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ABSTRACT: We use on-shell methods to calculate tree-level effective field theory (EFT)
amplitudes, with no reference to the EF'T operators. Lorentz symmetry, unitarity and Bose
statistics determine the allowed kinematical structures. As a by-product, the number of
independent EFT operators simply follows from the set of polynomials in the Mandelstam
invariants, subject to kinematical constraints. We demonstrate this approach by calculating
several amplitudes with a massive, SM-singlet, scalar (h) or vector (Z’) particle coupled
to gluons. Specifically, we calculate hggg, hhgg and Z’'ggg amplitudes, which are relevant
for the LHC production and three-gluon decays of the massive particle. We then use
the results to derive the massless-Z’ amplitudes, and show how the massive amplitudes
decompose into the massless-vector plus scalar amplitudes. Amplitudes with the gluons
replaced by photons are straightforwardly obtained from the above.
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1 Introduction and outline

Effective field theories (EFTs) provide a systematic and largely model-independent param-

eterization of beyond the standard model (BSM) effects. They have taken center-stage

recently, in response to the lack of hints for BSM physics at LHC experiments, and the

attendant, and welcome, theoretical uncertainty as to the form BSM physics might take.

EFTs are well motivated and in principle, straightforward to use. In practice however,

their application is quite involved. Non-renormalizable operators give rise to vertices with

large numbers of external legs and/or derivatives, adding to the complexity of Feynman-

diagrammatic gauge theory calculations. Furthermore, the very first step in an EFT cal-

culation is the identification of the full set of independent operators. This has been the

subject of intense study in recent years [1-7].



Ultimately, however, the quantities of interest are physical observables, obtained from
on-shell amplitudes. When calculating these observables, the inter-dependencies of var-
ious EFT operators should be manifest. Thus, we propose to bypass EFT Lagrangians
altogether, and quantify possible deviations from the SM directly at the level of physical
scattering amplitudes. We consider a low-energy theory below some scale A. The ampli-
tudes in this low-energy theory are constrained by Lorentz symmetry, unitarity, and Bose
or Fermi statistics. These determine the different kinematical structures that can appear
at any dimension, accompanied by the appropriate negative power of the scale A. Each of
these structures appears with some unknown numerical coefficient. From the Lagrangian
point of view, the number of these unknown parameters equals the number of independent
operators at a given dimension. Thus, a by-product of the on-shell computation is a count-
ing of independent EFT operators. This counting is extremely simple, since we are counting
independent terms in polynomials of the kinematic invariants, s;; = (p; + pj)Q, subject to
kinematical constraints, as opposed to the Hilbert series associated with polynomials of
operators (see also [6, 8]).

We apply on-shell methods to calculate EF'T amplitudes in two scenarios. In the first,
we augment the SM by a massive spin-0, gauge singlet, h, with couplings to gluons, and
consider an EFT comprised of h and the gluons.! We calculate tree-level amplitudes with
one scalar and three gluons, as well as amplitudes with two scalars and two gluons. Thus we
reproduce some of the results of [9, 10], where Higgs plus n-gluon amplitudes were derived
for the SM dimension-5 top loop operator. However, we are interested in the most general
EFT coupling the scalar to the gluons, and our derivation captures the contributions of
additional higher-dimension operators, up to dimension 13. For our second example, we
consider a spin-1, gauge singlet, Z’, which couples to gluons, and calculate the vector
plus three gluon amplitude, M(Z’; ggg). We then take the massless limit to derive the
amplitudes with a massless Z’. Throughout, we ignore quarks.

Let us sketch our approach using the single h plus three gluon amplitude, M(h;ggg),
as an example. Little group considerations determine the dependence of the amplitude
on spinor-products associated with the gluon momenta p;—1 2 3. The spinor-product factor
can be multiplied by some analytic function of the s;;’s and A, f(s;;;A). At tree level,
the only possible structures that can appear in f(s;j; A) are single-particle poles in the
si;’s plus non-negative powers of the s;;. The former constitute the factorizable part of
the amplitude, and are completely determined by the relevant three-point amplitudes. In
the case at hand, these are the two possible three-gluon helicity amplitudes, and M (h; gg).
Thus, they introduce three independent parameters: one for M(hgg), where only equal
gluon helicities can appear (with the convention that all external particles are incoming),
one for the + + — three-gluon amplitude, corresponding to the usual QCD coupling, and
one for the 4+ + 4 three-gluon amplitude, generated by the dimension-six gluonic operator
Tr(G3). The non-negative powers of the si;’s arise from non-renormalizable operators
involving a single h and three gluons. These constitute the non-factorizable part of the
amplitude, which is our focus here. Symmetrizing over same-helicity gluons and imposing

'h can be thought of either as the SM Higgs, or as a new spin-0 particle.



the kinematical constraints eliminates many of the possible structures. The remaining
terms appear with unknown coefficients. These correspond to the Wilson coefficients of
EFT operators, and their number gives the number of independent operators.

Alternatively, one could derive the amplitude by writing the most general ansatz for the
function f(s;j; A), and requiring the correct factorization in the different possible collinear
limits [11]. With complex momenta, this correctly captures all the relevant three-point am-
plitudes, including those that vanish on-shell. In particular, it is easy to see that the only
collinear singularities arise from the QCD three-gluon couplings, while higher-dimension
operators do not introduce any collinear singularities. This generalizes the dimensional-
analysis argument of [12] that the operator Tr(G?) does not introduce any collinear singu-
larities.

As mentioned above, the + + — three-gluon amplitude is associated with the renor-
malizable QCD coupling, while the 4 -+ + amplitude corresponds to a 1/A? coupling. This
behavior is generic: at leading order, amplitudes of different net helicities are generated
by operators of different dimensionality [13, 14]. We will see that this fact emerges very
simply from little group and dimensional analysis considerations. Thus, by constructing
the full set of helicity amplitudes associated with a given process, one essentially scans over
the full set of operators of interest.

To illustrate the counting of operators in this approach, consider an even simpler
example, with a massless real scalar ¢, with a quartic coupling but no cubic coupling. We
can obtain the number of independent higher-dimension operators containing four ¢’s by
considering the 4-¢ amplitude,

(s12813+ )

(5194 ) (s354+ )
+ 12 o

/
A2 Cg A4 + Cg

M(p1,p2,p3,pa) = ca+co 4+ (1)

where the ¢’s are dimensionless coefficients, and the ellipses stand for symmetric permu-
tations. Because of momentum conservation, the term with ¢g actually vanishes, and we
can trade the last term for the term with cg. Thus we see that there is one operator at
dimension-8, and no operator at dimension-6. Indeed, at dimension-6, (9¢)?¢* can be
eliminated by a field redefinition. At dimension-8, the only independent operator is (9¢)*.

As a check of our results, we used the Mathematica notebook of [4] to derive the EFT
Lagrangian for the scalar plus gluon case, as well as for the massless-vector plus gluon case.
Our counting of operators indeed reproduces the results of [4].

We stress that we do not introduce any new tools, but rather make use of well-known
on-shell methods (for reviews of the subject, see e.g. [11, 15-17]). Gauge symmetry is an
output, rather than an input, in the on-shell approach. This is evident in the counting
of independent parameters in our examples, which matches the number of independent
gauge-invariant operators. The amplitudes “know about” gauge invariance to all orders by
virtue of the aforementioned principles: Lorentz invariance, unitarity and Bose statistics.

This paper is organized as follows. In section 2 we calculate the hgg, hggg and hhgg
amplitudes, and discuss the correspondence with the EFT operators. In section 3 we
calculate the Z’ggg amplitudes, starting from a massive Z’, and then taking the high
energy limit to obtain the massless case. The massive-vector amplitudes split into different



massless-Z’ helicity amplitudes plus scalar amplitudes. We discuss the correspondence with
EFT operators, and the number of independent operators, in both the massive and massless
case. Appendix A summarizes the essentials of the spinor formalism we use, for both
massless and massive particles. Some details of the high-energy limit appear in appendix B.

2 Scalar plus gluon amplitudes

Here we consider amplitudes with a single spin-0, gauge singlet, h, and two or three gluons.
We neglect quarks throughout this discussion. Tree-level amplitudes with a single Higgs
and any number of gluons were derived in [9, 10], assuming the SM dimension-5 top-loop
operator

1
ThG" G (2.1)

Some of our analysis reproduces these known results. Our aim however, is to generalize
these results beyond the operator eq. (2.1), to any possible higher-dimension operator,
suppressed by the appropriate power of a single scale A. The contribution of dimension-7
operators was inferred from Lorentz symmetry considerations in [18, 19].

2.1 The scalar plus two gluon amplitude M(h;gg)
We start with the single scalar, 2-gluon amplitude, M(h;ga’hl(pl)gl” ha (pg)). The most
general ansatz for this amplitude is,

M(Bi g™ (p1) g7 (p2) ) = 8 (120" foi (s12: ) (2:2)

where 6 is a color factor, hi, ho are the gluon helicities, n is an integer, f_; is an analytic
function of mass dimension —¢, and s12 = (p1 + p2)2 = m?. Since h is a scalar, the only
little group weights are carried by the gluon spinor products. We then have,

n = 2h1 = 2h2 s (2.3)

which immediately sets
M (h;gtg7)=0. (2.4)

The only relevant amplitude to consider is then M (h; ++) (with M (h; ——) determined
by a parity transformation). Then n = 2, and since the amplitude has mass dimension 1,
=1 and

2
M (1 g (pr)g" () = 6% 2% [y (P, A7) = 6% & (12 (KZ) (25)

where f is dimensionless. Note that eq. (2.3), combined with the mass dimension of the
amplitude, gives a selection rule relating the sum of the gluon helicities to the dimension
of the coupling which generates the amplitude (see also [14]). Specifically, here

with [ = 1.



At tree-level, the function f can be written as a power series in m?. No negative power
of m? can appear, since the amplitude must vanish for m — 0. The amplitude is therefore
given by,

2 o0 m2 n c
M(h;g“+(p1)gb+(pz)) = 5“b[1[2\] nzzocn <A2> = 4 =2 127, (2.7)

where we rescaled the infinite series into the coefficient ngg . This is indeed the most general
three-point amplitude for one massive scalar and two massless vectors [20, 21].

We can now make contact with the EFT calculation. The lowest order operators medi-
ating scalar decay to two spin-1 particles are dimension-5. In a CP-conserving theory, there
is only a single such operator, namely eq. (2.1), in accord with the single real coefficient c?gg
at this order. Operators of higher dimension which contribute to the amplitude still contain
two powers of the field-strength GG, but an even power of derivatives. Since we consider a
purely gluonic theory with no quarks, the EOM is D*G,, = 0. Using this and integration
by parts, there is only a single independent operator at each order in A, with the derivatives
acting on h and giving powers of m?2. In this case, this series merely gives a rescaling of cggg .

In associating the amplitude eq. (2.7) with the operator eq. (2.1) we have assumed
a scalar h and CP invariance. A pseudo-scalar would couple to the operator GG, with
an identical result for the amplitude. In fact, a better way to organize the theory is by
grouping the scalar and pseudo-scalar into a complex field ¢, with the Lagrangian [10]

¢GEp + ¢! GRsp - (2.8)
where the selfdual and anti-selfdual field strengths are defined as

o = 5 (0 4G Gy =g(em -Gv). =G 0)
From the EFT point of view, the amplitude we calculated corresponds to the operator
¢ G%D, since G'sp generates positive helicity gluons, while G asp generates negative helicity
gluons [10, 22]. The amplitude mediated by qﬁTGiSD can be obtained from this amplitude
by reversing the gluon helicities, and switching angle and square brackets as explained
in [10]. The scalar (pseudo scalar) amplitude is then obtained as the sum (difference)
of the ¢ and ¢! amplitudes. The ¢ and ¢! 2-gluon decay amplitudes are identical, but,
allowing for CP-violation, the coefficient ngg may be complex. In any case, the 2-gluon
decay cannot distinguish between a scalar and a pseudo-scalar. This would require at least
4 independent momenta, namely a 4-gluon final state.

2.2 The scalar plus 3 gluon amplitudes M (h; ggg)

The scalar plus three-gluon amplitude can be written in terms of the three helicity brackets
and three Lorentz invariants,

M (h;ga’ "1 (p1)g" "2 (po) g©hs (p3)> = 9% [12)™2 [13]™3 23] f_; (512, 593, 513; A)
(2.10)



where —¢ denotes the mass dimension of the function f_,;, and the color factor C'%° is

either % or d°. Since the amplitude has mass dimension zero,
f =mnis + ni3 + nog . (2.11)
Little group scaling determines the powers n;; in terms of the gluon helicities,?
nis +ni3 = 2h1, nis+nes =2hs, ni3+ nes = 2h3. (2.12)

SO

n12:E—2h3, 7‘L13:€—2h2, n23:€—2h1. (2.13)

As before, eq. (2.13) relates the sum of helicities to the dimension of the coupling which
generates the amplitude,

{=hi+ hy + hs, (2.14)

so £ is odd, as in the 2-gluon case, and we immediately see that the amplitude must be
generated by a higher dimension operator: the only invariants associated with bosons have
mass-dimension 2, so at least one power of A is required.

At tree-level, since we consider only operators with a single h, the function f_; is
simply a power series in the s;;’s, and the only possible poles are single poles in the s;;’s
coming from gluon propagators. This part of the amplitude factorizes as the product of
two 3-particle amplitudes, M(hgg) of eq. (2.7), and M(ggg) which we recall below. The
all-plus amplitude is thus of the form,

M (B g™ ()" (p2)™ (ps)) = 1 [12] 28] [13] €

o0

n k1 .

x[ Z ms?zslﬁség—i—factonzable , (2.15)
n,k,1=0

subject to the constraint sio + so3 + s13 = m?

. Here ay,; are dimensionless constants
which, for Cebe = fabe (dabc), are completely symmetric (antisymmetric) in the indices
n, kL.

Similarly, for hy = hg = —hg = 1, eq. (2.13) yields the solution

(1 g (p0)g o) () = LD
. — X
39 \P1)g \p2)g \P3 [13] [23] A
- b
X [ Z M(Zifljm sy skasha 4 factorizable| ,  (2.16)
n,k,l=0
where for Cabc = fabc we have bn,k,l == bn,l,ka while for Cabc == dabc7 bn,k,l = _bn,l,k'
2Choosing to work with angle brackets instead, with powers mi2, mi3, mas would give £ = —h; —ha —hs3

and mi2 = é — 2h3 etc.
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Figure 1. Factorization of the + + + amplitude on s15. The direction of the arrow indicates the
direction of momentum flow.

2.2.1 Three-gluon vertices

To calculate the factorizable parts of the Higgs plus 3-gluon amplitudes, we need three-
gluon vertices. These can be obtained as three-gluon amplitudes with complex momenta,
for which either [ij] or (i) vanish, such that s;; = 0. Based on little group considerations
and the mass dimension of the 3-point amplitude, the ++— and +-++ tree-level amplitudes
must be of the form (see e.g. [15])

a c—\ _ rabc [12]3
M39<1 +ob+3 ) — fab % i3 (2.17a)
Mgg <1a+2b+3c+> — fabc ngg [12] [/1\32] [23} 7 (217b)

where ¢J% is a dimensionless coefficient, and g, is the strong coupling (up to a convention

dependent numerical coefficient). The function f_,(s;;) = 1 in this case, since s;; = 0.
These vertices therefore receive no further contributions.

Again, we see that vertices of different net helicities arise from couplings of different
dimensions. The vertex of eq. (2.17a) is the QCD vertex, while the vertex of eq. (2.17b),
comes from the dimension-6 operator Tr (G3). As pointed out in [14], this explains why
this operator does not affect dijet production at leading order [12, 23].3

Note that ¢§? is in principle complex, corresponding to the two operators Tr (GS) and

T (G2G).

2.2.2 The h;+ + + amplitude

We begin by computing the factorizable part of the amplitude of eq. (2.15). Consider the
s12 pole. Because we pulled out a factor of [12] we must set (12) to zero. Only the + + +

3 At higher order, this is no longer the case. Thus for example the helicity structure of the tree-level 5-
gluon amplitude, or one-loop 4-gluon amplitudes, generated by this operator is not orthogonal to QCD [12].



3-gluon amplitude can contribute in this case (see figure 1), and we get*

M (1 g™ (p1)g ()™ (1)) = Mag (1772 P7) L My (37 (-P))
e 128 JW

=" 9 1P| [2P] 512 X

— fang [12] L ngg

[1P](P3) [2P](P3) s12 A

99 g m* [12][13] [2
_ gs m [ H 3][ 3} fabc7 (218)
A 512513523

[P3]?

(s23 + 513)°

where we have used lim<12>_>0 (s23 + s13) = m? and P = —p; — po. Since the amplitude is
completely symmetric under 7 <> 7 we need not consider factorizations under so3, S13.
Substituting this in eq. (2.15) we then have for the + + + amplitude,

4
M (s g ()g"* (o)™ (o)) = LIS [ g gy el (219)

b ab
anklfac+ankld © ok
+ Z 2(n4-k+I+1) S12513523 | -
n,k,1=0

Expanding the series eq. (2.19) up to n + k +1 < 4, i.e., dimension 13, we get

" . 12] [13] [23
ﬂ(hQ*@ﬂfﬂmM*@@)—[]RG[]
abe [ _ .m* gs C5 ap,0,0 |, 41,00(812 + S13 + S23)
{f < 512513523 T T A4

A6 (a2 0 0(512 + 575 + 823) +a1,1,0(512513 + S12523 + 813823)) e <a1,1,1812513823

3 3 3 2 2 2 2 2 2
-+ a07073 (312 + 313 -+ 823) -+ a07172 (813512 + 323812 + 313812 -+ 523312 -+ 313823 + 813823)>>

dabc
+4E (s12 — s13) (12 — S23) (513 — S23) 040,1,2} . (2.20)
This result may be simplified by using momentum conservation, which implies s12 + s23 +
s93 = m?. We may also trade 8%2+8%3+S§3 for (s12 + s23 + 313)2 —2813812 . . ., and similarly
for the cubic polynomial. The final result for the EF'T amplitude up to dimension 13 is

12] [13] [23] mgchg ar
he a+ b+ c+ ) — [ abc [ S5 el
M(hs g (p0)g" (p2)a™ (b)) = = |7 (i g
ail a13
+ F(SHS% + 513523 + 512513) + A8 512513523

+ dabe Als (s12 — s13) (512 — S23) (513 — 823)] , (2.21)

4Note that the momentum in the h — 2g vertex is — P, because we take all the momenta to be incoming.
In the notation of [17], spinors with —P are related to spinors with P by a factor of 4, e.g. |—P) = i|P) etc.
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Figure 2. Possible factorizations of the + + — amplitude.

where we defined
2 mi m6

m

a7 = ag,0,0 + a100 35 + 42,0037 + 40,0335 » (2.22a)
m2

a1l = a1,1,0 — 2a2,0,0 + (ao,1,2 — 3a0,0,3) Az (2.22b)

a1z =ai1,1 — 3a0,1,2 + 3a0,0,3 , (2.22¢)

and a}3 = ap12. The amplitude for a massless h is identical. We simply set m? = 0 in
intermediate stages above, with the end result unchanged.

2.2.3 The h;+ + — amplitude

Again, we begin by considering the factorizable part. In this case, both the + 4+ + and
+ — — 3-gluon amplitudes can contribute. The + + — contribution from the s13 pole (see
figure 2a) is,

. i ey
M (B3 g™ (01)g" (2)g° (s) ) = Mgy (19735 P ) 5 Mhas (2 (-P)")
igs c}ggg [12]?

A sE (2:23)

The s15 pole is shown in figure 2b and gives,

M(b: g (p)g" (02)a" (03)) = Mg (12 PH) =2 My (35 (-P)")
512
- hgg 999 3
_ics?cg [12]° 523513 .qpe
TN IR s | (2.24)

The full EFT amplitude is then given by

7 12]3 1 h i 99 (999 523513
h: a+ b+ c ): [ - abc [ 99 5 6
M " (o) (2)g™ () = s | £ (o % = ™
ket £+ By d
+ Z o, n+,§fl) 3?23]1633123 , (2.25)
ok =0



. . Operators
Mass dimension
M(+++) M(++-)
5 - I
7 hGip [1, 1] -
9 — D2 G3p Gasp b [1, £
11 DYGEh (1, fb] D' GE, Gasp b [1, f2¢; 1, do%)
13 DS GEp b [1, f%¢1,d] | DO GEp, Gasp b [2, f*7; 1, d]

Table 1. Operators contributing to the h — 3¢ amplitude. The number of independent operators
of each type and color structure appears in brackets.

where by, 1.1 = b1, and By, k1 = — k- Computing the series in eq. (2.25) up to dimension
13, and discarding redundant terms which are related by powers of m?/A? as before, we get
(3 h bg

3 : hag 999
. at b+ c— _[12] L cabe( . hgg C5 Cg 523513 bo
M (19" 1) B2)9" (8)) = frgrgy |1 Lok = =2t T o Rsasas

/

b1y bis b 1 1
6512513523+ stgsgg + ﬁ8138238%2 +d" 513593513 — s23) ﬁ + ﬁsm {2.26)

with an identical result for a massless h.
Finally, note that the scalar plus photon amplitudes, hyvy and hy~y7, can be obtained

from our results above by setting f%¢ = 0 and omitting 6*° and d®.

2.2.4 Inferring the EFT Lagrangian

Egs. (2.21) and (2.26) represent the EFT contribution to the h; + + + and h; + 4+ — ampli-

tudes respectively, up to dimension 13. Apart from the couplings gs, cg%, c’ggg

, associated
with the three relevant three-particle amplitudes, the h;+ + + amplitude depends on
four distinct kinematical structures, with four independent coefficients: a7, ai1, a13 and
a}s. The h;+ 4+ — amplitude has six distinct kinematical structures, with six indepen-
dent coefficients: by, b1, biy, b1z bj3 and bY5. From the EFT Lagrangian point of view,
these are associated with the coefficients of operators with a single h, three powers of the
field strength, and some number of covariant derivatives. Recalling that positive-helicity
(negative-helicity) gluons correspond to G&J) (Gi<p), we can infer the schematic form of
the operators, and the number of independent operators at each dimension. We display
these in table 1, where we divided the operators according to whether they contribute to
the + + + or + + — amplitudes. The number of independent operators of each type, with
color indices contracted with f2¢ or d%°, is indicated in parenthesis. As a check of our re-
sults, we used the Mathematica notebook of [4] to derive the scalar plus 3 gluon operators,

and verified that the results agree.

2.3 The two scalar, two gluon amplitudes M(hh;gg)

To calculate the two-h, two-gluon amplitude, it is convenient to keep the symmetry under
both h exchange and gluon exchange manifest. Therefore, we will not use momentum

,10,
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Figure 3. Possible factorizations of the 2h — 2¢g amplitude.

conservation to eliminate any of the external momenta. Let us label the massless momenta
by p1,p2, and the massive momenta by p3 and ps. There are two independent structures
which carry little group weights in this case, namely,

[12] and (1|p3|2] . (2.27)
Thus the 2h; 2g amplitude is of the form,
M2 6% (pr)g" = () ) = 5 (12" (1]ps[21™ /o, (2:28)

where n1s, k12 are integers and f_y is an analytic function of mass dimension —¢. Requiring
the correct helicity weights and mass dimension yields the equations,

—2hy = k12 —ni12, —2hy = —ki2 —ni2, {£=nio+ 2k, (2.29)
SO
nio =hy +ho, kio=hs—hy, £=3hy— hy. (230)
Plugging these into eq. (2.30) we get the amplitudes
M(Qh;ga+(p1)gb+(p2)> = § [12]2 foa, (2.31a)
— a r a 1 r
M(2h: 9" (p1)g" (p2)) = 0" (1pal2]® foa = 6 7 (Ups = pal2 Fu, (231D)

where in the last line we used momentum conservation to get a manifestly symmetric
expression in 3 <> 4. It will be convenient to define the variables

Sij=2pi-p;  fori#j. (2:32)
These satisfy,
512 =2m? + 534, 813 =350, Bo3=351, B2+ 3813+353=0. (2.33)

The functions f_o, f_4 can then be written as power series of the form,

S134 824 \ " [ 523+ 514\
n ~k <l -
Gn ki SToS13523 = n k1512 < B > < 5 ) ) (2.34)

where the coefficients a,, 1 satisfy, a1 = a1 k-

— 11 —



2.3.1 The 3h vertex

In order to obtain the factorizable parts of the 2h + 2¢ amplitudes we will need the three-
point vertex for three massive scalars. It is easy to show that this is a constant. Let us
label the three massive momenta by p;,p2 and ps3, where p; = mf for « = 1,2,3. For
simplicity we take all three masses to be identical, m; = m. The amplitude does not carry
any little group weights or indices and has mass dimension one. It is therefore a function
of 5;;, with 7,j = 1,2, 3. Since §;; = m? the amplitude is a constant, which we label cs,.

2.3.2 The hh;++ amplitude
Let us first consider the factorizable part (see figure 3a). Gluing the scalar three-point

vertex cgp, and the h — 2¢ amplitude from eq. (2.7) we get

. hgg 2
12]

I g%t b+ _ sab LC3h Cy [ )

M( h; g“"(p1)g (pz)) o T

(2.35)

We can now turn to the non-factorizable parts. Expanding f_s in terms of {512,513, 523}
up to dimension 10, and maintaining symmetry under 1 <+ 2 and 3 <> 4, we get,

12]? (513+823)aglh,  S12a1%
M(Qh;ga+(p1)gb+(p2)> zéa"[Ag [a%@%— ot (2.36)
§habt  (13+323) 312010 (573+533)agls  B1sdasagh
Al + Al + Al + A .

Using eq. (2.33) and adding the factorizable part from eq. (2.35) we finally have,

hgg : hh hh hh 1hh
. at b+ __ sab 2 | C3nCy ¢ ag | ag ag” o | 4g - -
M(2h,ga (pl)g (pg))—(;a [12] |: A §12_m2 F+F512+F512+F513514 .

(2.37)

2.3.3 The hh; +— amplitude
The factorizable part of the hh; gt g~ amplitude (see figure 3b) is,

c —i6* a— d— c —i6* a— d—
thg(2b+P +) P2 thg(l (_P) )Zthg<2b+P +)thgg(1 (_P) )
hgg \ 2 ab
[ c )
=1 <25A> (1|ps —pa)2) Tarm’ (2.38)

where P = py + p3 and we have symmetrized the helicity part. Adding the crossed channel
with 3 — 4 we get,

hgg '\ 2
M(28; 6 (p1)g" () ) = i6% (1lps — pal2) <c§A> [ R ]

S13+m?  S14 +m?
hgg

2
[ % 2 sab 2m? — 51 ]
= 1|ps — p4|2]° 0 . (2.39
t ( 2A ) < |p3 p4‘ ] |:(§13 + 2) (523 + 2) ( )
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. . Operators
Mass dimension
M(++) M(+-)
6 Ggp h* [1] —
8 D2 GZp h? [1] | D? Gsp Gasp h? [1]
10 Dt G%D h? [2] Dt Gsp Gasp h2 [1]

Table 2. Operators contributing to the hhgg amplitudes. The number of independent operators
is shown in brackets.

Turning to the non-factorizable part, we expand f_4 of eq. (2.31b) as

b b (Ups —pal2® o~ 835
M<2h;9a7 (p1)g +(p2)> = 0" A Z A2(thil) Dkt » (2.40)
n,k,1=0;
0<n+k+l
where b/ = b Computing the series in eq. (2.40) up to dimension 10 and adding the
nkd = Onlk g g

factorizable part from eq. (2.39) we get

2
M (2h; 9* (p1)g"" (pz)) =5 <1|1?3A—4p4\2] (2.41)

h 2 ~
X [bgh + % 519 — ¢ A [ 2m* — 512 } ] .
A2 2 (§13 + mQ) (523 + m2)

2.3.4 Inferring the EFT

The EFT contributions to the hh;++ and hh; —— amplitudes are given in eqs. (2.37)
and (2.41). Aside from the constants clggg , which controls the h — 2¢g amplitudes, and
csn, which controls the 3h vertex, the hh;++ amplitude depends on four dimensionless
constants, while the hh; +— amplitude depends on two dimensionless constants. Therefore
the hh; ++ amplitude gets contributions from one operator at dimension 6, one operator at
dimension 8, and two operators at dimension 10. The hh; +— amplitude gets contributions
from one operator at dimension 8 and one at dimension 10. This agrees with the counting
obtained by using the Mathematica notebook of [4]. The results are summarized in table 2.

3 The vector plus three gluon amplitudes M(Z’; ggg)

In this section we consider amplitudes with a single massive spin-1 particle, which we denote

by Z', and three gluons. We will then use these to obtain the massless vector amplitudes.

Yang’s theorem forbids the massive vector decay to two gluons. For completeness, we

review the derivation of Yang’s theorem via on-shell methods following [21]. This will also

serve as a simple illustration of the spinor helicity formalism for massive particles of [21].
An amplitude with an external massive spin-1 particle can be decomposed as [21]

Ml — AéllAééM{alon} — 5\2115\é22]\~4{d17d2} , (3.1)

,13,



where the boldface spinors A are spinor helicity variables for the massive momentum,
(see appendix A), and I,ls = 1,2 are SU(2) indices of the little group of the massive
particle. The reduced amplitudes, M and M, are symmetric in the SL (2,C) indices o and
& respectively. The dotted and undotted representations of the amplitude are equivalent;
we may use the massive momentum to switch between the dotted and undotted spinors
(see eq. (A.17)).

The Z’ plus two gluon reduced amplitude can then be written as,

VA (Z’(P);g(pl)g(pz)) = [12]™ (X?lj‘gz)dIQQ foe(s12,A) (3:2)

where j\izl,g is the spinor associated with the gluon momentum p;, and n; = 0,1,2 such
that nq 4+ ny = 2. Requiring the correct little group weights and dimensionality gives the
relations

ni1+nio =2h1, no+nig=2hy, nis—L+2=1, (3.3)

so that the full amplitude is given by
M(Z' (@) " (p1)g"" (p2) ) = 8 12" [P R [2p R g (2 A) L (34)

where h = hi + ho, and a, b are color indices. We have also employed the “bold” notation
of [21], where the SU(2) index of the p-spinor is suppressed, with the understanding that
the amplitude is symmetric in these indices. We see that the amplitude eq. (3.4) is anti-
symmetric under 1 <+ 2 exchange. We conclude that it must vanish, in accord with the
spin-statistics theorem.

The amplitude Z;L — 3¢ is therefore the first non-zero amplitude, and has no factoriz-
able part. We choose the following ansatz for the reduced amplitude,

s3¥e D)

N1 (2 (pa)s g(pr)" g(p2) g (p2)" ) = (12177 (13" (23] (X Ag2 Ay )"

X f_e(s12, 513, S23) ,

(3.5)

where n; = 0, 1,2 with Zg’zl n; = 2 and for now we suppressed the color indices. Requiring
the correct helicity weights and mass dimension in eq. (3.5) gives,

3
> ng=10-2, (3.6)

1=i<j

and
ni1 + nio +ni3 = 2h1, no + nig + neg = 2he, ng + niz + ngg = 2h3. (3.7)

Egs. (3.6) and (3.7) give the selection rule,

{ =14 h1+ ho+ hs, (3.8)
with
nig =n3+hy +hy—hg—1, ng3 = —ng2 —ng —hy +he +hs +1,
nig =no +hy —ho +hsg — 1, ny=-—-ng—ng—+2. (3.9)
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3.1 The Z’;+ + + amplitude
Substituting hy = he = hg = +1 in egs. (3.8) and (3.9) we obtain

M(Z'(pa); ™ (p1)s 6" (p2): 9 (p3) ) = €™ [ [23)% [14]% £25(2;3) + [12)* [34)* f75(1;2)
+ [13]7 [24]? £75(1;3) + [12] [13] [24] [34] f,(2;3) + [13] [23] [14] [24] £%,(1;2)
112][23]14] [34] 7%,(1:3) (3.10)

where C%¢ = f%¢ or d%¢ and f_,(i;7), f',(i;J) are analytic functions of the s;;’s of mass
dimension —¢. For C%¢ = ¢ (C%¢ = fab¢) these functions are symmetric (antisymmetric)

under ¢ <> j, and we use the superscript = to denote the symmetric and antisymmetric

versions respectively. Using Schouten identities we can eliminate the first three terms to

obtain,?

M(Z'(p4);g“+(p1);gb+(p2);gc*(ps)) = (3.11)

=d [[12] [23](14] [34] f7,(1;3) — [13] [23] [14] [24] f 4 (152) — [12] [13] [24] [34] £, (2; 3)} ,

x fob [[12] 23] [14][34] f=,(1;3) + [13][23] [14] [24] /=, (1;2) + [12] [13] [24] [34] F =4 (2; 3)} ;

with
1 S 1
f(152) = A <cg) + ﬁ c%) + F(S%Q 0512) + 513523 c%)) + O(A‘lo) , (3.12)
_ (3)
f__4(1§ 2) = SBA# (C%) + % S12> + O(A_lo) , (3.13)

with the remaining functions obtained by permutations of {1,2,3}. Thus the amplitude
involves six independent coefficients. One coefficient with d**¢ at dimension 8, two coeffi-
cients at dimension 10 — one for each color structure, and three coefficients at dimension
12 — two with d®*¢ and one with fab.

We can now infer the structure and number of the EFT operators which contribute
to this amplitude. Using the EOM for Z’, we can write these operators in terms of field
strengths only. The different operators then contain three powers of G, and a single
power of Z//W, with some number of derivatives. There is one operator at dimension 8,
which is schematically Z’G2},, with Z’ denoting the Z’ field strength, and with color indices
contracted with d®¢, two operators at dimension 10, namely D?Z’ G?S’D, one with ¢ and
one with d®¢, and three operators of the form D*Z’ GgD at dimension 12 — two with d%%¢
and one with f2¢. The effects of the lowest-order operators were considered in [24-26].

Eq. (3.11) describes the three Z’ polarizations. The positive polarization is obtained
by taking {4121] }4‘]:1], the negative polarization is obtained by taking I = J = 2, and the
longitudinal polarization corresponds to the symmetric combination of I =1,J = 2.

®The Schouten identity reads [12] [34] + [13] [42] + [14] [23] = 0, and similarly for the angle brackets.
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Above we have chosen to write the amplitude as a sum of permutations over the spinor
factors. Alternatively, we can write it such that the functions of the s;;’s are manifestly
symmetric, with

M(Z'(p4);g“+(p1);gb+(p2);gc+(p3)) =

— [12] (28] [31] x [41] (12) [24] x | + fobe (Slqu(l; 2) - L3 - 15 2))

523

_ gabe <1f+4(1; 2) + ifj—4(1; 3) + ifj_4(3; 2))
S12 513 $23

+md®e [12] 23] [31] [@?quil(z;?)) - [léfif:@fl(l;?))]
—m e [12] [23] [31] [%f}(z 3) + Hﬂf;@fl(l; 3)} (3.14)

Using momentum conservation it is easy to check that the spinor prefactor [12] [23] [31] x
[41] (12) [24] is actually completely symmetric under exchange of 1,2,3, up to terms of order
m. This form of the amplitude is convenient for some purposes as we will see below.

Finally, recall that we chose to work with the dotted-indices reduced amplitude,
eq. (3.5). Using the undotted reduced amplitude would give an equivalent solution. We
will return to this point below when we discuss the massless limit.

3.2 The Z’; — — + amplitude
We now turn to the choice hy = hy = —hs = —1 for the gluon helicities. Using eq. (3.9)

the amplitude is,
[13] [23] [14] [24]
12]"

2
RDr:2)

M(Z’(m);g“’ (p1); 9" (pz);g”(pg)) = d“”c{ AS(1;2) +

1

W~

[([23}2 (141 + [13]” [24]) B (132) + ([23]° [14)° — (13]” 24)°) By (1; 2)}
(23114

|+ [13] 241)Cy (1:2) + ([23][14] — [13] [24]) O (1 2)} | } (3.15)

T
L34
12]*

where A7 (1;2), By (1;2),Ci(1;2), D{ (1;2) are all dimensionless, analytic functions of the
s4j’s, which are symmetric or anti-symmetric under 1 <+ 2. The symmetric (antisymmetric)

functions are denoted by a + (—) superscript. Using Schouten identities we can rewrite
the full amplitude as,

M(Z’;g“_(pl);gb_ (pz);gc+(p3)) = d*t [ (12)* [34)° DT, (1;2)
+(12)*[13] (23] [14] [24] AT, (1;2) + (12) [34] ([23] [14] + [13] [24] ) C=(1; 2)}
x fabe { (12)%[34)° D=, (1;2) + (12)* [13] [23] [14] [24] A~(1;2)

+ (12)% [34] ([23] [14] + [13] [24] ) Oy (1 2)] : (3.16)
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with the coefficient functions,

d8 d(l) d(1)82 + d(2)513823 _ d(2) d(5)812
Di_ = F + ﬁ S12 + 12 712 A812 , D_4 = (823 — 813) % 13\8 ,
oo di) -
A,g — F 5 A*S — O7 (317)
(3) (6) (4)
d d _ d
Cjﬁ = % + ﬁ S12, C”s = (8523 — 513)% .

Again, this form of the amplitude encapsulates all three Z’ polarizations. The number of
independent operators can be read from eq. (3.17). There is one operator at dimension 8,
of the form Z’'G3, with color indices contracted with d®°, and three operators of the form
D?Z'G? at dimension 10; two with d®¢ and one with f®¢. At dimension 12 there are six
operators of the form D*Z'G?; five with d®¢ and one with fob¢.

3.3 The massless Z’ amplitudes

Amplitudes with a massless Z’ can be calculated directly, much like we did for the massive
Z'. Recall that our starting point above was the “dotted” amplitude eq. (3.5). In the
massive case, the dotted and undotted solutions are equivalent, since the different Z’ po-
larizations are related. For a massless Z’, the dotted form we used above gives the positive-
helicity Z’, while the undotted form gives the negative-helicity Z’. Other than that, the
derivation would proceed just as above, with the 4-spinors unbolded, and with m = 0.

It is instructive however to obtain the massless amplitudes by taking the massless limit
of the amplitudes we already calculated. Recall that egs. (3.11) and (3.16) describe the
three Z' polarizations. Thus the massive-Z’ amplitudes split into the positive and negative
massless-Z’ helicities, plus the longitudinal polarization, which should coincide with the
scalar plus 3-gluon amplitudes, M(h;ggg). In the massless limit, |4[ :2] goes to zero (see
appendix B), so only the Z'" amplitudes survive in eqs. (3.11) and (3.16). This is not
surprising, since we used the dotted-indices ansatz eq. (3.5), which reduce to the positive-
helicity Z" amplitudes in the massless limit. It is therefore useful to rewrite the amplitudes
such that both ‘41 :1] and ‘41 :2> appear, and all three polarizations are transparent in the
massless limit. Terms with |4]|4] then describe the positive polarization as before, while the
negative polarization corresponds to terms with [4)|4), and the longitudinal polarization
corresponds to mixed terms with |4]|4). The different polarizations should appear with dif-
ferent suppressions of A, since in the massless limit the net helicity of the operator is related
to its dimension. Another way to say this is that amplitudes with different Z’ helicities are
related by different factors of the mass m, corresponding to helicity flips on the Z’ leg.

To rewrite the massive amplitudes egs. (3.11) and (3.16), we use the momentum py4 to
convert between |4] and [4) (see eq. (A.17) and appendix B). Consider first M(Z'; — — +).
Simply taking the massless limit in eq. (3.16), the three different spinor structures collapse
into a single structure, corresponding to the positive Z’ helicity. Using eq. (A.18) we then

,17,



rewrite the amplitude as,
M (Z'; 9* (p1); 9" (p2); 9”(1)3)) (3.18)
= do (12)? x [[34]2f+4(1;2) + [13] 23] (14) (24) f1(1;2)
1341 (31] (1) - 32] 24)) 5 (152)
g 1207 | 342 Fy(152) + (1312 (14) (24) P (152
+ [34] (311 14) - (32 (24) /02

where we redefined the coefficient functions with,

(1)

B d d d(l) 2 +d(2) - d(3) d(4)
ff4(1;2):A—i+%812+ 12 512 A812 513523 f_4(1;2):(323—313)<1§g—i—/igsu),
(2) (3) (5)
md md < md
T5(1;2) Aﬁlo + A§2 $12, f25(152) = (s13 — s23) A812 ;
_ m23 d(G) L
*5(1;2) = % Fs(1;2)=0, (3.19)

where ffﬁ = m2Af8 and ffg) = mC’fﬁ. It is now easy to see the three spin polarizations
both in the massive and in the massless case. The positive helicity Z’ is given by terms
with two |4] spinors, the negative helicity is given by terms with two |4) spinors, and the
longitudinal polarization corresponds to the mixed terms.

In the massless limit, only ‘41] and ‘42> survive, so we can simply unbold the 4-spinors
in eq. (3.18). Furthermore, explicit factors of m which appear in the coefficient functions of
eq. (3.19) can be absorbed by rescaling A. Thus for example, we can rewrite m? s12 dg) /A8
as S19 dgg) / AS. This contribution is then associated with a dimension-10 operator. This is
just as expected. The mass m is not a parameter of the massless theory, and Z'T and Z'~
amplitudes are generated by operators of different dimensions. Examining eq. (3.18), we
see that the [34]? terms give M(Z'T; — —+), while the (14) (24) terms give M(Z'~; — —+).
Thus the massless M(Z'T; — — +) amplitude gets contributions from fil. There is one
operator with d*° at dimension 8, two operators (one with d®¢ and one with f®° at
dimension 10, and three operators at dimension 12 (two with d?*° and one with fob¢).
The M(Z'~;— — +) amplitude gets contributions from ff6. There is one operator with
d®c at dimension 10 and two operators, one with d**¢ and one with f%¢ at dimension 12.
In this case too we used the Mathematica notebook of [4] to derive the EFT operators
with a massless vector plus three gluon operators, and checked that the results agree. We
summarize the EFT operators and their numbers in table 3.

Finally, we can verify the relation between the amplitude with a longitudinally-
polarized Z' and the scalar amplitude M(h;g g g"). The former is easily read-off
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. . Operators
Mass dimension

M+ ++) M(=— )

8 G3p Z'sp [1,d%] GAsp Gsp Z'sp [1,d™]

10 DZ G%D Z/SD [17 dabc; 17 fabc] DZ GAZASD GSD Z/ASD [17 dabc]

D2 G%D ZIASD [17 dabc] D2 GQASD GSD Z/SD [1’ dabc; 1’ fabc]

. D4 G2 GSD ZIASD [1 dabc. 1 fabc]

12 DAG3_ 7/ 1, Jabe ASD ) 3L
SD SD [ } D4 G2ASD GSD Z/SD [2, dabc; 1, fabc]

Table 3. Operators contributing to the Z’'ggg amplitude for a massless Z’. The numbers of
independent operators per each color structure are shown in brackets. (In the table, we use Z’ to

denote the field strength).

eq. (3.18). Only the f%¢ term contributes at this order,

M( 2" 6" (p1)s 6" (2); 9 (pa) ) = (12)° [34] | [31] (14) — [32] (24) |
% (.]Ej_5(1§2) fabc + f_—5(1;2) dabc)
= (12)[381) (32 (12) (F55(152) 1 + [=5(152) a™)

(12)°

(13) (23)
(2) (3)
<7513323 <fabc (mdl(] + mdyy 812)

513523 (f:ir)(l; 2) fobe 4+ f:5(1; 2) dabc)

AS A8

dabc dg) m (513 — 823)

s +.. ) (3.20)

which agrees with the result eq. (2.26) upon replacing angle brackets by square brackets,
owing to the opposite gluon helicities we have. Furthermore, this contribution starts at
m/AS, namely at dimension-9, which is where M(h; — — +) first appears. What we are
seeing is nothing but the Higgs mechanism. The longitudinal Z’ polarization comes from
the Goldstone boson, so in the EFT operators generating the amplitudes we can replace
ZL by d,h. Thus the relevant h; — — + amplitude must come from an operator containing
at least one derivative. The first such operator is indeed the dimension-9 operator D?hG3,

which appears with f2¢ (see table 1).

Let us now turn to the massless limit of the Z’; + + + amplitude. In this case we find,

M(ZI;ga+(p1);gb+(p2);gc+(p3)) _

= % (cél)l + @ 313823> [13] [23] [14] [24] + permutations

A4 10 A6

(3.21)

12 A8

+ fabe ((2) 213~ 523 1131 193] 14] [24] + permutations

A6
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(1) m?

+ d® ¢}y s [13][23] [12] (14) (24) + permutations

(3)
4 fabe L;%? (512 — s13) (24) [24] + (s12 — s23) (14) [14] | [12] [23] [31] ,

where we absorbed some signs and a factor of 2 in the coefficients.® It is now straightforward
to see the massless limit of this expression. All we need to do is to absorb m in the scale,
and unbold 4-spinors. The first two lines, with [14][24], give M(Z'"; + + +), and the third
line, with (14) (24), gives M(Z'~;+ + +).” The counting and correspondence to the EFT
operators is summarized in table 3, and reproduces the results of [4].

Finally, the fourth line of eq. (3.21) gives ./\/l(Z’O; ++ +). Note that this the lowest
order contribution to this amplitude in 1/A. In particular, the c%) term in eq. (3.21) does
not contribute. We can rewrite this term as,

3)

mc
febe A§2 (812813 + 523513 + S12823 + (’)(m2)> [12] [23] [31] = (3.22)
b oy 2
= [ % (512813 + 823513 + 512523 +) [12] [23] [31] + O(m?)
which is the same as the dimension-11 contribution in eq. (2.21). Unlike in the Z’; — — +

case, here the longitudinal Z’ polarization does not reproduce the leading contribution in
h;+ 4+ +, which appears at dimension-7, but only the next non-zero contribution, which is
dimension-11. This is consistent with what we expect based on the Higgs mechanism. In an
EFT operator generating the Z'V; 44+ amplitude we can replace Z », by 0,.h. Thus the cor-
responding scalar operator should contain at least one derivative. The first such operator is
D*hG3 (see table 1), with the color structure f?°¢. This is indeed a dimension-11 operator.

To summarize, we have seen how the massive Z/ EFT amplitudes decompose into
three distinct amplitudes corresponding to the different Z’ polarizations. In the massless
limit, these simply reduce to the Z'*-helicity amplitude, the Z’~-helicity amplitude, and
the scalar amplitude, which supplies the longitudinal Z’ polarization.

4 Conclusions

We have used on-shell methods to derive tree-level helicity amplitudes involving a new
SM-singlet, of spin zero or one, with couplings to gluons. Specifically, we calculated h; ggg
amplitudes and hh; gg amplitudes for a scalar field h, which is either massive or massless,
up to dimension-13. We also calculated Z’; ggg amplitudes for a massive vector Z’, up to
dimension-12, and showed how these amplitudes decompose into the massless vector plus
scalar amplitudes.

It is straightforward to replace the gluons by photons in our results. Furthermore, the
amplitudes we calculated can be used to obtain amplitudes with the gluons replaced by

5Tt is easy to see, using eq. (3.14), that c<112) and cg) can be absorbed in the remaining terms up to pieces
of order m, after symmetrizing and using the Schouten identities.
"Thus, there is no contribution to the M(Z'_; + + +) amplitude with f*¢ up to d < 12.
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weak gauge bosons in the high-energy limit. Throughout, we ignored quarks, and it would
be interesting to extend this approach to include fermions, and in particular, to reconstruct
the full SM EFT. The calculation of EFT amplitudes at the loop level, where the effects
of renormalization and operator mixing would show up, is another obvious direction that
we plan to explore.

Our results can be used to calculate the LHC production and decay of new mas-
sive scalars or vectors coupled to the SM gluons through higher-dimension operators. In
particular, since spin information is preserved, they allow for various spin and coupling
measurements of the new particles.

As we have shown, it is easy to infer the structure of EFT amplitudes, and thereby
count the number of operators of very high dimensionality. For practical purposes how-
ever, the contributions of interest are the lowest order ones. When interpreting LHC
measurements, the EFT results are reliable only for energies sufficiently smaller than A.
Thus, deriving the structure of amplitudes at dimension-13 is probably just an academic,
if pleasing, exercise. Still, what on-shell methods clearly reveal is the power of Lorentz
symmetry when applied to physical quantities. Gauge-redundancies and off-shell variables
are stripped away, exposing the simplicity of the possible underlying structures of the the-
ory. In the case of EFTs, operator redundancies are stripped away too. One may therefore
wonder whether an on-shell approach to effective field theories would ultimately lead us
towards a more fundamental theory beyond the standard model.
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A Notation

We follow the conventions and notation of [17] for spinors, with the metric (+,—, —, —).
The Levi-Civita symbol is given by

iy 01
P = _—ep=€¥=—¢ .= , (A.1)
or h ( 10 >
and can be used to raise and lower spinor indices, such that

P =€ePhg, o =eapt’,  €Peg, =0, (A.2)

with the same expression for the dotted indices.
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Inside spinor brackets, indices are contracted such that
AX) = AaX® = A0, W] =M% = —daX®. (A.3)
To simplify the notation we introduce the “half-bracket”

A=) Aa=l, Aa=Ipl, A =[pl, (A.4)

such that lightlike momenta are given by

P =1p)[pl, Paa = PPl (A.5)
where
p* = Uﬁap“ ) Paa = Egapu ) (A.6)

and O.,uozd _ (5040'475:040})’ 5.,;& _ (5(5404’ _Eaa)-

It is sometimes useful to have explicit expressions for the spinors. Writing,

p" = E(1,cos ¢sinf,sin ¢sin @, cos ),

we have,
S —
|p> =V2E ( > ) [p‘ =V2E (57 _C*)a (A7)
—c
where s = sin (g) and ¢ = cos (g)ew’.
Contracting lightlike momenta amounts to tracing over the half-brackets with a %
factor 1 1 1
pra=plau = 59" ea = ST {|p) [pal (al} = 5 {ap) [pa] , (A.8)
The decomposition in eq. (A.5) is invariant under
1
o) = &lp) s ol — 2ol (A.9)

§

where for real momenta £ is just a pure phase. Eq. (A.9) is thus a U(1) little group
transformation of the lightlike momentum.
The polarizations for a massless vector are given by

6 () =vaREL o) = Vel (410

where 7 is a reference momentum not aligned with p, i.e., p-r # 0.

The polarizations eq. (A.10) are not invariant under the little group transformation
eq. (A.9). Thus, a positive helicity gluon carries helicity weight —2, while a negative helicity
gluon has helicity weight +2.

Massive momenta can be decomposed in much the same way. However, because the
determinant is not zero the decomposition will require a pair of massless spinors

P = Pt o[ (A11)

— 922 —



Following [21] we pack the pair into a doublet, such that

)qE(z/;n), 5\IE<7{)> , (A.12)

Ui

which enables us to write the massive momentum

iy ayal _ b o
p* =ATA T =|py) [PI y  Paa = _)\dl)\é = —\P1]<Pl ) (A.13)

where I = 1,2 is an SU7, (2). Note that for real momenta we have the reality conditions,

1 = oy - (A.14)

) |P1>T = [P

®'"=~Ip;, Ip)t = ('

The little group transformation now takes the form A\’ — W/ JS\J , AL — (Wﬁl)‘][ Ay where
the W’s are SU (2) matrices. Squaring a massive momentum gives

2 i

p? =" pea = = [p'P'] (p1p;s) = m*. (A.15)

N | =

Expanding the brackets in SUy, (2) invariants we get

[p’p'] =M, (pp)) =M, (A.16)

where 901 x M = m? and the SUL, (2) indices can be raised and lowered with the Levi-Civita
symbol, just as in (A.2), with ¢!/ = —¢;; and €'? = 1. Forbidding opposite rephasing of
the mass parameters M and 9, which are not little group transformations, we can set
M = M = m as in [21]. With the decomposition of the massive momentum eq. (A.13), we
can trade any dotted spinor for an undotted spinor, and vice versa,

plp”y =m|p’], plp’] =mlp’), [pslp=-mlp,l, (pslp=-mlp,|. (A.1T)

For amplitudes in which particles 1, 2 and 3 are massless, while 4 is massive, momentum
conservation then implies,

(12) [24] + (13) [34] +m (14) =0,  [12] (24) + [13] (34) + m [14] =0, (A.18)

and similarly for permutations of 1, 2, 3.

B High energy limit

The massive spinor notation relies on splitting the massive momentum into two lightlike
vectors. To avoid index clutter, let us write py = k + ¢, with k%2 = ¢*> = 0 and 2k - ¢ = m>.
Then we can identify |4'] = |k], ’42] =|q], [4') = |g), |4*) = —|k). In the massless limit,
without loss of generality, ¢ — 0 and k& — p4. Thus ‘4l>, |42] = O(m), while !42>, ‘41] are

finite. Consider for example the square bracket [142] = [1q]. We can rewrite it as follows,

1
m

[g) = - [1lpalk) =~ ([12) (2K) + [13) (35 ) (B.1)
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where in the last step we used momentum conservation. This is nothing but eq. (A.18),
written in terms of the momenta k£ and ¢. Note that there is nothing singular in the
massless limit of this equation, since the numerator of the r.h.s. is O(m?). Thus both sides
of eq. (B.1) are order m.

Similarly,

1 1
[1k] = = [Llpala) = —— ([12) (24) + [13) (3q) ) (B.2)
Both sides of this equation are finite.
Finally, it is useful to write explicit examples of the various spinors. Choosing the z
axis as the direction of the massive momentum, p* = (F, 0,0, p), we can take,

E+p E -

="""01001)), ¢=""L(1,00-1), (B.3)

2

with p = k+¢. In the high energy limit, £ —p =~ 2E With the timelike momentum p give
by eq. (A.13) we can recover the boldface spinors with their little group indices

p1>=\/E+p((1)>, D) = E—p@, (B.4)

where we used eq. (A.7) and chose the kets such that eq. (A.16) holds. Then in the high
energy limit,

p'), Ipa), [P7], [p1!~0<\/mE), (B.5)
while
p1), [P, [P']. [P ~OE). (B.6)
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