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1 Introduction

Non-relativistic symmetries are usually obtained from relativistic ones by means of Lie
algebra contractions. The most well-known example is the Wigner-Inénii contraction of
the Poincaré algebra that leads to the Galilei algebra [1] by sending the speed of light to
infinity. Lie algebra contractions necessarily preserve the number of generators but can
alter the cohomology of the Lie algebra, thus allowing for different central extensions like
the Bargmann extension of the Galilei algebra [2], which is crucial when taking the limit
of the relativistic particle action to the non-relativistic one [3, 4].

In recent years, more general constructions of non-relativistic symmetry algebras from
relativistic ones have been explored. One example is given by the method of Lie algebra
expansions [5-7] applied to the Poincaré algebra [8]. This method provides an infinite se-
quence of non-relativistic algebras extending the Galilei algebra with an increasing number
of generators, which have been used in [8-11] to construct various gravitational actions.
The Lie algebra expansion method can also be related to a sequence of post-Newtonian
limits as shown in [12], and has also been applied to derive diverse non-relativistic symme-
tries in the context of (super-)gravity [13—-17]. Another method is based on a Galilean free
Lie algebra [18] that can be thought as the most general extension of the Galilei algebra



and, upon taking quotients, has a connection to Lie algebra expansions and Kac-Moody
algebras. One interesting conceptual point made in [12] is that the sequence of Lie algebras
naturally comes with a generalisation of Minkowski space with more coordinates and an
extension of the Minkowski metric. Using this generalised Minkowski space it is possible to
define particle actions invariant under these extended algebras that naturally incorporate
post-Newtonian corrections in the non-relativistic limit.

In the present article, we study the non-relativistic symmetries obtained by Lie algebra
expansion of the AdS or dS algebra in D space-time dimensions, i.e. so(D—1,2) or so(D, 1).
This generalises previous constructions to include a cosmological constant and generates
an infinite family of algebras of Newton-Hooke [19, 20] type. By taking the limit of the
cosmological constant to zero one recovers the non-relativistic algebras introduced in [10]
and further studied in [8, 12, 18].

Besides the non-relativistic limit related to Galilean symmetries (¢ — oo0) we also
consider the case of ultra-relativistic Carrollian limit (¢ — 0).! As is known from [24] the
Carroll algebra can be understood by very specific changes in the commutation relations
and associated changes in the starting point of the algebra expansion procedure. Applying
the expansion procedure then produces an infinite family of Lie algebras associated with
the Carrollian limit. We shall also show how our construction in both cases is related
to affine Kac-Moody algebras, where the role of the expansion parameter is taken by the
spectral (or loop) parameter of the affine algebra.

After the introduction of the infinite family of algebras we consider gravitational models
based on them by focussing on the case of 2+1 space-time dimensions. We construct Chern-
Simons theories based on these algebras since they admit non-degenerate bilinear forms. We
show that the family of algebras systematically generates non-relativistic gravity theories
extended by a cosmological constant, such as extended Newton-Hooke gravity [25, 26|, that
reduces to extended Bargmann gravity for A — 0 [27, 28], and post-Newtonian gravity [11].2

Our construction also connects to recent discussions of non-relativistic expansions of
the metric as described in [9, 10, 29-33]. This can be made very precise in the context of
the Chern-Simons formulation and we shall elaborate on this connection in the conclusions.

In an appendix, we generalise the expansion procedure to obtain an infinite family of
extensions of the non-relativistic Maxwell algebra. Moreover, we outline that our method
is not only applicable non-relativistic symmetries corresponding to point particle limits,
but also to extended objects where the D covariant dimensions are split into p + 1 and
D — p — 1 directions for a p-brane [34, 35]. Similar constructions in the case without a
cosmological constant have been considered previously in [8, 24, 36, 37].

Note added. While this manuscript was being finalised, the preprints [38, 39] appeared
on the arXiv that have some overlap with some of our results.

"Work on Carroll symmetries in the context of electrodynamics and brane dynamics can be found for
instance in [21-23].

2In [11] this was called ‘extended gravity’ but in the light of the results of [12] this is better understood
as a post-Newtonian correction.



2 Expansions of the (A)dS algebra

In this section, we will construct an infinite family of non-relativistic algebras of the
Newton-Hooke and Carroll AdS type. The first members of this family will be given
by the Newton-Hooke algebra in the former case and the Carroll AdS algebra in the latter
(without extensions) [19, 20]. We also obtain an infinite-dimensional algebra that contains
these and other intermediate cases, generalises the one obtained in [8, 10, 18], as quotients.
All our algebras contain a cosmological constant as we start from the AdS algebra.

We will construct the series of non-relativistic algebras by means of Lie algebra ex-
pansions [5-7]. More precisely, we will use the semigroup expansion technique [7] with
semigroup S\, which will be defined below.

Our starting point is the (A)dS algebra in D dimensions:

[Jap, Po] = 2770[1315,4] ) (2.1a)
[Jas, Jop] = AnaicIpB] > (2.1b)
[Pa, Pp] = —AJag, (2.1c)

which denotes in a unified manner so(D — 1,2) (for A < 0) and so(D, 1) (for A > 0). Here,
PA and J 4p are the generators of spacetime translations and Lorentz transformations,
respectively. Capital indices run over A =0,..., D —1 and the Minkowski metric has been
chosen to have mostly plus signature.

In order to perform a non-relativistic expansion of the (A)dS algebra, it is convenient
to decompose the relativistic indices in the time and space components, A = (0, a), where
a=1,...,D — 1, and relabel the Lie algebra generators® as

jAB%{janéa7j(lb}7 PAﬁ{poEﬁ,pa}. (22)

Then, the commutation relations (2.1) can be rewritten in the form

Gy, H] = P, , (2.3a) [Jap, Ge] = 26,3,Gaj (2.3¢)
[Ga, Py = 0 H | (2.3b) [Jabs Jed) = 46 (aieday » (2.3f)
[Jab, Pe] = 26,3, (2.3¢) [P, H] = AG, , (2.3g)
(Ga, Gy = T, (2.3d) [Py, P = —AJu (2.3h)

We note that the decomposition (2.2) is adapted to point particles in the sense that one
direction — that can be thought of as the world-line direction of the particle — is singled
out. In appendix A.2, we also consider the case of extended objects.

2.1 Extended Newton-Hooke algebras

In order to perform expansions of (A)dS of Newton-Hooke type, we first note that (2.3)
allows for the following subspace decomposition V =V, & V; [§]

Vo={H,Ja}, Vi = {P,,Ga}, (2.4)

3Notice this convention is different from the one in [12] where ju.O = éa was used.



which satisfies a Zs-graded structure, i.e.,
Vo, Vol € Vo, Vo, 1] € Vi, [Vi,Vi] € Wo. (2.5)

This decomposition is similar to a symmetric space decomposition. The homogeneous coset
space in the case of AdS is SO(D —1,2)/(SO(D — 1) x R) and SO(D,1)/(SO(D — 1) x R)
in the dS case.

We will consider expansions with the semigroup SEEN) ={Xo,.-., AN+1}, whose multi-
plication law is given by [7]

YT Y Ay if i+ > N, '

where A1 acts as the zero of the semigroup, as it satisfies Any41- A\ = A\i - Avgt1 = A+
for all A\;. This semigroup admits the subset decomposition

N
S(()N) = SE)N) U {)‘N+l} ) 8[()N) = {AQm ‘ m= 07"'7 |::|} )

2
N_1 (2.7)
S§N) = SgN) U {)‘N-‘rl} N SgN) = {)\2m+1 ’ m = 0, ey |:2 :| } y
which is compatible with (2.5) in the sense that
S5 S5 S5 gt S5 5§ (2.8)
and therefore resonant with the choice of Vp and V; in (2.4).
Thus, a reduced resonant expanded algebra can be defined as the direct sum
{s[()N)@VO}@{sgN)@VI} (2.9)
where the reduction condition in the algebra is implemented by the constraints
>\N+1®jAB:0, >\N+1®ﬁA:O, (2.10)

which map the zero Any41 of the semigroup to the zero element in the expanded algebra.
In the following we will show how, for different choices of the semigroup SgEN), the reduc-
tion (2.9) lead to a non-relativistic algebras that generalise the Newton-Hooke symmetry.

The simplest example in our construction corresponds to the expansion with the semi-
group Sg), which as we will see is equivalent to a non-relativistic contraction of the (A)dS
algebra. In other words, this expansion gives the Newton-Hooke algebras. By setting

N =11in (2.6) and (2.9), the generators of the expanded algebra are given by

Jab:)\0®jab7 Ga:)\1®éa7

; ” (2.11)
H=)®H, P,=M®P,.



Using the relativistic commutation relations (2.3) together with the reduction condi-
tion (2.10) for the zero element A2, the commutation relations for the generators (2.11) read

[Ga, H] = Pa 5 (2.12&) [Jaln ch] = 45[a[c<]d}b} 5 (2.12(1)
[Tabs Pe] = 26,,Ps) (2.12b) [Py, H] = AG,, (2.12¢)
[Jaby GC] = 260[bGa] 5 (2.12C)

which corresponds to the Newton-Hookez algebra (with A S0) without extensions [19, 20],
this algebra reduces to the Galilei symmetry for A = 0. Therefore the use of the semi-
group SEEN) will create a family of generalised Newton-Hooke algebras for all the possible
values of V.

The case with N = 2 leads to a Newton-Hooke algebra with some extensions. Unlike
the previous case, when using the semigroup Sg), the element A9 is no longer the zero of
the semigroup. In this case the reduction condition (2.10) holds for a new semigroup zero
element A3, and (2.11) has to be supplemented with two extra expanded generators

Sab:)\2®jaba M:)\2®f{. (2.13)

Using the semigroup product law (2.6) for N = 2, we find that the non-vanishing commuta-
tion relations for the expanded algebra are given by the Newton-Hooke commutators (2.12)
together with

[Ga, Pb] = 5abM, (2.14&) [Jab7 Scd] == 45[a[ch]b] s (2.14C)
[Ga, Gb] = Sap » (2.14D) [Py, Py) = —ASap . (2.14d)

This expansion produces the Bargmann central extension M and a non-central extension
Sab [40]. This algebra can be understood as the generalisation of the double central ex-
tension [41-43] of the Newton-Hooke algebra to D > 3. In fact, in 241 dimensions the
generator Sy, can be dualised to a scalar and becomes central. In that case the alge-
bra (2.14) becomes exactly the extended Newton-Hooke algebra (A # 0) [44, 45] or the
extended Bargmann algebra (A = 0) [46, 47].

Extended (post-)Newtonian gravity algebra. For N = 3 we obtain the Newton-
Hooke version of the algebra found in [9] as the symmetry of post-Newtonian gravity.
Moreover, when considering N = 4, we find an extension of the post-Newtonian gravity
algebra that generalises the algebra of [11] to any dimension. Explicitly, for N = 3 the
generators of the expanded algebra are given by (2.11), (2.13) and

Ba == )\3 & éa ’
] (2.15)
T, =3 P,.

The zero of the semigroup S}g’) is A4, and the reduction condition (2.10) together with
the semigroup law and the (A)dS commutation relations (2.3) leads to the following non-



vanishing commutators for the expanded algebra:

[Ga, H] = Py, (2.16a) [Jab, Sea] = 40(a[eSap] » (2.16i)
(G, M] =T, (2.16D) [Po, H] = AG,, (2.16))
(Bo, H| = T, (2.16¢) Py, M] = AB,, (2.16k)
(Ga, Py] = M , (2.16d) T, H] = AB, , (2.161)
(Ga, Gb] = Sap (2.16e) [P, Py] = —AS’ab (2.16m)
[Sab, Ge] = 26.pBy (2.16f) [Jabs Xe] = 20X ) (2.16n)
[Sabs Pe] = 26T » (2.16g) Xo ={Ga, Pa; Ba, 1o}
[Jabs Jed] = 40[ajc Ty » (2.16h)

In the case A = 0 this algebra corresponds to the one found in [9] and further studied
in [8, 12, 18].

One can extend this algebra by considering N = 4 in the expansion prescription (2.9).
In this case, (2.15) has to be supplemented with extra expanded generators given by

Zab =M @ Jop Y =M@ H. (2.17)
)

The zero element in Sp @ s given by A5, which means that the reduction condition (2.10)
in this case sets A5 ® J AB = A5 ® PA = 0 and the non-vanishing commutation relations of

the corresponding expanded algebra are given by (2.16) together with

[Ga, Tb] = 5abYa (2.18&) [Jabv ch] = 45[a[czdm y (2.18(21)
[Ba, Pb] = 5abY7 (218b) [Pa, Tb] = _AZab . (2186)
(Ga, By = Zap (2.18¢) (2.18f)

In the case D = 2+ 1 and A = 0 this algebra corresponds to the one studied in [11] and
defines a central extension of the post-Newtonian gravity symmetry (2.18). For D > 2+1,
however, the generator Z,, is no longer central, exactly as it happens with S, in the
extension of the Newton-Hooke algebra.

Notice that if some generators are central for some value N of the semigroup, they are
no longer central in the IV 4 1 case. More specifically, the expansions with odd N do not
possess central elements, while expansions with even values of N always yield two central
elements given by Ay ® J and tilde Ay @ H.

Instead of continuing with increasing values of N, in the next subsection we will con-
struct an infinite-dimensional graded algebra using an infinite-dimensional semigroup.

Infinite-dimensional Galilean algebra. The previous analysis suggests that we can
construct an infinite-dimensional graded non-relativistic algebra using the expansion pro-
cedure with an infinite-dimensional semigroup of the form [14]

S0 = {Xg, A1, Mgy ... ) (2.19)



with multiplication law
Aa A3 = Aag3 - (2.20)

(This semigroup can be realised as powers of a formal variable w by letting A\, = w®. The
) N +1) )

does not have a zero element, the resonant subset decomposition that satisfies (2.8) in this

finite semigroups S](EN then correspond to working to order O(w As this semigroup
case is simply given by

SP) = g [ m=0,1,2...},

o (2.21)
Sl :{)\2m+1|m:0,1,2...},
and the corresponding resonant (non-reduced) expansion of (A)dS is
{s§¥ewn}e{s®en}, (2.22)

where Vp and V; were defined in (2.4). Denoting the generators of the expanded alge-
bra (2.22) as
IS = Xam @ Jap, B = Aams1 ® G,

N “ R (2.23)
H™ =Xy @ H, P = Xgppi1 @ Py,
leads to the infinite-dimensional graded algebra
Y, P = 26,4, PY" (2.240) Y, BM =204, BYY, (2.24e)
L T = 48 et (2.24b) (Bm, BM) = et (2.24f)
B, p] — g HH) | (2040) [P H™] = AB{™Y., (2.24g)
(B, H] = pim+n) (2240) [P BV = ATV (2.240)

We can get the finite-dimensional algebras presented in the previous subsections as quo-
tients of (2.24) by suitable infinite ideals. For example, in the case of (2.16) the ideal is
generated by JCEZZ), B[(lm), PCEm), H™) for m > 2.

Taking the limit A — 0, we obtain as a contraction of (2.24), the infinite-dimensional

extension of the Galilei algebra introduced in [10] and further studied in [18].

2.2 Extended Carroll (A)dS algebras

The (A)dS Carroll algebra corresponds to the ultra-relativistic contraction of the (A)dS
algebra (2.1) [19]. It can alternatively be obtained by means of an expansion procedure
when considering the following subspace decomposition for (A)dS,

‘/0 - {Pa, jab} ) Vl — {ﬁy éb} ) (225)

which is Zy-graded. Note that here P, and H have been interchanged with respect to
the subspace decomposition used in the Newton-Hooke case (2.4). This is a special case
of a general duality at the level of the translation generators between Galilean and Car-
rollian symmetries [24]. Using the decomposition (2.25), we can generalise the procedure
outlined in the previous section to define Carrollian expansions of (A)dS, whose simplest



case is the Carroll (A)dS algebra. Indeed, the non-vanishing commutation relations of the
corresponding reduced resonant expanded algebra is given by

(sgm x {P,, ja,,}) @ (sgm « {H, (;,,}) , (2.26)

where s(()N) and sgN) are given in (2.7), and the case N = 1 leads to the (A)dS Carroll
algebra in D dimensions

[Jab, Pe] = 200 Py (2.27a) [Jap, Ge] = 200Gy » (2.27d)
[Jab; ch] = 45[a[ch]b] 5 (2.27b) [Pa, H] = AGa, (2.276)
[Ga,Pb] = 5abH7 (2270) [Pa, Pb] = —AJab, (227f)

where the expanded generators have been defined as

Py =X ® Py, H=M\oH,

] . (2.28)
Jab = Ao @ Jap Go =M ®G,.

Naturally, when setting A = 0, this allows one to obtain the Carroll algebra in D dimensions
as an expansion of the Poincaré algebra. Subsequently, we can consider greater values of
N to obtain extended Carroll (A)dS algebras. In the case N = 2 the expanded algebra has
extra generators given by

To=X® Py,
- 2.29
Sab - )\2 &® Jab . ( )
and the commutation relations are the ones of (2.27) together with
Go,H] =T,, (2.30a) [Sab, Pe] = 2614 » (2.30d)
[Ga, Gb] = Sab y (2.30b) [Jab; Scd] = 45[a[ch}b} (2.306)
[Jab, Te] = 26T (2.30¢) [Py, Tp] = —ASgup . (2.30f)
In the case N = 3, we get two extra generators,
M=X®H,
T (2.31)
B, =X\3®G,.
The commutation relations of this expanded algebra are (2.27), (2.30) plus
[Jab, BC] = 250[[)3@ s (2.32&) [Saby Gc] = 25(:Ba} y (2.32(1)
Ga, Ty] = 0apM , (2.32b) [T.,H] = AB,, (2.32¢)
[Ba, Py) = 0ap M , (2.32¢) [Py, M] =AB,. (2.32f)

For A = 0, this algebra defines a Carrollian counterpart of the (post-)Newtonian symmetry
introduced in [10] in the context of general relativity. In the same way, one can check that
the N = 4 case defines a higher-dimensional Carrollian (A)dS analogue of the extended
(post-)Newtonian symmetry given in [11].



Infinite-dimensional Carroll algebra. Similarly to the Newton-Hooke construction,
the ultra-relativistic expansions of (A)dS form a family of algebras, which can be described
in a unified fashion by considering the infinite semigroup (2.19) and the non-reduced reso-

(6 5 {an P} ) @ (80 x { G 1} ), (2.33)

where S(()OO) and SEOO) are given in (2.21). By defining an infinite set of expanded genera-

nant expansion

tors by
(m) _ 7 (m) _ a
J —)\m®<]a7 Ba —)\m ®Ga7
ab 2 Jab 2m+1 ® & (2.34)
Pém):)‘Zm(X)Pa) H(m):)\2m+1®H7
we obtain an infinite-dimensional Carrollian expansion of the (A)dS algebra
5, PI) = 26, P (2.35a) 5 B = 20, B, (2.35)
Y, I = 0™, (2.35D) [BI™, BM] = jlmtntl) (2.35f)
(B, P] = 6,4, H™™  (2.35¢) [P{™, H™M) = AB{™™ (2.35g)
B HOW = Py - @asd) PRV = AT (2.350)

The different finite expansions previously constructed using the semigroup S](EN) can be
obtained from the infinite case by considering suitable quotients. Redefining the generators
according to

T g,

a

P pm=1) (1 > 1)

Blm _, glm)
H™ — —fgm (2.36)

and, taking the limit A — 0, we obtain an extension of the infinite-dimensional algebra
in [10] as a contraction of the infinite-dimensional extended Carrollian algebra (2.35). A
related contraction was obtained from the infinite-dimensional extended Newton-Hooke
algebra (2.24) above. In the contraction of the Carroll algebra (2.35), it is extended in a
semidirect sum by the additional generator Péo) (which should then rather be called P,g_l)
in the notation of [10]). Conversely, the algebra in [10] can be seen as an extension of
the contracted infinite-dimensional extended Carroll algebra if we again redefine H(™ —
H(™m+1) and then add a generator H(©).

3 Newton-Hooke and Carrollian affine algebra

In this section, we will show that the infinite-dimensional Lie algebras (2.24) and (2.35)
also can be obtained from the extension of so(D — 1) to an (untwisted or twisted) affine
Kac-Moody algebra. We shall only require parabolic subalgebras of these Kac-Moody
algebras and this construction can be linked to free Lie algebras in terms of quotients by
Serre relations. The algebras for finite N discussed in the previous section then correspond
to further quotients, similar to the constructions in [18, 48].
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Figure 1. Dynkin diagrams of B,,(i_)l (lower) and Dfi_)l (upper). These are relevant for the infinite

Newton-Hooke algebras.

3.1 Newton-Hooke affine algebras

Consider first the complex Lie algebra g, = D, if d = D — 1 is even (d = 2r), or g, = B,
ifd=D —1isodd (d =2r+1). Thus g, is the complexification of so(d). We can extend
gr to gr+1 (either D,y or B,y1) by adding a node labelled 0 and then further to an affine
Kac-Moody algebra ggl by adding a node labelled —1 to the Dynkin diagram of g,. The
resulting diagram, together with our labelling of the nodes, is shown in figure 1. The
corresponding Cartan matrix is

2 0 -1 0 0 0
0 2 -1 0 0 0
-1 -1 2 0 0 0
Ay = : (3.1)
0 0 0 2 -1 -1
0 0 0 -1 2 0
0 0 0 -1 0 2
for DSF)I and
2 -2 0 0 0 0
-1 2 -1 0 0 0
0 -1 2 0 0 0
Aij=| : : : : : : (3.2)
0 0 0 2 -1 0
0 0 0 -1 2 -1
0 0 0 0 -2 2
for Bﬁ)l (where rows and columns are counted —1,0,1,...,r from left to right and from

top to bottom).
When we add the two nodes 0 and —1 we also add six generators e;, f;, h; for i =0, —1
to the generators of g,. This gives a central extension of the loop algebra of g,; where

~10 -



the central element is given by

c=h_1+ho+2h1+2hys+---+2hp—9+hr—1+ h,. (3.3)

The affine algebra 9£1+)1 is then obtained from it by adding also a derivation generator d

satisfying [d,e_1] = e_1 and [d, f-1] = —f—-1 and commuting with all the other generators.

We consider the subalgebra of 91(21 generated by e;, h; for ¢ = 0,—1 together with
the generators of g,. This Lie algebra has an (N x N)-grading associated to these two
nodes, which can be trivially extended to a (Z x Z)-grading. It can thus be decomposed
into a direct sum of subspaces, each labelled by a pair (¢p,¢_1) of non-negative integers.
The subspace labelled by (¢, ¢_1) is spanned by elements formed as multibrackets of the
generators, where ey and e_1 appear £y and £_; times, respectively. The subalgebra at
(¢o,¢—1) = (0,0) contains g, but also the two additional Cartan generators hy and h_;. By
taking the linear combinations

1 1
h:h,1—|—h1+h2—|—"'+hr72+*hr71‘|‘*hra

2 2

1 ) (3.4)
h/:h0+hl+h2+"'+hr—2+§hr—l+§h7“v

(such that ¢ = h 4+ h') we get elements that commute with g,. Furthermore, they satisfy

!
[h, 6_1} = €_-1, [h ,6_1] = —€_1, (35)
[h, 60} = —€p, [h,, 60] = €Q.

The (Z x Z)-grading gives rise to a Z-grading, where the single level ¢ is the sum of ¢y and

£_;. Since g, is a subalgebra at level zero, we get representations of it at each level.
At level ¢ = 0 we have the generators J,, of (the complexification of) so(d) and the
two so0(d) scalars h and h’. At level £ = 1 we have two lowest weight representations with
lowest weight vectors e_; and eg, respectively. The Dynkin labels of both corresponding

highest weight representations are [1,0,0,...,0] since
[hlaefl] — _17 [h23671] - [h2,€71] — = [h‘r?e*l] — 07 (3 6)
[h1,60] :—1, [hg,@o] = [hg,eo] == [hr,e()] :0.

Thus they are vector representations, and we denote the corresponding generators by X,
(with lowest weight vector e_1) and Y, (with lowest weight vector eg), where a = 1,2,...,d
as before. It follows from (3.5) that
[h7Xa] = Xa 9 [h/’Xa] = _Xa 9 (3 7)
[h,Ya] = =Y, WY, =Y,.

(The parabolic subalgebra of the ‘horizontal’ algebra g,;1 is generated by Ju, Y, and hy.)

In the free Lie algebra generated by all X, and Y, at level £ = 1, the subspace at level

¢ = 2 decomposes into a direct sum of so(d) modules with Dynkin labels
2[1,0,0,...,0] A2[1,0,0,...,0] = 2([1,0,0,...,0] A [1,0,0,...,0])
®[1,0,0,...,0] ®[1,0,0,...,0

] (3.8)
=3[0,1,0,...,0]®[2,0,0,...,0]®[0,0,0,...,0],
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(where A denotes the antisymmetric tensor product, coming from the antisymmetry of the
Lie bracket). The free Lie algebra construction continues to all positive levels [18, 48] but
in order to reproduce the algebra (2.24) we need to take a quotient. This quotient leads to
the subalgebra of 91(»21 at positive levels and the ideal that one quotients out is generated

by the Serre relations
le—1,[e—1,e1]] = [eo, [eo, e1]] = [e—1,€e0] =0, (3.9)
corresponding to the representation
2[0,1,0,...,0] & [2,0,0,...,0]. (3.10)

Thus, this representation has to be removed from the antisymmetric tensor product (3.8),
leaving only the direct sum

0,1,0,...,0] & [0,0,0,...,0] (3.11)

at level £ = 2. We denote the corresponding 2-form and scalar generators by J,;? and
h?, respectively, where the superscript indicates that they appear at level £ = 2. The
commutation relations among the generators at level £ = 1 giving rise to these generators
at level £ = 2 are

[(Xa, V3] = Jap? + daph?, [(Xo, Xp] = [Yo, V3] =0. (3.12)

The pattern with two vectors at odd levels and a 2-form and a scalar at even levels

continues, as shown in table 1. The set of generators at non-negative levels are?

{h’, th’ Jakaa Xa2k+1’ Ya2k+1} (3.13)

for k > 0 (where again the superscript is the level £), and the non-vanishing commutation
relations (except for those involving h', which we have omitted since they turn out to be
irrelevant) are

[Jabzka chQk/
[Tap?, X 2FH] = 26,0, X, 2040+

| = 48epp Ty 2T
]
[h2k,Xa(2kl+1)] — Xa2(k+k2/)+l
]
]
]

[Jab2k, }/62]{?/4-1 — 250[bYa]2(k+k/)+1 , (314)
[th Ya2k/+1 — _Ya2(k‘+k/)+1

)

—_ JabQ(k+kl+1) +5abh2(k+k/+1);

4In this notation, we have singled out &’ arbitrarily. As the diagrams are symmetric under the exchange
of nodes 0 and —1, we could have also exchanged the roles of h and h'.
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l1=0 =1 by =2 l1=3 b1 =4
lo=10 Jabo ) hoa ' Xzzl

by = Y,! Jap? , h? X3

by =2 Y,?3 Jat, bt X0

lh=3 Y,? Jap®, RS X,
by =4 Y,” T, h8

Table 1. The non-negative levels of the affine Kac-Moody algebra ggl.

where J30 = Jgp, b0 = h, X,' = X, and Y,! = Y,. If we then set

Jab = Jaboa Sab = Jab2 )
H=vVAR, M = VAR,
1 1
Go=—= (V' + X, , B, == (> + X,%) , (3.15)

V2 V2
VA VA
Pa: %(Yal_Xal) ) To = W(Yag_xag) )

for A > 0, then we recover the commutation relations (2.16). More generally, if we set
Jab(m) = Jab2m7

H™ = AR,
1

Ba(m) - = (Ya2m+1 + Xa2m+1) (3.16)
\/i I

Pa(m) — \\//;/g (Ya2m+l _ Xa2m+l)

for A > 0, then we recover the commutation relations (2.24). These formulas are still valid
for A < 0 if we interpret v/A as 4i./]A] and we will then obtain a different real form of

the complex Lie algebra 9&21'

3.2 (A)dS Carrollian affine algebras

The procedure for obtaining (2.35) from an affine algebra is very similar to the previous
discussion so we shall be rather brief.

We first note that due to the choice of subspaces in (2.25), the infinitely expanded
algebra (2.35) consists of infinite repetitions of copies of {.Ju3, P,} as even level spaces and
{H,G,} as odd level spaces, see (2.33). Since in the Carrollian limit the commutation rela-
tions (2.27) are perfectly compatible with identifying the complexification of Vy = { Jabs Pa}
as the algebra so(D) and the complexification of V; = {H,G,} as its D-dimensional vector
representation, we have to look for a Kac-Moody algebra where these two spaces repeat in-
finitely. Thus, there must be Serre relations corresponding to an ideal such that we obtain
the positive levels as a quotient of the free Lie algebra generated by the space V.
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r+4+1

Figure 2. Dynkin diagrams of ijr)l (upper) and Dﬁ)l (lower). These are relevant to the (A)dS

Carroll algebras.

The problem turns out to be identical to one already solved in [18], where the corre-
sponding algebras were identified as the untwisted affine algebra of type 3521 (for D even
and r+1 = D/2) and as the twisted affine algebra Dﬁ)l (for D odd and r = (D—1)/2). The
corresponding Dynkin diagrams are reproduced in figure 2 for convenience. By redefining
the generators in (2.35) according to

T g

a

P 5 JZAPMD (> 1),

a

Bm — Blm)
H™ — —/—AH™, (3.17)

in the AdS case (A < 0) we recover the commutation relations in (3.11) of [18]. The dS case
(A > 0) corresponds to taking a different real form of the complex Kac-Moody algebra,

interpreting v/—A as +ivV/A.

4 Chern-Simons non-relativistic gravities

In this section we want to find realisations of the previous non-relativistic symmetries. We
will be interested in the construction of Chern-Simons gravities in 241 dimensions, defined
by the action®

SCS[A]:/<A/\dA+§A/\A/\A>, (4.1)

where the gauge algebra is given by (2.24) and (2.35). In order to carry out this con-
struction we shall construct invariant tensors of these algebras in the following way: in
2+ 1 dimensions, an invariant tensor for the expanded algebras of interest can be obtained
following (7], by first defining the structure constants K 5 of the semigroup (2.19) as

Aadg = K7 5y (4.2)
Given the invariant tensor on s0(2,2),

<jABPc> =eapc (€012 = —1), (4.3)

5 . . . .
°All our integrals are over three-dimensional space-time.
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the invariant tensor on the expanded algebra can be defined as

((ha®Jan) (Mo ® Po)) = a K s eanc (4.4)

where we have introduced an infinite set of arbitrary constants c,).

4.1 Extended Newton-Hooke gravities

Now we will consider the infinite-dimensional extended Newton-Hooke algebra (2.24),
where the definition (2.23) of the expanded generators leads to

<Bc(bm)Pb(n)> = ~Q(2m+2n+2)€ab <J£?)H(n)> = A @m+2n)Cab - (4.5)

Therefore, as the constants a(,) in (4.5) are non-vanishing only for even values of v, it is

gl
convenient to relabel them in terms of a set of constants fi(,,) = c(2p). Finally, using (2.23)

and dualising J,; and B, in the form

1
Jm) = QeabJézn) , Ggm) = eabBlgm) , (4.6)
(a,b=1,2) yields
<Gz(zm)Pb(n)> = N(m+n+1)5ab ) <J(m)H(n)> = ~“H(m+n) - (47)
In terms of the dual generators (4.6), the infinite-dimensional graded algebra (2.24) takes
the form
[T, PO = — e P (482)  [H™,GM] = —euP™™, (4.8¢)
G, GV] = ey MY (4.8b)  [H™ PM] = AepGY ™ (4.8f)
70, GM] = —ep G (4.8¢)  [PU™ P = —Aeyy Jm D L (4.8g)
[G((lm)’an)] —¢ bH(m-i-n—I—l) (4 8d)

Action. In order to construct a Chern-Simons action, we define a connection one-form
taking values on (4.8)

A= Z (e“ )Plgm) + w?m)Ggm) + T(m)H(m) + w(m)J(m)) . (4.9)
The curvature 2-form F' = dA + A A A then reads

o0

F

(F“ [P“”)} P 4 pe [GW} G 4 F [HW)] H™ 4+ F [,ﬂm)} J<m>> , (4.10)

m=0
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where the curvature components can be worked out using the algebra (4.8) and read ex-

plicitly
a m)| a .- n a b b
Ia [p( )_ =def,,) — Y o€ (w(n)T(p) +€(n)w(l’))
n,p=0
a m)] a N n b b
F [G( )_ = dw(m) — Z 0 +p€b <w(n)w(17) _Ae(n)T(P)> )
n;po 0 (4.11)
m) ]| n 1 ¢ b
F [H( )_ =dr(ny + Y O e €yl
n,p=0
m)] S n+p+1 a b a b
F [J( | = oy + 5 Y ST e <“’<n>w<p) —Ae(me(p)) '
n,p=0

Here and from now on the wedge product between forms are not written explicitly. Using
the gauge connection (4.9) and the invariant bilinear form (4.7), the action (4.1) takes the

form
Sos :éou(mm / <e?m)pa ] vy [P )
—minjo (m+n) / ( m P [T0] +emy F [HW]) (4.12)
+m§; e / 6‘”’( w(p)+1( <m>“?n>—A€?m>el<’n>>T<p>>,

where the different terms can be rearranged in terms of p ) as
o0
Scs = Z /L(i)S(i) . (4.13)
1=0
We shall now discuss in more detail the first three terms in the sum.

e The pg) term can be directly read off from the second sum in (4.12). Up to total
derivatives it reads

S(O) = —2/T(0)dW(O), (4.14)

which corresponds to Galilean gravity in 241 dimensions [49].

e In order to write down the (1) term in a familiar way, we first note that we can
relate the curvatures associated to the different generators (4.11) in the form

oy [p(())] — %, Fa [G(O)} —eab( Wiyl + Aefy by )) 7o)+ T.D.,

1
U.)(I)F [H(O)] = T(O)F |:J(1):| —_ §€ab (W?O)QJ?O) — A6?0)€?0)> ’7'(0) + TD, (415)

UJ(O)F [H(l)] = T(l)F |:J(0):| —|— eabe?())w(bo)w(O) —|— TD 5
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where T.D. stands for total derivative terms. Using these relations, the action S(y)
takes the form

Sy =2 / (e?o)Fa [Gw)} — 10)F [,](1)} -1y F [J(O)] —~ Aeabe?o)e?0)7(0)> . (4.16)

This action defines extended Newton-Hooke gravity [25, 26] and generalises extended
Bargmann gravity [27, 28] to include the cosmological constant. This can be seen
clearly by relabeling the gauge fields as

(4.17)

W?O)Fa |:P(1)_ = e?l)Fa |:G(0):| — €gb (CUELO)W?O)T(l) + UJ?O)WE)l)T(O) + W(ao)el()o)OJ(l)> + ’j[‘D7
Wiy Fa [PO] = el Fa [GD] = e (wfiywloyro) — wioyeloein) ) +TD-,

W(O)F _H(2)_ = T(2)F _J(O)_ + €ab (6‘(10)(,‘)?1)00(0) + e‘{l)wé’o)w(o)> + T.D.,

[ T [ | a 1 a
w(g)F _H(O)_ = T(O)F _J(Q)_ — fabw?())W&)T(O) + T.D.,
(4.18)
which allows one to express S() as
a 1 a 0
5(2) = 2/ <€(O)Fa [G( )] + e(l)Fa |:G( ):|
—T(O)F |:J(2):| —T(l)F [J(l)] - T(Q)F |:J(O):| (4.19)

— A e (6?0)6?0)7'(1) + 6?0)62(71)7'(0) + 6?1)61()0)7'(0)> ) .

For A = 0, this is precisely the Lagrangian for non-relativistic three-dimensional
gravity found in [11], where the gauge fields should identified as in (4.20) together with

. . (4.20)
Wiy = b, we) ==z
In general the action S(;) can be written, after partial integration, in the form
o m+n+1 _a n m+n n
Suy = 2/( Z (52. ey Fa [G< >} + 07 1 F [J( )D
mn=0 (4.21)

m+n+p+1 a
— A Z (52 p Eabe(m) el()n)T(p)>

m7n7p:0
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It is important to note that the infinite sum (4.13) can be consistently truncated to give

io
Scs = Zu(i)sz‘ , (4.22)
=0

which gives an action for the gauge fields

a

€(m)> w?m), for m=0,1,...,1, T(n)> Wn) for n=0,1,...,99+1, (423)

and sets all the other gauge fields to zero. In this case, the invariant tensor (4.7) in non-
degenerate for ji(;, 1) # 0, and the truncation leads to the condition

Pm) =0, for m>i9+1. (4.24)

This corresponds to the Chern-Simons action for non-relativistic gravity invariant under
the expanded algebra (2.9) for N = 2(ip + 1),

(s x g1, Ty) @ (sPO) x { By, G} ). (4.25)

This means that only the expanded algebras with even values of N give rise to Chern-
Simons actions with a non-degenerate invariant bilinear form.

AdS case. Let us consider now the general non-relativistic algebra (4.8) in the case of

negative cosmological constant and set A = —¢~2 < 0. In this case it takes the form
[T P] = — g, P (4.26a)  [H™ G0 = —¢, P (4.26¢)
[Ggm)’ G}(}”)] =€, J(m+n+1) , (4‘26b) [H(m), P(Sn)] _ _g%eabGlgm—I—n) ’ (4.26f)
J(m)’ G(n) = —¢, G(m+n) ’ 4.26 1
[ a ] Caby ( C) [Pém)’Pb(Tl)] _ jeabJ(m-H’H_l) . (426g)
[Ggm)’ an)] — 6ab};l(m-i—n-+-l) , (4 26d) 14

By defining the change of basis

LEm) — % (GEW + EPCE“”) : LM =

a

(J(m> + EH(m)> , (4.27)

DO | =

this algebra can be written as the direct sum {Li(m), L+(m)} ) {L;(m), L_(m)}, where
(LA, LE0] = ¢ bLm ) L) LE] = e LAY (4.28)
The invariant tensor in this basis follows from (4.7) and has takes the form

n 14 m n ¢
<L(:lt(m)Ll:)t( )> = :l:§:u(m+n+1)5ab> <Li( )Li( )> = :F§'u(m+”) ' (4'29)

This isomorphism implies that one can reformulate the expanded Newton-Hooke gravity
action (4.12) in the form
Scs[A] = Scs[AT] — Scs[A7], (4.30)
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where the gauge connections are given by

+ a a m m

m=0

and the {L,(lm), L(m)} is now a single set of generators satisfying

[L(m)7 L((ln)] _ _eabL[(Jm+n)’ [Lt(zm)’Ll(,n)] _ 6abL(m—I—n-‘rl) 7 (4‘32)
<Lg )Lg )> = §V(m+n+l)6ab7 <L( )L( )> = i’y(m+n) . (433)

This is in completely analogy with the relativistic case, where three-dimensional Einstein
gravity with negative cosmological constant can be reformulated as a Chern-Simons theory
of the form (4.30) with chiral connections taking values in the s[(2, R) algebra [50-54]. In
fact, the algebra (4.32) can be obtained as a non-relativistic S(>) expansion of s0(2,1) ~
s[(2,R) by defining

L™ =X, @ L, L™ = Mgyt @ La (4.34)

where L A= {E = Z)o,ia} are the generators of the Lorentz algebra in 2+1 dimensions

and satisfy [f/ 4, L B} = eCA szo- Once again, quotients by suitable ideals reproduce SJ(EN)
expansions. The case N = 1 shows that the Newton-Hooke algebra in 2+1 dimensions is
isomorphic to two copies of the Euclidean algebra in 141 dimensions, while the N = 2
case expresses the extended Newton-Hooke symmetry in three-dimensions as two copies of
the centrally extended Newton-Hooke symmetry in two dimensions [45], isomorphic to the
Nappi-Witten algebra [16, 55].

Exotic invariant bilinear form. As s0(2,2) is semi-simple there are two independent
invariant bilinear forms. Besides (4.3), a second invariant bilinear form on so(2,2) is

(JapJep) = napmBC — NACTBD (PaPp) = —Anag, (4.35)
which induces the following invariant tensor for the expanded generators (2.23)

<J(§;,n) J££)> = Bam+2n) (0addbe — dactbd) , <B,§m)3£n)> = Bm+2n+2)0ab ; (4.36)

(HHY = ABoy2n) (PEMPM™) = ~ABomionizdar-  (437)

Defining B(2,,) = V() and using (4.6) this leads to

<J(m)J(")> S <Ggm>G,§”>> = Vmsnt1)Oab (4.38)
<H(m)H(”)> = AVimsn) » <Pa(m)Pb(”)> S /Y (4.39)
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In this case, the action (4.1) boils down to

Ses = i Vimsni1) / <wgm)Fa [GW}—Aegm)Fa [pWD (4.40)
m,n=0
- 5% v f 4 (m)F{ﬂM]—AT@w{qu)
+ Z ) Vim+n+p+1) /sz( Aef,, ( )Tyt ;<w?m)w€’n)—Ae?m)e?n)) w(p)> .
m,n,p=

The exotic invariant tensor in the chiral basis (4.27) takes the form

+(m) r )\ _ 1 m n _ 1
<La( 'L; > = 5”(m+n+1)5ab7 <L( JL( )> = 5 m+n) - (4.41)
Therefore, the action (4.40) can be reformulated in terms of (4.31) as
Scs[A] = Scs[AT] + Scs[A7], (4.42)

where now the relative sign between the two Chern-Simons actions is changed compared
o (4.30).

4.2 Extended Carrollian gravities

In the Carrollian case, the definition of the expanded generators with algebra given in (2.35)
together with (4.4) yields the following invariant tensor

<Bc(um)Pb(n)> = —C(2m+2n+1)€ab » <Jc(l[:n)H(n)> = —O(2m+4-2n+1)€ab - (443)
Thus, in contrast with the Newton-Hooke case, the constants o, in (4.5) are non-vanishing

only for odd values of v, and we will relabel them as p(,,) = (2m+1)- Using (2.34) and the
dual generators (4.6) the invariant bilinear form in the D = 3 case can also be written as

<Ggm>pg">> = Pmn)Oab <J<m>H<">> = Pl - (4.44)

The infinite-dimensional algebra (2.35) takes the form

M, P = —ep P (4452)  [HI,G) = —e BT (4.45¢)
(GI™, GV) = e "D (a45b)  [H POY) = AeayGYMTY L (4.456)
0, G0 = —ewG L @dse) [P R = —Aewd . (445g)
(G PM] = e HOM M) (4.45d)
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Action. In the Carrollian case, the connection one-form (4.9) together with the commu-
tation relations (4.45) yields a curvature two-form (4.10) with the following components:

oo

P [P] ey = 3 € (7 i = 0 )
n,p=

Fa [G(m): = dw?m) — ZO (Xanrp 6% (W?n)w(p) — Ael(;p)T(n)> X
n,p=

” (4.46)
F [H(m) = dT(m) + Z P e e‘(’“p)wé’n) )

n,p=0

- 1 oo
m)| _ ntptl a b ntp a4 b
F [J( )_ - dw(m) + 5 ZO €ab <5m p W(n)(.U(p) — Aém pe(n)e(p)> .
n,p=

The Chern-Simons action (4.1) then takes the form

Scs = i Plmtn) / <egm) F, [G(m} +wl Fa [pm)}_f(m) F[J(n)}_w(m)F{H(n)]>

m,n=0

- a b A 4 b 1 a b
+ D / fab<ﬂ<m+n+p> (e(m)w(n)w(P)_Qe(m)e(n)T(p)>+2p(m+”+p+1)w(m)w(”)7—(f’))’

m,n,p=0
(4.47)
which can be also written as

Scs = Z P@)S(i) » (4.48)
1=0

where after integration by parts we can write S(;) as

_ m+n a n n m~+n—+ a b
S =2 / ( S (e B [0 —r P [10]) A Y 4 peabe(m)e(n)%)> |
m,n=0 m,n,p=0
(4.49)
The first action in this sequence is given by

Sy =2 / (¢"Fu 6] 7F 1]~ Acwpe"e7) (4.50)

where we have used the field redefinition (4.17). This corresponds to Carrollian AdS Chern-
Simons gravity [39, 56] and reduces to three-dimensional Carroll gravity [43, 57, 58] in the
vanishing cosmological constant limit."

Using also (4.20), the second term of the sum reads

Sy =2 / <e"Fa [B] + tF, [G] — TF[S] — mF [J] — Aew <e“eb m + 2etb T) > (4.51)

5The first realisations of the Carroll symmetry in gravity appeared in the study of the zero signature
limit [59, 60] or strong coupling limit [61, 62] (see also [63, 64]) of general relativity, the last one being
closely related to the Belinski-Khalatnikov-Lifshitz (BKL) limit of gravity [65-67]. On the other hand, the
ultra-relativistic expansion of general relativity has been explored in [68], while the Carrollian limit at the
level of the Einstein-Hilbert action has been studied in [49]. It is also important to mention the realisation
of the Carroll symmetry in the near horizon limit of black holes [69].
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and defines a Carrollian counterpart of (post-)Newtonian gravity action [9] in three dimen-
sions including cosmological constant. Similarly, the next actions in the sequence define
further post-Carrollian corrections for three-dimensional Carroll (A)dS gravity.

In is interesting that unlike the Newton-Hooke expansion, truncations of the general
Carrollian action (4.48) for arbitrary r lead to a non-degenerate invariant bilinear form for
the corresponding truncation in (4.45). Also, the extended Carrollian algebras for (A)dS
do not include central terms, which is in contrast with the Newton-Hooke case, where
the central extensions are precisely the ones that allow us to find non-generate pairings
when (4.22) holds.

Exotic invariant bilinear form. We can also consider the exotic invariant tensor for
(A)dS (4.35), which leads to the following expression for pairings of the expanded genera-
tors (2.34)

<JO(LZL) JC({:L)> = 5(2m+2n) (6ad5bc - 5ac(&)‘bd) 5 <Bc(Lm)B15n)> = ﬂ(2m+2n+2)6aba (452)

<H(m)H(n)> = ABem+am+2) > <P¢5m)Pb(n)> = —ABemton)dar -  (4.53)

Defining B(2,,) = o) and using (4.6) this can also be written as

<J(m)J(”)> — G (mn) <G§;”>G§”)> — Omsnt1)0ab (4.54a)
<H(m)H(”)> = AG(mins1) <P§m>Pb(">> — —AG(sm)Oab - (4.54b)

In this case, the action (4.1) reduces to

Scs = i / (U(m+n+1) <w?m)Fa [G(n)} = AT(m) F° [H(n)D
m,n=0
= Ot (i P [ 7] + ey Fu [ PO ) )

. (4.55)

+ Y w / (C’(m+n+p+1> [—Ae?mw?n)% +;“?m>“?n>“<p>}

m,n,p=0
A o b
_ 50(m+n+p) e(m)e(n)W(p) .

One can consider again finite truncations of this actions and, which produce exotic Carroll
and post-Carrollian gravity theories in 2 4+ 1 dimensions.

5 Conclusions and outlook

We have studied the non-relativistic symmetries obtained by Lie algebra expansion of
the AdS or dS algebra in D space-time dimensions, i.e. s0(D — 1,2) or so(D,1). This
generalises previous constructions to include a cosmological constant and generates an
infinite family of algebras of Newton-Hooke [19, 20] or Carrollian type. Subsequently we
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have shown how these infinite-dimensional symmetries can be embedded in different Kac-
Moody algebras. Moreover, the different finite SfEN) expansions contained in each family
can be systematically constructed as a free algebra and correspond to suitable quotients of
the infinite-dimensional case.

We have considered a gravitational model based on them by focussing on the case of
(24 1)-dimensional Chern-Simons theories. We show that the family of algebras generates
systematically non-relativistic gravity theories extended by a cosmological constant, such
as extended Bargmann gravity [26, 28] and (post-)Newtonian gravity [11].

As stated in [10] these extended Newton-Hooke symmetries encode the large ¢ expan-
sion of general relativity. An interesting way to see this in 241 dimensions is that the
Chern-Simons formulation of AdS three-dimensional gravity allows to construct the metric
out of the chiral connections (4.31) in the form [70]

2
ds? = gudetda’ = (4%~ A7) @ (4% — A7) . (5.1)

Using (4.31) and rearranging the sum in terms of v(,) we get

o0 (o]
ds? == D Vnam)Te) o) + D Vbt )€m) €y - (5.2)
m,n=0 m,n=0

The flat version of this metric has been studied in [12] as an infinite extension of Minkowski
space where post-Newtonian corrections to relativistic symmetries can be naturally im-
plemented. This metric can be found in the vanishing cosmological constant limit by
defining coordinates :U?m) such that 7(,,) = () Hd:vfbm) and e‘(lm) = e‘(lm)ﬂd$€‘m). Then, the
= 0y and 7, = (1,0,0,0) for all m, which

leads to the expanded metric constructed in [12].

Minkowskian case is obtained by setting e‘(lm)

On the other hand, keeping the gauge field components 7(,,),,

identifying the coordinates as x’(‘m) = z#, allows one to find the (2+1)-dimensional version

and e?m)u arbitrary while

of the post-Newtonian expansion of the metric used in [10, 29-33]. Indeed, identifying the

1-n)

invariant tensor constants as powers of the speed of light in the form ~(,) — A , and

defining the spatial metrics h, dztdz" = e‘(lo)ea(o) and @, dztdz” = e?o)ea(l) + e‘(ll)ea(o),
this expression reproduces the aforementioned non-relativistic expansion:

G = —c? TuTy + by — Ty, — my, 7, + 2 (P — mpmy — Ty — Yuty) + 0(0_4) , (5.3)

where we have also relabeled the metric fields according to (4.17) and (4.20). Alternatively
one can introduce an expansion of the dreibein forms

EY = Z Agm M) B = Z A2m41 €(m) 5 (5.4)
m=0 m=0

similar to what was done in [8]. Then, by identifying the tangent space metric with the
exotic pairing for the translations (4.35), one can write [71]

9w = napEAEP = ? (EAP, EP Pg) | (5.5)
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which also leads to the expansion of the metric (5.2) with Y(n) = V(n), Where v(,) appears
in the pairing of the momentum generators in (4.39).

We have also considered the Carrollian case with cosmological constant to construct a
corresponding Chern-Simons theory based on the algebra (2.35). This reproduces known
ultra-relativistic gravity theories in 2+1 dimensions and an infinite family of generalisations.

Applying the same procedure as (5.2) in the case of expanded Carrollian (A)dS alge-
bras (4.45) leads to a novel expansion for the metric tensor that reads

a b
G = — Z O (m+n+1) T(m)uT(n)vy T Z T (m+n)€(m)u€(n)v
P2 P (5.6)

- U(O)huy + U(l) (@MV - TMTV) + 0(2) (qluy - Tumy - mMTy) + cee e

where we have also defined V¥, dz"dz” = e‘(ll)ea(l) + e‘(lo)ea(z) + 6‘(12)%(0)- This metric can
be conjectured to describe the ultra-relativistic expansion of three-dimensional Einstein
gravity. To evaluate whether this expansion can be generalised to higher dimensions in
the context of the Carroll limit of general relativity along the lines of [59] or [68] is an
interesting question that we hope to address in the future.

There are several directions in which this research could be extended. One would be
to generalise our work of symmetries of post-Newtonian correction in the flat Minkowski
space [12] to curved (A)dS space and construct particle actions in the curved generalisation
of the infinite-dimensional Minkowski space. On the other hand it would be interesting to
analyse particle systems in the presence of a constant background field by considering the
non-relativistic expansions of the Maxwell algebra according to appendix A.1. One could
also construct actions for extended objects by means of the p-brane symmetries outlined in
appendix A.2. Finally, it would be interesting to extend the analysis to the supersymmetric
(A)dS case.
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A Further generalisations

The procedure for obtaining non-relativistic expansions of a given relativistic algebra can
be generalised to several other interesting cases. Here, we apply the general scheme to
obtain non-relativistic Maxwell algebras and non-relativistic brane symmetries.
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A.1 Non-relativistic expansions of the Maxwell algebra

The relativistic Maxwell algebra in D space-time dimensions is given is given by the fol-
lowing extension of the Poincaré algebra [72] (see also [48, 73, 74] and references therein)

[Jas, Pc] = 2ncipPay (A.1a) [JaB, Zep) = AnaicZpp (A.lc)

[JaB, Jop] :477[A[CJD]B] , (A.1b) [Pa, Pgl = Zap . (A.1d)
There is no cosmological constant present in this algebra.

As in the (A)dS case, we decompose the relativistic indices in the time and space

components, A = (0,a), where a = 1,...,D — 1, and relabel the Lie algebra generators
using (2.2) plus the corresponding relation for the new generator Zap given by

ZAB — {Za = Z()a, Zab} . (AQ)

In the following, we consider the infinite-dimensional semigroup S(*°) given in (2.19)
and derive Galilean and Carrollian expansions of the Maxwell algebra by choosing different
resonant subspace decompositions.

Galilean expansions. Galilean expansions of the Maxwell algebra are determined by
the following Zs-graded subspace decomposition

VO = {jab7g72ab}a Vi = {éa,Pa,Za}, (A3)
and the resonant non-reduced expansion
() 5 {1 Za} ) @ (S % {Cias Pas Zu} ) (A4)

where Séoo) and Sfoo) are given in (2.21). Defining the expanded generators in the form

JC(LZL) = Xom @ Jap B = Xyt @ G,
H™ = Xy, @ H, P™ = g1 ® P, | (A.5)
ZC(LZL) = Xom @ Zap ZM = N1 @ Za

leads to the following infinite-dimensional algebra

[B(™), H] = plm+n) (A.6a) i zm) = 45[Q[CZ§]’Z]+ " (A6g)
[BU™), P = 6, HI™H+D | (AL6b) s, 28] = 20,2 (A6h)
o PN =20 P (A7 o) a2 (ALG)
[B{™, B = g5 (A6d)  (pim) ZM) = glmint)) (A.6))
G0 BO =26 B (AGe)  [pm), ) — _ glmim) (A.6K)
S I = 485 (A6 [P piM) = Zlmtn ), (A.61)

Truncations of this infinite-dimensional algebra by different ideals lead to expansions
with finite semigroups ng) (2.6). For N =1, we get the electric non-relativistic Maxwell
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algebra [18], while the N = 2 case leads to a generalisation of the exotic Maxwellian
Bargmann algebra [75] for D > 3. For N = 3, the resulting algebra is a Maxwell extension
of the post-Newtonian symmetry (2.24) with A = 0, first found in [10]. For greater values
of N we obtain further post-Newtonian corrections of the electric non-relativistic Maxwell
algebra.

Carrollian expansions. Similarly, we can define Carrollian expansions of the Maxwell
algebra by using the following alternative Zs-graded subspace decomposition

VO = {jaba Paa Zab}> Vi= {éaa f‘j, Za} (A7)

where we have interchanged the generators H and P, with respect to the Galilean case.
This leads to the resonant non-reduced expanded algebra

(56 5 {Juvs Pas Zan } ) @ (S % { G, 1, Zu} ) (A.8)

The expanded in this case take the form

Jégn) = Aom @ jaln B((lm) = Aom+1 ® G’a
P = dom ® Pu, H"™ = Xopy1 @ H (A.9)
Zg;n) =Xom ® Zab7 Z,Sm) = dom+1 ® Za ,

which leads to the infinite-dimensional Carrollian Maxwell algebra

[B(m), ()] = plmtntl) (A.10a) I, 25 = 48 250 (A10g)
(B, P{™] = 6, H™™ | (A.10D) 5", 28] = 204,25 (A10h)
Y, PO = 26,4, PY™ Y (AL10c) 250, B = 25,2 (A103)
B, By =T (AL0d) gm0 = glmint) (A.10))
G0 B0 =26, BT (Ad0e)  [pOm o) — _glmn - (AL10)
5 T = 40 IS0, (A0n) (™) pim) = Zlmtn) (A.101)

As before, quotients of this algebra by suitable ideals reproduce the S}(EN) expansions, which
define Maxwell extensions of the algebras presented in section 2.2 for A = 0.

A.2 Non-relativistic brane expansions of (A)dS

In order to define non-relativistic p-brane expansions of the (A)dS algebra (2.1) we decom-
pose the relativistic indices

A= (a,a), a=0,1,...,p, a=p+1,...,D—1. (A.11)
This induces the following decomposition of the generators:

jAB — {jaﬂujozaajab}p PA — {Pompa}~ (A12)
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p-brane Newton-Hooke expansions. Non-relativisitic brane expansions of (A)dS of
Newton-Hooke type can be defined starting from the following subspace decomposition ,

Vo = {poca jaﬁa jab}7 Vi= {]5(17 joea} . (A13)

Using (2.21) we define the following resonant expansion of (A)dS

(S5 % {Pay o, Jan}) @ (ST % {Pay Jaal}) (A.14)
which is spanned by the following expanded generators

H™ = \ypy @ Py, P™ = N1 @ Py,

JC(YZ}) = Aam @ jaﬁ ’ B&ZL) = )\2m+1 & jaa s (A.15)
J(EZ”) = Ao ® jab .

The algebra of these generators is given by

) M) = 2"77[/3H(T+”), (A16a) [HO™, H(Y]=—ABI™, (A16g)
[, P = 20,4, P, (A.16b) [P{™, H(”]:A m+">, (A.16h)
og 1351 = 4, T (A.16¢) [P(m P(" J=—AJG (A.161)
S T = 48 e (A.16d) 5B 122777[53&],? ), (A.16§)
(B, PV = 6, HI™ 74, (A.16¢) [Jégl)’B( D] =204 B, (A.16k)
(B, HY| = —nag P, (Ad6) BB = —nas iy =601 Y.

Truncations of this infinite-dimensional algebra by suitable ideals give rise to finite

(N)

expansions with the semigroup S
to N = 1, which is the unextended p-brane Newton-Hooke algebra in D dimensions [35, 76].

for different values of V. The simplest case corresponds

The case N = 2 gives a higher-dimensional p-brane generalisation of the three-dimensional
extended stringy Newton-Hooke algebra [77]. As in the particle case, higher values of N
give rise to post-Newtonian extensions of the brane Newton-Hooke algebra. In the case
of vanishing cosmological constant, these reduce to the non-relativistic expansion of the
p-brane Galilean algebra [78-80], which have been studied in [37].

p-brane Carrollian expansions. In order to formulate p-brane Carrollian expansions,
we follow [24] and interchange P, and P, in the subspace decomposition (A.13), i.e

‘/0 - {paajaﬁajab}7 Vl == {paajaa}a (A17)
leading to the resonant expanded algebra

(sg”) x { Py, Jog, jab}) @ (s§°°> x (P, jaa}) , (A.18)
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and expanded generators
P =Xgm ® Py, HI™ = A1 @ Pa
T = Mom @ Jag, B = A1 @ Joa s (A.19)
Jé’b”) = Xom @ Jap -

This yields the following infinite-dimensional Carrollian (A)dS algebra

o HY) =20 Hy ™™ (A200) [H{W,HY)=-ABJ Y, (A.20g)
gy PO =20 P (A.200) [P, H("]ZA B (A.20h)
m n m4n (m) (n) _ m+n) .
[JQB)J%)] 4n[a[»yJ§]5]+ ), (A.20c) [P By ,) (A.20i)
_ (m+ .

) T = 48 T (A.20d) ok c(xa)’ ]—2777[53(&],1 ), (A.20j)
(B, P = 6 HI™ ™, (A.20e) oy BE) =26 By (A.20k)
(B HY| = —iqg P70 (A.20f) (BE, BY | = —nap g 05 5
(A.201)

The N = 1 truncation of this infinite-dimensional symmetry corresponds to the p-brane
Carroll (A)dS algebra in D dimensions [22], while S](EN) expansions for greater values of N
define post-Carrollian (A)dS p-brane symmetries. See also [81] for further discussions of
Carrollian branes.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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