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1 Introduction

A large class of five-dimensional (5d) N' = 1 gauge theories have non-trivial fixed points.
Novel phenomena such as dualities and global symmetry enhancements emerge at such
conformal fixed point [1-4]. Two or more theories of different gauge theory descriptions
can flow to the same fixed point and thus they are UV-dual in the sense that they flow to the
same superconformal field theory (SCFT) at UV. For instance, 5d Sp(IN) gauge theories



with Ny hypermultiplets in the fundamental representations (flavors) and 5d SU(N + 1),
gauge theories of Chern-Simons (CS) level kK = N +3 — N;/2 with N flavors are a typical
example of such UV-duality [5]. In particular, 5d N' = 1 gauge theories of rank-2 gauge
groups are completely classified with their dual partners and field contents [6-11]. Such
dual theories enjoy intriguing enhanced global symmetry, whose symmetry structure arises
through non-trivial interplays between instanton particles and hypermultiplets, and is often
checked from the index functions like superconformal index or partition function with
shifted Coulomb branch parameters.

Prepotential captures low energy effective descriptions of these SCFTs in Coulomb
branch where gauge group is completely broken to U(1)" where r is the rank of gauge group.
Intriligator, Morrison, and Seiberg (IMS) proposed the explicit form of the prepotential,
which is one-loop exact and at most cubic [4]. We refer to this perturbative prepotential as
the IMS prepotential. The IMS prepotential is readily determined from the gauge groups,
the CS levels (if exit), and hypermultiplet contents. Thus it respects perturbative global
symmetry from the hypermultiplets. The first derivative of the prepotential with respect
to Coulomb branch moduli yields monopole string tension, and also the second derivative
describes the effective coupling, which plays a role of the Coulomb branch metric. As
there are no instanton contributions, the IMS prepotential is insensitive to the global
symmetry enhancements.

As many of such 5d N =1 theories can be engineered via Type IIB 5-brane webs [12,
13] or M-theory on Calabi-Yau (CY) threefold [14, 15], brane configurations also provide
a direct description of the prepotential. For instance, one can study CY geometry of 5d
gauge theories to obtain their triple intersections which yield the prepotential of the 5d
theories or one can also scan possible gauge theory descriptions from the geometry which
lead to a classification of the UV-dual theories [6, 9, 11, 16-19]. Though Type IIB 5-
branes can be understood as dual description of the geometry, not all CY geometries can
be realized as a 5-brane web. For those theories whose 5-brane configurations exist, UV-
dual structure is more intuitive as they can be realized as an S-duality or resolution of
orientifold planes, followed by Hanany-Witten transitions [20]. Enhanced global symmetry
can be also read off from the 7-brane analysis [21-23]. Areas of the compact faces of a
given 5-brane web correspond to monopole string tensions, from which one can readily
reconstruct the prepotential. Equivalence of the areas of the compact faces from 5-brane
webs and the prepotential for the corresponding theories is a necessary condition to find a
new 5-brane diagram. See recent proposals of 5-brane webs for SO(N) (7 < N < 12) gauge
theories with spinor matter [24], for G2 gauge theories with flavors [8, 25], for SU(6) gauge
theories with hypermultiplets in the rank-3 antisymmetric representation [26] and also for
6d D-Type conformal matter on a circle [27-29].

A 5-brane web contains much more than just the prepotential as one can compute
the partition functions [30, 31] (also leading to Gopakumar-Vafa (GV) invariants [32, 33])
and Seiberg-Witten curves based on it. 5-brane webs can be understood as a dual CY
toric(-like [34, 35]) diagram [36] and hence inherits M-theory configurations. One can
deform 5-brane webs using the Hanany-Witten transitions and the flop transitions, and also
apply SL(2,Z) transformations. Through such transitions, one can reach all the parameter
regions of the theories. 5-brane webs hence naturally capture both perturbative and non-



perturbative aspects of the theory. On the other hand, since the IMS prepotential is
valid in the perturbative regime where the gauge coupling is small, the IMS prepotential is
incomplete in describing the theories as a whole including other phases of parameter regions.

In this paper, we attempt to extend and generalize the IMS prepotential to include
non-perturbative regime and also to capture other allowed parameter regions where dual
gauge theories are naturally realized. In other words, we construct “complete” prepotential
over the extended Kihler cone,! such that (i) it reduces to the perturbative prepotential
of its gauge theory description if exists, (ii) it manifests its global symmetry, and (iii) it is
valid for the whole parameter region.

To this end, we use 5-brane webs as they inherit all the parameter regions. In par-
ticular, we introduce invariant Coulomb branch parameters that are invariant under the
enhanced global symmetry [39]. The complete prepotential expressed in terms of the in-
variant Coulomb branch parameters is manifestly invariant under the enhanced global sym-
metry. The mass parameters together with the instanton mass form invariant polynomials
of the representation of the enhanced global symmetry. Along the way, we introduce a new
notation in terms of the step function which is useful to keep track of flop transitions on
a 5-brane web, motivated by the expression in [40]. By considering all possible flops,? one
can cover all the parameter regimes, which leads to the complete prepotential. In the week
coupling limit, of course, this complete prepotential naturally reduces to the IMS prepo-
tential. To exhaust the form of the complete prepotentials, we discuss different approaches
and test against various consistency checks to support our complete prepotentials.

The organization of the paper is as follows. In section 2, we demonstrate how to
construct the complete prepotential for the rank-1 theory, the SU(2) gauge theory with
Ny < 7 flavors, which is expressed as the representation of En, 11 symmetry. In subsequent
sections, we apply our method to rank-2 theories. As representative examples, we consider
the Sp(2) gauge theory with Ny < 9 flavors in section 3 and the Sp(2) gauge theory with
one antisymmetric and Ny < 7 flavors in section 4. In these sections, we discuss other
ways of obtaining the complete prepotential from geometry and from the GV invariants
to support the form of the complete prepotentials. We also consider various consistency
check like duality and RG flows. We conclude with possible applications, generalizations
and restrictions. In appendices we list the explicit form of the complete prepotentials that
are mentioned in the main text.

2 Prepotential for rank-1 theories

In this section we first start from determining complete prepotentials for simple examples,
namely rank-1 theories.
2.1 Complete prepotential

A 5d N = 1 supersymmetric gauge theory with a gauge group G has a Coulomb branch
which is parametrized by the real scalar field ¢ in the vector multiplet. On the Coulomb

Here, the extended Kahler cone [37] refers to the enlarged Kahler moduli space [38].
2Flop invariant property is explored in a geometric setup based on the combined fiber diagram [41].



branch, the gauge group is broken to U(1)"¢ where r¢ is the rank of G. The prepotential
governing the low-energy abelian theory is given by [1, 2, 4]

1 K 1 3 3

F(p) = 5m0hz’j¢i¢j + gdijk@(lsjqﬁk t1 (r;;ts - ¢l —Ef:w;f |w - ¢+ myl ) , (2.1)
where mg is the inverse of the gauge coupling squared, k is the classical Chern-Simons
level and my is a mass parameter for the matter f. r is a root of the Lie algebra g
associated to G and w is a weight of the representation Ry of the Lie algebra g. Here,
hij = Te(TiT;), dijr, = %Tr (Ti{T}, Ty }) where T; are the Cartan generators of g. The terms
with the absolute values in the prepotential are the one-loop exact quantum contributions.
oF
¢

The first derivative of the prepotential 22 gives the monopole string tensions T;, and a

second derivative % yields the effective coupling 7. which is the metric on the Coulomb
branch. We call this prepotential the Intriligator-Morrison-Seiberg (IMS) prepotential for
later convenience.

As the IMS prepotential is a perturbative quantity, it is insensitive to non-perturbative
phenomena such as global symmetry enhancements and UV dualities. The discrete theta
angle of 5d Sp(NN) theory is also not captured in the IMS prepotential. As a concrete
example, consider the 5d AN/ =1 SU(2) gauge theory with Ny < 7 hypermultiplets in the
fundamental representation (flavors). It has a perturbative global symmetry of SO(2Ny) x
U(1)7, where SO(2Ny) comes from Ny flavor symmetry and U(1); corresponds to the
conserved symmetry of the instanton particle. In the infinite coupling limit, the theory
becomes a superconformal field theory and enjoys the enhanced global symmetry En, 41 D
SO(2Ny) x U(1); [1]. For pure SU(2) = Sp(1) gauge theory, manifest global symmetry
is U(1)7, and there are two distinct theories which differ by the theta angle 6 = 0,,
called SU(2)p and SU(2), gauge theories, respectively. Though they do not have any
hypermultiplet, these two theories have different global symmetries at the conformal fixed
point: the global symmetry for the SU(2)y gauge theory is enhanced to SU(2) D U(1)y,
while that for the SU(2), gauge theory remains as U(1);. They are also often referred to as
the E; and E) theories, respectively [2]. The IMS prepotentials for the E; and E; theories
are same and given by

]:SU(Q) = -mpa” + -a, (22)

where mg > 0 is the instanton mass and the Coulomb parameter a = ¢ lies in the Weyl
chamber a > 0.2 As non abelian global symmetry is realized as the Weyl reflection on the
mass parameters, one can see that the IMS prepotential (2.2) does not show the SU(2)
symmetry manifestly.* Rather it is of a U(1); symmetry associated with mg. The IMS
prepotential (2.2) hence does not capture the symmetry enhancement as it is. The corre-
sponding monopole string tension 7T is given by

T = moa+4ad? (2.3)

3Throughout this paper, we choose a naturally ordered Coulomb branch parameters with a judicious
choice of Weyl chamber.
4In other words, the IMS prepotential (2.2) is not manifestly invariant under mg <> —mg.
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Figure 1. (a) A 5-brane web for pure SU(2)¢ gauge theory (or E; theory). (b) A 5-brane web for
pure SU(2), gauge theory (or E; theory).

and the effective coupling 7.g is
Tef = Mo+ 8a . (2.4)

From the perspective of 5-brane webs in Type IIB string theory, it is also straightfor-
ward to obtain the prepotential. As a BPS configuration, 5-brane web is made of 5-branes
of (p, q) charges forming edges and faces as shown in figure 1. Given a 5-brane web, one can
associate the parameters of the b-brane web diagram with the gauge theory parameters,
mo, mys, and ¢; (or equivalently a;). Areas of the compact faces of a 5-brane correspond to
the monopole string tension for the theory. As one can express the areas of the compact
faces in terms of the gauge theory parameters, one can readily obtain the prepotential from
a given 5-brane web. For instance, the 5-brane webs in figure 1 are pure SU(2) theories with
different discrete theta angles. It is easy to check that the area of the compact faces of these
5-branes in figure 1 is the same as (2.3) and therefore yields the same prepotential as (2.2).

5-brane configurations, of course, convey more information than just a prepotential.
Though the IMS prepotential for the F; theory and that for the E; theory are the same,
their 5-brane webs are different in the sense that they are not related by any continuous
deformations. In [13, 39], it was discussed that the enhanced global symmetry can be
captured in 5-brane webs as the fiber-base duality, with the introduction of the invariant
Coulomb branch parameter, which is the shifted Coulomb branch parameter such that it
is invariant under the exchange of fiber and base Kahler parameters. For instance, one can
see that the SU(2)( 5-brane web given in figure 1(a) can be symmetric under the reflection
with respect to the (1,1) 5-brane when the fiber K&hler parameter Qp and the base Kéhler
parameter Qg are suitably chosen such that Qr <> Qp. This fiber-base duality hence leads
to the global symmetry enhancement to E; = SU(2).

For the pure SU(2)y gauge theory, the invariant Coulomb branch parameter a is given
by [39]

- 1
a:a—l—gmo, (2.5)
with which the effective coupling (2.4) becomes independent of mg. The prepotential for
the E; theory is then expressed as
1 4 5
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Figure 2. (a) E; theory with a + img < 0. (b) Ey theory.

where irrelevant constants are/will be neglected. It is clear that this new form of the
prepotential (2.6) is invariant under SU(2) Weyl reflection mg <> —mg. The new prepo-
tential, expressed in terms of the invariant Coulomb branch parameter, hence makes SU(2)
enhanced global symmetry manifest. The prepotential (2.6) is also valid for all possible
phases of my.

For the pure SU(2), gauge theory, as there is no enhanced global symmetry, no invari-
ant Coulomb branch parameter is needed, and hence, for mg > 0, the prepotential (2.2)
remains unaltered. For mg < 0, on the other hand, the theory can become non-Lagrangian
as depicted in figure 2(a). In this phase, the IMS description is not valid. The prepo-
tential can be nevertheless read off from the 5-brane web. The area of the compact face,
corresponding to the monopole string tension, is

9 1 \?

We note here that the Coulomb branch parameter a is further restricted since the monopole
tension 7' should be non-negative. Le., a > —£my for mg < 0. (See also [42].) We call
these allowed parameter regions the physical Coulomb branch [7]. The prepotential in the
parameter region is then given by

34 3 1
F = §a5 + 7mo a® + gmga . (2.8)
One can see that it is not invariant under mgy <> —mg and thus the corresponding global
symmetry is still U(1);, as expected.

As the E; theory allows the decoupling (RG flows) to the Ej theory, we can further
check whether the prepotential (2.8) reproduces that for the Ey theory. By taking mo —
—00, keeping 3a+ %mo finite, in figure 2(a), we find that the prepotential for the Ey theory,
obtained from the resulting web diagram figure 2(b) is given by

3 3

FBy = 5 (ag,)”, (2.9)



where irrelevant constant is dropped and
=ag, + “Mog, - (2.10)

In order to incorporate all the regimes of the parameters a,mg, we found that it is
convenient to introduce the following new symbol, motivated by [40],

z x<0,

Hxﬂzﬂ(—x)-m:{o z>0; (2.11)

with the Heaviside step function 6(z), which is related to the absolute value as
2| =z -2[|z]] or |z|=-z-2[-2z]. (2.12)

It is then straightforward to see that prepotential that includes all ranges of mg for the E’l
theory takes the form

3
f51:;m0a2+§a3+éﬂa+;mgﬂ . (2.13)
The prepotential (2.13) then becomes the perturbative prepotential for pure SU(2), the-
ory (2.2) when a > 0 and a + $mg > 0. (2.13) gives rise to that of non-Lagrangian
theory (2.8) when a + %mo < 0 and a + %mo > 0. These ranges come from the condi-
tion that each length of the edges in figure 1(b) and figure 2(a), or equivalently from each
monopole string tension being positive.

The prepotentials for the pure SU(2) gauge theories with § = 0,7, (2.6) and (2.13),
therefore, cover not only the usual perturbative (IMS prepotential) regime but also include
non-perturbative regime. They are expressed in terms of the invariant Coulomb moduli
and thus manifest in enhanced global symmetry. We call such new prepotentials complete
prepotentials. Notice here that the first two terms in the complete prepotential for the
Ej theory (2.13) are just the IMS prepotential (2.2), and the last term is given as the
5-brane length cubed associated with the flop transitions in figure 2(a). The last term is
interpreted as the contribution from the light instanton particle. It is in fact true that the
complete prepotential can be read off by carefully tracing out all possible flops in a given
5-brane web.

Let us now consider cases with flavors. For Ny = 1 flavor, the IMS prepotential is

given as
1 4 1
F1M3:5m0a2+§a3—ﬁlaj:m1]3
= gmoa —I—Ea —§m1a—|—éﬂa:|:mlﬂ , (2.14)

where we introduced the shorthand notation + for a double sum, e.g., [z +y[3 = |z +y|> +
|z —y|3. Possible phases of the 5-brane webs for the theory with Ny = 1 flavor are depicted
in figure 3 [2, 12, 42]. All these phases in the parameter space of the Es theory, which we
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Figure 3. All possible distinct phases of Fy web diagram.

identify with the Kéhler cone of the corresponding geometry, is depicted in figure 4, which
adds more quantitative information to the figure that appears in [2].

From these phases given in figure 3, one can compute the area T; of each phase and
then obtain the corresponding prepotential F;:

e Phase (I): {a+m1 >0& a—m >0 & a+ i(mg—mi) >0}

7 1 1
Faoy = 6(13 + 3mo a’ — im% a . (2.15)

e Phase (II): {a >0 & a+ L(mo+m1) >0 & a+my <0}

4 1
Fan = 5613 + §(m0 +m1) a? (2.16)
e Phase (III):{a >0 & a—m1 <0 & a+ 3(mg —my) > 0}
4 5 1 9
Fam = 3¢+ §(m0 —mi)a (2.17)
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Figure 4. The parameter space of the E5 theory, which is identified as the Kéahler cone of the
corresponding geometry. The allowed parameter region is the space which is surrounded by the three
planes represented by OAB, OBC, and OC D, respectively. If we fix the mass parameters mg and
my, this allowed region is identified as the physical Coulomb moduli. This allowed parameter region
is divided into five phases due to the three internal “walls”, which are represented by OAE, OCD,
and ODE, respectively. These walls are the place where the flop transition occurs. Especially,
Phase (I) is identified as the region surrounded by these three internal walls, which we represent
as ODEF.

e Phase (IV): {a+ (mo+m1) >0& a—m1 >0 & a+ 3(mo —my) < 0}

4 1 1
Favy = §a3 + Z(?)mg —my) a’ + g(mo +mq)(mo —3mi)a . (2.18)

e Phase (V): {a+ (mo—m1) >0& a—m1 <0 & a+ 3(mo —mi) <0}

3 1
Fovy =350 +Z(mo—m1)a2+§(mo—m1)2a : (2.19)

These prepotentials for all phases can be put in a single short expression,

Fy = a4 Smoa® — Tm? +1ﬂ + ﬂ3+1 +1( ) ’ (2.20)
= —Qa —mMopa — —MMya — ||l a m — a —\mMop — MM .
B2 7% 90 9 % ! 6 T |

which is valid in all region and so it is the complete prepotential of the Es theory.

Among five different phases in figure 3, (I), (II), and (III) are the phases that the IMS
prepotential for the SU(2) gauge theory with one flavor has, and thus the prepotential
covering all the allowed phases is expressed as

1 1 3
.FEQ Z.FIMs—i-GHa—i-Q(mO—ml)H , (2.21)



where Fyyg is given in (2.14) and the last term is responsible for the phases where mgy <
—2a + my. Some of such phases can on the other hand related to the IMS phases by
S-duality. For instance, the phase (IV) is S-dual of the phase (III).

The complete prepotential (2.20) incorporating all the parameter regions is then clearly
expressed as the IMS prepotential plus the S-dual pairs or the contributions of all possi-
ble flops,

1
Fr, =FcrT + 6 ﬂz H flops HS , (2.22)
ops

where Fcpr is Fq) in (2.15), and there are three different types of flops, as depicted in 3,
which accounts for the last three terms in (2.20). Note that Fcpr is the prepotential on a
phase of the parameter region where the Coulomb branch modulus a can be much larger
than the other mass parameters including the inverse coupling constant squared mg. In
this paper, we call this phase “the CFT phase,” which is compatible with the parameter
region where all the mass parameters are turned off.

One can see that the RG flows to one less flavor cases naturally connect to the complete
prepotentials for F; and El theories. Namely, by taking m; — —oo and mg — +o0o while
m(;El = mgo + my is kept fixed, one readily finds that (2.20) becomes (2.2), i.e. Fg, — Fg,.
Likewise, by taking mi — +o0o0 & mg — oo while mOE ! = mgy —my is kept fixed [42], one
readily finds that (2.20) again becomes (2.8), i.e. Fp, — Fg .

The perturbative global symmetry for the SU(2) theory with Ny = 1 flavor is SO(2) x
U(1);. On the other hand, one can read off the enhanced Fy = SU(2) x U(1) symmetry
from (2.20) by introducing the invariant Coulomb branch parameter a. For the SU(2)
gauge theory with Ny = 1 flavor, the invariant Coulomb branch parameter is given by [39],

~ 1
a:a—i—?mo . (2.23)

The complete prepotential (2.20) is then expressed as

7. 1,0\, 10. 4 0° 1. 3 N3
.7:E2—6a3—(w2+7y2)a+6Ha+7yH +6Hai$_7yH ) (224)

where we have introduced Fy = SU(2) x U(1) symmetry parameters, x,y [43]

1 1 1
T = Zmo + Zml , Y = —Zmo + Zml , (2.25)

so that the last two terms in (2.24) become an SU(2) doublet, invariant under = <> —z, and
the U(1) parameter is denoted by y. As a consequence, a particular set of flop transitions
is closely related to the Weyl reflections of enhanced global symmetry. It means that one
can obtain the complete prepotential by taking into account all possible flop transitions,
which enables one to span all the parameter regions, or equivalently by considering the
Weyl reflections for the corresponding representation of enhanced global symmetry. The
latter would be more systematic when the rank of gauge group or the number of hyper-
multiplet is large.

~10 -



The same complete prepotential (2.24) can be obtained by the following systematic
procedure: (i) Start with the IMS prepotential for a given theory in a Weyl chamber with
certain phases for masses. (ii) Rewrite the IMS prepotential in terms of the invariant
Coulomb branch parameter a. (iii) Then apply the Weyl reflections for enhanced global
symmetry. For instance, from (i) and (ii), we get the prepotential for SU(2) gauge theory
with Ny = 1 flavor is given as
f:7a3—<;m%+114 )a—kéﬂﬁ—;moimlﬂ?’. (2.26)
Using (2.25) and also applying the Weyl reflection of SU(2), one reproduces (2.24).

One can easily repeat the procedure and get the complete prepotential for SU(2) gauge
theory with Ny < 7 flavors. Here, the invariant Coulomb branch parameter a for the SU(2)
theory with Ny flavors is then given by®

Lo
8 — Ny

i= mo, (2.27)

which is equivalent to [39]. As an example, we write the prepotential the SU(2) theory
with Ny = 7 flavors. First, the IMS prepotential for the SU(2) theory with Ny = 7 flavors

7
6.7-'1Ms:a3+3m0a2—32m%a+§:ﬂaﬂ:mkﬂ3. (2.28)
k=0 k=1

With the invariant Coulomb branch parameter a = a 4+ mg, one applies the Weyl reflection
of Eg given in appendix A to get the complete prepotential

7
6PV = 33 m2a+a®+ > [Ja—mo+my ]’ (2.29)
k=0 k=1
7
+ZH mozi:mkﬂ3+ Z Hf?t:l:mi:i:mjH3
k=1 1<i<j<7
1 1< 3
+ Z H&—2m0+2 SkmkH
{s;==%1} k=1
even—+
3
+ Z Ha+ —mo + = ZskmkH .
{s;==%1}
odd+

5Given the IMS prepotential, one can take a limit, called CFT phase, where the Coulomb branch
parameters a; are much larger than mass parameters m; including the instanton mass mg, subject to
a; > mo > mj. In this phase, we see that the effective coupling ; = 6¢> 8¢
mg. For instance, the prepotential for 5d SU(2) gauge theory with Ny flavors in the CFT phase is given by

to be only a function of a and

SU(2)+N+F 1
Fopr ! 2moa +6(8*Nf)

Form this, one can consider the second derivatives of Fcrr, which gives the effective coupling in the CFT
phase, Tex = mo + (8 — Ny)a. In the CFT phase, we require that no mass parameter appears so as not to
be transformed under the Weyl reflection of the enhanced global symmetry. In other words, by shifting the
Coulomb branch parameter, we introduce the invariant Coulomb branch parameter a (2.27) so that Fcrr
respects the enhanced global symmetry.

- 11 -



Here, the summation symbol in the term corresponding to the (conjugate) spinor repre-
sentation

> and ) (2.30)

{si==%1} {si==*1}

even+ odd+
denotes that we sum over all possible combination of s; such that even (odd) number of s;
take the value s; = +1, while the remaining take the value s; = —1. It is straightforward
to check that this complete prepotential goes back to the IMS prepotential in the weak
coupling region mg > |my|,|a]. We note that linear combinations of m; in || H3 form
SO(14) representation and the coefficient of mg is the U(1); charge. We can put the terms

in (2.29) to re-express the prepotential as an SO(16) manifest form F = Fepr + .7'"5200(16) +

]:1838(16), and they can be further reorganized as the adjoint representation of Eg

Es D SO(16) D SO(14) x U(1);
248 =120+ 128 =19 +14_5 + 145 + 91y + 64_1 + 64;. (2.31)

Therefore we get a complete prepotential which is Eg manifest, Fg, = Fcpr + fffs,

7
6Fp =3 mia+a®+ Y. [a+am m|’. (2.32)
k=0 wpg €248

We note that in counting the dimension of representations, we added 8” a H3 by hand to
account for the 8 Cartans, which did not necessarily appear in (2.29) since H&H3 =0
for a > 0.

For less flavors, one can decouple flavors one by one from the Fg, to obtain the
complete prepotentials for the SU(2) gauge theory with Ny < 7 flavors. They show the
EN,+1 enhanced global symmetry, and the explicit expressions are listed in appendix B.

2.2 Prepotential from partition function

Suppose that we compactify a 5d N = 1 gauge theory on S' with radius R. Or equivalently,
we consider a 4d N/ = 2 gauge theory with Kaluza-Klein modes. It is well known that the
prepotential Fgsi,g1 of this theory [44, 45] is obtained from the 5d Nekrasov partition
function Zps,1, g1 by taking the limit [46-48]

]:R3,1><31 = lim €1€2 log ZRB,IXSI. (233)
61,624)0

This prepotential, of course, includes instanton contribution as well as 1-loop perturbative
part. It is known that IMS prepotential can be reproduced from the decompactification
limit of this prepotential

) 1
RIEI;O R.FRB»,IXSI = Fius, (2.34)

It has been discussed that the instanton contribution vanishes in this limit because the
instanton factor e 0 is exponentially suppressed. This claim is correct as long as we
consider the weak coupling region mg > |my|, |a.
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However, in this paper, we are considering all the possible parameter region, even
including the region my < 0, where the original gauge theory description is not valid any
more. In this case, it is not correct to claim that the instanton contribution still vanishes
in the limit. We claim that the same limit indeed reproduces our complete prepotential if
we admit all the parameter region:

) 1
FComplete = ]%gréo EJTR&leL (235)

That is, the instanton contribution does remain in the decompactification limit in a way
similar to perturbative part. This claim, of course, goes back to the traditional claim (2.34),
when we consider the weak coupling region, where our complete prepotential reproduces
the IMS prepotential.

In order to see this, let us first start from Nekrasov partition function. Nekrasov
partition function is identified as the refined topological string partition function on the
corresponding Calabi-Yau 3-fold, which is expressed in the following form by using the
Gopakumar-Vafa invariants N (Jr.ir) [31, 32, 49]:

00 N(]Lv] )[]L jR]tn
ZRp3ixg1 = Zyexp Z Z Z ’ o n Cnte
CeH2(X,Z)jL,Jr n= 1n(t2 — 1 ) <q§ _q,§>

=% >, > e (2:36)
e

CeHa(X,Z)jL\Jr

where PE stands for the plethystic exponential and
s dRltg = (1R ((tg) ™8 - (tg)) ((tg™ ) 7R 4+ (tg7 1)), (2:37)

with t = et 81 g = e B The variable R T is the Kihler parameters corresponding to
the the 2-cycle C and can be interpreted as the masses of M2-branes wrapped on C', which
is rescaled by the radius R for later convenience. The prefactor Zj is the part which does
not vanish in the limit RTo — oo.

When we take the limit as in (2.33), we obtain

1
Fraixgt = RFy — = E E (—1)7Etir (25, 4 1)(2jp + 1)N(]LJR)L1 (e RTC)
CeH(X,Z) jL-JR

(2.38)
where RFy = lim¢, ¢,—0 €1€2l0og Zy corresponds to the triple-intersection term in the CFT
phase. Liz is the polylogarithm function defined as Lis(z) = > 7o, Z—Iz When we finally

take the decompactification limit, we obtain

1 o
]:Complete = Fo— 6 Z Z (_1)]L+]R+1(2jL + 1)(2]R + 1)N(]L7]R) H TC H37 (239)
CeHx(X,Z) jL\Jr

where we used

lim —Lig (e ) = ~[|z[]°. (2.40)
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At this stage, it looks as if our complete prepotential includes infinitely many terms cor-
responding to all the 2-cycles C' € Hy(X,Z). Note, however, that the Coulomb branch
parameter a must be inside the physical Coulomb moduli. Therefore, if T > 0 is always
satisfied for certain C in the physical Coulomb moduli, it indicates that the correspond-
ing term vanishes by definition (2.11): HT CH = 0. That is how we obtain the finitely
many terms.

In the following, we see this phenomena in the specific example: Sp(1) gauge theory
with Ny = 7 flavors. This theory enjoys Eg global symmetry at the UV fixed point. We
follow the convention for the representations of Eg summarized in appendix A. The Calabi-
Yau geometry corresponding to the SU(2) gauge theory with Ny = 7 flavors is the 8th local
del Pezzo surface and its Gopakumar-Vafa invariants are computed in [33] explicitly. Their
results indicates that the corresponding 5d Nekrasov partition function can be written in
the following form:

ZR31y 51
Zo

1

t72)(q2 —q2)

[ [ [p e e 5]

[0, 0 Xus + Xw) + [0, ”(Xus + Xpz + X + 1) + [0, 2]x g

13 15
] Xus +Xu1 +1) [2 2] (Xus +XH7+XN1 +1) + [272] +[1a0]

:PE[

E
e[
e

F L+ 120+ 0+ 1)+ [5.5] 435 o+ 231] 2

+ O(A‘*)H. (2.41)

—Ra

where we denote A = e 1% and we abbreviated the label ¢, ¢ in (4L, IRt q for simplicity.

In appendix E, we have derived that the physical Coulomb moduli is given as

2a—w-m >0, Yw € uy,
Ja—w-m>0, Yw e p. (2.42)

Also, we discussed that the following inequalities are satisfied from these conditions:

noa > 0, Vng > 1

nma—w-m>0, YwéeEu, VYn >2

noa—w-m >0, Ywé€E us, VYng >3,

na—w-m>0, YwéeEu;, VYny>3,

nga—w-m>0, Ywé€pug, Vng>2. (2.43)

These inequalities indicate that all the terms in (2.41) of the form

1- Ano (nO 2 1)7 Xuy’zlnl (nl 2 2)7 XMQAnQ (77,2 Z 3)7
X,LL7‘Zin7 (’I’L7 > 3)7 X/JgAnS (n8 > 2) (244)
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/

Figure 5. String generating BPS particle with spin (jz,jr) = (0, 1).

Figure 6. String junction generating BPS particle with spin (j,jr) = (0,1).

vanish after the decompactification limit (2.35) because they produce the terms propor-
tional to [| (Lh.s. of (2.43)) H3 = 0 in the complete prepotential (2.39). Only the excep-
tional term in (2.41) is

[0, 0] x s A, (2.45)

which contributes as

1 ~ -3
EZHa—Fw-mH. (2.46)

weps

If we identify the triple-intersection term as®

7

9 ~
E mka—i-
k=0

we reproduce our complete prepotential (2.32) from the partition function (2.41).

Fo=— as, (2.47)

N | =
=

Through the computation above, we have an interesting observation. The physical
Coulomb moduli (2.42) can be regarded as the condition that the Kéhler parameters T
corresponding to the terms in

1 -
|:0, 2:| X,ulA27 [Oa 1]X#2A37 (248)
which appear in (2.41), should be all positive. The first one in (2.48) corresponds to the
W-boson and their partners related by the Weyl reflections. The example of the string
generating such particles is depicted in figure 5. The second one in (2.48) includes the
term which remains after the flavor decoupling down to the Ej theory. It implies that such

5This part cannot be read off from the Gopakumar-Vafa invariants and should be computed separately.
Here, we simply imported the results from (2.32).
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term corresponds to the string junction which appears in the web diagram as depicted in
figure 6. At the boundary of the physical Coulomb moduli, where the magnetic monopole
tension vanishes, either of these two types of BPS particle becomes massless.” Here, we
summarize our observation:

Observation 1. Whenever the monopole tension goes to zero, at least one BPS particle
either with spin (jr,jr) = (0, %) or with spin (jr,jr) = (0,1) also becomes massless and
Vice VErsa.

We expect that it is true for more generic examples. If this is true, we can reproduce
the physical Coulomb moduli from the Gopakumar-Vafa invariants by imposing T > 0
for all the 2-cycle C satisfying NJ*7® > 0 with (j1, jr) = (0,1) or (jz,jr) = (0,1).

Moreover, we have further observation from (2.45) that the BPS particle which con-
tributed to the complete prepotential is the contribution from the hypermultiplets and
their partners. Such BPS particle can realize negative Kéahler parameter T < 0 by the
transition as depicted in figure 7. The brane configuration in figure 7 can be interpreted
as the flop transition of the rational curves with the normal bundle O(—1) & O(—1). We
summarize our observation as follows:

Observation 2. The negative Kahler parameters To < 0 which contribute to the com-
plete prepotential can be realized only from the rational curves with the mormal bundle

O(-1)®0(-1).8

Again, we expect that it is true for other examples. Note that M2-brane wrapping such
a curve corresponds to the BPS particle with spin (jz,jr) = (0,0). Therefore, this implies
that the BPS particle with (41, jr) # (0,0) cannot contribute to the complete prepotential
and thus, (2.39) simplifies as

1
]:Complete = fO + 6 E Néo’(]) H TC Hg- (249)
CeH(X,Z)

Only some of the BPS particles with spin (jz,jr) = (0,0) can contribute to the complete
prepotential.

If these two observations would be applicable for generic gauge theories of any rank,”
they would give a systematic method to obtain the complete prepotential as well as the
physical Coulomb moduli from the list of Gopakumar-Vafa invariants. We will use them
later to study Sp(2) gauge theory.

"These two cases are studied in [37] as examples of “a divisor collapsing to a curve” and “a divisor
collapsing to a point”, respectively.

8For example, the cycle with the Kahler parameter 2a, which is the rational curve with the normal bundle
O(—2) ® O(0), does not contribute to the complete prepotential in our convention because we chose the
Weyl chamber a > 0. The contribution from the cycle with the Kahler parameter of the form m; —m; also
vanishes because we remove such contribution from the the partition function as the“extra factor” [50-55].

°Tt would be interesting to find more precise mathematical expressions for these observations, which
might have appeared in the math literature.
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Tc >0 Te <0

Figure 7. String generating BPS particle with spin (jr,jr) = (0,0), which can realize Tc < 0.

2.3 Prepotential from Mori cone generators

We have seen in section 2.1 that the effective prepotentials for the SU(2) gauge theories
receive novel contributions from light instanton particles. In section 2.2 the contributions
were interpreted in terms of BPS particles wrapped on holomorphic curves in the local
Calabi-Yau threefold dual to the 5-brane web for the SU(2) gauge theory with 7 flavors.
In this subsection, we will identify the holomorphic curves more explicitly in the dual ge-
ometry.

We focus on the 5d SU(2) gauge theory with 7 flavors and hence on the 8th del Pezzo
surface dPg which is the base manifold of the dual local Calabi-Yau threefold. We first
determine relations between the volume of curves in dPg and the parameters of the SU(2)
gauge theory with 7 flavors. Any element in the second homology of dPs is generated by
the hyperplane class L and the exceptional curve classes X; (i = 0,---,7). The intersection
numbers are given by

L-L=1, Xi X = =4, L-X,=0, (2.50)
for all 4,5 =0,---,7 and the canonical divisor class is
7
Kap, = —3L + Z X;. (2.51)
i=0

In order to see the structure of the SU(2) gauge theory with 7 flavors, it is useful to regard
dPg as a blow up of dP; at 7 points. The dP; part gives the SU(2) gauge theory and the 7
points blow ups introduce 7 flavors. Let the 7 exceptional curves associated to the 7 blow
ups be X; (i = 1,---,7). The fiber class F' of dP; is then given by F = L — Xy. The
volume of the fiber class is related to the Coulomb branch modulus a of the SU(2) gauge
theory and we have

vol(F') = 2a. (2.52)

In order to see the other relations, we can make use of the fact that the Eg root lattice
is a subset in Ho(dPs,Z). The Eg root lattice in Ho(dPg,Z) is given by

Rap, = {C € Hy(dP%3,Z) | C-C = -2,C - Kqp, = 0} (2.53)
Then R4p, is generated by

Ci=Xi1—X; (i=1,---,7), Cg=L—(X1+Xo+X3) (2.54)
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Figure 8. The intersection structure of the curves in (2.54).

The matrix C; - C; yields the negative of the Cartan matrix of the Eg Lie algebra and the
intersection structure of C; (i = 1,---8) forms the Dynkin diagram of Eg as in figure 8.
Namely the curves C1,--- ,Cg correspond to the simple roots of FEg.

The appearance of the Eg root system is related to the fact that the SU(2) gauge theory
with 7 flavors shows an Eg global symmetry at the UV fixed point. The mass parameters
mg, (i =0,---,7) are associated with the Cartan part of the Fg global symmetry. Here my
is the inverse of the gauge coupling squared. The other m;’s are the mass of the 7 flavors
and they are associated with the Cartan part of the perturbative SO(14) flavor symmetry.
The curves Cs,--- ,Cg form the D7 Dynkin diagram and hence they are related to the
simple roots of SO(14). Therefore the volume of the curves can be parameterized by

vol(Cy) =mj —mi—q (1 =2,---,7), vol(Cg) = mg + my. (2.55)

On the other hand, the Eg root corresponding to C is related to a spinor weight of SO(14)
and its volume is given by

1
vol(Ch) = §(m0 +my —mg —m3 —my —ms — Mg — My). (2.56)
Then solving (2.52), (2.55), (2.56) in terms of L, X; for i = 0,--- ,7 yields

1
vol(L) = 3a + §(m0 —mj — Mg — M3 — Mg — M5 — Mg — M7),
1
vol(Xp) =a+ §(m0 — M1 — Mg — M3 — My — M5 — Mg — M), (2.57)
vol(X;) = a —m; (i=1,---,7).

We would like to identify the holomorphic curves explicitly in the dPg which yield
the contributions given by H H in the complete prepotential of (2.32). When one of H H’s
vanishes, the corresponding BPS particle becomes massless. This occurs on a codimension-
1 boundary of the Kéhler cone of the geometry. In other words, the BPS particle arises
from an M2-brane wrapped on a curve which corresponds to a generator of the Mori
cone. Therefore we will concentrate on the generators of the Mori cone of the geometry.
Furthermore, as mentioned in observation 2 in the previous subsection, we expect that the
BPS particles which contribute to the effective prepotential come from M2-branes wrapped
on rational curves with the normal bundle O(—1) @ O(—1). Hence we consider rational
curves with the self-intersection number —1 in the generators of the Mori cone of dPx.
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In general we need to see all such curves of all the local Calabi-Yau threefolds that are
related by flop transitions. This is because the complete prepotential is valid in the whole
parameter region which corresponds to the extended Kéahler cone. However for the rank-1
case, flopping such a curve inside dPg corresponds to a blow down of dPg and introduces a
flopped curve outside the compact surface. The blow down of dPg is dP,, with 0 < n < 8 or
Fg. The rational curves with the self-intersection number —1 in the generators of their Mori
cones are a subset of those of dPg. This can be expected since the blow down geometry is
related to the SU(2) gauge theory with less flavors. Therefore it is enough to look at the
generators of the Mori cone of dPg.!”

The rational curves with the self-intersection number —1 in the generators of the Mori
cone of dPs are given by

5 6
X;, L-Xi—Xj, 2L — ) X, 3L —2X;, — > Xij,,
j=1 j=1
3 5 6 2 7 (2‘58)
AL—2) Xi, =Y Xy SL—2) Xii—> Xi 5 6L—3X; —> 2X; .
j=1 j=1 j=1 j=1 j=1

It is also possible to compute the volume of the curves in (2.58) using the parameteriza-
tion (2.57), Then the volume of the curves is
- .1

Vi=axm;£m;, Vo=a+ i(imoimlimzimgim4im5imGim7), (2.59)
where a = a + mg and the number of plus signs in V5 is even. These are nothing but the
mass of the particles which contribute to the complete prepotential (2.32) for the SU(2)
gauge theory with 7 flavors. Hence we are able to identify the holomorphic curves in dPg
which yield the contributions given by H H of the complete prepotential (2.32).

3 Prepotential for rank-2 theories: Sp(2) gauge theory with 9 flavors

In section 2 we determined the complete prepotentials including the effects of instanton
particles for the Sp(1) gauge theory with 7 flavors. In this section we generalize the
analysis to the Sp(2) gauge theory with 9 flavors. We will see that the enhanced flavor
symmetry is not enough to determine the prepotential completely and there are more terms
which are not connected to contributions by perturbative particles by the Weyl reflections
of the enhanced global symmetry group. We will identify the new contributions from
the corresponding brane web and perform various consistency check with dualities and
geometries.

0The situation is different for higher rank cases. For a higher rank case, the geometry may be given by
gluing compact complex surfaces. Then flopping a curve in one surface may introduce a new rational curve
with the self-intersection number -1 as a generator of the Mori cone of a different surface, which could yield
a BPS particle in a different representation when an M2-brane is wrapped on the curve. Or sometimes a
blow down geometry may have a new type of curves in the generators of the Mori cone. We will encounter
those cases in section 3.5.
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3.1 Complete prepotential

We start from the effective prepotential for the Sp(2) gauge theory with 9 flavors on a gauge
theory phase. On this phase, the effective prepotential in [4] is valid and it is given by

2 9
1 1 1
Fims = §mo(a% +a3) + 6 [((a1—a2)? + (a1+a2)® + 8(at+a3)] — T Z Z la; +m;[®
i=1 j=1
. . 1 2.0 120 ,
zimo(a%—&—a%)—i—é(a?—% + aya3 — §sz?“1+gzz Ha[:tmiﬂ ,
1=1i=1 I=1i=1

(3.1)

where we chose the Weyl chamber a; > as > 0.

The Sp(2) gauge theory with 9 flavors exhibits an SO(20) global symmetry at the UV
fixed point. Therefore we first extend the prepotential (3.1) by making it invariant under
the Weyl group symmetry of SO(20). One subtlety is that the Coulomb branch moduli a;
and ao also transform under the Weyl reflections. Hence we first need to determine the
Coulomb branch moduli that are invariant under the enhanced global symmetry. It is then
useful to look at the effective coupling on the CFT phase. On the CFT phase all the mass
parameters including mg will be treated equally and the effective coupling is also invariant
under the Weyl reflections. Let us first temporarily assume that (3.1) is valid on the CFT
phase and consider a region where the Coulomb branch moduli are larger than the mass
parameters, namely aj,az > |m;| for i =1,--- ;9. The prepotential (3.1) reduces to

1
2m0(a1 + a3) Z m?(ay + as). (3.2)

1
Fims = g(ai’ — a3) + ara3 +
Then taking a derivative of the prepotential (3.2) with respect to Coulomb branch moduli
twice yields
OF1Ms OF1Ms 0F1vs

= a1 + my, = 2a1 — as + my, = 2as. 3.3
8@% ! 0 8a% ! 2 0 Oaias 2 (3.3)

Then it is impossible to redefine a; and as to make three combinations in (3.3) invariant
under the Weyl reflections of the enhanced global symmetry, as mg is not invariant.

Since there is no shift of a; and as which makes (3.3) invariant under the Weyl re-
flection, we claim that (3.1) is actually not valid on the CFT phase. In fact it is natural
that the prepotential (3.1) is not valid on the CFT phase since (3.1) assumes my is larger
than the other parameters. There can be further phase transition when mg is smaller
than the Coulomb branch moduli. In order to see it we make use of a 5-brane web di-
agram for the Sp(2) gauge theory with 9 flavors in figure 9(a). The diagram describes
the theory in the parameter region mg > a; > ag > |my| > 0. Then it is possible to
change mg into a smaller value and the diagram in figure 9(a) becomes the one in fig-
ure 9(b) when a; > mg > ag > |my| > 0. We can further move to the parameter region
a; > az > mg > |my| > 0 by performing a flop transition with respect to a line of the
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Figure 9. (a). The 5-brane web diagram for the Sp(2) gauge theory with nine flavors. (b).
Lowering the left top D5-brane in figure 9(a) until the its height is lower than the that of the top
color brane. (c¢). The diagram after performing a flop transition with respect to a line of the length
mo — ag in figure 9(b).

length mg — ag, which yields the diagram in figure 9(c). Therefore the prepotential on the
CF'T phase should be given by

1
ForT = Fivs — 6(a2 —my)?
(3.4)

9 9
1 1 1 1 1
= 6(@? — 2a3) + aya3 + §mo(a% + 2a3) — 3 ;1 mia; — 5 ZEO m2ay + émg.

Then taking a derivative of the prepotential (3.2) with respect to Coulomb branch moduli
twice yields

OF OF IF
C2FT = a1 + my, $ = 2a1 — 2az + 2my, = = 2az, (3'5)
daj da

and we can define invariant Coulomb branch moduli ay, as as
a; = aj + my, ds = as. (36)
Indeed when we rewrite the prepotential (3.4) in terms of the invariant Coulomb branch

moduli, the prepotential becomes

9 9
1, 5 . 1 - 5 1
FcrT = é(ai{’ —2a3) + dras + 3 g m2(dy — dg) + 3Mo g m?, (3.7)
i—0 i=0

which is invariant under the Weyl group symmetry of SO(20) up to the constant term
which only depends on the mass parameters. Since the constant term does not affect any
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Figure 10. (a). The 5-brane web diagram for the Sp(2) gauge theory with nine flavors in a phase
where the line of the length (3.11) can be seen. (b). The 5-brane web diagram for the Sp(2) gauge
theory with nine flavors in a phase where the line of the length (3.12) can be seen.

physical quantity we will use the following effective prepotential on the CFT phase,

9
1. - . 1 - -
FCorT = g(ai{’ - 2a§) + alag ~3 g m?(al + as). (3.8)
i=0

Using the effective prepotential on the CFT phase the effective prepotential we have
now is given by
> 3,1 3
Hagimlﬂ —|—6Haz—moﬂ (39)

9
1 - 1
]::]:CFT"'EE Hal—moimiﬂ?’*'ﬁ'l

i=1 i

It is straightforward to make the prepotential (3.9) invariant under the Weyl group sym-
metry of SO(20). The Weyl reflection invariant prepotential is then

1 9

1 - -
.F:chT-i—g Z Halimiimjﬂg+éz:ﬂa2imiﬂ3. (3.10)
0<:<3<9 i=0

In fact it turns out that the prepotential (3.10) is not complete. The 5-brane web
diagrams in certain phases imply that there are lines which can be flopped with length which
does not appear in (3.10). The web diagram in such a phase is depicted in figure 10(a).
Then there is a floppable line with the length

9

- - 1 1 1
ml—x:a1+a2—2mo+2m1—22mi. (3.11)
1=

We can also consider the 5-brane web in figure 10(b). Then the length of the middle
internal D5-brane is
4 4

2a1+a2+m0—2mi:2&1—1—&2—277%, (3.12)
=1 =0
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which can be also flopped. Then including the contributions (3.11) and (3.12) and making
the prepotential invariant under the Weyl group symmetry of SO(20) is

1

(3.13)

1 ~ ~ 3
+6 Z H201+02imi1:|:mi2imigimi4:|:m7;5H .
0<11<12<13<14<i5<9

We argue that the prepotential (3.13) is the complete prepotential of the Sp(2) gauge theory
with 9 flavors. In other words, the prepotential can be used in any region in the physical
Coulomb branch moduli space of the theory. It is also straightforward to check that it
reduces to the IMS prepotential (3.1) in the weak coupling region mg > |m¢|,|ar|. In the
rest of this section we will provide more support for (3.13) and give a physical explanation
of the necessity of the new terms.

3.2 Consistency with dualities

We have obtained the complete prepotential of the Sp(2) gauge theory with 9 flavors (3.13)
by including the region where instanton particles become massless. The Sp(2) gauge theory
with 9 flavors is dual to the SU(3) gauge theory with 9 flavors and the CS level k = :l:% and
also to the [4] —SU(2)—SU(2)—[3] quiver theory. Therefore the complete prepotential (3.13)
should reproduce the IMS prepotentials of the SU(3) gauge theory and the SU(2) x SU(2)
gauge theory in the weak coupling limit. We will see that the IMS prepotentials of the dual
theories are indeed reproduced from the complete prepotential of the Sp(2) gauge theory.
In fact, the additional terms which we added by hand from the 5-brane webs are necessary
to realize the IMS prepotentials of the dual theories. Let us first consider the dual SU(3)
gauge theory with 9 flavors and the CS level k = :l:%. The duality map in the case of 10
flavors has been obtained in [56, 57]. It is straightforward to obtain the duality map after
decoupling one flavor and it is given by

sp_ 3 sy, | sU
mg’ = —mg —i——Zmi :

mP = m$Y 4 = <SU ZmSU> (i=1,---,9) (3.14)
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By substituting the duality map (3.14) into complete prepotential (3.13), the complete
prepotential is now written in terms of the parameters of the SU(3) gauge theory. For ob-
taining the IMS prepotential we need to consider the weak coupling region mg > |my/, |ar]|.
Then most of the terms disappear and the remaining terms are

9
S ofaPEmPEmP = Y [afV - miV ), (3.15)
0<i<j<9 i=1
9 \ 10 39 s
~S S S S S S
Haf:l:mipﬂ — (aQU—QmeU> + HaQU—miUH , (3.16)
i=0 f=0 i=1
1 9 3 9 5
5 Ha§p+a§p+2zsm§pﬂ S S a8 + o+ msV]
{si=%1} =0 i=1
odd +
> 3
=Y [-a8V +miV ", (3.17)
=1
> 2877 +a5* £mP £mP £miP £ mP +miP [P — 0.  (3.18)
0<41<i2<13<14<15<9

Summing all the terms (3.15)—(3.18) with the prepotential on the CFT phase (3.8) yields

su) 1 2 1
Fae = g (@)’ = (@39)°) +af¥ (a3")" + Sm¥ (@) +afVa3" + (a5")?)

9 9

1 su su sy 1 SU |, SU\ (. SU\2

9
1 SU_ . suqs3 sU_ . suqs3 SU , . SU 3
+62(ﬂa1 =y 7 [t = [T [ —as® 4 mi ] )
=1
where we omitted constant terms which do not depend on the Coulomb branch moduli of

the SU(3) gauge theories. Using the identity (2.11), we find that this agree with the IMS
prepotential

su) 1 1
Frs = 3m3” (@9 + @39 + (@§)?) + 5 (@) + (@57)° + (a§")?)

1
# 5 (o) + o)+ 7 —a))

1 2O 3
— o e ']
12 i=1 j=1

for the SU(3) gauge theory with 9 flavors and the CS level k = % up to the constant terms.

(3.20)

We can also see from (3.17) that a part of the terms associated with the conjugate
spinor representation gives perturbative contributions in the SU(3) gauge theory. There-
fore, the contribution in the conjugate spinor representation, which was added by hand
from the discussion with the 5-brane web diagram in section 3.1, turns out to be necessary
to make the duality hold.
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Figure 11. (a). The 5-brane web diagram for the quiver theory [4] — SU(2) — SU(2) — [3] and
the gauge theory parameterization. (b). S-dual to the diagram in figure 11(a). The black dots
represent 7-branes. (c). The 5-brane web diagram for the Sp(2) gauge theory with 9 flavors and
the gauge theory parameterization. The black dot in this figure represents an O7~-plane.

The Sp(2) gauge theory with 9 flavors has another dual frame given by the quiver
gauge theory [4] — SU(2) — SU(2) — [3]. It is also possible to obtain the duality map using
5-brane webs in figure 11. The diagram in figure 11(a) shows the parameterization for
the SU(2) x SU(2) quiver theory. The S-dual of the diagram is simply given by rotating
the diagram by 7 as in figure 11(b). We further move 7-branes in figure 11(b) in the
directions indicated by the arrows in the figure so that we can read off the parameterization
of the Sp(2) gauge theory. The resulting diagram after moving the 7-branes is given in
figure 11(c). In order to see the parameterization in terms of the Sp(2) gauge theory,
the flavor mass parameters and the Coulomb branch moduli should be measured from the
location of an O7~-plane. The parameterization of the Sp(2) gauge theory can be read off
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as in figure 11(c). Comparing the two parameterizations, the explicit map between mass
parameters is given by

(0 _ D _ 0y

1
S
m;¥ ——5(— m{ +my’ —my

Sp (1) (1) (1) (1)
_2 ( )7

— My — My — My

mgp —5( miV + mg ) mz(,,l) + mil))7
mip _2( mtD +m§ ) +mél) _ mil)),
mgp :%m(()l) — Mpif,
o 1 0 (3.21)
m6p —imo + Mmuis,
gp _§(m(1) (()2) m2 )—i-mé ) —I—mgf)),
1
T
1
mgp zi(m(l) + mé2) - ng) — mg) — mg2)),
m(s)p —2( m? + mé )+ m§2) + mg) - m;(f)).
Also the map for the Coulomb branch moduli is given by
&P —a® 4 ;( D) 4@ @ @ @y
1 (3.22)
agp —a® — @ £ ZpD,

9 0
We can then substitute the duality map (3.21) and (3.22) into complete prepoten-
tial (3.13). For obtalnlng the IMS prepotential we need to consider the weak coupling
1 (2

region my ', my " > \m |, |m§c2) |, |aM],]a®|. Then most of the terms again disappear and
the remaining terms are

3
> e amami [’ 3 ol £m® [, (3.23)
0<'i<j<9 i=1
Z 1P £ m _>< D) 4 @) 2( m<2>+mg>+m<2>+m<2>)>
1=0
3
M) 4 @) 2 | @ @ )
( +a 2( my’ +my — my ms )>
3
(1 o (_m52>_mg2>+mg2>_m§>)>
"2
3
+( )+ (nf? i)
"2
+[la® = a® L[], (3.24)
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9 3 4
Z H Et?p + ﬁ;lp + %Zsimlsp H — Z H a® + ml(l) H3 (3.25)

{s;==%1} =0 i=1
odd +
~Sp ~Sp Sp Sp Sp Sp Sp
> 267° + a5P £ myP £miP £m.P £ mpP £ m)!
0<41<19<13<14<15<9
3
= [la® +a® £ mpe [ (3.26)

Summing all the terms (3.23)-(3.26) with the prepotential on the CFT
phase (3.8) yields

FSu@xsu _1 (2(a<1>)3 +5(a)3 — Gal! >(a(2>)2) L1

weak 6
4 1 3
o 32 = L S )2 — D

i=

4 3
o £ mP 4 53 1 e |

i=1 i=1

H

<.
Il

—

(3.27)
_|_

| =

+ éﬂ a(l) + a(2) + Mpif Hg,

where we again ignore terms which do not depend on the Coulomb branch moduli of the
SU(2) x SU(2) gauge theory. We find that this agrees with the IMS prepotential

1 4
FIUDXSUR) _ (m(()n( D)2 1 1@ (42 ) ((a(1>)3+(a(2>)3>

2 3
& 1S 3
32’ ®) 4 1 ) _ﬁz‘a@)img?)‘ (3.28)
=1 j=1
o [a® £ 0®

for the [4] — SU(2) — SU(2) — [3] quiver theory up to the constant terms.

Note that the contribution of the bi-fundamental hypermultiplet in (3.27) comes from
the contribution in the rank 5 antisymmetric representation of SO(20) as in (3.26). The
contributions was originally inferred from the analysis of the 5-brane web diagram. The
duality to the SU(2) x SU(2) quiver theory shows that a part of the contribution is in
fact the perturbative contributions in the quiver theory. Hence the terms in the rank 5
antisymmetric representation are necessary to make the duality hold.

3.3 Consistency with Higgsing

In section 3.2 we have seen the complete prepotential (3.13) reproduces the IMS prepo-
tential in the weak coupling region of the dual theories. It is also possible to check the
consistency with the Higgsing to the Sp(1) gauge theory with 7 flavors from the Sp(2)
gauge theory with 9 flavors. The Higgsing can be carried out by tuning the gauge theory
parameters as

as = m; = —m;, (3.29)
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where ¢ and j are one of 1,2,---,9 with ¢ # j. Then inserting (3.29) into the complete
prepotential (3.13) should reproduce the complete prepotential (2.32) of the Sp(1) gauge
theory with 7 flavors up to terms which do not depend on the Coulomb branch modulus a.

In order to see which terms remain after inserting the tuning conditions (3.29), we first
need to determine the physical Coulomb branch moduli space of the Sp(2) gauge theory
with 9 flavors. The explicit derivation will be done in section 3.4 and the we here use the
final result which is given by

aZZOa

s

a1 + 3a2 > Wioo00000001] *

§1

a1 + 2az > Wiop00000010] *

s

ap — a2 = W[1000000000] *
a, — 2as > 0,

2a; + 3a2 > wipp00001000] *

K

2a; + 2a2 > wp00010000] *

s

2a1 > w{0001000000] *

K

2a; — a2 > Wio010000000] *

s

301 = W[1000100000] *

3
AN N N N N N N N N S
w
o
t
e e e v v v e e N N SN

3a1 — 3az > wiopo0100010] * M-

Here, the representation is expressed by the Dynkin label [n1,no,--- ,nig] of SO(20). Es-
pecially, [0000000010] is the spinor representation 512 and [0000000001] is the conjugate
spinor representation 512.

Let us then look at each term in (3.13) together with the conditions (3.29). We also re-
label the mass parameters except for m; and m; appeared in (3.29) by mq,mg, - - -, m7 after
inserting the tuning conditions (3.29). The first line of (3.13) with (3.29) imposed becomes

1 1o 1, 1
é(ai’ —2a3) 4 a;as — 3 kz_:omz(al +ay) — 6&? -3 ’;Omzal, (3.41)

where the arrow indicates that we omit terms which do not depend on the Coulomb branch
modulus aj.
Next we consider the first term in the second line of (3.13) which is characterized by
the linear combinations,
al + mi, + Mgy, . (342)

When both m; and m; appear in (3.42), (3.42) becomes
a; & dg + ag, (3.43)

Depending on the signs in front of as we have three types for the linear combinations which
satisfy the following inequalities,

a; +2as > a; > a; — 2ag > 0, (3.44)

~ 98 —



where the first two inequalities come from (3.30) and the last inequality comes from (3.34).
Therefore we conclude that ﬂ a; as +as H = 0 in the physical Coulomb branch moduli
space. Another possibility is that one of m; and m; appears in (3.42). In this case (3.42) be-
comes

&1 + &2 + Migy, (3.45)

where m;, # m;, m;. There are two types of the linear combinations depending on the sign
in from of as and the inequalities they satisfy are

a; +ag & My 2> a; — ag & m;, > 0. (3.46)

Here the first inequality again comes from (3.30) and the last inequality comes from (3.33).
Therefore we again have H a; £ ag £ my, H = 0. The last possibility is that neither of m; nor
m; appears in (3.42). In this case, the physical Coulomb branch moduli space conditions
do not fix the sign of the linear combination a; & m;, +m;, and hence these terms remain
after the Higgsing. As for the second terms in the second line in (3.13), they become terms
which do not depend on a; and we ignore the contributions.

We then move onto the term in the third line in (3.13), which is characterized by the

linear combinations,
9

- - 1
a; +as + B Z SEM. (3.47)
k=0
In this case m; and m; always appear in (3.47) and we have three types of the linear
combinations (3.47) depending on the signs in front of m; and m;. When the signs are
both positive or both negative we have

7
- - 1
ap +as + 3 z; SEpMmi, (3.48)
1=

where the number of s = +1 is odd. Choosing a particular spinor weight for the condition
in (3.32) implies that
7
U 1
G+ + > semy >0, (3.49)
k=0

with odd numbers of s = +1’s. When the sign in front of m; is positive and the sign in
front of m; is negative we have

7

- - 1
ap + 2ds + 5 kzo S, (3.50)

where the number of s = +1 is even. The condition (3.31) with a particular conjugate

spinor weight yields
7

1
G+ 28 + 5 ;Oskmk > 0, (3.51)
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with even numbers of s = +1’s. Finally when the sign in front of m; is negative and the
sign in front of m; is positive the linear combination (3.47) is given by

7
- 1
a; + 5 kZ_O SEMi, (3.52)

where the number of s = +1 is even. The sign of this linear combination is not fixed by
the physical Coulomb branch moduli condition and these terms remain after the Higgsing.
Finally we consider the last line in (3.13). Namely we consider the linear combinations,

2&1 + Elg + mi, + mi, + Mg + miy, + mig. (353)
When both m; and m; appear in (3.53), (3.53) becomes
241 +astay+as+ My, = m;, £ my,. (3.54)

Depending on the signs in front of as, we have three patterns. The three linear combinations
satisfy the following inequalities,

2a1 + 3ag My, £ my, £ my, > 201 + as + My, £ mi, £ my,
Z 2&1 — EIQ + Mg + miy, + miy Z 0. (3.55)

The first two inequalities come from (3.30) and the last inequality comes from (3.38). In
the case when one of m; and m; appears in (3.53), we have

2a; +ap tas + my, £ my, £ m;, £ myy, (356)

where m;,, m;,, m;,, m;; are not equal to neither m; nor m;. The different signs in front of
ao yields two linear combinations and they satisfy the inequalities,

2&1 + 2&2 + mi, + Mg + miy + My Z 2&1 + mi, + mis + miy, + My Z 0, (357)

where the first inequality comes from (3.30) and the last inequality comes from (3.37).
Lastly there are cases where neither m; nor m; appear in (3.53). In this case, we can
rewrite the linear combination (3.53) as

2a1 + 2as + m;, £ my, £ mi, £my, £mi, —my. (358)
Then the physical Coulomb branch moduli condition (3.36) implies
2a1 + 2as + m;, = my, £ my, £ my, = my; —m; > 0. (359)

Therefore for all the cases the linear combinations (3.53) with the tuning condition (3.29)
are positive and hence we have [| 2a; + ag & m;, & m;, £ mg, +mg, +my, [| =0 for (3.29).

Therefore, collecting all the terms which do not vanish after inserting the tuning con-
ditions (3.29) into the complete prepotential (3.13) yields

7
1 1
‘FHiggsed =<0 — 3 E mgal
6 2 Pt

7 3

1 - 3 1 s 1

+6 Z Halimkimlﬂ +6 Z Hal—FQZSkmkH,

0<k<I<T {sp==%1} k=0
even +

(3.60)
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where we omitted terms which do not depend on a;. We can see that the prepotential (3.60)
precisely reproduces the complete prepotential (2.32) after identifying a; = a.
3.4 Prepotential from partition function

Here, we derive the complete prepotential assuming that the observations made in sec-
tion 2.2 also holds for this case. As discussed in appendix F the partition function for 5d
N =1 Sp(2) gauge theory with Ny =9 flavors is given as

Z =PE (i kalk) , (3.61)

k=0

where each coefficient Fy, is given as follows.

For k = O:
1 - 17 =
Fo = T I — [0, 0]A2X20 +10,=|As" ). (3.62)
(t2 —t72)(q2 — ¢ 2) 2
For k = 1:
1 - T ontl .- LI G on+2
F1 = T 1 T T Z[O, n]AQ X512 + Z O,TL + = A2 X512 (3.63)
(t2 —t72)(¢> — ¢ 2) \i2o o 2
I P T ) 72 11
+[0,0] (x190 + 1) + 0,5 (Ay™ 4+ Ag)x20 + [0, 1](A2 ™% + 1+ A®) + 33|
For k = 2:
1 -
JFa= 1 1 1 1 ZCR(A27t7 Q)XR(m)7 (3'64)

(t2 —t72)(¢> —q72) g

where the summation is over the representation of SO(20). Since the exact form for some
of the cp are too complicated, we expand in terms of As and show the leading order results:

1
C[2000000000] = [O, 2],

1] - .
€[1000000010] = [07 2] Ay + O(A?),
ci1000000001) = ([0, 0] + [0, 1]) A9* + O(A,%),

= — {0,248 + O(Ay7

€[0000000002] = €[0000000020] 5|42 +O(A2"),
cioooooooo11] = [0, 2] A2 + O(A,%),

37 - .
€[0000000100] = [07 2] Ayt + O(45),

ciooooooioon] = [0, 1]A2* + O(Az*),
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17 - B
€[0000010000] = [O, 2] Ay? + O(A5%),

- 13
c[o000100000] = [0, 0] A2 + ([070] +0,1] + [2 2}) A® + 0(ArY),

1 s
c[000100000] = [0, 5] + O(Az),

¢loot000000] = [0, 1] A2 ™" + O(1),
€[010000000] = [O, 3 Ay 2+ O(Ay7),
c(100000000] = [0, 2] A2 + O (A7),
cfooooooooto] = ([0,0] +[0,1]) + O(Ay),

1 3 1 ~ -
€[0000000001] = <[0,2 + [07 2} + {271]> Ay + O(A?),

5| % _ 5
€[0000000000] = [07 2] A7+ O(4377). (3.65)
For k = 3:
1 -
J3 = Cr(Az,t,q)xr(m 3.66
A bl % " -

with Cr begin given as follows. Since the expression is even more complicated, we write
only the order of Ay except for the terms which we will focus later:

Claoooooooto] = O(A2?), Claoooooooor] = O(Azh), Clioooooooz0] = O(A2”),
Cliooooooot1) = O(Az"), Cl1000000002] = O(A2°), Clioo0000100] = O(A2%),
Claoooooiooo] = O(A2?), Clioooo10000] = O(A2"),

Cl1000100000] = [0, 1] + O(Ay),

Claoo100000) = O(A271), Clro1000000] = O(A272), Cl110000000) = O(A27?),
Cla000000000) = O(A2™*),  Cloooooooose] = O(A2®), Clooooooooz1] = O(Az7),
Clooooooootz) = O(A2%), Clooooooo00s] = O(A2”), Clooooooot10] = O(A2°%),
Cloooooototo] = O(A2®), Clooooot0010] = O(Az"),

Cloo00100010] = [0, 1]A2 + O(Ax%),

Cloootoooo10] = O(A2?), Cloot0000010 = O(A2), Clo100000010] = O(1),
Cl1000000010] = O(A271),  Cloooooootor] = O(A:7), Cloooooo1001] = O(4A2%),
Cloooooiooo1] = O(A2°), Clooootoooo1] = O(Az"), Cloooiooo001] = O(A2%),
Cloo10000001] = O(A2?), Clo100000001] = O(A3), Clio00000001] = O(1),
Cloooooooo0z] = O(A2?), Cloooooooot1] = O(A2%), Cloooooooooz) = O(A2?),
Cloooooootoo] = O(A2?), Cloooooo1000] = O(Az), Clooooo10000] = O(1),
Cloooo100000] = O(A271), o001000000] = O(A27%),  Clooroo00000) = O(A2~?),
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C0100000000] = O(Ay7%), C1000000000] = O(A;7?), Clo000000010] = O(Ay7?),
Ciooooooooor] = O(A271),  Clooooooooon] = O(A27°). (3.67)
We first derive physical Coulomb moduli from this partition function. Following

observation 1 in section 2.2, we focus on the particle with spin (jr,jr) = (0, %), and
(jr,jr) = (0,1). Corresponding to the term of the form

1 - v - 1
0, 5R]X1ns no o ma1 A1 VANV ( =_orj :1), 3.68
(t% —t_%)(q% —q_%)[ ]R]X[ 1,n2,,n10] 411 2 JR 9 Or JRr ( )

inside PE in (3.61), we obtain the following constraint for physical Coulomb moduli

Niay + Noag + Wny ng, a0 ° m >0, (3.69)
where Wiy, n,.... nyo) 18 the arbitrary weights in the representation labelled by the Dynkin
label [n1,n9,--- ,n1p]. From all the constraints above, we find effective constraints that

were listed in (3.30)—(3.40). We propose that these give the physical Coulomb moduli
for 56d V' = 1 Sp(2) gauge theory with Ny = 9 flavors. Using all these constraints, we
have checked that the corresponding Kéahler parameters are always positive for most of
the terms. Such terms does not contribute to the complete prepotential as discussed in
section 2.2. Only exceptional terms are the following four

[0,0] A x20 [0,0]41x190
(1 =72 — ) (1 =t 2)(g2 —q72)
(0,01 A1 Ao xs15 [0, 0] A1 % A2 X[0000100000]
1 1 1 1.0 1 1 1 1 N (370)
(t2 =172)(q2 —¢72) (t2 =t72)(q2 —¢72)

All these terms correspond to the BPS particles with spin (jz,jr) = (0,0), which support
observation 2. From these terms, we obtain the complete prepotential

1 - 1 -
FComplete:fCFT"i_g Z Ha2+w‘mﬂ3+6 Z Ha1+w~7ﬁﬂ3

we20 we190
1 - - . 1 ~ R .
+6 2Ha1+a2+w-mﬂg+6 Z H201+02+w-mﬂ3, (3.71)
web12 we15504

where 15504 is the rank 5 antisymmetric tensor representation. The last term can be
rewritten in terms of the mass parameters more explicitly as

S 2w+ atwom|’

welb5504
_ 3 (1281 + 82 + mi, + mi, £ my, £ my, +my, [|° (3.72)
0<71<12<13<14<i5<9
9
+ 7 Z H261+agimilimigimigH3+362ﬂ261+62imiﬂ3.
0<41<12<13<9 =0

We find that the last line in (3.72) vanishes in the physical Coulomb moduli (3.30)—(3.40).
Analogous discussion applies also to the term in the rank 2 antisymmetric tensor representa-
tion 190. Taking these into account, we find that (3.71) reproduces the prepotential (3.13).
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3.5 Prepotential from Mori cone generators

Similar to the rank one case, we can identify holomorphic curves in the dual geometry
which are related to one-loop corrections of the complete prepotential (3.13) of the Sp(2)
gauge theory with 9 flavors. For identifying such holomorphic curves we consider rational
curves with the self-intersection number —1 in the generators of the Mori cone of the dual
geometries as discussed in section 2.3. It turns out that it is not enough to focus on a
Kahler moduli space of a local Calabi-Yau threefold but we need to look at other phases
related by flop transitions to find all such curves which account for the contributions given
by ﬂ H to the complete prepotential (3.13). This will generically occur since the complete
prepotential has been constructed so that it is valid in the extended Ké&hler cone. The
geometry which yields the 5d Sp(2) gauge theory with 9 flavors is a local Calabi-Yau
threefold with a base given by dP; U BlgF5 or the ones obtained by flop transitions from
it. Namely, the base is given by two compact complex surfaces dP; and BlgF5 which are
glued along a curve. The curves in dP; are generated by the hyperplane class L and the
exceptional curve X} and the intersection numbers are given in (2.50). One the other
hand, the curves in BlglF5 are generated by the fiber curve F', the base curve E and the

exceptional curves X; (i =1,---,9). The intersection numbers are
F-F=0, E-E=—5, FE=1,
(3.73)
F-X;=0, E-X;=0, X X, = —6,

for i,j =1,---,9. The gluing curve for the two surfaces is given by 2L — X{) in dP; or F
in B19F5 [6]

We first determine the gauge theory parameterization for the volume of the curves in
the two surfaces. The fiber classes which correspond to simple roots of the Sp(2) gauge
theory are L — X(j and E + 7F — Z?:l X [6]. Hence we parameterize their volume as

9
vol(L — X)) = a1 —ag,  vol <E +7F — ZX) = 2ay. (3.74)

i=1
In order to determine the dependence on the mass parameters it is useful to flop the
exceptional curve in dP; and to move on to a description by the geometry P2 UBIljoFg. Due
to this flop the second surface has one more exceptional curve Xy which can be identified
as Xo = F 4+ X|,. Then all the exceptional curves are in the BljoFg and the SO(20) flavor
symmetry can be seen from it. In other words, we may find the SO(20) root lattice inside
Hy(BlyjgFg,Z). The curves C' correspond to the roots has the self-intersection number —2
and should not be charged under the Sp(2) gauge group. Therefore, we may identify the

roots of SO(20) by the conditions,

C-C= _2, C- KBhO]Fﬁ = Oa C-E= 0’ (375)

where Kp), 5, is the canonical divisor class and is given by

9
Kpi,op, = —2E —8F + Y X;. (3.76)
=0
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Figure 12. The intersection structure of the curves in (3.78).

Then the following curves satisfy (3.75)
+(X;, - X;), H(E+6F-X;—Xo—+-—X;—-—X; — — Xo), (3.77)

for 0 <1i < j <9, where X; means X; is absent. The curves in (3.77) are generated by

7
Ci=Xi1—X;(i=1,---,9), Cup=E+6F-) X (3.78)
=0
and they form the Djy Dynkin diagram as in figure 12. We can then identify the
curves (3.78) as the simple roots of SO(20). Hence we associate the mass parameters
m; (1=0,---,9) as

VOI(CZ) =Mmi—1 —Mmy (Z = 17 e 79)7 VO](CIO) = mg + My, (379)

where the sign of the mass parameters was chosen so that it agrees with the convention
used in section 3.1.

Solving (3.74) and (3.79) determines the relations between the volume of the curves in
P2 U Bl oFg and we obtain

9
1 1
vol(L) = a1 — 2as + mg, vol(F) = a1 + 2as + 5Mo— 5 Z;mi,
1=

. (3.80)

vol(Xi):al—Fag—i-;mo—;ij—i—mi, (i:(),---.9).
7=1

With this parameterization (3.80), we can compute the volume of rational curves with

the self-intersection number —1 in the generators of the Mori cones in terms of the gauge

theory parameters. In the case of P? U BljgFg the self-intersection number —1 rational

curves exist only in BljgFg and such curves in the generators of the Mori cone of BligFg

are given by (for example see [6])

7
X, F - X, E+6F —) X,
j=1
9 5 5
E+7F =) Xy, 2F +12F — > 2X;, — Y X, (3.81)
j=1 j=1 j=1

2 7 9
B3E+18F — > 3X;, — Y Xi,, 4E+24F —4X; —> X; .
j=1 j=1 j=1

— 35 —



Expressing the volume of the curves in (3.81) by the parameterization (3.80), we find

9
Vlzal—l—&g—i—%Zsimi Vo=ay+m; (i=0,---,9), (3.82)
i=0
where a; = a; + mg and as = as. s; = +1 and the number of the plus signs is odd. M2-
branes wrapped on the curves in (3.82) exactly reproduce the BPS particle contributions
which are in the vector and the conjugate spinor representations of SO(20) which appeared
in the complete prepotential (3.13).

Rational curves with the self-intersection number —1 which yield BPS particles in the
other representations contributing to the complete prepotential (3.13) can be also found in
the generators of the Mori cones of flopped geometries. We consider performing flops with
respect to curves in the followings,

C;=F— X, Ci+10:E—|—7F—(Xo—i—-"—i-Xi-i-"'-f—Xg), 1=20,---,9. (3.83)
The volume of the curves is
VOI(CZ‘) = as — my, VOI(CZ'_H()) = ags + m;, (384)

for i = 0,---,9. Note that each curve in (3.83) intersects with the gluing curve E with
the intersection number one and also C; - C; = 0 when ¢ # j modulo 10. For example,
performing a flop transition with respect to a curve in (3.83) yields dP; U BlgFs.

Let us first flop two curves C;, C; where j # i and j # i + 10 from P2 U BljoFs. The
flopped geometry is then d P, UBIgIFy and one of the rational curves with the self-intersection
number —1 in the generator of the Mori cone of dP; is L + C; + Cj. In total, we have 180
choices to select C; and C; and the volume of the curves can be summarized as

Vg = Ell + m; + m]’, (385)

where 0 < ¢ < j < 9. M2-branes wrapped on the curves in (3.85) give rise to the con-
tributions which are in the rank 2 antisymmetric representation of SO(20) in (3.13). We
then consider flop five curves Cj,, Ci,, Ciy, Ci,, Ciy where each subscript is different from
each other modulo 10. The flopped geometry is dPs U BlsF; which can be also written as
Bl4FF1 U dFPs. In this case the gluing curve 2L + C;, + C;, + Cj; + C;, + C;, becomes a
rational curve with the self-intersection number —1 in the generator of the Mori cone of
dPs. There are 8064 choices to choose Cj,, C;,, Ciy, Ci,, Cyy and the volume of the curves
can be written as

Vi=2a +as £ m;, £my, = My, = mi, £ my,, (386)

where 0 < i1 < ig < i3 <i4 < i5 <9. The curves in (3.86) are related to the contributions
in the rank 5 antisymmetric representation of SO(20) in (3.13). Combining (3.81), (3.85)
and (3.86), we are able to identify all the holomorphic curves which give rise to the contri-
butions of type H H to the complete prepotential (3.13).
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4 Prepotential for rank-2 theories: Sp(2) gauge theory with 1 antisym-
metric and 7 flavors

In previous section, we studied the complete prepotential for the Sp(2) gauge theory with
9 flavors. In this section, we propose the complete prepotential for the Sp(2) gauge theory
with 7 flavors and 1 hypermultiplet in antisymmetric tensor representation. This theory is
known to correspond to rank 2 SCFT with Eg x SU(2) global symmetry.

4.1 Complete prepotential

Similar to previous sections, we first start from IMS prepotential of the Sp(2) gauge theory
with 7 flavors and 1 antisymmetric tensor, which is given by [4]

2 2
1 1
Fims =§m0(a%+a2 *222 |+ ar+ayl’
I=1J=1

2 7
1 3 1 3
12212|:|:a[—|—mi| —ﬁ|j:a1j:a2+mAs|

2

1
—fCFT+6;;Ha[imZH + - Halzl:azimAsHB (4.1)

in the Weyl chamber of Sp(2) gauge group a; > as > 0. Here, we denote

FcrT = é(a? +ad) + %mo(a% +ad) - %Zm?(al + az) — masas, (4.2)
i=1

where we omitted the terms which do not depend on the Coulomb branch parameters. In

the parameter region ai,as > |my| with f = 1,---7, the IMS prepotential (4.1) reduces

to this Forpr. We can compute the effective coupling of this phase by taking the second

derivative of this expression as

0? Forr O?Ferr 0? Forr
da? a1+ mo, da10ay da2 a2 + Mo (4.3)

This implies that the invariant Coulomb moduli parameters should be defined as
ap = a1 + mo, az = az +mo (4.4)

and that (4.2) is indeed valid at the CFT phase ai,a2 > |m;| (i = 0,1,---,7). The
prepotential at the CFT phase (4.2) can be rewritten in terms of the invariant Coulomb
moduli parameters (4.4) as

1.
Forr = =(a1° + dp°) — mas?a; — = m@ (@ + da). (4.5)
6

Now, we add more terms to the IMS prepotential in such a way that it becomes
invariant under the Weyl reflections of the enhanced global symmetry Eg x SU(2). The
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7 flavor masses my (f = 1,---7) and the instanton mass mg can be interpreted as Ex
fugacity similar to the rank one case while mag is the fugacity for SU(2) part. Similar to
the discussion in section 2, the terms

2 2

Ziﬂalimiﬂgz Ziﬂﬁj—moimiﬂg (4.6)

I=1i=1 I=1 i=1

|
| =

in (4.1) indicates that we need the terms in the 248 dimensional representation of Fg

2
1 . "
F2a81) = 6 Z Z lar +w-m Hg- (4.7)

I=1we248x1

Also, the term

H a; + as + 2mg £ mas Hg (48)

=

ﬂa1+a2imAsﬂ3:

=

in (4.1) indicates that we need the terms in the 3875 dimensional representation of Eg

1 - - -3
T(3875,2) = ¢ Yo latatw-m|”. (4.9)
wESBTHX2

because 2mg corresponds to the highest weight state of this representation as mentioned
in (A.14) and the term £mag corresponds the 2 dimensional representation of the SU(2).
On the contrary, the term

—_

1., .
Faz2) = Hﬂh—azimAng:gﬂal—agimAsW (4.10)

6
in (4.1) is already invariant under the global symmetry and thus do not need further terms.
On top of that, it turns out that we need two more types of terms

1.
Fas) = EH a1 + 2mas HS (4.11)
and
1 L .3
F(30380,3) = ¢ > 2w +ar+w-m]”. (4.12)
we30380%3

The necessity of these two terms will be discussed in the following subsections.
In summary, we propose that the complete prepotential is given by

F = Fcrr + F(2a8,1) + F(3875,2) + F(1,2) + F(1,3) T F(30380,3) (4.13)

where each term is defined in (4.5), (4.7), (4.9), (4.10), (4.11), and in (4.12).

Here, we consider the case mag = 0 to give a consistency check. In this case, it is known
that the Seiberg-Witten curve of the rank 2 FE, theory is factorized into the two curves
for rank one theory [34]. The partition function is also known to be factorized [58]. These
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indicate that our complete prepotential should also become the sum of two prepotentials
for rank one case. That is,

2 7
1, N 1 - - 1 -
]:(mAS :0) = 6(0134-&23) — imiz(a1+a2)+6 E E Hal—moimiﬂ3. (4.14)
-

~
Il
—_
©

Furthermore, it is expected that the physical Coulomb branch is given as the copies of the
rank one case (2.42),

207 —w-m >0, Vwe 3875 (I =1,2)
daj —w-m >0, VYwe 147250 (I =1,2) (4.15)
together with
a; > as (4.16)

coming from the choice of the Weyl chamber of the Sp(2) gauge group. Analogous to (2.43),
we see that

>0 (I=1,2)
>0, Ywec30380 (I=1,2) (4.17)

Sl I

3a; —w -

are satisfied in the expected physical Coulomb moduli (4.15). All these are enough to show
that F(3g75,2), F(1,2), F(1,3), and F(30380,3) indeed vanish in the expected physical Coulomb
moduli (4.15) and (4.16) if mas = 0. Therefore, we have shown that our prepotential (4.13)
indeed reduces to (4.14) in the expected physical Coulomb moduli if m g = 0. Moreover,
the analogous computation in appendix E indicates that

0F(mas =0) o o (1 _1,9) (4.18)
8a1
is satisfied in the expected physical Coulomb moduli while the equality is saturated at
the boundary of (4.15). This implies that the expected physical Coulomb moduli (4.15)
and (4.16) are indeed the correct physical Coulomb moduli space for mag = 0.

4.2 Consistency with dualities

As in section 3.2, we can give support for the complete prepotential of the Sp(2) gauge the-
ory with 7 flavors and a hypermultiplet in the antisymmetric representation given in (4.13)
by reproducing the IMS prepotentials of the dual theories. The rank 2 Fg theory has two
dual gauge theory descriptions. One is the SU(3) gauge theory with 8 flavors and the CS
level kK = +2 and the other is the quiver gauge theory [1] — SU(2) — SU(2) — [5], where [n]
is the n hypermultiplets in fundamental representation. We look at the prepotentials in
the dual descriptions one by one.
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Duality between Sp(2) +1AS+ 7F and SU(3)2+8F. First we consider the duality
to the SU(3) gauge theory with 8 flavors and the CS level k = 2. The duality map for the
marginal theories by adding one flavor on the both sides has been obtained in [8]. It is
straightforward to obtain the duality map for the current case and it is given by

sy B 1 3
mg" = gmg’ = 3> mi’ = gmy’, (419
=1
1 1 e
S SU SU SU
MAg = —MeT T oMy T g ;mi ; (4.20)
1 e 1
m® = mdY + 4m§U i > mfl+ 4m§U, (i=1,2,---7) (4.21)
=1
7
a? = afV + 1mSU - 1ZmSU + 1mSU (I=1,2) (4.22)
r- 470 4 R - '
i=1

Therefore, inserting the duality map (4.19)-(4.22) into the prepotential (4.13) yields the
complete prepotential for the SU(3) gauge theory with 8 flavors and the CS level x = 2.

Since we are interested in the weak coupling region of the SU(3) gauge theory we con-
sider the region m5V > |m§U|, |a?Y|. Then various terms in the prepotential are simplified
in the following way.

2 8
1 3
F(248,1) = 6 Z Z 2] (4.23)
I=1 =1
1 8 3
F(3875,2) — 6 Z afV +a3¥ +miY ||
i=1
1 s 3
= S 1 -a5U +miY]] (4.24)
i=1
1 1 1< 3
SU , SU SU SU
]:(1 2) — 6 (al +ay” — §m0 + 5 ; m; ) (425)
Fa,s —0 (4.26)
F(30380,3) — 0. (4.27)

Then, the prepotential in the weak coupling region reduces to

1
P = § (2 ) 5 () o8 sl (02)7)

1
+ m(SjU ((CL?U)Q + a?Uag’U + (CLSU)Z)

2
8 8
_ %aEUagUZmiSU_%(a§U+a§U)Z(miSU)2’ (4.28)
=1 =1
R l L3 l
52> Nad? = mfU P 2 D —ad U,
=1 i=1 =1
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where we ignored the terms which do not depend on the Coulomb branch moduli. This is
exactly the IMS prepotential

1 1
Faus” = 3me” (@) + (@) + (@577) + 5 (@) + (@) + (@3")?)
1
+ 5 (a8 =)+ (! )+ (6 — o). (120

3 8
_ %ZZ‘CL?U_mJS‘U}g
i=1 j=1

for the SU(3) gauge theory with 8 flavors and the CS level k = 2. Also, note that the
prepotential of the form F(; o) was important to perform one flop transition in order to
move from the CFT region to the weak coupling region of the SU(3) gauge theory.

Duality between Sp(2) + 1AS + 7F and [1] — SU(2) — SU(2) — [5]. The Sp(2)
gauge theory with 7 flavors and with 1 antisymmetric tensor is dual to the quiver gauge
theory [1] — SU(2)M) —SU(2) — [5]. In order to obtain the duality map between them, we
first consider the duality between the SU(3) gauge theory considered above and this SU(2)
quiver gauge theory through the 5-brane web as in figure 13. Figure 13(a) is a 5-brane
web for the 5d /' = 1 SU(3) gauge theory with Chern-Simons level 2 and with Ny = 8
flavors. Figure 13(b) is a 5-brane web obtained from 13(a) by a sequence of Hanany-Witten
transitions. Figure 13(c) is a 5-brane web for 5d N' = 1 SU(2) quiver gauge theory. The
diagram in 13(b) and in 13(c) are related by the S-duality transformation and can be used
to compare the parameters in the two gauge theories. This 5-brane analysis shows that
the duality map between the SU(3) gauge theory and the SU(2) quiver gauge theory is
given by

mi¥ = Ay + Ay + mi? + m

mZSU:Al—m§2), (12172775)

miSU =N — Ay + (—1)imbif7 (Z =6, 7)

m3V = Ay + mgl),

afV = Ay + oW,

agU = —A1 — A2 — CL(I) + CL(Q),

a3V = Ay —a®?, (4.30)

where we introduced

5
1 (1 1 1) I @ 1 2
Alz—émo)—i-émg —gm(())+§ ml(e)a
k=1
5
1 1 1 1
ho= b - Laf Lo 13 (1
3 3 6 6 &~

to simplify the expression. The upper indices with bracket (n) is the label to indicate the
SU(2)(™ gauge group of the quiver gauge theory.
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7

1 1

§ka7§mg+2al
1 7 1 k=0 mg — ap
N mi — —mg + 2a; I_ """""
2 ;) 2 ms

> ap —mg

< a; —a
ay -=-- 1 2

6 8
1 1 mg — ag
mry 3 E m,\.—igquJral—ag

ki()

-

Qg ======~ E as —my
& N
|_m6 az — as §erz,k—52rn,k+al—ug
k=0 k=7
my — as

1 5 1 8 ms
= Z my — = Z —2ag my 5 S ' my — my
2 2 £ m3 1 o1 a5
k=0 k=6 Z my Z my — 2a3 ;
ma 2 k=0 2 k=6

‘]
az —ms

ms — My
(a) (b)
- m;z)
1 1 mf) - :n)?) (2)
2@ 2 m® (2) m® —m2
1) _ ) my my; Mpif + a 3 4
my @ 2 2z @0
[« — » my mg
: 1 2 :
H M — al ) +a® @ _ @
1 L
— im(l) m ‘1“
+2aM) — a®
242
— M 1) (2)
20(1) mpif +a*’ +a
i 1 o
[ ) (2 _ () (2)
i 27710 3 ka_ a’ +2a
B k=1
H [
1 1% " 1) _ 42
Em(()z) — §m(z) — Mpif + a®) it + @ @

(c)

Figure 13. (a). 5-brane web for 5d A/ = 1 SU(3) gauge theory with Chern-Simons level 2 and
with Ny = 8 flavors. (b). 5-brane web after sequence of Hanany-Witten transition. (c). 5-brane
web for 5d /' =1 SU(2) quiver gauge theory.

Then, combining (4.30) with (4.19)—(4.22), we obtain the duality map between Sp(2)
gauge theory and and the quiver gauge theory. After transformation of the Weyl group of
FEg, the duality map is given as

) (i=0,1,--,5)
(1
mjs-p = mypit + (—1) (2 (()1) t3 gl) —|—m62)> ; (J=6,7)
S 1 1 1 2
i ) =S
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;= aM + 2m(2) + mé ),

do =a® — oM + %mé )+ zm(l) + 2mé ), (4.32)

where we note a; = as + ms (I = 1,2). After substituting them into the prepoten—
1 (2

tial (4.13), we consider the weak coupling region mg’,mg’ > |mf)| |mf |, W], ]a®].
Then, only small number of terms remains as follows:

F = Lo 1 @3, 1y (1) n3
(248,1) 6(@ —5my = 5mi) +6Ha()—m1 I
1
+ =] (2)—a(>imbifﬂ3

6

5
1

F(3875,2) 7 ¢ >l £m ]

i=1
Fliz) = 6(2a( )= a® — gy’
1 3
]:(1’3) — 6 H a(l) + mgl) H

1

F(30380,3) — 5 ™ +a® & e H3- (4.33)

Combined with Fcpr, we find that the complete prepotential reduces to

2
7 1 1
Fweak = g(a(l))f% - (a(l))Qa(Q) + 6(@(2))3 + 5 Zmé]) (G(I) 2
I=1
1

5
+ éﬂa(l) im(ll) H3 +%Z ﬂa@) iml(-g) H3 + %ﬂa(l) +q? imbifﬂ3 (4.34)

i=1
in the weak coupling region, where we ignored the constant terms independent of Coulomb
branch parameters a(!) and a(?). We find that it agrees with the IMS prepotential

2
4 1
Fins =3 (3<a<f>>3 + 2mé”<a<”>2)

I=1

1 1
- —la e ml T 12 Z |a(2 + m E|a(1) +a@ & mbif‘?) (4.35)

for the quiver gauge theory [1] — SU(2)( ) —SU(2)® — [5] up to the constant terms.

Here, we make two comments. First, note that the terms F(; gy and F(30380,3) in (4.13),
which we did not give derivation there, turn out to be necessary to reproduce this IMS
prepotential correctly. Second, we find from (4.33) that

1 1 1 S

Forr = Fivs — 5 (a@) —alV - §m(()1) - 2m§1)> - 6(2a(1) —a? — m(()l))g (4.36)
in the CFT region. This indicates that, at the region a,a® > 0, mgl) =0 =
0,1), ml@) =0 (i=0,1,---,5), the IMS prepotential Fryg is different from the correct
prepotential Fopr. In this massless region, Fivs agree with Fopr only in the subspace of
the Coulomb moduli, a®¥) = 0.
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4.3 Consistency with RG flows

It is known that Sp(2) gauge theory with an antisymmetric and 7 flavors (Sp(2)+1AS+7F)
has three different RG flows [6]: (i) Sp(2) + 1AS + 6F with E; x SU(2) global sym-
metry, (ii) Sp(2) + 7F with SO(14) x U(1) global symmetry, and (iii) the quiver theory
SU(2)o—SU(2)—[5] with Eg global symmetry. We take these three decoupling limits and
show that our complete prepotential for Sp(2) + 1AS + 7F naturally produces all the
complete prepotentials for three theories with the expected enhanced global symmetries.

Flow to Sp(2) + 1AS + 6F. Let us first take the limit to Sp(2) gauge theory with an
antisymmetric and 6 flavors. It is achieved by decoupling a flavor. Namely, we take one of

mass of flavors of FSPR)HIASHTF ¢, infinity, say my, together with mSp(2)+1AS+7F,

S 1AS+7F . Sp(2)+1AS+7F 2)+1AS+6F
my, mop( JHIASHTE 0o, while mop( )+1AS+ —m7 = mop( JHIASHOF  goed. (4.37)

From here on, we drop the superscripts for Sp(2) + 1AS + 6F so that mg refers to
m(S]p(2)+1AS+6F. As shown in the previous subsection, the structure of the complete prepo-

tential for Sp(2) + 1AS + 7F takes the form

Frsxsu2) = Fort + Faas,) + Fssrs,2) + F1,2) + F(1,3) T F(30380,3)- (4.38)

As we are decoupling a flavor, the SU(2) global symmetry part coming from an anti-
symmetric is not altered. It is therefore similar to the decoupling of the rank-1 theory,
SU(2) + N¢F. Recall that the prepotential become a sum of two Sp(1) theories in the
massless limit of antisymmetric matter. It then follows that the invariant Coulomb branch
parameters of Sp(2) + 1AS + 6F theory become

- 1
ar =ay + im(). (4.39)
We note that, as in the rank-1 case, in the decoupling limit (4.37), ]_-(24(8);-)1AS+7F gives rise
to the terms associated with the fundamental representation of F; and also terms which
contribute to f(sjg(TZ)HAS%F,
SU(2) sue |, Ly
EgxSU(2 E xSU(2)
‘7:(238,1) - (576 1y 6 Z ar —mz)?, (4.40)
I=1
where
Pxsu@ 1o 1 3 138 3
X 2 ~ ~
]-'(5271) :6Z<2Ha1i2moimiu +Z Ha1+228kmkﬂ > (4.41)
I=1 \i=1 {s;==%1} k=1
even-+

Here we have neglected constant terms. As in the Ny = 7 case where Ey is realized as the
embedding of Fg D SO(16) D SO(14) x U(1), the E7 symmetry is also realized through the
following embedding

E7; 5 SO(12) x U(1)

56 =121 4+ 12_; + 32, (4.42)
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where the first term of (4.41) represents the fundamental representation of SO(12) with the
opposite U(1) charges appearing as the coefficients of mg, and the second term of (4.41)
represents the spinor representation of SO(12) without U(1) charges.

With the second term in the r.h.s. of (4.40), one finds that the decoupling a flavor
yields

EsxSU(2 EsxSU(2 E7xSU(2 ErxSU(2
f(zixs,n( : fcé? ® ]:(576,X1) ® fcé? 5 )7 (4.43)
where
1 6
FESUR) — 2 06, + Z [ mOaI 3 > m%ﬁ[} : (4.44)
k=1

In a similar fashion, one can show that the decoupling limit (4.37) on the complete
prepotential for Sp(2) + 1AS + 7F theory leads to the complete prepotential for Sp(2) +
1AS + 6F theory with the expected properties, E7 x SU(2) global symmetry and the
factorized prepotential form as the sum of two rank-1 theories in the massless mag limit,

Sp(2)+1AS+TF _, £ErxSU(2) E7xSU(2) E7xSU(2)

F B xSU2) — Fopr +Fse1)  t s

p(2)+1AS+6F
]:E7><SU( 2) , (4.45)

B xSU(2) | pBrxSU(2)
(1332) T Fa'2) + Fs6.3)

whose explicit forms are given in appendix D.

Flow to Sp(2) + 7F. Now consider the RG flow to Sp(2) + 7TF. It is achieved by
decoupling the antisymmetric matter contribution from the complete prepotential for
Sp(2) + 1AS + 7F given in (4.13). We take

Sp(2)+1AS+7F Sp(2)+1AS+7F

mas, my — 00, while my —2myg = m(s)p(2)+7F fixed. (4.46)

In this decoupling limit, one finds that the prepotentials for Sp(2) gauge theory with 7
flavors is given by

1 1 1
FSP@+TF 3 a3l + aja3 + 6a2 + 2m0 aj + a3) — Zm ar + az)

1 2 7
—i-gﬂalimoﬂ + - ;g alimz
1y Jarapsl +1ZA 1’

6 a1 + as 2m0 2i:1 S; my;

{Si:il},
odd+

" (201 +az +mo £ m; £ my [, (4.47)

L1
6 1<i<j<7

Notice that terms in the prepotential (4.47) are organized as the representations of SO(14) x
U(1)r, where the SO(14) symmetry is associated with 7 mass parameters m; and the U(1
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is associated with the instanton mass mg of Sp(2) + 7F theory. Namely, the complete
prepotential for Sp(2) + 7F theory (4.47) is of the form

fssg((ﬂﬂﬁ(l) = FcrT + Fsinglet + FF + Fs + Frke2, (4.48)

where Fcpr refers to the first line of (4.47), and Finglet + FF + Fs + Fri-2 refer the singlet,
fundamental, spinor, and rank-2 antisymmetric representations of SO(14). We note that
this complete prepotential (4.47) agrees with the one obtained by a successive decouplings
of two flavors from the complete prepotential for Sp(2) gauge theory with 9 flavors, given

in (3.13). (See also appendix C for the details.) Hence, we confirm that the decoupling

p . Sp(2)+1AS+7F Sp(2)+TF
limit (4.46) yields ]:EE(X%;E(Q) L, ]:Sg((l)ng(l).

Flow to SU(2)o—SU(2)—[5]. The RG flow to SU(2)o—SU(2)—[5] is achieved as follows:
as Sp(2) + 1AS + 7F is dual to the quiver [1]—SU(2)M)—SU(2)?) —[5], this quiver theory
also enjoy an Eg x SU(2) global symmetry. We can then decouple the flavor associated with
the SU(2)(") gauge theory. As before, the masses of the first SU(2)(") are labeled as m(()l)
mgl) and the masses of the second SU(2)(?) are labeled as mé2) and ml@) (t=1,---,5).
We then take

m(()l) — oo and mgl) — —o0, while mél) + mgl) fixed. (4.49)
Or equivalently, from Sp(2) + 1AS + 7F, we take the limit

mas — oo and a7 — oo, while a; —mygs fixed. (4.50)

Now take the limit from (4.13). With new Coulomb moduli parameter aj°V := a; — mag,
we find the complete prepotential for SU(2)o—SU(2)—[5] shows an Fg global symmetry [9]!!

as follows:
7
6F§;§<2)0_SU(2)_[5] —dad - 3Zm%(af +ad) + lar — a2 H3
k=0
+ 3 Nard-al’+ 3 [a+a+am]
Ee248 wWeE38TH
+ Y 2wt tdm ]’ (4.51)

wWe30380

where we have omitted irrelevant constant part and dropped the superscript, a*" — a;.
We note here that one can also take mgl),mgl) — oo, while m(()l) - mgl) fixed. Or
equivalently, from Sp(2) + 1AS + 7F, we take mg, mg — oo, while my — mg fixed. This

decoupling limit hence leads to

SU(2),—SU(2)—[5] or Sp(2) + 1AS + 6F. (4.52)
"We checked that the 7-brane analysis based on the 5-brane web [8] for the quiver theory

SU(2)o—SU(2)—[5] also supports the Es global symmetry of the quiver theory, whose 7-brane configuration
in one of 5-brane loop as A®Xp, _1jC, where A, X5 _1}, and C represent [1,0],[2,—1], and [1,1] 7-branes,
respectively [59].
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5 Conclusion

In the paper, we proposed “complete” prepotential for 5d A/ = 1 gauge theories which
covers all the parameter regions of the theories. This new prepotential is defined over the
extended Kahler cone of the 5d theories. Hence, it includes non-perturbative contributions
and, of course, reproduces the Intriligator-Morrison-Seiberg’s (perturbative) prepotential
in the weak coupling limit. Global symmetry enhancement and UV-duality of 5d N =1
gauge theories are also captured in our complete prepotential. For that, we introduced the
invariant Coulomb branch moduli which are shifted Coulomb branch parameters with the
instanton mass parameter, so that the Coulomb branch moduli are invariant under the Weyl
reflections of enhanced global symmetry. The complete prepotential manifests enhanced
global symmetry, when written in terms of the invariant Coulomb branch parameters

To obtain the complete prepotential, we mainly used 5-brane web configurations of a
given 5d theory to keep track of possible flop transitions in the 5-brane web. It can be
systematized by taking into account the Weyl reflections of enhanced global symmetry. We
also used Gopakumar-Vafa invariants or Nekrasov partition functions defined on R*! x S*,
to obtain the same complete prepotential by taking the decompactification limit where the
radius R of an S' are very large. Along the way, we observed that the boundary of the
physical Coulomb branch where monopole string tensions vanish, corresponds to the gauge
bosons and string junctions being massless. We observed that the contributions to the
complete prepotential come from some of BPS hypermultiplets in the Gopakumar-Vafa
invariant. From geometry, the same complete prepotential was obtained by considering
volume of Mori cone generators.

As concrete examples, we discussed 5d gauge theories of rank-1 and -2, and worked
out the form of the complete prepotentials explicitly in the main text and also in appendix.
In particular, the complete prepotentials for two pure SU(2) = Sp(1) gauge theories with
distinct discrete theta angles, show not only distinct global symmetries F; = SU(2) and
E; = U(1), respectively, but also different flop structure. Pure SU(2), gauge theory has a
flop which allows an RG flows to the non-Lagrangian Ej theory. For rank-2 gauge theories,
we obtained the complete prepotentials for Sp(2) gauge theories of Ny < 9. For the Ny =9
case, the enhanced global symmetry is SO(20), and when expressed in terms of the invariant
Coulomb branch parameters, the corresponding complete prepotential is SO(20) manifest
as expected. As it is the prepotential invariant under the enhanced global symmetry, it is
also the complete prepotential for its dual theories. In other words, it is the prepotential for
SU(B)% gauge theory of Ny =9 flavors and also for [3]-SU(2)—SU(2)—[4] quiver theory,
as they are all UV-dual to the Sp(2) gauge theory with Ny =9 flavors. As another rank-
2 example, we presented the complete prepotential for the Sp(2) gauge theories of one
antisymmetric and Ny < 7 flavors, which is also known as 5d rank-2 F Ny+1 theories. The
complete prepotentials for these rank-2 theories are expressed in terms of polynomials that
are invariant under Weyl group symmetry of the enhanced global symmetry and also tend
to involve higher dimensional representations of E, 41 symmetry. As a consistency check,
we discussed RG flows that lead to less number of hypermultiplets and we cross-checked
the prepotentials by considering different decoupling limits to reach the same theories of
less number of hypermultiplets.
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Though we did not discuss all the rank-2 theories, one can straightforwardly apply
our method to obtain the complete prepotential for those rank-2 theories which are not
discussed here. In principle, it is applicable to other 5d higher rank superconformal theories.
If both 5-brane webs and enhanced global symmetry of the 5d gauge theories are known,
our method is exhaustive. For those theories whose 5-brane configurations are not yet
known, one may still apply our method to find the corresponding prepotential, but there
could be some missing terms that disappear in the weak coupling. On the other hand,
our method might be useful for constructing or finding a 5-brane configuration for such
theories which have yet to be found. As it suggests existence of possible flops which a
proper 5-brane web should have, our method thus provides some consistency checks in
attempting to construct new/unknown 5-brane configurations.
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A Convention for representation of Fg

Throughout the paper, we use the convention that the simple roots ay (kK =1,2,---,8) of
Eg are expressed in terms of orthonormal basis e; (i =0,1,---,7) as
1
Oél:§(€o+€1—62—63—64—65—66—67),

g = e + ea,
Ay = €1 — €;—2 (Z = 3, 4, 5, 6, 7, 8) (Al)
The Weyl reflection on a weight w is generated by

w—w— (w- o)y (i=1,2,---,8). (A.2)
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Introducing the mass vector as

7
m = Zmiei, (A3)
=0

we can identify a weight w with the linear combination of masses 17 - w. Then, the Weyl
reflection can be reinterpreted as a transformation on masses:

7
1 .
mi—>mi—4<mo+m1—2m]~), t=0,1
Qg : . ];2 (A.4)
mi—>mi+4<m0—|—m1—2m]’>, 1=2,3,4,5,6,7
j=2
Qo 1My < —Ma (A.5)
Q; tMy—1 <> M9 (Z = 3, 4, 9, 6, 7, 8) (AG)

Or, combining these transformations, we write the Fg Weyl reflection as

m; <> m; (A7)
mi < —m; (for i # j) (A.8)
7
m; — m; — ! Z my (Simultaneously for all 7). (A.9)
gt

We take the Weyl chambers by imposing
m-a; >0 (i=1,2,---,8), (A.10)

which can be written explicitly as

7
m-ap =mgo+my — E my > 0,
k=2

m-ag =my +mg >0,
rﬁ-ai:mi,l—mi,gzo (i:3,4,"'8), (A.ll)
or equivalently,

my > mg > ms > my > mg > ma > |myl,
7

mo > ka —mja. (A.12)
k=2

The fundamental weights p; (i = 1,2,---,8) are specified by imposing that their
corresponding highest weight w,,, satisfy

wm CQy = 574 (Alg)
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More explicitly, we have

7 7
o . 5 1 . 7 1 1
m - Wy, =2my, m'wmzimo+§ My 10 Wyy =35m0 — 511 +§Zmi,
i=1 =2
7 7 7
M - Wy, =DM + g my, M- wy, =4mo + Z mp, M- Wy =3Mg + E my,
k=3 k=4 k=5
M- Wy, =2mo+mr+me, M- Wy =M + my. (A.14)

Since any weight can be obtained by subtracting the simple roots from the highest
weight, (A.14) are the largest among all the weights in each representation in the Weyl
chamber defined as in (A.10):

M- Wy, > M- W Yw € p;. (A.15)
We introduce the characters for each fundamental representation p; as

Xpi (1) = ) exp[—Ruw - i) . (A.16)

WEL;

In the massless limit, they give the dimension of each representation:

Xy, (0) = 3875, X1 (0) = 147250, X1 (0) = 6696000,
X1 (0) = 6899079264, X5 (0) = 146325270, Xus (0) = 2450240,
X (0) = 30380, Xy (0) = 248, (A.17)

Based on these dimensions of the representations, we also use the notation 248 for us,
3875 for p1 and so on. Decomposing the representation 248 of Eg into the representations
of the subgroup Eg D SO(16),

248 — 120 + 128. (A.18)
The weights w € 120 of SO(16) are explicitly given as

m-w=xm;y£m; (0<i#j<7), (A.19)

which are in fact 112 in total, but we also took into account 8 Cartans which are of zero
weights m - w = 0. The weights w € 128 are explicitly given as

7
o 1
mew =g Z Simy; (s; = £1), (A.20)
1=0
where even number of s; take the value s; = 1 while the remaining s; take the value s; = —1.
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B Prepotentials for rank-1 theories

Here, we list the complete prepotentials for the rank-1 SU(2) = Sp(1) gauge theories of N
flavors (SU(2) + NyF) associated with Ex, 11 enhanced global symmetry. (We also include
the prepotential for Fy theory.) We denote by a the invariant Coulomb branch parameter
and by a the usual Coulomb branch parameter which appears in the IMS prepotential,
a=a+ BTZQ,f )

; masses of Ny flavors.

SU(2) 4+ 7F: Ejg global symmetry, a = a + my.

7
6Fp =a®—3Y mia+ . [latmi+m,[’

k=0 0<i<y<7
1< 8
+ Z Ha+228kmkH . (B.l)
{s;=%1}, k=0
even-+

SU(2) + 6F: E7 global symmetry, a = a + lmg.

3
6 Fp, = 248° —3( mo—i—ka)a—l—ZHaj:Qmoj:mZH
1
+ Z Ha+228kmkﬂ . (B.2)
k=1

{si==%1},
even-+

SU(2) + 5F: Ejg global symmetry, a = a + %mg.
5 5 1 3
6.7-"E6—3&3—<m%+32m%>&+2”&—3moimiu
3 9 3
+ Z Ha+ “mo + = ZskmkH +Ha+3mOH . (B.3)

{s;==%1},
even—+

SU(2) + 4F: E5 = SO(10) global symmetry, @ = a + $my.

5 3
6fE5:4a3_3§::xza+ > Ha—i—;ZsmH (B.4)

k=1 {Slzil}v i=1
odd+
where
1
1 _2m07
1 1
T2 = 5( my1 + ma + ms3 + my), $3:§(m1—m2+m3+7714),
1
Ty = 5(7711 + mgo — m3 + m4) T5 = §(m1 + mo +ms3 — m4), (B.5)
with
5 4
> o+ mi
k= k=1
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SU(2) + 3F: E, = SU(5) global symmetry, @ = a + £my.

5
6]—"E4:5613—3in&+ Z Ha—f—l'i"i‘l‘jﬂg,
k=1

1<i<j<5
where
2
xlzgmﬂa
- 1 1( n n ) - 1 1( )
T2 = 10m0 2m1 mg-r+—ms), I3= 10m0 2m1 mo —ms),
_ 1 1( n ) _ 1 1( n )
Ty = 1Om0 5 mipr+mg—m3), Ts= 10m0 B mip —mz-r+ms),
subject to

5
Zxk =0.
k=1

SU(2) 4+ 2F: E3 = SU(3) x SU(2) global symmetry, a = a + ¢m.

3 3
R O ST Y5 B w [
— =1

k=1
where
1 1 +1( ) 1 1( )
= -m =—=m —(mi1 —m =—=mpg— (M1 —m
5E130,132 6021 2), X3 6021 2)5
1
y:§(m1+m2).

SU(2) + 1F:  E; = SU(2) x U(1) global symmetry, a = a + $my.

, 1 4 N 3N
6fE2:7a3—6<x2+7y2>a+Ha+7yH +Hﬁ:|:x—7yH ,

where

EET _
L= 4m0 4m17 y= 4m0 4m1,
and the last term is an SU(2) doublet, invariant under z <+ —z.

Pure SU(2)o: E; = SU(2); global symmetry, a = a + émo.

3 3 o
6 Fr, :8a3—§m3a.
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Pure SU(2),: E; = U(1); global symmetry, & = a.
1
6]—"E1:8a3+3mga+ﬂa+§moﬂg. (B.13)

These complete prepotentials for SU(2) gauge theory with Ny flavors can be summa-
rized as

Ny
- 1 - L
6'7:ENf+1:(8_Nf)a3_3<8 N*ngrg mig)avL E Ha+w-mﬂ3, (B.14)
- k=1

WELN 41

where

1

a:a+8_Nf

mo, (B15)

and KN j+1 is the fundamental weight of the Lie algebra of the ENf+1 enhanced global
symmetry (ug = 248, u7 = 56, ug = 27, us = 16, puy = 10, pug = (3,2), uy = 27% +
1%) In terms of the Coulomb branch parameter, a, the complete prepotentials (B.14) are
expressed as

Ny 5
1
6~7'—ENf+1:3m0a2+(8_Nf)a3_3E mia + E a+8_Nm0+u7.mH )
k=1 WELN ;41 f

(B.16)

Finally, we can take a decoupling limit from the E; theory to get the Ejy theory which
is non-Lagrangian.

Ey theory:

3
Fry = 50%, (B.17)

where ag, is defined in terms of the parameters of the E; theory in (B.13),

UE, = 0f, + 6m051 . (B.18)

C Prepotentials for Sp(2) + (N < 9)F

As in rank-1 case, we list the complete prepotentials for 5d Sp(2) gauge theory with Ny <9
flavors, which include the prepotential for pure Sp(2)g, Sp(2)~, SU(3)4 gauge theories, and
also for non-Lagrangian theory of the geometry Fg U P?.
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Sp(2) + 9F: SO(20) global symmetry, a; = a; +mg and as = as.

Fs0(20) = ForT + F20 + F190 + Fgiz + F15504,

where
9
6 Fopr = ) — 283 +6d1 a5 — 3 my (a1 + da)
i=0
: 3
6 F20 =) _[[az+m;]”,
=0
~ 3
6 F190 = Z lar £m;£m; |7,
0<i<j<9
1o 3
G.Fm: Z Ha1+a2+§‘ slmlﬂ,
{si::tl}, 1=0
odd+
L 3
6 F15504 = Z [| 281 + ag & my, £ ma, £mey £mg, Emyg |7

0<;<ig<---<i5<9

Sp(2) + 8F: SO(16) x SU(2); global symmetry, a; = a1 + 3mg and d = as.

Fs0(16)xsU(2) = FCFT + F(16,2) T F(1201) + F(izs,1) + F(560.1):

where
3 8
6 FcrT = 2&‘% +6a; El% - im%al - 327)%2(&1 + 62) 5
1=1
8 1 5
6?(16,2) :Z; H 611 + §m0:|:mzﬂ 5
1=

8
6 F(120,1) :Z | a2 +m; Hgv
i—1

8
.. 1
6'7(@,1) = Z Ha1+02+528imiﬂ3’

{Si::tl}, =1
odd+
~ ~ 3
6‘7(560,1) = Z H 2Cl1 + a9 + mi, + Mg, + Mg H .

1<1;<i9<13<8

(C.1)

(C.8)

(C.9)

(C.10)

(C.11)

(C.12)

For Ny < 7, there is no global symmetry enhancement and global symmetry remains

as SO(2Ny) x U(1)r, and thus the invariant Coulomb branch parameters are not required.

It is then convenient to define terms which frequently appear in the complete prepotential,

6 Fepr = (10 — Ny)a? +6a1 a3 + (8 — Ny) a3
Ny

+ 3mg(a? + a3) — 3Zm?(a1 +az),
i=1
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6fsing1et = H ay +myg H37 (014)

2 Ny
6Fr= > flar£m]’, (C.15)
I=1 =1
1 1 Ny 3
GFC: Z Ha1+a2+2m0+228imiH y (016)
{Si:il}, =1
odd+
3
6 Friet = > 12a1 +az +mo £ myy £my, £---£m, [|°. (C.17)

1<i;<ig<--<4p<Ny

Here the subscript F' or C' denotes the fundamental or the conjugate spinor representation
of G, respectively, and the index rk-£ of F_, to denote the rank-¢ representation of the
global symmetry group Gr. Then the complete prepotentials for Sp(2) gauge theory with
Ny < 7 flavors are given as follows.

Sp(2) + 7F:
Fso(14)xu(1) = FCFT + Fsinglet + FF + Fo + Fria, (C.18)

Sp(2) + 6F:
Fso@2)xu(1) = Ferr + Fr + Fo + Frke, (C.19)

Sp(2) + 5F:
Fso0yxu(1) = Ferr + Fr + Fo + Frkeo, (C.20)

Sp(2) + (1 < Ny < 4) F:
Fso@ny)xu) = Ferr + Fr + Fo. (C.21)

Sp(2)x: Sp(2) gauge theory with the discrete theta angle 6 = .

D 4 1
Fo=rn = FcrT = 3 ai + ara3 + 3 a3 + 3 ™Mo (a3 + a3). (C.22)

Sp(2)o: Sp(2) gauge theory with the discrete theta angle 6 = 0.
Fo=0 = Fcrr + Fo

5 4 1 1 1 3
= 3ai’+a1a§+3a§+2m0(a%+a§)+6ﬂa1+a2+2m0H : (C.23)

SU(3)4: recall that Sp(2) + 1F gauge theory also has a decoupling limit to SU(3)4 gauge
theory, which is achieved by taking a; — oo and mi,my — —oo with mg = my. The
resulting prepotential is the complete prepotential for SU(3)4 gauge theory:

5, 1 2

3 4 1 3
F = gai{’ + §a%a2 + §a1a% + gag + mg(a? + aras + a3) + 6 ; H ar +mo H . (C.29)
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Here one can take further decoupling [6] from either Sp(2)g or SU(3)4 gauge theory to
obtain a non-Lagrangian theory of the geometry Fg UP2. From Sp(2)g gauge theory, it is
achieved by taking my — —oo and a; — oo, while by = a; + émo are kept finite. From
SU(3)4 gauge theory, it is achieved by taking mo — —oo and a; — oo, while by = ay + %mo
are kept finite. The prepotential for the theory of geometry Fg U P? is then given by

Fe U P2:

11, 1 3 3,
FEO = bl Sbibe + Shab3 + 503 (C.25)

D Prepotentials for Sp(2) + 1AS + (Ny < 7)F

We list the complete prepotential for the Sp(2) gauge theories with one antisymmetric and
Ny flavors (Sp(2) +1AS+ NyF) associated with Ex, 11 x SU(2) enhanced global symmetry.
(The prepotential for SU(3)g or rank-2 Ej theory is also included.) Like rank-1 cases, the
invariant Coulomb branch parameters for each flavor is given by

1
my.
8—N;

a; =ay + (I = 1,2) (D.l)

In the limit where mag — 0, the complete prepotential becomes a sum of two copies of
rank-1 prepotentials F(aj, az) — FENf+1(&1) + FEn (az) [34, 58].

Sp(2) + 1AS + 7F:

FEsxsu@) = Forr + Faas1) + F(3srs,2) + F(1,2) + F(1,3) T F(30380,3) (D.2)
where
2 7
6 Fopr = —6mig i+ ) a%-:azmia,], (D.3)
=1 k=0
2 3
6 Faasy = > Y [lar+ g ] (D.4)

:i[ S NarxmiEm P+ Y Haw;kz;s;fmkﬂgl,

I=1 L0<i<j<7 {s;==%1},
even-+
~ ~ - 3
6‘F(3875,2): Z H01+02+w'mﬂ

Whg xsU(2) €(8875,2)

= Z ﬂal+62imiimjimA5ﬂ3
0<i<i<7

~ ~ 3
+ Z Hal+a2+:|:mi1:I:ml-Q:I:mZ-S:I:mM:I:mASH
0<41<i2<43<i4 <7

7 7 3
- N 1
+ E E Ha1+a2+simi:|:m,45+2g skmkH, (D.5)
k=0

{Si:il}’ 1=0
odd +
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6]:(1,2): Z Hal—a2+w'7ﬁﬂ3=Hfu—azzi:m,qsﬂg, (D.6)

Whg xsU(2) €(1,2)

6}—(1,3): Z Hal+w-7ﬁﬂ3:HalimA5H3, (D.7)
Whg xsU(2) €(1,3)
6 F(30380,3) = Z H261+52+u7-ﬁiﬂ3

’UJE8 xSU(2) S (30380,3)

= Z HQal—l-Elg:l:mi:l:mj:I:QmAsﬂg

0<i<j<7
7 1 7 3
+ > H2a1+a2+skmki2mAs+QZsimiH
{si=%1}, k=0 i=0
odd +
+ > (1281 + 82 + mi, + miy £ my, £ my, +2mas )’
0<i1<i9<i3<i4 <7
7
+303T 28+ dy £ 2my, £y, £ m, £ 2mas [ (D.8)
k=0 0<i1<i2<7,
N#k#j2

+ > N2m+arEmy, £ Emy, £ 2mas ]’
0<i1 << <7

7 3
L. 1
+ Z Z H2a1+a2+3k1mk1+3k2mk2:t2mAS+QZSimiH-

{s;=%£1} 0<k1,k2<7 =0
even -+

We have used the decomposition
Eg D SO(16)
248 =120 + 128

3875 = 135 + 1820 + 1920
30380 = 120 + 1920 + 7020 + 8008 + 13312. (D.9)

Sp(2) + 1AS + 6F:

FEe.xsu@) = Forr + Fse1) + Fass2) + F(1,2) T F(56,3) (D.10)
where

2 1 6
6]:CFT:—6m2ASa1+Z 2ﬁ1—3<2m%+2m,§>61], (D.11)

I=1 k=1

2 1 3 1 6 3
6?(56,1)=Z<Zﬂﬁzi2moimiﬂ + Z H&1+2ZskmkH >, (D.12)
I=1 \i=1 {s;==%1} k=1
even—+

6 3
- - 1
6]'-(13372) = Z H 2a; +az + 5 Zskmk +mag H
{SiZil} k=1
odd+
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+ Z H&1+&2imiimjim,45ﬂ3

1<i<j<6
+ H&1+62imoimASﬂ3, (D.13)
~ ~ 3
6 F(1,2) zﬂal—azimAsH : (D.14)

1
6 F(56,3) Z 2a; +ag + moimZiQmAsﬂg

=1
1L 3
+ Z H2a1+a2+223kmki2mASH . (D.15)
{SiZj:].} k=1
even-

We have used the decomposition
E; D SO(12) x U(1)
56 =12, +12_; + 32
133 =32, +32_1 4+ 660+ 1_5+ 1o+ 1o. (D.16)
Sp(2) + 1AS + 5F:
Frexsu(2) = Forr + Faza) + Fere) + Faz) + Fs), (D.17)

where
2

6]:CFT = —6m?45 a + Z

<1m0 —I—ka> a[], (D.18)

I=1 k=1
2 9 3 5 1 3
6‘7:(27,1):;(”0["‘37”0“ +ZHG1—3m0:I:mZ-H
3
+ Z Ha1+ -mo + = Zskmkﬂ ), (D.19)
{si=%1}
even-+

~ - 2 3 5 5 B 1 3
6]—'(27,2):Ha1+a2—3m0im,43” +Z Hm—l—ag—l—gmoimiimASH
i=1

5 3
. - 1 1
+ Z Ha1+a2—6m0+225kmkim,45” , (D.20)
{si:il} k=1
odd+
~ ~ 3
6 F(1,2) ZH ap — az = mag ﬂ ; (D.21)
6 F(1,3) =] 2a1 + az & 2mag H3- (D.22)

We have used the decomposition
Eg D SO(10) x U(1)
27=10_1 +161 + 12
3 6 3
27=1014+16_1 +1_». (D.23)
3 6

3
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Sp(2) + 1AS + 4F:

Frsxsu2) = Forr + Fae,) + Fo,2) T F(1,2)s (D.24)
where, with the E5 chemical potential x; given in (B.5),
2 5
6 Forr = —6migai+ Y [4a7 -3 a1] : (D.25)
I=1 k=1
2 13 3
6}—(16,1)22 Z Hal+2zsz’l‘iﬂ ) (D.26)
I=1 {s;=+1}, k=1
odd+
2 3
6 Fao2) = »_ [|a1+ a2 £z £mas ||, (D.27)
i=1
6 F19) = [| 81 — 2 £ mas ||, (D.28)
Sp(2) + 1AS + 3F:
Frixsu@) = Fort + Fao1) + Feo) + Fa2), (D.29)
where, with the chemical potential z; given in (B.7),
2 5
6 Fepr = —6mAgar + Z [5&? -3 Z 3 ﬁf] : (D.30)
I=1 k=1
2 3
6 F(10,1) = Z Z lar+ i+ [, (D.31)
I=1i<i<j<5
° 3
67(572):ZH51+52—x¢ﬂ:m,45H , (D.32)
i=1
6 F1,2) = [| 81 — a2 £mag H3- (D.33)

Sp(2) + 1AS + 2F:
Frsxsu@) = Forr + Fz21) + Fga12) +F11,2) (D.34)

where

3
6as — 3<in +2y2> all, (D.35)

=1 k=1
2 3
6 Fs2n = > [lar+zity 1°, (D.36)
=1 i=1
2 3
6 Faz) =2 0 [l — it mag |, (D.37)
=1 i=1
6./—"(1,172) = H a1 — ao £ mag Hs. (D_38)

The SU(3) chemical potentials z1, z2, x3, subject to 22:1 xr = 0, and the SU(2) chemical
potential y are given in (B.9).
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Sp(2) + 1AS + 1F:

-’rngSU(Q) = Fcrr + ‘7:(14/7+2_3/771) + ./7(21/772) + .7:(10’2), (D.39)
where
& 1
6 Forr = —6migdr + [7 as — 3<x2 + 7y2> af] : (D.40)
I=1
2 4 3 3 3
6‘/—"(14/7_;'_2_3/771) == Z (H El[+ 7yH + H a[ +x— 7yH >, (D41)
I=1
1 3
6}“(21/772) = H a; +ag o+ ?y tmas H ) (D.42)
6 F1p,2) = || 1 — G2 £ mag HS, (D.43)

The SU(2) chemical potential z and the U(1) chemical potential y are defined in (B.11).
Sp(2)o + 1AS: a;=as+ %mo.

2
~ ~ 3 -
6-FE1><SU(2) =— 6m,245 a; + E {8@ — gmg aig]
I=1

.1 oo
+Ha1+a2:|:4m0:|:mA5H +ﬂa1—a2imASH3. (D.44)

Sp(2)

Decoupling one antisymmetric by taking taking mag, mo — oo while mg™"® = mg—2mag

kept finite, we obtain the complete prepotential for pure Sp(2)o gauge theory (C.23).
Sp(2)r + 1AS: a;=ay.

2

6‘F51><SU(2):_6m1245a1+2[8a§+3m0a%]
I=1
2 1 3 ,
+IZ;HGI+27TZOH ‘f‘ﬂaliag:i:mAsﬂ_ (D45)

If we decouple an antisymmetric by taking mag, my — oo while mﬁp@)”

= mg — 2mas
kept finite, then we get the complete prepotential for pure Sp(2), gauge theory (C.22).
On the other hand, if we decouple an antisymmetric by taking mg — —oo,a; — oo while
ar + %mo = b; kept finite, then one can see that mag is naturally identified as %mo of
SU(3), and it is straightforward to obtain the complete prepotential for pure SU(3)g gauge

theory [6, 8] as follows.
SU(3)6

1
fSU(?))G — _zm% bl —+

3
2

3

1
2

1
6 H bl — b2 + —my H3. (D46)

b3
2t 5

b} +
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Notice that the prepotential (D.46) has ﬂ e H3, which implies a further flop. It is, in fact,
possible to take a flop transition on the web diagram for the pure SU(3)g gauge theory, as
depicted in figure 87(b) in [8]. We note that if we take the infinite coupling limit my — 0,
then the complete prepotential for pure SU(3)g gauge theory reduces to two copies of that
for Ey theory, as expected:

3
2

3

FSUBs 563 = Fry(b1) + FEy(b2) . (D.47)

bi +
E Derivation of physical Coulomb moduli for rank-1 Eg SCFT

In this appendix, we derive the physical Coulomb moduli for rank-1 Eg CFT, which corre-
sponds to SU(2) = Sp(1) gauge theory with Ny = 7 flavors. The physical Coulomb moduli
are defined as the region of Coulomb moduli where the monopole tensions are positive:

0Fgs OFE,
= —= > 0. E.1
Oa da — (E-1)
In order to compute such region, we first concentrate on the specific Weyl chamber
given in (A.12). In this chamber, it is straightforward to show that the term in (2.32) sat-

isfies

7
-1
a+222simi>0, unless sg =81 =--- =587 = —1. (E.2)
1=
This indicates that, due to the definition (2.11), the following term in (2.32) simplifies as
1 5 1 i 1 1 i
3 Ha+2§skmkﬂ _ Ha_2;)mkﬂ _ Ha+2m0_2;mkﬂ (B3)

{Si:il},

even--

in the considered Weyl chamber. Analogously, one can show that the term in (2.32) satisfies
1=0, j=1,s =-1,
a+sim; + somj >0 unless or (E.4)
i=0, j>2,5=-1,s5=—-1

This indicates that the following term in (2.32) simplifies as

> Haimiimjﬂg—ﬂa—moim1ﬂ3+z7:ﬂﬁ—mo—ij?’

0<i<j<7 =2

7
:Ha+mlﬂ3+ZHa—miﬂ3. (E.5)

i=1

In summary, in the Weyl chamber given in (A.12), the prepotential (2.32) simplifies as
1 1
ng = é(a + m0)3 — 5 Zmi (CL + mo)
k=0
7 7 3
1 3,1 3 1 1 1

—i-gﬂa—i—mlﬂ +6;Ha—miﬂ +6Ha+2m0—2;mkﬂ. (E.6)
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Now, starting from the region with large a, we gradually reduce the value of a. In the
region a > |mq|, the structure is quite simple:

OF
658 (lZ?ﬂ%

O0FEq 8]—'EO
90 ﬁ mpg—1<a<my (k=3,---,7), (E.7)

OF

2 Imi| < a < mag,
\ Ja
where we defined
7 n
1 8—n 1

.7’:E0n+1 = 2<m0— Z mk> a2+?a3—52mza. (E.8)

k=n+1 k=1

As discussed in appendix B, we observe that this is the prepotential in the CFT phase of
the E,1 theory when we identify the combination mg — Zzzn 41 My to be the instanton
mass parameter for the F,, 1 theory. This can be interpreted that reducing a is equiva-
lent to decoupling the flavor. By considering all the region above one by one, it is also
straightforward to show that (E.1) is satisfied for a > |my].

In order to investigate the remaining parameter region a < |mj|, we consider the
following three cases:

Case 1: mq <0,

Case 2: mq >0, mo—ZmiZO,
Case 3: mq >0, mo—ZmiSO.

For Case 1, the prepotential (E.6) at the remaining parameter region is given by

OF >t _ 0Fg, -

<aqg< — .
% 5a for 0<a<-—my (E.9)

with the inequality saturated at a = 0. For Case 2, the prepotential (E.6) at the remaining
parameter region is given by
éiFgayzl 8]70
8

B
= > fi <a< E.1
5 5y 2 0 for 0<a<my (E.10)

with the inequality saturated at a = 0, where actually F Eol =F Eol . Since mg— 21-7:1 m; >0
is automatically satisfied in Case 1 due to (A.12), the results in Case 1 and Case 2 can be
summarized that the physical Coulomb moduli is given by

7
. 1
a>0 if —6<m0—2mi> <0. (E.11)

i=1
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For Case 3, the parameter region should be further divided into two parts as

OFY 1 7
& _<m0_zmi> <a<my,

afgjse 3 de. 2 i=1 (.12)
da ) aF -0 1 7 :
0 .
9 a§—2<m0—;mz>.
In this case, a non-trivial condition is obtained
afg:se 3 1 7
TZO = a2—6<m0—;mi). (E13)

Rephrasing this result for Case 3, the physical Coulomb moduli is

0> —é(mo—imi> if —é<m0—z7:mi> > 0. (E.14)

i=1 =1

Combining the results (E.11) and (E.14), we conclude that the physical Coulomb moduli
is given by

a>0 and a> —é(mo—Zm,), (E.15)
i=1
or equivalently,
5 e
2a>2m  and 33> Jmo+ g Z;m (E.16)

in the Weyl chamber (A.12).

Finally, we discuss the conditions for physical Coulomb moduli in the different Weyl
chambers of the Eg. Such conditions can be obtained by acting the Weyl reflection to (E.16)
by taking into account that a is invariant under the Weyl group symmetry. From (A.14),
we observe that the right hand side of (E.16) is the highest weight of the representation
w1 and pe, respectively. By acting the Weyl reflection, the weights in each representation
appear.'? Thus, the conditions (E.16) can be extended to the whole parameter regions as

2a > w-m for Yw € uq, 3a>w-m for Yw € us. (E.17)

This is the physical Coulomb moduli for rank-1 Eg theory.
In this physical Coulomb moduli, we can derive several non-trivial inequalities. For
example, from (E.16), we can deduce that

a>0, 2a > mg + msz, 3a > 2mg + m7 + mg, (E.18)

12Not all the weights can be obtained by the Weyl reflection of the highest weight. However, the conditions
corresponding to such weights can be obtained from the other conditions corresponding to the weights
obtained from the Weyl reflection to the highest weight. Therefore, the results does not depend on whether
or not we include such weights.
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are satisfied in the Weyl chamber (A.12). From (A.14), we observe that the right hand
side in (E.18) is the highest weight of representation 1, ug and p7, respectively. Again, by
acting the Weyl reflection, the weights in each representation appear, and thus,

a>0, 2a > w-m for Yw € us, 3a>w-m for Yw € ur. (E.19)

Combining all the inequalities in (E.17) and (E.19), we reproduce (2.42).

F Partition function for 5d Sp(2) + 9F from elliptic genus

There are several ways to obtain partition function for 5d ' =1 Sp(2) gauge theory with
Ny =9 flavors. One of the methods [55] is based on ADHM quantum mechanics using the
Jeffrey-Kirwan method. It would be also possible to compute it based on 5-brane web of the
type discussed in [13, 35] and apply the (refined) topological vertex method [31, 60, 61].
Here, we derive it from the elliptic genus and express it in terms of Gopakumar-Vafa
invariants as in (2.36). As discussed in [56, 57], the elliptic genus for 6d N' =1 Sp(1) gauge
theory with Ny = 10 flavors and with a tensor reproduces the partition function for 5d
N =1 Sp(2) gauge theory with Ny = 10 flavors up to duality map. Then, the partition
function for Ny = 9 flavors can be obtained by decoupling limit from them.
The elliptic genus Zj, for strings are given as follows [56, 57, 62].

For k = O:
Zy = PE(Fy), (F.1)
[0, 31eq(e72% 4+ €2) +[0,0]1,4(e™ + ) Y)_g(e™™ 4 ™) (W]
Fo= 1 1., 1 1 1— 27ri‘r+§ :
(1~ )gd ) z
(F.2)
For k = 1:
9(61’2) — 9[(6+ + a) -1 n ’
with ey = 1(e1 £ €2), 0;(z) := 0;(z; 7).
For k = 2:
2 1
Jo = F4
2 8221 291(61)91(62)01(61 + 2((—1)5€+ + Oé))91<62 + 2((—1)56+ + a)) ( )
2 10 s
U 01(my £ ((=1)°e4 + a))
’ H 2

01 (—20)01(2(=1)%€¢4 +2a) L1 n

4 4 4 10 €s
Y U U 'H91(mzi5)
401 (e1)01(€2)01(2¢5)01(2e — 2¢5) Or(ey £a £ ) n?

I=1 s=1 =1
S n01(0)61(2¢4) . ﬁ 0.5 (m1)0x (my)
(ILK)ES 491 (61)291 (62)26]<€1)9](62)9J(6+ + 04)0]((6+ + a) —1 7]2
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where S = {(2,2,1),(3,3,1), (4,4,1), (2,3,4), (3,4,2), (4,2,3)}.

For k = 3:
ZZ 07, (£5)0s,, (e £ %) [12, 0r(m)0s(mi + )
i—1 s—1 21718(91 61 2 291(263)91(26+ — 265)9Jh(61 2 + < )9[(6+ + a)9i<€+ t+ao+ %9)
_22: 01(26+ ies)ﬁl(ies) Hl:l Gj(ml)é?](mlies)
— 1801 (€1,2)%01(2€5)01 (24 — 2€5)01 (€12 £ 2¢5)01 (e £ )01 (e £ vt €y)
2 S
-y 01(2e4 £ (64 + (=1)°))0r(£(e4 + (—1)°a))
- 1891(61 2)2(9[(€+ + a)9[(61 ot (e 4+ (— 1)5(1))91(6172 +2(e4 + (—1)%a))
[1.2, 01 (ma)0r (my £ (e + (=1)*a))
91(26+ +2(-1)%a)01(2(-1)*" o)
1 (gk 26+ Hl 191 ml)
_ F.5
7718]€2 9k€12 I];JI:,QI (€1,2)01(e4 £ ) (E:5)
with
1234
3412
4321
Then, the partition function is give as
7 =2 Z AR (F.7)
k=1

Here, ¢ is the tensor branch moduli, which is related to the invariant Coulomb moduli of
5d gauge theory A; as

¢=Are ™" (F.8)
Also, we identify
e ¥ = As. (F.9)
Suppose we rewrite the partition function in the form

Z =PE (i ]—'k[llk) , (F.10)

k=0
with Fp given in (F.1). Fi (k =1,2,3) can be written in terms of Zj (k =1,2,3) as

— T
Fl = Zl@ )

1 1 4
Fz = <ZQ — 5212 — §Z1(>l< — 2*)) 6727”7—,

1. 1 ,
Fy = <23 + gzﬁ ~ 212y = 30 (x — 3*)) e~ 3miT, (F.11)
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Here, (x — nx) means the following simultaneous rescaling of all the variables
(o, my, €5, 7) = (N, nMj, NES, MT). (F.12)

We find that elliptic genus Zj (k > 1) can be expanded in terms of €™ as

oo
Zp = Z Z]?”—k)e(Qn—k)m'T (F.13)
n=0
Therefore, Fj, can be also expanded in terms of €™ as
o]
T = Z]:é?n—k’)e(anQk)ﬂ'iT (F.14)
n=0
The decoupling limit is
e 0 (F.15)
while fixing A; (instead of ¢). Before taking this limit, the terms with negative power of ™"
in Fj should be converted into the terms with positive power by using the transformation

L, JRltq [, Jrltq 1
E 1 1 17 1 PE 1 1 1 1 ) F.16
((tz —t72)(q2 —q_2)Q> - ((t2 —t_i)(qi—q_E)Q ) (F-16)

which is interpreted as performing the flop transition. Then, the decoupling limit ends up

with picking up the constant term:
Fp — FO. (F.17)

Therefore, the partition function for 5d N =1 Sp(2) gauge theory with Ny = 9 flavors is
given as

7 — PE (Z f,ﬁ“Aﬂ“) . (F.18)
k=0

The each coefficient ]-",EO) is given in terms of Z,(Cn) introduced in (F.13) as

]_.1(0) _ Zfl),

1 - 1
A =2 -2 - 27V - 520 20,

0 3 L. _a —1) (1) (3 —1 5
FO =79+ (3(Z§ N3 422002078 4 (Zy2 L )>
_ - 1
_ (Zf 1) 254) Z{l) Z§2) Z§3) Zéo) Z§5) Zé 2)> -5 Zfl)(* 34), (F.19)

where we used (F.11). Also, ]__éo) can be read off from (F.1) as

20 _ [0 Fua(e7 + €% 4 0,0)u0(e™ +¢) 520 (e~ + ™)
’ 2tz —t72)(q2 —q 2)

— . % — , (F.20)

where we used the flop transition (F.16). From these expressions, we obtain the partition
function for 5d V' =1 Sp(2) gauge theory with Ny =9 flavors given in section 3.4.
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