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1 Introduction

Recent investigations of scattering amplitudes in gauge theories and gravity revealed a
wealth of mathematical structures and surprising connections between different theories.
For gravitational theories in D spacetime dimensions, traditional methods for tree ampli-
tudes and loop integrands naively give rise to an exasperating proliferation of terms. Still,
the final answers for these quantities across various loop- and leg orders take a strikingly
simple form: the dependence on the spin-two polarizations can often be reduced to squares
of suitably chosen gauge-theory quantities.

The study of double-copy structures in perturbative gravity originates from string the-
ory, where Kawai Lewellen and Tye (KLT) identified universal relations between open-
and closed-string tree-level amplitudes [1]. The KLT relations have been later on reformu-
lated in a field-theory framework by Bern, Carrasco and Johansson (BCJ) [2—4] such as to
flexibly address multiloop integrands. In this way, numerous long-standing questions on
the ultraviolet properties of supergravity theories have been resolved [5-10], bypassing the
spurious explosion of terms in intermediate steps.

This double-copy approach to gravitational amplitudes takes a particularly elegant
form once a hidden symmetry of gauge-theory amplitudes is manifested — the duality
between color and kinematics due to BCJ [2]. At tree level, the BCJ duality in gauge
theories has not only been explained and manifested in string theories [11-16] but also
extends to various constituents of string-theory amplitudes [17-22]. In particular, the
following terms in the gauge-field effective action of the open bosonic string! in D spacetime
dimensions preserve the BCJ duality to the order of o/ [18],

2
o

1 20/
SyM4F34Ft = /le’ Tr{ 1 F, F* + ?a E)Y E P\ 4 — [Eu, Fy|[F*, FM) } ,

(1.1)

where F*¥ and o' denote the non-abelian field strength and the inverse string tension,
respectively. In presence of the effective action (1.1), KLT formulae and BCJ double-
copy representations known from Einstein gravity extend? to gravitational tree amplitudes®
from o'R? + o/’ R3 operators [18] involving higher powers in the Riemann curvature R.
The schematic notation R? and R3 for operators in the gravitational effective action is
understood to comprise additional couplings of a B-field and a dilaton ¢ (such as e 2% R?)
known from the low-energy regime of the closed bosonic string [25].

The interplay of higher-mass-dimension operators D?™F™ and D?*™R" in string the-
ories with the BCJ duality and double copy is well understood from the worldsheet de-

The low-energy effective action of the open bosonic string involves another operator ~ Cza'2F4 at the
mass dimensions in (1.1) which will not be discussed in this article. Said Coa’? Ft-operator is also known
from the superstring and cannot be reconciled with the BCJ duality [18].

2See [23, 24] for earlier work on the interplay of the KLT relations at the three- and four-point level with
gravitational matrix elements of R?, R® operators and F, F*-deformed gauge-theory amplitudes.

3In slight abuse of terminology, we will usually refer to the matrix elements from higher-mass-dimension
operators as “amplitudes”. In the case at hand, we will be interested in contributions from single- or
double-insertions of o’ R? operators and single-insertions of o’ R



scription of tree-level amplitudes [18, 20-22]. Also, D-dimensional amplitudes of the F3
operator and their double copy have been studied in the CHY formalism [26]. The purpose
of this work is to explore a complementary approach and to manifest the BCJ duality of the
o F3 + o/*F* operators directly from the Feynman rules of the action (1.1). We will follow
some of the ideas in earlier work on ten-dimensional super-Yang-Mills (SYM) [14, 15, 27, 28]
and realize the BCJ duality at the level of Berends-Giele currents [29] — up to the order of
o/?. Further studies of the BCJ duality from a Feynman-diagram perspective, in particular
at the level of off-shell currents in axial gauge, can be found in [30, 31].

We will reorganize the Feynman-diagrammatics of (o/F S+’ F 4)-deformed Yang-Mills
(YM) theory such as to find an explicit off-shell realization of the BCJ duality. The key idea
is to remove the deviations from the BCJ duality by applying a concrete non-linear gauge
transformation to the generating series of Berends-Giele currents. Our starting point for the
currents is Lorenz gauge, and their transformed versions which obey the color-kinematics
duality are said to implement BCJ gauge in (o/ F? + o ’F 4)-deformed YM theory.*

Particular emphasis will be put on the locality properties of our construction, i.e.
the absence of spurious kinematic poles in the gauge-theory constituents. Like this, the
gravitational amplitudes from o/ R? 4 o/ ’R3 operators obtained via double copy reflect the
propagator structure of cubic-vertex diagrams and facilitate loop-level applications based
on the unitarity method [32-36]. Moreover, locality of the gauge-theory building blocks will
be crucial for one of our main results: a kinematic derivation of the BCJ relations [2] among
color-ordered amplitudes of (YM+F3+F*%) [18], a manifestly gauge invariant formulation
of the BCJ duality.

Finally, the complexity of the Berends-Giele currents of (YM+F3+F*) will be system-
atically shortened by adapting techniques [14, 15, 37, 38] from ten-dimensional SYM. Our
manipulations resemble BRST integration by parts of the pure-spinor superstring [39] and
allow for manifestly cyclic amplitude representations as well as streamlined expressions for
the gauge parameter towards BCJ gauge.

The results of this work on the currents and amplitudes of (YM+F34F*) are valid

up to and including the order of o/°.

At higher orders in o, effective operators includ-
ing o SD2F* as provided by the bosonic string are required to maintain the BCJ dual-
ity [18, 21]. Moreover, our results hold in any number D of spacetime dimensions: apart
from the critical dimension D = 26 of the bosonic string and the phenomenologically inter-
esting situation with D = 4, this allows for a flexible unitarity-based investigation of loop
integrands in various dimensions and dimensional regularization, see e.g. [40, 41].

By its close contact with Lagrangians, the construction in this work resonates with
recent developments in scalar theories with color-kinematics duality and double-copy struc-
tures [42, 43]: for the color-kinematics duality of the non-linear sigma model (NLSM) of
Goldstone bosons [42], a Lagrangian origin along with the structure constants of a kine-
matic algebra has been identified in [44]. This new formulation of the NLSM can be derived
from higher dimensional YM theory [45], and a string-inspired higher-derivative extension

4See [27, 28] for generating series of Berends-Giele currents, their non-linear gauge transformations and
BCJ gauge in ten-dimensional SYM.



of the NLSM? [46] has been recently obtained from the analogous dimensional reduction
of o’ F3 in a companion paper [47]. In view of these connections, we hope that the notion
of BCJ gauge inspires a reformulation of the (YM+ F3+4F*)-Lagrangian (1.1) where —
similar to [44] — the D-dimensional kinematic algebra is manifest.°

Another source of motivation for this work stems from the renewed interest in the
gravitational o/ R? + o/>R3 interactions in D # 4 dimensions. While R3 is well-known to
be the first (non-evanescent) two-loop counterterm for pure gravity [52, 53], the evanescent
one-loop counterterm R? was recently found to contaminate dimensional regularization
at two loops [54, 55]. Moreover, evanescent matrix elements of R? are closely related to
certain anomalous amplitudes of N' = 4 supergravity [56] through the double copy [57].
Finally, when viewed as ambiguities in defining quantum theories, matrix elements of higher
dimensional operators can be crucial to restore symmetries when using a non-ideal regulator
for loop amplitudes [58]. We hope that our D-dimensional double-copy representations for
tree-level amplitudes of (o/ R2 + /2 R3)-deformed gravity shed further light into these loop-
level topics: either by unitarity or by using the BCJ-gauge currents as building blocks for

loop amplitudes that universally represent tree-level subdiagrams.”

1.1 Outline

This work is organized as follows: in section 2, we review the basics of Berends-Giele
recursions, the BCJ duality as well as the double copy and establish the associated elements
of notation. Section 3 is dedicated to amplitudes of (YM+F3+F*%) in different types of
Berends-Giele representations including a systematic reduction of the rank of the currents.
In section 4, an explicit off-shell realization of the BCJ duality is obtained from the Berends-
Giele setup. Finally, section 5 relates this realization of the BCJ duality to non-linear gauge
freedom and combines the off-shell ingredients from the previous section to manifestly local
amplitude representations of (YM+F3+F*) and gravity with o/ R? + o 2R3 operators. A
derivation of the BCJ relations to the order of o/? from purely kinematic arguments is
given in section 5.2.

2 Review and notation

In this section, we set up notation and review the key ideas and applications of Berends-
Giele recursions for tree-level amplitudes in YM theory, in particular

e the resummation of Berends-Giele currents to obtain perturbiner solutions to the
non-linear field equations

e manifestly cyclic Berends-Giele representations of YM amplitudes involving currents
of smaller rank than naively expected.

5Said higher-derivative extension of the NLSM is defined by the Cgo/2—0rder of abelian Z-theory [46].

6See [48, 49] for earlier Lagrangian-based approaches to the BCJ duality and [50] for a connection with
the Drinfeld double of the Lie algebra of vector fields. Also see [51] for the kinematic algebra in the self-dual
sectors of D =4 YM theory and gravity.

"See for instance [59-62] for the use of tree-level Berends-Giele currents in D > 4-dimensional loop
amplitudes of gauge theories with maximal and half-maximal supersymmetry.



We will also review the BCJ duality and the double copy from a perspective which later
on facilitates the implementation of these features in tree amplitudes and Berends-Giele
currents of (YM+F3+F4) as well as gravity with o/ R2 4+ o/*R3 operators.

2.1 Berends-Giele recursions

An efficient approach to determine the tensor structure of D-dimensional tree amplitudes
in pure YM theory has been introduced by Berends and Giele in 1987 [29]. The key idea
of the reference is to recursively combine all color-ordered Feynman diagrams involving
multiple external on-shell legs and a single off-shell leg. This recursion is implemented via
currents J{LQ__p that depend on the polarization vectors e and lightlike momenta k‘f‘ of the

external particles i = 1,2,...,p subject to the following on-shell constraints
ei‘ki:ki‘kiZOViZLQ,.... (2.1)
While Latin letters i, j, . .. refer to external-state labels, Lorentz-indices u,v,...=0,1,...,

D—1 are taken from the Greek alphabet.
Currents of arbitrary multiplicity can be efficiently computed from the Berends-Giele
recursion [29]

Ji“:eéb’ SPJI‘L;: Z [Jx,Jy]“—l- Z {Jx,Jy,Jz}M, (2.2)
XY=P XYZ=P
where
1
[, v ) = (ky - Tx) Ty = (kx - Iy ) T + 5 (R = k) (Jx - Jy) (2.3)
1 1
{Ix,Jy,Jz}' = (Jx - Jz)J}!ﬁ — 5(.])( . Jy).]g — i(JY . Jz).]é‘( . (2.4)

The external states have been grouped into multiparticle labels or words P =12...p. We
will represent multiparticle labels by capital letters P, @, X,Y, ... and denote their length,
i.e. the number of labels in P = 12...p, by |P| = p. The summation over XY = P on the
right-hand side of (2.2) instructs to deconcatenate P into non-empty words X = 12...j
and Y = j+1...p with j =1,2,...,p—1 and therefore generates |P|—1 terms.® Similarly,
XY Z = P encodes % (|P|—1)(|P|—2) deconcatenations into non-empty words X = 12... 7,
Y=j+1...land Z=1+1...pwith1 <j <l <p—-1.

Moreover, the right-hand side of (2.2) involves multiparticle momenta kp through
Mandelstam invariants or inverse propagators sp

1
kKp_ia. p, =K+ + ...+ k], sp = 5145123. (2.5)

Finally, the brackets in (2.3) and (2.4) capture the cubic and quartic Feynman vertices of
pure YM theory in Lorenz gauge. As depicted in figure 1, the role of the deconcatenations
XY = P and XYZ = P in (2.2) is to connect lower-rank currents J4, Jy and Jy via
Feynman vertices in all possible ways that preserve the color order of the on-shell legs in
the word P =12...p.

8For instance, the summation over XY = P with P = 1234 of length four incorporates the pairs
(X,Y) = (123,4), (12,34) and (1,234).
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Figure 1. Berends-Giele currents JfQ.._p of rank p combine the diagrams and propagators of a
color-ordered (p+1)-point YM tree amplitude with an off-shell leg. .. . The sums in (2.2) gather all
combinations of cubic and quartic Feynman vertices that preserve the color order. Like this, Ji;
can be computed from quadratic contributions ~ Jy, Jj)\+1...p with j = 1,2,...,p—1 and trilinear

ones ~ Jty N, Jf with 1 <j<l<p-1.

+1...p

Accordingly, color-ordered on-shell amplitudes at n = p+1 points are recovered by
taking the off-shell leg in the rank-p current J% on shell: this on-shell limit is implemented
by contraction with the polarization vector J = el of the last leg and removing the prop-
agator 8;21...p in the p-particle channel of J% which would diverge by n-particle momentum
conservation k%z__p — (—ky)? =029],°

AYM(I, 2,...,n—1, n) = 512...n71J{L2“.n_1J# . (2.6)

For instance, the rank-two current due to (2.2) with X = 1 and Y = 2 yields the following
representation of the three-point amplitude

1
s121y = (k- e1)ey — (ki - ea)el + S (k' — ky)(en - e2) (2.7)

1
Avm(1,2,3) = s12J75J5 = (k2 - e1)(e2 - e3) — (k1 - e2)(e1 - e3) + 5(61 -ez)es - (k1—ka),

where cyclicity may be manifested via e3-ko = —e3- k1 by means of on-shell constraints and
momentum conservation. Note that Berends-Giele formulae similar to (2.6) have been given

9Here and in later equations of this work, we keep both instances of a contracted Lorentz index in the
uppercase position to avoid interference with the multiparticle labels of the currents. The signature of the
metric is still taken to be Minkowskian, regardless of the position of the indices.



for tree amplitudes in ten-dimensional SYM [38], doubly-ordered amplitudes of bi-adjoint
scalars [63] and worldsheet integrals for tree-level scattering of open strings [64].

The symmetry properties [Jx, JJy] = —[Jy, Jx] and {Jx, Jy,JJz} + cyc(X,Y,Z) =0
of the brackets in (2.3) and (2.4) imply that the currents in (2.2) obey shuffle symme-
try [27, 65]'°

Jho=0YP.Q#D. (2.8)

As pointed out in [28], the amplitude formula (2.6) propagates the shuffle symmetry of the
currents to the Kleiss-Kuijf (KK) relations [66, 67]

Aym((Pw@),n) =0V P,Q # 0, (2.9)

where the words P and @ involve external-state labels 1,2,...,n—1. In the same way as
shuffle symmetry (2.8) leaves (p—1)! independent permutations of rank-p currents Ji;
KK relations (2.9) allow to expand color-ordered amplitudes in an (n—2)!-element
set [66, 67],

T =D e 0 AP 1L,Q.n) = (=) A (1, (PuQ),n),  (210)

where P = D|p| - - - p2p1 denotes the reversal of the word P = pips...pp|.

2.2 Perturbiners as generating series of Berends-Giele currents

The Berends-Giele construction of the previous section can be related to solutions of the
non-linear field equations: generating series of Berends-Giele currents turn out to solve the
equations of motion from the action Syy of pure YM theory

0Sym

— At
5, [V, F]. (2.11)

1
Sym = 1 /dD:c Tr(F,, F*),

We use the following conventions in deriving the Lie-algebra valued gluon field A* and its
non-linear field strength F#” from a connection V/,

Vu=0,—A,, Fu =—[Vu, V)] =0,A, —0,A, —[A,A)]. (2.12)

The relation of tree-level amplitudes with solutions of the field equations via generating
series goes back to the “perturbiner” formalism [68-72]. In these references, generating
series of MHV amplitudes are derived from self-dual YM theory, see [73] for supersymmet-
ric extensions. The connection between perturbiner solutions and the dimension-agnostic
Berends-Giele currents of [29] was established in [27, 28] and will now be reviewed.

10The shuffle product PLUQ of words P = p1ps .. .pip| and @ = q1q2 . .. q|q| is recursively defined by
PW) =0WwP =P, PWQ=pi(pz2-..pplQ)+ qi(q2-..qqWP).

All currents or amplitudes in this work are understood to obey a linearity property J;(‘FY = J% + J4 when
formal sums of words appear in a subscript, e.g. Jii,; = Ji5, 5 = Ji5 + J4§) from 1112 = 12 + 21.



Lorenz gauge d,A* = 0 simplifies the equations of motion [VM,IF)‘“] = 0 to the wave
equation with the notation [J = 9,0" for the d’Alembertian,

OA* = [A%9,A%] + [A,, ] (2.13)
= Q[Auv a,U»A)\] + [8)\AH7A,U»] + [[A#7 A)\]v AH] :
One can derive formal solutions to (2.13) by means of the perturbiner ansatz

Al(z) = Jisekim £y " gl ki T 4 gk ittt 4

(2 Z,] i7j7l
= Z JutPekre  where t1%P = 142 1P, (2.14)
P#£0
The summation variables i, 7,{,... = 1,2,3,... refer to external-particle labels in an un-

bounded range, and we have introduced a compact notation ) p £ for sums over nonempty
words P = 12...p in passing to the second line. The dependence on the spacetime coor-
dinates 2* enters through plane waves'! k7%, see (2.5) for the multiparticle momenta kp.
The color degrees of freedom in (2.14) are represented through matrix products of the Lie-
algebra generators t* whose adjoint indices aq, a9, ... are associated with an unspecified
gauge group.

Upon insertion into the second line of (2.13), the perturbiner ansatz (2.14) can be
verified to solve the non-linear field equations [V,,FM] = 0 if its coefficients Jp obey
the Berends-Giele recursion (2.2). Hence, generating series of Berends-Giele currents are
formal solutions to the field equations.!? By the shuffle symmetry (2.8) of the currents J I
the matrix products t*t% of the Lie-algebra generators on the right-hand side of (2.14)
conspire to nested commutators, and the perturbiner solution is guaranteed to be Lie-
algebra valued [74].

As a convenient reorganization of the Berends-Giele recursion (2.2), one can write the
field equations as in the first line of (2.13) and insert a separate perturbiner expansion for
the non-linear field strength,

Fr(z) = BEtPer™ = BE = kLJp - kpJh— Y (JRJY — JTY) . (2.15)
P#0 P=XY
The expressions for the field-strength currents B/ in terms of Jé are determined by
the definition (2.12) of F#¥, and their non-linear terms Y p_ vy J )[? J;] have already been
studied in [75]. Then, inserting (2.14) and (2.15) into (2.13) yields a simpler but equivalent
form of the recursion (2.2) [28]

1 v
=3 [(ky Jx)JE+ JYBY — (X & V)] (2.16)

- 2s
P p=xy

The conventional form of plane waves e**®

with an imaginary unit in the exponent can be recovered
by redefining the momenta in this work as k — ik. The equations in the main text follow the conventions
where external momenta are purely imaginary in order to keep factors of ¢ from proliferating.

12Gtrictly speaking, contributions with several factors of t*/ referring to the same external leg j need to
be manually suppressed by adding nilpotent symbols to the perturbiner ansatz [68]. For ease of notation, we
do not include these symbols into the equations in the main text, and all terms with repeated appearance

of a given external leg are understood to be suppressed.
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Figure 2. By pairing up the two types of Berends-Giele currents Ji; , and Bfy ,, only cubic-

vertex diagrams have to be considered in their recursive construction from lower-rank currents. In
the depicted example at rank p = 3 with an additional off-shell leg. .., only two cubic diagrams of
s-channel and ¢-channel type contribute to the four-point amplitude obtained from sy23.J155J}"

The trilinear term {Jx,Jy,Jz} in (2.4) which represents the quartic vertex of the YM
Lagrangian has been absorbed into the non-linear part of the field-strength current Bf’
in (2.15). The leftover deconcatenations P = XY in (2.16) can be interpreted as describing
cubic diagrams, see figure 1. Let us illustrate this statement with the four-point amplitude
s123J153J4 derived from a rank-three current via (2.6): the two deconcatenations (X,Y) =
(12,3) and (1,23) in the recursion (2.16) for Ji5; can be viewed as the two cubic diagrams
in figure 2 where appropriate contributions from the quartic vertex (2.4) are automatically
included.

Note that the Lorenz-gauge condition and the field equations imply the relations

kp-Jp=0, KpBE = Y (JYBY - J¢BY) (2.17)
XY=P

including transversality of the gluon polarizations for single-particle labels P = i. More-
over, the non-linear gauge symmetry of the action (2.11) under doA* = 9#) — [A*, Q] and

doFH” = —[FH* Q] acts on the currents via
SoJp =kpQp— > (JKQy —J{Qx),  aBE =- ) (BYQy - B{"Qx). (2.18)
XY=P XY=P

The scalar currents Qp are defined by the perturbiner expansion Q(z) = >, 20§ ptlekre
of the gauge scalar in dg. We will later on spell out a choice of gauge-scalar currents 2p
which manifests the BCJ duality at the level of Berends-Giele currents.

Another specific choice of Qp — Qllijn allows to track the effect of linearized gauge
transformations e}’ — k! on the i*® leg of the Berends-Giele currents in (2.18): one can
line up the replacement e}’ — k! with a set of gauge transformations that preserves Lorenz

gauge. The condition dqgin (9,A%) = 0, (dqunA*) = 0 then translates into the recursion [27]

QI = ST ((hy - Jx) O — (- )2 (2.19)

S
P xy—p

which needs to be supplemented with the initial conditions Q}in — 0;,; if the linearized
gauge transformations e!’ — k' only applies to the ith leg. Precursors of the formula (2.19)
for linearized gauge transformations of Berends-Giele currents can be found in [65].
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Figure 3. Diagrammatic interpretation of the building block Mx y,z in (2.20) with multiparticle
labels X = z1x2...2p, Y =91y2...yg and Z = z122. .. 2.

2.3 Manifestly cyclic reformulation

Given that the Berends-Giele formula (2.6) for color-ordered amplitudes Aywm(1,2,...,n)
singles out the last leg n which is excluded from the current Ji, . _, cyclic invariance in the
external legs is obscured. We shall now review a reorganization of the Berends-Giele cur-
rents for YM tree amplitudes such that the n'® leg enters on completely symmetric footing.
Moreover, the subsequent rewritings reduce n-point amplitudes to shorter Berends-Giele
currents of rank < ¥ instead of the rank-(n—2) currents in the recursion (2.2) for Ji5 ;.

The backbone of the manifestly cyclic Berends-Giele formulae is the building block [28]
1 1
Myyz = S(JLBE TG + LB TG+ JSBYI) = LB Ty + eye(X.Y.Z)  (220)

composed of three currents with multiparticle labels X, Y, Z each of which represents tree-
level subdiagrams. The resulting diagrammatic interpretation of Mx y,z is depicted in

figure 3, and the definition (2.20) along with BY" = —BY" implies permutation antisym-
metry Mxy,z = —My,x,z and Mxy,z = My, z x expected from the cubic vertex in the
figure.

Using kp - Jp = 0 and kx + ky + kz = 0, it was shown in [28] that the n-point
amplitude (2.6) can be rewritten as

n—2
AYM(1,2,...,H—1,N) = Z MX,Y,n = ZMIZ...j,j—&—l...n—l,n‘ (221)
XY=12..n—-1 j=1

As demonstrated in appendix A.2, momentum conservation kp + kg = 0 and (2.17) imply
the following identity

Z Mxy,q = Z Mpxy, (2.22)

XY=P XY=Q

~10 -
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which will be referred to as “integration by parts” > and reads as follows in simple examples,

Mioz4 = Mi234, Mi23.45 = Mi23.45 + My 2345
Mi93a56 = Mi23,4,56 + Mi234,56 + M1,234,56 (2.23)

Mi23 45,6 + M123.456 = Mi2,3,456 + M1,23 456 -

By repeated application to the amplitude representation (2.21), one can derive the following
manifestly cyclic representations

1
AYM(lv 27 3) 4) = §M12,3,4 + Cyc(]-a 25 37 4)

AYM(l, 2,..., 5) = M12,3745 + CyC(l, 2,3,4, 5) (2.24)
1 1
Aym(1,2,...,6) = §M12,34,56 + §(M123,45,6 + Mi234,56) + cyc(1,2,...,6)

Aym(1,2,...,7) = Mi23 as.67 + M1 234567 + cyc(1,2,...,7).

Note in particular that the rank of the currents in the manifestly cyclic n-point ampli-
tudes (2.24) is bounded by'# | 2] rather than n—2 as expected from the recursions (2.2)
or (2.16) for Ji; . In section 3, similar expressions with manifest cyclicity and Berends-
Giele currents of maximum rank | % | will be given for the deformed (YM+F?+F*) theory.

2.4 BCJ duality

The organization of the Berends-Giele recursion (2.16) in terms of cubic-vertex diagrams
as exemplified in figure 2 resonates with the BCJ duality between color and kinematics [2]:
according to the BCJ duality, scattering amplitudes in non-abelian gauge theories can be
represented in a manner such that color degrees of freedom can be freely interchanged
with the kinematic variables. While “color” refers to contractions of structure constants
f4%% polarizations and momenta are referred to as “kinematics”, and the notion of “freely
interchanging” will be shortly made precise. The three-index structure of the contracted
structure constants can be visualized via cubic-vertex diagrams with a factor of f%%i% for
each vertex and contractions of the adjoint indices along the internal edges. Similarly, the
kinematic dependence on e
manifest the BCJ duality.
The non-linear extension ) vy _p J )[? J;} of the field-strength current B%” in (2.15) ab-
sorbs the contributions from the quartic vertex Tr[A,, A, ][A#, A¥] in the YM action (2.11).
This can be seen from that fact that the non-linear terms have fewer propagators thagl

,k!" should also be organized in terms of cubic diagrams to

the rest of (2.16). Hence, the use of field-strength currents amounts to inserting 1 = =
5

such that a quartic vertex is “pulled apart” into two cubic vertices connected by the “fake”

13This terminology goes back to the fact that the building block (2.20) and the amplitude represen-
tation (2.21) descend from ten-dimensional SYM [28, 38]: in the setup of these references, (2.22) is a
consequence of BRST integration by parts in pure-spinor superspace [39].

MEBarlier examples of such economic and manifestly cyclic Berends-Giele representations have been in-
vestigated in [76], but the construction in the reference requires a mixture of quadratic, cubic and quartic
combinations of Berends-Giele currents instead of a single building block (2.20).

- 11 -



2 3 2 3
(k1 + k2)2
(k1 + k2)?

1 4 1 4

Figure 4. Quartic vertices can always be reorganized in products of cubic vertices, i.e. gauge-theory
amplitudes can always be parametrized in terms.

2
propagator k:%. The choice of the channel P in 1 = :—5 has to be compatible with the color
P

dressing fo° fe¢d of the quartic vertex, where ambiguities arise from the Jacobi relations
fabe]eecd + facefedb + fadefebc —0. (225)

In figure 4, this situation is visualized in a four-point tree-level context, but there is no
limitation to cubic-diagram parametrizations of n-point tree amplitudes as well as multiloop
integrands [3, 4]. Although the BCJ duality conjecturally applies to loop integrands [3, 4],
we shall focus on its well-established tree-level incarnation.

Of course, contributions from the higher-order vertices of (Tr F3)- and (Tr F*)-type can

also be cast into a cubic-graph form by repeated insertions of 1 = :—’z’. For the action (1.1) of
(YM+F3+F*%), the color structure of the F'* and F* operators alsolljaoils down to contracted
structure constants [18], and the ambiguities due to Jacobi identities (2.25) arise in this
situation as well. In the subsequent review of the BCJ duality, the color-dressed tree-level

amplitudes

My = D Te(t %@t . t%m) AL, p(2), p(3), ..., p(n)) (2.26)
pPESH_1

may refer to pure YM (A — Ayw), to its (o/ F? + o/> F*)-deformation (A — Ayyisps i pa)
or to any other generalization that obeys the BCJ duality. Once the kinematic dependence
of (2.26) is absorbed into cubic diagrams I, J, K, ..., one can choose a parametrization [2]

My=>" _ G (2.27)

eCinternal Sg
Iel'y, edges of I

where I';, denotes the set of cubic tree-level graphs with n external legs. The color factors
C7 represent the contracted structure constants that arise from the traces in (2.26). The
kinematic numerators N; are combinations of ef and kf that can be assembled from the

I comprise Mandelstam

Berends-Giele currents of the theory. Finally, the propagators s_
variables (2.5) for the multiparticle momenta in the internal edges e of the graph I.
The parametrization (2.27) is said to manifest the BCJ duality if all the symmetries

of the color factors Cy carry over to the kinematic numerators N;. More specifically [2]:

e If two graphs I and T are related by a single flip of a cubic vertex, antisymme-
try foi%i% = flaiajax]l jmplies the color factors to have a relative minus sign. In a

- 12 —



color Cr Cr+C;+Cg=0

. Cy . Cxk B
Ny . Ny . . Np .
Figure 5. Triplets of cubic graphs I, J, K whose color factors C. and kinematic factors N. are both
related by a Jacobi identity if the duality between color and kinematics is manifest. The dotted

lines at the corners represent arbitrary tree-level subdiagrams and are understood to be the same
for all of the three cubic graphs.

kinematics Nr+N;j+ Ng=0

duality-satisfying representation (2.27), the kinematic numerators exhibit the same
antisymmetry properties under flips:

CIAZ -C; = NTZ —Nj. (2.28)

e For each triplet of graphs I, J, K where the Jacobi identities (2.25) lead to the van-
ishing of triplets C1 4+ Cj + Ck, the BCJ duality requires the corresponding triplet
of kinematic numerators to vanish as well

Cr+C;j+Cgk=0 — N;y+N;j+Ng=0. (2.29)

As visualized in figure 5, such triplets of cubic graphs only differ by a single propa-
gator.

In later sections, we will construct local representatives of the kinematic numerators Ny
in (2.27) of (YM+F3+F*) which do not exhibit any poles in sp and obey the BCJ duality
up to and including the order of o’ 2, By the Jacobi identities (2.25) of the color factors,
the numerators are still far from unique after imposing locality, and generic choices at
n > 5 points will fail to obey some of the kinematic Jacobi relations (2.29). Hence, finding
a manifestly color-kinematics dual parametrization (2.27) requires some systematics in
addressing quartic and higher-order vertices via 1 = %. The additional requirement of
locality is particularly restrictive, and we will see that suilfc)able gauge transformations (2.18)
of the Berends-Giele currents in (YM+F3-+F4) give rise to local solutions, generalizing the
construction in ten-dimensional SYM [28].

Still, the very existence of duality satisfying kinematic numerators is sufficient to derive

BCJ relations among color-ordered amplitudes [2]

n—1

> (kas.j k1) A2,3,...,4,1,5+1,...,n) =0. (2.30)
j=2

By combining different relabellings of (2.30), any color-ordered amplitude can be expanded
in a basis of size (n—3)!. BCJ relations were shown to apply to A — Ay s 4 up to and
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‘ ‘ ‘ «—  Nipegs,..n-in
1 p € perm(2,3,...,n—1) n

Figure 6. When the BCJ duality is manifest, the master numerators Ny|,(2,3,....n—1)|n associated
with the depicted (n—2)!-family of half-ladder diagrams generate all other kinematic numerators
via Jacobi relations.

including the order of o/ [18] by isolating suitable terms in the monodromy relations of
open-string tree-level amplitudes [11, 12]. For a variety of four-dimensional helicity config-
urations, kinematic numerators of YM + F subject to Jacobi relations (2.29) can be found
in [18]. We will derive generalizations to helicity-agnostic expressions in D dimensions and
include the o/ order of (YM+F3+F*).

Kinematic antisymmetry relations (2.28) and Jacobi identities (2.29) leave (n—2)! in-
dependent instances of Nj. A basis of kinematic numerators under these relations can be
assembled from the “half-ladder” diagrams depicted in figure 6 which are characterized by
a fixed choice of endpoints 1 and n as well as permutations p € S,_2 of the remaining legs
2,3,...,n—1. We will denote the basis numerators of the half-ladder diagrams in figure 6
by Nijp2,.3,..n—1)|n and refer to them as “master numerators”.

2.5 Double copy

The BCJ duality allows to convert cubic-graph parametrizations (2.27) of gauge-theory
amplitudes into gravitational ones: once the gauge-theory numerators Ny satisfy the same
symmetry properties as the color factors Cy (i.e. flip antisymmetry (2.28) and kinematic
Jacobi identities (2.29)), then the double-copy formula

Nr N
Mew =3 L (2.31)

=
enjoys linearized-diffeomorphism invariance. In case of undeformed YM theory, (2.31)
yields tree-level amplitudes of Einstein-gravity including B-fields, dilatons and tentative
supersymmetry partners [2, 48]. The polarizations of external gravitons, B-fields or dilatons
in the ;" leg are obtained by projecting the tensor products e? e in (2.31) to the suitable
irreducible representation of the Lorentz group.

In case of (YM+F3+F*)-numerators, the gravitational amplitudes descend from a de-
formation of the Einstein-Hilbert action by higher-curvature operators of o/ R +a/ ’R3 [18]
as seen in the low-energy effective action of the closed bosonic string [25], see section 5.4
for details. The tilde along with the second copy N; of the gauge-theory numerator Ny
indicates that the i*" external gravitational state may arise from the tensor product of
different polarization vectors ef’ and é'.
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In the same way as (2. 31) is obtained from gauge-theory amplitudes (2.27) by trading
color for kinematics, C; — N 7, one can investigate the converse replacement N; — CI

ME =3 T —— Cr G (2.32)

e€internal 88
Iel'y edges of T

This double copy of color factors (with (j] comprising structure constants fi’i"i’k of pos-
sibly different Lie algebra generators fb) describes tree amplitudes of biadjoint scalars

(;5 qba‘bt“ ®fb with a cubic interaction f@14293 fblb?b?’ ¢a1|b1 ¢a2|b2q5 77]. The two species

as|bs [
@ and # admit a two-fold color decomposition (2.26), and we define its doubly-partial am-
plitudes m(-]-) by peeling off two traces with possibly different orderings p, 7 € S,,—1 [77],

pu— (z)g ~ ~
m(1,p(2,...,n)|1,7(2,...,n)) = M$ T 603 2o Ty ) e (2.33)

Doubly-partial amplitudes compactly encode a solution to all the kinematic Jacobi rela-
tions: when reducing the gravitational amplitude (2.31) to the master numerators intro-
duced in figure 6, the coefficients are analogous (n—2)! x (n—2)! families of (2.33)

M%rav = Z Nl\p(?,...,n—1)|nm(17 p(27 s >n_1)7 n|17 7_(27 SRR n_1)¢ n)NHT(Q,...,n—l)\n :
P, TESH_2
(2.34)

The gauge-theory analogue (with Cy|,(2,...n—1)n referring to the half-ladder diagrams as in
figure 6)

Mp= > Cipennum(L,p2,...,n=1),n/1,7(2,...,n=1),n) Nyjr (2, .n-1)n (2.35)

vaESn72

is equivalent to expansions of color-ordered amplitudes in terms of master numera-
tors [14, 77]

Alp(1,2,...n)) = > m(p(1,2,...,0)|L,7(2,...,n=1),n) Nijr2, a1y - (2.36)

TESn—2

Representations of the form in (2.34) to (2.36) arise naturally from the (o/ — 0)-limit of
string-theory amplitudes [14, 19, 20, 63] and the CHY formalism [77].

By comparing the representations (2.27) and (2.35) of color-dressed gauge-theory am-
plitudes, we conclude that the Jacobi relations among the cubic diagrams in figure 5 can be
traced back to the properties of the doubly-partial amplitudes. By the symmetric role of
N. and C. in (2.35), this applies to the Jacobi relations of both color factors and kinematic
numerators.

Doubly-partial amplitudes obey BCJ relations (2.30) in both of their entries and admit
bases of (n—3)! x (n—3)! elements [77]. The matrix inverse of such a basis appears in the
more traditional formulation of the gravitational double copy at tree level: the (o’ — 0)
limit of the string-theory KLT relations [1] yields the following manifestly diffeomorphism
invariant rewriting of (2.31),

ME™ = 3" A1, p(2,...,n—2),n—1,n)S(p|T)1 AL, 7(2,...,n—2),n,n—1). (2.37)

P,T€S7L73
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The all-multiplicity form of the (n—3)! x (n—3)! KLT-matrix S(p|7)1 has been studied
in [78, 79] and furnishes the inverse of doubly-partial amplitudes (2.33) [77],

S(plt)y = —m71(1,p(2,...,n—2),n—1,n|1,7(2,...,n—2),n,n—1). (2.38)
Alternatively, one can obtain the KLT matrix from the recursion [46, 79]
S(2|2)1 :k’l'k‘g, S(Aaj‘BmY?C)l :kj (k1+kB)S(A|Bvc)1 (239)

The subscript ; indicates that the entries of (2.38) not only depend on the momenta
ko, ...,kn_o subject to permutations p, 7 but also on k.

Similarly, the doubly-partial amplitudes (2.33) can be generated from a Berends-Giele
formula analogous to (2.6) [63]

m(P7 n’Qv ’Tl) = SP¢P\Q ) (240)

where P and ) are permutations of legs 1,2,...,n—1, and the doubly-ordered currents
®p|q obey the following recursion [63]:

G =0, spopig= D, Y (Sx1adyB — Pv|a®x|B) - (2.41)

XY=P AB=Q
We will often gather rank-r currents (2.41) in the following (r—1)! x (r—1)! matrix
(P|Q)1 = d1pj1g =5 (P|Q)1 - (2.42)

Examples for the output of the recursions (2.39) and (2.41) include ®(2|2); = sy and

s12(s13+523) 512513 ) (2.43)

512513 813(812+823)

S(p(2, 3)’7—(27 3))1 = (

1 [s1p+s3  —s5
®(p(2,3)|7(2,3))1 = — IR B
8123\ —sy3 813 +sg3

We will later on use the matrices S(P|Q); and ®(P|Q); to relate shuffle independent
Berends-Giele currents to kinematic numerators subject to Jacobi identities.

3 Perturbiners and Berends-Giele representations for F3 and F*

In this section, we apply the Berends-Giele methods of sections 2.1 to 2.3 to the deformed
(YM+F3+F*) theory known from the low-energy regime of open bosonic strings. The
tree-level amplitudes following from the action

1 20/ 2
Synirosrt = / dPz Tr { 7 Fu B + %‘ F," F, F\b + % [F 0, Fa,) [P, ] }

(3.1)
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Uin the low-energy expansion of bosonic-string ampli-

reproduce the leading orders o/’ o/
tudes [80], and a well-defined sector of the a’? order: the effective action of both bosonic
and supersymmetric open strings comprises an operator o’ 2§2Tr F* which can be cleanly
distinguished from (3.1) by its transcendental prefactor (o = %2 [81-83]. Up to and includ-
ing the order of o/?, the amplitudes computed from (3.1) obey BCJ relations (2.30) while
the a/2¢yTr F*-operator excluded from (3.1) is incompatible with the BCJ duality [18]. As
explained in the reference, these BCJ relations to the order of o/ 2 rely on the interplay
between single-insertions of the a/*Tr F4-operator in (3.1) and double-insertions of o/ Tr F3.

More generally, the accompanying multiple zeta values are instrumental to identify
the D?™F™-operators in string effective actions that admit color-kinematics dual repre-
sentations. For instance, the entire single-trace gauge sector of the heterotic string obeys
BCJ relations [20]. The subsector of open-bosonic-string amplitudes compatible with the
BCJ duality was identified in [21], and the amplitude contributions without any zeta-value
coefficient were derived from a field-theory Lagrangian [22].

The subsequent Berends-Giele recursions for the amplitudes of (3.1) follow a two-fold
purpose: on the one hand, they will be used to generate economic and manifestly cyclic
amplitude representations along the lines of section 2.3. On the other hand, they set the
stage for

e an off-shell realization of the BCJ duality in section 4
e a kinematic proof of the BCJ relations in section 5.2

e a construction of manifestly local gauge-theory numerators subject to kinematic Ja-
cobi relations in section 5.3.

All of these results hold to the order of a/? and are based on a non-linear gauge transfor-
mation of the generating series of Berends-Giele currents similar to (2.18).
3.1 Berends-Giele recursions for F3 and F*

Our Berends-Giele approach to (YM+F3+F*) follows the lines of section 2.2 to derive
recursions for the currents from the non-linear equations of motion. The field variation of
the action (3.1) is given by!®

OSVMLIEL _ (g, B 4 20/[9,, [P F ) + 202 [V, [P FL B9 (32)
A

and augments (2.11) by «’-corrections. In Lorenz gauge J,A* = 0, setting (3.2) to zero
amounts to a wave equation analogous to (2.13),

DA = [A¥, 0,A% + [A,, F* + 20/ { [V, F* F, | + [F*, V,F,} (3.3)
+ 2a'2{ [V uF" F oo, FP7] + [[F*, V,,F o), FP] + [[F*,F ], V7] } .

15Tt is convenient to use &TT(IFWX) = 0,[Vu, X] — 62[V,, X] in intermediate steps of deriving (3.2).
The extensions of this lemma to F,,-dependent quantities X follows straightforwardly from the Leibniz rule.
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Since we will only be interested in the amplitude contributions up to the order of o’ 2, we
can simplify (3.3) by dropping terms of order o/ 3 and higher. At the first order in o/, this
allows to replace V, ' = 20/[F*7, V F,"] + O(a’?) = —/[F*?, V¥F,,] + O(/?) such that

DA = [A, 8,A] + [A,, B + 20/ [F* YV, F, N + 40/ [[F* FP], V,F 0] + O(a”).
(3.4)

This form of the field equations gives rise to an efficient Berends-Giele recursion: we will
study formal solutions of (3.4) modulo o/® that descend from a perturbiner ansatz

AF =N AP T = N ek (3.5)
P#£0D P#£)

where Lorenz gauge and the definition F*¥ = —[V#,V”] of the field strength imply

kp-Ap=0,  FB =kLAL —kpAL — Y (AR Ay — A%AL). (3.6)
P=XY

In comparison to the perturbiners (2.14) and (2.15) of undeformed YM theory, the Berends-
Giele currents have been renamed as Ji — A%, and By — FB” in order to distinguish

these o/-dependent quantities from the YM currents in (2.16) and (2.15),
Jb = lim A%, BY = lim F5Y. 3.7
p= i Ap. Bpo= lim Fp (3.7)
In the same way as the Berends-Giele recursion of undeformed YM theory benefits from
field-strength currents B/, the perturbiner solutions to (3.4) are conveniently expressed

in terms of the additional auxiliary currents

VIR = N Fp ke e ) = N g ek (3.8)
P#0 P#D
By their definition in (3.8), the auxiliary currents are determined by A%, and Fp”,
)\ v 14 14
FRA = kbR — S (AR PP — ALFRY
P=XY

Gy =3 (YR - RUFY), (3.9)
P=XY

in the same way as the F5” in (3.6) boil down to the elementary currents A%. All the
above currents can be shown to obey shuffle symmetry

v VA VA
A'L]L?LUQ:F;MQ:FIQLLJQ:G%ch:OVP:Q#@ (3.10)

by repeating the arguments for the currents J5 and Fp” of pure YM theory [27, 65].
With the above definitions, the Berends-Giele recursion induced by the field equa-
tion (3.4) takes the simple form

A= o (3.11)
1 g g
A=Y |k - Ax) AY + AR+ 20 PR 4 402G RV - (X 0 7).
P
P=XY
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In analogy to (2.6), the leading orders o’ =% of the tree amplitudes resulting from the
action (3.1) are then given by

Aniseroopi(1,2,. ., n—1,n) = s19. a1 AL, AR+ 0. (3.12)

For instance, the rank-two current due to (3.11) with X = 1 and Y = 2 and the resulting
three-point amplitude read

1
s1241y = (k2 - e1)ey — (k1 - ea)ey + S (kY — k3)(e1 - e2)

+ O/(kﬁ/f - k:g) [(k‘l . kg)(el . 62) - (kl . 62)(1432 . 61)] (313)
AYM+F3+F4(1) 2, 3) == [(k‘Q : 61)(62 . 63) + cyc(l, 2, 3)] + 20/(]{32 . 61)(1€3 . 62)(k1 . 63) .

The last term of the three-point function illustrates a fundamental difference between the
tensor structure of YM amplitudes and their F* corrections: contractions of the type (k-e)”
do not occur in n-point amplitudes of YM [84-86]. Hence, the expressions for Ay, gy g1
in this work do not belong to the class of D*™F™ amplitudes that are accessible from the
open superstring through a combination of color-ordered SYM trees [17].

By the shuffle symmetry (3.10) of the currents, the amplitude representation (3.12) can
be used to demonstrate Ay, g3, pa(1,2, ..., n) to also obey the Kleiss-Kuijf relations (2.9).
The o/'-order of our results up to and including n = 6 points has been checked to match
the D-dimensional CHY formulae of'® [26]. The D = 4 helicity components of the CHY

17 in turn have been verified to agree with the results of [88-90].

expressions

We emphasize that the form of the recursion in (3.11) only involves deconcatenations
P = XY into two words X,Y rather than three-word expressions with P = XY Z as
seen in (2.2). Hence, the amplitudes (3.12) naturally arise in a cubic-graph parametriza-
tion (2.27) as visualized in figure 7. The cubic-graph organization extends to the order
of a/?, although each term of the Tr F* vertex in (3.1) involves at least four powers of
the A field. Still, the quartic-vertex origin of the terms G;(Mng;'p ?in (3.11) is visible
through the absence of single-particle currents G%' “% _ 0 since there is no deconcatenation
XY =iin (3.9). Like this, the part G}”‘MF;'M of the recursion (3.11) can only contribute
at minimum length |X|+ |Y| = 3, i.e. to amplitudes (3.12) at multiplicity n > 4.

Note that the equation of motion (3.2) translates into the following expression for the
tensor divergence of Fi”:

Ky =Y [AQF;“ + 20/ PR FIM 4 402G R (X oY) |+ 0(0). (3.14)
P=XY
3.2 Manifestly cyclic Berends-Giele representations

This section is dedicated to a reformulation of the Berends-Giele formula (3.12) for
Ay g3y ps such as to manifest cyclicity and to reduce the maximum rank of the Berends-
Giele constituents (3.11) on the right-hand side. This amounts to identifying a deformation

16We are grateful to Song He and Yong Zhang for providing the analytic expressions.
17See [87] for a systematic study of the reduction of CHY formulae to D = 4 dimensions.
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I3 uv 2 3
Algs, Flas, @
F'G‘
1
: : 2 : 3
Figure 7. Berends-Giele currents AY,  F{y F{gmp and G’f;lf‘zf of rank p combine the diagrams
and propagators expected in a color-ordered (p+1)-point tree amplitude of (YM+F3+F*) with an

off-shell leg... . Vertices marked with a white and black dot represent the first and second order
in o on the right hand side of (3.11), i.e. the cubic-graph parametrization of o/F3 and o/*F4*

(1+3) + 0

insertions.

Mx v,z

Figure 8. In the diagrammatic interpretation of the building block Mx y,z in (3.15), the central
vertex can either be of YM type (first term), of (o/ F3)-type (white dot) or of (a/*F*)-type (black
dot). The blobs labelled by X,Y, Z represent currents of (YM+EF3+F4).

of the cyclic Mx y,z building block in (2.20) that preserves the structure of the economic
and manifestly cyclic amplitude representations (2.24) up to and including the order of
2. The desired cyclic building block analogous to Mx y,z reads

1
Mxyz = 5 (AT AY + cye(X,Y, Z)) — 20/ FiY FYAF !

/
+ <OZ2F§”AF{;)‘A’§ + 20/ GR U AY & perm (XY, Z)> (3.15)
o'
+ <2G§“”F¢”F§P — 2 FIWFENV YN 4 cye(XY, Z)) ,

where the notation +perm(X,Y,7) instructs to add five permutations with alternating
signs and enforces permutation antisymmetry My y,z = —My x,z = My z x. The dia-
grammatic interpretation of the building block (3.15) can be found in figure 8.
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In analogy with (2.21), the amplitude formula (3.12) can be rewritten as

Apviprosri(1,2,. . n=Ln)= Y Mxy, +O(”?) (3.16)
XY=12..n—1
n—2
3
=D Mz jrtem-1n +O(@").
j=1

To first order in o', the equivalence with (3.12) is proven to all multiplicities in ap-
pendix A.1. At second order in o’ 2, (3.16) has been checked analytically to multiplicity
n = 6 and numerically up to and including n = 8. In the same way as we are only interested
in the orders a’=? of the amplitudes (3.16), we will consistently drop terms at the orders
o/=3 in later equations of this work and skip the disclaimer O(a’®) for ease of notation.
Amplitude representations with manifest cyclicity and lower-rank Berends-Giele cur-
rents can be obtained by an integration-by-parts property that takes the same form

as (2.22),
> Mxys= Y Maxy, (3.17)

XY=A XY=B

starting with 9234 = My 2,34, see (2.23) for higher-point examples. At the order of o/,
a general proof of (3.17) can be found in appendix A.2. At the order of o/, (3.17) has
been checked analytically at |A| 4+ |B| < 6 as well as numerically at |[A| 4+ |B| < 8 and is
conjectural at higher multiplicity.

By applying (3.17) to the amplitude representation (3.16), one gets manifestly cyclic
expressions analogous to (2.24),

1
AYM+F3+F4(L 27 37 4) - 59)21273,4 + CYC(L 27 3a 4)
AYM+F3+F4(17 2, PPN 5) = 93?12,3,45 + CYC(l, 2, 3, 4, 5) (318)
1 1
Ayvrsipa(1,2,...,6) = §5W12734756 + 5@%23,45,6 + Mi234,56) + cye(1,2,...,6)

Aymarsepa(1,2,...,7) = Moz a5.67 + M 234 567 + cye(1,2,...,7),

as well as

1

Avvirsira(1,2,...,8) = §(m1234,567,8 + M1234,56,78 + Mi1234,5,678)
+ Mi23456,78 + cye(1,2,...,8)

Avmaersira(1,2,...,9) = Mo 567,80 + Mi234,56,789 + M1234,5678,9

1

+ §9ﬁ123,456,789 +cyc(1,2,...,9) (3.19)
1

Avmyrsyra(1,2,...,0) = §(m12345,6789,0 + M12345,678,90 + M12345,67,800 + M12345.6,7890)

+ M1234,567,890 + Mi234,5678,00 + cye(1,2,...,0).
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The rational prefactors of non-prime multiplicities n = 4, 6, 8,9 avoid overcounting of cubic
diagrams when combinations of currents are invariant under less than n cyclic shifts i —
i+1. Integration by parts (3.17) can be used to bypass such prefactors in expressions like

Avmvirsipa(1,2,3,4) = Mig 34 + Moz a1
Aymvirsipa(1,2,...,6) = Mo 3456 + Moz 4561 + Mi2345,6 + Mi23.4,56 (3.20)
+ Moazs 56,1 + Masa 561 + Maas61,2 + M3a56,12,

also see [28, 37, 38] for the antecedents of these representations in ten-dimensional SYM.
Similarly, the all-multiplicity series of cyclic representations

1 n—2 n—1
AYM+F3+F4(17 2,... ,N) = m Z Z le...j,j—l-l.‘.l,l—l-l.‘.n + CyC(l, 2,... 7n) (321)
i=21=j11

can be imported from ten-dimensional SYM [17].

3.3 Gauge algebra of F3 4+ F* building blocks

The action of non-linear gauge transformations doA* = 9*Q — [A#, )] is not altered by the
higher-mass-dimension operators in the action (3.1). Hence, given perturbiner components
Qp for the gauge scalars Q, the o/-deformed currents of the previous subsection follow the
transformations of the YM currents (2.18),

So Al =kEQp— > (ARQy—ALQx),  SoFR =— > (F{Qy—FQx)
XY=P XY=P
(3.22)
SaFp = — ST (P Oy -FOx), sGy™ = = Y (G MOy -G M0y .
XY=P XY=P

One can therefore verify non-linear gauge invariance of the amplitude formula (3.12) by
repeating the arguments of the undeformed gauge theory: among the three terms in the
gauge variation

0a(s12.m—1A412..n—1 - An) = S12..n—1 {(A12...n—1 k) + Q21 (k12,01 - Ap)

+ Y (Al - QXA’;)AZ} . (3.23)
12.n—1=XY

the first one vanishes by the Lorenz-gauge condition k1o, ,_1-A12.n—1 = 0 and the second
one due to transversality k, - A, = 0 (using momentum conservation ki, . | = —kf in
both cases). The currents in the second line of (3.23) have multiplicity |X|,|Y| < n—2 and
are therefore regular as s ,—1 — 0, so multiplication with s12.,_1 causes this term to
vanish as well. This rests on the reasonable assumption that the gauge scalars 2p descend
from a perturbiner and can only have poles in sg for subsets Q C P.

By the Leibniz property of dg, momentum conservation and the expression (3.14) for
contractions of the form k5 FE”, one can infer the non-linear gauge transformation of the
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building blocks (3.15). The result is most conveniently expressed in terms of a scalar
quantity Qxy,zw = Qx,y,zw) which is totally antisymmetric in four multiparticle labels
XY, Z, W,

d0oMx v,z = Z Qpoyv,z + Z Qpgzx + Z Qpo.xy (3.24)
X=PQ Y=PQ Z=PQ

Qxyvzw = QxMyzw — W Mzwx + QM xy — QwMxy,z.

While the o — 0 limit of (3.24) descends from BRST variations of superspace building
blocks in ten-dimensional SYM theory [28], a proof to the first order in o’ is given in
appendix A.3. At the order of o/?, we have tested (3.24) to the order of | X|+|Y|+|Z| = 6.

Based on the gauge algebra (3.24) and permutation antisymmetry Qxyzw =
Qx,v,z,w], one can check the non-linear gauge invariance of the manifestly cyclic am-
plitude representations in (3.18), (3.19) and (3.21). In particular, this will be exploited in
later sections to evaluate the My y 7z in BCJ gauge which is tailored to manifest the BCJ
duality via local numerators.

4 Kinematic Jacobi identities in off-shell diagrams

The purpose of this section is to manifest the BCJ duality between color and kinematics
in off-shell diagrams of (YM+F3+F*%). We will construct local solutions to the kinematic
Jacobi relations (2.29) in the subdiagram with an off-shell leg drawn in figure 9. This
amounts to assigning kinematic numerators to the cubic-vertex diagram in the figure which
share the symmetries of the associated color factors

CfQS...p — fa1a20f6a3dfd(l46 o fyap,lzfzapb ] (41)

The adjoint indices a1, a2,...,a, refer to p on-shell legs, and an off-shell leg is associated
with a free adjoint index b carried by the rightmost factor in (4.1).

When identifying the dotted off-shell line in figure 9 with an external on-shell leg, we
recover the half-ladder diagrams of figure 6 that define the master numerators at n = p+1
points. Accordingly, permutations of figure 9 in 2,3,...,p will be associated with the
master numerators in an off-shell setup: cubic diagrams which are not of half-ladder form
or do not have leg 1 and the off-shell leg. .. at their endpoints can be reached from (p—1)!
permutations of figure 9 through a sequence of Jacobi identities.

In specific examples of (4.1) at rank p < 5, antisymmetry f*%% = f laiajar] and Jacobi
identities (2.25) imply the so-called Lie symmetries for the color factors,

0=Chy +Ch 0=Clos. +Chay + Chiy.
0= Closs.. — Choss.. + Clura.. — Chion.. (4.2)

_ b b b b b
0= C112345... - 012354... - 012453... + 012543... + C’45321... - C’45312... :

The ellipsis in the subscript of each term indicates that lower-rank symmetries in the first
labels extend to higher rank. For instance, C%, = f1920 = — faza1b — _ (b, can be shown
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Figure 9. This section is dedicated to constructing local and Jacobi-satisfying kinematic repre-

sentatives for the depicted cubic diagram of (YM+F?+F*). The notation afy _,, fi5 f{g”/\p and

ars lbf\; will be introduced in subsection 4.1 and refers to four types of such solutions at different

mass dimensions.

to persist at any rank p > 2 by contraction with fbescfeasd  frap—1y fyaz which yields
Cfas. p = —C313. - The generalization of the Lie symmetries (4.2) to higher rank will be
spelt out in (4.28) and can be checked to leave (p—1)! independent permutations of 0523...;;
at rank p.

We will now describe the construction of local kinematic factors for (YM+F3+F*) with
the same Lie symmetries of (4.2) which imply kinematic Jacobi relations. The recursive
procedure presented in this section closely follows the steps of [15], where local superspace
building blocks with Lie symmetries have been constructed for ten-dimensional SYM.

4.1 Local multiparticle polarizations up to rank three

As we already saw for the Berends-Giele currents of the previous section, each cubic vertex
of (YM+F3+F*) may introduce powers of &’?, o/ or o/* into the kinematic factors. We no
longer distinguish these contributions from the individual vertices (as done by the white
and black circles in figure 7 and 8) and collectively refer to all contributions at orders
o/ 52 through the off-shell diagram in figure 9. We will start from the numerators in the
Berends-Giele recursion (3.11) to construct solutions to the kinematic Jacobi identities —
i.e. realizations of the Lie symmetries in (4.2) — up to the order of /.

Kinematic representatives for the diagram in figure 9 with Lie symmetries will be
referred to as multiparticle polarizations and denoted by lowercase parental letters a‘fz“p,

To f{g”’; and giy P‘pp . This notation will help to distinguish the local multiparticle

polarizations from the Berends-Giele currents A%, F ﬁ'/, F I’i'” and G’f:,”'/\p with kinematic
poles. In the same way as all the four species of Berends-Giele currents enter the cyclic
building block M x y,z in (3.15), we will later on see that the analogous four species of
multiparticle polarizations can be combined to Jacobi-satisfying kinematic numerators Ny
in the sense of section 2.4.

At rank one, the local multiparticle polarizations are defined to match their Berends-
Giele counterparts which include the transverse polarization vectors ef and do not exhibit
any kinematic poles,

B pR By _ v vl v
a; =e; = A7, [ =kief —kie; =F,

7 7
WA _ i pun i) Mo _ o — A
FU = gl = PN wihe _ = g, (4.3)

)
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Figure 10. Diagrammatic interpretation of two-particle polarizations afy, fis , fis s dis

The simplest multiparticle polarization af, at rank two is defined by isolating the numerator
in the Berends-Giele current (3.13),
1 V| v|A
aly = 5 [(kz ar)as — (kvaz)af + af f3 — af fi'* + 20/ (F 5 = A F “)} ;o (44)

where the absence of contributions at order o/ is plausible by the valence of the Feynman
vertices from o/*F4. The alternative presentation of (4.4) as a¥, = s194¥, generalizes to
the following two-particle polarizations at higher mass dimension,

12 = k. 2a12 12a12 (k1 - k2)(a1a2 alfag) = 512F1“2V

A ol . —(k: ko) (a2 — ab ) = s P (4.5)
gis" = (k- k) (F 3 — 1Y) = 56l

The local multiparticle polarizations are still proportional to their Berends-Giele counter-
parts since the latter only describe a single cubic diagram, see figure 10. By the shuffle
symmetry A4, = — A%, of Berends-Giele currents or the antisymmetry C% = —C%; of the
dual color factors (4.1), we have

B W _ _ ppv BlvA _ eplvA wldp _ pv|Ap
19 = —Qoq, 12 = —Ja1» 12 = —Jar » Y12 = 921 - (4.6)

Starting from rank three, Berends-Giele currents involve multiple cubic diagrams. Mul-
tiparticle polarizations for the individual diagrams can be built by isolating one of the two
deconcatenations (X,Y) = (12,3) and (X,Y) = (1,23) in (3.11) that contribute to Afss.
The numerator w.r.t. 575 8193 stems from (X,Y") = (12,3) and reads

N 1
alf% = 5 (ks - a12)a3 (k12 - GS)au +a12f3 —a3f (4.7)

V| V| 2 v v
o (fY f RV f | "t 4ol glglpof?)lpo] ’

where a formal antisymmetry under exchange of labels 12 <+ 3 can be manifested by
adding 0 = ! Qggu lpo V‘p 7. The Berends-Giele numerator @3 should ideally share the
symmetries (4.2) of the color factor C%y;. Indeed, antisymmetry @}yy = —ah5 in the first
two indices is inherited from the property (4.6) of the rank-two input. However, the first
non-trivial kinematic Jacobi identity for the triplet of cubic diagrams in figure 11 requires
@93 + by + G419 to vanish, which is not the case. Still, the obstruction takes a special
form, where one can factor out the overall momentum k%54 and isolate a scalar quantity
h123 that captures the deviation from the Lie symmetries

a’fza + a12131 + zL\gw = 3k?23h123 : (4'8)

— 95—



a93; f123; f{g?v 9?53\/\;) A - S123
1
2 3 3 1 1 2
Jacobi identity: 0 = A cee 4
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Figure 11. Diagrammatic interpretation of three-particle polarizations afys, f155, {Qg , and gfg'/gl ’

subject to kinematic Jacobi relations such as afy; + cyc(1,2,3) = 0.

Amusingly, the explicit form of

6hi23 = ( P18 ay — 2a & “VfglApfg‘Ap +cyc(1,2 3)>
— 2/l A S : ( M gk 4 perm(1, 2, 3)) (4.9)
=Mi23

can be reproduced from the cyclic building block of (3.15). Already the left-hand side
of (4.8) implies permutation-antisymmetry hiaz = h193), so a redefinition of the Berends-
Giele numerator (4.7) via

ayg = a3 — Kiyghias (4.10)

yields the desired Lie symmetries of the color factors,
b p 0 I I
G123 = —0G213, @93 + Gy31 +az;p = 0. (4.11)

As we will see, the appearance of the overall momentum k5, in the correction (4.10) to
alys is essential to absorb the analogous improvements of Berends-Giele currents into a
non-linear gauge transformation (3.22).

Given a multiparticle polarization a’fz_._p at rank p, the construction of its analogues
s . f{gw;, and gfg P‘; at higher mass dimension involves contact terms ~ s;; that preserve
the Lie symmetries. For instance, the rank-three generalizations of (4.5)

f123 = k123a123 (k12 - k3)0f1‘2a§ — (k1 - k2)(a1 ags — agafg) —(u < v)

VA v
{12‘3 = k123 123 — (k12 - k3)(a12f f12)‘a§) (4.12)
— (k1 - 2)(a f —a23f — ah 135 + ay3f3 A)
v|A v v v
gt = (kz - Ks) (Pl 127 — RSP + (k- ko) (1Y 125 — P Y — P13 + F15 £27)

are easily checked to reproduce the symmetries (4.11) of afy3. These contact terms are the
local equivalents of the deconcatenation terms in the Berends-Giele currents F”, Fglw\ and

G‘Iff}‘)‘p in (3.6) and (3.9), see section 5.1 for more details and [15] for superspace analogues.
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While the difference between afy; and @fsy in (4.10) drops out from the definition (4.12)
of flas, it will be crucial at higher rank to always build f{y f{gw;) and gis P‘If from the

redefined fields subject to Lie symmetries.

4.2 Local multiparticle polarizations at rank four and five

The numerators of the Berends-Giele recursion (3.11) serve as a starting point to construct
higher-rank multiparticle polarizations for the diagrams in figure 9 that satisfy the Lie
symmetries (4.2) of the dual color factors. The higher-rank systematics of the redefinition
in (4.10) is most conveniently illustrated via examples at p = 4, 5.

Given the multiparticle polarizations at rank three in (4.10) and (4.12), their Lie
symmetries imply that the rank-four object

1
~n " " v v v i
@234 = 5 (ks - arzs)ay — (K123 - aa)alas + afoz fy" — aji fio3
+9 /( v eV A qufVlMt) +4 12_vplpo cv|po (4 13)
a(J123]4 4 J123 Q@ G123 J4 .
obeys @t'yey = —ah 0y and @h'on, +ahar+ 0510, = 0. However, the Lie symmetry at rank four
YS A7934 2134 1234 T 2314 T G3124 . ) y y

is not yet satisfied by (4.13), and in contrast to (4.8), it is not possible to factorize kfj5s,
from @}ys, — @943 + Asgq9 — G549, Instead, we will need redefinitions afys, — af35, — alosy
in two steps, where an intermediate object a'lys, is built from permutations of the scalar
hiji in the rank-three redefinition, see (4.9),

gy = Aogy — (k12 - kz)aghiaa — (k1 - k2)(ahhiza — af'hasa) . (4.14)

The pattern of subtractions in (4.14) has been inferred by mimicking BRST transformations
in ten-dimensional pure-spinor superspace [15], and it should be possible to give a similar
motivation from a study of linearized gauge variations. The key benefit of the redefinition
in (4.14) is that the deviation from the rank-four Lie symmetry now takes a factorized form

a/1l§34 - a/lg43 + agiu - agizl = 4k¥234h1234 ) (4.15)
see (4.25) for convenient representations of the scalar his34. The left-hand side of (4.15)
along with alys, = —al|s, and afgsy + alfsq + a¥f{sy = 0 imply the symmetries higzq =
—h9134 = h3q12 = —hsgg91 and hiogs + hoz14 + hg1o4 = 0. Like this, the redefinition
o34 = a/1l§34 — kla3471234 (4.16)
leads to the desired Lie symmetries
oz = —@hazqs  Gazq + Gh3yy + a3194 =0, alggy — Aoy + ahyq9 — Ay = 0. (4.17)

This final form of the multiparticle polarization afys, can be used to construct its coun-
terparts at higher mass dimensions, where the Lie-symmetry preserving contact terms
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in (4.12) generalize to'®

Flaza = Klogaaiozs — (K12s - ka)afyzal — (k2 - k3)(alyas, + afyyay)

— (k1 - ]{52)(@13(124 + afyaby + alsyab — ahzual) — (p > v)

VA
52‘34 Koz f1: Vohe — [(F123 - k4)a123f + (k12 - k3)(a12f + alyu f57) (4.18)
+ (k1 - ko) (afs f37 + aly f53) +0L134fz a234f ) = (ap f5 < adfy f5Y)]
v|Ap
9529!4 = (K123 - k4)f123 P+ (k12 - k3)( +f124 3 )

Ve Ve
+ (k1 - k) (fis 24 {+ fid fs +f134 2 — fosufi ) — ( b 1o < o 18°)-

At higher rank, analogous redefinitions in two steps @fy; , — alfy3 , — afys , will be
sufficient to attain Lie symmetries, i.e. there are no additional intermediate steps at p > 4.
For instance, the Lie-symmetry satisfying multiparticle polarizations (4.16) and (4.18) at
rank four can be used to recursively construct a rank-five quantity

N 1
aﬁL2345 [(7% a1234) — (k1234 - a5)a1234 + a1234f5 —as f1234

A A 2
+ 20/ (f1234 v v fz'gff)‘f“l /91’/5?‘)20 leo (4.19)

subject to the symmetries (4.17) in its first four labels. The rank-five Lie symmetry can
be enforced by first performing subtractions analogous to (4.14) and [15],

‘1/1%345 = al1t2345 - (k'123 : k4)aﬁfh1235 - (k?12 : k’3)(agh1245 + a§4h125 - al1L2h345)
— (k1 - k2)(abhisas + abshias + abyhiss — alhasas — alshoss — afyhoss) ,  (4.20)

and then identifying a rank-five scalar his345 along the lines of (4.15),

Iy I It It I oo _ g
Qo345 — A19354 T Ad5193 — Q513 — Qas312 T Gdz301 = OK)9345712345 - (4.21)

Note that afy,s only satisfies Lie symmetries in its first four labels, as one can check via
hi234 = —ho134 and hjos4 + hosia + h3124 = 0 as well as hjoz = h[123]. This endows the
resulting hi2345 on the right-hand side with the same Lie symmetries in its first four legs
and an additional reflection property his2345+has312 = 0. On these grounds, the redefinition

" p
19345 = (12345 — F12345/12345 (4.22)

leads to the desired Lie symmetries in all the five labels

J . p 7 J Ju _ 7 7 1 b _
Q19345 = —@19345,  Qla3q5 T Q3145 + A31945 = 0, Qjogy5 — Ghog35 + A34995 — A34015 = 0

2 J 7 7 w w _
A9345 — Q19354 T Qy5123 — Gyz013 — Gy5312 T Ays301 = 0
(4.23)

8 As an example for the antisymmetrization prescriptions in (4.18), the subtraction of (a‘léfg‘ > aéf}ék)
extends the term a%,; fi> to the combination aly, fi* — af fi35.
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The remaining multiparticle polarizations are given by

124 LM v H v H H H v
J12345 = K19345072345 — (k1234 - k5)ahoz4as — (K123 - ka)(afagsay + afpzays)
o v w v 1 v v
— (k12 - k3)(ah94505 + alogais + ajy5a5, + alyasys)
© v Mmoo nov 4
— (k1 - k2)(as34505 + ays,a55 + al35a5, + ajy5a53 (4.24)

bov Lov B Lo
+ ay3a545 + ajyasss + ajsassy + afagss) — (1< v),

and similar expressions for f12345 and gg?lig can be inferred by analogy with (4.18) or from

the all-rank formula (4.31).

We emphasize that the expressions for the scalars hiz..j, result from a fully constructive
procedure, i.e. they can be read off from (4.8), (4.15) and (4.21) after factoring out ki, .
Similar to (4.9), one can use the cyclic building block (3.15) to rewrite

1
hi234 = ﬂ(281293712,3,4 + 5131324 — 51aMia2,3 — 523M23.1.4 + 524Moa 1,3 + 2534M34.1,2)

1
= +ZS ((k123 - aa)M 23 — (kosa - a1)Moza + (kiga - a2)Mi 34 — (k124 - a3)Mi2.4)

1
+ §(81293712,3,4 + 534M3412) (4.25)
and similar expressions for hio345 are spelt out in appendix B.1.

4.3 Local multiparticle polarizations at higher rank

The recursive construction of multiparticle polarizations will now be summarized in terms
of all-rank formulae that closely follow their superspace antecedents [15] but incorporate
o’-corrections. The Lie symmetries of a/, 2 bt P f{gmq and gfg ‘f‘qp at lower rank ¢ = p—1
propagate to the first p—1 labels of the following quantity:

1
at . e . H v v VeV
A1o.p = ) (kp a12-~~p*1)ap (k12..p—1 %)a12...p—1+a12...p—1fp apJ12..p—1

+ 20/ (f12 p— 1fywt f;)\fyg‘)\l; 1) +4a 2 W‘pa fy‘pg (4.26)

o2 VM|P<7fV|P<7

When reinstating the vanishing term 0 = 12..p—1, this expression exhibits

formal antisymmetry under exchange of labels 12...p—1 « p. In order to isolate the

deviations from the Lie symmetries at rank p, one first has to subtract!'®
p—1
aly ,=ay ,— > (k2 j1-kj) Z (h1a...i-1)ypalx — ijpa'lfQ_”(j_l)X) . (4.27)
=2

j+1,j+2...p—1
Y

with h; = hy; = 0 as well as h;j, and hyjp defined in (4.9) and (4.25), respectively.
These subtractions vanish at rank p < 3, and their instances at p = 4,5 are spelt out
n (4.14) and (4.20), respectively. These equations might be helpful to see an example

1908 is grateful to Carlos Mafra for identifying the property j+1,j+2...p—1 = X1UY of the words X,Y
in the second sum of (4.27).
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of the summation prescription of the form ajay...ar = XwY in (4.27): for a given k-
particle label ajas . . . ax, the sum runs over all the 2¥ pairs of words X and Y whose shuffle
product contains ajaz...ay, for instance?® (X,Y) = (0,0) in case of k = 0 as well as
(X,Y) = (a1,0) and (X,Y) = (0,a;) in case of k = 1.

The outcome of (4.27) still obeys the Lie symmetries in the first p—1 labels and is
claimed to factorize k?z...p when probing the rank-p Lie symmetry:

p=2n+1 odd

p = 2n even

alu _a/M .
12..n+1[n+2[...[2n—1[2n,2n+1]]...]] 2n+1,2n,..n+2[n+1[...[3[21]]...]] *
a/lt +a/ﬂ
12..n[n+1[...[2n—2[2n—1,2n]]...]] 2n,2n—1,..n+1[n[...[3[21]]...]]

} = pklg ph12.4.p-

(4.28)

The symmetries of the scalar his.. ), induced by the left-hand side ensure that the final form

a’12 D a’,ll% .p klli2...ph12---p (429)

of the multiparticle polarizations obeys all the Lie symmetries of the color factor (4.1),

p=2n+1 odd

J o p )
0— @19 nt1[n+2) [2n—112n,2n+1])..]] — %2n+1,2n,...nt+2[n+1[...[3[21]]...]]
p = 2n even

Wy 1] 2r—2pa-1.20))]) T n2n-1, .t 1[n][321]]
(4.30)

Hence, when interpreted as the kinematic numerator of the off-shell diagram in figure 9,

the multiparticle polarization af, p il (4.29) obeys kinematic Jacobi identities.

\V/\ ulp

The remaining multiparticle polarizations f1y P fis” and g5 of higher mass di-

mension are obtained by the following generalization of (4.12), (4.18) and (4.24)

P
M v M v
flonp =Ko paia. p — E (k12..j—1 kj) g aly j1x%y — (B V)
Jj=2

Jj+1,j+2...p
=XuwY
2 S
v ou Y m A [ L2
fiop =Ko ,f15 5 — E (k12..j-1 - E ayy joax iy —(dpfq" < agfp?)
=2 J+1j12.p
=XuwY
(4.31)
B P A A
mlie e Ap pv e Ap
G2 p = E (k12..j-1 - kj) E . fla jaxt ¥ - (5 fq e 1o P
j=2 Jj+1,5+42...p
=XuwY

see the explanation above for the summation prescription j+1,j+2...p = XwY. The
pattern of contact terms on the right-hand side preserves the Lie symmetries in all the
p labels and will be connected with Berends-Giele currents in section 5.1. In the next
section, these four Jacobi-satisfying kinematic representatives (4.29) and (4.31) of the off-
shell diagram in figure 9 will be combined to on-shell numerators of (YM+ F3+F4).

20As a rank-two example of the above summation prescription, ajas = XY allows for the four choices
of (Xv Y)v namely (ala?, 0)5 (0, ala’?)? (a‘la a2)v (a27 al)'
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Figure 12. Cubic-diagram expansion of the rank-four Berends-Giele current A@glm built from
multiparticle polarizations.

5 BCJ gauge and BCJ numerators for (YM+F3+4F*)

5.1 Berends-Giele currents in BCJ gauge

In this section, we relate the Jacobi-satisfying numerators for cubic off-shell diagrams as
constructed in the previous section to gauge-transformed Berends-Giele currents. The idea
is to compare the Lorenz-gauge currents A%, Fi”, F g'w‘ and G‘;DV‘)"O of section 3.1 with al-

ternative currents A% BCJ, cees G’;”'A”’ BCT obtained from multiparticle polarizations. More
precisely, these alternative currents are defined by combining cubic diagrams in the usual

color-ordered manner and dressing them with multiparticle polarizations and propagators.

. B
The simplest examples are A}” CJ = el as well as
I 7 1
w,BCI Q79 w,BCJ _ G193 Q391
Ay = ) Algs " = + (5.1)
S12 5128123 S235123
I I I I I I
ABCT _ 1 { 1934 + 3214 + Qo34 — Q1243 Q4321 Gagq }
1234 =
51234 | 128123 S23S5123 512534 5345234  S235234

and similar definitions apply to F#BCI prlvA BT GuwlAe, BCT with qit — frv | frlvA givide
on the right-hand side of (5.1). The rank-two currents are degenerate with A%;5%7 = A%
while the redefinitions of numerators a/fz..p at ranks p > 3 by hi2.., introduce differences
between A% from the recursion (3.11) and the alternative currents in (5.1).

At rank three, there are two cubic diagrams contributing to A%E T after dropping the

1 o/? vertices in figure 7, and the five cubic diagrams at

rank four are depicted in figure 12. The numerator for the last cubic diagram of A’fé?f‘] in

e 0
distinction between order-a/", «

the figure with propagators (31233431234)_1 is defined to be a’fQ34 - a’fQ43 by its relation to
half-ladder numerators via Jacobi identities.?!
More generally, each cubic diagram contributing to AT&?SJ can be derived from the

half-ladder topology via kinematic Jacobi relations. The half-ladder numerators at rank

*'The Lie symmetry alys, — aiay3 = —(a4y0 — alyn;) ensures that this numerator changes sign when
trading 12 <» 34 by a flip of the central cubic vertex and therefore obeys (2.28).
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p in turn can be expanded in the (p—1)!-element basis {alp(%mp), p € Sp—1} by their Lie
symmetries (4.30). As already noted in a superspace context [15, 19], currents and master

numerators are related by the inverse of the (p—1)! x (p—1)! KLT matrix in (2.42),

,BCI v,BCJ v
Alfp(23 ) Z ®(plo) alfa(23...p)’ Fﬁ;(zs p) Z ®(plo)y flucr(23...p) (5.2)
oESp_1 0ESp—1
ulvA, BCJ uv|Ap, BCJ uv|Ap
Flpos.p) = Z ®(plo) flo 23...p) Glp(23...p) = Z ®(plo) 91o(23..p) -
o€Sp_1 0ESp—1

. . . Ap, BCJ .
The cubic-graph expansion endows the alternative currents A’;BCJ, cee G’If,yl P with

the same shuffle relations (3.10) as the Lorenz-gauge currents A, . .. ,G*}V‘Ap . Hence, the
former also descend from Lie-algebra valued perturbiners [74] such as

A BCJ _ Z 14#7 BCJtP kp- z FHv: BCJ _ Z FMV BCJtP kp- T (53)
P+ P#)

By direct comparison of the currents A, Fi” and A’ BCJ. FB» BCJ the redefinitions of the
multiparticle polarizations via hia., conspire to shuffle symmetric scalars Hia. p,

,BCJ _ v, BCJ
Afsy " = Allgs + Kpz Huos Fios " = Fio

BCJ
Alyay™ = Ay, — AV Hozy + Hig3 Al + Kyg, Hi234 (5.4)

v,BCJ v v
Flozy " = Flosy — F{" Hozq + Hig3Fy"

for instance

h123<1 1> 9ﬁ123<1 1>
Hooe — Lo Phes (1L 5.5
25 o103 \sas 12 6s123 \ S23 S12 (5:5)
Hugst = 1 {h1234< 1 >_h3214 < 11 >+1 <9ﬁ12,3,4_m34,1,2>
51234 5345234 5125123 s93 \ 123 S234/) 4 534 512
1 MNMio3 1 1 Mo 3.4 1 1
L 23 (L LN o Pasa 1 1 5.6
+12 <( 123°04) 5123 \S12 S23 Hkasaar) 5234 \S34 523 (5.6)
1
+—— [M12,3(k123-a4) =M1 2.4(k124-a3) =D 3 4(k134-a2)+ M2 3 4(koza-a1)] ¢
24512534

An alternative expression for His34 can be found in appendix B.2.
Given that H; = H;; = 0, the redefinitions (5.4) up to rank four line up with the
general form of a non-linear gauge transformation (3.22)

AEPY = AL+ B Hp — Y (A Hy — AL Hy)

XY=P
FRePY = PR — N (FYHy — F{ Hx) (5.7)
XY=P
v\, BCJ VA VA VA
FRIAES — = N (P Hy — Y HY)
XY=P
Ap, BCJ A A A
G‘];’I p _ G‘I‘f‘ o Z (G‘;{‘ ? Hy fG‘{,Vl PHy)
XY=P
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with gauge parameters Qp — Hp. These transformations are checked to apply to all
currents up to and including rank five, see appendix B.3 for the explicit form of Hi2345,
and the existence of suitable His. , is conjectural at higher rank p > 6.

As the punchline of (5.7), the local Jacobi-satisfying numerators for off-shell diagrams
are related to Lorenz-gauge currents through a non-linear gauge transformation gener-
ated by

Q=" Hyt'tt'e"™ + 3 Hygmtt/ttmebom 4 = " HptPebre. (5.8)
i3l i.40m |PI>3

In the next sections, the local multiparticle polarizations will be used to manifest the BCJ
duality between color and kinematics in tree-level amplitudes of (YM+F3+F 4). Hence,
the transformed currents A“BCJ, e ,G’ff‘)‘p’ BCT L elated by (5.2) are said to be in BCJ
gauge [27, 28]. Note that the first perturbiner solutions to the field equations of ten-
dimensional SYM were actually constructed in BCJ gauge [91].

5.2 Kinematic derivation of the BCJ relations

As a first application of BCJ-gauge currents, we derive the BCJ relations (2.30) of
Ay sy e amplitudes by inverting their correspondence (5.2) with multiparticle polar-
izations. The same sequence of arguments has been applied to derive BCJ relations for
tree amplitudes of ten-dimensional SYM from superspace currents in BCJ gauge [28], and
we adapt the reasoning of the reference to the bosonic amplitudes up to the o’ 2 order.

At rank p, inversion of (5.2) relates multiparticle polarizations to BCJ-gauge cur-

rents via
u, BCJ Z wr, BCJ
o(23...p) Z S(olm) A17(23 DE 1:7 23...p) S(alr) 1F17 23...p) (5.9)
TESp-1 TESp—1
il Z wulvA, BCJ ,ul/|)\7' Z MV\AT BCJ
10(23...p) S(o ’71F1723 p) 910(23...p) S(almh 17‘23p )
TESp-1 TESp—1

where S(o|p); denotes the KLT matrix defined in (2.39). The Lie symmetries of the
numerators of the BCJ-gauge currents ensure that the Mandelstam invariants from S(o|p)1
cancel all of their kinematic poles on the right-hand sides of (5.9). However, when repeating
these matrix multiplications with Lorenz-gauge currents A%, some of the kinematic poles in

(m > 3)-particle channels persist?? in > ores,  SolT)A ) with p > 3. Hence, it is a

o
17(23...p
peculiarity of BCJ-gauge currents that local objects are obtained from matrix multiplication
with S(o|p)1. Similarly, the pole 31_21'”27 in the p-particle channel drops out from the following

rank-p combinations of BCJ-gauge currents,

“w
u, BCJ A193 u, BCJ u, BCJ
At ) P s23A133 " — s134513 (5.10)

w, BCJ w, BCJ
= 53 A1234 — s24(AY39s " + A3ioy )+314A3214 )

-
Q19 = S12

Ju 3
1934 + Q3214
81258123 S235123

*2For instance, the product dores, 52 3|T)1A1r(23 = s12(s23AY55 — s13A4;3) can be thought of as a

Lorenz-gauge analogue of a‘f23 and exhibits a pole in s123 with residue ~ 812k§‘23h123.
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i.e. they are non-singular as sq2., — 0 but obviously exhibit poles in lower-multiplicity
channels such as 31_21'”1]_1. The same is true for the rank-five expression

H W M W 7 W
1 <a12345 + O32145 43215 @23415 + (19345 — a12435> (5.11)
81234 \ 5125123  S235123  S345234 5235234 512834
_ u, BCJ u, BCJ 1, BCJ u, BCJ
= sa5A1h345" — S35 A(1ouy3s 5254 (4301)25 — 15443015 -

This can be used to derive BCJ relations among color-ordered (YM+ F3+F4) amplitudes.
We exploit that the amplitude formula (3.12) is invariant under non-linear gauge transfor-
mations — see section 3.3 — and can therefore be written in terms of BCJ-gauge currents,

Avsiars (1,2, ... ,n—1,n) = s1g._n_1 AP Ax (5.12)

The right-hand side is nonzero and finite by the interplay of the vanishing Mandelstam
invariant s12. ,—1 and the compensating (n—1)-particle pole of A‘fé?gil. If the propaga-
tor 31_21__71_1 cancels in a linear combination of currents, then multiplication with s15. ,_1
yields vanishing expressions in the n-particle momentum phase space. For instance, since
82314’1%3])30‘] —313A§i?])3c‘] = al'y3/s12 does not have the pole s755 of the individual currents, the
quantity sig3alys/s12 = 3123(32314’1%3])30‘] — slgAgi?CJ) vanishes by four-particle momentum
conservation. In combination with the amplitude formula (5.12), this implies the four-point

BCJ relation (2.30)

I
51234 B B
0= 312123 — s123(s23Al35" " — s134575)
= 823AYM+F3—|—F4 (1, 2, 3, 4) — 813AYM+F3+F4 (2, 1, 3, 4) . (513)

Similarly, the rank-(p < 5) combinations in (5.10) and (5.11) with regular si2._, — 0 limit
imply the following five- and six-point BCJ relations after multiplication with the vanishing
(p = n—1)-point Mandelstam invariant si2._p,

I n

a a

1234 3214

0= S1234 ( + > = s3g Aymtpagra(1,2,3,4,5)
5125123 5235123

—s2u(Aynmppsrpa(1,3,2,4,5)+ Aymy sy e (3,1, 2,4, 5) ) +s14Ayvg pa g pa (3, 2, 1,4, 5)

7 7 7 7 7 Iz
S12345 [ @ a a a a —a
0= ( 12345 | 932145  Y43215 Y3415 | Y2345 12435) (5.14)
51234 \ 5125123 5235123 5345234 S235234 512834

= 545~AYM+F3+F4 (17 2,3,4,5, 6)_535AYM+F3+F4 ((L 2|-|-|4)7 3,5, 6)
+so5Aynmy sy pa((4,3W1),2,5,6)—s15Ayny paypa(4,3,2,1,5,6) .

This calls for an all-multiplicity formula for analogous combinations with regular behaviour
as s12..p — 0: the right-hand sides of (5.10) can be generated through the S-map [15, 28]

. Pl Q| .
w,BCJ ZZ _1\i—j+|P|-1 u, BCJ
AS[P,Q] (=1) SpiqjA(p1p2---pi71LUP\P\p\P\A---pi+1)piqg'(qu1---q2q1mqj+1---Q\Q|)

i=1 j=1
(5.15)
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involving words P = p1p2...pp| and @ = q1g2 - .. q|g|- BCJ gauge of the currents implies
that the S-map defined in (5.15) removes the pole in spg [15] and therefore paves the way
for the following form of the BCJ relations [28§]

— ,BCJ
0= (-1 tspoAGip oAl
Pl Q|

= Z Z(_l)i_jspqu'AYM-&-F3+F4((p1p2 - Pi—1Wpipy - - -Dit+1)sPis GG (@1 - - - Q1LUGj41 - - - Q\Q\)»n) .
i=1 j=1

(5.16)

Suitable choices of P and @ in (5.16) reproduce various representations of the BCJ rela-
tions [2, 11, 12, 92]. Setting P = 1 and Q = 23...n—1, for instance, one recovers a form
of the BCJ relations

n—1

0="> (=1 sy Avnrrorra(L, 4, (G—1,5-2,...,3,205+1,...,n—1),n) (5.17)
j=2

which is equivalent to (2.30) by the KK relations Ayyi;psypa(XWY),n) =0V X, Y # 0.

5.3 Local Jacobi-satisfying numerators

In this section, we will exploit the multiparticle polarizations of (YM+ F3+F*) to construct
local and Jacobi-satisfying cubic-diagram numerators. The most direct approach is to
expand the BCJ-gauge current in the amplitude representation (5.12) via (5.2),

Ayvarsipa(1,7(2,...,n—1),n) = Z 312-%—1@(7"0)1a/1ip(23...n71)657 T€S_2,
PeSn—2
(5.18)

where the formally vanishing Mandelstam invariant in sj2_,—1P(7|p)1 cancels in each entry
of the inverse KLT matrix (see the recursion in (2.41) and (2.42)). From the remaining

propagators in ®(7|p)1, the expressions a el will be shown below to take the role

o
of master numerators of the half-ladder iiplggr;m;) depicted in figure 6. The (n—2)! KK-
independent permutations of Ay, g3 4 in (5.18) incorporate each cubic diagram at least
once and therefore define all of the numerators.

In order to demonstrate that the numerators in (5.18) obey kinematic Jacobi identities,
we bring it into the form of the general amplitude representation (2.36) with manifest color-

kinematics duality,

Aymepsaps(0(1,2,.n) = > m(o|l,p(2,...,n=1),n)a} oy e, 0 €S,
pesn72
(5.19)

Consistency with (5.18) can be conveniently checked by expressing ®(7|p); with 7, p € Sy,_o
as a putative (n+1)-point doubly-partial amplitude —m(1, 7, n,n+1|1, p,n+1,n) via (2.38)
and (2.42). By its Berends-Giele representation (2.40) [63], the latter can be written as

O(7[p)1 = =812 0P1rninip = — Z Z (Px|a®y|B — Pv|a®x|B) - (5.20)

XY=1tn AB=nlp
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n

xs3 l‘p e
45 Y2
| .. | | Yq Y3
NX,Y,Z —
z1 Z1
zZ2
Zr z3

Figure 13. Diagrammatic interpretation of the local building block Nx y,z with multiparticle
labels X = z122...2p, ¥ = y192...y and Z = 2122 ... 2, referring to three off-shell half-ladder
diagrams that are connected by the central vertex. Note that we no longer distinguish between the
orders of o’ carried by the individual cubic vertices and therefore suppress the white and black dots
of figure 8.

Since ¢p|q vanishes unless P is a permutation of (), the only contribution arises from the
deconcatenations with A = n and Y = n leading to

812---n—1q)(7—’p)1 = _812---n—1(¢17|n¢n|1p - ¢n\n¢17’|1p) - m(17 T n“v P n) : (521)

Hence, (5.19) at ¢ = (1,7,n) reduces to (5.18). For other choices of ¢ in turn, va-
lidity of (5.19) follows from the KK relations of both sides. Hence, by the discussion
around (2.36), the cubic-diagram numerators of (5.18) are composed from the masters
ai‘p(%mnil)eﬁ as dictated by Jacobi identities.

Note that the cubic-diagram numerators in (5.18) and (5.19) are not crossing sym-
metric, i.e. their functional form in terms of polarizations and momenta depends on the
position of the singled-out legs 1 and n in the diagram.

In the same way as the manifestly cyclic representations of section 3.2 assemble n-
point amplitudes from Berends-Giele currents of maximum rank L%J, we will next spell
out alternative numerators in terms of lower-rank multiparticle polarizations. In analogy
to the cyclic building block M x v,z in (3.15) composed of Lorenz-gauge currents, we define
the local combination

(a5 S0t + eye(X, Y, 2)) — 20/ [ L)

N | —

Nxyz =

/
+ (OQ‘ FIA gt 400/ ght e pIM gy 4 perm (XY, Z)) (5.22)
0/2 V\A 2 Mo ov|A
| G R 2 B Y+ eye(X, Y, 2)

to describe the cubic diagram in figure 13 (see figure 8 for the analogous diagrammatic
interpretation of Mx )y, z).

There is an ambiguity in relating cubic diagrams to the combinations Nx y 7 in (5.22):
each of the n—2 cubic vertices may be associated with the central vertex in figure 13, e.g.
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sytlalaz...ap\n|bq...b2b1n—1 = (_1)qN1a1...ap, n, (n—1)b1..by 7

N

Figure 14. An alternative choice of master numerators composed of multiparticle polarizations of
smaller rank as compared to (5.19). The external legs a1, as,...,ap,b1,bs, ..., b, are permutations
of 2,3,...,n—2 where p+¢q=n—-3 and p=0,1,...,n—3.

all of N123 .45, N12,345 and Nj 2543 describe the same cubic diagram. A valid (n—2)!-set of
Nx y,z to serve as the master numerators for half-ladder diagrams is given by

9/tlalag...alg|n\bq...bgbln—1 = (71)qN1a1a2..‘ap, n, (n—1)b1ba...bq - (523)

As a defining property of these master numerators 91, the central vertex of figure 13 is
always chosen to be adjacent to leg n which therefore enters in a single-particle slot. As
depicted in figure 14, the numerators in (5.23) describe half-ladder diagrams with endpoints
1 and n—1, where the location of leg n decides about the partition into the three subdia-
grams associated with the slots of Nx y,z. The remaining labels a1, az, ..., a,,b1,b2,..., b,
are a permutation of 2,3,...,n—2 with p+¢ = n—3. Together with the n—2 different
choices of p = 0,1,...,n—3, this exhausts the total of (n—2)! permutations of the larger
set 2,3,...,n—2,n.

The collection of My a,...a,/nfb..oobin—1 0 (5.23) and figure 14 can be used as an
alternative to the master numerators a’fp(%_”n_l)eﬁ in (5.19). As a practical advantage of
the M, their constituents in (5.22) only require multiparticle polarizations of maximal rank

n—2 instead of the rank-(n—1) quantities a As demonstrated in appendix C,*

n
1p(23..n—1)"
they yield Jacobi-satisfying amplitude representations of the form (2.36),

n—2

Ay psra(o(1,2,...,n)) = Z Z MNi1p(23...5)nlp(j+1..n—2)n—1
j=1 peSn_3

X m(a|1, 10(21 3a s 7j)a n>p(j+17 sty n_2)7n_1) . (524)

Note that the o/ — 0 order of (5.24) follows from the field-theory limit of the pure-spinor
superstring based on the amplitude representations of [14, 63] and the superspace gauge
described in [27].

Moreover, one can further reduce the maximum rank of the multiparticle polarizations
by a generalization of the integration-by-parts relation (3.17). The latter still holds when

2 Also see [14, 63] for Jacobi-satisfying superspace numerators in ten-dimensional SYM with the same
combinatorial structure as (5.22) and (5.23).
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the 94 p ¢ are constructed from BCJ gauge currents?* and multiplied by KLT matrices
for the slots A, B, C, so the rank-(n—2) cases in (5.24) can be reduced as follows

1
Nyoz54 = N12354 = . [(k12 - k3)N12,3,50 + (k1 - k2)(N123,54 + Nis,2,54)]

1
M1234/6)5 = V123465 = - (K123 - ka)N123a65 + (k12 - k3)(Ni2a3.65 + Niz3aes)  (5.25)

+ (k1 - k2)(N1 23465 + Ni3a.2,65 + N13,24,65 + N14,23,65)] -

The n-point generalization involves the summation prescription of the form aias...a, =
XwY that has been introduced in section 4.3

1 n—2
sJ/t12...7172|n|nfl = N12...n—2,n,n—l = Z(klz..j—l : kj) Z Nll..jle,jY,n(nfl) .

Sn—1,n j=2 J4+1,542..n—2
=XuwY

(5.26)

The right-hand sides of (5.25) and (5.26) at n > 5 can be assembled from multiparticle
polarizations of maximum rank n—3, and the spurious poles in s,,_1, cancel after com-
bining all the terms. The same strategy applies to permutations of 95 ,_ojpn—1 and
Mijnj23...(n—2)(n—1) 0 2,3,...,n—2. Like this, the n-point amplitude representation (5.24)
with manifest BCJ duality and local numerators is completely determined by multiparticle
polarizations of rank n—3. For instance, the explicit construction of multiparticle polar-
izations up to rank five in section 4 is sufficient to pinpoint all the eight-point numerators
in (5.24).

Note that the special footing of legs 1,n—1 and n in (5.24) breaks the crossing sym-
metry even more heavily than the numerators in (5.19). Still, one can restore crossing
symmetry by averaging over all choices of singling out legs i, j,k € {1,2,...,n} instead of
1,n—1 and n.

5.4 Relation to string-theory and gravity amplitudes

A major motivation for the construction of (YM+F3+F*) numerators with manifest lo-
cality stems from their connection with gravitational quantities through the double copy.
Following the lines of [18], the double copy of Ayyypsype to amplitudes from higher-
curvature operators o/ R%+a/?R3 can be extracted from the string-theory KLT relations [1]
(also see [23, 24]): the leading o/-orders of the open-bosonic-string amplitudes

A open (0) = Aypisps i (o) + Colggper— i (0) + O(a') (5.27)

bosonic

comprise our results for Ayyi, g3y pe (and the aforementioned contribution from the su-
persymmetrizable F4-operator which is incompatible with the BCJ duality and can be
distinguished by its coefficient (2 [18]). By the interplay with the trigonometric factors in

24This follows from the fact that the difference of the left- and right-hand side of (3.17) is invariant under
non-linear gauge transformations (3.24).

— 38 —



the KLT formula, both copies of Agyper—r4(0) drop out from relevant orders of the closed
bosonic string [21],

M ciowa = 7 Avaiprog i (L p,n—1,0)8 (p|r) 1 Ayai s po g i (1, 7,0, n—1) + O(a’?) |
osonic p77'€Sn_3

(5.28)
where S(p|7); is the field-theory KLT matrix defined in (2.39) and the permutations p, 7
act on 2,3,...,n—2. Hence, to the orders considered, the right-hand side of (5.28) describes
amplitudes from the low-energy effective action of the closed bosonic string [25]

bosonic 4

1 /
S ctosed ~ / Pz /g {R —2(0up)? — H? + e [ Ryurp RN — AR, R™ + B?|
1 1
+a/2€f4ap [me/aﬁRaﬁ)\pR/\pMV _ uRuuaﬁRuAﬂpR/\upa} + O(O/S)} : (5.29)

where ¢ denotes the dilaton and H = dB is the field strength of the B-field. In spite of
the dilaton admixtures via e~2?, e~%%, the operators along with the first and second order
of o/ are collectively referred to as R? and R3. While the R? operator can be reconciled
with up to sixteen supercharges [93], the R? operator is not supersymmetrizable [94].

Given the multitude of propagators in KLT formulae of the form (5.28), the locality
properties of gravity amplitudes are more transparent in representations involving Jacobi-
satisfying numerators as in (2.34). For instance, our master numerators for (YM+F3+F*%)
in (5.19) and (5.24) admit a realization of the double-copy structure via

: 3
MGRiR2+R3 = Z (@} 03, n—1)€h) Avmipspa(L1,p(2,3, ... ,n—=1),n)+0(a")
PESn_2

n—2
= Z Z mlp(Q.A.j)|n\p(j+1...n—2)n—1 AYM+F3+F4(L p(27 s aj)v n, p(.7+1a sy n_2)a n_l)
j=1pESn—3
+O(a'),
(5.30)

where each term has the propagator structure of cubic diagrams. The subscript GR+ R? +
R3 is just a schematic shorthand for the amplitudes generated by the action (5.29) to the
orders of o/?. As emphasized in [18], the o/*-order of (5.30) receives contribution from both
single-insertions of R? operators and double-insertions of R? operators.

In D = 4 spacetime dimensions, the R? contribution to (5.29) is the topological Gauss-
Bonnet term. The components at the first order in o/ of (5.30) with graviton helicities are
therefore guaranteed to vanish. Still, the double insertions of R? contribute to the o 2_order
of graviton components in four dimensions since the prefactor of e=2# in (5.29) allows for
dilaton exchange [18].

On the right-hand side of (5.28) or (5.30), the o/? order receives both symmetric and
a,AYM+F3+F4 . Where both
gauge-theory halves contribute a factor of o/ have been carefully analyzed in D = 4 helicity

asymmetric contributions: terms of the form Ay, ps, ps

components [18]. Our results on the o/*-order of Ay psyps and its master numerators
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additionally deliver the contributions to D-dimensional amplitudes of GR+ R? + R3, where
both powers of o’ stem from the same gauge-theory factor. These contributions involving

o2 explain? the departure of Mgrypreips o2 from the double copy of the

AYM+F3+F4
first o/-order Ay s, pa

. Which has already been observed in certain D = 4 helicity
components [18]. Hence, there is no need to consider higher orders from the o/-expansion
of the sin(%"‘/k‘i -k;) terms in the string-theory KLT relations as speculated in the reference.

At the order of ¢/, one may extract new representations®® for supersymmetrized ma-
trix elements of R? from (5.30) by trading Ay s, for color-ordered amplitudes of
ten-dimensional SYM and their dimensional reductions. These supersymmetrizations play
a key role in recent studies of divergences and duality anomalies of N' = 4 supergrav-

ity [57, 58].

6 Conclusions and outlook

In this work, we have studied various representations for tree-level amplitudes of D-
dimensional gauge theories with o/ F3 + o/ 2F* deformations. Our main results concern
the emergence of the BCJ duality between color and kinematics up to the order of o 2
which is driven by the interplay of the F® and F*-operators [18] and independent on the
choice of gauge group. While the BCJ duality has originally been explained by the re-
alization of the o/ F3 + o/*F* operators from the open bosonic string, our work takes a
different approach by identifying the seeds of the duality in the Berends-Giele currents of
(YM+E34+F*).

We study the Berends-Giele currents of (YM+EF34F%) in the perturbiner formal-
ism [68-72], where non-linear gauge transformations can be mapped to reparametrizations
of the scattering amplitudes [27]. First of all, these currents are used to construct manifestly
cyclic amplitude representations, where the rank of the contributing currents is systemati-
cally reduced. Moreover, we pinpoint a specific non-linear gauge transformation up to the
order of five on-shell legs in a single current which rearranges the naive Feynman-diagram
output of the action such as to manifest the BCJ duality. Like this, we derive the BCJ
relations among color-ordered amplitudes to the order of o 2 from purely kinematic consid-
erations. Furthermore, two kinds of explicit cubic-diagram parametrizations are given for
(YM+F34F4)-amplitudes where the manifestly local numerators obey kinematic Jacobi
relations.

Our construction is inspired by superspace kinematic factors of ten-dimensional
SYM [27, 28] whose properties were inferred from the conformal-field-theory description
of the pure-spinor superstring [14, 15, 37]. We identify extensions of these superspace-
inspired structures to higher orders in o’ and to operators F3, F* that do not admit any
supersymmetrization. It would be interesting to find a conformal-field-theory derivation of
the local multiparticle polarizations that drive our BCJ-duality-satisfying amplitude rep-

Z5We are grateful to Johannes Brodel for helpful discussions on this point and checking a representative
four-dimensional helicity example.

26Note that alternative representations with 8 supercharges on both chiral halves can be extracted from
the low-energy limit of one-loop string amplitudes in K3 orbifolds [95, 96].
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resentations. One possible starting point is to combine the worldsheet description of the
bosonic string with the off-shell techniques of [16]. Alternatively, it might be helpful to
identify a vertex-operator origin of the CHY formulae for F® amplitudes [26]?" along with
generalizations to higher orders in o,

A complementary approach to the o/ F3 + o/>F4 operators of the bosonic string is
suggested by the recent double-copy description of bosonic-string amplitudes [22]: after
peeling off the worldsheet integrals that are common with superstring amplitudes, an all-
order family of o'-corrections of the bosonic string can be traced back to a massive gauge
theory dubbed (DF)? +YM. The latter has been constructed in [97] by imposing the BCJ
duality on a collection of dimension-six interactions between gauge bosons and massive
scalars, and it should reproduce the (YM+F3+F4)-amplitudes in this work upon low-
energy expansion. It would be interesting to study our results from the (DF)? + YM-
perspective and to generalize them to arbitrary orders in o/ by integrating out its massive
modes.

Convenient and Jacobi-satisfying representations of tree-level subdiagrams are helpful
for loop integrands of string- and field-theory amplitudes, see e.g. [59-62]. Our results might
guide the organization of tensor structures of loop amplitudes in bosonic and heterotic
string theories. This in turn could give input on loop integrands of half-maximal super-
gravity and their interplay with evanescent matrix elements and anomalies [54, 55, 57, 58].
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A Properties of the cyclic building blocks

In this appendix, we prove several properties of the building block 94 g ¢ defined in (3.15)
to first order in o’. These proofs are based on transversality kp- Ap = 0 and the truncation

*"Note that the CHY half-integrands P, in [26] with a puncture z; € C on the Riemann sphere for each
external state j = 1,2,...,n and 2; ; = 2; — z; may be reproduced from the first order in o of

3 w
A12..n—16n

Pn(zj, ki e5) = + perm(2,3,...,n—1).

21,222,3 + .- Zn—1,n2%n,1 (a/)1
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of (3.14) to the first order in o/,

By = % [A;}F?“ 42/ FP R (X Y)] + 0. (A1)
P=XY

Moreover, we will use the generalization of (A.1) to higher mass dimension,

BRI = 30 AR 4 PR — (X 6 )]+ 0@), (A:2)

P=XY
which follows from the definition [V#, V*] = —IF#* and a corollary of the equations of
motion, [V, [V, ]| = [V, [V#, W] + [[V#, VA, F#¥] = —[F#, F#] + O(a’). By the

Jacobi identity [V¥, [VH*, VY]] 4+ cyc(p, v, ) = 0, the currents of higher mass dimension
have the symmetries
Felm 4 phlve g prler — . (A.3)

This can be inserted into (A.2) to find

RAFE = S [A R < 2P R — (X oY) + 0(d)). (A.4)
P=XY

By virtue of (A.1), (A.2) and (A.4), one can rewrite any contraction of F5” and Fﬁw‘ with
the corresponding momentum kp in terms of deconcatenations. We will always work to
first order in o/, but we will split the proofs into different orders for the convenience of the
reader.

A.1 Appearance in the amplitudes

The first property we wish to prove is

Z Mx v = S12.m-14% 1AL = Z AFX’Y]A%, (A.5)
XY=12..n—1 XY=12..n—1

where, as a special case of (3.15),

M yn = % (A% U AY 4 AL FI A% + ARFEAY) — 20/ FIY B
. (;/<F§|VAF;)\AZ " F},L/l:|l/)\Fg)\A/;( n F#|VAF)V(/\A;;/ (A.6)
Y ) L A oy o2 F#"’AFVAQ
and
Aty = 5 (Alblhy - Ax) — Al - Ay) + AL EY — AL FY)

(A.7)
+al( F)V()\ F}I;I/\u _ F{ﬁA F)V(I/\u) ‘

We first focus on the zeroth order of o/. Notice how the last two terms on the first line
of (A.7), when contracted with A, exactly match the first and third terms on the first line
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of (A.6). To see that the remaining terms are equal to each other, we notice that

AT A% = Al A% (LAY, — KAL)

AL A (AL AR — R AL — Y AR) (A3)
= (Ay - An)(ky - Ax) — (Ax - An)(kx - Ay),
where we have used momentum conservation kf, = —k% — k{- and transversality. This

matches with the missing terms at the o’ order of (A.7), upon contraction with A%.
We now show that the same matching occurs between the terms of order o’ in both
expressions. Equating them leads to

1
S (2EVRARM D | FRUEAAL+ B A
XY=12..n—-1 G A B
A9

+ FEAFRA AL — R FA AL P ER AR — FEPA A Al e

‘Cr F B B

= Y ERRPAL - R AL
XY=12..n—-1

When using the Jacobi identity (A.3), two of the terms on the left-hand side combine to
cancel exactly the two on the right-hand side:

1 v|IA v V| v
B 223 GAEB= 223 - PR AL 4 FY R AL (A.10)
= ..n— =12..n—

Now we have to make sure that the remaining terms C, D, E, F and G on the left-hand
side of (A.9) cancel each other. The first two can be rewritten as

1 C+D)= FV\)\M AX FZ/)\ — AM FV)\
XY=12..n—1 XY=12..n—1

_ v A 212 1% 2
- _knFnu(FIQ...n—l - kl?...n—lFlz..n—l)

_ v A ilvA
- _knFn F12...n—1 ’

(A.11)

using the form Fj, i k,l;Fﬁ\ # of the single-particle current as well as momentum conser-
vation ki ;= —kf and kL F})” = 0 in passing to the third line, cf. (A.2).
The other two terms combine in a similar way,

1 v v|pA v|uA
S SEFR=FED 3 (AR - AR

XY=12..n—1 XY=12..n—1
VA A v A A
= Fn kiLQ...n—lFIVQ‘{%.n—l - Fn Z (F)!é F¢V - F# F)'Léy)
XY=12..n—1
v 14 )\ v )\
= FEPREFS o —2 S FOFRRY (A.12)
XY=12..n—1
1
= > {—2(C+D)+2G} ,
XY=12..n—1
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where the second line follows from (A.2). In passing to the third line, we have again
used momentum conservation and exploited antisymmetry F¥* = FT[LV)‘]. Hence, the state-

ment (A.5) is proved to first order in «'.

A.2 Integration by parts

The second property of M4 p c we want to prove is the integration-by-parts identity

Z Mxy,B = Z Maxy, (A.13)
A=XY B=XY

which translates into the following claim at the zeroth order in o/,

S (AP A + AYFR A + A FLAY)
A=XY (A.14)
— > (AHFPAY + ALFE AL + ALY A%) = O(d).
B=XY

We can rewrite the second term ~ Ax Ay in the first line using the antisymmetry of F5”
and the definition (3.6) of F|":

V AV 1 v v v
Z Ay Fg" A% = Z §F§ (A§ A% — AV AY)
A=XY A=XY

1 14
= SFIFL — PR R,AG. (A.15)

The analogous sum in the second line of (A.14) has a similar term related by A < B,

1
— > AYFYVAY = —SFRUFE + Pk A%, (A.16)

2
B=XY

where F\" F1¥ cancels against (A.15). For the remaining terms F4"kis AY, — FEVK AY, we
apply momentum conservation &y + k% = 0 and the relation (A.1) for k4 F/”,

S ALFEIA%Y— Y ALFRAY = —FRURE A+ FR R AL
A=XY B=XY
== Y (AR AR-ALFAR)+ Y (AVFYAL-ALFRYAY)
A=XY B=XY
—20 N (FRENY AR Ay r0d) N (FICFENY PRI AY
A=XY B=XY

(A.17)

Inserting this into (A.14) and ignoring the O(a’)-term in the last line, we conclude that
the property (A.13) is indeed satisfied to zeroth order in o'

We now show that the property is still valid at the first order in o'. In doing that,
we have to combine the last term of (A.17) with the O(a/)-terms in the M4 g o of (A.13).
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Hence, the leftover task is to prove that

0= > | (PR = BV A - 2P R FY
A=XY

1 VA wn [VA A [VA A
+5 FE Ry AR + FY Fph AN + FRp" FRAL

M I E

T2\ I VA o w T2 7
— FUA R AL — PR I Al PR A g1

J N F
(A.18)
= | RS - PR AL - 2R ERO R
B=XY
L oA pox g o poitlod o g poitlvA o g
G C K
_FN|V/\FV)\A,M _FM|V)\FV)\AM _ FN‘V)‘FV)\A,U
A Y X X A Yy Y X 1A
H L D
Let us start by using the Jacobi identity (A.3) to rewrite the following terms:
1 A A A A\ qv
Y. g MEN = 3 (FEM s — pelv pidy gy (A.19)
A=XY A=XY
1
>, 5(C+D)= ) (FEPv s — P ey ay (A.20)
B=XY B=XY

The right-hand sides cancel the first two terms inside the sums in (A.18) over A = XY
and B = XY. Then, using the recursive definition of F’;M‘ in (3.9), we can write

1 %4 1% 14
> S EHE) =Y YT (AR R - AR
A=XY A=XY (A.21)

V| v vA
— PR PR — FHY).

Since the contribution from G + H takes the same form with A < B, the terms F' E‘A“ F Zly’\

cancel from the combination

1 1
> SE+E) = Y S (GHH) = KFP Y — kPR E (A.22)
A=XY B=XY
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Also, using Jacobi identity (A.3) as well as (A.2), we have

1 v v
> U+ =F Y AR AR

A=XY A=XY
v vpA
= Fy) (k;f;FA'“ - > (PR - F;AF)‘;”)) (A.23)
A=XY
= KA FRFI 2 N© PR R R
A=XY
and using the same manipulations
1
> S E+L)= KEFPFR 2 N° FRFIC R (A.24)
B=XY B=XY

The terms of the form k*F**F""* cancel between (A.22), (A.23) and (A.24) by momentum
conservation k4 +kp = 0. Finally, the contributions of the form > ,_ vy Fg)‘F)*é)‘F#” cancel
between (A.23), (A.24) and the leftover terms of (A.18). This concludes our proof of the
integration-by-parts identity (A.13) to the order of /.

A.3 Gauge algebra

Finally, we want to see how a non-linear gauge transformation (3.22) acts on Mx y,z. To
zeroth order in o, we get

1 y
doMxy,z = §5Q(A§L<F5 AY +cye(X,Y, Z)) + O()

1 UV AV V AV

=3 <k§(QXF5 AY = > (ALQp — ARQA)FLAY,

Ay (A.25)

— N (PO — FEQa) A AY + A% FE kY Q. '
Y=AB

_ Z (A%Qp — AR )AL FIY + cye(X,Y, Z)) +0(d).
Z=AB

Let us look at the terms which are not inside a sum. We can start by grouping all the ones

with the same . coefficient, and use momentum conservation k. + k{- + k%, = 0:

k’)‘(QXFy’A} + k’)’(QXngAq, +cye(X,Y, Z) (A.26)
= —Qx (F AL (K + KY) + ALFLY (K + k%)) + cye(X,Y, Z) .
We then rewrite these four terms via

—QxEYFE Ay = —Qx Y (ANFR — AR AL +0(d)

Y=AB
174 v 1 v 12 14
1 174 17 v v
= U FY - Qx FY D AhAy

Z=AB
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and the same identities with (Y <+ Z). In the first line, we rewrote k{; Fi'” using the zeroth
order in o of (A.1). The last two lines of (A.27) are based on the antisymmetry of F}/ and
the definition (3.6) of F,”. Notice that Fi/"F},” cancels in the antisymmetrization w.r.t.
Y < Z in (A.26). Hence, all the leftover terms in (A.25) involve a sum over deconcatena-
tions, either ) _ 45 or one of (X < Y, Z). We collect all the expressions from the cyclic
permutations in (A.25) where the sumis > _4p

1 UV AV 14 v 14
b0Mxyz =5 > (a4 — QpAR)F AY + ALQUFE - QpFSY)AY
X=AB

+ AL R (QaAY — QpAL) + Qy [(ALFE — AL FRYAY — FE AR AY]

— Qp[(ALFE — AP AY — F{ AL A%) ) + eye(X,Y, 2) + O(a).
(A.28)

It turns out that the coefficient of each of the 2’s inside the above sum can be identified
as some Mp o r with various combinations of the three words:

doMxy.z = Z (QAme,Y,Z —QMay,z +WyMa Bz — szmy,A,B>
X=AB (A.29)

+cye(X,Y, Z) + O(d) .

The object inside the sum over X = AB is totally antisymmetric in A, B,Y, Z and can be
identified as Q4 p.c,p as defined in (3.24). Hence, the zeroth order of the gauge transfor-
mation (A.25) can be written as

doMxy,z = Z QaByz+ Z Qapzx+ Z Qapxy+0(). (A.30)
X—AB Y—AB Z—AB

We now want to extend the proof of (A.30) to the first order in o/. First of all, terms of
O(a/) have been neglected when inserting (A.1) into the first term of (A.27). Therefore,
we carry forward the following terms in doMx vz,

Ox Y (FPFRY — FRFYY)AY £ perm (X, Y, Z)

Z=AB
=z Y (FPFY — PP Ay (A.31)
X=AB
+Qy S (FRERY - FRAEIM AY - eye(XLY, 2),
X=AB

where we have spelt out all the terms of the same form ) _ 4 as in (A.28). This needs to
be combined with the gauge variation of the O(a/) terms in the definition (3.15) of Mx y z:

L = —20q(Fi FYAF)M)

=2 ) (Fi"Qp — FE'Qu) R F)! + cye(X,Y, Z)
X=AB
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1
G = §5Q(F;;'”F;AA;) + perm(X, Y, Z)

1
=3 < ST (B p - 0L R AL
X=AB

= > (F§Qp — FRQa) P A + Qzky P P

Y=AB

- Z (AL — A%QA)F;;'“F;A + perm(X, Y, Z)) :
Z=AB

(A.32)

The only term in (A.32) which is not yet in the form of a deconcatenation sum will now
be rewritten via momentum conservation kf + k{. + k =

QPR — —Qukt FIPA R —Qu ikl FUA P (A.33)

C D

The first term calls for the relation (A.2),

C=-20z7 Y (A4F — ALFIM L FICFR — PRI R, (A.34)
X=AB

which we combined with the Jacobi identity (A.3). In the other term we use the defini-
tion (3.9) of the currents F#'VA,

D = —Q,Fi (F#'”A + Y (AR - A%FZ’\)) . (A.35)
Y=AB

The first term F)’QV}‘F#‘V}‘ cancels under the antisymmetrization w.r.t. X,Y, Z of (A.32),

D+perm(X,Y,Z) = -Qy Y (A4FF — AP FL £perm(X,Y,Z),  (A.36)
X=AB

such that all the terms in the quantity G have been expressed via deconcatenation sums:

1
G=3 > (- ap - Fp o)Ay
X=AB
A A lvA 72 Ay A
— (FAQp — FpQu) Fy " Ay — 2Qz (AL F"™™ — AR Fy (A.37)
— 20 (FIAFIY — FIAPE )P — Qy (AR TR — AL A
— (A5 — AEQL)FI FA £ perm (XY, Z)) .
Once we convert the permutation sum in (A.37) to a cyclic one,
F(X.Y, 2) + perm(X, Y, Z) = f(X.Y, Z) = (X, 2,Y) + cye(X,Y,Z),  (A.38)
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the result for G is perfectly lined up with (A.31) and the expression for L in (A.32). Hence,
the overall O(a’) contribution to the gauge variation of Mx y 7z in (3.15) reads

1
59932)(’}/72’0/1 =5 E {Q(FAWQB — FgVQA)F{;)‘Fgu
X=AB

— %(FZWQB — P ) FAAL + %(FZ‘”’\QB — FRQ0) FP AL
— S(FRs — FRO) RS AL + L(FR 05 - PR, R AL
— (AN — ABQRIVER 4 (A0 — AR FY R
0y [P REY - FREL) g - LG - A5 E
FARF — AGF Y 4 (PP - PR
+Qy [—(FXAFgl’\” ~ FR R Ay 4+ %(AgFgA — AL FPYFE

v|pA v|pA A v A v
- (G - A EI R - (PR - PP |

+cye(X,Y, Z).
(A.39)

The coefficients of Q 4, Qp, Qx and Qy are identified as the O(a/) terms of M4, p,c. Hence,
with the definition (3.24) of Q4 B y,z, the expression in (A.39) condenses to

= > Qupyz|pateye(X,Y,2) (A.40)
X=AB
and confirms (A.30) to also hold at the first order in .

0oMx v,z

B The explicit form of gauge scalars towards BCJ gauge

B.1 The local building block h12345

In this appendix, we spell out two representations of the local rank-five scalar his3qs that
arises in the redefinition (4.21) towards the multiparticle polarization afyy,-. The scalar
hi2345 can be expressed in terms of the local building blocks Nx y,z defined in (5.22) which
are composed from multiparticle polarizations at rank < 3,

1 1
hi2345 = To [N123,4,5 + Nasz 21 + Niz2,3,45] + 0 [N12.3 (k123 - ass) — N3a5 (ksas - a12) |
1
+ %{ (k1234 - a5) [2N12,3.4 + N1z 24 — Nia2,3 — Nog1a + Noa1,3 + 2N34.1,2]

— (k1235 - a4) [2N12,35 + Niz2,5 — Nis,2,3 — Nog1,5 + Nos 1,3 + 2N351 2]
— (kasas - a1) [2Ns4,32 + Nsz a2 — Nsoas — Nag 5.2 + Naos3 + 2N325.4]

+ (k13as - a2) [2Nsa3,1 + Nsz a1 — Ns1,a3 — Nag 51 + Nats3 + 2Ns3154]
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1
240
1

+ — 10 (k1245 - as3) [N12,4,5 - N45,1,2] . (B.1)

(k1245 a3) [N1,4,5 (k145~a2) - N2,4,5 (k245~a1) - N1,2,4 (k124-a5) + N1,2,5 (k125-a4)]

A more compact expression can be attained by additionally employing lower-rank scalars
hijr and hijp,

1 1
hi2345 = 0 [N123.45+Nas32,1+N12 345+ (k1245-a3) [N12.4,5+Nas 2.1 ]

40
1
TO [h1234 (K1234-a5)—h1235 (K1235-04) —hsas2 (kasas-a1)+hsast (kisas-az) |
1
t0 (k1245-a3) [has2 (koas-a1)—hasy (K1as-a2)+hioa (k124-a5)—hios (ki2s-as) |
1
+15 [h123 (K123-a45) —hass (ksas-a12) | - (B.2)

B.2 An alternative expression for Hi234

The gauge scalar Hya34 in (5.6) which relates Berends-Giele currents in Lorenz and BCJ
gauge via (5.4) admits the following alternatively representation

1 3 1 1 1
s1234H1234 = — (k123 - a4)M1 2.3 < < - ) +— ( - > +
48 5123 \ S12 523 5234 \ S34 523
1 1 1 1 3 1 1
+ E(kﬁzm ~a1)Ma 34 < ( - > + — ( - >
5123 \ S12 523 5234 \S34 523
1 1 1 1 1 1 1 2
+ (k134 - a2)My 34 < ( - > + — ( - > - )
48 5123 \ 23  S12 5234 \ 34  S23 512534
1 1 1 1 1 1 1 2
— (k124 - a3)M 2.4 < ( - > + — ( - > - )
48 5123 \ S12 523 5234 \ 523  S34 512534

1 1 1 2
+ =512M1234 | — + +
8 5123512 $234534 512534

1 1 1 2
+ -534M3a12 | — + -
8 5123512 5234534 512534

1 1 1 1 1 1
— =M3214 ( - > — =514M1432 ( - ) .
8 8123 89234 8 5123823 5234523

(B.3)

B.3 The Berends-Giele version Hig345

In this appendix, we spell out the rank-five generalization of the gauge scalars Hp in (5.5)
that relate Berends-Giele currents in Lorenz and BCJ gauge via (5.7). M

I B 1 haza1s  h3za2is 1 hazias  hi23as\  hi23a5—hi243s
5123451112345 = — + — —
512345234 523 534 512345123 523 S12 51234512534
+ — +—— | ——————— 2 N231,4,5+N541,3,2
0512845 \ 25123 8345/ DS5123523545 \ 2
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=+ (k:1234~a5) +
4512834 251234 55345,/ DS123545 523 512

1 3 1 1 L !
+(k1234-a5) h1234 T )T -
5512545 \ 25123 5345 251234 \ 5123512 5234534
ha135 3 1 1 1
k . -— |t
+(Fr2s5-04) 5512 25123545+8345 S45  S34
h3214 3 1 1 !
k1234 S123  S234
+( 1234 a5) 2593 58123845+51234 S123 5234

h 3 1 1 1
+(k123‘a45)£ ——— |+
9545 \ 25123 \ S12 523/  S345512

3ha31s
105123523545

N34,1,2N12,3,4< 1 1 ) 1 (N23,1,45_N12,3,45>

h h
+(k145'a23)$+(1€1235'a4) o412
58123523545

higs [ 1 1 1 1 11
(kromg- ioa- R
( 1234 a5) {( 123 a4) 4 \ 512834 281234+58345 +812348123 S12 523

h342< 1 ( 1 1 > 1 ( 1 1 )>
+(kass-a + + ———
(hzsa-an) 4 \ 512834 \ 251234 55345 512345234 \ 534 523

_(k124-a3)h124+(k134~a2)h341( 1 N 1 )]
4512834

+(k1245-03) —————
( ) 05123523545

251234 98345

k .
m <N12,4,5N45,1,2+(k124'a5)h124 (k125~a4)h125
— (k145-a2)h451+(k245~a1)h452) +(12345 — 54321) . (B4)

C Deriving a BCJ representation for (YM+F3+F4) amplitudes

This appendix is dedicated to the proof of (5.24), an n-point amplitude representation for
(YM+F34 F*4) with manifest BCJ duality. In comparison to (5.19), the local master numer-
ators are built from multiparticle polarizations of lower rank. We start by deriving (5.24)
in the color-ordering o = 1,2,...,n from the amplitude representation in (3.16): by non-
linear gauge invariance, one can transform the Berends-Giele currents from Lorenz gauge

to BCJ gauge, Mipn—19n — ZBJF O(P|B)1P(Q|m)n-1N18n—17n and rewrite (3.16) as

|
)

n

Avnigragrri(1,2,3,..,n=1,0) = > (=1)" M2 j n-1n-2.j+1.n
j=1
n— 2
= TN @23 181 ®(n—2. . j+1m)n-1Nig nmtim
J=1 BESj—1 MESp—2—;
n—2
= Z Z Z ¢12..Aj\l[ﬁqﬁnf1,n72“.j+1\n71ﬂml,ﬁ\n|ﬁ',nfl )
Jj=1B€Sj_1 mESp_2_;
(C.1)
where 5 and 7 are understood to act on 2,3,...,j and n—2,n—3,...,j+1, respectively. In
passing to the last line, we have converted Nig n—1r,n = —N1g,n,n—1x = (—1)" 7N ginjzn-1

via (5.23), where 7 = 7(j+1),...,m(n—2) is the reversal of m = m(n—2),7(n—3)...7(j+1).
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Now, it remains to check that the coefficients of the 91 are identical in (5.24)
and (C.1). The coefficients in (5.24) can be rewritten using the Berends-Giele recur-
sion (2.40) and (2.41) for doubly-partial amplitudes [63],

m(1,2,...,n—1,n|1,p(2,3,...,7),n,p(j+1,...,n—2),n—1)
= 812..n—1912..n—1|p(j+1)...0(n—2),n—1,1,p(2)...0(j)

= ) (dx140v|B — Pv|aPx|B) (C.2)
XY=12...n—1
AB=p(j+1)...p(n—2),n—1,1,p(2)...p(5)

= _¢123...j|1p(2)p(3)...p(j)¢j+1...n72,n71\p(j+1)...p(nf2)n71

= —$123...j1p(2)p(3)...p(j) Pn—1,n—2.. j+1ln—1p(n—2)..p(j+1) -

In the third step, we have used that any deconcatenation 12...n—1 = XY will have 1 and
n—1 in different words X and Y, such that p(j+1)...p(n—2),n—1,1,p(2)...p(j) = AB
must also be deconcatenated in a manner where n—1 and 1 are separated. One would
otherwise get a vanishing current ¢p|g where P is not a permutation of . The only
admissible deconcatenation in (C.2) is A = p(j+1)...p(n—2),n—1and B =1,p(2)...p(j).
After combining (C.2) with (5.24), the leftover task is to demonstrate the matching of the
permutation sums

Z N1p23..5)nlp(i+1..n—2)n—19123...j|1p(2)p(3)...p()) Pr—1,n—2... i+ 1|n—1p(n—2)...0(j+1)
PESn—3

= Z Z ¢12...j\1,B¢n71,n72...j+1|n717rm1,,6’\n|7~r,n71 . (C?’>

ﬁGS]'_l TI'ESnfgfj

We exploit once more that ¢p|qp vanishes unless P is a permutation of . Hence, the first

line can only contribute via permutations p € S,_3 that do not mix the sets 2,3,...,j
and j+1,...,n—2, i.e. that factorize into 8 € S;_1 acting on 2,3,...,j and 7 € S;,_2_;
acting on n—2,...,7j+1 as seen in the second line. Finally, the relative flip between the

permutation 7 in the second current and 7 in the 91 in the second line of (C.3) ties in
with the analogous reversal of p(j+1), p(j+2),...p(n—2) in the first line.

So far, we have shown that (5.24) and (C.1) agree when ¢ = 1,2,...,n. Given
that the special footing of legs 1,n—1,n in the master numerators 9y g, z,—1 1S in-
ert under permutations of 2,3,...,n—2, one can literally repeat the above steps for
o=1,7(2,3,...,n—2),n—1,n with 7 € S,,_3. Like this, (5.24) is demonstrated to hold for
a BCJ basis of Ayy, g3y pa(0). For more general choices of o, both sides of (5.24) obey
the same BCJ relations, so the arguments of the proof extend to any o € S,,.
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