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1 Introduction

Landau-Ginzburg theories with A/ = (0, 2) supersymmetry describe certain phases of (0, 2)
supersymmetric gauge theories. Their usefulness towards understanding the N' = (0,2)
Calabi-Yau sigma model is well known [1, 2]. Landau-Ginzburg orbifolds and their elliptic
genera have been studied in [3]. Recently, a connection between geometry and topology
of four manifolds and N = (0, 2) supersymmetric theories have been established [4]. This
led the authors to study the dynamics NV = (0,2) gauge theories [5, 6] and determine
their low energy fixed point theory [7]. In this paper, we study the LG models in their
own right focusing on identifying their low energy physics exactly. The philosophy of the
paper is similar to that of [7] where the low energy physics of a class of (0,2) supersym-
metric gauge theories was identified using arguments involving 't Hooft anomaly matching,
c-extremization and modular invariance of the partition function on the torus.

By definition, a Landau-Ginzburg models has discreet vacua. This gives rise to a
normalizable vacuum state in the quantum theory. A unitary conformal field theory with
normalizable vacuum enjoys a “state-operator correspondence”. Using this correspondence
it is straightforward to argue that a global symmetry of the microscopic theory is enhanced
to either a holomorphic or an anti-holomorphic chiral symmetry. This includes the super-
symmetry i.e. the two supersymmetries of the microscopic (0, 2) theory are promoted to the
chiral supercurrents. Along with the chiral stress-tensor and R-current, the supercurrents
form the N/ = 2 super-Virasoro algebra. Requiring the vanishing of the commutator be-
tween R-symmetry and other abelian symmetries, the central charge of the super-Virasoro
algebra can be determined. This prescription is known as c-extremization [8]. This is one
of the important tools we use. It rests on the assumption that there are no new abelian



symmetries in the infrared. When this assumption is not valid, a modification of this
procedure [9] is applied as we demonstrate in some of our examples.

On these general grounds, we expect the (0,2) Landau-Ginzburg theory to flow to a
heterotic SCFT with the left-moving spectrum governed by Virasoro symmetry and right-
moving spectrum governed by N = 2 super-Virasoro symmetry. The partition function of
the theory on the torus i.e.

Z = Trglogho (1.1)
is invariant under the modular transformations! 7 — (at + b)/(ct + d) for a,b,c,d € Z
and ¢ = 2™, This condition puts a strong constraint on the spectrum apart from the

symmetries. In the class of examples we study, the above considerations turn out to be
strong enough to determine the low energy theory completely.

2 Search for solvable LG models

Before we start the search for solvable Landau-Ginzburg model, a quick introduction to
their Lagrangian is in order. A (0,2) Landau-Ginzburg model is constructed using p chiral
superfields ®; and q Fermi superfields ¥,. The chiral multiplet consists of a complex scalar
¢ and a complex right-moving fermion A and the Fermi multiplet consists of a single complex
left-moving fermion . The supersymmetry allows for two types of interaction terms, the
J-type and the E-type. The J-type interaction is analogous to the superpotential term.
Most compactly, it is presented as the integral over half the superspace

/d9+ D Wada(®) + coc. (2.1)

where J, are holomorphic functions of ®;. For brevity, we will drop c.c. from now on. The
E-type interaction is induced somewhat unconventionally as supersymmetry variation of
the Fermi field i.e. by requiring D ¥, = E,(®;) instead of D, ¥, = 0. The N' = (0,2)
supersymmetry requires >, FyJ, = 0. In terms of component fields, these interactions get
spelled out as follows

_8J, - . OE,
L= — Z (yJaP n \Ea\2> _ ZZ (waAia{m +waAi&i —i—c.c.) . (22)

The F, and the J,-type interactions are interchanged by conjugating the Fermi multiplet

U,. This means the action of supersymmetry on W is given by D, ¥, = J,. In this
paper, we will set all the E-terms to zero. The cohomology of the free supercharge DSB) is
generated by ®; and ¥,. Quantum mechanically, after integrating out the auxiliary fields

at tree level, the supercharge gets the correction

Y= 5,2

- 2.3
5T, (2:3)

'By modular invariance we mean invariance up to an overall simple factor due to ’t Hooft and gravi-
tational anomalies. Also, we will consider the partition function with anti-periodic boundary conditions
for the fermions along both cycles of the torus. In this sector the partition function is expected to have
invariance under the subgroup I'g(2) i.e. the subgroup of SL(2,Z) that is generated by S and T? elements.



This gives a straightforward way of computing the tree level cohomology i.e. cohomology

)

quantum mechanically exact [10]. As a vector space it gives a BPS sector of the Hilbert

with respect to DSB + DS:). Interestingly, the tree level cohomology it is known to be

space H of the low energy theory on the circle:
Heps = M|z, 7, 20 (2.4)

where, as usual, Lg is the anti-holomorphic conformal dimension and Jy is the infra-red R-
charge. The restriction of the Hilbert space to Lo — Jp/2 = 0 is the same as the projection
onto the chiral states in the NS sector i.e. the states that are in the cohomology of the
supercharge Gi , that is part of the anti-holomorphic N = 2 superconformal algebra in the

NS sector. The ‘Eranslations in the anti-holomorphic direction are cohomologically exact so
‘Hpps can be thought of as the Hilbert space of a holomorphic conformal field theory. This
holomorphic theory is essentially the topologically half-twisted theory [11].

In a favorable situations one can consider a particular sector Hrto, C Hpps, the
topological heterotic ring of the (0,2) 2d theory [12]. It is a finite dimensional subspace
generated by the elements saturating the following bound:

Lo >q/2 (2.5)

where q is charge of a certain left-moving U(1)f, symmetry. This special left-moving U(1)y,
symmetry is uniquely fixed by condition that it has the same charges for the chiral fields
®; as the right-moving R-symmetry .Jy. This also means q = Jy — 1 for Fermi fields. The
hierarchy of vector spaces is as follows.

Hrop = HBPS|Lo=q/2 = H‘Zo—jo/Q:O, Lo=q/2 (2-6)

Morally, the topological heterotic ring Hr,, can be understood as the zero-mode sub-sector
of the holomorphic CFT Hpps where one first performs a further “topological half-twist”
by U(1),. Strictly speaking this is not a topological twist as U(1)y, is not an R-symmetry.

As was shown in [13] the topological heterotic ring of (0,2) Landau-Ginzburg models
can be obtained in terms of Koszul homology of the complex

c=  0-Hae-d  Lale a0 L (2.7)
where
& = Spanc{¥,}1_, ® C[®;] = C[®;]* (2.8)
and the differential is given by the interior derivative
q
d=1y, J:Z%Ja e & (2.9)
a=1
This follows from (2.3). The Koszul homology,
H,(C,d) = Kerd|ng / d(N"LE), (2.10)



gives the topological heterotic ring in terms of microscopic fields. That is,
H,(C,d) = Hrop (2.11)

Its calculation in straightforward and is much easier than calculation of the full infinite
dimensional Q-cohomology Hpps. Yet it contains non-trivial information about the low
energy superconformal field theory and can be used to check the proposed IR solutions of
Landau-Ginzburg models.

The superconformal index Z of an N' = (0,2) LG theory in the NSNS sector is com-
puted even more easily. It is the super-trace over the Q-cohomology Hpps. Let the charge

of chiral fields and Fermi fields be qz% and qzlés' respectively under the abelian symmetry

U1, Let u(g) be the chemical potential for this symmetry. The superconformal index

1+ry U
q a 3w d .
i} 0 (q 5 et (0) 9(e) 7q)
TE. P,
p Si DU 404 .
i:1‘9<q2 et <4)’q>

where 7y, and ry, are the R-charge of chiral fields and Fermi fields respectively. The

takes a compact form,

I= (2.12)

superconformal index can be projected to the trace over the topological heterotic ring by
setting Ly = q/2 where q is equal to r¢ for chiral fields and ry — 1 for the Fermi fields.
As a result, the trace over topological heterotic ring or equivalently the equivariant Euler
characteristic of Koszul homology is

A
q (1 e Xeww q(ﬁ)

: =1
7w = — (2.13)
0 -1 (1 _eXeuw qU-’l))

Finally it is useful to note that an N' = (2,2) superfield P decomposes into a (0,2)
chiral superfield ® and a Fermi superfield W. The superpotential W(é)z) results in the
J-term interaction J; = OW(®)/0®;. So whenever the J-term is a gradient, the (0,2)
Lagrangian is actually (2,2) supersymmetric. In this case the topological heterotic ring
coincides with the usual chiral ring:

Herop = C[®;]/{OW (®;)/0®; 1} . (2.14)

We are now ready to begin the search for solvable Landau-Ginzburg theories. Each
Fermi multiplet yields a relation J, = 0 on the moduli space of chiral superfield. In order
for the N' = (0,2) Lagrangian to have discreet vacua, the number of Fermi multiplets
q should be greater than or equal to the number of chiral multiplets p. We start our
search for solvable LG model with g > p at p = 1,9 = 1. In this case, the only J-term
interaction is J = ®" for some n. This is a total derivative. The Lagrangian is that
of a (2,2) Landau-Ginzburg model with W = "+, This model has the central charge
c, = cg =3(n—1)/(n+1) and flows to (n — 1)-th N/ = 2 supersymmetric minimal
model [14]. The first non-trivial example is a theory with p =1, q = 2.



21 p=1,q=2
The only J-term interaction that is consistent with R charge assignment is
/d9+ U10" + Uyd™ m,n € Z. (2.15)

The right-moving central charge of this model can be determined by c-extremization.
Assigning R-charge r to chiral superfield ®,

cr = 3Try*R? = 3((7- 12— (1 —nr)?—(1— mr)2>. (2.16)
Extremizing this function, we get
-1 —1)(n—-1
pomin-l _ _8m-lr-1) (2.17)

S om24n2-1 m2+n2—1

Interestingly cp < 3 with inequality saturating at m,n — oo. This implies that the central
charge has to be equal to that of a N' = 2 minimal model i.e. 3k/(k + 2) for some k € Z..
But surprisingly that is not the case. This presents an interesting puzzle. The solution is in
realizing that the c-extremization procedure is not valid if there is an enhanced symmetry
in the infrared. This is indeed the case here. Let us elaborate.

First set m = n, then only the linear combination ¥;+Ws couples to the chiral multiplet
and the other combination is free. In this case we get an N' = (2,2) minimal model, as
before tensored with a complex left-moving fermion. For m = n + 1, the c-extremization
yields cg = 3(n—1)/(n+1). This is of the form 3k/(k+2) for k = n—1. We conclude that
the right-moving part of the low energy CFT is the A/ = 2 minimal model with &k =n — 1.
Precisely in this case, the R-charge of the Fermi multiplet W5 is 0 hence, Ly = 0. Using
the fact that the spin Lo — Lo is % we get Lo = % This is the unitarity bound where the
complex left-moving fermions on Wy become free. At these values of m and n there is an
extra U(1) symmetry that rotates only W,.

For m > n+1, the naive application of c-extremization yields unitarity bound violating
left-moving fermion Wy. This phenomenon is reminiscent of the one that occurs in four
dimensional supersymmetry QCD [15]. In the context of 2d theories, it was studied in [9].
Following them, we take this to signal the decoupling of W5 from the interacting theory. It
is accounted for by taking the correct contribution of ¥s to the right-moving central charge

Y = c‘j%ld + (1 —mr)? —0. (2.18)

Extremizing with respect to r, we get cg = 3(n — 1)/(n + 1), same as before. This is
of the form 3k/(k + 2) for kK = n — 1. The fermion U; is free and so we can ignore the
corresponding J-term interaction. This means the low energy theory consists of (n — 1)-th
N = (2,2) minimal model tensored with a free complex left-moving fermion.

We can verify this conclusion by computing the topological heterotic ring of the theory
using (2.8).

H(C,d) =0, (2.19)
Hi(C,d) = Spanc{¥;®" — Ty Ti-myn (2.20)
Ho(C,d) = Spanc{®'}7 ). (2.21)



As a vector space the cohomology above agrees with that of the proposed low energy theory.
The (n—1)-th A/ = 2 minimal model has Hj of dimension n which is tensored with the free
left-moving fermion Wy to generate H;. This analysis can be straightforwardly generalized
top=1and q> 2.

22 p=2,9q=3

With two chiral superfields and three Fermi superfields? we can write an interesting model
that is solvable.

/d9+ (U107 + U ®f + W3 dy) m,n € Z (2.22)

We compute the right-moving central charge using c-extremization and the left-moving
central charge can be determined from the gravitational anomaly (2.64), cg — ¢, = —1.
Taking the r-charge of ®; and ®5 to be rg, and rg,, the trial central charge is

cR:g((r<I>1 —1)% 4 (ro,— 1) = (1—mre, ) > —(1—nre,)*—(1—rg, —r%)?). (2.23)
Extremizing with respect to rg, and re,
n m mn — 1 2mn —1
— = = =3— =2—. 2.24
I L | R 1 L mn + 1 (2.24)

For no value of m,n does the r-charge of Fermi fields becomes negative. This justifies the
c-extremization prescription. Interestingly, in this case we also find cg < 3. This means
that the right-moving part of the low energy CFT is a chiral of the (mn — 1)-th N' = 2
minimal model. To identify the left-moving part we note that for general values of m,n
the theory has U(1) x U(1) symmetry. Let us denote U(1)®) the symmetry with respect to
which ®; has charge d;;. The U(1)(") x U(1)(® charges of ¥y 53 are then (—m,0), (0, —n)
and (—1, —1) respectively. The symmetrized anomaly matrix for these symmetries is

2
m* 1
= 2.25
Q ( 1 n) (2.25)
The left-moving CFT contains (U(1) x U(1))g chiral symmetry. These symmetries
contribute 2 to the left-moving central charge. The remaining piece should have

¢ =2(mn —2)/(mn+1). We propose that this left-over central charge is contributed by
the SU(2)/U(1) coset. The low energy theory takes the form

< SU<2)mn—1 SU(Q)mn—l X 80(2)1>
U(1)2(mn—1) U(l)Z(mn—H) .

Here we have use the coset representation of the A/ = 2 minimal model.

% (U(1) x U(1))Q> ® < (2.26)

The existence of modular invariant partition function is guaranteed by the following
equivalence of quadratic forms over rational numbers (cf. [16, 17])

Qa2mn+1) 2 Idgp @ 2(mn —1). (2.27)

2The analogous case with p = 2, q = 2, which could be expected to be simpler actually turns out to be
more subtle. We consider it in the next section.



Namely, that there exists GL(3,Q) transformation (u,v,w) — (x,y, z) such that
m?u® + n?v? + 2uv + 2(mn + Dw? = 2% 4 9% + 2(mn — 1)2% (2.28)
The equivalence (2.27) then can be shown by the following transformation:

x =mu+v/m,
y=v(mn —1)/m+ 2w, (2.29)
z=v/m—w.

Let us show how one can explicitly construct a modular invariant partition function
for (2.26) using the explicit transformation (2.29). Namely, we want to find coefficients C
appearing in the decomposition of the partition function into WZW characters:?

7 — Z C, 55 Xig@)mnfl/U(l)Q(mn_l)Xf(l)g 'ngﬁ(z)m,lxSO(z)l/U(UQ(mnH) (2.30)

a,B,A\v

where a bar over an index means that the corresponding quantity transforms in the con-
jugate representation of the modular group. Denote by Rg, a linear finite dimensipnal
representation of the modular group for which the basis is formed by the characters xJ*(q)
of the affine algebra g at level k. In order for expression (2.30) to be modular invariant the
coefficients C' should form an invariant tensor of the type

C € RU(l)Q(mnfl) ® RU(l)Q(mn+l)

@ Ryqyy- (2.31)

Note that such an invariant tensor is not unique. In particular, there could be multiple
rational transformations that give different invariant tensors. This is important, for exam-
ple, in the analysis of theories in sections 2.3.1, 2.3.2 and 2.3.3. In all the cases, we find a
tensor and check that it is consistent with the elliptic genus and the topological heterotic
ring. A solution to C' can be constructed explicitly in two steps as follows.

First let us remind that the space Ry, , spanned by the characters of g, can be in-
terpreted as the space of holomorphic sections of a certain line bundle on (Tf)mnkg where
T2 is a 2-torus with modulus 7. The transition functions of the bundle are determined by
the choice of the level k, or, equivalently, by the corresponding anomaly quadratic form.
When the section is explicitly represented as a function of chemical potentials z; € T2,
1 = 1...rank g, periodic with respect to z; — z; + 2mi, the quadratic form determines its
transformation properties under the shifts z; — z; + 2mir.

From this point of view it follows that there should be the following decomposition of
U(1)2(mn-1) x U(1)1 x U(1)1 characters into U(l)%,LQQ X U(1)2m2 (mn+1) characters:*

XE(1)2(mn—1) (mz) XU(l)l (mx> XU(1)1 (my)
2
=S A ) X ) (232
MN.B

3Note that the explicit expression for characters depends on the choice of periodic /anti-periodic boundary
conditions on the torus.
4Note that u, v, w, as well as x, y, z denote chemical potentials, not fugacities.



where we used the fact that when both sides of (2.29) are multiplied by m all coefficients
become integers. Such decomposition provides us with an invariant tensor

A < RU(1)2(mn—1) ® RU(l)fn?Q ® RU(1)2m2(Tan+1). (233)
The same argument tells us that there also should be decomposition
U(1)2
)ZS\( )Q (mu’ m’U) >—CIBJ(l)Q(mn-‘—I) (mw)
U2, UMW)z
= Z BX,B,,\',[&/ X5 Q(U, v) Xg B mntD) (w) (2.34)
)\176/
which gives us an invariant tensor
Be RU(1)% O Ru(1)ymnsr) © RU(l)fan ® RU(1)2m2<mn+1)‘ (2.35)
Then the invariant tensor (2.31) can be obtained by pairing of A and B. Namely,
CV,B,X = Z AV,X',B/BZ\,B,X,ﬁf- (2.36)

)\/’6/
Although this procedure to obtain coefficients C' seems to break m <> n symmetry, the

final result (up to unimportant overall integer factor) still respects it. The sum (2.30) can
be explicitly written as follows:

mn—1
_ SU@2)mn—1/U(1)2(mn-1) UG
Z = Z Z Z Xasw X(ma,n(a+v))
a=0 VEZQ(mn—l) aEZmn+1
SU(2)mn—1%S0(2)1 /U(1)a(mn
Kagary ) (237)
where (ma,n(a + v)) € Coker Q = Z%/QZ? if we treat Q as an operator Q : Z? — Z2.
Note that the symmetry under exchange m <+ n can be seen via the following change
of summation indices: a = a’ + 1/, v = —1/ and taking into account the fact that the
SU(2)/U(1) characters are invariant under v <> —0.
Of course, the formula (2.37) for the partition function directly lifts to the following
decomposition of the Hilbert space of the IR CFT on a circle:

mn—1
— SU(Z)m"—l/U(1)2(mnfl) U(1)2Q
=@ & D Hw D H mana+)
a=0 VeZQ(mn—l) anmn+1
_SU(2)mn—1%xS0(2)1 /UL a(mm
@ Ho SOOIty (2.38)
where HY and #! denote the modules of holomorphic and anti-holomorphic vertex oper-
ator algebra (VOA) V respectively.
For example consider the simplest case, m = 2, n = 1 in the NS sector. In the
right-moving sector we then have cg = 1 i.e. N’ = 2 minimal model with 3 primaries:

a=0, 2a+v=0 mod 6, Log=0, Jy=0,

_ _ (2.39)
a=1, 2a+v==+l1 mod 6, Lo=1/6, Jy==+1/3,



where Lo and Jy denote conformal dimensions and R-charges respectively. The SU(2)/U(1)
characters in the left-moving sector are 1 when («,v) = (0,0) or (a,v) = (1,1) and zero
otherwise. It follows that the sum (2.37) has 3 non-zero terms corresponding to 3 primaries
n (2.39):

a=0, v=0 mod 2, a=0 mod 3,

a=1 v=1 mod 2, a=0 mod 3, (2.40)

a=1, v=1 mod 2, a=-1 mod 3.

The superconformal index picks only BPS primaries with Lg + Jo/2 = 0. This agrees with
the UV index calculation:®

0(q"2e="v)0(q*3e72)0(q*3eY)  uQ) U(1)2
6(q'/5e2)8(q'/3ev) = X(0,0) (@) = X(-2,0) (@ 9)- (2.41)

2.2.1 Comparison with Koszul homology

As an independent check of the validity of the IR solution let us show that it is consistent
with the UV calculation of the topological heterotic ring (see section 2). For the model
with superpotential (2.22) the corresponding Koszul complex is the following:

c= 0-5 A% L A2e Lale -4 A0 Ly (2.42)
where
£ = Spanc{¥;}3_; ® C[®y, Py] = C[Dy, o], (2.43)
and the differential is given by the interior derivative:
d=1y, J =V 0T + Uod + Usd Py € EF. (2.44)

It is easy to see that:

H3(C)d): )
H,(C,d) =0,

2(C,d) , b ) (2.45)
Hl(C,d)’ESpanC{\IJ;:,(I)m 1o} — 0, @5t @ Spanc { U5 @) 1Y — Wy dy T 2
Hy(C,d) = Spanc{®{} ™' @ Spanc {511}

where the generating elements in the right hand side can be understood as representatives
of H, from C. Obviously, d commutes with the generators of U(1) x U(1) flavor symmetry,
so that H, is equipped with the corresponding Z? grading. The generators in (2.45) have
well defined U(1) x U(1) charges. Their spectrum is depicted in figure 1.

In the IR the BPS spectrum of the proposed solution reads

mn—1
_ SU@2)mn-1/U(1)2(mn—-1 U(1)?
Hpps = H’L0+j0/2:0 = @ @ Ha;l? ( ) ®H(ma,g(a+u))
=0 VeZQ(mn—l)
anmn+l
2a+v=—a mod2(mn+1) (246)

5Note that the last theta-functions in the numerator and denominator cancel each other.
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Figure 1. The plane of U(1)(") x U(1)®) charges in the case m = 5, n = 4. The colored dots are
in one-to-one correspondence with the generators of H,. The red (green) dots correspond to the
generators of Hy (Hy).

and has structure of a holomorphic Zs graded® CFT. The topological heterotic ring forms
its finite dimensional subspace

Hrop = HBPS|L0:q/2 = %\Z0+j0/2:0, Lo=q/2 (2.47)
with n
ngir —mqz
== ¢ 2.48
mn + 1 ( )

where g is U(1)(®) charge. This combination follows from the fact that q defined above is
equal to the R-charge for the chiral superfields (2.24).
Using expressions (2.45) and (2.46) one can explicitly check that indeed

H, (Cv d) = HTop (2'49)

as Zo x 72 graded vector spaces.” Let us write how the isomorphism map in (2.49) acts on
the generators in (2.45). First,

DI — hy, 0, ¢1=0...m—1 (2.50)

The two subscripts of h denote the charge with respect to U(1)(") and U(1)® respectively
and ,
SU2)mn—1/UD)2(mn— u()

thvO € HO&;D ' B Y ® H(ma,i(aﬂ/)) ’ (2'51)

a=nq1,a=0,vy=—ngq1
is the primary from the first factor (coset module) tensored with the unique element from
the second factor (lattice VOA module) that has U(1)? charges (g1,0) and minimal value
of Lg. Such element exists because

(q1,0) = (0, —n’q1) mod QZ*. (2.52)

%Zy grading on Hpps = M|z, 7, /2=0 descends from Z; (Fermion number) grading 2(Lo — Lo) mod 2
on the total Hilbert space H.

"The isomorphism should also be valid on the level of rings. The ring structure on Hrop descends from
the OPE structure on Hpps. We will not perform this analysis here and leave it as an exercise.

~10 -



The condition Ly — q/2 = 0 is satisfied because

2
40([7(:71—1:}—21)) - 4(m:L - 1) + %((h 2)Q” (Z;) B m a=ng, =0 (253)
Z;:—anl,

Second,

T30 1ol —09d? s by, qu=1...m (2.54)
where
hg,m € Hig@)mnilw(l)z(m_l) ® Hgi)%(w)) (2.55)
a=nq1—1,a=0,y=—ngqi+1

is the primary from the first factor (coset module) tensored with the unique element from
the second factor (lattice VOA module) that has U(1)? charges (qi,n) and minimal value
of Lg. Again, such element exists because

(q1,n) = (0,n(—ng1 +1)) mod QZ?, (2.56)

and the condition Lo — q/2 = 0 is satisfied since

ala +2) v? 1 (@ ngi + mgqe
- 5 — =0. 2.57
WG+ 1) 2mn—1) T3 AR G | S 1) e = (257)
v=-ng +1,
g2 =n

The analysis for other elements in (2.45) is the same because of the symmetry under
simultaneous exchange

m < n, q1 <> g2, (I)l — (1)2, \Ifl — \1’2. (2.58)

Finally let us note that the U(1)? equivariant Euler characteristic of H,(C,d) & Hrop
can be computed from the superconformal index in the NS sector by rescaling flavor fu-
gacities and then taking ¢ — 0 limit (2.13):

1—_mtn 11— mn__ 11— mn__
9(q 2(mn+1)e T y)e(q 2(mn+1)6 mx)@(q 2(mn+l)e ”y)

0(q2(m77,+1) ex),g(qg(m??“) ey) €T —5 ¢ AT e

e¥ — q 20mntl) ey
a9 (1 —e*t¥)(1 — e™®)(1 — ™)

== (2.59)

23 p=2,q=2

With two chiral fields and two Fermi fields we can write down the following Lagrangian

/d@Jr \Ill(q)gn + @3) + \112(131(1)2, m,n € Z+ (260)

This model is simplest to analyze when either m or n is 1, say m = 1. The equation of
motion for ¥ implies ®; = —®7. Integrating out ¥; and ®;, we get the interaction

/d9+ (2% e (2.61)
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This is the Lagrangian for n-th A/ = (2,2) minimal model. Computation of the central
charges and cohomology supports this conclusion. The trial right-moving central charge as
a function of the R-charge of the Fermi field ¥, is

cr=3 ((1—1_;”‘1’1)1 (1—(1—%))2—@1 - (1— 1_?:“1’1 —1—m1>2> L (2.62)

Extremizing with respect to ry,,

2 3n

= = fd
T R 2

(2.63)

This is exactly the central charge of the n-th minimal model. The gravitational anomaly
is the difference between right-moving and left-moving central charge. It is given by

cr — cp = Tr3, (2.64)

In this model, the number of chiral and Fermi multiplet is the same and hence ¢;, = cg. This
is consistent with the A/ = (2,2) minimal model. We compute the topological heterotic
ring of the Landau-Ginzburg model using (2.8).

Hy(C,d) =0, (2.65)
Hy(C,d) =0, (2.66)
Hy(C, d) = Spanc{®{}i,. (2.67)

The only nontrivial cohomology is Hp and it has dimension n + 1 as expected of the
N = (2,2) minimal model.
For general values of m and n, the c-extremization and vanishing of the gravitational

anomaly gives
3mn

mn+ 2
It is tempting to identify the infrared CFT again with the N' = (2,2) minimal model but
computation of the cohomology rules out this possibility. For general values of m,n

(2.68)

Cf, = CR —

Hy(C,d) =0, (2.69)
Hi(C,d) =0, (2.70)
Hy(C, d) = Spanc{®'}7_, & Spanc {®3}7"". (2.71)
The dimension of Hy is m + n and not mn + 1 as expected from the mn-th N' = (2,2)

minimal model. The right-moving supersymmetry guarantees that the right-moving part
of the CFT is the chiral half of the mn-th N' = 2 minimal model but the left-moving part
is not as straightforward to determine. We can still make progress by noting the existence
of a left-moving U(1) current. Under this symmetry the charges of the superfields ®1 o
and ¥y o are —m, —n and mn, (m +n) respectively. Here we have chosen to normalize the
charge so that they are integers. The 't Hooft anomaly for this symmetry is

Try FF = —(mn)? — (m 4 n)? +m? +n? = —mn(mn + 2). (2.72)

- 12 —



This abelian symmetry contributes 1 to the left-moving central charge. The left-over central
charge ¢ = 2(mn—1)/(mn+2) < 2. Asin the previous case we propose that it is contributed
by chiral SU(2)/U(1) WZW coset. The spectrum of the theory is then of the type

SU(2)mn SU2)mm % SO,
<U(1)2mn 8 U(l)mn(mn+2)> ¥ < U(l)Q(anrQ) )

Where we have used again the coset representation of the A/ = 2 minimal model on

(2.73)

the right-moving side. The characters on the left-moving and right-moving side can be
combined in a modular invariant way. This is anticipated by noticing that the level of
SU(2) piece is the same on both sides. As for the U(1) factors, the existence of a modular
invariant pairing follows from the rational equivalence of quadratic forms,

mn(mn + 2) 0 Q (2mn 0
( 0 2(mn+2)> - < 0 1)' (2.74)

This follows from the same reasoning as in the previous subsection. The torus partition
function is expressed in terms of affine characters as,
. SU(2)mn/U( Yoamn . YD mn(mnt2)  —SU2)mnXSO0(2)1/U(1)a(mn+2)
Z= ) Cojr " X N . (2.75)
W NTRY

As the individual components of the low energy theory (2.73) depend only on the product
mn, the separate dependence on m and n has to come from the coefficients Cy ;5. As in
the previous subsection, the choice of coefficients C' depends on the rational transformation
that leads to the equivalence (2.74). Suppose the rational transformation,

() () C) () cmeeem

2mn 2? + y* = mn(mn + 2) u® + 2(mn + 2) v*. (2.77)

does the job i.e.,

Although we could not find an analytic formula for the rational transform as a function
of the pair (m,n), we checked in a number examples that for given numbers m and n one
can present an explicit rational transform which produces pairing coefficients Cy ;5 for
which the low energy calculation of the topological heterotic ring agrees with (2.71). We
present a few cases below.

2.3.1 Example: (m,n) = (1,6)

The modular invariant pairing corresponding to the rational transform
1 -1
) = “, (2.78)
Y 6 2 v

6
H=E @ H P VW12 g gy (s g 50 (e xS0V s, (2.79)

A2s—a
A=0 a€Zi2 sE€Zs

reads
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The BPS spectrum is given by

SU(2)6/U(1 u(1
Hips = Hy44o/2-0 = @ @ H, 22422\/ 2 g H8£(+)>\48~ (2.80)
A=0 ¢€Z¢

The charge q in (2.5) which is used to define the topological heterotic ring is related to
g, the charge of the U(1) flavor symmetry as q = ¢/(mn + 2) = ¢/8. It follows that the
topological heterotic ring Hop is a 7-dimensional subspace of Hpps:

Hrop = HBps|ro=q/2 = Spanc{hx}i—o (2.81)

where h) o, denotes the primary of H/S\}i(z)fj/U(l)lQ ® HB(I)“B

. It is easy to see that this is
in agreement with the Koszul homology (2.71).
In fact, when either of m or n is 1, say m = 1, then the rational transformation

()= G20 =

always gives the right low energy spectrum.

2.3.2 Example: (m,n) = (2,3)

One can choose the following rational transform:

T 1 ({11 5 U
<y> T 7 <30 —22) <v> (2:83)

It produces the following modular invariant pairing

1Y — @ @ @ % 2)6/U(1)12 ®H63(+) ®%A 22 )2280(2)1/U(1)16‘ (2.84)
A=0 a€Z12 s€Zsg
The BPS spectrum is given by
SU(2)6/U(1
Heps = HlLo4dy/2-0 = @ D #. 22+)§/ " @ H g (2.85)

A=0 (cZ¢

The topological heterotic ring Hrop is its 5-dimensional subspace
Hrop = HBPS|Ly—q/2 = SPanc{ho,0,0, h2,—2,2, 13,33, ha,—a.4, h6 66} (2.86)
Which is again in perfect agreement with the Koszul homology (2.71).

2.3.3 Another example

Finally, let us note that the rational transform
T 20 U
= 2.87
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also implies (2.77) with mn = 6. It provides the following modular invariant pairing:

6
SU U U ~SU SO U
H=P P @ DI/ ol o wS @S0 UMe (5 g5)

A=0 a€Z19 SE€EZLo 1ELyY

However the resulting topological heterotic ring Hiop is 1-dimensional and therefore does
not correspond to a LG model (2.60) for any m and n. The sums over « and s in can be
performed and give SU(2)g modules in the left-moving sector:

6
W=D @ H O o A0/ Vi, (2.89)
A=0 r&Z4

This is a “(0,2) minimal model” of the type considered in [18]. In general, when mn =
2(Q% — 1), Q € Z, there is a rational transform

(- (:2)(0

which produces modular invariant pairing that does not correspond to a LG model (2.60),
but corresponds to a model in [18].

3 Solvable models with non-abelian symmetry

The Landau-Ginzburg models studied so far did not have any non-abelian symmetries. In
this section, we consider a model that has a U(N) symmetry. At low energy this symmetry
enhances to an infinite dimensional affine symmetry. Using the arguments of 't Hooft
anomaly matching and Sugawara central charge saturation we are able to determine its
low energy theory. The philosophy is similar to that of [7].

Consider a family of (0,2) LG theories labeled by N € Z that have U(N) = (SU(N) x
U(1))/Zn flavor symmetry and the following matter content:

e Chiral multiplet in anti-fundamental (CJ) representation: ®;
e Fermi multiplet in symmetric (Sym?0) representation: W%

and the J-type superpotential
/dGJr \I/iijy(I)j + c. c. (3.1)

Note that when N = 2 the supersymmetry is enhanced to (2,2) and the theory at hand flows
to the first non-trivial N = 2 minimal model in both left- and right-moving sectors [14].
The theory has the following ’t Hooft and gravitational anomalies:

_. N+1
Tr > I3y vy = T(Sym?0) — T(0) = — (3.2)
N(N +1
Try* ) = (;) —~N=2N?24+N (3.3)
N(N +1 N(N -1
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Since 't Hooft anomalies are protected under RG flow it follows that the left-moving sector
of the CFT in the infrared contains the following WZW chiral algebra:

CFTL D SU(N)N+1 X U(I)N(2N+l) (35)
The theory has a normalizable vacuum state (classically all bosonic fields vanish) and so one

can apply c-extremization procedure [8] to the following probe right-moving central charge:

N(N +1)
2
where Rg and Ry are R-charges of the chiral and Fermi multiplets respectively which are

crR=3Try"R*=3N (Rp —1)* -3 R (3.6)

subject to the following constraint given by the J-type superpotential:

2Ry + Rp =1 (3.7)
The result gives us the following IR values:
N 1
Ro = Ry = ——— 3.8
* TN+ YTONF U (8:8)
_3N(N+1) _ N(N?+ N +1)
BT TUN + 2 Y N (3:9)

Interestingly, the left-moving central charge coincides with the Sugawara central charge of
WZW model in (3.5). In general from (3.5) one only expects inequality c1, > csugawara-
Since it is saturated, it follows that in the left moving sector of the IR CF'T should coincide
with chiral WZW in (3.5):

CFTy, = SU(N)n+1 x U(1) yan+1) (3.10)

We conjecture that the right-moving sector is described in terms of a KS coset model
with N' = 2 supersymmetry [19, 20]:
SO(2N + 2)] ~ SO(2N +2); x SO(N(N + 1))
UN+1) oy SUWN + 1)y x U)(v1y2n+1)
Where the second equality expresses the supersymmetric WZW coset as an ordinary
bosonic coset. Note that N (N + 1) is the difference between dimensions of SO(2N +2) and

U(N +1). The claim is based on the fact that the central charge is indeed as in (3.9) and,
most importantly, on the fact that there is a natural pairing between primaries of (3.10)

CFTR = [ (3.11)

and (3.11) that gives a modular invariant partition function. The argument is parallel
to the one made in [7] where we refer the reader for details. Below we present the main
ideas. The pairing is a version of level-rank duality and is given explicitly by the following
conformal embedding:

U(1)1 x UN(N+ 1))
= (SU(N)N_H X U(l)N(2N+1)) X (SU(N +1)n x U(l)(N+1)(2N+1)) (3.12)

Since the chiral algebra in the left hand side has only one irreducible module, characters of
the two factors in the right hand side transform in conjugate representations of the modular
group. The numerator in the right hand side of (3.11) has a natural module invariant under
the action of modular group which can be realized by free chiral fermions.
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