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ABSTRACT: A method for reducing Feynman integrals, depending on several kinematic
variables and masses, to a combination of integrals with fewer variables is proposed. The
method is based on iterative application of functional equations proposed by the author.
The reduction of the one-loop scalar triangle and box integrals with massless internal
propagators to simpler integrals is described in detail. The triangle integral depending on
three variables is represented as a sum over three integrals depending on two variables. By
solving the dimensional recurrence relations for these integrals, an analytic expression in
terms of the o F7 Gauss hypergeometric function and the logarithmic function was derived.

By using the functional equations, the one-loop box integral with massless internal
propagators, which depends on six kinematic variables, was expressed as a sum of 12
terms. These terms are proportional to the same integral depending only on three variables
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1 Introduction

Theoretical predictions for experiments at the LHC [1, 2] as well as at future colliders such

as the FCC [3] demand knowledge of precise radiative corrections. Precise experimental

measurements are to be interpreted with sufficient precision of theoretical predictions. The

problem of calculating such radiative corrections is associated, in particular, with the need

to compute Feynman integrals depending on several kinematic variables and/or masses.

Over the past few decades enormous progress has been made in solving the problem of

evaluating Feynman integrals.

However, for further progress in the analytic evaluation of Feynman integrals, especially

integrals depending on several kinematic variables and masses, new mathematical methods



need to be elaborated. In this respect, more and more attention is paid to methods based on
solving different kinds of recurrence relations. The first result obtained in this approach was
analytic evaluation of the two-loop propagator integral with massless propagators [4]. In
this paper, an analytic result for the integral was derived by solving the recurrence relation
with respect to the power of a propagator. A systematic approach for evaluating Feynman
integrals by solving the recurrence relation with respect to the power of a propagator was
described in ref. [5].

In ref. [6], a method for evaluating Feynman integrals based on the recurrence relations
with respect to the space-time dimension d was suggested. It turns out that hypergeometric
functions appearing in the solution of the recurrence relations with respect to d [7, 8] have
fewer arguments than in the results for these integrals obtained by other methods. For
example, the results obtained in refs. [9, 10] using the Mellin-Barnes integration technique,
and in ref. [11] using the negative dimension method are expressed in terms of hypergeo-
metric functions with more arguments than those obtained for these integrals by solving
dimensional recurrence relations.

In ref. [12], new relationships between the Feynman integrals with different kinematic
variables were discovered. A method of deriving functional equations from algebraic rela-
tions for products of propagators was recently proposed in ref. [13]. At the one-loop level
some functional relationships were also considered in refs. [14, 15].

It was shown that these relationships, or in other words functional equations, can be
used to express Feynman integrals in terms of integrals with fewer variables. In ref. [16], the
functional equations were used to obtain relations between integrals appearing in radiative
corrections for different physical processes.

An important step in evaluating radiative corrections for physical processes is the
Laurent expansion in the ¢ = (4 —d)/2 of the analytic results for Feynman integrals. Quite
essential progress in this field was made in many papers. See, for example, [17-22]. Up to
now the Laurent expansion of Feynman integrals in € is not a completely solved problem.
Even at the one-loop level only the first several terms in the € expansion of the four- and
higher point functions are known. The existing results [23, 24] are not so easy to generalize
for integrals depending on several masses and/or several external off-shell momenta.

It is evident that for the £ expansion the simplicity of the analytical results for dimen-
sionally regularized integrals is rather important. For this reason the method based on the
solution of recurrence relations and the method of functional reduction suggested in this
article can be very useful.

In the present paper, we propose a framework for systematically reducing Feynman
integrals depending on several kinematic variables and masses to a combination of integrals
with fewer variables. This framework is based on solving the functional equations for
Feynman integrals proposed in refs. [12, 13, 25]. The main steps of our approach will be
illustrated on the one-loop integrals with massless propagators.

In a sense, the application of functional equations for evaluating integrals is analogous
to the use of recurrence relations with respect to some discretely changing parameters,
like space-time dimension d or power of a propagator. Applying such recurrence relations,
one can reduce an integral to a set of basis integrals which are in fact boundary values



of the integrals of interest. Using functional equations one can reduce an integral to a
combination of integrals with fewer variables, i.e. integrals defined on some hypersurfaces.
In other words, these integrals can be interpreted as a kind of boundary integrals.

This paper is organized as follows.

In section 2, we briefly discuss the method of discovering functional equations for
Feynman integrals and describe the methods of obtaining their solutions. As an illustrative
example, we consider the solution of the functional equation for the one-loop propagator
integral with arbitrary masses.

In section 3, the one-loop integral associated with the triangle Feynman diagram with
massless internal propagators is considered. We present the functional equation for this
integral and describe its solution. The analytic result for the integral appearing in the
solution of thefunctional equation is obtained as a solution of the dimensional recurrence
relation. A particular case of the functional equation for the triangle integral is considered.

In section 4, we present the functional equations for the one-loop scalar integral asso-
ciated with the Feynman diagram with four external legs. A two step procedure, based on
functional equations, for reducing the integral depending on six variables to a combination
of integrals depending on three variables is described. For these integrals, depending on
three variables, an analytic result as a solution of the dimensional recurrence relation is
presented. Functional reduction of the box integral for several particular cases of kinematic
variables is considered. The first few terms in the Laurent expansion around d = 4 and
d = 6 for these integrals are given.

In section 5, we report our conclusions and discuss future applications of functional
equations for evaluating Feynman integrals corresponding to diagrams with massive inter-
nal lines and with more external legs and loops.

In appendix A, we present definitions and explicit formulae for the Gram determinants
and polynomials occurring in the paper. In appendix B, a derivation of the analytic result
for the one-loop integral with massless internal propagators with particular emphasis on
its dependence on the small imaginary part needed for the correct analytic continuation
of the integral is presented. In appendix C, the series and integral representations for the
hypergeometric functions used in the paper are given.

2 Functional equations and their solution

At the present time, there are three methods for deriving functional equations for Feynman
integrals. The method proposed in ref. [12] is based on exploiting recurrence relations
obtained by the method of generalized recurrence relations [6]. By choosing some kinematic
variables, one can eliminate most complicated integrals from the recurrence relation so that
the sum of remaining terms represents the functional equation. The second method is based
on algebraic relations for a sum of products of propagators [13]. Integrating such sums with
respect to a common to all propagators momentum gives a functional equation. The third
method is based on the use of algebraic relations for modified propagators [13]. Integrating
an algebraic relation depending on modified propagators with respect to a common to all
propagators momentum, transforming the resulting integrals to integrals over Schwinger



parameters and then mapping these integrals to the required Feynman integrals by choosing
auxiliary parameters from deformed propagators lead to a functional equation.

The following questions arise naturally: how to solve the functional equations and how
to use them for simplifying evaluation of Feynman integrals? We shall try to answer these
questions in the next sections of this paper.

2.1 Definitions and methods of solution

A functional equation can be considered as an equation involving independent variables,
known functions, unknown functions and some constants [26]. In a functional equation the
unknown is a function. Rather often, the functional equation connects a function with its
value for some other arguments. There is a vast literature on functional equations [26-32].
Solution of a functional equation is a rather difficult problem. However, there is a number
of the most frequently used methods for its solution. A systematic description of such
methods is given in ref. [26]. Many methods described in this book and also in refs. [27, 32]
can be used for solving the functional equations for Feynman integrals. To our opinion,
the most suitable methods are

1. Replacement of variables by given values

2. Transforming one or several variables

3. Using a more general equation

4. Treating some variables as constants

5. Iterative methods

6. Reduction by means of analytical techniques (differentiation, integration etc.)
7. Mixed methods

All these methods to some extent can be used for solving functional equations for Feynman
integrals. In the present paper, the methods 1, 3 and 5 will be exploited.
2.2 Solution of the functional equation for the propagator integral

As an illustration of the first method from the above list, we shall consider the solution of
the functional equation for the one-loop scalar propagator integral:

d
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where in is the small imaginary part which fixes the analytic continuation of the integral.
Here and in what follows the scalar invariants s;; are defined in terms of external momenta

pj, pi by
sij = (pi — pj)°- (2.2)

In refs. [12, 13], the following relationship for this integral was derived:

Iéd)(mg, m?, Sij) = xlléd) (m?, mg, sjo) + a:QIQ(d) (mf, m%, Si0), (2.3)
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Equation (2.3) can be interpreted as a functional equation for the integral Iéd) (m?2, m?; Sij),
which is considered as a function of three continuous variables s;;, m?, mJQ.. To solve
equation (2.3), we will exploit a method, which was used for the solution of Sincov’s
equation [33, 34]:

f(a:,y) :f(ac,z) _f(yvz)' (27)

Setting in this equation z = 0 and assuming that the function f(x,z) is not singular at
this point, we obtain the general solution

flx,y) = 9(y) —g(x), (2.8)

where
g9(z) = f(z,0). (2.9)

Thus, using the fact that the left-hand side of equation (2.7) does not depend on z, we
express the function f(x,y) as a combination of its “boundary values”.

It is easy to see that the functional equation (2.3) is rather similar to Sincov’s equa-
tion (2.7). Since at m% = 0 the invariants s;p, sjo and the integral Iéd)
one may set in equation (2.3) m3 = 0. At m3 = 0 equation (2.3) becomes

are not singular,
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Therefore, relation (2.10) represents the integral depending on three variables in terms of
integrals depending on two variables.

Expression (2.10) is a solution of equation (2.3) for arbitrary value of the mass m3.
Indeed, substituting (2.10) in both sides of equation (2.3), simplifying arguments (2.12) of
integrals, after simple algebraic transformations, we find that on the right-hand side the
integrals IQ(d) depending on m% are canceled. The remaining two terms on the right-hand
side are canceled by the two terms from the left-hand side.

Notice that to reduce Feynman integrals to simpler ones, the question whether expres-
sion (2.10) is a general solution of the functional equation (2.3) or not is not relevant. For
our purposes it is enough to have a particular solution reducing complicated integral to a
combination of integrals with fewer variables. Other sets of particular solutions will lead
to another representation of the complicated integral in terms of simpler ones. These sets
of integrals may be related, for example, by analytic continuation or some transformation
analogous to the known transformations for hypergeometric functions.

It should be noted that x;, sjo in equations (2.4), (2.5) and Z;, 50 in equations (2.11),
(2.12) do not depend on in that can lead to ambiguity in choosing the sign of the square root.
Nevertheless, the functional equation will be valid for any choice of sign. The signs in z;, 7;
are to be properly correlated with the sings in sjg, 5j0. The possibility to choose different
signs of the square root means that there are two different representations of the integral
in terms of simpler integrals. The integrals on the right-hand side of these two different
representations depend on different sets of arguments. Excluding the initial integral from
these equations will give a functional equation for integrals with fewer arguments. As it
was already shown in ref. [12], this kind of functional relations may be used for the analytic
continuation of integrals with fewer variables.

We conclude this section with various remarks. First, it is interesting to note that
the position of the threshold s;; = (m; + m;)? for the integral on the left-hand side of
equation (2.10) corresponds to the positions of thresholds s;0 = mf and sjo = m? for
integrals on the right-hand side.

Second, we notice that the functional equations can be used not only for reducing
complicated integrals to their “boundary integrals” but also for analytic continuation of
these “boundary integrals”.

Third, to find an analytic expression for the simple integrals, which cannot be simplified
anymore by using functional equations, one should use other computational methods. In
the next sections, we will use dimensional recurrence relations for the triangle and box
integrals at the final stage of calculation.

3 Functional reduction of the integral I:,(,d)

In the present paper, the functional equation and its solution for the one-loop triangle
integral with all internal masses equal to zero will be considered. To solve the functional
equation for this integral, we will use the functional equation for the integral with mas-

sive lines:

1 Ak
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where
Py = (ky — p;)? —m? +in. (3.2)

3.1 Derivation of functional equation for the integral I:gd) and its solution

To derive the functional equation for the integral (3.1), one can exploit the algebraic relation
for the products of three propagators [13]:

1 T T2 $3
= . 3.3
PPoP;  PyPyPs + P PyP; + P PP (3.3)
As it was shown in ref. [13], relation (3.3) is valid if
po = T1p1 + T2p2 + T3p3, (3.4)
and the parameters mg, x; obey the following system of equations:
r1+xo+x3 =1, (3.5)
XT1X2812 + £1X3813 + T2X3823 — xlm% — xgmg — .Q?gm?; + m% =0.
Solving this system of equations for x1,rs, we have
Xr, = 1-— A3 — I3, o = A3, (37)
where Az is the root of the equation
A3A§ + B3A3 + C5 = 0, (38)
with
A3 = 59,
B3 = x3(s13 + 512 — 523) — m% + m% — 812,
C3 = a3s13 + (m3 — mi — s13)x3 +mf — my. (3.9)

Integration of relationship (3.3) with respect to the momentum k; gives a functional equa-

tion for the one-loop integral I éd) with arbitrary masses:

d, 2 2 2 (dy, 2 2 2
13 (m17m27m3a 523, 813, 512) = (1 — Az — 553)13 (m()am2am3,5237530)820)

A/ 2 2 2
+ As3l3 7 (m1, mg, m3; 530, 513, 510)

d
+ 231y (m?, m3, md; 20, 10, 512), (3.10)

where 512, 513, s23 are independent scalar invariants and sjo are given by

s10=(p1—po)® = (mf—m3+s12) A+ (mi—m3+s13)z3+mg—m7,

590 = (p2—p0)% = (M} —s512—m3) Az +(m}—m3 —s12+8593)x3+mG —m3 + 512,

s30=(p3—po)® = (m]—s13+523—m3)Ag+ (M —m3 — s13)z3+mG—m7 +s13. (3.11)



Setting my = mg = m3 = my = 0 in equations (3.10), (3.11) and replacing s;; — ¢;; in
order to avoid confusion in the notation, give the functional equation for the massless case

fg(,d) (0,0,0; g23,q13,q12) = (1 — A3 — Zs)f;gd) (0,0,0; g23, 430, 420)
+ Asféd)(op 0,0; ¢30, 913, q10) + Zsféd)(oy 0,0; g20, q10, ¢12), (3.12)

where

q10 = q1223 + q1323,
@20 = —q12A3 + (@23 — q12) 23 + qu2,
30 = (923 — q13)A3 — 1323 + 13, (3.13)

the parameter z3 is arbitrary and As is a solution of the quadratic equation:

Q1273 + [23(q13 + q12 — q23) — q12) A3 + 23(23 — V)quz = 0. (3.14)

The right- hand side of equation (3.12) depends on an arbitrary parameter z3. However,
to exploit this arbitrariness for obtaining a solution of the equation in terms of simpler
integrals by the method used for finding a solution of Sincov’s equation is not possible.
One cannot reduce the number of variables simultaneously in all functions I éd) by choosing
z3. To find a solution of equation (3.12), one can use an approach described in [26].
Namely, we will find a solution for the integral with massless propagators from a more
general functional equation which can be obtained from formula (3.10). As was noted in
ref. [32], it can happen that solving a more general equation can be easier than solving a
particular case of this equation. Setting m? = m3 = m3} = 0 in equation (3.10) but keeping
my different from zero, we find:

d - d
I§ )(0, 0,05 s23, 513, 512) = (1 — Az — 35‘3)—795 )(m(Qy 0,0; s23, 530, 520) (3.15)
— d
+ Azfé )(0, m3, 0; s30, 513, 510) + 1U3I§ )(0, 0,m3; 520, 510, 512),
where
510 = s12A3 + s1373 + m%,

< 2
520 = —s12A3 + (23 — S12)23 + M{ + S12,

530 = (s23 — 513)A3 — 51373 + Mg + s13, (3.16)
and A3 is the solution of the equation:
72 —
812A3 + [1‘3(813 + 812 — 823) — 812]/\3 + $3({E3 — 1)813 — m% =0. (3.17)

We note that in the obtained equation there are more arbitrary parameters than in equa-
tion (3.12) and also new kinds of integrals, namely, integrals with one massive internal line.
It is expected that the solution sought may be found by choosing arbitrary parameters 3,
mg. Compared with Sincov’s equation, it is not so easy to find values of the arbitrary
parameters leading to the reduction in the number of independent variables for all the



integrals simultaneously. The reduction in the number of variables can take place if by
choosing parameters x3, mg, some of the variables will become zero or equal to each other.
One can enumerate all possible relations of this kind:

sjo =0, 510 & 820 = 0, 510 £ 830 = 0, 890 £ 830 = 0,

550 + m% = 0, 550 + S$12 = 0, 550 + §13 — O, 550 + §923 = 0. (3.18)

Probably there are some other conditions leading to the reduction in the number of vari-
ables, but we will restrict ourselves only to the conditions given in equation (3.18). Strictly
speaking, at the expense of two parameters one can fulfill two conditions from (3.18). Ful-
filling two conditions from the list (3.18) does not ensure simultaneous reduction in the
number of variables for all three functions in equation (3.15). However, we will try to find
whether it is still possible to choose two arbitrary parameters and fulfill three conditions
from the list (3.18). Out of 33 equations from the list (3.18) we created 5456 different sys-
tems of equations with 3 equations in each system. Solutions of these systems of equations
and analysis of these solutions were performed using MAPLE. It turns out that for some
values of m3, x5 three conditions from the list (3.18) were fulfilled. In particular, one of
such solution reads

=(3) 2
T3 = T123; my = P23, (3.19)
where
fiik = SijSikSjk — —7
ijk — "5 D) 2 = Tijklm2=m2=m2=0 — "ijk>
83 + S5, + S — 28ij8ik — 28ijSjk — 28ikSjk Mmi=ma=ms3
) 07w
= — . (3.20)
LLLOT Py 2=0

T MEEM =

The definition of r;j; is given in appendix A. For z3, m given in (3.19) the following
conditions were fulfilled:

S$10 = S20 = S30 = —mg. (3.21)

Substituting these values of s;o and mg into equation (3.15), we find

I:S,d)(O,O,O; $23, 513, S12)

= Ty 67 (Fro3; 528) + Tigg €57 (Fros; s13) + Toay €57 (Fro; s12),  (3.22)

where
d) d _ _ —
'5:«(; )(Tijk?sz‘j) = I?E )(OaO,TijM — Tijh> —Tijk, Sij)- (3.23)

Explicit expressions for Fyk)l are given in appendix A. Thus, the solution of the functional

equation (3.15) at m% = m% = m% = 0 is a sum of three terms, each of which is proportional

to the same integral §3d depending on two variables different for each term. We notice
that g1 is a kind of effective mass depending on kinematic invariants.



3.2 Verification of the solution of the functional equation

The obtained expression for the integral I?Ed) given in equation (3.22) is in fact the solution
of the equation (3.12). In order to prove this, we substitute the expression for Ig(d) from
the equation (3.22) into left- and right- hand sides of equation (3.12). The integrals Iéd)
on the right-hand side of (3.12) depend on different sets of variables, but it turns out that
all these integrals are combinations of integrals fz(,’d) depending on the same effective mass,
i.e. the following relations hold:

[123 = 023 = [4103 = [4120- (3.24)

Relations (3.24) are easy to prove by replacing s;; in (3.20) by g;;, taking into account (3.13)
and using the relation in equation (3.14). Due to relations (3.24) the number of ﬁéd)
functions in equation (3.12) reduces from 12 to 6. On the right-hand side of this equation
the contributions proportional to §§d) (111233 q10)5 §§d) (111233 420), §§d) (11123; q30) drop out after
the algebraic simplifications. The remaining contributions proportional to féd (11235 q23),
§§d) (1235 q13), §§d) (11235 q12) cancel against the terms on the left-hand side of the equation.
Thus, having solved the functional equation, we expressed the function Iéd) with three
variables in terms of functions depending on two variables. As we will see in the next
subsection, the integral féd) is easier to evaluate than the initial integral. It should be noted
that both the Feynman parameter representation for the integral fi(,)d) and the dimensional

recurrence relation are simpler for this integral than for the initial integral Iéd)

To conclude this section, we consider a particular case of equation (3.22), namely, the
case when one of the kinematic invariants, say si2, is equal to zero. In this case, Iz,()d) is a
linear combination of three massless functions §§d)(0; Sij)

18 elD(0;513) + — 2 €lD(0; 519). (3.25)

1$7(0,0,0;0, 513, 510) = —2— 1z
513 — S12 S12 — S13

The expression for féd)((); si7) can be obtained from the recurrence relation with respect to
the spacetime dimension d, which one can find, for example, in ref. [6]:

(d — 20" (m?; ¢?) = —2m2e (m% %) — €7(¢%), (3.26)
where
1 dk —ms (—g2)e2
géd) (q2) = - d/2 / D) 3 ! 2 s = d_ (d—ql ) - nd’ (327)
[ [kl + Zn”(kl - Q) + “7] 2 3F (T) Sin o5
q* = ¢’ + 4in, (3.28)
me=m® —in. (3.29)

We draw attention to the coefficient in front of the small imaginary part in in equa-
tion (3.28). The value of this coefficient is important for the analytic continuation of the
results in those cases when Iéd) was used in their derivation. Expression (3.27) can be
considered as a limiting case of the propagator integral Iéd) with equal internal masses.

~10 -



Detailed derivation of equation (3.27) is given in appendix B. The importance of the coef-
ficient in front of in for the analytic continuation of the one-loop box integral was noticed
in refs. [35, 36].

Setting m? = 0 in equation (3.26) and taking into account (3.27), yield

@ 0. 2y — L @22 2d=3) (@) 2
Substituting (3.30) in (3.25), we find:
I(d)(O 0,0;0 S13 312) = _2(d — 3) |:§(d)(813) — f(d)<812) . (3.31)
3 s Uy Uy Uy ) (d—4)(813—$12) 2 2

Evaluating the Feynman parameter integral for the I?Ed) gives the same result. Expres-
sion (3.30) will be used in the next section for calculating the box type integral.
3.3 Analytic evaluation of the integral 5:(;1)

The analytic expression for the integral {éd) (m?;¢%) can be derived by many different
methods. For example, by direct evaluation of the Feynman parameter integral

1 1
€D (m?¢?) = T <3 _ g) / / Adz1dz — (3.32)
0 0 [( 2,2 2

*23 — ¢?z — m?)z} + m? — i)

or by solving dimensional recurrence relation (3.26) with respect to d. We prefer to use the

latter method because it is easier to keep the trace of the term in at all steps of derivation.

To solve the dimensional recurrence relation, we employ the method described in ref. [7].

For |¢?| < [4m?| the solution of the recurrence relation (3.26) reads

(7ﬁ12)d/2
d—2

I (52)

where C3(q?,d) is a periodic function C3(q?,d) = C3(q?,d + 2). For this function one can

d—2 . _ =2
17 2 ;4
d;l - 4m?2

i

1
Dm?¢?) = -0 () o 1 Cs(q%,d), (3.33)

2m +

obtain a differential equation with respect to ¢?. It can be derived from the differential
equation for £§d) (m?,¢%). In ref. [37], it was shown that the derivatives with respect to
kinematic variables for the Feynman integrals can be written in terms of integrals with
shifted space-time dimension d and additional powers of propagators. In our case, the
derivative reads:

ig(d)(mg_qg): 1 A2,
0¢?™? 7 inS2 ) ((ki—p1)2+in)%((k1—p2)?+in)?((k1 —p3)2—m2+in)’

where the values of the kinematic invariants s;; = (p; — p;)? must correspond to those of

(3.34)

the integral I?Ed) in (3.23). With the help of the recurrence relations presented in ref. [6]

the integral on the right-hand side of (3.34) can be reduced to the set of basis integrals.

This reduction results in the first-order inhomogeneous differential equation:

_ —(@®+2m?)

= PP )
d-3) @

I S S 2
a1

0 d d
g8 (m* ) & (m*; )
d—2 (d)
2m2q2(q2 + 4m?2)>!

(m?), (3.35)
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where

~oyvd_q
(@) 2y = - / dk__ w(m?)> 3.36
51 (m ) jrd/2 k%im2+i/’7 F(%) Sin%i' ( . )
Substitution of §§d)(m2; ¢?) from (3.33) into (3.35) yields
9Cs(¢%, d) | (¢* +2m?) L (3)
2003(q7, 2 2 (d) 2y _
o2 e Cs(q°, d) + S (g +4m2)§1 (m?)=0.  (3.37)

Note that the term with {gd) (m?) in (3.37) is invariant with respect to the shift d — d + 2,
as it must be. Equation (3.37) can be solved by MAPLE. The solution

Ol d) = I (4) &”(m? In (2m2 + ¢ + /(@ + dm)g2
3(¢7, d) = RS b ()i n( m*+q° + /(¢ + m)q)
K

; (3.38)
A + 1)

depends on a constant of integration K, which may be fixed from the comparison of equa-
tion (3.33) with the value of §§d) (m?,¢?) taken at ¢®> = 0. Substitution of ¢ = 0 into the
Feynman parameter integral (3.32) yields

D20y — 1 (3-2) [ 21dz1 _d=2) @,
&9 (m?0) P<3 )/0 - EDm?).  (3.39)

2 ym2 — in]37% 4m?

Since féd) (m?2;0) and the term with o} at ¢*> = 0 are finite, the contribution proportional
to the periodic function C3(q¢?,d) must also be finite. Taking the limit ¢> — 0 we find that
the contribution coming from the term with C3(¢?,d) will be finite if

o T8 m?)

()i In(2m?). (3.40)

Substitution of (3.40), (3.38) in (3.33) yields

d—2 ~2
@, 2. 2v_ 1 @, 1,555 —¢
3 (m 3 q )*_2m2€2 (q ) 2F1 dE% 47%2]

)

(3.41)

+
9m2\ /(@ + 4m?) 2m?

This expression is valid for |¢?/4/m?| < 1. The results for féd) (m?;¢®) in other kine-
matic regions can be related to (3.41) by analytic continuations of the hypergeometric

(d -2 (m?) m0+f+ ﬂf+mw>

function o F7.

Relations (3.22) and (3.41) have been checked for several values of kinematic variables
by numerical program [38] for evaluating loop integrals. We found complete agreement for
both space-like and time-like values of the kinematic variables s;;.

- 12 —



3.4 The € expansion of the integral Iéd)

Analytic evaluation of the integral Iéd) for various kinematic regions as well as its ¢ =
(4 — d)/2 expansion was considered in numerous papers [17, 39-45]. To obtain the e
expansion of the integral Iéd) depending on three variables, in our approach we need to
know e expansion of the integral §3d) depending only on two variables. In order to get the
first term in the € expansion of the integral §§d) , the hypergeometric function 9 F; in (3.41)
must be expanded up to the order O(¢?). Using the HypExp package [20], we find

2 1,1 572 _ -Y
P37 T - +y)
x {2In(Y) — e [In?Y +4InY +4Lix(1 - V)] } + O(e?),  (3.42)
where
1—y z
=_< = A4
11y (Yo (343)
Substituting (3.42) into (3.41), we find
(4-2¢), 2 oy _ 1 2 - .
&5 (m=*;¢°) = R InY +2InYIn =) +4Lis(1 = Y)| 4+ O(e), (3.44)

where

~2
y—14 LR R=E(@ + 4m?). (3.45)

2m? "’

The leading term in e for the integral I?Ed) (0,0,0; s23, $13, $S12) can now be obtained by
substituting (3.44) into equation (3.22). The resulting expression has been checked for
several values of kinematic variables by numerical program [38] for evaluating loop integrals.
We found complete agreement for both space-like and time-like values of the kinematic
variables s;;.

7@

4 Functional reduction of the integral I,

In this section we will consider the analytic evaluation of the one-loop integral with mass-
less internal lines associated with the Feynman diagram with four external legs. At d =4
the analytic result was presented in refs. [46-48]. For particular values of kinematic vari-
ables, analytic evaluation of this integral for arbitrary d was considered, for example, in
refs. [35, 36, 49, 50]. Until now, in d-dimensions the analytic result for this integral for all
external legs fully off-shell has been known in terms of multiple hypergeometric series [9, 10]
evaluated by using the Mellin-Barnes technique. In the present paper, such a result is de-
rived using a combination of functional equations and dimensional recurrence relations.

4.1 Derivation of functional equation for the integral I id) and its solution

In the present paper, we will be concerned with the solution of the functional equation for
the box integral with massless internal propagators. However, to find a solution for the
integral with all massless internal propagators, we will use the functional equation for the

~13 -



integral with massive internal lines. For this reason, we start our consideration with the

functional equation for the box integral with all massive internal lines

d
¥ (mi, m3, m3, m3; s12, S23, 34, 514, S24, $13) = ! il
4 1 29 11035 1104, ) ) ) ) ) ’i?Td/2 P1P2P3P4’

where
P = (k1 — pi)? — m? +in.

(4.1)

(4.2)

The functional equation for this integral may be obtained from the algebraic relation [13]:

1 _ T n T n T3 n T4
P\Py,PsPy PyPyPsPy PP P3Py PiP,PyPy PP P3Py’

Here the momentum pg is a combination of pi, ..., ps
Do = T1p1 + T2p2 + X3P3 + T4P4,
and m%, x; must satisfy the following conditions:

T+ o+ T3+ x4 =1,
T122512 + 123513 + T124514 + X2L3523 + T2X4524 + T3L4S34

- :clm% - acgm% — x;;m% — mmi + mg =0.
The solution of this system for 1,4 is
r1 =Ny, x4=1—129— 23— Ay,
where A4 is a root of the quadratic equation,
AgAF 4+ ByAy +Cy =0,
with

A4 - 3147
B, — 2 2
4 = (S24 — S12 + S14)T2 + (834 — 513 + S14)T3 + M] — M7 — S14,
2 2 2 2
Cy = So425 + (834 — S93 + 324)952333 + (m2 —my — 824).732 + S34x3

2 2 2 2
+ (m5 — mj — s34)x3 + my — mg.

(4.3)

(4.9)

Integrating relation (4.3) with respect to the momentum k;, we obtain the functional

(d)

equation for the one-loop box integral I 4d with massive internal propagators

A/ 2 2 2 2
Iy (ml,mQ,m3,m4,512,323,334,314,524,513)
d, 2 2 2 2
= x11, ' (Mg, ms, m3, my; S20, S23, 534, 540, 524, 530)
A/ 2 2 2 2
+ 2l (m1,mo7m3,m4,810783078347814,840,813)

A/ 2 2 2 2
+ x3ly (ml,m2,m0,m4,512,320,540,514,324,510)
d) 2

( 2 2 9.
+ 41y (M7, m3, m3, mg; s12, 523, 530, 510, 520, 513)

— 14 —
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where s12, S23, S34, S14, S24, S13 are arbitrary scalar invariants, and s;y are defined by

S10 = A4(mi — S14 — m%) + $3(mi — m% — S14 + S13) + 332(m421 — m% — S14 + 512)

2 2
+814 +m0 — My,

S99 = A4(mi — m% — So4 + 812) + xg(mi — m% — Soq4 + 823) + xg(mi — m% — 824)

2 2
+ So4 + My — My,

S30 = A4(mi — m% — S34 + s13) + xg(mi — mg — S34) + xg(mi — m% — S34 + S23)

2 2
+ 834 + Mg — my,
—A 2 9 2 .9 2 9
S40 = 4(814 +my ml) + x3(834 + my m3) + x2(524 + my mQ)
+m(2) —mi.

(4.11)

Here my, w9, x3 are arbitrary parameters. Setting in (4.10) and (4.11) all masses to zero

and replacing s;; — q;j, v; — z; give
d d
LE )(070,0,0;CI12,Q23,Q347Q14,Q24,(J13) = ZILE )(07070,0;Q207Q237Q347Q40,Q24,Q30)

d

+ 2211& )(0,070, 0; ¢10, 930, 34, 914, 940, 13)
d

+ 2314& )(0,070, 0; q12, 420, G40, G14 924, q10)

d
+ 2414& )(0,0,0, 0; q12, 423, 430, 410, 420, 413 ) 5

where z3, z3 are arbitrary parameters, g;o are defined as:

qi0 = —Maqia + 23(q13 — qua) + 22(q12 — qua) + qua,
q20 = (q12 — q24) M1 + 23(q23 — G24) — 2224 + @24,
q30 = (q13 — q34) A1 — 2334 + 22(q23 — q34) + 34,

q40 = A1q14 + 23934 + 22q24,
and A4 is the solution of the quadratic equation:
as\3 4 byg + ¢4 = 0,
with
a4 = (14,

by = (q2a — q12 + qua) 22 + (q34 — q13 + q14) 23 — Qu4,

Cq = Q24Z§ + (g34 — q23 + q24) 2223 — qoaza + Q34Z§ — q34%23.

(4.12)

(4.13)

(4.14)

(4.15)

In order to find a solution of equation (4.12), we will exploit another functional equation,

a more general one. Such an equation will be obtained from equation (4.10), setting in it

m1 = mo = mg = my = 0 but retaining mg different from zero. In this case,
117(0,0,0,0; =211\ (m2,0,0,0;
4 (0,0,0,0;512,523, 534,514, 824, 513) =11, ' (mg,0,0,0; 520, 523, 534, 540, 524, 530)
(d) 2 .
+x21,(0,mg,0,0; 510,530,534, 514, 540, 513)

(d) 2 A.
+x31,7(0,0,mg,0; 512,520, 540, S14, 524, 510)

(d) 2.
+ax41,7(0,0,0,m{; S12, 523, 530, 5105 520, 513) 5

~15 —
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where

510 = 814 + M3 — s1404 + (512 — 514) 29 + (513 — 514)23,
S$20 = S94 + m% + (812 - 824)K4 — X2824 + (523 - 824)333,
530 = (513 — 834) A + 534 + M3 + (523 — 534) 29 — S3473,

S40 = m% + 814K4 + S24%92 + S34X3, (4.17)

and A4 is the solution of the quadratic equation

-2
s1al\y + [(s24 — 512 + 814)@2 + (534 — 813 + 514) 73 — 514] A4
+ 824$% + (834 — S93 + 824).1‘21‘3 — S94T2 + 834$§ — 834%3 — m% =0. (4.18)

Iéd), we make a list of possible equations for

In a manner similar to that for the integral
invariants sq;. It turns out that by choosing x2, 3 and m2, one may fulfill the following re-
lations:

$10 = 520 = 530 = 540 = —MG = —T1234| 11,y —rms—ms—0 - (4.19)

Substituting (4.19) into equation (4.16), we find

(d) .
1,7(0,0,0,0; 512, 523, 534, 514, 524, 513)

a d (2 d e d (4 d
= 7’&2)34 35321@4) + 7’(12)34 B§321<M4) + 7’(12)34 B§221(N4) + 7"%2)34 B§22;(M4>7 (4.20)

where
d d
Bl(jlz:(lhl) - ]LE )(05 07 07 Ha; Sija Sjku — M4, — 4, — 4, Sik)' (421)
4 = 71234 1) —mommamma—0 = T1234-
=) _ 0 Tjkls 4.99
Tiks T o | L (4.22)

2022
mi=my=m; =mz=0

The explicit expressions for 7, ?g‘ik)l , are given in appendix A. Notice that the function

d
5

sk and s

(p4) is totally symmetric in 4, 7,k and depends only on four variables, namely 4, s;;,

At the next step we will try to reduce integrals Bi(j,z with four variables to a combination

of integrals with fewer variables. To achieve this goal, we will again use equation (4.10).
Setting in this equation

m% = m% = m% =0, mi = 4, 834 = S14 = Soq4 = —l4, (4.23)
leads to the relation

LD(0,0,0, 1145 547, 81y — 14, — 14y —p1a, it
= 1 1{" (m2,0,0, jua; 520, 88, —H14, 10, — 414, 530)
+ 55214@ (0, m%, 0, pa3 8105 30, —Ha, —H4, S40, Sik)
+ 56314&60 (0,0, m3, 145 85, 520, 540, — s — [d, S10)

d
+ :E4LE )(anaoam%§5ija5jk7330>510,320>5ik)~ (4.24)
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Here the parameters x,, mg are required to obey the following conditions:

T+ 2+ 23+ 24 =1,

122855 + T1238ik + L2238k — pata(2 — x4) + m(2] =0. (4.25)

In order to find conditions on arbitrary parameters for which the number of variables in
all integrals on the right-hand side of (4.24) is simultaneously diminishing, we will follow
the same strategy which was employed for the functional reduction of the integral I éd). We
have compiled a list of equations similar to the list (3.18). Out of equations from this list
we made all possible systems of equations consisting of 3 and 4 equations in each system.
Taking into account relations (4.25), all these systems were solved for x;, m3 by computer
algebra system MAPLE. In particular, it was discovered that a reduction in the number
of variables occurs at x4 = 0 and s, m3 given by

10 = S20 = S30 = —Mg = —[Lijk, 540 = ijk — M4 (4.26)
Substituting these values into equation (4.24), we get

Bi(;llz(“‘l) - Fz(;)k Ez(id) (Kijks 143 Sjk) +7§§1)g fz(xd) (Mijks pas Sik) +?§f,z fid) (Wijks phas Si5), (4.27)

where

d d
54(1 )(Nz‘jka [ha; Sij) = LE )(0, 0, fijks 1443 Sigs —Hijhs Mijk — Hds —dy —fds —[ijk ), (4.28)

and f;;5, is defined in equation (3.20). The explicit expressions for F;ik)l are given in ap-

(d)
ijk
massive internal line to a combination of integrals depending on three kinematic variables.

pendix A. Thus, in equation (4.27) we achieved a reduction of the integral B/ (u4) with one

Substituting B,E;l]z,(,uzl) from equation (4.27) into equation (4.20) yields

14(0,0,0,0; 512, 823, S34, 514, 524, 513) (4.29)

=T\ [F%L D (asa, pia; s30) + TSRESD 1oz, 14 524) +TSE? (nasa, pra 823)]

+ ?§22)3;4 [?%)4&(;[1) (134, fa; 534) + 7%)45&@ (p134, fras 514) + ?%)Llfid) (p134, pa; 813)}
+ ?%4 [ﬁ?&@ (t124, f1a3 524) + Fg)z;&(;d)(ul% fha; 814) + F%)z;fid) (H124, pas 812)}

+ F%)34 [?glz)g,fid) (,u123, a4 823) + ?522)354(1@(#123, a4 813) + Fgédd) (,u123, 45 812)} .

We have not found relationships reducing @id) to simpler integrals with fewer arguments.
Thus, using the two step functional reduction, we expressed the integral depending on
six variables in terms of integrals &gd) depending only on three variables. The analytic
expression for the integral @Ed) will be presented in subsection 4.4.

4.2 Verification of the solution of the functional equation

Now we will show that the obtained expression (4.29) is the solution of the functional
equation (4.12). Substituting I id) from (4.29) into the right- and left-hand sides of rela-
tion (4.12) we obtain 60 terms. The arguments of these functions are the ratios of rather big
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polynomials containing various powers of square roots of some other polynomials. However,
after complicated simplifications of these arguments they became rather compact and it

7@

turns out that the situation regarding the integral I, is similar to the case of the integral

)

Iéd). The effective masses ;i for all the &(101 integrals in equation (4.12) are the same, i.e.

11234 = 0234 = 11034 = H1204 = H1230- (4-30)

On the right- hand side of the equation, after complicated algebraic simplifications of the
coefficients in front of the @@ integrals, 40 terms with a rather nontrivial dependence on
the parameters 29, 23, cancel each other. The remaining 10 terms were exactly canceled
by 10 terms from the left-hand side.

I id) with particular values of variables

)

4.3 Reduction equations for

In practical applications the integral I id is needed for some kinematic variables s;; equal

to zero [35, 36, 48, 51-53]. For this reason it would be interesting to study possible sim-
plifications of relation (4.29) for these particular values of the kinematic variables. In this
section, we will use the shorthand

d d
Iz& )(812a 523, 834, S14, S24, 513) = IAE )(07 07 07 07 512, 823, S34, S14, S24, 513)' (431)
a) The case sj2 = s23 = 0. Substituting these values into equation (4.29), yields

2(313324—314524—1-314334—}—3%4—324334)Iid)(0,0,334,314,324,313)
= (513524 — 14524 +2514534 — 524534)
X [PAE (13, pons 530) + LY (e, pions 510) + 73y E5Y (1134, pons 513)
+513524 éz(Ld) (0, f12n:513) — 514524 &(;d) (0, p12n: S14)
—sgas2a &7 (0, pon; s34) + 2534 €57(0, pan; s04), (4.32)

where

—3135%4
igh — ; . (4.33)
4(513524 — 514524 + 514534 + 554 — 524534)

The considered case is the most complicated one. The number of terms in (4.32) is
less than in the general case but the remaining integrals are of the same complexity.

b) The case sj2 = s34 = 0. This case is simpler than the previous one.

(513 — 814 — s23 + 824)14@(0, 523, 0, 514, 524, 513)
= 513 fA(‘d) (0, p2e; 513) — S14 gz(ld)(07ﬂ26; 514)
+ S24 &(;d) (0, p2e; 524) — 523 54@ (0, poe; s23), (4.34)

where
514593 — 513524
4(s13 — S14 — S23 + S24)

As we will see in the next subsection each integral on the right-hand side of (4.34) is

fize = (4.35)

a combination of Gauss hypergeometric functions.
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c) The case s12 = sa3 = s34 = 0. Substituting these invariants s;j into equation (4.29),
we find

d
(513 — S14 + 824)Li )(0,0,07 514, 524, 513)

= S13§4€d) (0, p1m; 513) — 81454@(0, Him; S14) + 824551d)(07 Him; 524), (4.36)
where
513524
S . 4.37
i 4(s13 — 514 + 524) (4.37)

d) The case s12 = s93 = s34 = s14 = 0. Substitution of these values into (4.29) yields

1£7(0,0,0,0, 524, 513) = €470, p1om3 $13) + &7 (0, pom: 524),
4 ( 524, 513) (813—1—824)54 ( MOm,813)+(513+824)f4 (0, ttom; 524)
(4.38)
where
513524
ftom = — (4.39)

4(813 + 824) )

We see that in all the cases but a) the integrals I id) are combinations of integrals
fid)(O, 4, sij) with different arguments. The analytic expression for this integral will
be given in the next subsection.

4.4 Analytic evaluation of the integral ﬁfld)

An analytic result for the integral £ Z(ld) (3, pa; 8i5) can be derived by many different methods.
For example, it can be evaluated by direct integration of the Feynman parameter integral

(@) dy [t [t [ o 44
54 (,ug, a5 Sij) =I(4- 5 dx1d1’2d$3$133‘2h4 s (4.40)
0 0 JO

hy = xiadas(vs — 1)siy — paaies + (ps — pa)at + pa — in. (4.41)

where

However, we prefer to exploit the recurrence relation with respect to the space-time di-
mension d. There are several reasons for using this method. First, it is easier to keep the
trace of the small imaginary term i7n; and second, the resulting expressions usually have a
rather compact form in terms of rapidly converging hypergeometric series.

The dimensional recurrence relation for the integral §4d can be obtained from the
results for the integral with the general kinematics given in refs. [6, 54]

(d— 3)€£d+7)(ﬁ%]kvli475z3) 2/L4§4 (ﬁ%jkyli4;8ij)'—'féd)(ﬁwjk;Sij)- (4.42)

The solution of this equation can be obtained by using the method described in ref. [7]
and it reads

© = d/2
Z r+1 53d+2 )(Ms; 8ij) + %04(&]-, d). (4.43)
r:O (T)

1\3\*i

&'(d) (1““37 M4, Sz]
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Differentiating relation (4.43) with respect to s;; and taking into account equation (3.35),

we obtain
854(1(1) (113, pas Sij) (sij +213) (d) 2(d — 3) (@)
5ij = T LA 5 3Si5) + Sii
T sy (5 1 dpiz) o P50 e o )2 )
(d—2) () 1,953 i3
F 2 022
dppa(sij + 4ps) 1 (ks) 2y d% ;g
(—f1a)* [ OCy(si5,d) | (sij + 2u3) }
+ i C 37 d)| . 4.44
TS [ osy (515 + dpg) 15 Y (44

On the other hand, we can write this derivative of @(ld) with respect to s;; in terms of the
d + 2 dimensional integral with additional powers of propagators [37]

9 1 d2p,

(d) ce) — 4.45
where
P1 = (k1 — p1)* +in, Py = (k1 — p2)* +1in,
Py = (ki —p3)? — s +in, Py= (k1 —ps)* — pa +in. (4.46)

The kinematic invariants s;; = (p; — pj)? in (4.46) are to be the same as those for the
integral (4.28). After applying the recurrence relations [6, 54] to reduce this integral to a
set of basis integrals, we obtain for fid) the first-order differential equation

0
i (sij +4p13) 5 — & (s pa; 313) = — (55 2013) €4 (13, 113 515)

ij
25;5(d—3) () 2u4(d—3) ()
—_— SZ" —~71 0’ 7_
(Sij+4lu4)sl,j§2 (sij) Fia (50 +4p1) 2 (0, pra; —pa)
d—3 d—9

+( )IQ(d)(ﬂ3aM4§N3—,U«4)—i~ ~) gd)(ﬂg). (4.47)
3t

2114

The integrals IQ(d) in this formula can be simplified by employing the functional equation
derived in ref. [25]

2 g 2 2y 2Y2
19 (m?2, m2 ) = 212 m2+m1]§d) <m2 2. (512 m2+m1)>

my, ms; 819 m
b 2512 R 512
2 2 2 212
S12 — M +mj5 (d S12 —mi +m
4 1R 212( ) m%,mg; ( L 2) ) (4.48)
2512 512

Using this relation, we find

Iéd) (3, fra; 3 — pa) = Iéd) (p3, p3; 4(ps — pa)), (4.49)
L0, jas —pa) = 157 (0,0; —dpug). (4.50)
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(d)

The analytic result for the integral I, ’ with equal masses is well known [55, 56]

(d—2)
2m?2

1Y (m?, m? ¢%) = &(m?) o F

4dm

1,2- 4,
TR qQ]. (4.51)

l\')\w

A combination of equations (4.44), (4.47) yields the first order differential equation for
04(81']', d):

0 d d K
sij(sij + 4/!3)@04& N(sij,d) — (i + 213)C (537, d) — Ko — ﬁ (4.52)
1] 1]
where
r (45 L] T
Kyy=—-——-~2"7_ F ) +~72]() s g —
4 T e ¥ (u3) 2 Fy %; fin| T e 2 (13, p1a; 13 — fia)
= —I/QF( ) & (na),
~ (=) 22K Ha
Ar () 13
K= ——27 15D(0,0; —4p4), K=1-52 4.53
4b (_’u4)d/2 2 ( /1’4) L ( )

The solution of equation (4.52) is

x
Cy(8ij,d) = Kyaqrtq + Kaprtp + Ecy (4.54)
where s, is a constant of integration,
Ky = —— ln (2u3 + sij + R) (4.55)
/ V(o + )
R :U + 4/13 (.T + 4#4)
_ F1<1113._Sz‘j _Sw‘>
41/ M3(Sz‘j +4p3) 20722 dpg Aps
1 1-Z
= In , (4.56)
dpa(siy +4ps)Z 1+Z7
and
= 1/S8;i (854 , = ——7 . .
7% TS pa(si; +4ps)

The constant of integration s is easy to fix from the finiteness condition for Cy(s;;,d) as
Sij — 0:
e = Ky In2u3. (4.58)

Finally, combining all the contributions, we find

1-Z sij+R
04(8" d):wfl(ﬂ4) 1n(1+Z> +h’l <1+ 2ps3 > (4 59)
s 2(—fig)4/2+2 (sij +4p3)Z KR ' ‘
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The analytic result for the first sum in equation (4.43) can be obtained with the help
of equation (3.41) and it is

o d—3 . 7
2 @2, oy d=2) (st R b2
Z T+1£ (lu?)as'lj) - 4ﬁ3ﬁ4R n + 2/1/ 51 (lu’3)2 1 %2’ ﬁ4
1
1 [ 2 d—3 1  d—1 —s;; —S;j
+ —=—= (~ a = > géd)(sl])Fl < 17717 5 fwa fl]) . (460)
20i3fis \ Sij + 4p3 2 2 2 Apz o Ay
Substituting (4.60), (4.59) into equation (4.43) yields
1 1-Z sij+R
f(d)(,u:s M WQF(%) f(d)(lM) ln(1+Z> +1n<1+ 5“3 )
LTI g (453 (sij+4p3)Z KR
(d—2) () 1,43 1, < SZ“-i-R)
— Fr| 2 22 In(1+2 =
4M3M4R§1 ()2 20 Iy 2p3
1
1 m 2 d—3 1  d—1 —s;; —S;j
+ <~ ks ~ > éd)(sl])Fl <7717 ) fZ]’ fU) . (461)
2uzpa \ Sij+403 2 2 2 Apz Ay

Performing an analytic continuation of the hypergeometric function oF; in (4.61), we get

wl(g) %) (1_Z>

§A(Ld)(/t37ﬂ4; Sij) =

2037 (452) (si+4u3)Z 1+Z
(d_2)(d_4) (d) 17H7 ﬁd < SZ]+R>
+— F 21— |In( 1+
dpspaR &1 (ma)2F 3, fa 2p3
1
1 1] 2 d—3 1  d—1 —35;
+ (~ i ~ > é‘éd) (8’LJ)F1 <7 X 17 ) f’U ) i”) . (462)
213 p14 \ Sij+4003 2 2 2 dps A
This result is valid in the region
13 Sij Sij
1-=|<1, <1, ——| < 1. 4.63
‘ pa 43 44 (4.63)

From this expression we can obtain the value in any kinematic region by an analytic con-
tinuation of the o} Gauss hypergeometric function [57] and the F; Appell hypergeometric
function [58, 59].

The terms with logarithms in (4.62) depend on the square roots R and Z, which are
independent of the small imaginary addition ¢n. But this causes no problems because the
logarithms are multiplied by the factors 1/R, 1/Z, and due to this fact it does not matter
which sign to choose for R and Z. The sign should be taken the same for the argument of
the logarithm and for the factor in front of the logarithm.

Now let us consider the integral fid) at s;o = 0. The value of this integral can be
derived from the Feynman parameter integral

L, “,usl w2 K -1

3=+
5 A Apsl (57) sinf K

(d—2)
SENT

& (3, 1145 0) = — & (i) 2 1

This result coincides with that obtained from (4.62) in the limit s;; — 0.
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At the end of this section, we present the analytic expression for the integral
&gd) (0, pta, si5), which emerged in our consideration of particular cases of functional re-

)

lations for the integral I id . The result for this integral can be obtained either as a solution

of the dimensional recurrence relation

d+2 204 (d 2 d
. )(Oa/MSSz'j) =~7_3 p )(07M4§5ij) + siy(d—4) ; )(Sij): (4.65)

which follows from equation (4.42) taken at 11,5, = 0 and féd) replaced by §§d), according to
equation (3.30), or by performing an analytic continuation of the relation (4.62). In both
cases the same result was obtained

(d) (d—3) Sij
;S37) = —4 1 1 s
4 (0, pa; 545) 2557114 5 (—4pq)In +4,u4
(d—3) L@, 1,54 =5
(d_4)5ijﬂ4§2 (s3) 2 G2 4y | (4.66)

It is important to note that for evaluating analytic results for all the three particular cases
the only function, namely 5}[”(0, pa; Sij), is required. This is one of the advantages of our
functional reduction method.

4.5 The € expansion of I é(ld) for particular values of variables

In this subsection, we will present the leading term in the expansion of the integral I 4(d) for
particular cases b), ¢) and d) considered in subsection 4.3. We reserve derivation of the ¢
expansion of the integral [ id) for general kinematics for a future publication.

To obtain the ¢ = (4 — d)/2 expansion of Iid) for the cases b), ¢) and d), we need
to know the first terms in the expansion only for the integral fid) (0, pa; 5i5). Plugging
expansions for the oF; function, obtained by using the HypExp package [20], and for the
integral £§d) into equation (4.66), we find

(4—2¢) F(1—|—E) 9 72 1 9 . gij
O, puas85)) = — oo~ 0y Cep 2| 22 g, (14 24 O(e),
& (0, pa; siz) I eLlij —¢ 5 ~ 5Lij in +4M4 +O(e)
(4.67)

where

Lij = ln(—gij). (468)

We compared numerical values derived from this formula with the results obtained by the
numerical program SecDec [38] and found complete agreement for both the space- and
time- like values of the scalar invariants s;;.

Using equation (4.67), it is easy to derive from equations (4.34), (4.36), (4.38) the
(d)

leading term in the € expansion for the integral I 4d for three particular cases b), ¢) and d).
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For the case b) we find:

2
(814523 - 513824) €
te [Lig (1 +"°’~14> ~Liy (1+S~13> ~Liy (1+S~24> +Lis <1+S~23>
4pioe 4pioe dpioe dpioe

1
b3 (- T - B 1) | (169

4—
LE %) (0, 523,0, 514, 524, 513) = {ng — L1y — Loz + Loy

Here and in formulae below we used L;; defined in equation (4.68).

For the case c) the leading term in ¢ is:

_ 2I'(1 +¢
1729(0,0,0, 514, 524, 513) = ,91;(),,92452){1 +&(L1a — L1z — L)
+e? {Lig <1+ o135 > + Liy <1+ s > — Liy (1+ o1 )
411m A1 41
+t5lis — 5Lia+ 5L —2G2) o (4.70)

For the case c), when all external legs are on-shell, we get

2
{1 - % [L13 + Log] + % [L13Loq — 542]} +0(e).

(4.71)

Ar(1 4 ¢)

1%729(0.0,0,0 —
4 ( s Uy Uy 75247313) 81352452

We compared the numerical results obtained from (4.69), (4.70), (4.71) and the results
obtained by the numerical program SecDec [60] and found perfect agreement within the
errors declared in this program for both the time- and space- like invariants s;;.

Next we turn to the derivation of the small ¢ expansion for the integral I id) taken at
d=6—2e.
From equations (4.65), (4.67) we obtain the first term in the expansion of the integral

51(16_28) (0, p14; s45) for small e = (6 — d)/2

9 .. Sij
€720, puas s15) = — {le <1 + 8~J> - C2} + O(e). (4.72)
Sij L

6—2¢)

The integral I i for the case b) reads:

- 1 . 513
7{6-%) 0, 523,0,514,524,513) = |:L1 <1+~> 4.73
v (0r520,0, 514, 524, 13) S13—S14— 823524 | Afize (4.73)
. 514 : 524 . 523
—Li 1+~) +Li <1+~> —Li <1+~>:|+O ).
2 < dpige 2 dpige 2 4pige ( )
The integrals I i6725) for the cases c¢) and d) read
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_ —A45n s
Liﬁ 25)(0,0,0, 514,524, 513) = Him [Liz <1 4o >
513524 dpm

Lis (1+ ;f‘*) + Lis (1+ ;?4 ) —C2} +0(e),

H1m 1m

(6—2¢) B -1 [ 2 <§24> ]
I 0,0,0,0, 894, 513) = ——— |2 { 222} 4 66| + O(e). 4.74

We notice that in all three cases the integrals have neither infrared nor ultraviolet diver-
gences, as it must be. The result (4.74) agrees with the one presented in ref. [61].

We have check that the results for the € expansion of the I id) integrals at d =4 — 2¢
and d = 6 — 2¢ obey the following relations:

Iéid+2) (07 07 07 07 524, 313)

—2fiom - (d) 8fiom (d) (d)
= I S I — 4,
(d—3) " (0,0,0,0, s24, 513) (d— 4513501 [52 (s13) + & (324)]7 (4.75)
—2%i1m
Iid+2)(030,07814,824,813) = T /_“3) Iid)(0,0,0, 514, 524, 513)
__ 8um (@) oy _ ) (d)
T e (67 619) = €0 (o10) + 67 (20)] (1.76)
— 2090
Iid+2)(07823,073147824,513) = C _Mé)fid)(o, 523, 0, 514, 524, 513)
8li2e (d) (d) (d) (d)
— 513) — S14) — So3) + s , 4.77
Do oo [67619) =& 610) = €7 6m) + 60 0)] . (4TD)

where

/jOm = Hom — “7,
Pim = fim — 1),
ﬁge = U2e — Z"I7. (478)

5 Conclusions and outlook

In this paper, we have developed a systematic approach for calculating Feynman integrals
with several kinematic variables and masses. It is based on the iterative use of functional
equations. The functional equations are used for reducing Feynman integrals to a combi-
nation of integrals with fewer variables. Integrals appearing after the last step of functional
reduction were evaluated by using the method of dimensional recurrence relations devel-
oped in [6, 7].

The approach was applied for calculating one-loop triangle and box integrals with
massless internal propagators. Our final reduction formulae for these integrals are given
in equations (3.22), (4.29). A striking feature of both relations is the fact that the inte-
grals with massless internal propagators were expressed in terms of integrals with massive
internal propagators. Notice that at the second step of the functional reduction for the
box integral we performed functional reduction already for the integral with a massive
internal propagator.
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Integrals appearing after the last iteration of the functional reduction were evaluated
by using the dimensional recurrence relations. A distinctive feature of these recurrence
relations is that they are the first order inhomogeneous equations and the inhomogeneous
part has only one term. This significantly simplified their solution.

There are many directions for future applications of the proposed method. First of all,
we are going to apply our approach to the reduction of massless one-loop scalar integrals
associated with diagrams with five and six external legs.

Also, the method can be extended without problems to the one-loop integrals with
massive internal propagators.

Another important direction for future research will be the extension of the method of
functional reduction to the evaluation of multiloop integrals. One can easily write down
functional equations for multiloop integrals, but to elaborate a systematic algorithm one
should solve a number of problems. At the present time, we are working on the solution
of these problems.
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A Definition of the coefficients in the reduction relations

In this appendix, we give the definition of the Gram determinants and explicit formulae
for polynomials occurring in equations (3.22), (4.20), (4.29).

Yii Yig ... Y,
B = Aulfpromie pma)) = |2, (A1)

Yin Yon .. Yo
Y =m? + m? — Sij, (A.2)

S11 S12 ... St
Gt = Gt (s gy = —2| 2% B (A.3)
Sn—11Sn-12 ... Sn—1 n—-1

Sij = Sin + Sjn — Sij, (A.4)
where sfj = (p;i — pj)2, p; are combinations of external momenta flowing through ¢-th lines,

respectively, and m; is the mass of the i-th line. Where no confusion can arise, we simply
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refer to the above functions as A,,, G,_1. We will also use an indexed notation for A,, and
Gn—l

)\ilig...in == An({pi17mi1}7 {pi27mi2}7 ceey {plna mm}):
Givig..ip, — anl(pippiQa e 7p2n) (A5)

Our results depend on the ratios of A;;,. 4, and g;,i,. 4, and, therefore, it is convenient to
introduce the notation

Aij...
Tijok = — J k. (A.6)
Gij..k

The imaginary part of r is rather simple. Using
n
Z OjNiy.in = —Girin = —Gn-1, (A.7)
j=1

one shows that to all orders in 7
Nivizin ({5 = i0}) = Niriy i ({M3}) + 19005 1, (A.8)
and, therefore, the causal 1 prescription for r is (with the same 7 for all masses)
Tij,..k’mjz_in = ngk|m§ — . (A.9)

For the reader’s convenience we present below explicit expressions for the ratios of
Gram determinants and their derivatives occurring in the reduction formulae for the inte-
grals I. éd) and [ id):

) _ 28k (Sjk — Sij — Sik)

= ,
K Gijk
_G) _ 2sik(Sik — Sij — Sjk)
Tijk = ’
Jijk
(k) 2845(845 — Sik; — Sjk)
Tijk = - ’
Gijk
=~ Xn'k
= ] — .
Tnjk = — = Tnjk — 1), (A.lO)
Injk
f(i)_l[Q,., 015 9452 0518155 — Dg:1.52
Tijkn = — 1#5ijSjkSkn + 288 jnSkn 8ijSkn T 28ikSjkSjn SikSjn
Jijkn
2
+ 28ikSjnSkn — 257kSin — 48jkSjnSkn + 28jkSjnSin + 28k SknSin);
f(j)_12.. 95::52 1 9g:. R P .
rijkn = [ 845 SikSkn — 28ijSkn T 28ijSknSin — 2S;15jn T 28ikSjkSin
Gijkn
2
+ 25i1SjnSkn + 2SikSinSin — 4SikSknSin + 25jkSknSin — 25kSi,)
—(k)  _ 05875 942 08::5:7.8 95.:5. 45::8: S
rijkn 7[ SijSikSjn — Sijskn+ SijSjkSin + SijSinSkn — *SijSjnSin

Gijkn

2 2
+ 25ij5kn5in — ZSiksjn + 2Sik8jn8m + 25jk5jn<9in - 23jk5m]a
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—my _ 1

2
Tijkn = — [25ijSikSjn — 287;8kn — 4SijSikSjk + 28ijSikSkn + 28i5kSkn
Gijkn
2 2
+ 2838k Sin — 287k Sjn + 28ikSjkSjn + 28ikSjkSin — 28] Sin],
=~ Xl ik
- ] mn — .
Tljkn = — P Tljkn — 1), (A.11)
ljkn
where

Injk = 2(5721j + 5o+ 332%; — 28njSnk — 25njSjk — 28nkSjk);
Anjk = —28njSkSnk + NGnjk, (A.12)
Gljkn = 4512js;m + 48151655k — 4515 S1kSjn — 451 S1kSkn — 45158105k

+ 45lj5ln3jn — 43lj5ln3kn — 4-Slj5jk8kn — 4Slj8jnS}m + 48”82”

+ 4312ksjn — 48118105k — 451k SinSjn + 4S1kSinSkn — 4S1KSjkSjn

2 2 2
+ 4Slk8jn — 4818 jnSkn + 48}, Sk + 4slnsjk — 451,5jkSjn

— 48105k Skn + 48kSjnSkn, (A.13)
Ajkn = —28151kSjnSkn — 251j51n5jkSkn — 251kSinSjkSjn
2 2 2 .2 2 2 .
+ 81Skn T SikSin t SinSjk T NYijkn- (A.14)

B Explicit dependence of the integral I;Ed) on 7

In this appendix, we describe derivation of the analytic dependence of the one-loop mass-
less propagator integral (3.27) on the small imaginary part in added to the propagators.
Expression (3.27) can be obtained as a leading term of the analytic result for the integral

I(d)(m2 m2'q2) = / d'ky 1 (B.1)
2 [im9/2) (k1 — q)2 — m2 + in)(k} — m? + in)’

taken at m? = 0 and  — 0. The integral (B.1) can be obtained as a solution of the

dimensional recurrence relation
d ~ d d
2(d — 1) I (m? m? ¢?) — (¢ — 4 L0 (m?, m?% ¢?) + 26 (m?) =0, (B.2)

At |¢?| > 4|m?| the solution of this equation reads [6]

(A, 2 2. 2 —%/2 q° : 2 2§
. — _ A 2
2m m? 2 1,3 4m?
- R 12— B.3
q*T (%) sin %d [ % ;g (B.3)

This expression agrees with the one presented in ref. [56]. For the massless case in expres-
sion (B.3) we must set m? = 0 or
m? = —in. (B.4)
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As 7 — 0, the second term in equation (B.3) is exponentially small compared to the first
term and, therefore, it can be neglected. Thus, the leading contribution to the integral
2 ) 7q ) reads

1 dk
157(0,0;¢%) = / -
2 000) = 5ai | [ — @ inll2 + )

+ O(max(|n], [ 4=272)). (B.5)

We simplified the first term in (B.3) by dropping terms proportional to 7, keeping the
structure of the branch point in the vicinity of ¢> = 0. The leading term in (B.5) is in
agreement with (3.27).

C Useful formulae for the ,F; and F; functions

For the sake of completeness, we present in this appendix useful formulae for the Appell
Fy and Gauss oF7 hypergeometric functions.

C.1 The 2F; Gauss hypergeometric function

a) Series representation:

21 (o, B,y @ Z 7:; ﬁ (C.1)
m=0 m ’

b) Integral representation:

a,B3; i INGD ! B— B —B— . —a
Iy x] =T, e e e
Re(8) >0, Re(y—p)>0. (C.2)

C.2 The F; Appell function

a) Series representation

Fi(e, 8,87 2,y) ZE)WZT 2F1 a;rf’nﬁ;/; ] (C.3)
Fi(e, 3,8 v 2,y) = 2 i:o (azng)ﬁgﬁm "y, (C.4)

b) Integral representation
Fi(a, 8,8 v x,y) = F(a)l;((z)_ o) /01 (?a__;%g_(f)_vjy_); du (C.5)
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¢) Analytic continuation for the Appell function Fj at large argument x [58, 59:

I'(yv)l'
Fia B8 ) = o (o) A (ol a5, Y ) (o)
()T (a—p 8 < / 1 >
+F(OZ)F('7*B ( ) G2 /Bvﬁ)a /87]-+B Y3 )
where
GQ(a17a2,b1,b2§$;y Z Z al bl)n m(bQ) %n:%r:? |(lZ’ <1, ‘y| <L
m=0n=0 T

(C.7)
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