reduces to a certain block diagonal form in a special gauge. The operators are Hermi-
tian and non-degenerate and have regular singularities at the origin of AdS and the
boundary. This last assumption enables a Forbenius series expansion of the solutions
at these points.

2. The matrix second order operator corresponding to the one loop fermionic determi-
nants also reduce to a certain block form. All the second derivatives occur only with
terms involving the ghosts. The operator is Hermitian. It is only certain compo-
nents of the block form that contain the dependence on « which parametrises the
background.

3. The bosonic operator and the fermionic operators are related to each other by factors
of Q2. This follows from supersymmetry. Therefore the fermionic solutions can be
found in terms of the bosonic ones.

4. The Greens function for the bosonic operator exists and this in turn implies the
Greens function for the fermionic operator can be constructed from that of the bosonic
Greens function.

Using these assumptions it can be shown that the variation in (1.1) reduces to a total
derivative. Therefore, the behaviour of the Greens functions as well as the second order
operators at the origin of AdS and at infinity determine the variation (1.1). The result for
the variation is given in equation (2.31). Then finally using assumptions of the behaviour
of certain components of the fermionic matrix operator at these points, the variation can
be evaluated.



Our main result is that we show that the variation of the one loop determinant given
in (1.1) is an integer times the variation of %ln(Qz). The integer is determined by the
difference between the number of allowed solutions to a first order differential equation
that occurs from the fermionic operator at the origin and at asymptotic infinity of the AdS.
The result is given in equation (2.47). Thus, the final result for the one loop determinant
resembles an index of an operator. We then identify this operator and show that the one
loop determinant is expressed in terms of index of this operator.

As we mentioned earlier we verify that these assumptions hold for the case of the
N = 2 vector as well as the chiral multiplet on AdSy x S'. We also show that normalisable
boundary conditions imply supersymmetric boundary conditions for the vector multiplet
provided L? > %. Here L is the ratio of the radius of AdSs to S'. For the chiral multiplet
of R-charge A the conditions that ensure normalisable boundary conditions are also su-
persymmetric is that there should be no integer n in the interval (%, %) was obtained
in [18].

We apply our results to N/ = 2 Chern Simons with Ny chiral multiplets in the fun-
damental and Ny anti-chiral multiplets in the fundamental and show that the partition
function of the theory with gauge group U(N.) at level k is identical to the theory with
the gauge group U(|k| + Ny — N.) at level —k and with the same matter content. That is
level-rank duality continues to hold when the theory is placed on AdS, x S!.

It is important to mention that our gauge fixing condition is a generalisation of the

covariant gauge condition which is given by

cosh? rV# (COS;Q Taﬁ) +0ar = 0. (1.2)
This gauge condition was first used in [17]. Here r is the radial coordinate in AdSs, [i refers
to the two coordinates on AdS, and t refers to the coordinate on S'. This gauge choice
ensures that the operators that occur the operators that occur in the analysis of the Greens
function of the bosons is block diagonal. We have seen that the results are independent of
gauge choice. We show in appendix C that for the bosonic U(1) Chern-Simons theory, the
partition function evaluated in a one parameter set of gauge conditions that interpolate
between the covariant gauge and the condition in (1.2) remains the same.

This paper is organised as follows. In section 2 we present the details of the assumptions
made on the properties of the quadratic operators that appear in localization of at least
N = 2 theories on AdS spaces. In section 2.3 we make further assumptions on the behaviour
of the terms in the fermionic kinetic term at the boundary of AdS and at the origin. We then
present our proof that under these assumptions the variation of the one loop determinant
is an integer times the variation of %ln(Q2) is given in section 2.3. In section 2.4, we
show that this integer is the index of a first order matrix differential operator appearing
in the fermionic kinetic term. In section 3 we introduce AN/ = 2 Chern Simons theory on
AdSy x S', the localizing term as well as the gauge fixing condition. We also determine
the behaviour of all fields at asymptotic infinity of AdSs so that they are all normalisable.
In section 3.3, we demonstrate that the general assumptions made on the properties of the
second operators that occur in evaluating one loop determinants in section hold for the case



of N' = 2 Chern-Simons theory on AdSy x S*. We also derive the conditions under which
normalizable boundary conditions are consistent with supersymmetry. Finally we obtain
the variation of the one loop determinant and demonstrate that it is an integer times the
variation of 1 In(Q?). We show that the result agrees with that obtained in [17]. In section 4
we apply our analysis to evaluate the supersymmetric partition function of U(N,) Chern-
Simons theory on AdSs x S' coupled with N chiral multiplets in the fundamental and
an equal number of chiral multiplets in the anti-fundamental. From the expression of the
partition function we demonstrate this theory obeys level-rank duality. Section 5 contains
our conclusions. Appendix A and B provide the details of the supersymmetic variations
as well as the equations of motion of all the fields about the localization background.
Appendix C contains the evaluation of the partition function of U(1) Chern-Simons theory
in a one parameter set of gauge conditions which interpolate between the covariant gauge
and the gauge in (1.2).

2 A general proof

In this section, we will present a general discussion about the one loop computations in
supersymmetric localization on a general manifold for vector and matter multiplets. Our
discussion will be based on the Green’s function method which was used in [18] to compute
the path integral of chiral multiplet on AdS,xS'. In the computation of path integral using
the supersymmetric localization technique, we need to compute the one loop determinant
of the operators about the localization background. In the Green’s function approach,
developed in [18], we computed the variation of the one loop determinant instead i.e.

% In Zy100p(a) = Tt [GF(;LDF(a)] _ %Tr’ [GB(;;DB(a)] , (2.1)
where Dp(«) and Dp(«) are fermionic and bosonic kinetic operator, respectively and Gp
and Gp are their Green’s functions. Also, « is some parameter which enters in both
bosonic and fermionic differential operator and the “Tr” in (2.1) is the space-time as well
as matrix trace over non zero modes. Typically, we choose this parameter to the one which
parametrises the localization background. The one loop determinant, up to a constant in
«, is then obtained by integrating the right hand side of (2.1) with respect to a.

The choice of the parameter « is arbitrary as it was shown in [18], the final result of the
one loop determinant is independent of the choice of the parameter with respect to which
we decide to vary the one loop determinant. Thus in this method, we need compute the
Green’s function of the differential operator which appears in the one loop computations.
One of the remarkable simplifications occur in this approach is that when the boundary
conditions of the fields are consistent with supersymmetry, the variation (2.1) is a total
derivative and contributions to one loop determinant comes from the boundary behaviour
of the solutions of equations of motion of all the fields in the chiral multiplet. We find
that this is quite generic feature of the supersymmetric localization and independent of
the multiplet and spaces i.e. if the boundary conditions of the fields are consistent with
supersymmetry, the variation is always a total derivative.



Our method presented below is quite generic and, in particular, very useful for the
localization computation in non compact spaces such as AdS space which also involve
imposing a boundary conditions. We start with stating the notation and the set up.

Set up.

1. In the vector multiplet fields, after integrating out the auxiliary fields as well as b
(BRST partner of the ghost ¢) ghost we are left with the vector field, scalar fields,
ghost field ¢ and fermions. We denote the bosonic fields by Xy and o, where o is the
scalar field which parametrises the localization manifold. The bosonic field X is a
(k + 1) component column vector. In the case of AdSy x S*, we have k + 1 = 3, Xg
consists of the gauge field ap,a;. Since the method always requires a scalar which
takes a non zero value on the localization manifold, the method is suitable for theories
with at least A/ = 2 supersymmetry.

2. The fermionic fields are grouped as Q@X¢ and (¢, X7). The fermionic field Q@X( and
X7 are (k+ 1) and k component column vector, respectively.

3. In the matter multiplet fields, after integrating out the auxiliary fields we are left
with scalar fields which we denote by X and the fermionic fields are decomposed as
QX and X;. We assume that the scalar fields in the matter multiplet do not acquire
non zero value on the localization manifold.

With this set up, our method of localization computations will be based on the following
assumptions:

Assumptions.

1. Fields are functions of a non periodic coordinate r. In particular, it is assumed that
we have done Kaluza Klein reduction in the rest of the coordinate and the Lagrangian
for each KK mode is a function in one variable r. We will take the range of r to
be from 0 to oo for convenience (precise interval is not important for most of the
presentation).

2. For the vector multiplet calculations, we need to add gauge fixing functional G(A) in
the path integral. We assume that the gauge fixing condition G(A) is such that after
eliminating auxiliaries and b, the bosonic equation for o decouples from the rest of
the bosonic fields X.® This choice is not necessary but it will simplify some of the
calculations. The bosonic equations can, therefore, be written as the matrix operator

Al (r 0
10( ) A0 <)§°> = M, <)§0> . (2.2)

For the matter multiplet case there is no second block corresponding to o.

3For the vector multiplet case we add the following gauge fixing term in the QV action: Qtr(&(G + £b))
where ¢ is a parameter. It turns out that in order to decouple the equations of motion of o field from rest
of the bosonic fields, one needs to add a Q-exact term to the localizing action of the form Q(tr(alc, G])),
where « is some constant (in general it is related to localization background), which can also be thought of
as redefining ¢ — ¢ + [a, c].



. We assume that M} is hermitian second order matrix differential operator:

02 d
My(r) = My (r) 5 + My () = + 2" () (2.3)

where Mb(2) (r), Mb(o) (r) and leo)(r) are (k+2) x (k+2) matrices and Mb(Z) (r) is non-
degenerate. It implies that A%(r) and A4(r) are hermitian and second order matrix
d?
el
At r =0 and u = e" = 0 (i.e. the two boundaries of the one-dimension problem)

differential operators and the coefficient of is non-degenerate for all r € (0,0).

and the operators A% and A% have regular singularities.

. For the fermionic fields the equations are:

All(T) A12(T) B(’I“) QXO QX()
Agl('l“) AQQ(T) 0 C = Mf(?") C . (2.4)
c(r)y 0 D)) \ Xi Xi

Here, generically, A11(r), A12(r), Ao1(r) and Ago(r) are (k+1) x (k+1), (k+1)x1,1x
(k+1) and 1 x 1 matrix differential operators, respectively. Similarly, B(r), C(r) and
D(r) are (k4 1) x k, k x (k+1) and k x k matrix differential operators, respectively.

. Mjy(r) is assumed to be Hermitian. In particular, this means that Ajq(r), A2a(r) and
D(r) are Hermitian while A(r)}, = A15(r) and B(r) = C(r)1.

. D(r) is purely algebraic and is invertible k x k matrix. Aq1(r), B(r) and C(r) involve
only first order differential operators. The only two derivative term in the localizing
action are the ones that involve ghost c. What this means is that A9y (r), A12(r) and
Ago(r) involve second order differential operators.

. Requiring that the action is supersymmetric implies that one can obtain the equations
of motions for fermionic fields from those of the bosonic fields upto a factor of Q2.
This implies that there exist a matrix first order differential operator F and its adjoint
E' such that

mAL(r) 0 0
M(r) = E(r) My (r)E(r) = 0 72d45(r) : (2.5)
0 0 D(r)

It is not very hard to find E(r) which does the above and is given by

1 0
E(r) = K f(r) 0 (2.6)
—-D(r)~tC(r) 0 1



and for this choice of E(r), the constants are v; = é and 72 = Q2. Here K is
a (k+ 1)-component row vector and f(r) is a scalar function which is independent of

the parameter . More explicitly, the relations are?
Apa(r) = =K Aoy (r), Agq(r) = —Aga(r)K
Au1(r) =K' Ao (r) K=B(r)D(r) "' C(r) = m AL (r), Fr) Aga(r) f(r) = 72A5(r) . (2.7)

8. The Greens fn for A? exists. This means that A% has no zero modes. The differential
operator Ag can have zero modes. Typically, these correspond to the variation of the
saddle point, which happens only for modes that are constant along space orthogonal
to AdSs2 and for which we already have collective coordinate integration. This case
will be discussed separately.

2.1 Green’s function

In this section, we will construct the Green’s function for both the fermionic and bosonic
kinetic operators and discuss the relation between the two. We will find that the fermionic
Green’s function can always be constructed from the bosonic Green’s function provided
their boundary conditions agree with supersymmetry.

We start with the bosonic Green’s function. The bosonic Green’s function satisfies the
equation

My(r)Gy(r,7") = 6(r, ") Ijyo . (2.8)

Here Iy 9 is (k+2)-dimensional identity matrix. In general, the differential operator Mjy(r)

could have zero modes. Since, in the path integral we integrate over only non zero modes,

therefore, we are interested in computing only the Green’s function for the non zero modes.
Let the solution for the Green’s function equation for r» < 7’ be

iy — (00 ) (2.9)
0 Gao(r,r")
and for r > r’ be
G (r,r') = Glrr) 0 (2.10)
b 0 Gy '

Furthermore, Gy (r, ') is smooth at r = 0 and satisfy the allowed boundary conditions at
' = oo while G} (r,7') is smooth at r’ = 0 and satisfy the allowed boundary conditions at
r = oo. It is important to note that these boundary conditions on the Green’s function are
exactly the same boundary condition which impose on the bosonic fields.

4The similarity transformations (2.5) are obtained by following supersymmetry which implies that the
equations of motion for Xy and QXo are identical upto a factor of Q2. Similarly, the equation of motion
for the ghost field c is also related to o. This relations follows because Qc = f(r)o + k- Xo where k is some
vector which is usually related to the killing vector. If we define the field ¢’ as ¢ = f(r)™" (c — ék . QXO),

then we see that supersymmetry implies the equation of motion for ¢’ is identical to that of o upto a factor

of Q2.



Since, My(r) is a 2nd order differential operator, these Green’s function also satisfy
the continuity/discontinuity relations:

}/iinr(Gl? (r,r") = Gy (r,r")) =0, (2.11)
Tim 9,(Gy (r,7') = G (r, 1) = (M2 () 7" (2.12)

Next, we will determine the fermionic Green’s function. The Green’s function equation for
fermionic operator is
My (r)Gy(r,r') = 6(r,r") Iogso. (2.13)

Now, following our assumption (6), the fermionic Green’s function can be obtained from
the bosonic Green’s function i.e. for » < r/, the fermionic Green’s function is

G5 (r,r') = E(r)G=(r,”)E'(r') = E(r) 0 LGy(rr') 0 | BT, (214)
and for r > 1’/
G? (r,7') = E(r)G” (r,rYET (') = E(r) 0 1 612(7”: ) 0 Et(r"). (2.15)

Here, it is worth to mention couple of points. Firstly, the bosonic Green’s function
G2 and 5’12 are such that the fermionic Green’s function G7 (r,7') and G7 (r,r") satisfy
the required boundary conditions as a function of both the argument r and r’. Therefore,
in general 51,2 and é’m are different than G2 and G’LQ, respectively. In particular, it

satisfies
It 100
M(r)G(r,r") =) [ 0 10] - (2.16)
0 00

Now, when the boundary conditions are consistent with supersymmetry then one can see
that given an admissible bosonic solution one can construct an admissible fermionic solution
and vice versa. Thus, for the supersymmetric boundary conditions we have Gy 2(r,7’) =
Gi.o(r,7') and G o(r,1") = ~’172(r, r’). The argument for this is as follows.

Let us suppose that s, which is a (k + 2)-vector, is a solution of the bosonic equation
Mys = 0. Now, consider the (2k + 2) dimensional vector sy = E3 where 5 = (g),
where 0 is a k dimesnional zero. Then it follows that Mys; = (ENY~1M35 = 0. So for
every bosonic solution s* we have the corresponding fermionic solution 87} = B35 Of
course, it goes other way also: for every fermionic solution séc, PE_ls}7 where P is the
projector that projects to the first (k + 2) components, will be a bosonic solution. By



supersymmetric boundary condition, it is meant that for every acceptable bosonic solution
the corresponding fermionic solution is also acceptable (and of course this implies the other
way also). Now, let us consider Gy (r,r’). Near r = oo this will be linear combinations of
bosonic solutions that are acceptable at r = oo. Then, G7(r,1') = E(r)Gy (r, rET(r).
As a function of r and 7’ this will be linear combinations of fermionic solutions of My
and its conjugate, respectively. If boundary condition are supersymmetric then it is clear
G?(r, r’) will be the correct fermionic Green’s function. If the boundary conditions are
not supersymmetric then it must be that there is some bosonic solution, say sé, which is
not acceptable at » = oo but the corresponding fermionic solution s} is acceptable. So in
G7(r,r") = E(r)Gy (r, r)ET(r') one will have to start with a “bosonic Greens function”
which as a function of 7 involves s}) in order to get acceptable fermionic Green’s function.
However, the acceptable bosonic Green’s function will be different as it should not involve
sp as a function of r.

Secondly, note that E(r) and Ef(r) are differential operators. So, in the definition
of Gy above the E(r) appearing on the left is a differential operator that acts on the
argument r of Gy o(r,7’) and 6’172, while ET(r') appearing on the right is a differential
operator in variable 1/ and acts on the argument ’ of Gy 5(r, ') and 6’172(7“, r') (with & —
—%). One can see this as follows:

We start with the inhomogeneous equation

QXo hy
M| e | =n|. (2.17)
¢ h3

Then we want to show that the solution of the above equation is

QXo(r) ha(r') ha(r')
e(r) :/,> dr’G?(r,r/) ha (1) +/,< dT‘/G?(T‘,’F/) ho(r') | (2.18)
Xi(r) h3(r') h3(r')

with the functions G? (r,r") and G? (r,7") given in (2.14) and (2.15), respectively. To prove
this we first integrate % appearing in E in G? and GJ? by parts. We get two contributions:

1) The boundary term

h1(’/‘) 0
El(r)(aré’;(ra7”/)|T’:r—*aré?(7’a7’/)|W:r+)EI(T) hao(r) | = 0 )
ha(r) L D10y (A)®) 1 CID hs(r)
0
| o |, (2.19)
D_1h3(7”)

where in the first equality we have used the discontinuity relation (2.12) and Al{@) (r)
is the matrix coefficient of the second order differential operator A%(r). In the second

,10,



equality we use the fact that the first order derivative in E(r) and E(r)! appears only
in the off-diagonal blocks involving C(r) and C(r)! where

C(r) = Cl(r)di'i +Co(r), and C(r)f = —%Cl(T)T + Co(r)t. (2.20)

The second equality in (2.19) can be argued as follows. C and K are k x (k + 1)
matrix and 1 x (k + 1) matrices. We can define a k& dimensional space V; and a
one-dimensional space V5 which satisfy the conditions:

KVi=0, CVa=0. (2.21)

The fact that V5 is one- dimensional follows from the non-degeneracy of coefficient of
the second derivative term in A; namely 'ylAgz) = —KTA%)K + C’IDilCl. Now we
can choose a basis for (k + 1) dimensional space (represented as (k + 1) dimesnional
row vector) such that the first V; occupies the first k elements while V5 the last
element. Then the C1 = (¢1 0) where ¢; is a non-degenerate (k x k) matrix and 0
is the k& dimensional null vector. Furthermore K is a (k 4 1) dimensional row vector
with the first k£ elements being zero. It follows that 71A§2)|V2 = —-K TA%?K and
71A§2)|V1 = c];D_lcl. The last equality implies that (ylAgQ))_lh/l = CIID(CJ{)_l.
Thus in this basis we have:

L0y (a®)10ipt = Lot (APt Dt

m g

=D, (2.22)

which proves (2.19). Applying M on (2.19) gives:

CtD-1h3
0 ) (2.23)
h3(r)

The bulk term
This is the same as (2.18) except that ET appeaing Gy and G} act now to the
right i.e. on the source. The bulk term can be rewritten as

ha(r')
E(r) ( / />,~ dr' G=<(r,7") + / > dr’é’>(r,r’)> Et(r") h:(w) . (2.24)
h3(r")

This is so because the boundary term that appears in pulling the differential operator
E outside the integral vanishes due the discontinuity relation (2.12).

Now, let us apply M(r) = (ET(r))" M (r)E(r)~! on the bulk term (2.24). First
of all E(r)~! removes E(r) in (2.24). The action of the operator M on G<(r,r') and
é>(r, r’) vanishes since r # /. So, the only possible contribution can come when
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one of the derivatives d% in M acts on the limits of the integrations. Using the

discontinuity relations (2.12) one can show that this results in

100 ha(r) hi(r) — CTD=h3(r)
(EN"Ylo10]| EN(r) | ha(r) | = ha (r) , (2.25)
000 hs(r) 0

where we have used the explicit form of (ET)™!

1 —f UKt ctp-!
(EN'=1o pui 0 : (2.26)
0 0 1

Adding the two contributions (2.23) and (2.25), one finds that M acting on the
proposed solution (2.18) indeed reproduces the source.

2.2 Variation of one loop determinant

Now one can compute the variation of the one loop determinant (2.1) with respect to «
1 > . < / < /
Sl Zigoop(a) = = [ dr lim tr(éaMf(r)Gf (r,7') — S My(r) G (r, 7 )). (2.27)
2 0 r'—r4

)

Here “tr” is just the matrix trace and d, = 5. In the above, we have taken the limit

r" — ry. Had we taken the limit " — r_ the fermionic and bosonic Greens functions will
be replaced by G]? and G}, respectively but we will see later that the final result does not
change. The fermionic part of the variation after using the form of M; and Gy and some
algebra, is
tr(0a My (r)GF (r,1")) = tr Wi (G0 A1 (G (1,7") =80 (K Ao (1) K) G (77)
1
~3aB(r)D~1(r)C(r)G1 (r,1")=0,C(r)G1 (r,r")CT () D7 (1)
+3aD(r) D~} (1)C(r) G (r, ) CT () D))
1 _
+tr %%(AzQ(T))f(T‘)Gz(T, OVUCOP
= tr (a AV ()G (ry 1)+ ()80 AG (1) G (1) 1))

+tr % (B(r)da(D_l(r)C(r))él (r,7")=0oC(r)G1(r,7)CT (') D~ (')

+5aD(r)D_1(r)C(r)él(r, et (r')D_l(r’)> ) (2.28)

In the above we have used the relations (2.7) and also the fact that G1(r,r") and Ga(r, ")
are Green’s function for the kinetic operators A%(r) and A4(r), respectively. Thus, the
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fermionic contributions to the variation (2.27) is

lim tr(5o My (r)Gs(r,r")) = tr (5aAg(r)éz(r,r) + 6,45 (r) G (r, r))

r/—r4

i f(r ()G (r,r
Hur (CH)sa(D )CE)EGA ()

—5a(DHF)C() G (r, r)CT(r)) . (2.29)

Now, we see that the first two terms in the above equation cancel the bosonic variation
if and only if the boundary conditions are consistent with supersymmetry i.e. when the
fermionic Green’s function is contructed from the bosonic Green’s function (2.9) and (2.10).
In this case, we are finally left with

1 [ 1
Saln Zuoop() = 5 | dror_ (CTa(DTIO)GA(r,1) = 8a(DT1C)G(r,r)CT )
0

(2.30)

where the differential operators C' and CT appearing on the left and right of G; act on
respectively the first and second arguments of G;. We can now move the operator Cf
appearing on the right of G in the second term of (2.30) to the left of G by using
cyclicity of matrix trace as well as an integration by part. This results in a bulk term
which cancels with the first term and a boundary term. Thus, the variation of the one loop
determinant becomes

1 1 7—00
do I Z1160p () = —itr—(CI(T)5Q(D_1(T)C(T))G1 (r,m) . (2.31)
Y1 r—0

Note that the operator C(r) acts only on the first argument of the Green’s function. Thus,
we find that if the fermionic Green’s function are related to the bosonic Green’s function
as in (2.14) and (2.15), the variation of the one loop determinant receives contribution only
from the boundary. Moreover, to evaluate the boundary term, we just need to know the
bosonic Green’s function Gy(r,r’). This is one of the most important results of our paper.
Now, if it turns out that the C' is independent of o (as we will see in the examples of
AdSyxS!) or its a dependence is subleading near each boundary (we have also observed this
in other examples [20]), then from (2.7) we see that D~! = v, Dy !, where Dy is independent

of a (at least near each boundary). Using the relation 711 = Q% we then conclude that

1 9 t 1 r—00
do In Z1j00p () = 5(504 InQ*)Tr(C{ D, " C)G1(r,7) P (2.32)
The above result (2.32) we arrived at by taking the limit " — r*. If we had taken the
other limit 7 — r—, we would end up with the same expression as above but with Gy
replaced by G|. The difference between the variations will be

%(% In Q) Tr(CI Dy C) (G (r ) — G| (2.33)

r—0

,13,



Using the discontinuity relation of the Green’s function, we find that the above difference
becomes
1 r—00 r—00

1 2 f -1 1 2 _
2(5a In Q) Tr(C D, Cl)A?)(r) = 2(5a In Q*)Try, I, = 0. (2.34)

In the above I is a k x k identity matrix. Thus, it is reassuring that the result does not
depend on the way one takes the limit r’ — r.

It will be interesting to investigate the cases where the o dependence in C' is not
subleading and its implications on the Green’s function method presented above.

2.3 Calculation of the boundary terms

Now, we will evaluate the boundary terms (2.31). The boundary term is given in terms of
the Green’s function of the differential operator A% which is a (k+1) x (k+1) matrix second
order differential operator. We have stated earlier, as a part of our assumptions (2.7), that
the Al{ can be expressed in terms of the fermionic operator as A1; — KA K — BD™1C.
This is one of the consequences of supersymmetry. Furthermore, the second order derivative
term in All’ comes from KTAs K and BD~1C. While the former has rank 1 the latter has
rank k. In order to simplify the computations, we can decompose the (k + 1) dimensional
space in terms of a k dimensional space V; and a one-dimensional space V5 as in (2.21).
This means that second derivative part of KTAy»K in A’{ acts only on V5 and that of
BD~'C, namely BiD~'C} acts only on V;. Of course the first order derivative and non-
derivative pieces contained in A; and BD~'C will in general act on both V; and Vs and
therefore, the operator Al{ will mix these two spaces through lower order derivative terms.
To evaluate the boundary term (2.31) we will make the following assumptions.

1. The leading behaviour of the solutions of A% near the boundaries, i.e. near r = 0
and 7 = oo, is determined by K t Ay K on V, and by BD~'C restricted to V. This
means that the first order derivative and non-derivative pieces contained in Ajq,
Agy and BD7'C that mix V; and V5 only contribute to subleading orders. We
have checked in all the examples we have studied, assumption holds. In fact, our
preliminary calculations also indicate that the assumption follows from the general
positive definite localising action of the form S ~ \I/(Q\II)T. Therefore, to compute
the boundary term (2.31) or (2.32), we only need to study the action of BD~'C and
the Green’s function, G (r, "), restricted to the vector space Vj. That is, the leading
contribution to the boundary term comes from the space of solutions of BD~1C (now
viewed as (k x k) matrix operator) on V.

2. The Greens fn for A% exists. This, taking into account assumption (1), implies that
of the 2k solutions of BD~'C on V; near the boundary at least k solutions satisfy
the boundary conditions. Similarly, it implies that of the 2 solutions of KTA»K on
V5 at least one solution satisfies the boundary condition.
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3. Al{ has no zero modes.’> This means that there are precisely k solutions to BD~'C on
V; and 1 solution of KTA5 K on Vs that are allowed near each of the boundaries and
that none of the allowed k solutions near one boundary, when analytically continued
to the other boundary satisfies the corresponding boundary condition.

In the following, by a slight abuse of notation, we will denote by C and B(= CT) their
restrictions to Vj i.e. they will be represented (by a suitable change of basis) as (k x k)
matrix operators, unless stated explicitly otherwise. Similarly, we will denote the Green’s
function of A% restricted to Vi by Gy(r,7’) for r < v’ and Gy (r,7') for r > r’ and both will
be a k x k matrix.

Now, the assumption (1) could have been relaxed. Of course even if this assumption is
not valid in some cases, one can carry out the boundary analysis of the Green’s functions
and compute the boundary term in the o variation above in each case separately, but this
assumption will allow us to obtain a general formula for the boundary term and relate it
to the index of the differential operator C'.

We begin with 2k linearly independent solutions of A% (now viewed as (k x k) matrix
operator) on V;. Let us denote by S a (k x 2k) matrix where the 2k columns label the 2k
different solutions and let 1 be a diagonal (2k x 2k) matrix with entries —1 for the allowed
solutions and +1 for the ones that are not allowed. From the assumptions (2) and (3),
there are k solutions each with +1 and —1 eigenvalues of 5. Thus, £(1 — ) and (1 +7)
are projections operator which will project the solutions matrix S into the acceptable and
non-acceptable solutions near each boundary. Furthermore, the leading behaviour of the
solution S agrees with the leading behaviour of the solution of BD~!C restricted on V;.
We define the Green’s function to be

Gi(r,r') = %S(T)(l —-n)X (1), for r <7,
/ / 1 / /
G (') = (25(7«)<1 +n) + - ) X(r'y, for r>r". (2.35)

Here X (') is an unknown (2k x k) matrix such that (1 —n)X (r) is admissible at the other
boundary i.e. at » — oo and (1 + )X (1) satisfy the allowed boundary condition at the
first boundary i.e. at » = 0. The dots in the second equation above denote combinations
of allowed solutions i.e. of the form Y13S(r)(1 — n)Ya(1 + n) where Yjand Y5 are some
constant (i.e. independent of r) matrices. Y7 and Y5 are determined by requiring that the
combination (15(r) +Y135(r)(1 —n)Y2) (1 + n) are the analytic continuation of allowed
solutions near the other boundary. However these dotted terms will be subleading and
therefore not be relevant for us and we will drop them in the following. What is important,
however, is that the k linearly independent solutions that are admissible at the other
boundary, let say at r = 0, when analytically continued to r = oo, span the k dimensional
space 35(r)(1+n) (of inadmissible solutions) near the first boundary, as is implied by the
assumption (3) of the non-existence of zero modes for A®.

> A% can have zero mode corresponding to the variation of the saddle point, which happens only for
modes that are constant along space orthogonal to AdS> and for which we already have collective coordinate
integration. This case will be discussed separately.
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Next, we determine X (). When r # ' both G and G are annihilated by A%, The
continuity /discontinuity relations for the Greens function near r = r/ are:
Gll(ra ’l“) - Gl(rv 7") =0,
lim B1 Dy C10-(G (1,1 |pr=p—e — G1(r, 1) |pr=pic) = 1. (2.36)
Here 1 is a k x k identity matrix. Note that in the second line we have used the fact that

second order differential operator Ass in Al{ does not play a role on the solution in vector
space V7. Using the continuity equation, the discontinuity equation can also be written as

lim B1Dy C(G (ry 17! [ prmp—e — G (7,7 )| pr=pge) = 1. (2.37)
€E—

Using the expressions for the Green’s function given in (2.35), we write the two equations
in (2.36) as a matrix equation for X (r)

W(r)nX(r) = (2) : (2.38)

where

S(r) s(r) 8(r)

W= = . (2.39)
B1D;'CS(r) B1Dy*Cs(r) BiDy'C5(r)
In the above we have split k x 2k matrix S as S = (s(r) 3(r)), where s(r) = {s'(r)} and
5(r) = {8'(r)}, for i = 1,...,k are solutions of A%. Thus we obtain
(o
X(r)y=nW e (2.40)

Note that the inverse of W exist because the determinant of W is determinant of By D, e
times the Wronskian and hence non-zero because of our assumptions. Since to evaluate the
boundary term (2.32), we just need to know the asymptotic form of the Green’s function,
we therefore, only require the asymptotic form of X (r) at each boundary. To begin with
we first consider the analysis near the boundary i.e. r = 0. Without loss of generality, we
can assume that the set of solutions {s’(r)}, for i = 1,...,k belong to the kernel of C' near

r = 0. In this case near r = 0, we have
s —s713 BlD_lCé r))~!
lim W1 = (BB C5(r) (2.41)
r=0 0 (B1Dy'C3(r)) 7!

where we have used the fact that By Dy'Cs(r) = 0. In this case near the boundary r = 0,
the solution (2.40) becomes

s7Yr) —sY(r)3(r) (B D C5(r)) !
X(r) = my (r) (r)s(r)(B1D, " C5(r)) <0>7

0 (B1Dy ' C5(r)) ™ 1

—s71(r)3(r “Los(r)!
. (r)3(r)(B1Dg ~C'5(r)) | (2.42)
(B1Dg 'C5(r)) ™"
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where with this ordering of the solutions in S(r), so that first & column belongs to the
Kernel of C near r = 0, the corresponding projector is 7. Using the above equation we
can obtain the Green’s function for » < r’ near the boundary » = v’ = 0 as
=1/ Ng(! —1 vz —1
1 _ —s—(r)s(r")(B1Dy Cs(r'))
Gr(ryr') = =3 (s(r) 5()) (1= mo) o L (243)
(B1Dg C3(r")) 7!
Now, we can compute the boundary term at » = 0 by using (2.32) and the expression
for G(r,r’) from (2.35) and (2.43) and the result is

i 57 ()3(r)(B1 D O3(r)) !
}i_l:[})TI‘(BlDalCG1(T, T,)‘TI_W) = —%TI‘ <0 BlD()_ng(r)) (1—17) s

(BiDy *C3(r)) "
B _%Tr ) (0 —5_1(7“)5(7“))] |
i 0 1

= —(k—1). (2.44)

where £ is the number of admissible solutions at » = 0 that are in the Kernel of C.

We can repeat the same analysis at » = oco. The difference now is that for r > 7’
the Green’s function must involve solutions that are admissible near r = oo. Let the
corresponding projector be 3(1 — 7). Then we have the Green’s function as in (2.35)
with n = —n. We can repeat the above analysis except that we assume that our set of
solutions to S(r) = (s'(r) §(r)) such that the first k£ column belongs to the Kernel of C

near 7 = oo. Following the same steps as above, we get the contribution to the boundary

(14 1.0) (0 —sl(r)§(7")>]
0 1

=, (2.45)

term near r = oo

1
——Tr
2

where ¢’ is the number of admissible solutions in the set {s'(r)} at r = oo that are in the
Kernel of C. Note in the above we have used the fact that the first k x k block of 1(1+7.)
has ¢’ zeros.

Taking the difference between the contribution at r = oo and at » = 0 one ends up

with the simple result
r—00

BT = Tr(C{ D5 'C)G: (7, 7) —(k—0-1). (2.46)

r—0
Finally combining (2.46) and (2.32) we obtain our main result

1
010 Z1100p (@) = (3 In Qk—t—1). (2.47)
Here we again recall the various integers that occur in this expression.

1. k+ 1 is the integer that defines dimension of the bosonic space Xj.

2. 4,0 are the number of admissible solutions of the first order equations Cs(r) = 0 at
the origin and at asymptotic infinity of AdS, respectively.
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Note that the above result (2.47) is obtained for each Kaluza Klein mode. Therefore, to
obtain the complete contribution to the variation of the one loop determinant we need to
sum over KK modes labelled by 72

1
daln Zi555,(0) = 5 D (G Q) (k — bz — L) (2.48)

n
2.4 Connection to index of the operator C

In this section we will show that the result of the boundary term (2.46) is an index of the
first order differential operator C = C'y,. To show this we start with the fact that the oper-

ator Ab(r) . whose one loop determinant we are interested in to compute, asymptotically
1

approaches CT D~1C. Therefore, a solution of the operator All’ (r) . s = 0 near each bound-
1

ary either belong to the solution space S(C) of the operator C or the solutions space S(CT) of

CT which is a subset of the image of the operator C. We start with the solution space S(C).

A solution in S(C) has asymptotic behaviour 77 and €’ near » — 0 and r — 0o, respec-

tively. Let this set be I'(C) = {y1,...,v} and T'(C) = {41, ...,%}. The rest k solutions of

Ab(r) v correspond to the set S(CT), the space of solution of CT, and the corresponding set
1

of the asymptotic behaviour be I'(CT) = {17, ...,7;} and reh = {31, ... 5} Now given
these sets near each boundary the differential operators C and C' can be diagonalised. Near
r — 0 differential operators C and C can be brought to the form®

- d 1 diag. T d 1 tdiag.

and near r — oo differential operators C and C' can be brought to the form

d : d .
C=1I—+Ci, Cl=—I,— +cide. 2.50
har TG kgr T (2:50)
Here C3 28 (CI98) and €2 (C1812%) are constant k x k matrices with diagonal entries given
by I(C) ((C1)) and T'(C) (I'(CT)), respectively.
Next, we consider an operator C'(C'T) which is continuously connected to C(CT) and is
defined globally for every value of r. This operator has the form

' = Ikd% +Cy(r), C'T= —Ikd% +Cli(r). (2.51)
The non derivative term Cj, (C(;T) is such that the operator C'(C'") is a k x k diagonal first
order differential operator for every value of r and near the boundary it approaches the
asymptotic form (2.49) and (2.50) of the differential operator C(CT). Thus, C'(C't) is an
interpolating operator between the asymptotic (2.49) and (2.50). Since the operator C’ is
continuously connected to the operator C, we expect that the index of C’' to be same as
that of the operator C.

®Note that one can always put the operator C and C' of the form (2.49) and (2.50) without the non
derivative term being diagonal.
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Now we will compute the index of the operator C'. Let S(C’) be the space of solutions
of matrix differential operator C’. Since C’ is a k x k first order matrix differential operator,
we expect the dimension for the space of solutions to be dim S(C’) = k. We consider two
spaces, S1(C") € S(C') and S2(C") € S(C’), where S1(C’) are the set of solutions which
are smooth near r = 0 and S3(C’) are the set of solutions which are admissible near
r = oo. Since, operators C and C’ have the same asymptotic, therefore, they have the same
dimension of the space of admissible solution. Thus, dim S;(C’) = ¢ and dim S2(C") = ¢'.
Let the space of Kernel of €’ is Ker(C’) and its dimension is s. The space Ker(C") C S(C’)
is the space of solutions which are smooth near » = 0 as well as admissible near r = co.
Clearly, Ker(C') = S1(C")NS2(C"). Furthermore, we expect that there are solutions € S(C’)
which are neither smooth near » = 0 nor admissible near » = co. These solutions belong

to the space S(C') = S(C')/S1(C") U S3(C') and the dimension of this space is
dimS(C) =k -0 -0 +s=k—{—{ + dimKer(C'). (2.52)

Next, we argue that for every solution belonging to S (C'), 3 a solution belonging to Ker(C'T).
In particular, given a solution in S(C’) which is neither smooth near » = 0 nor admissible
near r = oo, the existence of Green’s function of A%(r) requires that there exist a solution
belonging to the Kernel of C' which is smooth near » = 0 and admissible near r = oo.
Thus

dim Ker(C'") — dimKer(C') =k — £ — ' (2.53)

The argument goes as follows: let us consider a solution s; € S (C") which has asymptotic
determined by ; € I'(C) and 4; € I'(C) near r = 0 and r = oo, respectively. Both ~; and
4; correspond to non admissible behaviour. Now we require that near each boundary the
Green’s function of A} (7")"/1 exists. Since, A (T)‘Vl asymptote to CtD~1C, it implies that

for every such ; € T'(C) at r = 0 there is 7} € '(C") and for every such 4; € T'(C) at r = oo
these is 7 € f(CT), where v and 4 give rise admissible asymptotic behaviour. Since c't
asymptote to C' near each boundary, this implies that there exist a solution 5; of C'T which
has the asymptotic behaviour determined by «;" and 4; and is acceptable at both ends. Thus
it belongs to the kernel of c't. Furthermore, using the inner product (vi,ve) = [ dr U}ng,
one sees that the space Ker C'T is isomorphic to the space Coker C’. Thus

ind(C") = dim Coker(C') — dimKer(C") =k — ¢ — ¢ (2.54)
Since C’ is continuously related to C,
ind(C)=k—¢—1. (2.55)

Thus, the boundary term (2.46) is the index of the operator C = Cly;.

3 Chern-Simons theory on AdS, X S': Greens function approach

In this section, we revisit the analysis presented in [17]. In [17], we computed the partition
function of a non abelian bosonic Chern Simons theory on the metric background

ds* = dr? 4+ L*(dr? + sinh? r d6?) (3.1)
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where L is some constant, using the supersymmetric localization. This is possible because
of the following reason: the supersymmetric completion of a bosonic Chern-Simons action is

9 ) .
Scs = /d3z\/§Tr [iguup (a,ﬂyap — ?)Zaﬂa,,ap> — A+ ;Ha] . (3.2)

Here e*? = ige‘“’p, € = 1. Also, in order to construct supersymmetric action, we
have used the vector multiplet in A/ = 2 theory in Euclidean signature which contains an
imaginary scalar o, gauge field a,, an auxiliary scalar field H which is also imaginary and
2 component complex fermions A and A. Now, we note that the fermions and scalars in the
vector multiplet are purely auxiliary fields as they do not have kinetic terms and therefore,
one can integrate them out. Thus the supersymmetric Chern-Simons theory is equivalent
to a bosonic Chern-Simons theory.

The analysis in [17] was based on index computation which relies on the boundary
conditions being consistent with supersymmetry. These consist of normalizable bound-
ary conditions on the gauge field and non normalizable boundary conditions on fermions
following from supersymmetry transformations. We find that the one loop determinant
evaluated using the index calculations is given as

Zioop(@) =] [TIn=ip- ) [T (% ip-a). (3.3)

p n#£0 p#0

We will reproduce the above answer in the Green’s function approach with normalizable
boundary conditions on all fields, including fermions, and find that the above result holds
true as long as L? > %. It would be interesting to understand the significance of the rational
number %.

3.1 Q-exact deformation and gauge fixing

Next, we deform the action (3.2) by a Q-exact term, t QVio.. We express the QVioc in terms
fermion bilinear (¥, ¥,,) instead of (A, A\) which are defined as

. ~ 1 -
U= %(a +eN), W= Qsa, = SR+ EpA) . (3.4)

The fermion bi-linears are convenient for the evaluation of the index. The inverse of the
above relations expresses (A, A) in terms of ¥, ¥,, as

E

€€

<1
A= = [y, —ieW], A= — [y1el, —iel] . (3.5)
€e

The supersymmetry transformation of the bi-linears are

1, i 1
Q¥ = Z(ee)H —5 (ev"e) Fp — EO‘,
Q.,, = Lia, + DyA, (3.6)

where A = éeoc — K*a,,. One convenient choice of Vi, is given by

Viee = / Bz\/g (ei)? Tr [\IJ“(QS\IIM)T FU(Q.)] . (3.7)
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The bosonic part of the QVj,. action is given by

Qs‘/loc{bosonic} - /dgx\[g2(€}6)g Tr [(QS\PM)(QS\I/“)T + (QS\P>(QS\P>T:| )

1 1
EFWFW - mDu(cosh ro)DH(coshro)

1 - 4o 2.
32 Lcoshr

For a gauge group G with rank r, the minimum of the QsVioc{bosonic} 1S parametrized by r

= / d*xy/g Tr

(3.8)

real parameters as
1e} div
y H=———a.
coshr L cosh” r

a, =0, o= (3.9)

Here « is a real constant matrix valued in Lie algebra of the gauge group. Furthermore,
on this localization background the gauge transformation parameter in supersymmetry
algebra reduces to a constant, A©) = ia.

Next, we need to introduce the gauge fixing Lagrangian. In our case it turns out that
the Green’s function analysis becomes simpler for the gauge fixing Lagrangian

Ly =TrQ |i(¢ cosh?r + 2[a, )V, ( 112 a“) +§Eb} : (3.10)
cosh® r

where Q = Qs + @p and @Qp is the BRST transformation. Below we will define the action
of the supersymmetry transformations and BRST transformations on all the fields.

Note that the above gauge fixing Lagrangian is different than the one used in [17]. As
we will see below, the above choice of the gauge fixing Lagrangian decouples the equations
of motion for the fluctuations of the scalar field o with the gauge field fluctuations.

The complete action including the gauge fixing Lagrangian is invariant under BRST
transformations on the fields which are given by

Qpay = Dyc, Qpc = b, Qpc= %{07 c}, Qe =i{c,\},
QX = i{c, A}, Qpé = ilc, 6], QpH =ilc, H], Qpb=0. (3.11)

Here a,, 6 and H are fluctuations away from localizing.

We also define the susy transformations for extra fields
Qic=—-A+AO Qpb=rLge+iA0d, Q.=0, (3.12)
such that the combined transformations generated by Q = Qs + Qp satisfy the algebra
O? = L + 8ee transt. (3.13)

A0)
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To summarize, the complete transformations of fields under Q are given by

Qa, =V, + D,c, Q6 = Qs0 +ilc,d],
1 N ) 1
QU, = Lxa, + DA +i{c, U}, QU = S (é)H — % (&Y€) Fyu(a) = & + i{e, 0},
Qc=—A+AO 4 %{c, e}, Qé=b. (3.14)

At this point it is worth to mention a point which will be important in the later analysis.
In our {-gauge, we see from the ghost Lagrangian involving fields (¢, b)

1 1
Lz =Tr [ibcosh2 Vv, ( 5 au) —€b? titcosh? 1V, ( ! 8“0) e LRE A, )]
7 cosh” r cosh” r
(3.15)

that if we choose

ﬁ —/
5, b= 2

cosh”r cosh”r

c=

(3.16)

where i and i’ are gauge Lie algebra valued constant, then this mode decouples from the
rest of the fields in the theory. The quadratic terms involving b and ¢ only gives a mass
terms for this mode which is proportional to £. In fact, in £ = 0 limit these are zero modes.
We will keep & non zero for our convenience, however, we will subtract the contribution of
this mode in the later calculation.

3.2 Boundary conditions

In this section we will discuss the boundary conditions on the fields present in the the-
ory. This is essential when we define a quantum field theory on spaces with boundary.
These boundary conditions set the value of the field at the boundary. In fact different
boundary conditions define different quantum field theory. However, in the present case
we are considering spaces which are of non compact type such as AdS. In this case the
boundary conditions are much more reacher. AdS space being an open space, one needs to
impose conditions on the asymptotic behaviour of fields. Typically, these asymptotic fall
off conditions on fields are motivated by preserving certain aspect of the theory such as
preserving certain symmetry, normalizability and the ones motivated from the AdS/CFT
correspondence. Here, we follow normalizability as the criteria on the fall off conditions
i.e. we require that fluctuations of all the fields present in the theory on AdS space should
fall off asymptotically in a manner such that they are L?-normalizable. Assuming this
condition we find that for the bosonic fields in the vector multiplet, the fields should fall
off asymptotically to satisfy

ea; =0, €%a, — 0, e %ag =0, ¢*c—0. (3.17)

Here a, and o are Lie algebra valued gauge field and scalar field, respectively. Similarly,
requiring that the gaugino fields, A and A, are normalizable implies that

U, -0, ¥,—0, e"0y—0, and ¥ —0. (3.18)
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Next, we want to define the boundary conditions on the ghost system. The ghost system
consists of two grassmann odd scalar ¢, ¢ and the Lagrange multiplier field b. The nor-
malizable boundary condition on the Lagrange multiplier b implies that the fluctuations
should statisfy ¢”/2b — 0. The boundary condition on the ghost field ¢ is chosen to be the
same as in [17] i.e.

c— f(O)+e 2RO, 7). ... (3.19)
This was motivated from the fact that c is a gauge transformation parameter and we allow
fluctuations of ¢ which does not change the boundary conditions on the gauge field. Once
we have chosen the boundary conditions on the field ¢, the boundary condition on the
ghost ¢ is fixed by requiring that

/d2x gcc <oo. (3.20)

This requires that the field ¢ should satisfy " ¢ — 0, i.e. it falls faster than e™". Later on,
we will see that these boundary condition on ¢ and ¢ are essential in order to construct
their Green’s function.

3.3 Equations of motions and the Greens function

As we explained earlier, the variation of the one loop determinant is given by the product
of the variation of the differential operator and its Green’s function. The differential
operator appears at the quadratic order in the fluctuations in the QV action. The Green’s
function can be explicitly constructed out of the solutions of the equations of motions of
the differential operator. However, in the supersymmetric case to evaluate the variation of
the one loop determinant, we do not need the explicit form of these solutions rather only
their asymptotic behaviour, which is a considerable simplifications. In this section, we will
present these differential operator for both bosonic and fermionic fields and their Green’s
function. After this we will discuss the asymptotic behaviour of these differential operator
which we will use to construct the asymptotic solutions. Furthermore, for the purposes
of the presentation we will assume the Gauge group is SU(2), but near the end we will
generalize the result to any arbitrary compact group.

Equations of motions. We begin with the bosonic fields. In the discussion below we
will not care about the auxiliary field H, as its equation of motion is trivial and we assume
that we have integrated it out in the path integral. The rest of the bosonic fields are the
vector field a, and the scalar field o which are elements in the Lie algebra of SU(2). In
the following discussion we will only consider the non-Cartan part of these fields. This is
because the quadratic fluctuations containing the fields in the Cartan do not depend on «
and thus, do not contribute to the variation in the one loop determinant. It is easy to see
this in the bosonic action (3.8) (and similarly for fermionic action).

We first expand the fields in terms of Fourier modes and write the Lagrangian in terms
of the following Fourier modes

1 - , 1 , ) . ; ,

a% _ §az:n’p(r)ez(nt-‘rpe)_i_QCL;n}p(T)e—z(nt-‘rpe)7 a71‘ _ %a:-’ ’p(r)ez(nt-&-pa) _%ar—;n’p(r)e—z(nt—&-pe)
1 ) 1 . ] . ] .

aé _ §aérmwp(r)ez(nt+p9)_~_7a07m7p(74)e—z(nt+p9)’ a? _ _%a;:mp(r)ez(nt-‘rpe)+%a;n,p(r>e—z(nt+p9)
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1 . 1 ) ] . ) )
a% _ ia;rm’p(r)ez(nﬂrp@)_’_ia;;n’p(,r)efz(nurp@)7 Gg _ _%a:};n’p(T)ez(nt+p0)_’_%a;mp(r)efz(nt«#pe)
1 1 + _i(nt+pb) L _ —i(nt+pb) 2 1 + i(nt+pd) 1 —i(nt+pb)
o= 50y 505 , 07 = 5O pe 27 0nn® . (3.21)

Here the labels on the fields are the usual labels of the Lie algebra su(2).
The equations of motion for the vector field and scalar field are obtained by varying

the action with respect to a,,, ,, and oy, , and can be written as

MyE;,, (1) = Myd*E By p(r) + MO ES () + MoEy, (1) =0. (3.22)

Here Ms 1 are 4 x 4 matrices whiose elements are functions of coordinate r. The explicit
form of these matrices are given in appendix B. The column vector Eb p( r) is given as

(3.23)

Similar to bosonic case, we first expand the fermionic fields in terms of Fourier modes.
We will not present here the Fourier expansion of the fermionic fields, but we follow closely
to the bosonic case e.g.

1
‘1}% = Q\IJt n,p(’r)el(nt_'_pe) + \Ijt n,p( ) ~(nt+p6) )
i : i By
\1;714 _ 3 j_ p(T)ez(nt—Hw) _ §‘I’r;n,p(7")6 i(nt+pb) ’
1 .
\Ijé — 5\1,9 n,p(r)eZ(ane) + \Ije n7p( r)e i(nt+ph) (3.24)

Then, the fermionic equations of motions are
2p
./\/lefnp( r) = MosO; fnp( r) 4+ M0, Efnp( T) +M0fEfnp( r)=0. (3.25)
Here Moy 10f are 6 X 6 matrices which are functions of coordinate r, and

T
tin,p
+

‘1}7‘ n,p

\I,Jr
binp (3.26)

+

Cn.p

~t+

c”?p

+
W'n"p

Here ¥, = \Tfﬂ — Dﬂc.7 The explicit form of these matrices are given in appendix B.

"Note that the change of the field variable does not involve a. Therefore, one naively expects that
the resultant Jacobian will not give any extra a-dependent contribution. We have checked that this naive
expectation is indeed correct.
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Greens function. The Green’s function for the bosonic operator is a 4 x 4 matrix and
satisfies the equation

Myd2Gf, (') + My, G, (1) + MoGy, (1) = 6(r — 1) . (3.27)

The explicit form of the matrices M 1 o are given in the appendix B. One of the simplifica-
tions which occur for the choice of the gauge fixing Lagrangian (3.10) is that the equations
of motion for the scalar decouples from the equations of motion of the vector field a,. Thus,
the bosonic Green’s function is block diagonal and has the form (2.9) for » < 7’ and (2.10)
for > 1/, where in the present case, Gi(r,r’") (and G’ (r,7’)) is 3 x 3 and Ga(r,r’") (and
G4 (r,7")) is 1 x 1 matrix, respectively.

The continuity and discontinuity of the first derivative of the Green’s function

Gg_np( /) _Glj_np( /)

=0, (3.28)
r<r!
and

=Mt (3.29)

r>r!

8Gbn,p( ') 8Gbnp( )

Similarly, the Green’s function for the fermionic operator is a 6 x 6 matrix which satisfies

r<r

the similar continuity and discontinuity relations as above.

3.4 Boundary terms

Next, we consider the variation of the one loop determinant with respect to the background

parameter . The variation is

T [GB(;;DB«)‘)} , (3.30)

oo

o o
71nZ1-100p< ) Tr |:GF(S DF( ):| 9

where Dp(«a) and Dp(«) are fermionic and bosonic kinetic operator, respectively. Following
the discussion presented in the section 2.2 we find that in the supersymmetric case the

variation is a total derivative and is given as
) 1 r=o00
o In Z1100p (@) = =00 (In Q%) tr B1Dy ' C Gy (r,7) - (3.31)
r=

where G (r,7’) is the bosonic Green’s function which is constructed out of the solutions of
the equations of motions for the vector field and

0 1o}
B=2B B =C1— . .32
18 + By, C ClaT+CO (33)

The explicit forms of these matrices are

0 — % tanh?r %L2n sinh r —iLsech?rtanhr
B =|-4 L sinhr 0 , By= | —isinhrtanhr m(—p—i—Lnsmh r) |,
0 % sech? r Sshs —isech? r tanh r

(3.33)
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and

- 0 L sinhr 0 . iL%nsinhr -t —(3—cosh2r) 52—
1= . . ) 0=
5L tanh®r 0 -3 sech? r 0 L(Ln sinh? 7—p)sech®r 0

(3.34)

It is not very hard to see that the differential operator B and C' are adjoint to each other,
i.e. B = CT. The operator D is algebraic (not a differential operator) and is given by

iL&(p+ L(n — a))sinhr 0
D= . . (3.35)
0 —5L(p+ L(n — a))sechr tanhr

Note that the matrix operator B (and C) are independent of «. Furthermore, the «
dependence in the matrix D is of the form Q? and therefore, the matrix D can be written
as Q%Dy, where Dy is independent of ov. Thus, it justifies the form of the variation (3.31)
where d,, acts only on D.

It is important to emphasize here that the variation being a total derivative (3.31)
depends on the boundary conditions. In fact, the derivation assumes that the fluctuations
of fermionic and bosonic fields obey boundary conditions which are consistent with susy.
In other words, the fermionic kinetic operator is related to bosonic kinetic operator by
a similarity transformations® and therefore, the fermionic and bosonic Green’s functions
are related by similarity transformations. We will show below that this is true if L? > %.
When L? < %, the variation of the one loop determinant will not just be a boundary term
but will also contain bulk terms [18].

3.5 Evaluating boundary terms

Next, we evaluate the boundary term (3.31). To evaluate this we just need to determine
the action of the first order differential operator By D 1C on the Green’s function G1(r, ")
and their asymptotic behaviour. Interestingly, we do not need to know the complete details
of the Green’s function except it’s asymptotic behaviour. As we will see below, this greatly
simplifies the computations. The Green’s function is constructed from the solutions of
the equations of motions and we will only need to know the asymptotic behaviour of the
solutions.
Now, the Green’s function G1(r,r’") satisfies

M, N G1(r,r") = (myg 02 + myy Oy + myo)G1(r,7") = 6(r,7") . (3.36)
0

Here mpg,10 are 3 x 3 matrices acting on Xy only (which are component of the vector
fields). The differential operator My|x, is obtained by projecting the operator M, to the
vector space Xy

M| = PMPT (3.37)

0

e e . 1A} _ .
80ne can show that fermionic kinetic operator is M; = ( ’YzAb ) , where F is a
0

((2k + 2) x (2k 4 2)) matrix first order differential operator and v1 = %
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where

1000
P=10100]. (3.38)
0010

In the discussion presented in the section 2.3, it turned out to be useful to split the
vector space into a rank 1 and rank 2 subspaces. The rank 2 subspace was defined to be
the one whose elements are orthogonal to the vector K and the rank 1 whose elements
orthogonal to C. Following the same spirit, we split the vector space Xy which we denote
by V into V; and V5. In the present case, the dimension of the vector space V', Vi and Vs
are 3,2 and 1, respectively. To define the vector space Vi we need the vector K which is
given as (see the appendix for more details)

! )(L()1>. (3.39)

T+ L(n—«
A typical vector in V; has the form

z1

v = T9 , T12 € R (3.40)

Z1
and that belonging to the vector space V5 has the form

1
vy = 0 , z€R (3.41)

Lsinh?r

In order to simplify the computations, we change the basis of the vector space V such
that the first two non zero component belongs to the vector space V; and the 3rd non
zero component belongs to the vector space V5. That is given a vector v € V', we define a
vector v as v = J v such that for v = (% ), for ¢1 2 € R, the corresponding v € V; and for

0 .
v = ( 0 ), for c¢3 € R, the corresponding v € V5. It turns out that there is no unique choice
3

of J (different J’s are related to each other by rotation in V; space) and one convenient
choice is

0 % tanh r % sech r

J=19 0 0 . (3.42)
0 —2tanhr 2sinhr tanhr

Subsequently, the corresponding matrix operator acting on the elements of the vector space
V' is related to the original operator by similarity transformations as

T
Mb2p,bipbop = J M2,1,60 - (3.43)
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Asymptotic behaviour of differential operator. As we found earlier in (3.31) that
to evaluate the variation of the one loop determinant, we just need to know the asymptotic
behaviour of the Green’s function. Now, the Green’s functions are constructed out of the
solutions of the equations of motion. Thus for our purposes to evaluate the boundary
terms (3.31), the global form of the solutions are not necessary rather its asymptotic form
will suffice. Furthermore, we argued there that the contributions to the boundary terms
only come from the space of the solutions belonging to the vector space Vi. Thus we need
to construct the Green’s function restricted to the vector space Vj i.e.

Gi(r,7")| = PGy(r,7")PT, (3.44)

1%

100
P = (o X 0) . (3.45)

To obtain the asymptotic form of the solutions, we need to analyse the asymptotic

where the projection operator is

behaviour of the kinetic operator near » = 0 and r = oco. Near r — 0, the leading
contributions to matrix coefficients of the 2nd order differential operator are

) 100 ' L —p(1+28) 0
lim sy = 25 | 0 —2 o |[+O0), limmpy, = ez |P+20) -2 0 |HO0),
00 —2 0 0 —2¢
2p%6—1 p(1-2¢) 0
7li_r% Mpop = L%g p(1-2¢) 26—p*> 0 [+O(1). (3.46)

0 0 2p%

On the other hand near r — oo, the leading behaviour of the differential operator is

1 Ln(1+2€) 0
L0 0 2€ 2¢
. N . 1|,
S mzp = s | 0 —1 0 [FOM), Jim g = o | SERGES 10 | +0(1),
~1
00 0 0o -1
LanLiE % 0
1
1 = — n(1_2§) LTL2
rlglgombop T 5 -4 0 +0(1). (3.47)
0 0 Ln?

Here u =e™".

It is important to observe that the second order differential operator JT BD~1C.J

1%
has the same asymptotic behaviour as the differential operator
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Solutions near r — 0. The asymptotic behaviour of the solution near r — 0 is con-
trolled by the integer p and is independent of n. Solving the equations of motion near
r — 0 we find that, for p > 0, there are 3 smooth solutions which are

p(1426)+4¢
L 2+p(1+2¢)
sip(r) =P 1| eVi,  sy(r) =rPF . ewi,
0 0
0
ssp(r) =17 [0 | € V2, (3.48)
1
and 3 singular solutions which are
1 1
e _ 142¢)—2
sip(r) =171 | <1 €Vi, sgplr) = | 2292 L ey,
0 0
0
sep(r) =r P 10| eVs. (3.49)
1

For p < 0, the solutions s4 5p 6p are smooth and sy, 2,3, are singular.
For the case of p = 0, we see that s3(r) and sg(r) are degenerate. Solving next to
leading order we find two linearly independent solutions and are given by

0 0
sso(r)=10] € Va, sgo(r)=Inr 0| €Vs. (3.50)
1 1

Thus, for p = 0, the solutions which are smooth are sa9 30,50 Whereas s10.40,60 are singular
near r — 0, where s9050 and s1040 are obtained by putting p = 0 in s2, 5, and s1p.4p,
respectively.

Since ‘I’u satisfies the same equations of motion as the vector field, therefore, the
smooth solutions for the vector field are also smooth for \Tlu. Near r — 0 behaviour of the
solution for (¢, V) is obtained from (IVJM as

T+
~r tin,p
cnvp —1 ~+
=-D'C ¥, |- (3.51)
\I’;"L_,p _ [ g
_l’_
‘llﬁ;nvp

Using the solutions given in (3.48) and (3.49) for p > 0, we find that s1,(r), sgp(r) and
s3p(r) also give rise smooth solutions for ¢ and W. For example when s1,(r), sgp(r) and
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s3p(r) are acted upon by the differential operator —D7!C, we get near r — 0

—D_lelp(r) ~ <61> rP, —D_ICSQP(T) ~ 3 <_11> rP, —D_1033p(r) ~ <C4> rP.

C2

(3.52)

Here ¢;’s are constants. Thus, for p > 0 above are smooth solutions for ¢ and W. Similarly,
it is not difficult to see that sy 5, 6, do not give smooth solution near » — 0. For p < 0, the
smooth solutions for ¢ and ¥ are obtained from sy, 5, 6, Whereas s1 2y 3p give rise singular
solutions. For p = 0, s;0 for i = 1,...5 give smooth solutions for ¢ and ¥. Thus, for the
fermionic system (\TIH,E, ), for p = 0, the smooth solutions are sg9 30,50 whereas s10,40,60
are singular.

Solutions near » — oco. Next, we determine the asymptotic behaviour of the solutions
near r — o0o. The asymptotic behaviour of the solution near » — oo is controlled by the
integer n and is independent of p. We find that for L?n? > %, following are the asymptotic
behaviour of normalizable solutions (normalizability conditions for the component of gauge
field are given in (3.17))

c(n) c(n)

Fin=| 1 |e3GVIHL) cyr o5, = | | e sCIHVITALTE) oy
0 0
0
g?)n — 0 e—%(1+v 1+4L2’I’L2) E V2 . (353)
1
Ln<—1+6£+\/1+4L2n2 (1+2£)) Ln(—5—2£+\/m(1+2£))
Here ¢(n) = and ¢(n) = —

2 (—1+\/1+4L2n2+L2n2(1+2§)) 2 <1+\/1+4L2n2—L2n2(1+2§)) .
The asymptotic behaviour of solutions which are not normalizable are

ci(n) a1 (n)
§4n = 1 67%(71*\/ 1+4L%n?) c ‘/17 ’575” — 1 e*%@*\/W) c ‘/17
0
0
Son = [ 0| e 2OVIHLD €y (3.54)
1
Ln (5+2§+v 1+4L%n? (1+2§)> Ln(1—6§+\/m(1+2€)>
Here ¢i(n) = —

) and ¢;(n) = 2(

2 (—1+\/1+4L2n2+L2n2(1+2§) 1+\/1+4L2n2—L2n2(1+2§)>

However, for 0 < L?n? < 2, we find that the normalizable solutions are 51, (r), 3, (r)
and $5,(r) and non normalizable solutions are $9,(r), S4,(r) and Sg,(r). The solution
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with n = 0 will play an important role for later analysis, we present here their explicit
form. For n = 0, the asymptotic behaviour of normalizable solutions are

1 0
§10(T) =10 e e, gg()(?“) =|0|e eV,
0 1
0
§50(r) =|1]le"eV. (3.55)
0

and the asymptotic behaviour of the non normalizable solutions are

0
§20(r) =111 € Vl, §40(’I“) =
0

e eV,

o O =

0
gﬁo(?“) =10 eWn. (3.56)
1

Now, we discuss asymptotic behaviour of solutions belonging to fermionic system (¥, c,
¢, V). Since i’u satisfies the same equation of motion as the vector field, the solutions of
vector field are also solutions for the fermion \flu. However, fields (\TIH, ¢, ¢, ¥) have differ-
ent normalizabilty conditions, see (3.18) and (3.19), and therefore, we need to reanalyse
which of the solutions among the set of solutions obtained above are normalizable and
non normalizable, respectively for fermions. Before going to analyse the above solutions
for fermions, it is important to mention a few comments about the equation of motion
satisfied by c¢. From susy algebra (3.14), we see that if we replace ¢ by coshr ¢ — éK “\TJM,
then ¢ satisfies the same equation as o. Solving the equation of motion for o we find that
there are 2 solutions with asymptotic behaviour near r = co

Onp ~ Aje” 20-VIFILI®) o g o= 5 (14VIFALZRZ) (3.57)
The normalizablity condition on o requires us to choose the second solution. Since ¢,
satisfies the same equation as o, ;, we have the same asymptotic behaviour for ¢, ,. Thus,
it is easy to see that for the ghost ¢, p, it is only the 2nd solution (labelled by A2) which will
give admissible asymptotic behaviour. Furthermore, given the asymptotic behaviour of the
solutions \TIM, the asymptotic behaviour of (¢, ¥) is obtained by using (3.51). Now, we will
tabulate these solutions in table 1 indicating whether they are normalizable (marked by
v') or nonnormalizable (marked by X). Looking at the table, we see that the solutions for
bosonic and fermionic fields are consistent with supersymmetry only for L?n? > %. For the
range 0 < L?n? < 2, we find that $1,(r), S3,(r) and $5,(r) are normalizable for the gauge
field whereas 51, (7), Son(r) and $3,(r) are normalizable for fermionic fields. Thus, there
is a mismatch of the space of allowed solutions for fermionic and bosonic fields. In this

situation, the Green’s function for the bosonic field is not related to that of the fermionic
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Solutions ilu ¢ =coshré— éK“E’M c v

S1n(r) vV Vn#0 vV Vn#0 VVYn#£0 |V Vn#0
Son (1) vV V¥n#0 VVn#0 VYn#£0 |V Vn#0
S3n(r) vV Vn#0 v Vn#0 VYn#0 | vV Vn#0
San(r) XVn#0 XVn#0 XVn#0 | XVn#0
S5n(7) vV 0<VI?n? <2 v 0<VL*n?<2 XVn#0 | XVn#£0
Sen(T) XVn#0 XVn#0 XVn#0 | XVn#0

Table 1. Summary of acceptable and non acceptable solutions for fermionic fields.

field and, therefore, for the modes lying in the interval, 0 < L?*n? < %, the variation of the
one loop determinant will not be just a boundary term but will also include bulk terms.
To determine the explicit expression for the bulk term we need to know the global form of
the solutions and not just the asymptotic behaviour. This is a much more harder problem
in the present case where we do not have the global form of the solution. To avoid this,
we assume that L? > % With this there are no modes lying in the interval 0 < L?*n? < %.

Now, we will discuss the case of n = 0. In this case the analysis is slightly subtle and
needs a separate discussion.

Case: n = 0. The acceptable solutions for the bosonic fields are given in (3.55). Next
we need to analyze whether these solutions give rise acceptable solutions to fermionic fields.
In this case it turns out that s19 and S39 give rise normalizable solutions, while sy and
Sgo give rise nonnormalizable solutions to the fermionic fields. The asymptotic behaviour
of the solutions s59 and Sy are subtle for fermionic fields. For these solutions, we find the
following: for the solutions S59, the asymptotic behaviour of fermionic fields as r — oo are

S50: Uime T, Upn0, Ugme™ Tre ™ U~ O(1), e~ O(1), (3.58)
whereas for the solutions sog, the asymptotic behaviour of fermionic fields as » — oo are
S0: Uy~ O1), Um0, g~ O(1), Ere”, Tme ™ enO(1). (3.59)

Comparing these asymptotic behaviour with the boundary conditions (3.18) and the bound-
ary condition on ¢, one would naively declare both the above solutions to be non normal-
izable. But this would amount to non existence of Green’s function. The requirement
of the existence of the Green’s function forces us to declare one of these solution to be
normalizable and other to be nonnormalizable. Thus, for the case of n = 0 and p # 0 we
have two choices:

1) We declare that S5 is normalizable and Sy is nonnormalizable which would corre-
spond to preserving supersymmetry, or

2) We declare 59y to be normalizable and s5p nonnormalizable, then this would break
the supersymmetry.
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Making either of the choices requires to modify (although minimally) the boundary
conditions we started with. Since we are only interested in the boundary terms, which is
the case when the allowed modes are also consistent with supersymmetry, we choose the
option 1. It is definitely worth to try with option 2, but in this case we also need to calculate
the bulk term (because for this choice we do not have supersymmetric cancellation) which
is beyond the scope of the present paper. To allow the option 1, we modify the boundary
conditions (3.18) which would amount to following asymptotic behaviour

U, —0, ¥, —0, e"Vy—0, and ¥ —O(1). (3.60)
Note that this choice does not change the analysis presented above for the case n # 0.

3.6 Variation of the one loop partition function

As it was shown in the section 2.3 that to determine the boundary contribution we just
need to know the dimension of the kernel of the operator C|y, i.e. £ and ¢ near r — 0 and
r — oo, respectively. Theses dimensions of the kernel of the operator C|y, depends on the
value of (n,p). We split the evaluation of the boundary term in following 4 different cases:

Case: p # 0,n # 0. We start with the computation of the boundary term near » — 0.
As we found earlier, the asymptotic behaviour of the solutions in this limit depends only
on the value of p and are independent of n. The solutions which are admissible near r — 0
for p > 0 and p < 0 are s1,(r) and s9,(r), and s4,(r) and s5,(r), respectively. However, it
is only s1,(r) (s4p(r)) belongs to the kernel of C|y, for p >0 (p < 0) i.e.

lir% Clv;sip(r) =0, forp >0, (3.61)
T
and
hH(l) Clyysap(r) =0, forp<0. (3.62)
r—

Thus the dimension of the kernel, ¢, for p 2 0 is 1.
Near r — oo, the admissible solutions are sy, (r) and sa,(r). However, the solution
which belongs to the kernel of C|y, is s2,(r) i.e.

lim Cly, s2,(r) =0. (3.63)

r—00

Thus, we have ¢/ = 1. Therefore, the boundary contribution for the case n # 0 and p # 0 is
BT=(k—-(—0)=2-1-1=0. (3.64)

Case: p # 0,n = 0. Since the asymptotic behaviour near r — 0 for p # 0 does not
depend on n, the dimension of the kernel, ¢, remains same as before and is equal to 1.
However, for n = 0 we find that there no normalizable modes in (3.55) which belongs to
the kernel of Cly,. Thus in this case we have ¢/ = 0. Therefore, the boundary contribution
for the case n =0 and p # 0 is

Bl =(k—(—0)=2—-1=1. (3.65)
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Case: n # 0,p = 0. Since the asymptotic behaviour near r — oo for n # 0 does not
depend on p, the dimension of the kernel, ¢, remains same as before and is equal to 1.
However, for p = 0 we find that there no smooth modes which belongs to the kernel of
Clv;. Thus in this case we have ¢ = 0. Therefore, the boundary contribution for the case
p=0andn=#0is

BT=(k—(-0)=2-1=1. (3.66)

Case: n = p = 0. Following the discussion of n = 0,p # 0 and p = 0,n # 0 cases we
find that dimensions of the kernel of C|y, in the case of n = p = 0 are £ = ¢/ = 0. Thus,
its contribution to the boundary term is

BT = 2. (3.67)

It was observed in [17] that this contribution to the index comes precisely from the zero
modes of the ghost fields which were given by globally constants mode for ghost ¢ and anti
ghost ¢. Since the determinant are computed over non zero modes, we did not include the
contribution of these zero modes.

We also observe this fact in our present computation. First zero mode corresponds
scalar fluctuations parallel to the localization background i.e.

A B
A = constant Lie algebra element . (3.68)

7= coshr’
The supersymmetric partner of the above zero mode is the constant ghost mode ¢ = A (it
can be seen following (3.12)).
As we discussed near (3.16), the second zero mode corresponds to

L p— _HQ

= 9 - 9 h g =i A(0)7 i ) 369
¢ cosh?r cosh? r where Qfiq il Al ( )

where ji and fig are Grassmann odd and even constant Lie algebra element, respectively.
The ghost Lagrangian involves mass like terms

£ .
o tru% +2Zp'a,u_p,up C Ly . (3.70)
750

Here /' is a root of the Lie algebra. The first terms comes from trb? and the second term
comes from trec[Ag,c]. Integrating over this mode and then calculating its variation with
respect to « gives rise BT = 1. Since this contribution is a zero mode contribution and we
are computing determinant over non zero mode, we subtract 1 from (3.67).

To treat the zero mode ¢ = /T, we need to use the method of generalized Green’s
function. In this method, the Green’s function equation is modified by a zero mode pro-
jector. Because of the presence of the zero mode projector, the variation of the one loop
determinant, after performing integration by parts, now gives boundary terms together
with an extra bulk term proportional to number of zero modes which now arises from the
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zero mode projector. Preliminary results from following this method results in extra —1
for (3.67).Y Thus taking into account all zero mode we get BT = 0 for the case n =0 = p

Thus, collecting all the above results we find that for L? > %, the variation of the one
loop determinant (2.32) is (for a general compact gauge group)

7
551nzz_§zni_fzg_, . (3.71)
n#0 p#0
Integrating with respect to «, we obtain

Z1-100p (@ H H n—ip-«a H (Z —ip- a) (3.72)

p n#0 p#0

which is the result obtained in [17]. Thus, the partition function of a Chern Simons theory
with level k and the gauge group G of rank r is

Z = / dov exp(—miLk Tr a?) H sinh(7p - a) sinh(7Lp - o) . (3.73)
. p>0

In the above, the integration variable « is valued in the Cartan of the Lie algebra of the
gauge group G. Furthermore, we have also included the contribution of the Vandermonde
determinant (it is the Jacobian coming from rotating any constant Lie algebra element to
an element in the Cartan) to convert the infinite product (3.72) to the product of hyperbolic
function.

If we also include matter field which consist of N chiral multiplets transforming in
some representation R;, where i = 1,..., Ny, of the gauge group, then the partition func-
tion of a Chern Simons theory matter theory is given by

Ny
Z = / dov exp(—miLk Tr ) H sinh(7p - a) sinh(wLp - a) HHZ;:ESQ (Ri;a), (3.74)
" p>0 i=1 p

where Zil;(zfg(R «) is the one loop determinant of the chiral multiplet in the representa-

tion R. It was demonstrated in [18] using the Greens function method, to compute the one
Zl loop

loop determinant Z ;..

(R; ), that arises in Localization depends on the choice of Q-exact
action. In particular, this difference arose for the modes in the interval % <n< %.

4 Level-rank duality on AdS, x S!

In this section, we will discuss one of the implications of the result obtained in the last
section for Chern Simons matter theory. We find that for the cases when there are no
bulk terms in the partition function i.e. when the normalizable boundary conditions are
consistent with supersymmetry (which is the case when L? > %, and there are no integers

9The details of the treatment of the zero modes using the generalized Green’s function as well as repeating
the analysis in the standard covariant gauge as opposed to the gauge adopted in this work are presently in
progress and will be presented in a future work.
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in the interval % <n < %), the partition function respects 3 dimension level-rank

duality. We will consider here the example of U(/N) Chern Simons theory coupled to Ny
hypermultiplets in fundamental (i.e. Ny chiral in fundamental and N chiral multiplet in
anti fundamental) with R-charge A. In this case the statement of level-rank duality is

Ny hypermultiplet coupled to U(N.), <= Ny hypermultiplet coupled to U(|k|+N;—N.)_k
(4.1)
We will find that this duality also holds true for U(/N) Chern Simons theory coupled to Ny
hypermultiplets in fundamental on AdS, x S*.

Without loss of generality we will assume that the ratio of the size L = 1. However,
one can generalize the discussion below for any value of L such that L? > %. Also for the
presentation, we will also consider three different cases for which there are no integer in
the interval 571 < n < £ 1) with no matter fields (Ny = 0), 2) N; hypermultiplets
in fundamental with R-charge A = 0, and 3) N; hypermultiplets in fundamental with

R~charge A = 1.

Case: Ny = 0. In this case the partition function (3.74) reduces to the partition function
of a pure Chern Simons theory which is

Z = / dov exp(—mik Tr o?) H sinh?(7p - ) . (4.2)

p>0

This partition function is exactly same as the partition function of U(N); Chern Simons
theory on S3.

Case: Ny hypermultiplets with A = 0. For a chiral multiplet with R-charge A =0,
the one loop contribution to the partition function (3.74) is given by

mZhek = > mp+n+ipa)— . In(—p—n—ip(a)). (4.3)
p>0,n>0 p<0,n<0

Thus for a given hypermultiplet with R-charge A = 0, the one loop contribution to the
partition function is

1-1 . .
In Zhysggmatter = Z ln(p +n+ Zp<a>) - Z ln(_p —n-= Zp(a))

p>0,n>0 p<0,n<0
+ > Ipt+n—ipla))— > In(—p—n+ip(e))=0. (4.4)
p>0,n>0 p<0,n<0

Therefore, in this case there are no contribution to the partition function from the fields in
the matter sector. Thus the partition function of U(/N); Chern Simons theory coupled to
Ny hypermultiplet with R-charge A = 0 is equal to the partition function of U(N); Chern
Simons theory. Note that this is same as the partition function of U(NN); Chern Simons
theory coupled to Ny hypermultiplet on S3 but with R-charge A = 1.
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Case: Ny hypermultiplets with A = 1. For a chiral multiplet with R-charge A =1,
the one loop contribution to the partition function (3.74) is given by

B ) 1 ) 1
In Zrlngt)fg = Z In (p +n+ipla) — 2> — Z In (—p —n—ipla)+ 2> . (4.5)
p>0,n>1 p<0,n<0

Thus for a given hypermultiplet with R-charge A = 1, the one loop contribution to the
partition function is

1-loop _ Hr:l (7’ + Zp(Oé) + %)T (T - Zp(a) +
hyper-matter Hr:l (T - ip(Oé) _ %)T (7” 4 z'p(a) _

Therefore, the partition function of U(NN); Chern Simons matter theory coupled to Ny

) 1
) ~ 2coshmp(a)

(4.6)

I

fundamental hypermultiplet with R-charge A =1 is

N
Z = /r dov exp(—miLk Tr a?) H sinh(mp - a) sinh(7Lp - o) H <1(a)) ' . (47

2 coshmp
p>0 p

The above is the partition function of U(/N); Chern Simons matter theory coupled to Ny

fundamental hypermultiplet on S? with R-charge A = % It is known that this partition

function respects the duality (4.1).

5 Conclusions

In this paper we have developed the method of Greens function introduced in [18] to
evaluate one loop determinants that occur in localization of supersymmetric field theories
on AdS spaces. The method requires the theory to have at least N’ = 2 supersymmetry in
the respective space time dimensions. Boundary conditions of all fields play a crucial role in
the application of localization in non-compact spaces. Normalizable boundary conditions
are required for the definition of the path integral, it is only when normalizable boundary
conditions are consistent with supersymmetric boundary conditions that the method of
localization can be applied. We have introduced a general set of assumptions on the
second order operators that occur in the evaluation of the one loop determinants that
hold for theories with at least N = 2 supersymmetry. Under these assumptions we have
constructed the Greens function and shown that the variation of the one loop determinant
about the localizing background reduces to a total derivative. This is our first main result
of the paper. This implies that the variation receives contributions only from asymptotic
infinity and at the origin of AdS. Then from studying the asymptotics of the Greens function
and the second order operators we show that the variation of the one loop determinant is
given by an integer times the variation of %ln Q?. This is the second main result of our
paper.

We then examine ' = 2 Chern-Simons theory coupled to chiral multiplets on AdSy x S*
and show how the general set of assumptions we introduced hold for this case. We use
our results to conclude that U(NN.) Chern-Simons theory at level k£ coupled to Ny chiral
multiplets and Ny anti-chiral multiplets in the fundamental obeys level-rank duality on
AdSQ x S 1.
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As we have emphasised, the Greens function method is general as is applicable for other
situations. We believe that the method is applicable to evaluate one loop determinants
that arise in localization of supersymmetric theories on AdS, x S™ with at least N' = 2
supersymmetry. One such case is that of N' = 2 theories on AdS, x S? with matter. We
hope to report results related to this in the near future. Localization of supersymmetric
field theories on AdS, x S? are relevant to evaluate quantum corrections to black hole
entropy.

Another direction to explore will be localization of 2-dimensional theories on AdSs. In
particular it will be interesting to see if the duality between the Coulomb and the Higgs
branch seen for A" = (2,2) theories on the sphere S? by [21] also hold for the case of the
theory on AdSs.

The general method we have introduced can be further refined. The 8 assumptions
presented in section 2 were obtained by a detailed study of the Greens function approach
and extracting general properties. These assumptions enabled us to show that the variation
of the one loop determinant reduces to a total derivative. We then introduced 3 assumptions
in section 2.3. These set of assumptions enabled us to show that the variation of the one
loop determinant is an integer times the variation of % In Q2. Our preliminary investigations
indicate that all these assumptions can be shown to hold true from the supersymmetry of
the localizing Lagrangians. In fact we have seen that they also hold for NV = 2 theories
with matter on AdSs x S? [20]. It will be interesting to show that these assumptions follow
as a natural consequence of supersymmetry.

Finally, we have seen that the Greens function method shows that variation of the one
loop determinant is given by integer times the variation of %ln Q?. We again emphasise
that this result is only when normalizable boundary conditions are compatible with super-
symmetry. The integer is given by the index of the operator C restricted to a k-dimensional
vector space. It will be interesting to investigate if this result can be connected with the
technique of applying the fixed point evaluation of one loop determinants that arise in
localization as recently applied in [13, 16, 22-24].
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A Supersymmetry of the vector multiplet

Vector multiplet in N' = 2 theory in Lorentzian signature contains a real scalar o, gauge
field a,, an auxiliary real field G and 2 component Weyl fermions A and A. In order
to compute partition function we need to analytically continue to Euclidean space. We
choose the analytic continuation where the scalar field ¢ and the auxiliary field H are
purely imaginary, the gauge field a, is real and the spinors A and \ are two independent
complex spinor. The Euclidean supersymmetry transformation of the fields in the vector
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multiplet is given by

QsA
Qs
Qsay
Qso

QsH

1

4€H - Ee“l’p'prWe —iyte(iDyo — V,0) ,

EH — LePry,F e + in"E (iDyo + Vo)

9 [Du (wﬁ _ €’y“/\) _ [a, Syt a} —iV, (w& n gwx)] .

The square of the susy transformations on vector multiplet fields are given by

. 1
Q)N = Ly +i[A N — T

_ _ _ 1 -

) .

A= L\ AN+ —A
Qs K +7'[ ) ]+2L )
anu = Lga, +D,A,
an = Lgo —iK"[a,, 0],

Q’H = L H+i[A, HJ.

Here A = éeo — K’a,,.

Using the above supersymmetry transformations we also note that QsA = 0.

Therefore, the algebra of supersymmetry transformation is given by

t f R—
Qg _ £K + 5iauge rans + 5L Symin )
2L

B Equations of motions

The equations of motion for the vector field and scalar field can be written as

My0?E™(r) + M0, ET(r) + MogE™(r) =0

Here M> 1, are 4 x 4 matrices which are functions of coordinate r, and
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with components

inh

_sinhr g 0 0
0 sinh r 0 0

412
My = ¢ 1 (B.3)

0 0 - 2L2 sinhr 0
0 0 0 Sin2h r

coshr

1 9 coshr
Mo = 4—5 (n(l + 2€) cosh”r — 2§a) sechr tanhr, Mo = m
1
M 95 = 1+ 2¢)cosh?r — 2LEsinh® 1), Migs =0
1,23 4L2¢ sinh r cosh? r (p( 3 ¢ ) 1,24
1
Migi =0, Mz =— 1+ 2¢) cosh? r — 2L¢ sinh? r
1,31 1,32 4L2¢ sinh r cosh? r (p( &) ¢ )
coshr
183 = Srp e My34 =0, Mys=0, Map=0 Myu=0
coshr
M1744 = 5 (B4)
p2 L2
My = ST + i (—n2 sinh7 4 2£(2n — a)asech r tanh r)

1
Mo 12 = asech® r + I (n(1 —2&) coshr — 2(n + £a) sech r)

1
M3 = §(Ln — p)asechr tanhr — (p(n + 2n€ —2a§)),

_
4€ sinhr

n sinh r tanh r
Mo14 =0, Myg = ——F7

El 2§
Moyog = }(nQ sinhr — o? sech r tanh r) 4+ _ (—1 + 2p?¢ + 2sinh? r tanh? r)
’ 2 4L2%2¢ sinhr
Mooz = — P Mpo4 =0
’ L2¢ sinh rsinh 27’ ’
Mos1 = ~(Ln — p)asechr tanh L (p(n+ 208 —209))
= —(Ln — p)asechrtanhr — —— (p(n + 2né — 2«
0.31 = 9 p 4€ sinhr P
coshr
Moy 32 = m (p(—l + 2£)m + 2sechr(p — L 4+ 2LEx sech? r))
P’ 3

2pa + L(n? — 042)) —(—=2p + La) sech r tanh r,

1
M = ————--: _———
033 = 9L sinhr ( AL2¢ sinh® 7 oL
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=0, Mos1 =0, Myso=0, Mpos3=0

2 1
Moy gq = —L — ~L?n?sinhr + sechr tanh r . (B.5)
' 2sinhr 2
In the case of fermions, we get
1 1
Mofri = 0ia 5 sechrtanhr, Mafo; =0, Maf sz = 0ia o7 sech r tanh r
Masy5: = 0, Mayei =0,
1 1
Moy 41 ~3 sechrtanhr, Majao =0, Mayaz = oI sech r tanh r,
Moy a4 i(p+L(nfa)) sechrtanhr, Mafras =0, Maojasg=0 (B‘G)
. 1 ’
Mig11 = 0, Miji2= *% sechrtanhr, Mif13=0, Mifi14= Z(3fcosh2r) sech® r
1 .
le,15 0, le,lﬁ = _ELtanhQ T, le,21 = %sech’r‘tanhr7 le’22 =0
Miy 23 i sechrtanhr, Mifoa =0, Mifos = _% sinhr, M6 =0,
) 1
Migs1 =0, Mgz = —i sechrtanhr, Mif33 =0, Mifzs= E(?)—cosh 2r) sech® r
1
Mifss =0, Mifse =5 sech? r, Mifa = ——5—(=3+cosh2r), Mifa=0
2 4 cosh® r
1 i(p+L(n—a))
M . (“34cosh2r), My = — PRI eh2
1 4L cosh® 7“( +eosh 2r) 1 4L cosh® r (=3+cosh2r)
i
Mg s 0, Mipa6=0, Mips1 =0, DMss2= 5 sinhr, Mips3 =0, Mifs4a=0,
L 2 1 2
Migss =0, Migse =0, Miser = 3 tanh®r, Mife2 =0, DMiyesz = 3 sech” r
Mijes =0, DMiges =0, Mijes=0 (B.7)
7 .
Mog11 = —=(—p+L(n—a))sechrtanhr, Mos10 = %(_3_&_(305}1 2r)
2 4 cosh” r
. 1 )
Moy 13 —% sech? r (Ln sinh r+silfhr) . Mogia = -5 sech? r (L2n2 sinh T+Sighr)
Moy %LGsinhr, Mosi6 = —Lsech® rtanhr,  Mos o1 = 0
Moy,22 i(P+L(”+a)) sechrtanhr, Moso3 =0, Moso4=0, Mosos= —isinhrtanhr,
Moy,26 l(Ln sinh® r—p) sech? r, Moyf31 = L sech’ r (Ln sinh r+ P ) ,
' 2 ’ 2 sinhr
7 7
M, — (“34cosh2r), Morss = — ' (—p+L ,
0f:32 4L cosh? r( Heosh 2r) 0538 = o sinh 7 cosh? r( ptL{nta))
1 2 .
Moy 34 ~3L sech® r (L2n2 sinhr—i—siihr) ., Mogss = ZSinzljhr’ Mofs6 = — sech? rtanh r
Moy,a1 1 sech? 7 ( L*n® sinh r+ P Moja2 =0, Mojas= € sech®r [ L?n? sinh r—+ »’
’ 2 sinh7r /' ’ ’ ’ 2L sinh r

Moy a4

Moy 51

_i(ptL(n—a))

L*n?sinh® r+4p?), M, =0, M =0
2L sinh r cosh? r ( v’ 07,45 0f46

! (=3+cosh2r), Mofs3 =

%LQnsinh r,  Mogs2 = Moy,54 =0,

" 4coshr 2sinhr’
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. . 1 .
Mogss = iLE(p+L(n—a))sinhr, Mofse =0, More1 =0, More2= —§(Ln sinh? r—p) sech? T

b
M()f’ﬁg =0, MOf,64 =0, M0f765 =0, M()fyﬁﬁ = —%(p—l—L(n—a)) sechr tanhr. (BS)

C On gauge fixing conditions

Here we justify the choice of the gauge fixing condition (3.10). In particular, we will show
that the one loop result obtained for the abelian gauge theory in [17] using the covariant
gauge also holds true for the gauge fixing condition chosen in this paper. In fact, it works
for the general gauge fixing condition

G(a) = cosh’ 7V, < a“) = cosh’rV, ( 15 aﬂ> + Oray . (C.1)

cosh® r cosh’ r

where /i is 2-dim AdS indices. The integral over ghost gives the Jacobian J which is defined
through the functional integral as:

/D)\ JS(MN) =1 (C.2)

where M is obtained by infinitesimal gauge transformation a — a + dA on G:
B 9" 2
M = cosh T’Vﬂ 75TV,; + at (CS)

cosh

and A is in the space of all allowed gauge transformations.

Now, the allowed gauge transformations are defined as the ones that preserve the
square integrability of gauge fields (a, a;): for t-dependent part of the gauge transformation
parameter \(¢,r,0) = Zn?éo An(r,0) €™ it requires that

€2\ (r,0) = 0, for r — co. (C4)

The space of such gauge transformation we denote by H. However, for t-independent part
of the gauge transformation parameter \o(r, ), the condition on the normalizability of the
gauge field requires that

Ao(r, 0) ~ A0 (0) + e P2APD )+ ... for B> 1 (C.5)

The space of such gauge transformation we denote by Hy. We note that the operator M
is not self-adjoint for § # 0. However, it has the following properties:

1) We first note that the differential operator M does not have zero modes for § > 1.
We find that the solution of M f(r) = 0 has following large r asymptotic

=5 (1=0—/ALn7+(1=5)%) for n#0

f(r)=qe®=b, for n=0,6>1, (C.6)
O(1), for n=0,0<§<1.
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From the above we see that for n # 0, there are no zero mode. For n = 0, we
have zero modes for § < 1. Thus for § = 2, which is our choice of gauge, we do
not have zero modes and therefore, the gauge choice completely fixes the gauge. For
0 = 0, which corresponds to covariant gauge fixing, there are an infinite number of
zero modes [25]. Now, we will solve the differential equation for the adjoint operator,
MTf(r) = 0. Solutions have following large r asymptotic behaviour

o—5(1+o— 4L2n2-|-(1—5)2)7 for n#0

B 671”’ fOI‘ ’I’L:O,OZ>17

- (C.7)
e o, for n=0,0<6<1
L 1'(0), for n=0,0=1.

So, we see that for n # 0, there are no zero modes if L?n? > 254—_1. In particular, for
§ = 2, which is our gauge fixing, and L? > %, which is supersymmetric case, there
are no zero modes. For 0 < § < 1, we do not have zero modes.

2) For n # 0, MH spans all of H. The argument is as follows: if we assume that there
must exist some function say f’ such that it is orthogonal to M f for all f € H, i.e.
fdzxf’Mf = 0 for all f € H, then integrating by part, we get MTf = 0. In this
computation we obtain boundary terms which vanish because both f, f' € H. But as
we have shown before that for n # 0, kernel of MT in # is empty. This proves that
M™H spans all of H.

3) For n = 0, A € Hyp. Now one can see that MH, is contained in H. Furthermore,
M has no kernel in Hy for § > 1 while for § < 1 it has a kernel with the zero
mode going to order one asymptotically. This means that for § < 1 the large gauge
transformations are not fixed.

We will now perform the path integral for each Fourier mode n along t. For n # 0 we
can solve G(a) = 0 for a; as

() _ 1o ( g" <n>>
a; ' = —cosh’ rvV, a; C.8
t n #\ coshdr 7 (C-8)
Integrating a; for n # 0, one also gets Hn?ﬁo % For n = 0, we are left with the Gauge
fixing condition cosh’ rV, (L’;a@ = 0.

cosh®r 'V

For the other component of the gauge field, we use the 2-dim hodge decomposition
al(ln) = Opfn + eﬂf,af’f;” where €, = \/§ = L%sinhr . (C.9)

Here f' € H while f € Ho. Furthermore, we split f as f 4+ ¢ where now f € H and
g € Ho/H, i.e. g can go as O(1) near r — oo. Moreover, we demand that g is orthogonal to
all the normalizable fns f (and f’) with respect to the inner product [ d*x g7 8,905 f=o.
This can be satisfied by taking g to be solution of AdS laplacian (i.e. discreet modes).
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More explicitly a normalized basis with respect to the above norm for these solutions
is g = mgn,p tanhl (1) e, where £ = £1,£2,... .

The Chern Simons action upto total derivative terms becomes

/d2 [ (ME)Of., — (MF_) Df,g)+...] +;/d2ma§°> Of, (C.10)

+K Z gn —09—n, — Gnyt g,m,g) .
n,0>0
Here [0 is a 2 AdSs Laplacian and dots include terms that do not involve fn and f_n and
vanish when f] and f’, vanish. Next, we want to change the variables from f — f M f
This can be done in the functional integral by inserting

[ TLDRDF8(F, ~ MEST ~ M) = 1. (©1)
n#0

and integrate first fn and f_n. Now, taking into account the Fadeev Popov determi-
nant J (for n # 0) satisfying (C.2) and noting the fact that f and \ are in the same
space of normalizable functions, the result of this integral together with J, is simply to
replace M f, and M f_ by fn and f_n, respectively in the action (C. 11) From the ar-
gument in (2) above f spans all of H. Now we can integrate fn and f,n and the re-
sult is Hm&o (%Dfn) (%Df’_n) Similarly, integrating the auxiliary fields ago) we get
d(ixOf}). Since f" € H and O has no zero mode in H, delta function enforces f) = 0 in

the remaining part of the action i.e. the dots in (C.11) vanish. Finally integrating f;, and

1 1
f/—n we get JotrDl Hn;ﬁO m.

Now, we are still left with the integral over fo and 6(M fy) in the integrand (coming
from the gauge condition for n = 0) where fy € Hg includes both square integrable as well
as functions that go as order one at infinity. However, the contribution of this integral is
exactly cancelled by the Fadeev Popov determinant J for n = 0. Finally, we perform the
integral over g, and take the logarithm of the entire result. We get

) In(k0) - i Ink? = —%mk. (C.12)

nez nd=1
In the above we have used zeta function regularization. This is the same result as obtained
in [17] using the covariant gauge fixing condition.
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