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1 Introduction

An interesting recent development in Quantum Field Theory (QFT) is the discovery of
a class of theories that can be thought of as irrelevant deformations of two dimensional
Conformal Field Theories (CFT’s), or more generally of Renormalization Group (RG) flows
connecting such CFT’s. One reason for the interest in these theories is that unlike general
irrelevant deformations, they seem to be well defined (in some region in their parameter
space). The usual ambiguity in flowing up the RG is eliminated by using symmetries, a
mechanism that might be of more general interest. Another reason is that these theories
typically have a Hagedorn high energy density of states, i.e. they do not approach a fixed
point of the RG in the UV. The Hagedorn entropy and other considerations suggest that
these theories are non-local.

So far, one of the main results on these theories has been their spectrum on a circle.
The original work of [1, 2] was on theories obtained by deforming a CFT (or, more generally,
a QFT) by a bilinear in stress-tensors (the so-called TT deformations). That work was
generalized to deformations that are products of a conserved U(1) current and a stress-
tensor (JT deformations) [3-5], and more recently to a general linear combination of TT,
JT, and T'J [6, 7.

Another observable that has been discussed in these theories is the partition sum on
the torus. We can parametrize the torus by a complex coordinate

Y=+, (1.1)
with the identifications
v~y 42w, v~y 420, (1.2)
where
¢=C+i¢ (1.3)



is the modulus of the torus. The overall scale of the torus is R, i.e. the metric on the torus is
ds* = R*dvyd7. (1.4)

As is standard in QFT, the partition sum of the theory on the torus (1.1)-(1.4), Z(¢,¢, R),
can be written as
Z(Cy?u R) — Tre—ZﬂC2R€+27riC1RP7 (15)

where the trace runs over all the eigenstates of the Hamiltonian, P is the momentum of
the states, which satisfies the property n = PR € Z, and £ is the energy of the states.

Of course, once the spectrum is known, the partition sum (1.5) can in principle be
computed exactly, but it is an interesting observable for a number of reasons. First, one
expects on general grounds that it should be modular invariant, if one takes the coupling of
the theory to transform appropriately [8]. Verifying this transformation property provides
a nice check on the spectrum. Second, it is interesting to see the implications of the non-
locality of the theory on the behavior of the partition sum, especially in limits in which
the torus (1.1)—(1.4) becomes small.

The partition sum (1.5) was calculated for the case of TT deformed CFT in [8-11],
and for JT deformed CFT in [12], and these calculations provided some insights into these
theories. It is interesting to perform this calculation for the general case, where all the
couplings are present. In this paper we will do this.

As mentioned above, the construction of TT, JT, and T'J deformed CFT relies heavily
on symmetries. A related fact is that the spectrum of these theories is universal, in the
sense that the energies of the states in the deformed theory depend in a universal way on
the energies, momenta and charges of the corresponding states in the undeformed theory,
and on the couplings. This feature was systematically exploited in [8, 12], to study the
partition sum of 7T and JT deformed CFT’s.

Therefore, if we can calculate the partition sum of the general deformed theories for a
class of initial CFT’s which have the appropriate symmetries, the result of the calculation
must be valid in general. In fact, we have access to a large class of CF'T’s which have
precisely the right properties. This class comes from the holographic duality between
string theory on AdSs and certain CFTs9’s. It was used in previous work to determine the
spectrum of these theories [4, 7, 13, 14]. In this paper we will use it to compute their torus
partition functions.

In the next section we briefly review the features of AdS3/CFTs and its deforma-
tions that will play a role in our discussion, and then turn to the calculation of the torus
partition sum.

2 Some aspects of AdS;/CFT, and its deformations

Since this subject has been discussed in detail before (see e.g. [7]), we will be brief here.
The class of theories we will be interested in is type II string theory! on

Ad83 X N, (2.1)

'One can study this construction in the bosonic string as well.



where N is a compact (worldsheet) CFT. The worldsheet theory on AdSs has left and
right-moving SL(2,R) current algebras, with total level k. This level determines the size
of the anti de-Sitter space, Raqs = Vkls. The CFT N also depends on k. For example, its
central charge depends on k due to the consistency conditions of string theory.

A prototypical example of the above construction is the near-horizon geometry of k
NS5-branes wrapped around 7% x S and p fundamental strings wrapped around the S*,
which leads to a background of the form (2.1), with A" = S$3xT*. The level of both SL(2, IR)
and SU(2) current algebras is equal to k (both for left and right-movers), and the string
coupling is g2 ~ 1/p. Note that in this paper we are discussing AdS3 backgrounds (2.1)
that are supported by NS B-field, under which fundamental strings and NS fivebranes are
electrically and magnetically charged, respectively.

The AdS3/CFT; duality relates string theory on (2.1) to a two dimensional CFT. A
lot is known about this duality, but in general, given a choice of A it is not known what is
the dual CFT. A useful fact for our purposes is that a sector of the boundary CFT is well
understood. The sector in question is the long string sector, which we describe next.

String theory on AdS3 with NS B-field has a spectrum that consists of some discrete
states followed by a continuum above a gap. This continuum can be thought of as describing
fundamental strings that are moving with arbitrary momentum in the radial direction of
AdSs, while wrapping the boundary circle. The long string states are described by the CFT

(M) /90, (2:2)

where Méi) is the sigma model
ME =Ry x N. (2.3)
IRy is a linear dilaton theory, with slope

Q= (k12 (24)

such that the total central charge of (2.3) is cpq = 6k.

Note that the statement above concerns the spectrum of the theory. Correlation func-
tions of operators in the theory cannot be computed by using (2.2), (2.3), since they are
sensitive to features of the theory in regions other than the ones where (2.2), (2.3) hold.
The situation is similar to that in other non-compact CFT’s, such as Liouville theory and
the cigar CFT, SL(2,1R)/U(1), where the spectrum of scattering states can be computed by
studying the theory far from a wall, but correlation functions are sensitive to the structure
of the wall.

In order to study JT and TJ deformations, we need the compact CFT N in the
AdS3 background (2.1) to contain worldsheet left and right-moving U(1) currents, K(z),
K(z) [15, 16]. One way to do this, that is sufficient for our purposes, is to take A to have
the form

N =5"xN. (2.5)

Parametrizing the S! by a compact coordinate y, we have K(z) = idy, K = idy. Of
course, this is a special case of a more general construction. From our perspective, other



constructions differ from this one by the spectrum of charges in the undeformed theory.
Our main interest is in the dependence of the deformed energies on the undeformed charges
(and other quantum numbers), which is universal.

It has been shown in [4, 7, 13] that deforming the worldsheet theory on AdSs x S x A
by the combination of current bilinears

6Lyws = Mg Jgp, + e KJgp, + e—J5 K (2.6)

is equivalent in the CFT of long strings (2.2), (2.3), to deforming the building block of
the symmetric product, Méi), by adding to its Lagrangian the combination of irrelevant
couplings

6Lsy = — (tTT 4 py JT + p_TJ) . (2.7)

Jgp, in (2.6) is the worldsheet SL(2,IR);, current, whose zero mode gives the SL(2,1R).,
generator L_; in the boundary Virasoro algebra [15, 16]. J(z) is the U(1) current in the
boundary theory associated with K(z) via the construction of [15, 16]. The spacetime
couplings (¢, u+) are proportional to the worldsheet couplings (A, e+). The precise relation
can be obtained, for example, by comparing the results in special cases, such as pure TT
and JT.?

The worldsheet description (2.6) is useful since current-current (generalized abelian
Thirring) deformations are well understood. In [7] it was used to obtain the spectrum
of the deformed theories (2.7) as a function of the couplings. An important tool in this
analysis was the structure of the sigma model obtained by deforming AdSz x S! x N
by (2.6). It is given by

k — — 2h_. - 2. h_ - f'h_ _
SN\ e, €6— :/d22<6 Do+ hdFOy+ —=dydy+ oyoy+ oyo ), 2.8
Aepe-) =5 ¢>¢77\/%y7\/%7ykyy()
where
-1 _ —2¢
=A+e “?
! L ) (2.9)
Rl =X —4depe_ +e 2.
There is also a (four dimensional) dilaton background,
e*® = g2 2%h . (2.10)

For A = e4+ = 0, the background (2.8)—(2.10) reduces to AdS3 x S! (the factor N in the
background (2.5) is a spectator under this deformation, and we don’t write it in (2.8)).
For A > 0, ex = 0, this background, which was referred to in [13, 18] as M3, interpolates
between a linear dilaton spacetime in the UV (large positive ¢), and an AdSs background
obtained by adding to the Little String Theory (LST) p fundamental strings and going

In both the worldsheet theory (2.6) and the spacetime theory (2.7), there is a freedom of changing the
contact terms between the currents (K (z) and K (2) in (2.6), and J(z) and J(Z) in (2.7)). This corresponds
to the freedom of reparametrization of the space of couplings [17], and in particular to the mixing of A with
€+€— in (2.6), and of ¢ with p4p— in (2.7). This freedom needs to be taken into account when comparing
the two theories.



to long distances at large negative ¢. It can be interpreted as a vacuum of LST. For
A =¢€_ =0, ey # 0, the background is a null warped AdS3 background, which is dual to
JT deformed CFT. It was studied using field theoretic techniques in [3, 4], and using the
(single trace) holographic description discussed here in [4, 5].

Since long strings live everywhere in the radial direction ¢, to compute their spectrum
one can send ¢ — oo in (2.8). This leads to a free worldsheet theory, whose spectrum can
be analyzed using standard methods [7].

Our purpose here will be to repeat the analysis of [7] for the torus partition sum. On
general grounds, we know that:

(1) By definition, the partition sum of string theory in the background (2.8), with the
coordinates (y,7) parametrizing a torus (1.1)—(1.4), gives the trace (1.5) over the
spectrum found in [7].

(2) Since the spectrum computed in [7] is that of free strings, the calculation we need to
do is that on a worldsheet torus (not to be confused with the target space torus of

point (1)).
(3) The computation described above is guaranteed to give a modular invariant answer.

(4) Due to universality, we must be able to write the answer in a way that is applicable
for deforming an arbitrary CFT by (2.7).

In the rest of the paper, we will perform the calculation of the torus partition sum in the
background (2.8). In the next section we start, as a warm-up exercise and to demonstrate
the technique, with the case of pure TT deformation (i.e. the case ex = 0 in (2.6), and
p+ = 01in (2.7)). In that case, we reproduce previously known results from our point of
view. In the following section we generalize the calculation to arbitrary ey (2.6).

3 The torus partition function of TT deformed CFT

As explained in the previous section, for the case e+ = 0, the long string sector of the
boundary CFT, (2.2), (2.3), is holographically dual to string theory on M x A/, where N’
is the compact CFT defined in (2.1), and M is a sigma model on the background
g1 /d2 dpd + L oma (3.1)
= — z — . .
2r /), A
Note that in eq. (3.1):

(1) The worldhseet coordinate z parametrizes a torus with modulus 7, i.e. it is identified
as z~z+2m, 2z~ z+427T.

(2) The integration measure is given by d?2 = dzjdzs. The area of the torus is
fT d22 = (27T)27'2.

(3) We have normalized the action slightly differently than in (2.8), which corresponds
to a different normalization of the parameter A in (2.8) and (3.1).



To calculate the partition sum of the dual theory on a torus, we identify the boundary
coordinates (v,7) as in (1.2), and compute the partition sum of string theory on M x N’
on a worldsheet torus. The discussion of the previous section implies that the result should
give the partition sum of the symmetric product theory (2.2)—(2.4), with the building
block (2.3) TT deformed. Via universality, we can read off from it the partition sum of
any 7T deformed CFT.

Before we start the calculation, a word on normalizations. The normalization of the
first term in (3.1) enters the result in a subtle way. The partition sum of ¢, both on
the worldsheet torus, and on the target space torus, is proportional to the range of the ¢
coordinate which, in the approximation we are using, is infinite. To perform the calculation,
one needs to introduce UV and IR cutoffs, and it is easy to see that once this is done, the
normalization of ¢ enters through an overall multiplicative factor. We will not be careful
about this factor here, since this is not necessary for our purposes.

The normalization of the second term in (3.1) defines the (dimensionless) coupling A,
the TT coupling in the block of the symmetric product. This definition might differ from
other ones by a rescaling, which can be fixed e.g. by comparing the resulting energies.

The worldsheet partition sum of string theory on M x N can be written as

Zs = 7071 L, (3.2)

where Z, is the partition sum of the fields (v,7%) (and their superpartners), Z, is the
partition sum on IRy x N, and Zgy, is the partition sum of the (super) conformal ghosts.
All partition sums in (3.2) are functions of the modulus of the worldsheet torus, (7,7), and
Zws needs to be integrated over all inequivalent values of the moduli.

As is standard in string theory, the ghost partition sum, Zg,, cancels the contribution
of two towers of oscillators of the matter partition sum, Z,Z . One can take these towers
to be those associated with (v,7%). After this is done, the only remaining contribution
of (,7%) to the partition sum comes from their zero modes. We can think of the zero
mode contribution as a sum of contributions from maps from the worldsheet torus (with
modulus 7) to the spacetime one (with modulus ().

Parametrizing the worldsheet torus by the coordinates (z,z), with
z =2n(o1 + TO2), (3.3)

and
O§0‘170'2 S 17 (34)

these maps are given by [19]
71 = 2m(wio1 + m10o2) + 2m¢i (w201 + Mao2), Y2 = 2mCa(wao1 + Ma0o2). (3.5)
Plugging (3.5) into (3.1), we find the action

— " i — _ 2
Stmiws} = 2)@!?711 Twi + ((m2 — Twa)|". (3.6)



Combining all the elements, we find that the partition sum (1.5) is given by

_ d?
Z(C,Q/\) = % Z Lé—e_s{mi’wi}Zl(T,T). (3.7)

my, Wy

Here F is a fundamental domain of the modular group, and the sum over (m;, w;) runs
over all integers. The prefactor in front of the sum comes from the Gaussian path integral
over (7,7). It can be read off the textbook analysis of [19] (equations (7.3.6), (8.2.11),
generalized from the case of S' to T2 target). One can also determine it by demanding
that the integral (3.7) can be written as a trace (with integer coefficients) over the spectrum
of the deformed theory.

In our discussion so far, we have omitted an important element. The target space
coordinates (7,7) live on a torus (1.2), but string theory on a two-torus has four real
moduli, and we have accounted for only three of them, the modulus ¢ (1.3), and the size
R (1.4). The fourth modulus is the NS B-field. Actually, the background (3.1) already
includes a non-zero B-field:

&ﬁzé%i fz&ﬁvzi%i d*z ((090v + Ov07) + (090y — OvF7)).  (3.8)
The B-field is critical, in the sense that the energy of a string winding around the circle
(in Lorentzian signature) is zero, with the energy due to winding exactly canceling against
the contribution of the B-field. One can add to the action another term, which changes
the B-field from this critical value,

_ B
- 27 (o

S, / 0= (07 — 9957) . (3.9)
Plugging (3.5) into (3.9), we find that the coupling B gives an additional multiplicative
contribution to the r.h.s. of (3.7), that takes the form exp(—27iBN), where

N = wi1Mmo — wami. (3.10)

Thus, the partition sum (3.7), depends on one more coupling, Z = Z((,(, A, E), and the
dependence on this coupling is periodic, Z(¢,(, A, B+ 1) = Z2(¢, (N, E)

By Fourier transforming Z in B, we can focus on the contribution to the sum in (3.7)
with a given value of N. We focus here on the contribution with N = 1. Higher values of
N are discussed in [20].

The partition sum Z((, ¢, A, E) is invariant under the modular transformations

ag +b A

— A ——
¢ T d e + d|?

(3.11)

This SL(2,Z) symmetry is part of the SO(2,2; Z) T-duality group of string theory on a
two-torus (see [21] for a review). The B-field does not transform under this symmetry.
Hence, the Fourier components of the partition sum, which are given by the sum (3.7) with
fixed N (3.10), are modular invariant as well.



To recapitulate, we conclude that the partition sum of string theory on M x N is given
by (3.7), and we can restrict the sum over the windings (m;, w;) to satisfy N = 1, with
N given by (3.10). The dual CFT (before the deformation) is given by (2.2)—(2.4), and
imposing the constraint N = 1 in the string theory, corresponds in that CF'T to restricting
to states in the building block of the symmetric product Méi) (2.3), [20].

The partition sum of the CFT Mé? is given by Z| above. Therefore, using universal-
ity, we can write our final expression for the partition sum of the theory obtained by TT
deforming an arbitrary CF'T, with partition sum Z.g

T 2)

m;,w;| N=1

2
2= $ /fi;es{mi,wi}cht(ﬂﬂ. (3.12)
2

To simplify the expression (3.12) further, one can use the fact that Z.g(7,7) is modular
invariant, and modular transformations act on (mi,wi, me,w2) by permuting them, while
keeping N (3.10) fixed. These properties can be used to trade the sum in (3.12) with an
integral over the fundamental domain F, for an integral over the whole upper half plane,
H, with (m;, w;) set to a particular value with N = 1.

A convenient value to take is

m2=w1=1, m1:w2:0. (3.13)
Plugging (3.13) into (3.12), and using (3.6), we find

2

2¢en =32 [ L), (5.14)
He T2
The expression (3.14) agrees with previous studies of the torus partition function of TT
deformed CFT [9, 10]. For instance, one can obtain it by manipulating eq. (52) in [10].
However, the origin of this expression, and in particular that of the modulus 7, seems to
be different in the two cases. In our case, 7 is the modulus of the worldsheet torus in a
holographic description, whereas in [10] holography does not seem to play a role, and 7

arises from the two dimensional (JT) gravitational description of the deformed theory.
Expression (3.14) is also related to the results of [8]. Indeed, it gives the partition sum
of the deformed theory as a convolution of the undeformed partition sum with the kernel

= G —gi-|r—¢?
[(g,C,T,T’)\) = TTQZQ 2A1g . (315)
This kernel satisfies the differential equation
_ 1 1 _
MWI((, ¢, T,TIN) = g [Q@C@ZA- 3 <i(8§ — BE) — C2> )«9)\] I(¢, ¢, 7, TIN) (3.16)

for all 7. As a result, the partition function (3.14) satisfies the same differential equation,
in agreement with eq. (3.1) in [8]. Since (3.15) approaches a ¢ function as A — 0, (3.14)
satisfies the initial condition (3.2) in [8] as well. The above discussion can be used to
determine the relation between the coupling A\ defined here, and the one defined in [8].
One finds /\here = %)\there‘



We finish this section with a few comments about the expression (3.14):

(1)

The integral (3.14) is only convergent for A > 0, the region in which the model
is well defined non-perturbatively [8]. For negative A, the kernel (3.15) is highly
non-normalizable, and the integral (3.14) is highly divergent. This is related to the
non-perturbative ambiguities found in [8].

The partition sum of the deformed theory is obtained by smearing that of the unde-
formed theory over a region whose size grows as the coupling A increases. This is the
way that the torus partition sum exhibits the non-locality of the theory, and the fact
that the non-locality scale is proportional to v/A.

It makes the behavior of the partition function Z under modular transformations
manifest. Indeed, the r.h.s. of (3.14) is a product of four components, each of which
is invariant under the SL(2,Z) transformation

aC+b ar +b

1
C—>cc+d’ T—>CT+d’ (3:.17)
which implies, among other things,
T—¢ 2 G
— _— —_— . 3.18
=02 T derd) 2 rrd? @7 [+ dP (3.18)
Thus, the partition function (3.14) satisfies
aC+b al+b A ) _
z ST — Z(¢,C, N, 3.19
(s S rar) — 2T (3.19)

as expected [8].

Equation (3.14) can also be used to infer the deformed spectrum in terms of the
undeformed one. The partition sum of the undeformed theory can be written as

Zcft(Ta ?) — Z e—27rT2REn+27ri7'1RPn ) (320)

n

Plugging (3.20) into (3.14), and performing the 7 integral using the identity

 dt
/ it efa/tfbt — \/?GQM’ (321)
0 t2 a

we find
2T = Y e, 2
with
1 RE 1
_ n 2 _ =

in agreement with [8]. Note that for vanishing undeformed energy and momentum,
one finds that the deformed energy vanishes as well. In the AdS3;/CFTy context,
this state describes a string that winds around the boundary circle without any
excitations. The cancellation between the two terms on the r.h.s. of (3.23) is the
cancellation mentioned above (around (3.8)) between the Nambu-Goto contribution
to the energy and that of the (critical) B-field.



4 The torus partition function for general couplings

The discussion of section 3 can be extended to the case of general couplings (\, e+) in (2.8).
Since this background mixes the deformed field theory base space coordinates (7,7) with
the target space coordinate y, we need to be more careful about the factor Z, in the
worldsheet partition sum (3.2). Using (2.5), we can write it as

Z| = ZyZgZ,. (4.1)

The first two factors are insensitive to the deformation (2.8). The last factor is modified,
due to the mixing of y with (v,7%), but in a way that is familiar from the treatment of
the Narain moduli space of string theory compactified on a torus (see e.g. [21]). As there,
the oscillator contribution to the partition sum of (v,7,y) is not affected (it is given, as
usual, by 1/|n(7)|® for the bosons and the standard expression in terms of @ functions for
the fermions)), and we only need to track the zero mode contribution. This can be done
in a very similar way to our discussion of (7,7) in the previous section.

If y lives on a circle of radius r, the analog of (3.5) for it is
y = 2nr(wsoy + m3og). (4.2)

Thus, dy, Oy are independent of z, like the derivatives of «, ¥ in section 3. As there, to
evaluate the zero mode contribution to the partition sum, we need to plug (3.5), (4.2) into
the worldsheet action (2.8), evaluated at large ¢, and sum exp(—S{, w,}) over all (m;, w;),
i=1,23.

To see what this procedure gives, one can proceed as follows. The worldsheet
Lagrangian for (v,7%,y) that follows from (2.8) can be written as

1 _ _ _
£ = o [MOF + 26,0y)(D7 + 2¢-y) + Dydy| (4.3)
where 1
= - 4.4
h A—deye_ “4)

is the value of (2.9) at ¢ — oo, and again, as in (3.1), we used a different normalization
than in (2.8).

We split the path integral into the contribution of the non-zero modes and that of
the zero modes of all the fields. As mentioned above, the only part of the computation
that depends on the couplings and moduli is the zero mode contribution of the three fields
(7,7,y) in (4.3). To decouple them, we introduce the auxiliary complex parameter y, and
rewrite (4.3) as

1 XX iX (5., 97 ix %l 5
=5 [4e+e_h7'22 . (83/ + 26_) i <8y + 26+> + 8y8y] . (4.5)
Note that here x is not a worldsheet field, and the integral over it is a regular (complex)
Gaussian integral. This is related to the fact that for the zero modes, all the derivatives of

~10 -



fields in (4.3), (4.5), are independent of z. They do depend on (m;, w;) (3.5), (4.2), and as
mentioned above, one needs to sum exp(—S) over all the saddle points (see appendix A).
It is convenient to rewrite (4.5) as

(X — 2im2e_hO7) (x — 2iT2€4hD7)

L= S [h&fya'y +
2

deie_hts (4.6)

1 _ i i
+o- <3y3y - —X0y — X3y> -
™ T2 T2

The first line of (4.6) is a universal expression, which depends on the couplings and the
moduli of the worldsheet and target space tori, but not on the particular CFT that is being
deformed. The dependence on the CFT comes from the second line of (4.6). It gives rise to
the partition sum of the undeformed CFT with chemical potentials for U(1)z and U(1),
proportional to x and ’y, respectively.

Indeed, comparing the second line of (4.6) to (A.14), we see that the path integral over
y gives rise in this case to the partition sum Zi,, (7,7, x,X) defined in (A.7), (A.11), (A.13)
(with k = 1, the appropriate value for this case). Putting this together with the first line,
which is evaluated as in section 3, we have

_ @h/ dQT/dQX 1 _s _
Z A = — [ =& tmiswit Zo (T, 70X, %), 4.
(€7€7 y €45 € ) 9 > 7_22 P 2h€+€, € (T T, X X) ( 7)

where

Stmiwiy = 27T <h8’ya’y + (X — 2iToe_ho7) (X — 2i726+h8'y)> : (4.8)

dere_hts
Recall that, as in section 3, to evaluate (4.7), (4.8), we need to plug (3.5) into them and
perform the sum over (mj,mg;wi, ws), subject to the constraint N =1 (3.10).

Since the integral (4.7) is modular invariant, we can trade it for an integral over the
upper half plane, while restricting the sum over (m;, w;) to the single value (3.13). For this
case, one has

27‘2 27’2
Plugging (4.9) into (4.7), (4.8), we find the final result
2@ Chene) = [ dr [ B ICLRT 0 Zm(n D), (@10
H c
where
—= _mhlr—¢|? = X+e_h(7—C —erh(T—
IC TR = — 2o e mpiin (Ve hTO)eshr=0) (4.11)
depe 15

Equations (4.10) and (4.11) are one of the main results of this paper. One can perform a
number of checks on them.
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(1) It is straightforward to verify that the partition sum is modular invariant, with the
couplings transforming as expected

Z(]c{+d|2h, e+ e~ aC+b aC+b

CC+d’C<+d’CC+d,CC+d> :Z(h,6+,67,c,<’). (412)

For ex — 0, (4.12) reduces to (3.19).

(2) One can read off from them the spectrum of the theory, as in section 3. One finds

1
RE = n— (B + VB> -~ 44C), (4.13)

where

A= ((e++ € )? — A,
B =4’ n+4de_ein+ 2e_qr — 2e4qr, — 2Xn — 1, (4.14)
C =RE —n—qp+ (2e-n+qr)?,

which matches the result in equation (5.31)—(5.33) of [7] upon rescaling A\ = \C¢X /4,
€L = EEGK/Q, e =92 qp = —qF9K and qr = ngK. Note that this matching
must hold by construction, due to the fact that in the string theory examples it must
work, and the universality of the spectrum discussed in section 1.

(3) The condition A < 0 that was shown in [7] to be necessary and sufficient for the
spectrum of the deformed CFT to be sensible, and the dual geometry (2.8) to be
well behaved, arises in our approach as follows. Starting with (4.10), with Zi,, given
by (A.7) and (A.13), and performing the (x, X, 71) integrals, gives rise to an integral
over 73 of the form (3.21) with an overall factor A — (e + ¢_)? = (—A) in the
denominator of the exponential. Therefore, the width of the exponential scales as
(—A) for small positive (—A). This generalizes the observation in section 3, that A
parametrizes the degree of smearing in (3.14), to the case of general €.

(4) Onme can take various limits, such as ex — 0, which gives back the TT deformed
CFT (3.14), since the y integral localizes to x = 0 in that case. Similarly, the limit
A, e_ — 0 gives rise to JT deformed CFT.

5 Discussion

In this paper we computed the partition sum of a general CFTy with holomorphic and anti-
holomorphic conserved currents, J and J respectively, perturbed by a general combination
of TT, JT and TJ, (2.7). To perform this calculation, we used a technique based on
holography, that has been used before to determine the spectra of these theories. Our
result, equations (4.10), (4.11), gives the partition sum as an integral transform of the
unperturbed CFT. It transforms in the right way (4.12) under modular transformations,
and reproduces the spectrum (4.13), (4.14) obtained before using the same technique.
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One of the main points of this paper, in addition to the detailed results (4.10), (4.11)
is that to obtain new insights into the deformed CFT’s (2.7), it is useful to systematically
follow the approach to these theories introduced in [13, 14] and followed in later papers.
In this approach one uses the large class of examples provided by long strings in AdSs
and their dual CFTy (2.2), together with the universality discussed in [8, 12], to obtain
properties of any deformed CEFT of the form (2.7). It is interesting to follow this logic
further. Some examples that one can apply this approach to are the following.

Our results for the partition sum, (3.14) for the TT case and (4.10) for the general
case, were obtained by starting with expressions like (3.7) for the TT case, and its analog
for the general case, and restricting the sum to N =1 (3.10). In the string theory context,
this is very natural, as explained in sections 2, 3. It corresponds to the fact that the full
CFT we are deforming is a symmetric product (2.2), and the perturbation acts on the
building block of this symmetric product. Presumably, summing over all (m;, w;) in (3.7)
should give the partition sum of the full symmetric product of deformed CFT’s. In [20] we
make this precise, and generalize it to an arbitrary symmetric product CFT.

Another interesting generalization suggested by the string theory construction is to
systems that contain multiple U(1) symmetries. In string theory this gives rise to Narain
compactifications (see e.g. [19]), and the associated SO(d, d; Z) T-duality symmetries [21].
In our context, the string construction provides a unification between the base space
torus (1.1)—(1.4), and the internal U(1)’s, and some non-trivial relations that follow from
the underlying stringy symmetries. Via universality, these relations must hold for an arbi-
trary deformed CFT (2.7).

In the discussion of this paper, we restricted attention to the partition sum of the
deformed CFT without chemical potentials for the U(1)’s. The generalization of (4.10) to
the case with chemical potential is discussed in appendix B, with the final result presented
in equation (B.2). The comparison to the results of [12] however turns out to be somewhat
subtle and is left for future investigation.
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A Partition sum with chemical potentials in CFT

As we saw in the text, the torus partition sum of a CFTy deformed by a general combination
of TT, JT and TJ, (2.7), can be written as an integral transform of the partition sum of
the original CFT, with chemical potentials for the charges that couple to J and J turned
on. In this appendix we discuss some properties of such partition sums. We start with an
example, the CFT of a compact scalar field, which we denote by y(z), and then generalize
to other cases.

We take y(z) to be canonically normalized,

y(2)y(0) ~ —In|z]?, (A1)

which corresponds in the textbook analysis of [19] to setting o/ = 2. We also take y to live
on a circle of radius r, i.e. identify

Yy ~y+ 2mr. (A.2)

The resulting CFT has left and right-moving conserved currents

J(z) = i0y(z), J(z) = i0y(2), (A.3)
normalized as 1 1
J(2)J(0) ~ ok J(2)J(0) ~ = (A.4)

The charges corresponding to (A.3) are the left and right-moving momenta
dZ z —
— _ = ¢ — . A.
PL %27@ J(z),  pr j{ - J (A.5)
They take the values (see e.g. [19], eq. (8.2.7))

n wr n wr
_n - _ A6
pL == + 5 PR = 5 (A.6)
where n,w are integers, the momentum and winding of a state, respectively.?

The partition sum with chemical potentials for py, pr is defined by
Tt (7,7, v, 7) = Ty (ko= 35) = 2ni7(Lo=53)+ 2mivp, —2mivpr (A7)
where c is the central charge of the CF'T. For the case of a single scalar field we have ¢ = 1.

The partition sum Z.g, (A.7) can be computed following standard textbook treatments,
such as the one leading to (8.2.9) of [19]. Using the fact that

1 — 1 —
Lozip%+N; Lozgp%ﬂLNa (A.8)
where N, N are the left and right-moving oscillator levels, one finds

2 w2r2

1 n .
Zcft (7-, ?, v, U) = W E eXp |:—27T7-2 <7a2 + 4 > + 27727-177/[0
N n,w
+2miv (ﬁ + ﬂ) — 2miv (ﬁ - ﬂ) ,
r 2 r 2

3The charges pr, pr, (A.5), (A.6), are denoted by qr, gr in (4.14).

(A.9)

with 7(7) the Dedekind eta function.
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To study the transformation properties of (A.9) under the modular group, it is conve-
nient to Poisson resum it in the variable n. Using (8.2.10) of [19], we find

Zegt(T, T, 1, U) = S — exp {—7”“2|m —wr|?
VIR 2 = o)
+%(m —wT) — %(m —wT) — 2i7_2(1/ —7)?
It is natural to define the quantity
T (7,7, 1,0) = Zegy (7,7, 1, 0)e™ 07 /272 (A.11)

which, following the discussion after (8.2.11) of [19], can be shown to be invariant under

ar +b o v N v
_— VS —— TV .
et +d’ et +d’ cT+d

(A.12)

T —

A few comments on (A.11), (A.12):

(1) These results were derived for the specific case of the compact scalar CFT, (A.1),
(A.2), with the chemical potentials v, 7 coupling to currents normalized as in (A.4),
but it is easy to generalize them to a general CFT, and currents normalized in a
more general way J(2)J(0) ~ /2%, J(2)J(0) ~ k/z%. In the general case, the
relation (A.11) is replaced by

Zins (7,70, 0) = Zeu (7,7, v, D)0V, (A.13)
and one can show that Ziy, (A.13) is invariant under (A.12).

(2) For the case 7 = 0, where both Z.g, Ziny are only functions of (7,7, ), one can check
that the invariance of Zip, under modular transformations (A.12) leads to (1.2) of [12],
with kthere = Khere-

(3) One can think of the partition sum Zj,, (A.11) as corresponding to the Lagrangian

1 B , -

L= (ayay ey — ZV(?y) . (A.14)
21 T T

The terms proportional to v and 7 in (A.14) receive contributions only from the zero modes

of the field y. Plugging (4.2) in (A.14), integrating £ over the torus, and summing over all

(m,w) (called (mg,ws) in (4.2)) gives precisely the expression (A.10), (A.11) for Ziyy.

B Partition sum with chemical potentials

In the text of this paper we computed the partition sum of a deformed CFT (2.7) for
general values of the couplings. The deformed theory preserves the two U(1) symmetries
corresponding to J and J, though the deformed currents cease to be (anti) holomorphic
for generic values of the couplings. We can couple the two conserved charges to chemical
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potentials (v,7), and compute the partition sum as a function of (v, 7). In this appendix
we write the resulting expression.
The basic idea is to replace Ziny (7,7, x,X) in (4.10) by

Zinv (7-7 ?7 X Y) = ZCft (7—7 ?7 X Y)eﬂH(X—YF/QTQ — Zcft (7-7 ?7 X + v, Y + v)eWH(X—Y)Q/QTQ (Bl)

If we write the partition sum Z. as a trace, as in (A.7) (with the charges denoted by
Qr(r) rather than prg)), and shift x — x + v, the contribution to the trace of each state
is multiplied by a factor exp [27i(vQr — PQRr)]. Therefore, the quantity

Z(¢, N €4y 651, 7) :/ dQT/dzx I(C,C,m 7 X ) Zete (T, T, X + v, X + D)™ 07/ 2
e c

(B.2)
can be written as a trace of the form (3.22) (with all couplings turned on), with a chemical
potential coupling to the conserved U(1) charges,

Z(C:Z? )\7 €p € U, P) — 26727TRCQSH+27TZ'C1RP71 % 627Ti(VQLn*vQRn). <B3)

n

Note that in deriving this result we assumed that the integral over 7 and y in (4.10) can
be interchanged with the trace that enters Z.i. This assumption was already made in
deriving (4.13) from (4.10), and appears to be consistent both with the results on the
spectrum in [7], and with the convergence properties of the various sums and integrals.

Note also that the chemical potentials (v,7) in (B.2) couple to the undeformed charges
of the states (i.e. their charges in the original CFT). In [12] it was found to be convenient to
define the chemical potential w.r.t. a coupling-dependent charge, since this gave a partition
sum with good modular properties ((1.4) of [12]). This was related to the fact that the
deformed theory contained a current that remained holomorphic after the deformation.
Such a current does not seem to exist for generic value of the couplings, and correspondingly,
the partition sum (B.2) does not seem to have good transformation properties under the
modular group.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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