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ABSTRACT: As a probe of circuit complexity in holographic field theories, we study sub-
system analogues based on the entanglement wedge of the bulk quantities appearing in the
“complexity = volume” and “complexity = action” conjectures. We calculate these quan-
tities for one exterior region of an eternal static neutral or charged black hole in general
dimensions, dual to a thermal state on one boundary with or without chemical potential
respectively, as well as for a shock wave geometry. We then define several analogues of cir-
cuit complexity for mixed states, and use tensor networks to gain intuition about them. In
the action approach, we find two possible cases depending on an ambiguity in the definition
of the action associated with a counterterm. In one case, there is a promising qualitative
match between the holographic action and what we call the purification complexity, the
minimum number of gates required to prepare an arbitrary purification of the given mixed
state. In the other case, the match is to what we call the basis complexity, the minimum
number of gates required to prepare the given mixed state starting from a minimal com-
plexity state with the same eigenvalue spectrum. One way to fix this ambiguity is to choose
an action definition such that UV divergent part is positive, in which case the best match
to the action result is the basis complexity. In contrast, the holographic volume does not
appear to match any of our definitions of mixed-state complexity.
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1 Introduction

There has been much recent progress in understanding how spacetime emerges from field
theory degrees of freedom within the AdS/CFT correspondence. Considerations involving
entanglement [1-6], quantum error correction [7], and other ideas from quantum informa-
tion science have provided new clues concerning the emergence of the classical bulk geom-
etry as well as the reconstruction of approximately local quantum fields in the bulk [8-11].

Tensor networks provide one set of toy models that instantiate many of the features
of AdS/CFT [12] and that can also describe in detail the physics of more conventional
systems [13, 14]. Motivated by these tensor network models and by considerations involving
the dynamics of black hole interiors, it was proposed that the quantum computational
complexity of the boundary field theory state would also be encoded geometrically in the
dual gravitational spacetime [15-18].

To be more specific, in the context of the eternal AdS-Schwarzchild black hole it was
observed that the wormhole which connects the two sides grows linearly with time, say as
measured by the length of a geodesic stretching through the wormhole [15, 19]. One can
then ask what the CFT dual of this linear growth is. The conjecture is that the growth of
the wormhole is dual to the growth of complexity of the dual CFT state. Roughly speaking,
the complexity of the CFT state is the minimum number of simple unitaries or “gates”
needed to prepare the CFT state from a fixed reference state.

The physical picture is that the complexity of a state can increase due to Hamiltonian
time evolution, and it is this increase of complexity that is dual to the late-time growth of
the interior. Tensor network models again provide a concrete instantiation of complexity on
the CF'T side, with the complexity being defined as the number of tensors in the minimal
network that describes the state. On the field theory side, one of the key open questions is
how to define complexity more precisely. On the gravity side, one of the key issues is how
to differentiate between different bulk proposals, including “complexity equals volume”
(CV) [15, 16], “complexity equals action” (CA) [17, 20], and others [21]. There are by now
a large number of papers developing and extending these ideas [22-37].

In this paper, we consider the problem of defining and evaluating complexity for sub-
systems of the CFT. To define subsystem complexity on the CF'T side, we face the problem
of defining complexity for mixed states, since subsystems will generically not be in pure
states. On the gravity side, we must find suitable geometric measures which combine the
global complexity measures with the physics of subsystem duality in AdS/CFT. Holo-
graphic subsystem complexity has recently been studied in a variety of works, with several
proposals analogous to CV and CA being advanced and studied [22, 38-42].

This study was motivated by a desire to better understand the relationships between
CA and CV duality and to subject the basic idea of a complexity/geometry duality to a
new set of tests. We also wanted to gain insight into the way different subregions of the
bulk might be represented in tensor network models.

Our main contributions are as follows. First, we study the analogs of CA and CV
duality for subsystems for simple subregions of eternal black holes. This study include
calculations of actions and volumes for a variety of black holes as a function of dimension,
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Figure 1. Intersection of entanglement wedge £ and Wheeler-DeWitt patch W for half of an
eternal black hole.

temperature, and charge. Second, we define a variety of measures of mixed state complexity
and compare our definitions to the CA and CV calculations. This analysis complements
and extends various discussions given in the holographic literature. Amongst definitions
of mixed state complexity that we consider, we find that CA duality reasonably accords
with one of two different definitions depending on an apparently arbitrary choice in the
definition of the action, but that CV duality is harder to consistently reconcile with our
notions of subsystem complexity.

To more precisely define the holographic quantities we consider, recall that there are
reasons to believe that the reduced density matrix for a spatial region A in a holographic
theory is encoded in the corresponding entanglement wedge €4 [7, 43-46]. Combining
this observation with the CV and CA proposals for holographic complexity leads one to
consider two bulk quantities that can be defined for a given region A: the volume CV(A)
of a maximal Cauchy slice for £, anchored on A; and the action C*(A) of the Wheeler-de
Witt (WAW) patch Wy of £4 associated to A.! Wy is defined as the set of points in £4
that are spacelike- or null-related to A (i.e. not in I (A) U I~ (A)), or equivalently as the
intersection of £4 with the WdW patch W of any complete boundary slice containing A.2

There are many possible situations in which we could study the above volume and ac-
tion quantities. For definiteness, in this paper we focus on two-sided (neutral and charged)
static AdS black holes, with the subsystem L consisting of a constant-time slice of one
boundary. The state of L is thus a Gibbs state (with or without a chemical potential).
The entanglement wedge &£;, of one boundary for a static black hole consists of the cor-

!These prescriptions for holographic subsystem complexity were first suggested (to our knowledge) in [38]
and [22] for CV(A) and C*(A) respectively

2The equivalence between these two definitions of subsystem WdW patch can be shown as follows. The
first definition is W} := €4\ (IT(A) UT (A4)). Let o be a boundary Cauchy slice containing A. Then
W is the complement of I (o) UI (o), so the second definition is W3 := £a \ (IT(0) UI (0)). Clearly
I*(A) C I*(0), so Wy D W3. For the other direction, let = be a point in W4. Since z € &a, it is
not timelike-related to £, 4 [45], and in particular is not timelike-related to o \ A. Since z is also not
timelike-related to A, it is not timelike-related to o, and is therefore in W3.



responding exterior region. Figure 1 illustrates &7, the WdW patch W for a complete
boundary slice, and their intersection Wy,. In section 2, we calculate C*(L) and CV (L)
for neutral black holes in D > 3 and charged black holes in D > 4. Note that the corre-
sponding Gibbs states are static, reflecting the fact that the bulk isometry generated by
the timelike Killing vector of the exterior region relates different constant-time slices of
the boundary. Therefore the quantities C*(L) and CV (L) are time-independent. This is in
contrast to the corresponding quantities for the full system, whose state, the thermofield
double, is not static. We also compute CA(L) for a thermalizing system dual to a shock
wave geometry, finding that at late times it grows linearly at a rate 2M, just as for the
thermofield double.

In section 3, we define various measures of complexity for subsystems as well as for
general mixed states (i.e. mixed states considered independently of any particular purifi-
cation). In this discussion, we assume that some notion of pure-state complexity has been
previously defined. This notion, however, can be used in different ways to define the com-
plexity of a mixed state p. For example, we can consider a purification of p and evaluate
its complexity, or we can decompose p into an ensemble of pure states and average their
complexities. Other choices in the definition include whether to include ancilla degrees of
freedom. By estimating the value of each measure on Gibbs states, and in particular its
relation to the entropy, and comparing to the results obtained in section 2, we are able
to rule out some of the proposed definitions as being related to either C* or CV. On the
other hand, depending on how the action is defined, we find a promising qualitative match
between C* and either the purification complexity or the basis complexity. Roughly speak-
ing, these are the minimum complexity of any purification of the given mixed state and the
minimum complexity needed to prepare the basis of the given mixed state, respectively.

The appendices contain certain details of the calculations, including a careful treatment
of the corner terms that arise in the action calculations.

2 Holographic calculations

In this section, we consider static two-sided asymptotically AdS black holes, and take the
region L to be a constant-time slice of one boundary. Its entanglement wedge &£, is the
corresponding exterior region in the bulk. We compute the volume CV (L) of a maximal
slice and the action C*(L) of the Wheeler-de Witt (WdW) patch for this exterior region.
These quantities are relevant for the subsystem analogues of “complexity equals volume”
(CV) and “complexity equals action” (CA) dualities, respectively. We comment on the
differences between the two quantities and the possibility that both dualities hold as they
could potentially provide information about different notions of subsystem complexity.
We treat the neutral case in subsection 2.2 and the charged one in subsection 2.3. We
summarize the results at the top of each subsection before entering into the details of
the calculations. First, however, in subsection 2.1, we make a qualitative observation
concerning CV(L) and C*(L) that will play an important role when we compare these
quantities to candidate complexity measures in section 3.



Finally, in subsection 2.4 we compute CA(L) for a shockwave geometry, dual to a
system undergoing thermalization after an injection of energy. We find exactly the same
late-time behavior as for the two-sided black holes, namely a linear growth at a rate 2M.

2.1 Relation between subsystem and full-system measures

We begin with a general observation about the volume measure CV. Let o be a boundary
Cauchy slice, A a region of o, and A¢ := o\ A its complement. We assume that the full
system on o is in a pure state. Then we claim that

CV(A) +cV (A% <cV(o), (2.1)

in other words CV is superadditive.? The reason is that the left-hand side equals the
maximum volume of a complete Cauchy slice bounded by ¢ which is constrained to pass
through the HRT surface m(A) (which is the same as m(A°), since the full system is pure),
while the right-hand side is the maximum volume of a Cauchy slice that is bounded by o
but not constrained to pass through m(A).

In the case we deal with in this paper, where A = L is a constant-time slice of one
boundary of a static two-sided black hole and A¢ = R is a constant-time slice of the other
boundary, we have symmetries that allow us to say more. First, CV(L) and CV(R) are
independent of time, and there is an isometry that exchanges the left and right sides, so

cV(L) =CV(R). (2.2)

The full system is not static, so C¥ (o) depends on the times chosen for R and L. However,
if these are both chosen at t = 0, then the time-reflection isometry of the black-hole is re-
spected, so by symmetry the maximal-volume slice for o must pass through the bifurcation
surface, which is also m(L) and m(R). The inequality (2.1) is thus saturated:

CV(o,t=0)=C"(L)+CY(R)=2CY(L). (2.3)

On the other hand, we find that the additivity property of C* depends on the definition
of the action. As detailed below, there is a counterterm associated with the null surfaces
bounding the WDW patch which is necessary to render the action reparameterization
invariant, and this counterterm comes with an arbitrary length scale in its definition.* As
this length scale is varied, the zero time C* result goes from being subadditive,

CAL) +CAR) > CMo), (2.4)

to being superadditive. Unlike CV, it will not generically be the case that the action is
exactly additive due to the regions behind the horizon. One way to fix this ambiguity in

3This property was noted independently by the authors of [47]

4The effects of the counterterm on subsystem CA duality have also been considered in ref. [48]. They
define another notion of subsystem complexity on the holographic side obtained from a part of the entan-
glement wedge which would be interesting to understand further.



Figure 2. Separation of the WdW patch in terms of its intersection with the entanglement wedges
ELNW and Eg N W, and with the regions behind the past and future horizons W=, for an eternal
black hole.

C” is to demand that the UV divergent part of the complexity be positive; in this case,
the action is superadditive at time zero,

CAL) + CA(R) < C*(0). (2.5)

In more detail, while in the CV computation one deals with positive-definite quantities,
in the action calculation we have different contributions whose sign depends on the gravita-
tional Lagrangian as well as the boundary and corner terms. For the cases we consider, the
Lagrangian is negative, and even including boundary and corner contributions the different
regions into which one can decompose the action calculation all give negative results. More
precisely, the calculation of the pure state action C* (o) can be decomposed as

CMo)=CML)+CAR) + Af, + A (2.6)

int int ?

where Aiit corresponds to the total action associated to the spacetime region Wiﬁt defined

as the intersection of the future/past interior of the black hole with the WdW patch as
shown in figure 2.For example, for the neutral black hole at ¢ = 0, one has the relation

CMo,t =0) =C*(L) +CMR) + %;;D : (2.7)

where S is the entropy, D is the bulk spacetime dimension, and gp is the following D-
dependent constant:

gp = log (lg(D - 2)) + % [%(1) — 1o (Dl—lﬂ + (g:i) s (2.8)



where 1(z) is the digamma function given by vg(z) = I'(2)/I'(2). Here I/ is an unde-
termined parameter appearing in the definition of the action, as explained in section 2.2.1.
For I./¢ > 1, gp is positive, but one can find also values of I./¢ < 1 such that gp is neg-
ative. Depending on this choice, the subsystem complexity can be either superadditive or
subadditive. This result can be found in (B.23) of appendix B.1. The analogous one for
charged black holes can be read from (B.37).

2.2 Neutral black hole

Consider an eternal AdS black hole in D spacetime dimensions. In the planar limit, its
metric can be written as

ds® = i <—f(z)dt2 + % + €2dw%2) (2.9)
where D-1
fe) =1 <Z> , (2.10)
Zh

and the coordinates (t, z#, z) cover one exterior region (left or right) of the full double-sided
geometry, as schematically depicted in figure 1. As argued originally by Maldacena [49],
this geometry is dual to the thermofield double state

) = Zléwze_BEn/2|En>L’En>R (2.11)

where the parameter 8 corresponds to the inverse temperature associated to the eternal
black hole; in this case 371 = Ty = (D — 1)/4nz,. If one considers expectation values of
operators on a single CFT, then the effective state with respect to the CFTp, /g is described
by a thermal density matrix with inverse temperature 3. Its entropy and mass are given by

vV, ¢2(D=2) VvV, 2P-2) (D -2
S=pa ad  M=— ot
4G Nz, 16mG Nz,

(2.12)

respectively, where V| is the dimensionless transverse volume parametrized by the coordi-
nates z'. These quantities equal the entropy and energy of the dual quantum field theory
respectively.

We start by computing the WdW action CA(L) in subsection 2.2.1. This is done by
evaluating the action associated to the region defined as the intersection of the entanglement
wedge and WdW patch, including surface and corner contributions as specified by Myers
et al. [50]. The result of the thermal state complexity turns out to be remarkably simple:

v (AD=2) ! 1 1 v, (HDP=2)

A L c 1

L)y=——"7—1 —(D -2 — . 2.1
CH(L) 47G N o8 <€( )> o2 z}?_Q 47TGNZ}?_290 (213)

where ¢ is a UV cutoff and the logarithmic term depends on a particular choice of an
undetermined parameter in the computation of the corner contributions, as explained in
that section. The D-dependent constant gg is defined in (2.39). The upper index A refers



to the fact that this expression is obtained using the CA duality. We can see from (2.13)
that, apart from the logarithmic term, the thermal state complexity has a simple relation
to the entropy. More precisely, in terms of the boundary quantities (2.13) is

4 g
CA(L) = a(D) <5D—2> et — b(D)S + ?OS (2.14)
where both a(D) and b(D) are positive coefficients given by
a(D) = 4log (lg(p _ 2)) and  b(D) =~ log (lg(D _ 2)) . (2.15)
™

In (2.14), V = V1 ¢P~2 is the dimension full volume of the boundary theory and c.g =
¢P=2 /(167G y) characterizes the effective number of degrees of freedom of the dual CFT.
In subsection 2.2.2 we evaluate the maximum volume CV (L), again obtaining a very simple
answer in terms of the black hole horizon, the UV cut off §, and the number of space-
time dimensions:

cY(L)

“h

~ +
Gn(D —2)¢ \ 6P2 2 Tigpty)

where ¢ is a length scale required to make the complexity dimensionless. In terms of the
boundary quantities this is

V(L) ~ a(D) <§> ((5;/_2> cett + B(D) (ﬁ) s (2.17)

where a(D) and b(D) are also positive and given by

(D —3) VAT (£2)

(D -2) r(%) ’

a(D) = lei; log <\;CC—C(D - 2)) and b(D) = %

An interesting feature of this result is the entropy independence for D = 3.

(2.18)

2.2.1 CA(L)

According to the CA duality, the complexity associated to the thermal state describing
the left (right) system is given by the action evaluated on the space-time region given by
Wrr = ELyr MW as ilustrated in figure 1. In figure 3 we show the intersection of &,
and W with the null boundaries labelled. W* correspond to boundaries of W while H*
correspond to the boundaries of £ and coincide with the black hole horizon.

The action of Wy, receives three kinds of contributions, one from the bulk, one from
the boundaries, and one from the corners [17, 22, 50]. We evaluate those following the rules
laid out in ref. [50], including the extra counterterms on null boundaries recently discussed
in [50, 51] to guarantee the diffeomorphism invariance of the contributions of the null
boundary terms.® The action diverges unless a cutoff is placed near z = 0. The regulated
W is defined by starting the null lines that bound W from the cutoff surface z = §.

"We thank the authors of [48] for pointing out the relevance of this term in the evaluation of subregion
complexity.



A convenient set of coordinates that naturally cover the region in question is obtained
by changing z — 2*, where z* is the tortoise coordinate

dz* = —— (2.19)

and then defining the light-cone coordinates u =t — z*(z) and v = t + 2*(z), which can be
used to construct the Penrose diagram of figure 1. In these coordinates the metric is

2 _ L2

ds® = [f(z)(—dt2 + (dz*)?) + EQdeD_Q] . (2.20)

2
z
For this family of spacetimes the form of the function f(z) allows an explicit evaluation of
the tortoise coordinates:
z/zn dx
2*(2) = 2%(0) +zh/
é

/zn 1— Pt

— Zh p-1, 1 _ p-1, 1
—Z(5)+D_1[B<x ’D—1’0> B<(5h ’D—l’oﬂ (2.21)

where, in the second line, x = z/zp, §, = 0/2p, and B(z;a,b) is the incomplete beta

function given by
B(z;a,b) = / w1 —w)’ tdu. (2.22)
0

We will see in the next section that for the computation we have in mind it is not necesary
to have an explicit expression for this function.
First consider the bulk contribution which arises from the bulk action

Apuik = ! / VIgl(R —2A) (2.23)

167Gy
where (D-1)(D—2)
A= - 2.24
The vacuum Einstein’s equations are
R
Rap — 5 Jab + Agey =0. (2.25)

which leads to R = 22 A = —D(D —1)/¢2. The bulk action is then proportional to the
spacetime volume |Wr|,

(D —1)Wi|
87TGN€2

The spacetime volume is computed as follows. We need the region between the null
lines t(z) = £(2*(2) — 2*(d)) from z = § (a UV regulator) to z = zp, which is

#h dz

Wil = 2220 [T 5 () = ()

e S o) =B, ——0])]. (2.27
2P72(D - 1) Js, =P Y Db b 'D-1 (2:27)

AL bulk = — (2.26)



After the change of variable u — 2”~! the integral in (2.27) can be put in the form

o2y 20 gy 1 by 1
'mwéﬂwAWQuﬂBwpqﬁ‘B% o)) B

The remaining integral of the incomplete beta function was computed in Apppendix C in
equation (C.11). Using that result, we get for the action

2V, (2(D-1) 1 1
|WL‘ = D—2  _D— ) (229)
(D —1)(D—2) \ P2 z 2
so the bulk contribution of the complexity is
v A(P=2) 1 1
_ — 2.
AL,bulk 47TGN(D — 2) 5D—2 2572 ( 30)

up to order §/zp,.

Now consider the contribution coming from the light sheets which bound the WdW
patch. As shown in [50, 51] such contributions have two pieces for each null hypersurface
N = {W¥* H*}, this is

1

Aboundary = mSgD(N) /Nd)\dD_%U\/’?/i

—+

! sgn(N) / d\dP %2\ /0 1og (1.|©]) (2.31)
87TGN N

where the sgn(/N) = 1(—1) if N lies to the future (past) of the space time region |Wp|, & is
the function that appear in the parallel transport of the null generators k%, k*V ky = kky,
v is the transverse metric on the null sheet and © is its expansion

@F$aw. (2.32)

Notice the undetermined constant /. in the second term of (2.31). Due to the parametriza-
tion invariance of (2.31), one can evaluate it for any choice of null generators k%. We
chose to use affinely parametrized ones for simplicity, which means x = 0. In this case
the first term in (2.31) gives zero contribution, and we are left with the so-called countert-
erm. On the horizons H*, the expansion vanishes, so the counterterm is zero. Meanwhile,
the hypersurfaces W* are described in Poincaré coordinates by t(z) = £(z*(2) — 2*(9)).
We choose to parametrize the generators by A = —¢/z. The transverse metric is simply
vij = £26;7/2* and then © = —(D — 2)z/(. Plugging these into (2.31) for both W+ and
W™ results in

2V, 2P=2)(D —2) [* dz
= 1 (D —2
-AL,boundary 87G N /5 D1 0g (l ( )z/€)
VJ_EQ(D72) 1 1 Zh

T inGy [(D ~9).D-2 + p=g log (le(D — 2)2/0) 5

v, ¢2(D=2) ( 1 1 ) vV 2P=2) Nog (1.(D — 2)5/¢)
D—2
z

4rGN(D —2) \ 0P2 - AnGy o
2(D—2) _
B VJ_E log (lc(D - 2)Zh/£) (2.33)
47G N z,? 2

~10 -



Figure 3. Null segments on the boundary of Wi, = & N W. The four corners arise at the
intersection of neighboring segments of the boundary.

where V| ¢P~2 comes from the volume integral J dP~2z. Interestingly, part of the above
expression, namely the action contribution from the null boundaries, exactly cancels the
full bulk contribution (2.30). Notice that in the derivation we did not need to specify
the exact form of f(z) and therefore this expression is the same for the charge black hole
geometry which we study in the next section.

Now we consider the corner terms, which arise from the action

1
corner — d 2.34
A 87TGN//a S (2.34)

where Y is the corner locus (codimension two) and a is the corner integrand given by
k-k
a = +log ‘2 (2.35)

where k,k are outward directed null normals 1-forms, k - k = ¢®k,kp, and the sign is
determined by the particular corner [22, 50]. The inner product is easily computed:

22

f(z)

k-k=— (2.36)

N

and therefore for the corner terms we have

1 VJ_ 52 D=2 f(zz)
= . — 1 — 2.
8rG N /E; adS = sgn; 8GN <Zz> o8 ( 22 ( 37)

(2

where z; is the z coordinate at the corner 7. Since f(z) is zero at the horizon, one has to be
careful when computing the corner contributions there. We do this carefully in appendix A,

- 11 -



where we find that the sum of the four corner terms — one at the boundary, W~ N W,
and three on the horizon, W NH*, HTNH~, and W~ NH ™, as illustrated in figure 3—is
given by

1 VJ_ £2 D-2 EQ D-2
45 = —\5) lgot+|{_- ! , (2
8GN zi:/;a 5 47rGN[ (5) 08 +(2h) (9o +log zx) (2.38)

where

go = % {1#0 <Dl—1> - 1/10(1)] (2.39)
and 1y(z) is the digamma function given by 1o(z) = I''(2) /T'(2). For D > 2, gg is negative
(for example, for D = 3, go = —log2).

The full action is thus

v AD=2) ! 1 1 v, (HDP=2)

A L c L

TY=——-—1 —(D -2 - . 2.4
CL( ) 47TGN 0og <€ ( )) §D—2 Z}?_Q 47['GNZ}?_2 90 ( O)

Notice that the arbitrary constants appearing in the boundary and joint contributions
form a single dimensionless parameter [./¢ in the above formula. This suggests the natural
D-independent choice I./¢ > 1 since that would be enough to guarantee a positive volume-
divergent contribution for the subsystem complexity. However, this also implies that the
first correction to the positive divergent term in Cf(T ) is negative. As we will see this is
an important qualitative feature of this quantity. On the other hand, we might impose the
condition that the finite subleading contribution should be positive instead, in which case
then one would need to make £/l. > ¢/(D — 2) for some constant ¢’ and then the condition
would be dimension-dependent and less natural.

2.2.2 CVY(L)

In the spirit of the volume equals complexity conjecture, we would like to compute, for the
family of geometries we considered in the previous section, the volume of the maximal slice
bounded by ¥ and the HRT surface m(X). In the case at hand ¥ is the boundary region
t =0,z =0, and m(X) is the horizon z = 2, (where the coordinate ¢ is undefined). In this
case, due to the staticness of the metric in the exterior region, it is clear that the maximal
slice is just the ¢ = 0 hypersurface.

The extremal volume V is computed by direct integration:

Zh eD—l 1 Vv €2D—3 1 d
V= VMD—Q/ 25— =2 / Y (2.41)
Y B e
whose leading order value in the §/z;, expansion is®
D— () 1 11
V ~ vV, 2P3 [2( 5 32) VT [()fl‘l) 55t 5,32] : (2.42)
(D—-2) F(m) Zp -

5The following result is obtained after expanding the resulting integral

/z dy _ 1 \/1—1:D*1+(D—3)wF 11 D P!
yp-1/T—yP1  D-2 azb-2 20-2)"*'"|22D-1"D-1’

for x =1 and « = 0/2,, where 2Fi]a,b,c, x| is the hypergeometric function.
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so the corresponding volume complexity is

vV, 020=3 [ (D —3) val'(£) 11

1
+ :
Gyé |20D—2) T(5) P2 D—290-2

cV(L) ~ (2.43)

where £ is a length scale required to make the complexity dimensionless.

2.3 Charged black hole

In this section we repeat the analysis of the eternal black hole of subsection 2.2 for the
more general family of charged black holes characterized by mass and charge parameters
m, q and described by the space time metric

2 5 2 dz? 2,2
with
f(z) =1 —mzP71 4 22072 (2.45)

in Poincaré-like coordinates. The spacetimes in this family are duals of the thermofield
double state

) = 21/2 Ze n+uQm)/2|EQO>L|En, —Qm)R - (2.46)

We are interested in studying the subsytem complexity associated to the left (right) sub-
systems obtained after tracing out the degrees of freedom of the right (left) parts of the
Hilbert space. In this case the resulting reduced state is given by the density matrix de-
scribing a grand canonical ensamble, with temperature 7' = 87! and chemical potential
73

The metric (2.44) is the solution to the classical equations of motion derived from the
Einstein-Hilbert action in the presence of an electromagnetic field F},,, this is

1 1
— —_ — v
AL buik 167TGN/\/’9’(R 2A) 167rGN/V|g|F“"F . (2.47)

The energy momentum tensor sourced by the field strength is given by

1 1
Top = P (Fa“FﬁM - 4gaﬁFm/F'uy> . (2.48)
where A = —%# is the cosmological constant.

The solutions to the classical equations of motion for the metric (under the assumption
of flat boundary conditions) and the gauge field are given by [52]

2 2 dr? 2,2
ds® = —f(r)dt + 0] + rédrp_, (2.49)
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where

rr 7
f(r) = 2 D=3 + r2(D-3) (2:50)
and
D-2) ( 4 q
A, dxt = — 2.51
pda 2D —3) r}?*?’ D=3 dt (2.51)
where m and § are related to the ADM mass and charge via
. 167G M o 81GQ?
= = 2.52
"To-2v.e T T (-2 (2:52)

The metric (2.44) is obtained by changing the radial coordinate r to z = I2/r where
the parameters m, ¢% in (2.45) are related to m, ¢* via

~ ~2
m q
M = —5 57 2

The function f(z) has two positive zeros z4, where z_ is the smaller one. Since the
asymptotic boundary of this metric corresponds to the z — 0 region, the region outside the
horizon corresponds to z < z_ which implies that z_ is the horizon radius of this metric.
The existence of a horizon at z = z;, = z_, f(z5) = 0, establishes a useful relation between
2n, ¢, and m:

m = z,:t_D +q° z,?_?’ . (2.54)

In subsections 2.3.1 and 2.3.2, we compute the mixed state complexity associated to
the finite temperature and finite chemical potential density matrix describing the grand
canonical ensemble given by p = Z le BHTHQ) yia the CA and CV duality respectively.
The boundary temperature 1" and chemical potential u are given by

(D—-1) D=3\ o 2p-2) (D -2) D-3
T = Y =0/l C(2
Anzy, D—2)9 % and p = ¢ 2(D —3) 1 (2.:55)

The expression for T is derived from T' = —f’(z)/4m and the one for p can be deduce
from (2.51) by taking the  — oo limit of Ay. For the action calculation performed in (2.3.1)
we obtained a relatively simple answer

vV, (2(D-2) l 1 1 vV, 02(D-2)

A i c |
L)=———1log|(—(D-2 - Y
cw ArG N o (E ( )> op—2 D2 47TGNZi?72g(Zh) (2.56)

where g(zp,) is defined from the following finite limit

oten) = tim 1o (761 = ') [ 55} (257)

as explained in appendix A.

— 14 —



singularity singularity

CFTY, CFTR

singularity singularity

Figure 4. Penrose diagram for an eternal charged black hole. Wy, the intersection of the entan-
glement wedge associated to the left boundary £ and the Wheeler-DeWitt patch W associated to
the full boundary of the black hole, is shown in purple.

In fact this result is very similar to the one for neutral black hole (2.13), with the only
difference being the term g(z) and the explicit dependence of the black hole horizon zy
on the mass and charge parameters m, ¢°.

In terms of the field theory quantities the subsystem complexity for charged black holes
is given by

CA(L) = a(D) <5;/_2) catt — B(D)S + g(zn)S (2.58)

where the coefficients a(D) and b(D) are given in (2.15), and zj, is a complicated function
of the boundary quantities 7" and g which can in principle be derived from (2.55).

In section (2.3.2) we study the analogous quantity, CV (L) as given by the CV duality,
obtaining explicit expressions in two different regimes corresponding to near extremal black
holes where mz}?*1 =2(D —2)/(D — 3) and qQZZ(DJ) = (D —1)/(D — 3), and weakly

charged black holes where qQZZ(D_Q) < 1

2.3.1 CA(L)

The action evaluation required to compute the subsystem complexity C* follows closely
the steps laid down in subsection 2.2.1, although the Penrose diagram differs from the
uncharged case, as illustrated in figure 4. The integration region of interest Wy, = &L, N W
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is essentially the same, the only difference beging the functions we are integrating. Then,
for the bulk evaluation we have

1 1
—2A) — F, F* . 2.
Gy o, VIIE=2M = e [ VIE, (259)

AL bulk =

Taking the trace of the Einstein equation in the presence of the electromagnetic field leads
to the relation

2DA  D-—4
R=F— + 5 FwF". (2.60)

The term F),, F*¥ can be evaluated from the gauge field solution (2.51)

2

v q
F, F" = —2(0;A0)* = —(D - 2)(D — 3)m . (2.61)

This result together with (2.60) leads to the following simple expression for the bulk on-
shell action

(D —3\ 2 2p-2)\ D
ALbule = — an l2 \/ 1- — )7 d’z. (2.62)

As in the uncharged case it is convenient to use light cone coordinates u = t — 2*(z),
v =t+ 2*(z) where z* is the tortoise coordinate defined as

(2.63)

These coordinates can be used to construct the Penrose diagram of figure 4 and so they
naturally cover the region of interest Wr,.

For example, the metric takes the simpler form
£2

= [f(2)(—dt* + (d=*)?) + PdzD_s] (2.64)

ds* =

and the light rays which bound the causal region Wy, are given by t4(2) = £(2*(2) —2*(9))
where 0 is a UV cut off and

IGE

Once the integration region Wy, is delimited, one can explicitly integrate the perpendic-

2"(z) — 2%(0) = (2.65)

ular directions since they are independent of it. Doing so leads to a dimensionless volume
factor V|, and the remaining two-dimensional integral

_ (- AP /zh dz (o (D—=3\ 5 opa)) [ dE
-AL,bulk - 47TGN 5 ZD 1 D_1 qz s f(é—) . (266)

Notice that the ¢ integral in (2.66) is highly non-trivial while the z integral is much

simpler. To use this fact in our advantage, consider the integration region in the plane
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(z,€) and invert the order in which we perform the integration. The resulting expression
is then

AL bulk = — (D — 1)Vl£2(D_2) /Zh d§ /Zh E <]_ — (D _ 3) q222(D2)) .
’ 4rGN s f&Je 2P D—1

Let’s consider the z integral separately, which evaluates to

de (0 (D=3\ 502 _ €77 (1 1D, 2 D-3.D1, 2202
/5 ZD<1 (D_l)qz _D—l(l (z, a7 )T H+a € )

glfD
“D-1

(2.67)

f(&), (2.68)

where in the second line we have used the relation between m, z;, and ¢? (2.54). The exact
cancellation of the function f(¢&) for arbitrary values of m and ¢? is remarkable, and leads
to the following simple answer for the bulk action

VA2 1 1
AL bulk = TGN (D—2) \ 5D 2 z}?_Q . (2.69)

As explained in the previous section, the gravitational boundary contribution” in this case
is exactly the same that in the uncharged case and therefore is given by (2.33). This is

) veo-) 11 V2P Jog (1.(D — 2)5/¢)
L,boundary — 47TGN(D . 2) §D—2 Z}lL)fZ 47TGN oD—2
2(D-2) ] (D —2
Vit og (L . )zn/t) (2.70)
47G N D=2

“h
Similarly to what happen to the boundary calculation, the calculation of the corner terms
goes exactly as in the section 2.2.1, with the extra details from the appendix A. This

VJ_ EQ D-2 62 D—-2
Avomer = | = (5] oo (L) @ v | )

leads to

where g(z) is defined from the following limit

? dz
g(zp) = lim {log f(2) = f(zn / } 2.72
() = Jim Yoz (F(2) ~ () | 575 (2.72)
which as explained in appendix A is finite for generic values of ¢, m? but has an IR diver-
gence in the extremal case A.3.

The full action is thus

v (HP=2) l 1 1 v, AD=2)
Agpy _ VL leip _ _ L
Cp(T) = =G lo8 ( 7 (D 2)> LSRR 47TGNZ}?_29(Z}L). (2.73)

"We assume that the boundary conditions of the electromagnetic fields F, wv are such that they do give
rise to boundary terms on the null surfaces.
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2.3.2 CY(L)

To evaluate CV (L) we need the compute the extremal volume surface which asymptotes to
the boundary ¢ = 0 surface and the bulk minimal surface. The extremal surface is given
by the t = 0 hypersurface in Poincare coordinates, and the extremal volume is therefore
given by

Zh D—1
V = VJ_K(D_Q)/ dz% 1
5 F f(z)
dz

Z
/5 »D—1 \/1 — mzD-1 4 ¢2,2(0-2) ’

— Vv, D=3 (2.74)

We would like to evaluate this integral for arbitrary values of m and ¢ but were unfortu-
nately unable to do so. Nevertheless one can explore the finiteness of the volume answer.
Apart from the obvious UV divergence, the presence of poles in f(z) indicate potential
divergences in the volume integral. This is easy to do since we know the only real poles of
f(2) are at z = z1 and in the integration region we only encounter the z = z_ = zj, pole,
except when z4 collide with each other. That is the case of the extremal black holes for
which as we will see there is an IR divergence in the volume integral.

Let’s study the contribution of the integral in the region close to z &~ z,. First we want

F(2) 2 f(zn) + f'(z2n) (2 = 2) + " (z20) (2 = 2n)* + - . (2.75)

On the horizon we have f(z,) = 0, therefore if f’(2,) # 0 we will have a square root
divergence close to z = z; but a square root divergences integrates to a finite value, this is

Zh dz L= D zp,
14 3/ b / dz(zp, — 2)~1/?
n—Az »D— 1\/ f/ Zh Zh _ Z \/ f/ Zh ( h )
~ — lim L(zh — 2)Y/2 4 finite.  (2.76)

=z \/—f'(zp)

That means that for generic values of m, ¢? the integral is finite.
On the other hand for specific values of m, ¢ for which —f’(2;) < 1 but finite, then,
we would have a large contribution from the above integral which scales as

Vi~ —. (2.77)

This means that CV(L), diverges as 1/ VT as the black hole approaches extremality, since
T = —f"(zp)/4r.

Extremal black holes: however, for m, ¢* such that f’(z;,) = 0 we need to go to the
next order in the expansion and then

zn 1 D zn
V D/ dz R~ dz (2.78)

h—Az ZDil\/f”(Zh)(Z — zp)? V f” zh) Jzp Az ’z — 2|’
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which is logarithmically divergent. This is in fact the case for extremal black holes. One
can go one step forward and compute the coefficient of the logarithmic IR divergence in V'
by using the fact that f(z5) = f'(21) = 0 to show that f”(z5) = 2(D — 1)(Ds)/23:

22D €
- h log () + finite,, (2.79)
V2D -0 -2 *\a
where the integral is taken up to z; — €. For extremal black holes, we were unable to
obtain a closed expression for the volume, although its dependence on zj; can be extracted
since both m and ¢? parameters in dimensionless units depend only on the number of
dimensions D:

p-1_ 2(D—-2) 22(D—2):D—1

mz, =m0, q°z, D_3"

53 (2.80)

Therefore, the volume of the maximum volume surface in units of Gy& (where, again, & is
a length scale to make CV dimensionless) is given by

cV(L) = (2.81)

V £2D 3 /l—eh dx
GNEZP ™2 Jsizn D 1\/1 2D=2,D-1 4 D=l,2(D-2)
The leading divergent term coming from the lower integration point §/zp can be extracted

by integrating the region close to x = 0. This result plus the integration in the region
x = 1 leads to the following structure of the answer:

CV(L) B v, 2D=3 - Vv, (2D-3 (e)
-~ (D=2)GnEP2 (D —1)(D - 2)G P72 2
vier F(D 2.82
GreaD? (D) (2.82)

where F(D) is undetermined function that depends only on the number of spacetime
dimensions. Indeed one can evaluate the integral in a case by case basis, for example, for
D = 4 we obtain:

5 1—€/zp,
V(L) = VLEQ/ dx
GNEzjy Jsyzy @3V — 4ad + 3ot
Vi (1 \/5 1 \/Elog(e/zh)
=—\|= 1 —2)) =\ s —5— 2.
2G N E (52 Ty 328 (6(‘/6 >) 3 22 (2:83)
and for D =5
7 1—€/zp
V(L) = Vit 3/ dx
GNEzj, Js)z, x4/1 — 324 + 226
0 3log(6) 1
3GNE 2 z3 2 2
The undetermined function F(D) seems to have the structure

log(G(D))/+/2(D — 1)(D — 2).
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Weakly charged black holes: another regime in which one can have analytic control
2 2(D-2) 2(D-2) _

is ¢“z, < 1. In this case the horizon equation implies 1 — mzh Ly g2 h =0,
which means that we can write 'mz;? o1+ q2 2(0-2) and do an expansion in powers of

¢ 2y 2P=2) The integral of interest is

7 /1 dx
6/zn pD—1 \/1 _ mth—lxD—l + qzzi(Dﬂ)xz(D—z)
1
d
— / ° (2.85)

&/zn D1 \/1 — D-1_ qQZlQl(D—2)$D71(1 _ fog)

where we have factored out the z, dependence up to the divergent UV piece and the

. . 2(D-2
dimensionless parameter q22h( ),

Notice that one obvious concern in the previous equation is whether or not the pertur-

2(D—2)

bative expansion in q2zh breaks down in the region where x =~ 1. This is not the case,

since the denominator of (2.85) behaves as \/(1 — D1 (1 - B=34 Z(D 2)) in the r ~ 1
regime, and therefore the term proportional to ¢? is parametrically smaller for all .

At first order in qQZZ(D_Q)

the integral is
r_ /1 dx N QQZ}%(D 2) / I 1— LUD 3
"o VI 2y, AP
D=y VIGR) 1 P
2(D —2) 1‘(%) D —2§D-2
¢z "7 [(D —3)Val(£;)  Var D—f)]

+ Dh_l 2 r D+1 r D737
B T

(2.86)

and therefore the complexity of the weakly charged black hole is given by

oV = e [ (D —3) V(%) ( L D-2, D_3>

+ q°z
GnE |2(D—2) r(7257+11)) L2 D-1"

¢z~ V/Al(B=E) 1 1

(D=1 T(55=p) M) 5D—2] - (2.87)

+

Notice that this answer is given in a mixed expansion, in which we used the exact zj
and expanded the integral in powers of q22,2l, however a more consistent expansion would
consider also zp, = z}(L ) + 0z, where z}(LO) is zh(q2 = 0). It is interesting to note that in such

expansion the expression simplifies to

vieP=3 (D -3) VAl(52) 1

cV(L) =
(L) Gné& 2(D—-2) 1“(72(6’;211)) Z;LO)D_2
D-3
+qzz}(LO) Vrl (7_) " 1 1 (2.88)
(D=1) T(;535;)  (D—2)sP2 |
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In this form we see explicitly that there is a legitimate ¢ correction to the zero charge
case for the complexity which cannot be absorbed in the ¢ dependence of the new z; as
observed from (2.87).

2.4 Shock wave

An important motivation for the complexity equals action or complexity equals volume
proposals were their linear growth behavior at late times [16, 17, 53]. This observation was
more precisely stated in the CA duality by showing that for neutral black hole geometries
one indeed has

dA

pre
at large t7. In (2.89), the L.h.s. is obtained by fixing the time slice on the right side of the
boundary geometry tg = 0 and varying the left boundary time ¢7. The complexification

2M | (2.89)

growth of the pure state is associated to the growth of the part of the action that lies
behind the horizon. Since in the evaluation of subsystem complexity one only consider the
region outside the horizon one does not expect a similar statement to hold in that case. In
other words, the action associated to the region Wy N € is invariant under t;, — ¢y, + 6t.

Nevertheless, one can consider a small deviation of the black hole geometry by per-
turbing the system slightly in the past. This is equivalent to injecting energy into the
geometry in the form of a shock wave. In this case then the state is time dependent and its
complexification rate is expected to have the same late time behavior, and what it is more
it should present the expected time delay due to the injection of the shock wave [17]. In
this section we evaluate the subsystem complexity in this dynamical situation for a neutral
black hole with arbitrary asymptotic geometry. (To obtain the result for the flat boundary
geometry we simply set k to 0).

The metric we consider is

dr? 2 a2

f(T') +r d2k7D72 (290)
where dEi’ p_o is the line element of the boundary geometry which can be flat (£ = 0),
spherical (k = 1) or hyperbolic (k = —1).

To describe the geometry in the presence of a shock wave it is convenient to move to

ds® = —f(r)dt* +

light coordinates defined by

u = EE)-)

v = Fe b ) (2.91)
where the — sign corresponds to the region > 7, while + to r < r;, and 7*(r) is defined by
dr* = dr/f(r). The parameter 8 = 4x/f'(r). Notice that r*(r) decreases as r decreases.
If we fix 7*(0c0) = 0 then r* is negative everywhere else (in these coordinates the boundary
is located at r — o0). In particular, at the horizon r*(r) = —o0, leading to uv = 0.

The back-reacted solution of this metric in the presence of a shock wave in null coor-
dinates is given by

ds* = —2A(u, v)dudv + 12dQ3, o + 2A(u, v)hé (u)du? (2.92)
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where

2f(r)
wv(f'(rp))?
87 2GNM 12
flr)=k— (D—2)Zk,D—2 rD—3 + 2

A(u,v) = — and (2.93)

(2.94)

Here h ~ e%ﬁ(‘tﬂ_t*) is the shift produced by the shock wave, where —|t,,| is the boundary
time at which the operator dual to the shock W&VGQiS inserted. The back reacted energy
created by the shock wave scales with |t,| as E ~ el and ¢, = % log(/P=2/Gy) is the
scrambling time. Therefore, for |t,| < t. the effect of the inserted energy has not effect on
the geometry.

The net effect of the shock wave is to separate the Penrose diagram along the v = 0
region at which the shock wave has an important effect; however away from it the metric
looks the same as the original black hole geometry. The essential difference will be in the
way we glued the two sides together. Continuity of the v coordinate then implies that one
has to shift the two spacetimes along the v coordinates by an amount h.

The horizon of the new metric will be located at v = h as described by the original
metric and therefore will be behind that horizon region. The subsystem complexity of the
perturbed metric can then be computed using the unperturbed black hole metric but the
region of interest includes both exterior and interior regions. One can split that region in
two: one outside the black hole horizon and one behind the horizon using the additivity
property of the action. Since we are interested in the time-dependent term in the action
then we will only focus on the behind horizon region which as we mentioned gives the full
time dependence.

The full action is given by

1 1
= \/ —2A) + —— v |h| K
AL = TorGn /M 9I(R =28 + 5 /W L
1 1
+ Olog (I.|©]) dS + /aidS,- 2.95
ol IR > sar Js (295)

associated to the region given by &, N W of figure 5. The region (0.M)y represents the
boundary parts of the region £, MWW which are null, and their respective integral represents
the counter terms that renders the contributions to the null surfaces parametrization in-
variant.

We would like to start with the evaluation of the first term, the bulk space-time integral.
To perform this integral it is convenient to do a further change of coordinates (£, x) given
by £ = uv and x = u/v on which the unperturbed metric looks

A A€

Aas 2 792
e 16 + 5 dndx + 1% (2.96)

and the bulk integral is therefore given by

1 o ..d
[ VIds = 3mpea [ AP -2agY (297)

ds®> =
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Figure 5. Representation of the left and right entanglement wedges £ and £g in red and green
respectively, for an eternal black hole in the presence of a shock wave inserted on the left boundary.
In blue it is represented the associated WdW patch

The bulk region is then delimited by the surfaces £ = 1 (the singularity), £ = € (the horizon
when € — 0), v = h or equivalently y = £/v? = £/h? and x = u3/¢. Both A and r are only
functions of £ and therefore the y integral can be performed directly

1 1 ud/€ g
/ Vidlds = S / dg| A2 / &

g/m2 X
= 2?72 2/ rP=2 f(r)(log(uph) — log(§)) (2.98)

but from the definitions one has d¢/¢ = (4w /B)dr/f(r) then the £ integral turns into a
trivial integral on r where now the end points go from r =7, tor =0

[ Vil = £ <2i> [ P2 ogunh) ~ ogt) (2.99)

We are interested in the term proportional to the initial conditions and shock wave param-
eters, therefore we can ignore the log(§) term. In that case we have

D—-1
! /Vﬁw%am#%:—&wQ%Bmgwm (2.100)
167G N STG N2 27

22 (|tw|—tx)

27
. =t . . . .
Using ug =e# * and h ~e 8 this contribution turns into

1 Ypp_orP ™!
—20)dPr = - (| — 1) 2.101
s | VIR =20 = =2 |-t (2100
The second term in (2.95) leads to three boundary null surface terms which give zero

contribution to the action, for affinely parametrized null generators, and one timelike
boundary surface surrounding the singularity which we will compute as follows. First,
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the timelike boundary surface OM is given by £ = 1. Here K = %no‘ﬁa log |h| where the
line element associated to h is simply

AL
d82|§:cans = ﬁdxdx + ""QdE%D_Q (2102)

— r 7~2(D72) —_ T . . . .
and n® = ¢ /\/9ee, |h| = % and gee = % Simplifying the expressions

we get
VIR = mp-ar 2 (<) (2EE2 ) ostuoh) - og(©)
(2.103)

where the y integral was carried out from y = £/h? to x = u3/¢ as in the bulk case. Here,
& = 1 cancels the term proportional to log £ which we ignored for the bulk contribution.
Multiplying by 1/87G and evaluating the previous result on r = 0 gives us the boundary

(2= 1) a1 (2 st

- <g_;> Mty + [to] — ts) - (2.104)

contribution to the complexity which is

1
VIhlK

87TGN M

The calculation of the third term in (2.95) goes exactly as in (2.2), in other words, the null
surfaces at the black hole horizons do not contribute and the null surfaces that hit the future
singularity do contribute but it does it so that the full contribution is time dependent. The
reason is that one can parametrize such integrals with the affine parameter A = —¢/z which
runs from zp to oo and it is independent of the enlargement of the black hole interior due
to shock wave.

Finally we will focus on evaluating the terms coming from the corner contributions
obtained at the intersection of light-like surfaces as the ones appearing on the horizon.
The corners appearing on the singularity surface do not contribute as the volume factor
goes to zero as r — 0. The calculation goes in the exact same way as in the evaluation of the
corner contributions of the subsystem complexity for neutral black holes of section (2.2).
The only difference here is that the regularized corners lie behind the horizon region and
the individual contributions have a slightly different form in the (¢,7) coordinates, which is

/ adS = —sgn; Zk7D_2TD72 log <_f(7")> . (2.105)
)

cC

Here, as described in appendix A, we add and subtract the corner term appearing
at the intersection H+ N H~ and rewrite the differences of the corners in terms of the
logarithms of uv products, leading to

N _ D-2 _
1 Z/ a;dS; = “k, D=2y [log (ug h) — log (€4 €,) + log (M)}
i I a

cc

(2.106)

— 24 —



where ¢, ¢, is the regularized radial coordinate lying at the intersection of the light sheet
u = ¢, and v = ¢,. The last two terms in the ¢,, ¢, — 0 limit gives a finite contribution
which is independent of the parameters ug, h and therefore we ignore them here. Notice
however that these contributions could lead to divergent terms as the ones we found in
previous calculations but those terms would not be time dependent. The time dependent
piece is given by

8 167G N

1 Z}mD_QT,?fQ ,
e S| @dSi = T2 ) (tr A+ [l — ) (2.107)
N s,
. o 2myy 27 (|t | —ts)
where we have used the relations ug = e # " and h ~ e 8 .
Adding up all the pieces one gets

CAL) = 2M (tg, + |ty,| — t.) (2.108)

and therefore at large t;, we reproduced the late time complexification rate for subsystem
complexity with the proper time shift due to the switchback effect [16, 17]. Indeed, this
effect provided important evidence for the CA and CV conjectures, which in the context
of pure state complexity was tested even in the presence of multiple shock waves [17, 54].
The result for the complexification rate is then

dCA(L)
dty,

=2M (2.109)

for large tr..

3 Measures of mixed-state complexity

In the previous section, we calculated the volume and action quantities CV and C* for
thermal states of holographic systems. In the spirit of the CV and CA conjectures, we
would like to relate these to some notion of complexity for mixed states. Therefore, our
first task is to come up with measures of complexity for mixed states. We will find that
there are many ways to define such measures, and it is not straightforward to determine
the relations among them. This is perhaps not surprising, as a similar situation obtains
for entanglement in bipartite mixed states; many different measures have been defined
(entanglement of purification, entanglement of formation, entanglement of distillation, log-
arithmic negativity, and so on), and determining how they are related to each other is far
from straightforward.

In subsection 3.1, after reminding ourselves of the relevant notion of complexity for
pure states, we define several measures of complexity for mixed states. In subsection 3.2,
we estimate the values of these measures in thermal states, in particular their dependence
on temperature, using intuition from tensor networks. Then in subsection 3.3 we compare
these estimates to the values of CV and C* obtained in section 2. We find that one of our
proposed definitions matches well (to within the precision of our estimates) the behavior
of CA. We thus arrive at a concrete and well-motivated subsystem CA conjecture. On
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the other hand, we do not find a match between CV and any of our proposed complexity
definitions. In subsection 3.4, we briefly explore other possible approaches to defining
mixed-state complexity, but again fail to find a plausible match to CV.

It is worth reiterating that almost all of the mixed states we consider in this paper
are thermal (i.e. Gibbs or generalized Gibbs) states. This is both an advantage, as it
gives us a handle on estimating their complexities that we would not necessarily have for
general states, and a limitation. In particular, these states are static, eliminating the whole
issue of time dependence, which was central to the development of the original CV and
CA conjectures [15, 17]. To further test and explore our subsystem CA conjecture, it will
be important to study other types of subsystems, in particular those in time-dependent
states. We took a small step in this direction in subsection 2.4 where we studied subsystem
complexity for a time-dependent shockwave geometry.

3.1 Proposed definitions

We begin with simplest notion of pure state complexity. This definition has three ingredi-
ents: a reference state, a set of allowed gates, and a tolerance. The complexity of a target
pure state is defined as the minimum number of gates from the allowed set needed to take
the reference state to the target state up to the specified tolerance. The notion of tolerance
has considerable freedom in it. We could require that the target state and the evolved
reference state are close in trace norm or we could demand that they have approximately
equal expectation values for some operators or any of a myriad of other measures. Let us
denote this measure of pure state complexity, for some fixed set of choices, by C. We note
that some pure state schemes which are particularly adapted to the problem of field theory
complexity have been explored recently [55-57].

To approach the problem of mixed state complexity, we begin by making some prelim-
inary remarks. First, note that the definition of C made no reference to ancilla, meaning
that we implicitly fixed the number of qubits and only allowed gates to act on those qubits.
However, one could also consider notions of complexity with ancilla included. We could ei-
ther allow no ancilla, allow ancilla but require them to return approximately to their initial
state, or allow ancilla with arbitrary final states so long as the target state is approximately
obtained. These definitions are not all equivalent, although it is not clear under what con-
ditions they differ substantially. We will assume, as above, that the definition of pure-state
complexity does not allow ancilla even at intermediate stages.

Second, observe that there is a potential distinction between mixed states and subsys-
tem states (which may of course still be mixed). A complexity measure for mixed states
must be applicable to any mixed state without reference to any other system. However, a
complexity measure for subsystem states could depend on the state of the whole system as
well. It is not obvious which notion is relevant for holography, but we proceed by thinking
about mixed states without reference to a fixed purification.

Third, we will demand that our notion of mixed state complexity reduce to the pure
state definition when the state is pure. This seems trivial, but it turns out to restrict the
kinds of operations we can consider, e.g., we cannot allow ancilla in the mixed case unless
we also allow them in the pure case.
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With the above issues in mind, we now present two approaches to defining mixed-state
complexity. Our analysis is complementary to some discussions in the quantum information
literature [58].

Purification approach: the simplest definition of mixed state complexity is phrased in
terms of minimal purifications. Given a mixed state p on n qubits, an initial state |0...0),
a set of allowed unitary transformations G, and a tolerance €, the purification complezity
Cp of p is defined as the minimum number of gates from G needed to transform the initial
pure state plus an arbitrary number of ancilla qubits initialized into the state |0) into a
purification of p up to tolerance e. Ancilla may only be used if they are entangled with
the n qubit system at the end of the process. This is an important restriction if we are to
recover the ancilla-less definition of pure state complexity (to recover a pure target state,
all ancilla must be unentangled with the system up to the tolerance). Roughly speaking,
this definition may be summarized as the pure state complexity of the minimum complexity
purification of p where we use only essential ancilla.

A few additional comments are in order to clarify our hypothesis for the nature of
the essential ancilla. If the goal is the minimize the use of ancilla, the first step would be
to restrict the system plus purifier to be defined on no more than double the number of
degrees of freedom of the original system. Moreover, when the system state is pure, then no
ancilla should be used. Since the basis of the purifier state has no restriction placed on it,
it is natural to suppose that the number of ancilla qubits is proportional to the entropy of
the system state. For example, there is no need to embed the order e® states of the purifier
that are entangled with the system into the larger UV Hilbert space for the purifier.

Spectrum approach: another way to think about complexity for a mixed state is to
break the problem of creating the state into two parts: creating its spectrum and creating
its basis of eigenstates. Given a mixed state p, an initial state |0...0), a set of allowed
unitary transformations G, and a tolerance €, we define the spectrum complexity Cg of p
as the minimum number of unitaries from G needed to transform the initial state plus
ancilla into a state whose partial trace has the same spectrum as p and such that all
ancilla are entangled with the original system. Since p has the same spectrum as itself, in
general Cg < Cp.

Defining the complexity to construct the basis of eigenstates is harder. We could try
to define it as the minimum number of unitaries needed to transform the initial state
plus ancilla into a state whose partial trace has the same basis as p. However, since the
maximally mixed state has the same basis as any state p, it would follow that the complexity
to construct the basis of any state p is upper bounded by a fixed number independent of
p of order the number of qubits.

We will therefore suggest two other definitions of basis complexity. First, since Cg <
Cp, we could define the basis complexity as their difference:

Cg:=Cp—Cg >0, (3.1)
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Figure 6. Illustration of measures of complexity defined in the main text. Roughly speaking, Cp is
the minimum number of gates required to go from the reference state to the target state p. Among
the states with the same spectrum as p (blue region), the one that can be obtained with the fewest
gates starting from the reference state is called pspec, and the minimum number of gates is Cs. Cy
is the minimum number of gates required to take pspec to p. Cp (not shown) is Cp — Cg, and by
the triangle inequality this cannot be more than Ci. (More precisely, to go from the reference state
to some mixed state such as p or pgpec, we first add an arbitrary number of ancilla qubits to the
reference state and then act with the gates to obtain a purification of the mixed state, in which all
ancilla are required to be entangled with the original system.)

i.e. roughly the extra work needed to get the basis right. Note that it is not really clear
whether the effort is exactly additive in this fashion, e.g. it might be roughly as hard to
prepare just the spectrum as to prepare the whole state.

Alternatively, we could define the basis complexity by starting with the minimal com-
plexity state pspec With the same spectrum as p, and then finding the minimum number of
gates needed to change pgpec into p. This is always possible precisely because p and pgpec
share the same spectrum. We denote this notion of basis complexity by Cp.

As usual, it is not clear how C and C B are related in general, but since Cp < Cg + C B
(because reaching p via pspec is one possible circuit) it follows that

Cp > Cp. (3.2)

For a pure state of complexity C, it is easy to see that Cs = 0 while Cg = Cp = C.
Thus, in some sense, the basis complexity (with either definition) is the analogue of pure-
state complexity, while the spectrum complexity is a new feature of mixed states. These
various definitions are illustrated in figure 6.

3.2 Expectations from tensor networks

To give a sense of these definitions and how they behave in a field-theory context, let
us imagine applying them to a chaotic spin chain whose low-energy physics is described
by a strongly interacting conformal field theory which has central charge larger than one
and is chaotic. Below, these expectations will be compared with the results of holographic
calculations. To fix notation, suppose that the model consists of n qubits with Hamiltonian

~ 98 —



H. The Hamiltonian has energies E; and eigenvectors |i). Throughout we consider the

—H/T We focus on the two extremes: T = 0 and T = oo.

thermal state, p xx e

At zero temperature, the ground state has approximate conformal invariance. Assum-
ing it has a renormalization group circuit which prepares the ground state, e.g., a MERA-
like circuit, the pure-state complexity of the ground state is of order n, say C(T' = 0) = kn.

Since the state is pure, it has trivial spectrum and we find

T=0: Cp=kin, Cs=0, Cg=Cp=FKkn. (3.3)

At infinite temperature, the thermal state is a maximally mixed state. In this case
one finds
T=00: Cp =Cg = kon, Cgp=Cp=0. (3.4)

These statements follow because any state with the right (uniform) spectrum is automat-
ically the right state, and because the maximally mixed state can be prepared with order
n gates using n ancilla.

Based on these two limits, we can make a minimal guess for the temperature depen-
dence of the various complexity measures. We observe that Cp need not depend strongly on
temperature, although of course it could have some temperature dependence. Meanwhile,
Cs should increase while Cp and Cp should decrease as a function of temperature, although
again we obviously cannot rule out non-monotonicity. Furthermore, it seems reasonable to
suppose that Cp and Cp are of the same order for all temperatures.

We can use intuition from tensor networks to be a bit more specific about the form of
these complexities at intermediate temperatures. If we imagine that the minimal circuit
which prepares a purification of the thermal state has two pieces, one which prepares the
spectrum and one which prepares the basis, then it is natural to guess that

Cs ~ alS (3.5)
where S is the thermal entropy and
CBNéBNkln—ﬁS. (3.6)

In a MERA-like circuit, these behaviors come from two distinct effects: (1) The spectrum
must be prepared, and if the spectrum may in some sense be approximated as Bell pairs,
then the complexity should be roughly proportional to the entropy. (2) The basis must
be prepared, but whereas the ground state has long-range correlations, the mixed state
has shorter-range correlations, so less of the renormalization group part of the circuit
is needed. Counting gates shows that the reduction is also roughly proportional to the
entropy. However, it is not clear how the coefficients a and 8 compare or how they depend
on temperature, e.g., due to logarithmic factors. Hence it is not clear at this level how

Cp =Cs+Cp ~ kin + (o — B)S depends on temperature.®

8It’s worth noting that we have good reason to believe the TFD state is not the minimal purification.
Specifically, to use the basis and spectrum language, the TFD has many “useless” gates that adjust the
basis of the purifying system. This basis change does not effect the state of the original system, hence it is
non-minimal.
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3.3 Comparison to holographic calculations

We now compare our various definitions and expectations to the holographic computations
described above. For simplicity, we focus on the uncharged eternal black hole in any
dimension. In the thermofield double state we found that CA generically predicted either
(see (2.6))

2CA(p) > CA(|TFD)) (subadditive) (3.7)

or
2CA(p) < CA(JTFD)) (superadditive) (3.8)

while CV predicted (see (2.3))
2CV (p) = CV(|TFD)). (3.9)
The relation between these quantities and the entropy was
Crp)~n=+S (3.10)

(see (2.13)) and
cVp)~n+S5. (3.11)

(see (2.43)). Here n stands for V| /6P~2 (the volume of the CFT in cutoff units), we have
dropped logarithmic divergences, and we only care about the sign of the coefficient in front
of the S terms (in D = 3 the coefficient of S in the volume is exactly zero).

Are any of the quantities Cp, Cg, C, and Cp consistent with CA? Suppose first that
C? increases with temperature and is subadditive. Then the temperature dependence rules
out interpreting it as Cg or Cp because we expect the latter to decrease with temperature.
Under the plausible assumption that the spectrum can be prepared without preparing the
whole UV of the field theory, it follows that C* can also not be interpreted as Cg since
the former is UV sensitive. Moreover, Cg does not reduce to the pure state definition of
complexity. On the other hand, Cp does appear consistent with our expectations and the
CA results. In particular, if we think of Cp as roughly the cost of the spectrum plus the
cost of the basis, then because we must prepare the spectrum twice when preparing two
copies of p but only once when preparing |TFD), it follows that 2Cp(p) > C(JTFD)) which
corresponds to a subadditive C*.

Now suppose that C* decreases with temperature and is superadditive. Again because
of the UV divergence, the spectrum complexity is not a good match. The purification
complexity is also no longer a good match since it should be subadditive. However, the
basis complexity is now a better match. In particular, the basis complexity should decrease
with temperature and be superadditive. This is because the TFD complexity should be
roughly the spectrum complexity plus twice the basis complexity of a single side (for the left
and right sides), hence it should be greater than twice the basis complexity of a single side.

What about C'V? For similar reasons to the superadditive CA case, Cg, Cp, and Cp are
ruled out. Interestingly, Cp is also ruled out since we have 2CV(p) = CV(|]TFD)). Equality
here is inconsistent with our previous story about basis plus spectrum unless the cost of

the spectrum is zero.
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A similar analysis can be applied to the case of charged black holes. For weakly or
moderately charged black holes, we find that, within the precision of our analysis, C*
can be qualitatively matched to the purification complexity or the basis complexity. The
extremal limit is an interesting further probe of complexity/geometry duality, since we find
that both measures diverge there. It will be interesting to explore the possible physical
significance of this divergence in the future, since it seems unexpected from the point of
view of boundary complexity.

3.4 Other definitions

The conclusion of the preceding analysis is that CA duality appears consistent with the
Cp definition of mixed state complexity. By contrast, CV duality cannot apparently be
consistently interpreted in terms of Cp unless our analysis in terms spectrum and basis is
very misguided. However, this analysis is corroborated in its broad outlines by a tensor
network picture of the thermal state. Confronted with these conclusions, we now expand

the discussion to include other possible definitions of complexity.

Open system approach: given a mixed state p, an initial state pg = |0...0)(0...0],
a set of allowed quantum operations’ G, and a tolerance €, the open system complexity
Co of p is defined as the minimum of number of operations from G needed to transform
the initial state into p up to tolerance, ¢ say in trace norm. Formally, the open system
complexity Co is the minimum number such that

P e (I)Co ©---0 <I>1(p0) (312)

where ®; € G. We could obviously modify this definition by weighting elements in G
differently, by adjusting how the tolerance is defined, or by changing the initial state. Note
that even if p is a pure state, it is possible that by allowing general quantum operations,
as opposed to just unitary transformations, some states could be reached more quickly.
Since allowing more general quantum operations, i.e., unitaries acting also on ancilla,
does not reduce to the ancilla-less definition of pure state complexity, it follows that Cp
can give different results than C when applied to pure states. It is not clear to us if the
results can be vastly different, but we do know of cases where there is some difference. For
example, in the context of quantum many-body physics, it is known that a Chern insulator
ground state cannot be prepared by a finite depth circuit without ancilla, but two copies
of a Chern insulator ground state (really a copy and a conjugate copy) can be prepared by
a finite depth circuit. Here the inclusion or not of ancilla makes a substantial difference.
From the perspective of holography and tensor networks, it seems to us that ancilla
have generally not played a role in the discussion. In other words, the general point of
view has been that complexity should be defined with respect to the intrinsic resources
of the system and should not make reference to auxiliary degrees of freedom. From this
point of view, it makes more sense to think of the purifying system as physical, i.e., as
instantiated in the rest of the geometry, instead of merely as ancilla used to apply more

9Formally, by quantum operation we mean a completely positive trace-preserving map.
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general quantum operations to a state. One concrete difference between the two points of
view is in terms of whether or not we can act repeatedly on the ancilla.

Ensemble approach: an alternative point of view on mixed-state complexity arises
from the fact that a mixed state can be written as a convex combination (i.e. ensemble) of
pure states:

p= Zpi|¢i><¢z’| - (3.13)

We can thus define the ensemble complexity of p as the corresponding convex combination
of complexities of the elements |¢;), minimized over ways of writing p as an ensemble:

Ce(p) = min > p;C(|¢s)). (3.14)

ensembles £

{pirldid} 2
Note that the eigenbasis of p is only one possible ensemble, and may be far from the
minimal one. Furthermore, the states in a given ensemble need not be orthonormal, e.g.,
they could be overcomplete.

This ensemble-based definition seems qualitatively different from the other definitions
given above, although we can relate it to them in some cases. It does have the virtue of
reducing to the pure state complexity when the state p is pure. One reason for considering
this notion of complexity is that none of the other options we considered seemed to be a
very good match for CV. As we will explain below, however, Cg is roughly consistent with
CA, but it also does not seem very well suited to CV.

What are our expectations for Cg within the spin chain model considered above? At
zero temperature it should agree with Cp which is just the pure state complexity of the
ground state. At infinite temperature the minimal complexity ensemble is simply the
ensemble of product states. Hence we have

T=0: Ceg =kin (3.15)

and
T=o00: Cpxn. (3.16)

If we tried to match these expectations to CV duality, we would be faced with the
unusual conclusion that the ensemble complexity of the thermal state is always exactly
equal to the complexity of the thermofield double state for all temperatures. While we are
not aware of anything ruling this out, this seems unlikely to be true. For example, we can
definitely find models, e.g., models with a trivial tensor product ground state, in which Cg
is strongly dependent on temperature.

3.5 Bounds on subsystem complexity

The ensemble approach seems to have certain advantage over the other definitions, as it
seems more tractable to explicit evaluation. To illustrate this point we compute a bound
on the ensemble complexity (relative to the ground state) following the work of [59]. For
some work towards defining complexity in quantum field theory see [56, 57, 60, 61]. In [59]
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the authors argued that the relative pure state complexity (which refers to the minimun
number of gates required to take the vacuum state to any other pure state) associated to
the coherent state |re??) = e~rere’al |0) is given by

C(|7“ei9>,|0>) = r(|cos | + |0||sinb]), (3.17)

where af is the creation operator associated to a single simple harmonic oscillator system,
and 6 is an angular coordinate with range in [—m, 7).
We would like to make a slightly weaker assumption and propose the formula

C(|re”),10)) = rf(0) (3.18)

where f(0) is undetermined, and use this simple result as a way to illustrate a simple way
of finding useful bounds to the ensemble complexity. This requires knowledge of a formula
for the pure state complexity as a well as a good candidate of low complexity ensemble.

We would like to illustrate this in the simplest example of a single harmonic oscillator
system as well as its generalization to free quantum field scalar theory.

3.5.1 Single oscillator

Consider a single oscillator mode of a quantum mechanical system with Hamiltonian
H = wpa'a (3.19)

where [a,al] = 1. We would like to bound the ensemble complexity associated to a thermal
state pg = e P where B = 1/T is the inverse temperature.
The thermal state, which one would normally write in the Hamiltonian basis {|n)} as

ps =5 3 e n)nl (3.20)

n

with Z = 1/(1 — e~ ##0), has an equivalent decomposition in terms of the normalized
coherent states |re?) which are obtained from the vacuum by local unitary transformations
and therefore are of relatively low complexity. Indeed, it is easy to check that pg is also
given by

A A ,
ps="— /d@drre_Ar2|rew><rew] (3.21)

with A = €0 — 1, using the relation

n ,ind

0y _ —1%/2 — "€
|re’) =e z% N |n) . (3.22)

This ensemble then represents a relatively low complexity ensemble whose complexity

can be used to bound our ensemble complexity Cp. That is, given

CE = minensemble szc(’(bz» (323)
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therefore

A .
Cp < — /dﬁdr re_ATZC(|7“ew>) =cb. (3.24)
v

We would like to estimate the value of the upper bound on Cg, C%, using the formula for
the pure state complexity of coherent states given by (3.18). However, we don’t have a
formula for C(|re??)) but instead for C(|re?),|0)), therefore we obtain a bound on ACg
defined as'®

ACE = minengemble ZP@C(|¢1>7 ’0>) (325)

1

and which we denote as AC%. This is

Act, A<ffff<9>) /dmgeArQ _ (Jf%))

- 1/2
— (f Zf};(-e)) <1 —~ 6_[30_,0) ~ <n>1/2. (326)

One can try relate this answer with the thermodynamic quantities for the single oscil-

lator
1 e~ Pwo
=i M =T (3.27)
and
S = —log(1 — e %) + Bup(n). (3.28)

This is more naturally achieved in the two extreme cases of low and high temperatures:
for low temperature ACY ~ e=0/2 and S ~ (Bwp)e <0 therefore

ACY ~ 512 /(1og(S))Y/2. (3.29)
Similarly for high temperature AC% ~ 1/(Buwo)/?, while S ~ —log(Bwy) and therefore
ACE ~ /2, (3.30)

3.5.2 Free scalar QFT

The field theory estimate proceeds from the oscillator discussion by considering many a’s:
an ag for each spatial momentum k. In this simple case one simply adds the contribution
for each k, so

ety = [T 30 P ) gy e ™ok, (3:31)
R i Ve s

10A similar quantity called complexity of formation was central in the discussion of [18].
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We see that this is just a product of the coherent states of the previous case for each
momentum k;. If one writes pg = [, pfj then (3.21) holds for each pfj with r — ry,
and 0 — 0y, and therefore would also hold for its product, leading to the full thermal
density matrix.

Its complexity, which is linear in the parameter that appears in the exponent, will be
given by the sum of the individual complexities since there does not seems to be a short
cut even in this case:

C(Irze8),10) = ", £ (Or,) - (3.32)

ki

Therefore an upper bound on the mixed state complexity is given by

0f(0 ~pon, \
ACH =" 11, £ (O, )P, :/d ;75 )Z (i _[Mi) , (3.33)
ki k

e

i

Consider a system of relativistic particles so wy ~ |k| (in this limit the theory becomes
conformal), then going to the continuum one has

b VQD 2 e O V2V TP o et D
ACY ~
0

\/5 smh1/2(ﬁk/2) W%F(%) sinh'/? &

dr  (3.34)

where V is the spatial volume, Qp_» = 27(P~1/2/T((D—1)/2) is the volume of the (D —2)
dimensional sphere. In the last integral we made the change of variables x — Sk/2, and
noticed that the integral is finite for all values of D > 2, so we removed the cut-off, taking
A — oo. The numerical value of the integral can be evaluated case by case, for example

for D = 3 it takes the value 7log(2)/v/2.

4 Discussion

This work analyzed various holographic proposals for subsystem complexity and compared
results for eternal black holes to various qubit-based proposals for subsystem complexity.
Simple tensor network models were used to develop intuition for the behavior of these
measures in a strongly interacting system of qubits which might be expected to reasonably
model the gross features of a holographic conformal field theory. While CA duality could be
reasonably matched to the purification complexity or the basis complexity, we found that
CV duality was somewhat in tension with the various proposals we considered. This tension
arose in part because CV duality requires that subsystem complexities be superadditive
with respect to the total system complexity. If the action is defined so that the UV divergent
terms in CA are positive, then we found that the basis complexity is the best match for CA.

One interesting direction for future work is to search for other measures of complex-
ity that might be better matched to CV duality; alternatively, one could try to modify
CV duality, e.g., by including new contributions localized at the RT surface in the bulk.
Another interesting direction is to try combining the notions of mixed state complexity
studied here with more field-theoretic notions of pure state complexity. While we were
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able to draw some conclusions about the way different spacetime regions contributed to
complexity, for example, the interior contribution in CA duality being associated with the
spectrum preparation, there is still much more to learn about the way subregions influ-
ence the state complexity. It would also be very interesting to further explore holographic
subsystem complexity in time-dependent situations, especially its covariant aspects.
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A Corner terms in subsystem complexity

In the complexity equals action prescription it was argued that spacetime regions lying
between null sheets give rise to additional boundary terms whose contribution to the action
has the following form [50]

1
corner — d Al
A 87TGN /E’ adS ( )

where Y/ is the corner locus (codimension two) and a is the corner integrand given by
k-k

The sign depends on the causal relation between the region of interest (for the purpose of
the action evaluation), the null sheets defining ¥, and ¥'. The normals k, k are the tangent
vectors to the null sheet. Parametrizing the sheets by A = —¢/z for a future boundary the
region and A = £/z for a past boundary. Given the metric

, P o 2 27 2
the inner product between normals is therefore
1. - 22
Zkok=_~2_ A4
T .
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Figure 7. Null segments on the boundary of Wy, = &, N W. The four corners arise at the
intersection of neighboring segments of the boundary.

and therefore for the corner terms we have

1 _osgn Vo (42 b2 2 f(z)
STG N /E; adS = — STG N <z,> log 22ce )’ (A-5)

where z; is the z coordinate at the corner 3.

In this appendix we study these corner terms as they appear in the subsystem com-
plexity evaluation for the cases of charged and un-charged eternal black holes as the ones
studied in sections (2.3) and (2.2) which have precisely the form (A.3) with

f(z) =1 —mzP71 4 22072 (A.6)
for the charged case, and
fz) =1~ (2/z)"7" (A7)

for the uncharged one.

In that evaluation we have 4 corners: one on the boundary W~ N W™ and three on
the horizon W N HT, H* N H~ and W~ N H~ as illustrated in figure 7

A challenge posed by (A.5) is how to evaluate those expressions at the horizon, since
they diverge at that exact location. Our strategy is to approximate the contribution from
the surfaces lying on the horizon by approaching null surfaces. In that case the surface terms
give zero contributions and the corners can be evaluated using (A.5). Once a regularized
answer is obtained we expect to get a final finite result in the limit in which the surfaces
approach the horizon. We will explain in detail such evaluation
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First, let’s consider a coordinate system in which the null surfaces are easily described.
This can be achieved by the w, v null coordinates defined as

u — o) ()HD)2

v = —el e ()12 (A.8)

for z < zp left side of the exterior horizon region, and

u = el ()" (2)+1)/2

v = ol e ()12 (A.9)

for z > zp, which covers the future of the inside horizon region. Similar coordinate patches
can be defined for the other two regions to cover the full geometry of the eternal black hole.

The coordinate z*(z) approaches a constant at the boundary and grows arbitrarily to-
wards the horizon. If one fixes its boundary value to zero, this is z*(§) = 0 then the product

/ * 1 - (5,
ww = —ef GrFE)  satisies, uw = ‘ (A.10)
0 z=2zp.

since f'(zp) is negative. We assume that f’(z) is smooth and different than zero in a
neighborhood of z = zp; we will comment on the extremal charged case later on.
Since the left future and past horizons H'™ and H~ corresponds to the surfaces v =

1 and

0 and u = 0 respectively, we would like to consider instead the surfaces v = ¢,
u = €, as the surfaces that approach them. Assuming that the boundary corner W' N
W~ corresponds to the coordinate (ug,vp), then the three near-horizon corners will be at
(up, €v), (€u,v0) and (€, €,) which are associated to three different radial coordinate points
which we denote 2y ¢, , Ze,,vo and Ze, ¢, respectively. All these points have been regularized
and depends on the regularization parameters (e, €,) as well as the physical information
contained in ug and vy.

Even though we don’t know how to obtain the explicit function z*(z) for general f(z)
and then the relation between the z coordinate and the parameters ug and vy, one can find
useful relations between them by using the equation

log(~uv) = f'(z1)="(2) (A.11)

which is equivalent to (A.10).

Notice that the way the corner contributions were derived in [50] was to guarantee the
additivity property of the action formula. Therefore, it is interesting to check what does
that imply to the regularization of the horizon surfaces as the one we proposed before. An
obvious requirement is the following.

Consider a spacetime region that crosses the horizon at v = 0 and divides the region
in two on the horizon with corners at u; and us. The additivity property of the boundary
tells us that the regularization should be such that the corner terms on opposite sides of

"Here ¢, is negative.
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the spacetime boundary regions cancel each other. That is, a given corner on both sides of
the horizon comes with opposite signs and in principle, different regularized v coordinates,
which we called €, and €, where ¢, is the one associated to the surface outside the horizon
and €, the one behind the horizon. A pair of corner contributions for a given u are

log <f(z2f”)) “log (_f(;i“)> (A.12)

where both 2z, ~ 2, and zy, ¢ ~ 2,. Then a reasonable requirement that makes this

proportional to

combination vanish would be

f(zu,eu) = *f(zuﬁ;) (A'l?’)

which implies a precised relation between ¢,, €.

However, this is a very strong and unnecesary constraint as the following manipulation
shows. First, notice that the corners created in this way come in pairs so we can required
instead the cancellation of the following combination

IOg (f(zu;,e,,)) . IOg <f(2u§,ev)> . lOg <_f(zg1,e;)> + lOg <_f(zlztz,€;)> (A14)
h Zh “h “h
and the difference of logarithms on a single side of the horizon can be simplified as follows:

U1,€y U2, €y Fupev , , Zuj,en

= f/(zh)(Z*(ZuLev) - Z*(ZU2,ev))

= log(—ui€y) — log(—u2ey) (A.15)

where we have used the fact that the derivative is smooth around the horizon. The result
of (A.15) is independent of the regularization, as long as the regulator is small and z ~ zj,.
This makes the corner terms to cancel without the need of fine tuning the regulators outside
and behing the horizons. Additionally, this constrains the form of the term

log (f (zg’”)) (A.16)

h

as long as z = zj. To derive the constraint, notice that when v ~ —|e,| — 0 the difference
in (A.15) has no divergence as can be seen from the r.h.s. of that equation. In that limit
the full dependence on u of (A.16) is logarithmic. Similarly, if one starts instead with a null
surface u = ¢,, with ¢, small one obtains the same conclusion, but now on the dependence
on v. Combining these two limits one concludes that

log <f(?2“})> = log(—uv) + F(zp) (A.17)

h
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for z &~ zj,. So the function F on the r.h.s. of (A.17) which is cancelled in the differ-
ence (A.15) has to be independent of both u and v, so it would depend only on zj. Fur-
thermore, this means that in the z — 2, limit, the divergence structure of the Lh.s. of (A.17)
is completely given by log(uv) as uv goes to zero.

One can obtain the value of the function F'(zp) via

Fiaw = 1y (s (20 - a2 a9

Z—rZp

However, this computation requires the exact function z*(z) which we know only for the
uncharged black hole of section (2.2).
Nevertheless one can write a formal expression for the sum of the corner terms as

Z/E a;dS; = — Zi:sgni V. <§>D2 log <f(;)> (A.19)

(]

() el )
() ) (5) ()

adding and substracting the corner term at H™NH ", one obtains two pair of corners which

-V,

(A.20)

can be expressed in terms of differences of simple logarithms as in (A.15), leading to

o\ D—-2
;/E; a;dS; = =V (ﬁh> {log (—uovo) + log (ﬂzg%ﬁv)) — log(—euev)}

_ (E;) D2 og <f§;$)>] | (A.21)

In the €,, €, — 0 limit we can recognize on the first line of the above equation the expression

for F'(z). Similarly, doing a series expansion in small § inside the log and keeping only
the finite and divergent pieces one obtains

Z / ; a;dS; = —V, <£2>D_2F(zh) +2 <£;>D_2 1og5] (A.22)

Zh
where we have used the condition ugvg = —1.

A.1 Neutral black hole

For neutral BH one knows the explicit form of z*(z) and then the limit defining F'(z;,) can
be computed exactly:

P = tim (1o (23 - ) 0)
() o() )]

where we used f'(z1,)2*(2) = —B((z/z,)P~1,1/(D — 1),0).

= —2log zp + lim
Z—r2Zp
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The above limit can be evaluated by using the series expansion of B(z/z,,1/D —1,0),
for z < z, which results in

1

Fan) = ~2log 24 + Yo(1) — to (D_1> (A.24)

where 9g(z) is the digamma function defined as 1y(z) = I''(2) /T'(2), and 9g(1) = —v where
v =~ 0.577216..., is the Euler gamma constant.
The full contribution of the corner terms for the subsystem complexity of neutral black

— (?) o log d + <€2>D2 (go + log Zh)] , (A.25)

Zh

holes can be written as

1 vy
817Gy Z / : aidSi = o

where we have introduced the coefficient

go = % [1/10 (Dl_1> - 1,!)0(1)] (A.26)

for ease of notation.

A.2 Charged black hole

Unlike for neutral black holes, for charged black holes we do not have an explicit expression
for z*(z). Nevertheless, we know that the function F'(z) which in this case can depend
on zp,q* and D, is well defined and finite. Similar manipulations to the ones performed
in A.1 are still of utility:

P = i (10g (15) - ra=2)
= —2togz,-+ tim {lox (£ - 1) [ 55} (x:27

which results in

1 Vi
87TGN Zz:/; aZdSZ N 47TGN

where

— <l§)D_2 log § + <£2)D_2 (9(2n) +log z1)

- . (A.28)

ot = 1 {hog () - 1) [ 15} (A.29)

A.3 Extremal black hole

The previous analysis only works for f’(z;,) # 0, however it is well known that for extremal
black holes this is not the case and so one would need to accommodate the previous
procedure to account for those particular cases.

In these cases it is easy to modify the null coordinates (A.8), (A.9). The simple
replacement f’(zp) — —f”(z1)z, makes them a consistent coordinate chart. However, for
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this case there is no analogue of the relation between z*(z,,) and log (%) as the
derived in (A.15). The reason lies precisely in the fact that f’(z;) = 0. One question we
would like to ask is whether there is an IR divergence in this case like the one obtained in
the volume calculation coming from these corner terms.

We will do that in a perturbative fashion by expanding the functions f(z;) appearing
in the evaluation of the corner contributions

D2
Z/ a;dS; = —ngni Vi <l;> log <fézl)> (A.30)
1 % 4 l2 b
=V (Zh,) {2 log 25, — 10g (f(2ug,e,)) — 10g (f (2eu,v0))

Flog (f(zeue)) | — 2V (‘;)D “logs.  (A31)

In order to simplify the analysis we take the ¢ — 0 limit in the following way. We
chose €, = —¢,/u3 such that uge, = voe, = —€,/up, which also implies €,6, = —€2 /u. In
this case we have ze, v, = Zug,e,- SiliCe 2y, is actually a function of (uv), to make this fact
manifest we use instead z,, = z(uv). In the €, = 0, z — 2, limit we have:

f(2) ~ = f"(zp)(zn — 2)? (A.32)

N

and therefore

3 fpoas= () [l (+(-2)}
el ()
g

/2 D-2 "
= thVJ_< ) llogzh—log{f 2h)?
z—0 Zh 2

‘log{ i?hh—z;—i)c)?))}

where x = €,/ug. For these two uv points, namely uv = x and wv = =z

D—2
-2V, < ) log §

l2 D-2
-2V, (6) log &

(A.33)

2 we have the

following relations

z(—x)
log () = toge) = —auf") [ 7
Uup 0

f(2)
62 z(—xZ) 2z
log (u%) = 2log(x) = —zhf”(zh)/o fiz) (A.34)

which came from the null coordinates (A.8), (A.9). We analyze only the leading divergence
in the above equations in order to determine whether the full expression (A.33) has a
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divergence as x — 0. This is from the first relation we have

log(x) ~ —zpf"(21) /OZ( x) f”(Zh)(j:_ 7 + subleading terms
~ N + subleading terms (A.35)
zp — 2(—x)
while from the second one
2(—a?
log(z) ~ —th;(zh)/o = f”(zh)(j:— RENE + subleading terms
~ “h + subleading terms . (A.36)

zp — 2(—x?)

This means that at leading order, the divergences match with (z; — 2(—2?)) ~ (2, —
z(—x))/2 and this in turn implies (after replacing that in (A.33)) that the corner terms in
this case posesses an additional IR divergence. More precisely

52 D—-2 1 " 2 — (=
Z/ a;dS; ~ lim 2V | — log z;, — = log m —log m
- / -0 z 2 2 4z,

h

o\ D—2
+ subleading terms] -2V, <5> log &
(A.37)

which is logarithmically divergent as x — 0.

B Action calculations of pure-state complexity

B.1 Thermofield double

In this appendix we compute the pure-state complexity of the thermofield double state
following the CA proposal. In order to do so we will need to compute the action associated
to the future and past interiors of the black hole considered in section (2.2); these are the
actions associated to the space-time regions denoted as Wijrft.

The regions Wijrft are defined as the intersections of the future/past interiors of the black
hole, and the WdW patch, respectively (the interior is the region between z = z;, and the

singularity, z = oo). The region W,_, is related to W,

ot ¢ by a time reflexion symmetry and

therefore the action A can be obtained from A by doing a t — —t transformation. In

what follows we will describe the calculation of A;I:t.

First notice that the tortoise coordinates z*(z) used in the light cone coordinates

u=17—2"2), v =174 2"(2) and defined in section (2.2.1) can be extended to cover the
interior regions in a simple way. This is, for z > 2 one can simply do

? dz

2(2)=2"(zn)+ | —. (B.1)

However, since in that region f(z) is negative, the coordinate z* decreases as z increases

from z = z;,. To make the coordinate consistent, one then matches their values at z = zj,
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and finds the relation between their asymptotics z*(§) and z*(co) = z%. This is ex-
pressed in
*hodz * dz
zi —2"(0) = — + — - (B.2)
s (2 Ui T(2)
The r.h.s. integrals can be evaluated:
hoodz 2h 1 po1 1
=——|B|l;——,0)—-B(d6 ;3 —=——,0 B.3
o ptlr (me) -5 (R ) B

from equation (2.21), and from (C.1), one recognizes the result of the second integral after
performing the change of variables u = ¢!77 this is

p-1- M1 —u) ldu

Zh f(Z) D -1
Zh Zh D-1 D —2 D -2
= B <—) ;——,0) —B |1, ——, . B4
D—l[ < z D—10> ( D—lO (B4)
Finally, taken § — 0 and z — oo one gets

2= 2 (0) = sz : [B <1;Dl_1,0> -B <1; 1- Dl_l,oﬂ . (B.5)

The right hand side quantity can be further simplified by writing the beta functions in a

% dz zn /(Z’L/Z)D1 D-2_,
u
1

series expansion, and making use of the identity

I o 2
tre = — —- B.6
mcot $+,;x2_n2 (B.6)

where x here is 1/(D — 1). The equation (B.5) turns into

s eyey . T2R v
e 2(6)—D1c0t<D1>. (B.7)

This equations tells us that one cannot fix simultaneously both asymptotic values of z* for

all D # 3. This is important in the construction of the Penrose diagram of figure 1.

B.1.1 Calculation of Ai:ll’:lt
Let’s denote the initial time associated to the null rays that starts from the left boundary
by t;, and the parametric time that runs along the null line with z, 7. In this case then we
have the following:
7 dz
T=1t + — (B.8)
s f(2)
In particular from this equation one can calculate . (using the notation of [50]) the time
at which the null ray hits the singularity exactly at 7 = 0, this is

T=0=t.+ 25 — 2"(9) (B.9)
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and therefore:

sy s T2 T
te=2%(0) — 25, = D—lCOt<D—1> (B.10)

for D > 3.

That means that for initial times t. > t;, > t. (which includes our case of interest
tr, = 0) the light ray will hit the singularity at a time 7 of the interior geometry larger
than zero and therefore the bulk integral of the full region W;r

2

Zn tL 2% (2)— 200
/ dsz-~-:/ dz/ dr--- (B.11)
wt 0o —tR —(2*(2)—200)

int

, including the singularity

region is

where té,/R =1t p+25%—2"(6) =ty r —tc and so replacing this back into the bulk integral

N _ *hodz
|W—;t‘ — _VLEQ(D 1) |:/ Z—D(tL +tg — 2tc)

1
o

e [ a2 5]

o0

The first integral is trivial and the second one can be written in terms of the variable
T =zp/z

7 p2(D-1) 2, 1 D—9
— 1)z, h 0

An extra change of variables for the remaining integral leads to

v, (201 [tL +tp—2t. , 2 [! D -2
Wi | = + /B u; ——,0 ) dul (B.14
et (D —1)zP~2 Zh D—1Jg D-1 (B-14)

where u = 2”~!. This is another member of the integrals computed in appendix (C). Using
equation (C.12), we get for the action
2V ¢#(P=1) v, 2(D-1)

(D—1)(D—2)zP2 " (D—1)zP2 (tp +1tr — 2tc), (B.15)

’Wi—;t ’ =

and for the bulk contribution to the “complexity”

4t VJ_EQ(DfQ) VL€2(D72)
int, bulke — _47TGN(D - 2)2,?72 B SWGNzl?fl

(tL +tr — th) . (B.16)

In the interior region we also have a York-Gibbons-Hawing boundary term which gives
a non-zero contribution on the space-like surface which covers the singularity, and zero on
the light-like surfaces. The contributions has the form

/ V]h| K (B.17)
oM
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where K is the trace of the extrinsic curvature on OM and h is its induced metric

_ n"9u(lhl)
K== (B.18)

with n# being the normal to the surface in question. At the z = oo, we have |h| =

—3P=4£(2)2272P and f = (2/1)\/— f(2)0. then

1 V(D —1)2(P=2)
VIh| K = trn +tr — 2t.). B.19
167GN S0 A 167G nzp (e +in ) (B.19)

We also have the counter term boundary contribution coming from the null surfaces that
goes from the left and right black hole horizons to the singularity. Those terms can be
evaluated as in section (2.2.1) leading to

V. 2P=2) log (1.(D — 2)z, /)

sgn(N) / d\dP~22,/701og (1.|0]) =
N

87TGN 47TGN ZhD_2
VJ_£2(D72) 1

B.20

TarGn(D - 2) D (B-20)

The corner calculation is a bit more involved although it follows directly from the

procedure outlined in appendix A. One has to be careful with the signs of the each corner
as well as the sign change in f(z). The result of that analysis leads to

o\ D—2
A+ — VJ— £ [log(uL’UR) -2 log Zh — 290] . (B21)
int, corners e N 2h

Here go is the same that the one computed in appendix A, (A.26) since the continuity
imposed in z*(z) at zj, guarantees it. The coordinates ur,vg corresponds to the bounded
light sheets equal to uy, = exp[—f'(zp)(tr — tc)/2] and vg = exp[—f'(zp)(tr — t.)/2] and
since they are computed in the region behind the horizon, —f’(z;) = (D — 1)/z, there,
and then

o\ D—2 . .
At - <€) [(D D) (tL+tR 2tc) —210gzh—290} . (B.22)

int, corners 87TGN 2 2n 2

Notice that for this range of boundary times ty,tr the first term in the above expression
is equal to the full term coming from the boundary contribution (B.19).
Adding all the contributions we get for the full interior action

E2(D—2) l. 02(D-2)
A = Lp_gl <(D - 2)> - VL*DQQO
47TGNZh 14 47TGNZh
V(D — 2)¢2(D-2)
N 1 ( )

tr +tp — 2t B.23
SWGNZ}?_l (t +1r ) ( )
in particular for t;, = tr = 0 we have
2(D—2) 2(D—2) D _ 9)2(D-2)
;t = Vil 7 55 lo (lC(D - 2)) - Vit D590 — Val )éil te. (B.24)
drGnzy, 14 drG Nz, 4Gz,
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Notice that for ¢, > ¢ which was motivated in section (2.2.1) based on requiring the
positivity of the divergent contribution in C#(T), we find that each term in (B.24) is
positive definite (since both gy and t. are negative) and therefore A > 0.

For comparison purposes with the pure state complexity of the thermal field double
state we would like to have also the past interior action in the same regime, this is —t. >
tr,tr > t.. In that case the answer to that complexity contribution can be obtained from
the future interior answer by simply doing ¢, g = —t1/R-

Recalling the additivity property of the action contribution one can write the pure
state complexity in the interval —t. > ty,tg > t. as

CAo) = CML) +CMR) + AL, + A,

int
2(D—2) D — 2)p2(D-2)
_ A 5 lo <ZC(D - 2)) _ Wl %71 te
227G O / 221Gz,

vy AD=2) I D—2 T
= A g (C(D-2))r25 (22 T B.2
onGuopz 08 (7P =2 | +25| g Jeot{ 55 (B.25)

where ¢ = R U L is the full system. During that time interval the complexity is time

independent as noted in [39].

B.2 Thermofield double at finite chemical potential

In this appendix we would like to compute the pure-state complexity of the thermofield
double state at finite chemical potential following the CA proposal. In order to do so we
will need to compute the action associated to the future and past interior of the black hole
considered in section (2.3), these are the space-time regions we denoted as Wiﬁt.

As in the previous section, we only need to compute W;:t since W, is related to it
by the time reflexion symmetry t — —t. Additionally, the regions Wiﬁt do not intersect
neither the future nor te past singularities and therefore our boundary surfaces will be
all light-like in complete analogy with the computations of the actions associated to the
regions Wy, g of section (2.3).

We start by properly delimiting the region W=,. To do so we extend our tortoise

int”
coordinates to the region z > z, in order to cover the region behind the horizon, this is

? dz
o ()

dz _ / dz (B.27)

o f(2) . L —=mzP=1 4 g2 22(D=2) "

As opposed to the previous case, here the light sheets coming from the left and right

2*(z) = 2%(zp) +

(B.26)

where

boundaries meet each other at a finite value of z which we call z,,. This is so because
the interior is the region between z = z;, and z = z4 (largest zero of f(z)). Therefore the

integral over the region covered by W;t is then

B 2n 2*(2)—2*(zm) B 2n z d¢
) dzdt = -2 dz dt = -2 dz 7© (B.28)
W; Zm 0 Zm Zm

int
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An the bulk action calculation is therefore given by

+ _ (D-yr 2o /Zh dz (o (D—=3\ 5 opg)) [ d§
Aint, butc = 4rGn b, 2P I={p==)7" IGR (B.29)

In this form, additional to the difficulty of carrying out the £ integral we encounter the

m

problem of missing an explicit expression for z,,, which is implicitly given by
tr, +2"(zm) —27(0) =0 (B.30)

where the right hand side time coordinate behind at the meeting point, which by symmetry
it is zero. The initial times are assumed to be equal, that is t; = tr. Notice that the
dependence on the initial time comes completely from z,, via (B.30).

The difficulty in evaluating the bulk action is overcome by doing the same change in
the order of integrals done in section (2.3) which leads to

_ 2(D-2) [zm 13 _
AiJ;t bulk — (D- DVt d / d—g (1 — <D3> q2z2(D—2)> .
7 ArGN Zn f(g) z D -1
VLZQ(D72) 1 1 -
T 4rGn(D-2) \ B2 P2 (B.31)

In this case the boundary contribution comes only from the counter term, and can
be evaluated as in section (2.2.1), with the difference that now the integral ends at the
interesection point of the light-sheets, z = z,,, and then their contribution is

A

N Vv, 2(P=2) ( 1 1 ) VL 2(P=2) Jog (1,(D — 2)2,/0)

int, boundary 47TGN(D . 2) 25—2 - Zrln)_z 47’[‘GN ZhD_2
VAP D og (1.(D — 2)zm /1)

47TGN znlz_2

(B.32)

The corner calculation is almost identical to the one described in B.1.1 with an addi-
tional contribution coming from the intersection of the left and right light sheets at z = z,,,
which results in

At _ (e D_2[lo (urvr) — 2log 2 — 29(z1)]
int, corners 8GN \ 2z gULVR g Zh g\zh
Ve [\ Fzm)
 8nGy (Zm> log { = 22 )7 (B.33)

where g(z) is given by (A.29). The coordinates ur,vr corresponds to the bounded light
sheets equal to uy, = exp[—f’(zp)tr/2] and vg = exp|—f'(z)tr/2], then

Vi (NP =)
Ai—;t,corners = m <Zh> T (tL + tR) — log zp, — g('zh)

D—2
—4:51\[ (f) [log (Zh;f(zm)> —logzh] . (B.34)
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The full action associated to the region W at t;, =tg = 0 is thus

int

4t e log (1P =2)
int — 47TGN ZhD_2 Z7In)—2 g V4

vV, (2(D-2) g(zh) 1 2hy/ —f(2m)
 4nGy {zf 2 718 Zm ' (53:55)

Since z,, > zp, the first line in the above equation is positive for ¢ > [, which was previously

motivated. However, the second line clearly positive as we do not have a direct handle on
either g(zp) or \/—f(zm). Nevertheless it is possible that A", goes from being positive to
negative as one varies /I, for given values of m, ¢>.
Having all the pieces together we can easily obtain the complexity associated to the
charged thermal field double state, using
Cho) = CP +Cp + Al + Ay (B.36)

int

= A._.. First, notice that
the terms with explicit dependence on zj, in Aint cancel with the analogous terms in C2 L/R

together with the fact that at t;, =tz = 0 we simply have A"

int — int*

and therefore
vV, 2(P=2) l 1 1
A _ Vi ¢ _ _ _
C*(o) = “onGn log <€ (D 2)> [5]32 z£_2]

_VJ_gQ(D*Q) 1 log (Zh ;f(%n)) . (B.37)

2nG N zyDn*2 m

C Integrals of incomplete beta functions

In the evaluation of the action associated to some space-time subregions we encountered
integrals involving the incomplete beta function B(z;a,b) given by

B(z,a,b)z/ dt(1 —t)>= 1o tar . (C.1)
0

This function reduces to the usual beta function when z = 1, B(z,a,b) = B(a,b) and has
the following analytic expansion

(e 9]

(1 —=0), o
B(z;a,b) Z (@ +n) (C.2)

for arbitrary z. Here (z), are the Pochhammer symbols. When b = 0 the above expansion
simplifies to

x CL+7’L

z
B(Z;CL,O) = Z ) (CS)
¢ +n

since (1), = n!

— 49 —



The particular set of integrals we are interested in has the general form
/x*BB(:U;a,O)da: (C4)

which we aim to study here for positive and negative integer values of 5.
Using the expansion (C.3), one can rewrite the result of the indefinite integral (C.4) as:

5 > patB+1+n

" B(z; a,0)dr =

/ ( ) T;](a—i-n)(oﬁ—ﬁ—i-l%-n)
B 1 io: patB+i+n 1 i patBt+itn (C 5)
CBH+14Z atn B+li=atpf+1+n '

up to an unimportant constant.
Now we will consider different cases of interest:

Case I: consider 8 to be a non-negative integer this is {5 € Z, § > 0} and assume the
following relation holds {av+ 5+ 1 > 0} then

1 B potptin 1 2 patftltn

= + _—
f+1i= a+n 5+1n=,3+1 a+n

/l"BB(l‘; a,0)dz

1 0 patB+1+n

B+l a+f+1+n

1 B xa+ﬁ+l+n+ 1
CB+14 atn B+1

(2" —1)B(z;a+ B+1,0)  (C.6)

Since oo + 8+ 1 > 0, all powers of x are positive and one can evaluate the integral from
x =0 toz =1, leading to

B

! 1 1
’8 N =
/0 z” B(x; o, 0)dx 511 nEO i (C.7)

Case II: consider 8 to be a negative integer whose magnitude is larger or equal to two,
this is {8 € Z,—p > 2} and restrict o to be a non-integer, this is {o ¢ Z}. In that case
then we have

18]—2 oo
1 a+B+14+n 1 a+B+14n
/CCBB(CC;O[,O)dQZ = — ° - E R
5+1n20a+5+1+n ,8+1n:‘6|_1a—|—ﬁ+1+n

1 & xa—l—ﬁ—l—l—l—n

+
54—1”:0 a+n

1 0T ey
= A1 _ 1) B(x; . .
;a_an(f” )B(;,0) (C8)

CB+1
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Since the sign of a + 4 1 is undetermined we can not evaluate x = 0 in general. Instead
we regularize the integral by evaluating it from z = ¢ =~ 0 to z = 1 which leads to

18]-1

Z 1;5;71 -3 —1i_ - (#*1 —1)B(e;0,0).  (C.9)

b
p+1

1
/ 2P B(x; 0, 0)dx =

n=1

Notice that in both cases we have used the fact that

lim (2 — 1)B(x, ,0) = 0 (C.10)

z—1

for any S8
In section 2.2.1 and B.1, we have examples of these kind of integrals. For example, in
equation (2.28) we have

L | 1 D—-1 1
/5131 25 <“’D—1’0> du =~ <D—2> (1_ 5D—2>

1 by 1
+<501 1>B<6 ,D1,0> (C.11)

which belongs to the case II, and its value was obtained from (C.9) for f = —2 and
a=1/(D — 1), while in equation (B.14) we have
1
D -2 D -1
Blu;——,0)du=——— C.12
/O (u’D—l’) YT D2 (C.12)

which belong to the case I, and its value was obtained from (C.7) for § = 0 and a =
(D—-2)/(D—1).
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