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1 Introduction

Rare kaon decays have been playing a crucial role in flavour physics, and more generally in

particle physics. Since they proceed through strangeness-changing neutral currents, they

are quite suppressed in the standard model (SM), and thus offer a window through which

we might possibly catch a glimpse of new physics (NP). This research subject has been

thoroughly reviewed in ref. [1], where a detailed list of references can be found. It is again

becoming quite timely nowadays, thanks to experiments like NA62 at the CERN SPS,

planning to collect, already in 2018, the data required in order to measure the decay rate



of Kt — mTvw with a precision of 10 % of its SM prediction [2, 3], and KOTO at J-PARC,
aiming at measuring the decay rate of K; — 7’7, at around the SM sensitivity in a first
stage [4-6].

The study of these rare decay modes of the kaon is of particular interest in view of the
present situation in particle physics. Indeed, while no direct evidence for physics beyond
the SM was found during the first run of the LHC, there are some interesting indirect
hints for NP in the flavour sector, mainly from neutral-current decays of the B meson into
di-lepton channels. Here, the very recent result on the R(K™*) ratio measured by LHCb [7]
has confirmed the deviations from p/e universality in neutral currents of the b — sf*¢~
type, £ = e, i, already observed previously in B — K{¢T¢~ decays [8],

_ Br[B— Kptp™]
- Br[B— Kete]

R(K) = 0.74570099 £ 0.036. (1.1)
This result disagrees with the theoretically clean SM prediction Rgy(K) = 1.0003 +
0.0001 [9, 10] by 2.60. Further confirmation of this anomaly also comes from B — K*utpu~,
where an angular observable called P; [11], deviates from its SM value with a significance
of 2-30, depending on the way hadronic uncertainties are evaluated [12-15]. Typical NP
explanations for the measured B — K*u™p~ observables require, for instance, Z’ vec-
tor bosons [16-33] or leptoquarks [34-43], in order to generate non-SM contributions to
current-current effective interactions like (5v,Prb)(ay®u).

The rare processes K* — 75¢+t¢~ and Kg — 7%*¢~ are analogous to those men-
tioned in eq. (1.1), and appear thus as particularly suitable in order to uncover possible
violations of lepton-flavour universality (LFUV) in the kaon sector [44]. The experimental
programs of NA62 [45] (for charged kaon decays) and of LHCD [46, 47] (for K¢ decays) offer
quite interesting prospects in this regard. Trying, in parallel, to improve our theoretical
understanding of these processes therefore constitutes a quite timely undertaking. It is
thus not surprising that efforts in this directions have also become part of the agenda of
the lattice-QCD community [48-50].

From the experimental point of view, the situation has evolved in a rather spectacular
manner during the last two decades (the present situation is briefly summarized in ta-
ble 1), especially as far as the two K* — 7%¢*¢~ channels, where the branching fractions
are largest, are concerned. These branching fractions have been measured in refs. [51-
54] and the decays have subsequently been studied more precisely with high statistics in
refs. [55-57], these more recent experiments providing also detailed information on the
decay distribution. The latest PDG averages for the branching fractions are [58]

Br[KT — ntete™] = (3.00 £ 0.09) x 1077,
Br[K™ — 7t utpu™] = (944 0.6) x 1078, (1.2)

where the error on the muonic mode includes a scale factor S = 2.6 due to the conflict with
the result reported upon in ref. [52]. These values lead to Ry+[PDG] = 0.313(71), where
_ Br[K* — ]
~ Br[K* — rtete ]’

Ry« (1.3)



exp. ref. mode number of events
BNL* [51] Kt —rntete” ~ 500
BNL-E865* | [55] | Kt — ntete 10300
NA48/2* [56] | KT — ntete” 7263
BNL-E787 [52] | K+ = atptu~ ~ 200
BNL-ES865 53] | Kt = atptu~ ~ 400
FNAL-ES71 | [54] | K* — atptpu~ ~ 100
NA48/2* [57] | K* = atutyu 3120
NA48/1 [59] Kg — mlete™ 7
NA48/1 [60] | Kg— nlutu~ 6

Table 1. Experimental situation concerning the decay modes K+ — 7¥¢t¢~ and Kg — 70¢t¢—.
The experiments marked with an asterisk also provide information on the decay distribution.

Taking only the high-precision data collected by the NA48/2 Collaboration [56, 57| into
account, one obtains instead the almost two times more accurate result Ry+[NA48/2] =
0.309(43). In the neutral-kaon sector, the observed decay rates are [59, 60|

Br[Ks — m’eTe |, 0165 Gev = [3.071 5 (stat) & 0.2(syst)] x 1077,
Br[Kg — n'uTu™] = [2.9775(stat) + 0.2(syst)] x 1077, (1.4)

These measurements have not yet reached the level of precision already available in the
case of the charged kaon.

At the theoretical level, the situation for the CP-conserving decays K¥(Kg) —
7 (790~ is less favourable than for the K — 7v modes. Indeed, whereas the lat-
ter are dominated by short distances, the former are governed by the long-distance process
K — my* — nft ¢~ [61-63], involving a weak form factor, W (z) in the case of K — 7¥~*,
and Ws(z) in the case of Kg — 7’y*. These form factors are given by the matrix elements
of the electromagnetic current between a kaon state and a pion state, in the presence of
the weak interactions, considered at first order in the Fermi constant. The correspond-
ing momentum transfer squared, the di-lepton invariant mass squared s = zMI?(, is small
enough, it ranges from 4m? to (Myx — M;)?, where my is the mass of the charged lep-
ton, so that these processes can be treated within the framework of chiral perturbation
theory (ChPT) [64-67]. Conservation of the electromagnetic current implies a vanishing
contribution at lowest order, O(£?) in the chiral expansion. A non-vanishing form factor is
generated at next-to-leading order, both by pion and kaon loops, as well as by order O(E*)
counterterms. The main feature of this one-loop representation of the form factor is the
appearance of a unitarity cut on the positive real-s axis, due to the two-pion intermediate
state (there is also a cut due to the opening of the KK channel, but the later is located
far enough from the kinematic region of interest, so that its contribution can be, for all
practical purposes, approximated by a polynomial). The corresponding absorptive part
(discontinuity) is given by the product of the pion electromagnetic form factor F{;(s) with



the P-wave projection flKTH”Jr”_ (s) of the weak Km — w7~ amplitude ((K, ) stands
for either (K*,7F) or (Kg,n°)), both taken at tree level. These basic properties of the
one-loop form factor already suggest some simple ways to improve upon this result and to
collect some O(ES®) effects. Specifically, in ref. [63], the O(E?) K7 — 777~ vertex was
replaced by the phenomenologically well-known Dalitz-plot expansion of the K — wrt7~
amplitude, and a slope was added to the pion form factor. Furthermore, slopes b, s in
the di-lepton invariant mass squared s, required by the data, but also by order O(E®)
counterterm contributions, were included in the weak form factors W, g(z), in addition to
the constant terms a4 g o< W, 5(0), already generated by the O(E*) counterterms. There
are, however, several reasons to go beyond the approximations considered by the authors
of ref. [63]:

e The parameters a4 g and by g appear merely as phenomenological constants, which
have to be fixed from the available data. We will provide an update of the situation
using the most recent data on the decay distributions. At this stage, one may already
observe that the value (1.3) obtained for Ry« is rather different from the one quoted
in ref. [63], R+ = 0.167(36), and based on the older data from refs. [52] and [51].
This quite substantial increase in the value of Ry+ confirms the prediction Ry+ 2
0.23 made by the authors of ref. [63]. We will also test for potential effects of the data

on the value of the curvature (quadratic slope) of the K* — 7¥ 77~ Dalitz plots.

e Final-state rescattering effects are only partially taken into account by the parameter-
ization of the form factors W, g(z) proposed in ref. [63]. In particular, the one-loop
P-wave projections of the weak K7 — 777~ amplitudes also involve pion rescatter-
ing in the crossed channels. Since the two pions are in the P wave, these are not
expected to be as large as, for instance, in the case of the K — m7 amplitudes [1],
where the pions are in the S wave. Nevertheless, they could have an impact on the
shape of the form factor, and hence on the determinations of by and bg.

e The phenomenological values of a; and b; are comparable in size, whereas, from
naive chiral counting, one would expect by to be substantially smaller than ay. A
theoretical explanation of |by /a4 | ~ 1 is still lacking.

e Let us close this list with the most important point. The potential detection of any
manifestation of LFUV hinges on the possibility to obtain independent information
on ay and by, such as to be able to make a prediction for the ratio Ry+. This
definitely requires to go beyond the low-energy expansion itself.

In order to address these issues, we improve the existing theoretical description of the
form factors W, (z) and Wg(z) in several ways:

e We provide complete order O(ES) representations of these form factors. They are
obtained as the result of a two-step recursive procedure. The first step reproduces
the one-loop representations of ref. [61]. The second step includes, besides the ef-
fects already accounted for by the representation of ref. [63], all one-loop pion-pion
rescattering effects, both in the pion form factor and in the K — 37 vertex.



e We extend the previous representation of W (z) beyond the low-energy domain upon
using a simple parameterization of the pion form factor that describes the data over
a large energy range including the region of the p(770) resonance. Since no data are
available as far as the K™n~ — 777~ scattering amplitude is concerned (existing
data only concern the decay region, in the form of Dalitz-plot expansions), we pro-
ceed by applying a unitarization procedure to the O(E*) P-wave projection of this
amplitude. These two items allow us to construct the absorptive part of the form
factor W (z) arising from two-pion intermediate states. The form factor W, (z) itself
is then recovered through an unsubtracted dispersion relation. Upon comparing the
behaviour of this “exact” form factor at small values of z with its low-energy expan-
sion, we obtain sum rules for the parameters a4 and b4, which we can then compare
to their direct determinations from data.

e We model contributions due to other intermediate states, which occur at higher
thresholds, by an infinite sum of single-resonance states, with couplings tuned such
as to correctly reproduce the known high-energy behaviour of the form factor in
quantum chromo-dynamics (QCD).

For completeness, we should mention that there are other theoretical studies [68—
70] of the form factors W(z) that go beyond the low-energy expansion. In ref. [68], a
two-parameter representation for W, (z) is proposed, combining the lowest-order chiral ex-
pression with resonance exchanges. In ref. [69] the form factors are described within the
large-N, treatment of weak hadronic matrix elements, see ref. [71] and references quoted
therein, matching the quadratic cut-off dependence of the low-energy contribution with the
logarithmic one from the short-distance part. Finally, the authors of [70] give a representa-
tion of the form factors in terms of meson form factors, but the issue of the matching with
the short-distance part is not addressed. For a recent account on the theoretical situation
of the K — mf* ¢~ amplitudes, see ref. [72].

The content of this paper is consequently organized as follows. In section 2, we first
discuss general features of the weak form factors Wy g(z) in QCD, and then address more
specifically their short-distance behaviour. Long-distance properties of the form factors
are described in section 3, where we recall the results of the existing one-loop calcula-
tions [61, 73], as well as the beyond-one-loop representation of ref. [63]. Phenomenological
aspects linked to the determination of a4 and b4 from the recent high-precision data are
the subject of section 4. Starting from a discussion of the analyticity properties of the form
factors, we next construct (section 5) a two-loop representation that accounts for all 7
rescattering effects at this order. We compare this representation of the form factors with
the one used in ref. [63], and discuss the impact on the determination of the parameters
at,s and by g. Section 6 constitutes the main part of the paper as far as the issues raised
above are concerned. There, we construct a dispersive model for the form factor W, (z).
The corresponding absorptive part includes the contribution, now not restricted to low en-
ergies, of the 77 intermediate states, and an infinite sum over zero-width resonances, with
couplings chosen such as to provide matching with the short-distance behaviour established
previously in section 2. Assuming unsubtracted dispersion relations, we evaluate the pa-



rameters a4+ and by through the corresponding sum rules. A final section summarizes our
results and provides our conclusions, as well as critical comments and some perspectives
for the future. Numerical values for various input parameters are collected in appendix A.
Technical details related to the content of section 5 are displayed in appendix B.

2 Theory overview

In this section, we provide background material concerning the theoretical aspects of the
amplitudes describing the weak K7 — ¢T¢~ transitions in the standard model, which will
also allow us to set up the notation to be used in this study. We first start with the
description within the effective four-fermion theory below the electroweak scale, and turn
next to the short-distance behaviour of the form factors in three-flavour QCD.

2.1 The structure of the form factors in three-flavour QCD

In the standard model, weak non-leptonic AS = 1 transitions of hadrons are described, at
a low-energy scale, i.e. below the charm threshold, and at first order in the Fermi constant
Gr, by an effective lagrangian Lag—1(x) given by [74-79]

Gr :
Las=1(x) =——F=V" .V, Cr(v)Qr(x;v). (2.1)
AS=1 \/§ dIZ:; I 1

This expression involves the current-current four-quark operators ()1 and ()2, as well as the
QCD penguin operators Qs,...Qg. At lowest order in both the fine-structure constant «
and the Fermi constant G, and from a low-energy (long distance) point of view, the two
CP-conserving transitions K*(k) — 75 (p)¢*(ps)l~ (py-) and Ks — 70 (p)lT (pe+)¢~ (pe-)
proceed through the one-photon exchange process K — wv*, so that their amplitudes will
involve the weak form factors W, g(2), 2 = s/M%, s = (k — p)? = (pp+ + pg-)?, defined as
(we use the notation W(z) to stand for either W, (z) or Wg(z), whenever the discussion
applies to both channels)

Wi(z;v M? . .
B ety = (1= 375 ) 6= | =i [0 RO)T L0 Lasm (DI ().
167 My,
(2.2)
In terms of these form factors the amplitudes read
_ _ Wiz v
A(K — mlt07) = —e? x a(pp)y,v(pes) x (k +p)P x 167r(2M§)< (2.3)

Here, j,(x) stands for the electromagnetic current corresponding to the three lightest quark
flavours (e, denotes their charges in unit of the positron charge),

jp(x): Z eq(‘i’YpQ)('T)- (2'4)
q=u,d,s

Electroweak quark-penguin operators, as well as the mixing of @1,...Qs with them, give
contributions of order O(a?GF) to the amplitudes, and will not be considered here.



The four-quark operators and their Wilson coefficients C7(v) depend on the QCD
renormalization scale v, and their evolution with respect to this scale is given by the
renormalization-group equations

VdQI(x; v) _

dCr(v)
dv v

6
P R Z Yr1(as)Cr(v). (2.5)

J=1

6
= () Qu(z;v),
J=1

The pure QCD anomalous-dimension matrix 4(«s) for three flavours, whose matrix ele-
ments 77 j(cs) occur in these equations, is known at leading-order (LO) and next-to-leading
(NLO) accuracy,

N ~(0) Us N as\ 2
May) =402 +40 () 4, (2.6)

47
and the corresponding coefficients ’y}o} and 7}1} can be found in refs. [74-76, 79] and [80-84],

respectively. At this stage, let us make two remarks.

First, we should stress that the form factors W g(z;v) defined by eq. (2.2) depend
actually on the QCD renormalization scale v. Indeed, although the two composite operators
involved in this definition are separately finite,

@) =0, v S Qi) = 0, (27)

I=1

the electromagnetic current because it is conserved, the lagrangian £Lag—1 for strangeness
changing non-leptonic transitions by explicit renormalization of the four-quark operators
and renormalization group evolution of the Wilson coefficients, as given in eq. (2.5),
their time-ordered product is singular at short distances, and needs to be renormal-
ized [85, 86]. Indeed, in the short-distance analysis of the K — w¢™¢~ transitions, two
mixed quark-lepton four-fermion operators, having the factorized form of a quark current
times a leptonic current,

Qrv = (8'd;)v_a(ll)v, Qra = (5'd;)v_a(ll) a, (2.8)

are also encountered, and provide an additional contribution to the effective lagrangian [77,
85-87]:

ﬁlz%t () =— [Crv (V)Q7v () + CraQ7a(T)] . (2.9)

f us Ud

The presence of the axial-current operator Q74 reflects the contribution of the Z° and of
W-box diagrams, which also contribute to QQ71,. More importantly, however, the operator
Q7v as well receives the contribution from the electromagnetic-penguin type of diagram,
with heavy quarks in the loop, as discussed in [85, 86]. This contribution will induce,
already at order O(a?), i.e. even before QCD corrections are applied, a dependence on the
renormalization scale v in the Wilson coefficient C7y,, which can be expressed as

6
dC7V a
P Z’YJ? (as)Cy(v 4”; [7” + O(as)| Cy(v). (2.10)



As revealed by their structures, the two operators Q7y and Q74 are finite, and do not
depend on the renormalization scale v, as long as only QCD corrections are considered,
which will be the case here. At lowest order, the coefficients ~,57 are given by [85-88]
Ve DN A= A0=1T A0 =4TN =" =0
(2.11)
for three active flavours u, d, s. Their values at next-to-leading order are also available
from the literature [89]. The Wilson coefficient C74 does not depend on v. Moreover,
it is proportional to the very small quantity 7 = —ViqV;%/VaVy, |7| ~ 1.6 - 1073, and
the contribution of ()74 can be neglected as long as one does not discuss issues related
to the violation of CP or processes that are short-distance dominated. Keeping only the
contribution from @7y, the amplitudes in eq. (2.3) actually read

A(K* = 750707) = —e*u(pe-) v (pe+)

(W, (2 V) Gr . C7V(V) K*r¥ 2
I T M
x(k+p) I 1671'2.7\/[2 \[V Vud e T (M)
A(Kg — w0T07) = —e*u(pe-)vuv(pe-)
[ Ws(2;v) V) GF C7V(V) K gm0
7 I s M . (2.12

They involve the form factors ff’r(s), defined as (the plus sign applies for (K,7) =
(K*,7T), and the minus sign for (K,7) = (Kg,n°), in agreement with the phase con-
vention chosen in eq. (2.2))

(m(P)] (57 d)(O) K (k) = £[(k +p)uf L7 (s) + (k = p)ufE7 ()], (2.13)

and normalized to ff’r(O) = 1 in the limit where the up, down and strange quarks have
equal masses. The contribution from @74, which we have omitted, would also involve
the form factors f57™(s), but multiplied by the lepton mass and the leptonic pseudoscalar
density. The amplitudes being observables, they should no longer depend on the scale v.
This means that the scale dependence coming from the short-distance singularity of the
form factor W (z; v) within three-flavour QCD has to cancel the v-dependence of the Wilson
coefficient C7y (v) generated at the electroweak scale,

dW5 ,s(z)
dv

=0, Wis(z)=Wsig(zv)£16m°Mp <G\[FVJSV > Crv(v) FER 0.
(2.14)

We will come back to this issue in greater detail in section 2.2 below.

Second, notice that throughout we are working within the framework provided by
pure QCD with three flavours of light quarks. Knowledge on the manner how three-flavour
QCD is embedded into the full standard model is not required. In particular, the four-
quark operators evolve, at all scales, according to the three-flavour matrix of anomalous
dimensions §(as) (truncated, in practice, at NLO). Actually, from this point of view, the
only input from the SM which is required, besides, of course, the structure of the effective



Figure 1. The diagram corresponding to the leading short-distance contribution to the operator-
product expansion of the time-ordered product in eq. (2.15). The external lines correspond to the
insertion of the current j,(x) (wiggly line) and of the quark fields d and 5. The circled vertex
materializes the insertion of a four-quark operator Q;, I =1,...,6.

lagrangian itself, as given by eqs. (2.1) and (2.9), are the “initial” values of the Wilson
coefficient Cr(vy), I = 1,...6, and Cr7y () at some scale 1y slightly above 1 GeV, but in
any case below the charm threshold.

2.2 Properties of the form factors at high momentum transfer

This subsection is devoted to the discussion of the behaviour of the form factors W g(z;v)
at high momentum transfer, z — —oo, within the framework of three-flavour QCD. For
this purpose, we consider the short-distance properties (in what follows, g, is an Euclidean
four-vector, ¢*> < 0, whose components become all simultaneously large) of the time-ordered
product of the electromagnetic current with the various four-quark operators @7 that ap-
pear in Lag—1,

lim z'/d4x T M(2)Q1(0; )} (2.15)

q—00
One can identify several contributions with the appropriate quantum numbers to the cor-
responding operator-product expansion (OPE). The leading contribution occurs at order
O(q?), and consists of the term

(¢"q” — @057, (1 = y5)d). (2.16)

It is shown in figure 1, and corresponds to a perturbative intermediate state, made up by
a light-flavour quark-antiquark pair. In the absence of QCD corrections, only the tree-
level four-quark operators are involved. Gluonic corrections also contribute to this class of
short-distance behaviour. They will both renormalize the four quark operators and build
up the Wilson coefficient for the O(g?) term in the OPE. At order O(q), one encounters
several possibilities, e.g. (D, denotes the QCD covariant derivative)

{(d " = *n"7), gy} x {[57a(1 = 75)(D7d)], [(Dr8)7a(1 = 75)d]}, (2.17)

and so on. We will only consider the leading contribution, at order O(¢?), and without
QCD corrections, although we briefly comment on the latter below.

In the case of the two current-current operators (01 and @2, it is then enough to study
the leading short-distance behaviour of (i, j, k, ! denote colour indices)

q—o0

lim i [ d'e T (@ )@@ )y a0 X T, (219



with lefk = 555% for )1, and TQJfk = 5552 for Q2. The evaluation of the loop diagram is
straightforward. With dimensional regularization, one finds

lim i/dD:B eiq'xT{(ﬂ'y“u)(:L‘)[(Eiuj)V—A(ﬂkdz)V—A] (0)}

q—r00
= 0¥ (5dig) [v* (1 — )77 V" Y (1 — 75)]
11 B
X 151 (2= D)oty — ¢*nor] s I (6%) + O(9), (2.19)

with (v stands for the renormalization scale in the MS scheme, vys = ve¥®/2/\/4r, and
D =4 —2¢)

by 1 [DU-oPTE) (A _ 1 [1 ¢
R = ) I B o R
(2.20)

The discussion of the penguin operators 3 and Q)4 actually turns out to be quite similar

to the one for the operators Q1 and Q2. Indeed, from the expressions of these operators,

Qs=(Fdi)v-a > [@g)v-a, Qu=(d)v-a Y (@a)v-a (2.21)
q=u,d,s q=u,d,s

one sees that there are two ways to perform the contraction with the current j# shown in
figure 1. The first one consists in contracting with the quark bilinears occurring in the sum
over flavours. From the point of view of the colour structures, this contraction corresponds
to leik for @3, and to Zéjfk for Q4. However, since the quark masses are irrelevant for
the leading short-distance behaviour, this leads to the sum of three identical contributions,
weighted by the corresponding quark charges. But since e, + ¢4 + e; = 0, this weighted
sum vanishes. There only remains to consider the second possibility, where the contraction
is done with the d (or 5) quark from the term in front of the flavour sum, and with the d
(or s) quark from the second (or third) term of this sum. But this amounts to the same
computation as before for ()1 and for (J2. The colour structure now corresponds to TQjék
for X3, and to leik for Q4. Furthermore, instead of multiplying by e,, one multiplies by
eq + es = —ey. Finally, for the remaining operators Q)5 and Qg one obtains a vanishing
result. This is due to their (V — A) ® (V 4+ A) structure, which makes the factor arising
from the Dirac matrices vanish, whether one uses the naive dimensional regularization
(NDR) [90] or the 't Hooft-Veltman (HV) [91, 92] scheme. The product of Dirac matrices
in eq. (2.19) can also be simplified, but this time the result will depend on which scheme
is being used. After minimal subtraction, one obtains

. . iz . B 1 2
lim Z/d“xeq T{j"(x)Qr(0)} = [a"¢" —a* ") x 57, (1—75)dx o~ [ﬁéo—ﬁélln,,ﬂ +0(g),

q—00
(2.22)
with €50 = €30 =0,
16 16
18 13 ] 37 N NDR 3 NDR
531:E§ s 5§1=E§, féozﬂx ) §§o=ﬂ>< )
40 40
o N HV 5 HV
(2.23)
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and

_ 16 16
g 18 a1 o1 18 NDR o1 37 Ve NDR
L L A R T Ty 10
—% 7v A\ Y
(2.24)

Note that in the presence of QCD corrections, this expression becomes

lim 7 / dhe G ()Q (050)) = [0 — @) % [57,(1 — 75)d)(0)

q—o0
x Elos ) + 0), (2.25)
where the general form of the Wilson coefficient reads
p+1
Eas; V2 /q%) =)0 &hab(v)In" (-2 /). (2.26)
p>0 =0

The result of the OPE with the complete lagrangian (2.1) then writes as

q— 00

i i [t ¢TI () s 1 (0)) = (—fv;; ) 0" — 0] % 51— 5)d

X Cr(v)&i(as; 2 /¢%) + Og) . (2.27)

1
Ar I=1
The preceding short-distance analysis tells us that the OPE of the time-ordered prod-
uct of the (three-flavour) electromagnetic current with £ag—1 is dominated by the same
axial-current operator 5v,(1—~s5)d that also appears in the expression of Q71,. Furthermore,
it also exhibits a short-distance singularity, which is renormalized by minimal subtraction,
leaving over a dependence on the MS renormalization scale v. At the level of the dimen-

sionally regularized form factor itself, this translates into

Gr |, (M) §
lim Wy g(zv) = :I:167r2M[2(( <V ) X %ZCI(V) &r(as; V2 ) 2ME)
=1

Z——00 f us 4
(2.28)
and implies that the scale-dependence of the form factors is given by
AWy s(z;v) Gr K”(ZMQ
UJ’?T +167 2]\4}( \/7 usV X o RS ZC} 6[ Qg UV /ZMK)

(2.29)
Turning now toward the condition (2.14), we find that it is indeed satisfied at order O(a?),
where it reads

d W+S(Z;V) GF " C7V<>
| T
AT VoA JE7 (M)

0)

G Km M2 6 ’Y(
(\/EVJSV )ﬁ)z LT ogly | €r(v), (2.30)
I=1
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since the comparison with eq. (2.11) shows that

1 1
I _ _+ 1 (0

One may actually turn the preceding argument around, and, starting with the requirement
that eq. (2.14) be satisfied, obtain information on the Wilson coefficients &;(a;v?/s) on
the right-hand sides of eqgs. (2.27). Indeed, from

p+1

1/—&(045,1/ /s) —QZprpr (as)a? Y (v) In" (=12 /)
p>0 r=0
p+1

+2) 0 gl al(v) (=12 s), (2.32)

p>0 r=0

one deduces that

d [Wis(zv) | Gr,, C?V(V) K 2
Wes(zv) | Gr oy, (M 2,
dv { 1672 M2 \f us dra T (2 ) (2:53)

G K7r M2 6 ()
:i(\;V*V ) +7e Z ”+2§01 Cr(v)
=1

Gr oo, ) FET(ME)
<\/>Vusv )47_(.055(’/)
(1)

chI 7 Z”J§OO+1 (—) agh, + Z'Y”fm

The combination on the left-hand side will thus be scale independent at NLO provided
that in addition to (2.31) the relations

+ O(a?).

1 1Y Zﬁ A0
I E I1J +J _ 1J
511 - (47‘(‘) - 5 ~ 47'(' 500 512 y 601 (234)

hold. Performing the calculation gives, for instance,

1 4 1
5{2 = 7(4702 > <Nc A > x (0, =8, +11, Ny, 0, Ny), (2.35)
C

where the number of active flavours is Ny = 3. The coefficients 5150 are not constrained by
this type of argument. They can only be determined by an explicit calculation of QCD
corrections to the diagram of figure 1, which we will however not attempt to perform here.

Before closing this section, let us briefly leave our three-flavour world, and consider
how the preceding discussion is modified in the presence of a fourth quark flavour, which
corresponds to the situation considered in lattice calculations [48-50]. For m. < v < my,
the effective lagrangian reads

Las—1= —igv;svud{a—ﬂ (10 (@)= Q1 (@) ) +Cav) (Qalai) - QY (w50)) |

VAV,
+TZCI )Qr(x;v } Tzfvisivti. (2.36)
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The operators appearing in this expression are
QYW = (S'q)v_a@d)v-a QY = (5'a)v_a(@d;)v_a, (2.37)

with the understanding that qu) = @, Q;u) = ()2 and, moreover, that in the QCD
penguin operators the sums over the quarks ¢, as in eq. (2.21), span the whole range of still
active flavours, i.e. ¢ = u, d, s, c in the present case. Likewise, the electromagnetic current
is the one corresponding to four active flavours. Repeating the same exercise as before,
one now obtains (recall that all quarks are considered to be massless)

q—o0

lim z/d4ac el "T{jy(x)Las=1(0)} =

( Cr ey, )@wdw)( V(L5717 5 L [(2 D)godr — Pnor]

\[ Vis 4D-1
X VMSDJ( ){ﬂ]ik‘ [Cl (V)(eu - (1 _T)ec)+TCS(V)(eu+6d+es+ec)+7'c4(y)(ed+es)]

+ T334 [Co(v) (eu—(1=7)ec) +7Ca(v) (cates) +TCu(V) (uteatesTe)] }5;+o<q>

- <_$EVJS > (5"di) (0) [y (1= 75)7" ¥y Yo(1=75)] % %
%V 2 (g { [C1 () + Calv) = Ca)] T+ [Cov) ~ o) + Co ()] Ty, } 0 4+Oa).
(2.38)

[(Q_D)QU(]T _q2nUT]

=

The scale dependence is now proportional to the small quantity 7, defined after eq. (2.11).
To the extent that CP-violating effects are not considered, these contributions can be safely
omitted for all practical purposes. But strictly speaking, the absence of a short-distance
singularity in the form factor holds only, in the case of four active flavours, within this
approximation. This picture is consistent with the fact that, above the charm threshold,
the Wilson coefficient C7y of the operator Q7y is also proportional to 7 [89].

3 Low-energy expansion of the weak form factors

In this section, we recall the properties of the form factors W g(z) from the point of view
of their low-energy expansion. We first give their expressions at one loop and discuss some
of their properties. We consider next the regime where z < 1 (s < MIZ{), so that the pion
loops remain as the only sources of non-analyticity. In this regime, we then briefly discuss
the description of the form factors proposed in ref. [63].

3.1 The form factors at one loop

Since the K* — 7F4* and Kg — 7’* transition form factors vanish at lowest order [61],
the low-energy expansions of the form factors W, g(z) start at order one loop. These
one-loop expressions have been computed in ref. [61] as far as the octet component is
concerned. The contribution of the 27-plet has only been worked out more recently, in
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ref. [73]. In a notation slightly different from the one used in these references, the resulting
expressions read

M
82 M2 z—dgE 1
IV 2 CT 1L t 2
+7S§1L( ) GF +S + = 3 M2 {O[ reg'[ > = JWW(ZMK) - 487T2

~tree z—4 - 1
+ is{z JKK(ZM%()—W]}- (3.1)

The function J,. is defined defined as (\(z,y, z) denotes the Kéllen function)

- s * dx 1 )\1/2(30)
Jap(s) = — ab ab = (Mg + M)?%,  Nap(s) = N(s, M2, M7
b(s) 1671_2/}) T r—5—i0 T »  Sab ( + b) ) b(s) (81 ar b)a
(3.2)

for M, = M, = M. Explicit expressions for this function are given in refs. [65-67]. The
first term in eq. (3.1) gathers the contributions from the O(E*) counterterms,

1.
afl5t = <—\/§Vu5 ) (9810( )Lq+g27w(f?> (3.3)

which can be expressed in terms of low-energy constants defined in ref. [93] and chiral
logarithms (u, denotes the renormalization scale in the effective low-energy theory) as

8 6472 ! M2 ! M2
w(+) 3 [NT4(x) = N5 (i) + 3Lg(py)] — élni - 61
13 M (3.4)
8 3272 1 M2 |
w§) = == N1y () + Nis ()] + 2 n =K,
3 3R
and
27 32 13, M2 13, Mj
Wi =~ [Rig (i) — 2Ris () = AL5(uy)) + g In o 4 o In =i,
3 180w B (3.5)
W =B DBME-OME M2 1 MR 6z g
3T T I8 ME-MR R 18 ME MR R

These combinations of counterterms and chiral logarithms do not depend on p,:

dw 827 /de = 0. The second and third terms in the expression (3.1) come from the

plon and kaon loops, respectively. aﬁfee (a°) corresponds to the P-wave projection

of the amplitude of the reaction K7~ — ntn~ (Kgn® — 777~) at order O(E?) in
the low-energy expansion, and coincides with the linear slope, evaluated at lowest order.
of the Dalitz plot of the decay K* — wfatr~ (Kg — w77 7). The interpretation
of the quantity & (a%°°) is similar, but in terms of the amplitude for the reaction
Ktn~ - KtK~ (Ksﬂ'o — KTK™). In this case there is no decay region, and &%* and
a‘goe rather correspond to subtheshold parameters in the expansions of the amplitudes
for KT~ — KTK~ and Kgn® — KTK~ around the centres of their respective Dalitz

plots (s = M2 + M2/3, t = u). In terms of the two constants gg and go7 that describe the

~tree
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K — 7 amplitudes at lowest order [1], one has (for the numerical values, see table 3 in
appendix A)

G 13
alree = ghree — <—\/gvg;vud) M? (gg —~ 3927> = —0.36M2Gp = —8.16-1075, (3.6)

and
Gr 5 3M2 — 2M32
t _ * 2 K
agee _ <_\/§Vusvud) Mﬂ. (3927 X 4M12( — Mgﬂ
= —0.24M?Gp = —5.36- 1078,
3 Gr gor M2 — 6M?
tree __ * 2 K T
o= (- Jgira) 2 (o 57 S
= +1.11M2Gr = +25.15- 1075,

As already mentioned in the introduction, the physical region of the decays K*(Kg) —
7% (70)¢+ ¢~ corresponds to 4m2/M2 < z < 0.5. In this range of values the function
JK K(zMIQ() is well described by its Taylor expansion at z = 0. Performing this expansion
in the contribution from the kaon loops, and keeping terms at most linear in z, allows to
rewrite the one-loop form factors as

M?2
872 M2 T
2 /1L 1L K tr 2
Wi saL(z) = GFMK(a+,S+b+,SZ)+73 2 s — (2 M) + a2 | (3.8)

Notice that ai_LS and bi_LS correspond to the values of the form factors and of their slope,
respectively, at z = 0,

2
1 (M2
2 1L __ 2 1L __ ! K tree
GrMiays =Wigan(0), GrMgbig =W, 41(0) — 50 <MQ ays- (3.9)
™
The one-loop expressions of the constants a}kLS and b1+LS that result from this simple exer-
cise read
1L _ _CT-1L 1Ly 1L;KK
Gys=ays ta,g +a,g
tree ~tree
alL;Trﬂ' _ s alL;KK _ ays (3 10)
—_ — 9 —_ .
+5 GMgGF +5 6M7%GF
_ dtree
plL. — plLKE _ +,5
+,5 — — anAT2/ "
+5 60M2G R

Predicting the values of a}gjs from their one-loop expressions requires some knowledge of
the (’)(E4) counterterms, in particular Ni4 and Nis, which occur in the dominant octet
part. Several proposal have been made [93-97] in order to extend the determination of the
low-energy constants through resonance saturation in the strong sector [98, 99] to the weak
sector. Unfortunately, these extensions involve unknown parameters (see also the discus-
sion at the beginning of section 6.2 below), thus requiring additional assumptions. This
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Figure 2. The Feynman diagrams contributing to the non-trivial analyticity properties of the
form factors W g.11.(%) at one loop. The external wiggly line corresponds to the insertion of the
electromagnetic current j,(«). Thin lines represent charged pions, and thicker blue lines are kaons
(only charged kaons contribute in the loop). The circular blob stands for a strong vertex, and the
filled square for the weak vertex.

unfortunate situation introduces an uncontrolled model dependence in the predictions that
can be made within this framework. The prospects for a phenomenological determination
of some of these constants from (real or virtual) radiative kaon decays have been discussed
in the recent account [100]. In this context, we also recall the “octet dominance hypothesis”
discussed in refs. [61, 68], which corresponds to the assumption that the (scale independent)
combination N7i5(py) — 2L§(jty) vanishes, thus predicting wf) + wgg) ~ +In AA//[[—%

This brief description of the structure of the one-loop expressions of the form factors
(we refer the reader to the original articles for further details) brings us to a few remarks:

e As already noticed in ref. [61], there are substantial differences in the structures of
the two form factors W.11,(z) and W;11,(2), and therefore also between al* and a}".
In particular, pion loops are suppressed by the AI = 1/2 rule in Wg.11,(2), but kaon
loops are about three times as important as in W,.11,(2) (in absolute value).

- sopes B, the

egs. (3.6)—(3.10): aiL;KK = +0.06, alsL;KK = —0.19. These contributions are pro-

portional to &lf*® and a§°°, respectively. Higher-order corrections will move &§ to

e Besides providing tiny slopes b the kaon loops also contribute to a_lgjs, see

their phenomenological values & g, which are however not known, see the discussion
after eq. (3.5). Assuming, for the sake of illustration, that this change is of about the
same size as the change from afﬁ% to ayg, Le. g ~ 2.5 and ag ~ 1.3a5° (see
egs. (3.17) and (3.18) below), we would conclude that the kaon loops could contribute
to ay (ag) at the level of ~ 4+0.15 (~ —0.25). Of course, this argument is at best
indicative of the fact that contributions from kaon loops to a g, in contrast to b g,
could be substantial. Besides, higher-order corrections will also produce other effects
~tree

on the form factors than the simple replacement of &Yg by a4 g, but their impact
on ay g are however more difficult to estimate without an explicit computation.

e It is also possible, and of interest for the sequel, to look at the one-loop form factors in
terms of their analyticity properties, which follow from the structure of the Feynman
diagrams shown in figure 2. These properties can be expressed in the form of a
once-subtracted dispersion relation

Wy san(z) = GrMiails +

ZMIQ( /OO dz Im W+,s;1L($/MI2<) (3.11)
0

2 . )
T x —2Mg —1i0
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with the discontinuity along the positive real-z axis provided by one-loop unitarity.
Since at this order the only intermediate states are 777~ and KK, see figure 2,

it reads
1 2
16772M[2(Im W+75;1L(5/MK) =
s—4M2 _1)o ﬂ Tt
(s — AM2) x ==X (s) % FT(s) o) x HT7 ()|oge)

s—4AMZ  _ + - -
+ 0(s — AM7) x N () x FET(9)|ogn) x AT () loge), (3.12)

where I} (s)|o(g2) = Fé{i (8)lo(m2) = 1 (neutral kaons do not contribute at this order
since FIE (s)|o(z2) = 0), Axn(s) = M(s, ME, M2) (cf. eq. (3.2)), and

tree 2
Kroata— _ a+,S 1/2 _ 4M7r
f (o) = TESVE X Ager(s)4/1 _
~tree 2
KnsKtK~ _ %5 1/2 _ AMg
fl (3)‘0(E2) = 967TMT% X Kﬂ'(s) 1 s (313)
are the P-wave projections mentioned after eq. (3.5). The expressions of

Im Wy g.a1(s/M%) also show that one subtraction is necessary, but sufficient, in
order to obtain a convergent dispersive integral. Performing this integration leads to

M2
872 M2 T 1
_ 2 1L 0K tree | _ K 2
Wi saL(z) = GpMpai’s + 3 M2 {O‘Jnsl B Jon(2Mic) + 2472
~tree | # 4 - 2 L
—|—a+75|: . Jrr(zMi) + 247T2:|}. (3.14)

Expanding the contribution from the kaon loop as before allows to cast this expres-
sion into the form given in eq. (3.8). Some information is lost within this dispersive
approach, namely the way how aHjS, which appears here as a mere subtraction con-
stant, decomposes into its various components, as displayed in eq. (3.10). The issue
raised in the preceding item of this list, having to do with local contributions from
the kaon loops, can therefore not be addressed within this dispersive approach.

e On the other hand, extending the absorptive parts beyond their lowest-order expres-
sions (3.12) provides a starting point for establishing the structure of the form factors
at two loops (beyond two loops, also intermediate states with more than two mesons
need to be considered). Furthermore, one may restrict the contributions to the ab-
sorptive parts to two-pion states from the outset, and include the other two-mesons
states (KK, but also, for instance K7) into the subtraction polynomial, which be-
comes a first-order polynomial in 2z at two loops. The explicit construction of the
two-loop form factors along these lines will be the subject of section 5.
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3.2 The form factors beyond one loop

We now come to the expressions of the form factors considered in ref. [63]. They go beyond
the one-loop expressions discussed in the preceding subsection, and read

W siiL(z) = GpMpy(ay s + by 52) (3.15)
2
82 M2 M2 MZ O\ |24 ) 1
+7ﬁ72r OC+’S+,8+7SW(Z—ZQ) 1+ M‘Q/Z ; K Jﬂ.ﬂ-(ZMK)‘f‘m y

with zo = 1/3 + M2/M% = so/Mz and My = 775.5MeV. Their structure is easy to
understand from the representation (3.8) of the one-loop form factors, as already described
in the introduction. The pion form factor, which reduces to unity at lowest order in the
low-energy expansion, is extended by the addition of a term linear in z, with a slope given
by M% /M. The same kind of modification is also implemented in the K7~ — 77~
(Ksn® — 7F7m~) vertex: the parameters a; and 34 (as and Bg) correspond to the linear
slope and to one of the quadratic slopes (curvatures), respectively, describing the Dalitz plot
of the decay K* — ntrtr~ (Kg —— ntn~n%). Expressed in terms of the parameters
introduced in refs. [101-103], ay and Sy read

oy = D4V, Br=2(6+E—8). (3.16)

Using the values determined from data in ref. [104], one obtains (errors have been added
quadratically, and the numerical values we use are collected in appendix A for the reader’s
convenience)

oy = —20.84(74) - 1078, By = —2.88(1.08) - 1075, (3.17)

These values are quite similar to the ones given in ref. [63] (the authors of this last reference
use the notation of ref. [105]; ref. [106] gives the correspondence between the two sets of
parameters) and used in order to analyze the data in refs. [55-57]. Notice that the linear
slope a is determined quite accurately, at less than 4%, whereas the curvature 3, is only
known with a relative precision of about 35%. Likewise, the parameters ag and 8g read

g = —\%73 = —6.81(74) - 1078, Bg = gfg = —1.5(1.1) - 107, (3.18)
The numerical values again follow from ref. [104], see appendix A. They differ somewhat
from those that were available to the authors of ref. [63], ag = —5.5(5) - 1078 and Bg =
+0.5(1.3) - 1078.

While the form factors W, s.pi1,(2) capture some contributions that arise at order
two loops, they do account for all two-loop corrections. This issue will be discussed in
detail in section 5 below. Notice also that the relations given in eq. (3.9) generalize in a
straightforward manner to the representation (3.15),

1 [/ M? 2 s
GrMpar s =Wy gpin(0), GpMpbys= J’r,s;mL(O)—@ <MI§> <O¢+7s - 5+,SMOQ> :
(3.19)
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Figure 3. The left-hand plot shows the data for [W,(2)|?, in units of 107!, in the electron mode
from the NA48/2 experiment [56] (filled squares, in blue) and from the BNL-E865 experiment [55]
(filled circles, in red). The right-hand plot shows the same data, but with the error bars of two
points, one for each experiment, around z = 0.3, rescaled by a factor of 2.35. Throughout, only the
statistical uncertainties are shown.

In the sequel, we will also consider other representations of W g(z) than the one-loop
or beyond-one-loop ones. For each of these representations, we will define correspond-
ing parameters ay g and b; g upon extending the relations (3.19) to the form factor
under consideration.

4 Extraction of a4 s and by g from recent data

As already mentioned in the introduction, the main recent feature as far as the data are
concerned is the availability of quite precise information on the decay distributions for
the charged-kaon channels K* — 75¢t¢~, see table 1. The relation between the decay
distribution with respect to the di-lepton invariant mass squared s and the corresponding
form factor is given by (recall that A(z, y, z) denotes the Kéllen or triangle function, whereas
M stands either for M+ or for M)

dl'y s oMy 3 2 /2 2 4m? 2m? s

2 — N3/2(1, 2, M2 /M 1——~L (1 L)W 2 =

dz 127T(47T)4 (1,2, Mz /M) zMIQ( + ZM[Z{ | +,S(Z)‘ y R 12(
(4.1)

Here, we will limit our attention to the results coming from the high-statistics experi-
ments [55, 56] for the electron mode, and [57] for the muon mode. For the electron chan-
nel, the experimental data for |W,(z)| are shown on figure 3. The NA48/2 data [56, 57]
are available on the HEPData repository [107, 108].! Data points for the E865 experi-
ment [55] do not seem to be available on a public repository. For both experiments, the
uncertainties given for the individual data points are statistical only. For the systematic
uncertainties in the determinations of a, and b, we refer the reader to the experimental
articles quoted in table 1. These data have been confronted with various ansétze for the

1Only the statistical uncertainties are provided, systematic uncertainties are not included.

~19 —



form factor Wy (z), from a simple constant plus linear (in z) type of parameterization,
Win(2) = G FM;2< fo(1 + 6z), with however little theoretical content, to theoretically more
elaborate models [63, 68-70]. In the present study, we will only consider the “beyond one
loop” form factor of ref. [63].

Fitting the expression (3.15) of the form factor, with the values (3.17) as input, to the
data of ref. [55], we obtain

= —0.589(13)stat(1)a, (5
{a+ (13)stat (1)a (5)5, , X*/d.of=11.6/18 [eTe”, E865 data], (4.2)

b+ = —0.64.6(54)stat(16)a+ (2)B+

in reasonable agreement, although with somewhat larger uncertainties, with the values
given in table 1 of ref. [55]. Repeating the exercise with the data of ref. [56] leads to the
rather surprising outcome

= +0.491(12)stat (1), (5
{“* 049119t (Do (B, . x?/d.of=283/19 [ete”, NA48/2 data]. (4.3)

by = +1.691(57)stat(16)a, (2) 5,

Thus, whereas the BNL-E865 data favour the “negative” solution [63], by < a4 < 0, the
NA48/2 data rather point toward the “positive” one, by > a4 > 0, which, with b, about
three times as large as a4, is more difficult to understand from a theoretical point of view,
as already explained in the introduction. Looking however for a second minimum in the
NA48/2 data, we indeed find one, corresponding to the negative solution, with only a
slightly higher value of y2,

= —0.585(12)stat(1)a, (5
{a+ (12)stat (D (5)5, . x%/dof=33.0/19 [ete”, NA48/2 data). (4.4)

b+ - _0-779(54)Stat(]—6)a+ (2)6+

These values then also agree with those quoted in table 2 of ref. [56]. Incidentally, a second
minimum of the y? function corresponding to the positive solution is also present in the
BNL-E865 data, but with a value x2/d.o.f = 42.0/18 it is clearly much less favoured in this
case. The same feature is also present in the data collected by the NA48/2 collaboration
in the muon mode [57]: the two solutions read

=+0.384(40), by =+2.081(147), x2?/d.of=12.1/15
{a+ * (40), by =+ (147, x*/do / , [wTuT, NA48/2 datal.

ay=—0.598(39), by =-0.768(144), x?/d.o.f=15.2/15

(4.5)
The two results (4.2) and (4.4) are quite compatible as far as a4 is concerned, while
the agreement is somewhat less good for ;. One might contemplate the possibility of a
combined fit of the two data sets in the electron mode. While the negative solution is clearly
favoured by this combined fit, the quality of the latter is not very good: x?/d.o.f ~ 62/39
(for the positive solution, we find x2/d.o.f ~ 95/39). Looking more closely at the data, we
observe that each individual data point of one experiment is compatible, at the 1o level,
with at least one data point of the other one, except for two points, one for each experiment,
which are not compatible, again at the 1o level, with any point of the other experiment.
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min y?2

By x 108

Figure 4. The evolution of the minimum value of the x? function with 3., for the data in the
electron mode collected (from bottom to top) by BNL-E865 [55], by NA48/2 [56], and for the
combination of the two sets. In the case of ref. [56], the minimum of the x? function corresponding
to the positive solution for a4 and b4 is also shown (dashed curve).

These two points are located slightly at the left [NA48/2] and on the right [BNL-E865] of
the value z = 0.3, see figure 3 (one might also observe that z = 0.32 corresponds to the
threshold of the two-pion intermediate state; on the other hand, the acceptances of the
two experiments do not show any peculiar behaviour in the region of this threshold; it is
thus not clear whether one can establish a link with the discrepancy between the two data
sets at z ~ 0.3). If, for instance, we increase the error bars of these two data points by
a scaling factor of 2.35, such as to make them compatible, the quality of the fit improves
substantially, giving as outcome (for comparison, the (relative) minimum corresponding to
the positive solution occurs now at x?/d.o.f = 74.3/39)

{‘” = ~0:593(9)stat(L)a (6)s. Y%/d.o.f = 45.7/39. (4.6)

b+ == _0'675(40)stat(16)a+ (2)5+

Up to now, we have analyzed the data with the form factor in eq. (3.15), but for
fixed values, as given in eq. (3.17), of the “external parameters” a4 and ;. As already
observed, the value of o is determined quite accurately, the precision on g4 being much
lower. Redoing the fits for various values of S, with decreasing values of |34 ], see figure 4,
we notice that moving 3 a few standard deviations away from the central value in eq. (3.17)
somewhat improves the quality of the fits. The effect is quite mild in the case of the BNL-
E865 data, but somewhat more pronounced in the case of the NA48/2 data. This leads
us to consider the possibility of fitting simultaneously ay, by, and B4. Performing this fit
on each experiment separately, we obtain the results in table 2 (only the statistical errors
are given).

In agreement with the trend shown by figure 4, the NA48 /2 data yield values of 55 that
tend to be larger than the value quoted in eq. (3.17), obtained from a global fit to the data
on the Dalitz-plot structure of the K — mmm decays. One also observes that the x? function
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Experiment ay by By - 108 x%/d.o.f
[ete~, E865] | —0.573(23) | —0.662(57) | —0.72(2.55) | 10.8/17
[ete™, NA48/2] | —0.535(20) | —0.771(65) | +6.52(3.00) | 22.4/18
[uwhp—, NA48/2] | —0.40(10) | —1.10(21) | +14.3(7.9) | 15.2/14

Table 2. Results of the x? fits with three parameters in each experiment. Only the statistical
errors are given.

is quite flat, in the vicinity of its minimum, in the 5 direction, which leads to rather large
ranges of values. Finally, the values of a; and b, produced by this three-parameter fit
to the data come out quite similar to the ones obtained from the two-parameter fits, with
however, as could be expected, somewhat larger statistical uncertainties (the effect is,
however, more pronounced in the muon mode). If we fit the combined NA48/2 and E865
data (after the rescaling of the statistical uncertainties discussed above) in the electron
mode, the 1o interval of values allowed for S4 becomes narrower,

ay = —0.561(13)
by = —0.694(40) , x%/d.of=383/38 [NA48/2 + ES65], (4.7)
By - 10% = 42.20(1.92)

but confirms the trend toward larger values of B4 than those extracted from the K —
mrm data.
We conclude this study with the following observations:

e The NA48/2 data show a marginal preference for the positive solution, in contrast
to the BNL-E865 data, which clearly favour the negative one.

e The data in the electron mode from the two experiments are compatible (up to two
data points, one from each experiment, which require a rescaling of their error bars)
and can be combined. The combined fit clearly favours the negative solution.

e All fits show a moderate improvement when somewhat larger values of 34 (smaller
values of |34|) are considered. Taking the rather conservative attitude of letting /54
increase by up to two standard deviations from its value in eq. (3.17), i.e. -4 S
B4 - 108 $ —0.7, leads to the range of values (as || decreases, |ay| also decreases,
while |by| increases)

ay = —0.561(9)stat(Day (T003)5, s b = —0.695(39)stat(17)a, (2)g, - (4.8)

We finally close this section with a few words about the decay Kg — 7% ¢~. As shown
in table 1, our experimental knowledge of these processes is much more scarce, and comes
from the data collected by the NA48/1 collaboration in refs. [59] (electron mode) and [60]
(muon mode), and analysed using the expression of the form factor from ref. [63], as given
in Eq, (3.15). A combined analysis of the branching ratios of the two lepton modes using
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the values of aig and of B quoted in ref. [63] gives [60] either ag = —1.67>4 bg = 10.8152
or ag = —1.915:2, bs = —11.3fi:§. Using the more recent values of ag and of Sg given
in eq. (3.18), we obtain instead the two possibilities ag = —1.29(3.15), bg = 17.8(10.6)
and ag = 1.28(3.16), bg = —17.6(10.6). In both cases, due to the large uncertainties, the
situation is not very conclusive, even as far as the signs of ag and bg are concerned.

5 The two-loop representation of the form factors

The discussion at the end of section 3.1 suggests a dispersive procedure for the construction
of the form factors, based on the extension at next-to-next-to-leading order of the relation
given in eq. (3.12). The successive steps allowing for such a construction, based on chiral
counting, analyticity and unitarity, have been described in detail in refs. [109, 110] in the
case of the pion form factor, and our task will be to adapt them to the present situation.

As far as analyticity is concerned, the form factors W, g(z) are analytic in the complex-
2z plane with cuts along the positive real axis, starting at z = 4M2 /MIQ{ The discontinuity
along these cuts is provided by unitarity. For our present purposes, we need only consider
the contributions from two pion intermediate states, which is sufficient in order to account
for the analyticity properties of the form factors in the range of values of z relevant for the
processes K*(Kg) — nt (%) ¢*¢~. As compared to the case of the treatment of the pion
form factor in refs. [109, 110], we also need to deal with the fact that the kaon becomes an
unstable state in the presence of weak interactions. This has some general consequences as
far as the analyticity properties are concerned. In particular, the absorptive and dispersive
parts of W, g(z) for z real are not real, and W g(z) do not satisfy the property of real
analyticity [111], unlike, for instance, the electromagnetic form factor of the pion or of the
kaon. As far as their analyticity properties are concerned, the form factors W,.g(z) are
actually quite akin to the form factor f7"(s) describing the isospin-violating 7 — nmv,
second-class transition, which is discussed in detail in ref. [112]. Many aspects related to
the analyticity properties of f"(s) can be directly transcribed to W.s(z). For instance,
the discussion in ref. [112] on the absence of anomalous thresholds in f7"(s) applies, mutatis
mutandis, also to W,.g(2).

While the use of dispersive methods might appear as questionable in the presence of
an unstable kaon, one should however recall that the computation of the form factors to
two loops within chiral perturbation theory rests on the evaluation of Feynman diagrams,
which have well-defined analyticity properties. A careful analysis [113, 114] shows that
these analyticity properties can be reproduced within a dispersive framework upon letting
the kaon mass squared become a free variable Mi One starts with a value of Mi which
lies below the three-pion threshold (the fact that the kaon is also unstable due to its decay
into two pions plays no role in the present discussion), so that the kaon becomes stable (with
respect to its decay into three pions), and dispersion relations can be implemented. At
the end, one moves Mi( above the three-pion threshold through an analytic continuation,
providing the kaon mass squared with a small positive imaginary part, Mi — MIQ( + 34,
d — 04. It has in particular been shown [115, 116] that this analytic continuation can be
performed without encountering singularities in the case where the masses of the charged
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and neutral pions are equal. We will assume this to be the case in the sequel, isospin-
breaking effects being far from our present concern. The situation where the difference
between the masses of the neutral and charged pions is taken into account would anyhow
require a separate analysis.

5.1 Construction of the form factors to two loops

Having described the overall framework, let us now turn toward the explicit implementation
of the procedure. The starting point of the construction is provided by unitarity. Since the

partial-wave projections f{(ﬂ'*}ﬂ"’ﬂ'_( 5)

at next-to-leading order have a more complicated
analytic structure than at the lowest order [117], [112], it is necessary to consider first
the situation where Mx < 3M;, as discussed previously. This will be understood to be
the case from now on. Then the absorptive part of the form factor is real (it coincides
with its imaginary part), and the unitarity condition at two loops, restricted to two-pion

intermediate states, reads

Abs W, s.or.(5/ M2 )| rr — 4M2 fEmoTT ()
Torag = s Ol T AMIRe |G x Ty
K Akr(8) O(ES)
+
o 4M2 , _ fKTr—Mr T (S)’O
= T9( — 4M?) x ReFV(s)\O(E4) )
f1K7T_>7r+7r7(8)|0(E4) . 1K7r—>7r+7r )‘O
+ F{(s) x Re (5.1)
Plote M)
s — 4M?2 9 oqs -
— T 0( 4M7T) X |:967TW X ReFv(S)‘O(E4) + ¢+7S(S):| X 0—71'(8)7
where we have written, for s > 4M2,
Kr—ntr
f - (3)‘0(152) ays o (s)
A2 (s) C96mMz T T
fKﬂ'*)ﬂ'“’ﬂ' (S)‘ OB
Re [ + 4 5(s )] X ox($), (5.2)
)\1/2(8) 967 M2
where o,(s) =1/1 — 4M2

The structure of the absorptive parts of the form factors W g.o1, displayed in eq. (5.1)
corresponds to the analyticity properties of the two-loop Feynman diagrams shown in

FT ()

figure 5. Notice that whereas the partial-wave projection is proportional to

)\}(/:(s) at lowest-order, this is no longer the case at next-to-leading order. Furthermore,
the prescription of endowing MIQ( with an infinitesimal positive imaginary part then also
specifies a suitable determination of A 1/2 —(s). The pion form factor at next-to-leading order
can be written as [65, 66, 109, 110] (as far as notation is concerned, we follow the last of

these references)

Re F{i (s ‘(’)(E‘l) =1+ajys+ 167r<p1 o (s)Re Jrr(8), (5.3)
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o K I

Figure 5. The Feynman diagrams contributing to the non-trivial analyticity properties of the form
factors W4 s(z) at two loops, restricted to two-pion intermediate states. The meaning of the lines
and of the vertices is as in figure 2. The second diagram, with the vertex topology, has a complex
absorptive part.

with
+—+— _ B S_4M7% T o_ 1 2\ B
Plyrn ( )_9677TF7727 av—g <T >V+W s (54)
where @i;ﬁf (s) is the lowest-order P-wave projection of the amplitude for 77~ — 77~

scattering, 8 being identified with the slope of this amplitude in its expansion around the
center of its Dalitz plot, whereas <r2>7{, denotes the mean square of the charge radius of
the pion, and

&

_ 2 7 _ 72 7 _ _ 2
0(s —4MzZ)Re Jrx(s) aﬂ(s)Im JZ.(s), ImJrr(s) 16m O(s—4M?2). (5.5)
Then one has
§— 4M7% T ot~
TH(S_Z-LM?) X ReFV(S)lO(E4) X {( - (8)‘O(E2)
S)\Krr(s)
1 apgs—4M?2 - 1 Braps(s—4aM2)?
= — 2 [ — 1 T I T —_— ’ u I . *
e . (14 afrs) Im Jer(s) + M2 SF? m.J2 (s) (5.6)

It is interesting to notice that the quantity )\}(/i(s) does no longer occur in the right-hand
side of this last formula. There remains then to compute

g2
ox(5) T (s — AM2) x4 (5), (5.7)

where 94 g(s) describes the one-loop correction to Re flK”H”ﬂL”_(s), see eq. (5.2). This
computation, while straightforward, constitutes the most involved part of the calculation
of the absorptive parts of the form factors as given by the right-hand side of eq. (5.1). The
details of this calculation will not be given here, but are collected, for the interested reader,
in appendix B, together with the notation. Here we simply display the final expressions of
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the form factors at two-loop accuracy in the low-energy expansion,

W sor(s/Mi) = GrMj (a+,S+b+,SMi}z()

8r2 M3 s—so] | s—4M2 = 1
+5 0z [a+,g(1+a7‘}s)+ﬁ+,s M,%} ; JWTF(S)+7247T2

82 M2 so ] |s—4M2 [ = 1 s 1 s
T3z {AaJﬁS—AﬁJﬁST{g} p <er(5)—96ﬁ2 7.7\[,?)—'_2407@ M2

s | s—4M2 = 1 4r? ME | (s—4M2)? =9 1 s
+ABLs I [ Jm<3>+z4ﬂz]+95'a+vspg v O e v

3
— mm < D A 5)pi(9) =8 (0) [ A rcep T 4 5pi(0)] = SR (0) Arcrp! |

1 A%
T Temzr2 X2 2 %

A (5) _gAr gy R()\;l)//(o)] (5.8)
27N ; '

and comment on this result with a few remarks:

e The origin of the coefficients Acy g and ABy g is discussed after eq. (B.7) and their
expression given explicitly in egs. (B.37) and (B.38).

e The absorptive parts of the functions ﬁEA;O’l)(s), 1 = 2,3, which are given by the
functions €;(s) defined in eq. (B.13), develop an imaginary part for s > 4M2 when My
takes it physical value. This feature is at the origin of some of the general properties
of the form factors discussed at the beginning of this subsection, like the loss of real
analyticity. More specifically, the latter follows from the analyticity properties of the
second type of Feynman diagrams, with the vertex topology, depicted in figure 5, and
which produce the contributions involving the functions ﬁ_il(’\;o’l)(s) for i = 2, 3.

e For the same reasons, the constants ay g and by ¢ are in general complex. Their
imaginary parts are generated for the first time at the two-loop level, and are thus
chirally suppressed. They arise through Feynman graphs with the vertex topology,
but also through Feynman graphs without absorptive parts, of the type shown in
figure 6. Moreover they will be proportional to the phase space for the K — wnrw
transition, which is also small. Due to this double suppression, these imaginary parts
can be neglected in practice, and will, in particular, not impinge on the analysis
in section 4, given the present (and, probably, future) statistical uncertainties of
the data.

e Uncommon features, like circular cuts in the complex plane, intersecting the usual
unitarity and left-hand cuts on the real axis, also show up in the analyticity properties
of the partial-wave projections f{< 7r_>7r+7r7((5’) computed from the one-loop amplitudes.
Their existence follows from the general analysis made in ref. [117], and they are
discussed more specifically in refs. [82, 115] and [112].
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Figure 6. A Feynman diagram that does not contribute to the absorptive parts of the form factors
W4 s(z) at two loops, but which gives imaginary parts to a4 s and to by g. The meaning of the
lines and of the vertices is as in figure 2.

5.2 Comparing W g.o1,(2) and W, ghi1(2)

The one-loop expression for W (z) does not give a very good description of the data. If the
latter are fitted, as in section 4, with W .11,(2), keeping a4 as a free variable, the quality of
the fit deteriorates tremendously. Typically, the value at the minimum of the x? function
is in the range between 300 and 500. The representation W,.11,(2) thus constitutes a real
improvement in the description of the data. Likewise, one may legitimately ask oneself to
which extent the full two-loop expression W o1,(2) constructed above would further modify
this picture.

In comparing the full two-loop representations (5.8) of the form factors with the ex-
pressions (3.15) of ref. [63], we notice that the latter are essentially reproduced by the first
line of eq. (5.8), which follows if in eq. (5.1) we restrict the pion form factor and the P-wave
projections to their polynomial parts:

2

_ M sS— S
Re F{(s)l oy = 1+afs, Re fE™™ (s)| oy — ﬁf; 4,5+ B8 s

W , (5.9)
taking, for af,, the estimate af, = 1 /M‘2/ given by vector-meson dominance. What is
missing in order to completely reproduce the expressions of the form factors W g.p11,(2)
is the term proportional to the product Bi g x af,, which does not occur in eq. (5.8).
This term actually represents a contribution of order three loops, whence its absence from
eq. (5.8). Furthermore, if we go once more through the fits in section 4 with this term
omitted from eq. (3.15), the outcomes for a g and b, g are barely changed, so that, from a
phenomenological point of view, this term is not important in the region of z corresponding
to the phase space of the K — w¢T¢~ transitions.

We may now proceed with the quantitative comparison between the full two-loop
expressions given by eq. (5.8) and the form factors of ref. [63]. This comparison is shown in
figure 7 for the modulus squared of W .o1,(2) and W p11,(2), for two sets of values for the
parameters a4, by and 4. This difference remains quite small, and in any case well below
the present statistical uncertainties of the data. This feature is shared for other values of
the parameters taken in the ranges discussed in section 4. Differences between W .o1,(2)
and W .p11,(2) are visible only for values of z above 0.4, i.e. toward the upper end of phase
space, where the statistical uncertainties are also largest. The comparison of Wg.or,(2) and
of Wg.p11(2) leads to similar conclusions. The determinations of the parameters a g and
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Figure 7. Comparison between |W.or,(2)[? (upper solid and dashed lines, in blue) and |W.p11,(2)]?
(lower solid and dashed lines, in red) for a; = —0.593, b, = —0.675, B, = —2.88-10~% (solid lines),
and for a; = —0.580, by = —0.683, By = —0.85 - 1078 (dashed lines). The data points shown on
the figure are those of ref. [56].

by s from data will thus not be modified in any substantial way if, instead of W, g.p11,(2),
one uses, in section 4, the full two-loop amplitudes W g.o1,(2).

6 W, (z) beyond the low-energy expansion

While the two-loop representations of the form factors, or the truncated versions thereof
proposed in ref. [63], provide an appropriate description of the experimental data in terms
of two sets of parameters ay g and by g, the latter cannot be predicted within the low-
energy framework considered in sections 2 and 5. In order to obtain predictions for them, it
is necessary to set up a phenomenological description of the form factors that goes beyond
the low-energy framework. If such a description of the form factors becomes available, the
values of the constants a g and by g can then be obtained through the definitions given in
eq. (3.19). The purpose of the present section is to proceed with such a phenomenological
construction of the form factor W, (z).

Building on the results obtained so far, we will propose a simple model for the form
factor W, (z) that accounts for rescattering effects in the two-pion intermediate state be-
yond the framework set by the low-energy expansion, and, at the same time, provides a
matching to the short-distance behaviour investigated in section 2.2. Consequently, our
model will consist of three parts,

Wi(z) = WI™(2) + Wi%(z;0) + WEP (2 v). (6.1)
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Before going into the details of their respective evaluations, let us briefly describe the
physical content of each of these parts.

As already mentioned, the first part describes the contribution from the two-pion
intermediate state to W (z). It is constructed upon assuming, in analogy with the elec-
tromagnetic form factor of the pion Fy;(s) [98, 118], that it is given by an unsubtracted
dispersion integral,

[e.e] T
pi" ()
Wi (z) = dr———————. 6.2
The absorptive part consists of the two-pion spectral density p"(s), and is obtained upon
inserting a two-pion intermediate state in the representation of the form factor given in
eq. (2.2),

o 4M2 . Kiﬂ'¥*>7T+ﬂ'_(s
P (s) = 16 ME x fe( —4AM?) x FF*(s) x ) ) (6.3)
K

In order to evaluate this absorptive part, we require two ingredients: a representation of
the pion form factor F{;(s), and a representation of the P-wave projection ff(”ﬁ”(s),
which both extend to the whole energy range set by the cut singularity of Wy (z). We will
provide an explicit realization of these two quantities in subsection 6.1 below. For the time
being, let us just notice that for the convergence of the unsubtracted dispersive integral it
is sufficient that their product is bounded by, say, a constant for large values of s.

Above this lowest threshold, several intermediate states will contribute to the disconti-
nuity of W, (z) in the 1-GeV region and beyond. Considering only two-meson intermediate
states, the next thresholds will come from K7~ or K" intermediate states, followed by
KO9KY KTK—, and so on. As the energy increases, the number of possible exclusive inter-
mediate states grows, and they eventually merge into the inclusive contribution provided
by the QCD continuum, as discussed in section 2.2. We will describe this process in terms
of an infinite tower of equally-spaced zero-width resonances
FET (M) /°° gp P (@30)

M2

_ 6.4
4 :Iz—zM[Q( i0’ (6:4)

Wi (z;v) =
where M ~ 1GeV is the scale of the lowest resonance occurring in this tower. The main
task facing us will be to find an appropriate Regge-type resonance model,

P Z M2, (v)0(s — nM?), (6.5)

which reproduces the correct QCD short-distance properties of the form factor. This issue
will be adressed in section 6.2. In particular, the dependence of Wi®(z;v) on the short-
distance scale v has to match the same dependence that appears in the third part on the
right-hand side of eq. (6.1), simply given by the factorized contribution coming from the

@7y operator,

WP (z;0) = 1672 M3 (GF ViV, ) Crv(v) KETT (M), (6.6)

/2 dma

This last contribution is evaluated in section 6.3.
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6.1 The contribution from the two-pion state

Assuming we have a representation of the form (6.2) at our disposal, the contributions a’™
and b7 from the two-pion intermediate state to the coefficients a; and by, respectively,
are obtained through two sum rules that follow from the definitions given in eq. (3.19),
2w T Fdr . 2 77 el o [Tdz .
GrMkat” =W (0) = [ S @), GrMRbT = W) = M [ ),
(6.7)
As far as the convergence of the integral in (6.2) is concerned, it depends on the be-
haviour of both the pion form factor Fy;(s) and the partial wave projection flKW_’”Jr“_(s)
for large values of s. As already mentioned, in order to evaluate the sum rules in eq. (6.7),
we need representations of the pion form factor F{;(s) and of the partial-wave projection
Ir T KTT () that extend beyond their low-energy expansions. There exist several “uni-
tarization” procedures that precisely allow to do this. One of them, the inverse-amplitude
method (TAM) [119, 120], gives quite reasonable results when applied to 77 scattering in
the P-wave and to the pion form factor [121, 122] in the region of the p meson. The result,

F¥(s) = : 3 ! , (6.8)

1— 2 = (s — AMP) Jon(s)
M2~ GF2 ™

obtained starting from the one-loop low-energy expression of FY;(s), provides a rather sim-
ple representation of FY;(s). Its phase is the phase of the P-wave projection of the 77
scattering amplitude, as required by Watson’s final-state theorem, and it reproduces the
one-loop expression of FY;(s) for small values of s. Furthermore, it exhibits a resonant
behaviour at the expected value of the energy squared, i.e. s ~ Mg. It is quite easy to
understand in simple terms how this last property emerges from the representation (6.8).
Neglecting at first the contribution from the pion loops, materialized by the term pro-
portional to 8 in the denominator, this expression reduces to the well-known VMD form
F(s)lvmp = M /(Mg — s). It has the expected pole at s = M ~ M2, and the real part
of the pion-loop contribution will slightly change the real part of the pole position, while
the imaginary part of the pion loop will move it from the real axis to the second Riemann
sheet, leading to the resonant behaviour shown in figure 8.

1K+7T*%7T+777 (s), to which we wish to

We next turn toward the partial-wave projection f
apply the same procedure. Starting from its one-loop expression obtained in appendix B,
and neglecting the contributions from the circular cuts, the IAM-unitarized version of

JETmT 27T (6) reads ( ﬂfOp(s) is defined in eq. (B.15))

2
a4 1/2 _4aM2

Kt —ata— ( ) -

1 (6.9)

1 S—sS 00 00 00 !
o |0 P S| (6 R () + (50 R (o)

We will further simplify this expression upon keeping only the contribution of the unitarity

loop

or right-hand cut of ¢, (s) into account, i.e. the first term on the right-hand side of
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Figure 8. The left-hand plot shows the absolute value |F{7(s)| at one loop (dashed line) and its ITAM
unitarized version (solid line), as a function of s/M?2, for s > 4M?2 and for My = M, = 775 MeV
(notice that M?2 = 31M2) and # = 1.11. The right-hand plot shows the real (dashed line) and
imaginary (solid line) parts of the TAM unitarized pion form factor.

eq. (B.15). The remaining terms give only a small correction in comparison. We thus end

up with
a4 1/2( ) 1_%
Kto——nta— (S) _ 96 M2 Km s
1 - 2 2 .
By s—so [Bs—4Mz - - B so—4Mz .
17@7%76 F‘rg I:Jﬂ—ﬂ—(s)fReJﬂ-ﬂ-(S())]+6F7g(8780)ReJ;”\.(80)

(6.10)

If we transpose the discussion that follows eq. (6.8) to the representation (6.10), we observe
that, when the contributions from the pion loops are discarded, the “bare” pole is located
at a value of s given by spole = 5o + (a/B+)M2. For the values given in eq. (3.17), i.e.
a4 /By ~ 7, this gives spole ~ 12M7%. In order to obtain a pole located at spgle ~ Mpz, one
needs a higher value of the ratio oy /84, say ay /B4 ~ 25. In view of the error bars of the
numerical values of ay and [y, this can be achieved most economically upon increasing
B+ by about two standard deviations from its central value in eq. (3.17). Assigning even
part of the effect to an increase of the absolute value of ay would represent a much more
significant deviation from its value in (3.17). At this stage one might recall the discussion
in section 4, where it was already noticed that upon keeping 5, as a free variable to be
fitted to the data, the outcome was favouring values deviating from the one in (3.17) by a
similar amount. It would certainly appear as somewhat far-fetched to ground the reason for
preferring larger values of S84 on the simple characteristics of the IAM-unitarized partial
wave f1K+”_H’T+“_ (s). Nevertheless, the concordance, on this issue, with the analysis
presented in section 4 is definitely interesting and noteworthy.? In figure 9, we illustrate

2For the sake of completeness, let us mention that the Dalitz plot of the KT — #nfxTx~ transition

has been measured with high precision by the NA-48/2 Collaboration [123]. These results were published
after ref. [104]. Using only ref. [123] does not allow for a separate determination of ay and B+ but
only of the ratio a4 /B+. In terms of the Dalitz plot parameters g,h and k of ref. [123], one obtains
ay/B+ ~ —g/(h — 3k) = 6.53(1) in agreement with the value obtained from eq. (3.17).
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Figure 9. The absolute value of f7 ™ 5" () /\1/2(s),/1 — 41}? as given in eq. (6.10) (Breit-
Wigner shaped curves, in red) vs. the one-loop counterpart (straight lines, in blue), as a function of
s/M?2, for s > 4M?2 and for ay = —20.84-1078, 8 = 1.11, whereas (3 is increased from its central
value in eq. (3.17) by 1.5 standard deviation (8, = —1.26 - 1078, left-hand plot), 1.88 standard
deviation (8, = —0.85-1078, the value retained in the text, central plot), and 2 standard deviations
(B4 = —0.72 - 1078, right-hand plot).

the evolution of | ™™ =7 7 (s)| as given in eq. (6.10) for different values of S and for

s > 4M?2. Notice also that the approximation considered in eq. (6.10) preserves Watson’s
final-state theorem, and the phases of F{;(s) and of FETm =777 (6) should be identical.
For the choice § = 1.11 (this value of 3 is itself chosen such as to match the phase of the
pion form factor to the phase of the P-wave projection of the w7 amplitude, both obtained
upon unitarization of their one-loop expressions by the IAM method), this is the case for
By =—0.85-1078,
The numerical evaluation of the two sum rules in eq. (6.7) for these values of 5 and of
B+ then gives
al™ = —1.58, b" = —0.76. (6.11)

In this approach, the overall negative sign of these numbers is driven by the negative sign
of ay. The result for by comes out relatively close to the values extracted from the data
in section 4, whereas the absolute value of a4 is about twice as large. Of course, in both
cases there are other contributions which we need to discuss before being in a position of
making a more definite statement.

Let us finally notice that the same approach can also be implemented in order to
evaluate the contribution from the two-pion state to ag and bg. It suffices to make the
appropriate replacements in eq. (6.10). We first notice that a ratio ag/Bs ~ 25 lies (almost)
within reach for the values indicated in eq. (3.18), e.g. ag ~ —7.5-1078, Bg ~ —0.3-1078.
The resulting values of ag"™ and bg"™ would then also be negative, and about three times
smaller in absolute value than those obtained for a7 and 07" in eq. (6.11).

6.2 Intermediate states with higher thresholds

In section 2.2, we have established the high-energy behaviour of the dimensionally renor-
malized form factor, see eq. (2.28). Reproducing this behaviour is necessary in order to
obtain an amplitude that does no longer depend on the short-distance renormalization scale
v once the contribution from the local factorized operator Q7 is added. This behaviour
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is, however, not reproduced by the contribution of the 77 intermediate state that we have
just studied. It has therefore to come from the remaining infinite number of intermediate
states, with higher and higher thresholds, and which eventually end up into the perturba-
tive contribution of quarks and gluons at short distances. One might attempt to describe
some of these additional intermediate states in a similar treatment as the one adopted here
for the two-pion states. This holds, in particular, for the next thresholds, due to K7 and
to KK intermediate states. We leave such improvements for future work. Here, we will
adopt a simpler point of view, where the additional intermediate states are described by
zero-width resonance states. Such a picture would naturally emerge, for instance, from the
perspective of the limit where the number of colours N, becomes large [124, 125]. Contri-
butions of this type are depicted on figure 10, and would produce a form factor with the
following expression

fvgv gviv
D S R M R (30
Vg s — M, +1i0 vis 8~ M +140
The first sum runs over resonances with quantum numbers J7¢ =1-=, I =1, S =0. It

starts here with the ¢(1020), since the p meson is already contained in the contribution of
the 7w intermediate states that we have discussed previously. The second sum runs over
the resonances with quantum numbers J* =17, I = 1/2, S = £1, and starts with the
K*(892). The strong couplings fi and gy are fixed, for instance, by the widths of the
decays like ¢ — eTe™ and K* — K, respectively. Information on the weak couplings fv
and gy is, however, not available. This represents the usual difficulty in obtaining reliable
estimates of the low-energy constants in the weak sector through resonance saturation [93—
97]. Another difficulty lies in the fact that the correct short-distance behaviour (2.28) can
only be recovered upon considering an infinite number of resonances [125]. This second
difficulty can be dealt with upon using available techniques [126—128] to construct resonance
models with spectra of the Regge-type, and with residues that can be tuned such as to
build up harmonic sums that can often be resummed exactly and, moreover, reproduce
the prescribed asymptotic behaviour. We will present such a construction in the case of
interest here.

In order to set the stage, let us go back to the calculation in section 2.2. It teaches us
that a dispersive representation of the type

K*n¥ 2 2
+ (zMF) / py () 2 M
= d = A0(s— M 1 - — 1
Wi (2) - v Ry M) = A0 — M) —, (613)

would fulfill the required conditions. Here A is a normalization constant, and M is a
mass scale which corresponds to the onset of the perturbative continuum due to the quark
loop, and which we would like to identify with a typical resonance scale M ~ 1GeV. Of
course, the above dispersive integral does not converge, and we first need to consider the
dimensionally regularized version of the spectral density pas(s), namely [129]

pri(s; D) = A(D)(dm)> 2 (M) o F(FD(?) (r=1)" - Lo,
MS 2 T2

(6.14)
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Figure 10. The diagrams for the exchange of zero-width resonances (double line). The external
lines correspond to the insertion of the current j,(x) (wiggly line) and to the kaon (thick line)
and pion (thin line). The circular blob denotes a strong coupling vertex, and the square box a
weak coupling vertex. The diagram on the left corresponds to the exchange of resonances with
JPC = 17— I =1, 8 = 0, like the p or the ¢(1020) meson. The resonances exchanged in the
diagram on the right have quantum numbers J* =17, I =1/2, § = +1, like the K*(892).

where the function A(D) is only constrained by the condition A(4) = A, A(D) = A+ (D —
4)A" + - -+, and A’ parameterizes the scheme-dependence arising from the Dirac matrices
in the calculation of section 2.2. The divergence of the dispersive integral is then contained
in the value of the integral at z = 0,

L@ D) _ep (MP\ETT(E) T(R-3)T(2-9)
/d p o AP <v§4> r(2-1 r(3)
D 2\ 72
—am)an® ()" r(2-3)
_A|:l)__24_’YE+1H(47T)—1n]\§2—2A,/A_|_:| (615)

After renormalization in the MS scheme, one therefore finds

Wi (zv) = £ (2M2) (6.16)
1 5 [ dz M? A M? ,

The limit of large space-like values of z gives

1

lim W () 15T (M) =

(6.17)

o2
[2(/1— A" — Aln2) - Alnzj\jK].
v

The short-distance behaviour given in eq. (2.28) is then recovered in this case with the
choices

A—16712MK<\[ us ud)ZCI V)&,

A= 167 2MK( ud)ch [;f&)(lm)&i : (6.18)
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Actually, the dispersive integral (6.13) with pps(z; D) can be done explicitly (w =
—zM% /M?):

/d:c i@ D) _ g ) (a2 (%2) E (2 - 1;) X oF) ( 12-3

—w
2
T — zMyp; Vi 5

(6.19)
For the definition and properties of the hypergeometric function oF;, we refer the reader
to ref. [130]. The properties (6.15) and (6.17) can then be directly recovered from those of
this function, see e.g. [130, eq. 15.8.2],

F<1’2_€_ >_ 1+(’)§(w) [w—>0]
B | sty v 2 O] o e

(6.20)
It is possible to reproduce the salient properties of the simple model discussed above
through a Regge-type resonance model of the form

o7 (5, D) = A(D) (4m)* & (W> U (225 ) X Mun(D)os—nr?),

Vis 2

n>1
. = (6.21)
PRI(@D) _ 4 pen ot (MPNZT L () DY - (D)
d res ) — 4 —5 ( ) — n
JarEm e+ (1) e (2 2

provided one can find a set of functions u, (D) that satisfies the following requirements:

i an1 “"sz) =1

 palD) =, (D~ i+ O (D~ 47)

o {(w) =25 % converges

o &(w) o Inw

As we now show, a solution, by far not unique, to this list of requirements can then be

constructed in the form

_ D n
pin(D) = a(D)n" =" + b(D)n? (2 - 1) , (6.22)
for suitably chosen functions a(D) and b(D). Indeed, starting from the inverse Mellin
representation
cl—i-iood
1 u W\ T
_ du (w 6.23
14+ % / 2im (n) sin 7w’ (6.23)
c1—100

valid for 0 < ¢; < 1, and making use of the sums

(e 9] oo n
Y ntrrel = 6=D_ > D) - b 6.24

n=1
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one obtains

o0 D n
E {an 2 +bn? <—1) } !
2 n+w

n=1
T D D
B du _, w 6-D . 0
= o U [a C< 5 u) +bLi_;_, < 5 1>} , (6.25)
Cc2—100
with 0 < cg < 452, Here ((z) is the Riemann (-function and Li,(z) denotes the polyloga-

rithm function, deﬁned as Liy(z) = > oo2"n™Y for [z| < 1 and arbitrary complex y, and
by analytic continuation for other values of x. The integrand in the relation (6.25) has a
pole at u = 0, coming from the pre-factor only, since the terms inside the square brackets
are well behaved at u = 0, with Li_(z) = 2/(1 —)?. According to the Converse Mapping
Theorem [131, 132], from this pole at u = 0, located on the left of the fundamental strip
0<ca< @, one deduces that

Z[an 7 +bn? (l; 1>n]niww:0ag< D>+2bm. (6.26)

Since ((3—D/2—u) = —1/(u—2+D/2)+--- for u — 2 — D/2, while Li_1_,(D/2 — 1)
remains finite as this limit is taken, the integrand has also a pole at u = %, due to the
first term in the square brackets In this case, the pole being located on the right of the

fundamental strip 0 < ¢y < 452, the Converse Mapping Theorem allows us to state that

> D "o T )
b ——1 —_ ~ —_— w = . 6.27
Z[an2 o (2 )]n—#—wwﬁooasin(ﬁzl_D)w ’ (6.27)

n=1 2

We thus conclude that we are able to build a Regge-type resonance model, defined by
eq. (6.22), with

7 _1(D-4p 74(°52)
a(D):F(%)F(%) and b(D) = 5 -5 — ll_r(42D)F(Dz) . (6.28)

and which satisfies all the required properties. The part of the integral that remains finite
in the limit D — 4 can be resummed explicitly, and we find

/d Pres@i D) 4y (4m) 2 <J‘fz>

x— 2M2 F<4_2D>—A[7E+w(1+w)]—|—(’)(D—4),

YMs
(6.29)
where the di-gamma function 1 arises through the sum
o0
Y =gt (1 w), (6.30)
—n(n+w)

Actually, considering more generally the poles when u equals a negative integer, the Con-
verse Mapping Theorem gives

i [E‘(D)nD24 + b(D) n? (l; - 1>n] L iv:o(_l)pcp(D)wp+O(wN+l)7 (6.31)

n+w w—0
n=1 p=
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with the coefficients c,(D) given by co(D) = 1 and, for p > 0, by

¢,(D) = a(D) <<6+2§_D) +b(D)Lips <12) - 1> p>1.  (632)

In the limit where D — 4, one obtains

r <4_2D> ¢,(D) = C(p+1), (6.33)

which indeed corresponds to eq. (6.29).

Summarizing, we end up, after minimal subtraction, with the expression

K*nF M2
Wies(z; I/) _ J+ 47(: K)

x 1672 M2 <f o ud> ZCI {500 el [mM ) (1 —z]\]\ﬁﬂ } (6.34)

Accordingly, the corresponding contributions to a4 and by read (cf. eq. (3.19)),

GrMpds(v) = WS (0;v), GrMpb®(v) = Wi (0;v), (6.35)
i.e.
K57 (0) M
afs(y) = +T X ]_67'('2 <\/7V* > { 601 |:ny B 7E:| }7
Kiﬂ.¥ 2
res _J+ ( ) 2 * m MK
b+(1/)_T><167r <\[V >6MZI: 501
K*r¥
+ 7 (0) M
T M

2
x 1672 (éngv"o ZCI(V){&{O — &, [m % — VE] } (6.36)
I

The expression of b'°(v) involves the slope at the origin A} of the form factor f' K= ™ (s).
It is defined in eq. (A.1), and numerical values for both fK ™(0) and A, are given in
eq. (A.3).

We draw attention here to the fact that only the order O(a!

) contribution to the

short distance behaviour of W (s;v) is reproduced by the resonance model. This means
that eq. (6.34) satisfies both (2.14) and (2.28) at order O(a?) only, which implies that
some scale dependence will remain. We could improve on this aspect upon including
O(a) corrections, which are almost completely determined from the renormalization-group
analysis in section 2.2. We would then need to build a resonance model that reproduces
both the correct In(—s/v?) and In?(—s/v?) behaviours at high energy. We leave such an
improvement for a future study.
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6.3 The contribution from the factorized QQ7y operator

It remains to evaluate the last contribution, due to WED(z;I/). From its definition in
eq. (6.6), combined with eq. (3.19), we obtain right away

a$P(v) = L) g2 ( ViV ) Gwlv)

47_[_ \/‘ us a
K*x¥ 2
0 M
BP(v) = = I © A5 x 167 <fvu*sv > 072(”). (6.37)
™ ™

Values for C7y can be found in ref. [89]. In particular, we use C%\iDR’HV)(l GeV)/a =
(—0.037,0.000). Here we have set 7 = 0, i.e. we have identified C7y with z7y, and we have
chosen A% = 300 MeV. In order to investigate the dependence of the sums a'*>(v)+a3P (v)
and b +b§rD(1/) on the short-distance scale v, we use the lowest-order evolution equations,
neglecting the mixing with the penguin operators, i.e.

C7v(l/) . C7v(l/0) +E 1— 06(53)(7/) —-11/9 C+(l/0) _é - chg)(l/) —5/9 o (1/0)
a o« 99 ol (vo) as(vo) 45 o (o) as(vo)’
(6.38)
where Cy(v) = Ca(v) = Ci(v) and
(3) —2/9 (3) 4/9
Qs "V as (Vv
Ci(v) = ( 3 ) > Ci(v), C_(v)= ( 3 v) ) C_ (). (6.39)
as” (v) as”’ (vo)
Here 04( ) stands for the running QCD coupling for Ny = 3 active flavours,
o) (1) = 12m EV) (1) = 210w/ A0, (6.40)

(33 — 2N )tV (1)’
(3)

and for the numerical evaluation, we use Afzz = 340 MeV and the following input values [89]

0.771 NDR
0.735 HV

1.737 NDR

6.41
1.937 HV ( )

C+(1 GeV) = { , C_(1GeV)= {

6.4 Evaluations of a4 and b

Collecting the various contributions to ay and to b4 from the model proposed in this
section, we end up, according to eq. (3.19), with the following expressions:

Y R C))

+= 0 X GFM%
K*xF 2

(0 * C M
4t yy )><167T2(\fVuS >{ v JrZC'[ [féofél (ln’yE)]}
o0 T Kiﬂ':F
_ dr p"(z)  fi 7 (0) 2 7 Mg
b+_/0 2 Gr + A x 167 (\f us > 6 MIQ( ZCI 601

K*nF 2
0 My * C M
++T()X>\+WX16 ? (\fvus ){ ), E Cr(v [560—561 <lny2_7E>:|}

2
1 ( M% B+ So
~® (M) ar (1-553%) (6.42)
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Figure 11. The evolution of a; and by with respect to v in both NDR and HV schemes, for
M =1GeV.

Numerically, for 1 GeV < v < 2GeV, M = 1GeV, and considering only contributions from
C4 and (', one obtains

[~0.04,0.03] NDR

(6.43)
[0.07,0.03] HV

[0.10,0.03] NDR
a4 = *158 +

by = —0.76 +
[—0.14,0.07] HV

The residual v-dependence of a4 and by is depicted in figure 11.

This result should mainly be viewed as a first serious attemp to evaluate a4 and b;.
Improvements, for instance on the description of WI™(2), or the inclusion of QCD correc-
tions in W1 (2), are clearly required before realistic error bars can be assigned to the values
displayed in eq. (6.42). We come back to these issues in the next section. Nevertheless, we
find it encouraging that the outcome of the rather simple approach followed in the present
section comes rather close to the values obtained from the experimental data in section 4.
This is particularly true for b .

7 Summary, conclusions, outlook

In this final section, we wish to summarize the content of this article, going successively
through the main aspects of the issues that have been addressed, roughly following the list
of items given at the end of the introduction. For each item, we provide conclusions and/or

critical remarks, as well as an outline of perspectives for future improvements.

7.1 Extracting ay g and by g from recent data

Our first concern was to establish the values of the constants a4 g and b, g that are provided
by recent experimental data. In the case of K* — n¥ete™, we have shown that a combined
fit to the data on the decay distribution from the two high-statistics experiments BNL-
E865 and NA48/2 clearly favours the solution where a; and b4 are both negative, with
lat| and |b| comparable in size.

We have also performed fits to the data keeping, in addition to a4 and by, the curvature
B of the K* — 7trT 7w~ Dalitz plot as a free parameter, and have found that somewhat
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smaller (in absolute value) values than those obtained by direct determinations from K —
wrw data are preferred.

In order to make comparisons between different approaches more convenient, we have
introduced intrinsic definitions of the coefficients a4 s and by s in terms of the values of
the form factors and of their slopes at the origin z = 0.

7.2 The low-energy expansion of the form factors to two loops

The extraction of a4 g and b g from data was done using the expressions W g.,11,(2) of the
form factors given in ref. [63]. Our second concern was then to establish whether two-loop
corrections not accounted for by these expressions might have an effect on these determi-
nations.

We have provided the full two-loop expression of the form factors, taking only the
singularities due to two-pion intermediate states into account, in analogy with ref. [63].
These two-loop expressions are based on the complete one-loop expression of the partial-
wave projections f{ Tt (s), which include also 77 rescattering in the crossed channels.
These features are not accounted for by the expressions of W g.p11,(2) given in ref. [63].

From a numerical point of view, these effects turn out to be quite small in the region
of z corresponding to the phase space for the K — m/*¢~ decays. In practice, one may
thus use the simpler form Wy;1,(2) in order to analyze the data, instead of the full two-loop
expression Woy,(z), without significant impact on the determinations of a4 g and by g. This
also strongly suggests that still higher-order corrections are quite small and are likely not
to modify the picture in any substantial way.

We have also pointed out that the existing one-loop calculations suggest that kaon
loops could possibly have a sizeable effect on a4 and ag. However, making a quantita-
tive statement on this issue would require a complete two-loop calculation in the usual
framework of three-flavour chiral perturbation theory, including the computation of those
Feynman graphs that do not exhibit non-trivial analyticity properties.

7.3 Contribution from the two-pion state

We have addressed the phenomenological evaluation of the contribution from the two-
pion state to a4 and by upon writing an unsubtracted dispersion relation for the form
factor W (z), from which sum rules for a4 and b; can be obtained. The absorptive
part of the dispersion relation is provided by the electromagnetic form factor of the pion
F{7(s) and by the P-wave projection ff(”_”rﬂf (s) of the K*nF — 7w+7~ amplitude. For
these, we have used a very simple approach, where these two quantities are constructed
through unitarization with the inverse amplitude method of their one-loop expressions in
the chiral expansion. Nevertheless, this simple description leads to numerical results that
lie in the ballpark of the values extracted from data. Constructing or using more realistic
representations of FY;(s) and of flK“H’#”_ (s) is certainly an aspect where improvements
are possible.

Indeed, there exist in the literature more elaborate representations of the electromag-
netic form factor of the pion that describe data in a wide range of momentum transfer,
see for instance refs. [109, 118, 133-139] for a representative sample. In the case of the
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partial waves flK Tt (s), recourse to a similar data driven description is unfortunately
not possible. Moreover, the simple IAM unitarization procedure we have considered does
not appropriately account for their full analyticity structure. More involved methods, like
numerical implementation of the Khuri-Treiman representation [140], which has been used
in other instances, see for instance refs. [112, 141, 142], are available and would represent
a significant improvement in the description of these partial waves beyond the low-energy
region. It would also be interesting to see whether the problem caused, within the IAM, by
the too small value of ay /34 persists when a different unitarization method is considered.
Another interesting possibility would be to also include the KK intermediate states into
the dispersive representation, which however requires a two-channel analysis [143].

7.4 Matching with the short-distance regime

Whereas the form factors W (z) and Wg(z) are clearly dominated by low- or intermediate-
energy physics, the time-ordered product of the electromagnetic current with the lagrangian
density for |AS| = 1 transitions is singular at short distances and needs to be renormalized.
This renormalization is implemented through the operator Y7y and its Wilson coefficient
Crv(v). As a result, the form factors behave, in the asymptotic Euclidean region, as
~ In(—s/v?), where v is the renormalization scale. At the phenomenological level, this
short-distance behaviour results from the pile-up of more and more complicated intermedi-
ate states, with higher and higher thresholds, until the region where the QCD continuum
sets in is reached. We have described this process through a, necessary infinite, set of zero-
width resonances. In the absence of QCD corrections, we have shown that it is possible to
adjust the couplings of these resonances such as to reproduce the correct high-energy be-
haviour. Working only at lowest order leaves a rather strong sensitivity to the subtraction
scale. Extending the resonance model in order to account also for the order O(as) QCD
effects in the high-energy part, which are to a large extent known from the renormaliza-
tion group argument given in section 2.2, would probably reduce this dependence on the
short-distance scale.

7.5 Conclusion

This study was undertaken with the aim of exploring the possibility to achieve a de-
termination of the constants ai ¢ and by g, describing the decay distribution of the
K*(Kg) — 75 (%) ¢+ 4~ decay modes, such as to assess, through confrontation with present
and forthcoming experimental data, the amount (if any!) of violation of lepton flavour
universality in the kaon sector. We hope that our study demonstrates that such a deter-
mination based on a phenomenological approach is possible, with a reasonable amount of
theoretical work, and that there is room for improvement in several of the aspects that
contribute to it. Such an endeavour would then be complementary to existing and future
efforts to address this issue through numerical simulations of QCD on the lattice [48-
50]. We plan to come back to some of the aspects involved in such a phenomenological
determination and discussed above in future work.
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A Numerical values

In this appendix, we provide the numerical input values for several quantities that have

been used in the text. For the reader’s convenience, some of them have been gathered in
0

table 3. In addition, we also need the values of the form factors ffiﬁ(s) and ffsw (s),

and of their derivatives, at the origin s = 0:

t4F tiF S 70 70 S
T s) = FET(0) 1+)\+W+"' L P (s) = [ (0)[14‘)\51\424-'”]
(A1)
We have taken their values from the analysis of ref. [144], which gives
Vis X FE577(0)] = 0.2168(4),  [Vis x £557(0)] = 0.2107(10), (A.2)

whereas Ay = Ag = 0.990(5) x X\, where X, is the slope of the f form factor as measured
in Ky3 decays, N, = 24.82(1.10) - 1073, Using the value of V,, given in table 3, this gives

KEF0) = 0.964,  FI5™(0) = 0.937, Ay = Ag = 24.57(1.09) - 1072, (A.3)
For the subthreshold parameters o and § of the mm—scattering amplitudes, we have used
a=1.38, 8=1.11. (A.4)

These values belong to the ranges determined from data in ref. [145].

B The computation of 1 g(s)

In this appendix, we compute the function 14 g(s), which describes the one-loop correction
to Re f{(“%ﬁ”_(s), the real parts of the P-wave projections of the amplitudes for the
processes K7 — m7r~, where K7 stands either for K*7~ or for Kgn’, see eq. (5.2). In
order to obtain 9 g(s), one thus first needs to construct these amplitudes at one loop.
This can be done, for Mg < 3M,, within an iterative construction, following the method

— 492 —



Fr 92.2 MeV pion decay constant, PDG
M, 139.45 MeV charged pion mass, PDG
Mg+ 493.677 MeV charged kaon mass, PDG
M 497.648 MeV neutral kaon mass, PDG

Gr 1.166 - 1075 GeV—2 Fermi constant, PDG
Viud 0.97417(21) | CKM matrix element, PDG

Vus 0.2248(6) | CKM matrix element, PDG

gs 3.61 +0.28 K — 7 amplitudes

927 0.297 + 0.028 V. Cirigliano et al. [1]

o1 +93.16 + 0.36

51 —27.06 +0.43 K — nrm

as —6.72 + 0.46

B3 —2.22+£0.47 Dalitz-plot parameters

Y3 +2.95 + 0.32

& —1.83+0.30 J. Bijnens et al. [104]

& —0.17 £ 0.16

& —0.56 +0.42

Table 3. Numerical values used for the various input parameters. The first seven entries are taken
from ref. [58], and the values of the constants gs and ga7 come from ref. [1]. The fit of ref. [104]
provides the values for the K — 7w Dalitz-plot parameters as,...&%5, which are given in units
of 1078,

that has been described several times, e.g. in refs. [146-149] and [110, 115]. Indeed, up to
and including two loops, the two amplitudes in question have the general structure

M(s,t,u) = P(s, t,u) + 167 [Wo(s) 4 3(t — u)Wi(s)] + 167 [Woy () + 3(u — s)Wi ()]
+167 [Woou(u) 4 3(t — s)Wru(u)] + O(E®). (B.1)
The absorptive parts of the functions Wy 1(s) are given in terms of the absorptive parts

along the right-hand cut of the lowest S and P partial-wave projections of the corresponding
Kr — n7n~ amplitudes:

Abs Wy(s) = Abs fE™m7 (5) 0(s — 4M2) + O(E®),
B Abs flf{ﬂ'*)ﬂ'_‘—ﬂ'_ (8)

Abs Wi (s) = 10mn(5)2n(5) O(s — 4M?) + O(E®), qu(s) =

A2 (s, M2, M?)
2\/s

Similar expressions hold for the remaining functions Wy 1.+(s) and Wy 1.,(s), involving the

. (B2)

absorptive parts of the amplitudes in the crossed s <> ¢ and s <> u channels, respectively. If
only two-pion intermediate states are considered, then the absorptive parts of the various
functions appearing in the formula (B.1) will be given, at one loop, by the products of
tree-level amplitudes for 77 scattering and for the processes Km — 77w, which are
simply first-order polynomials in the Mandelstam variables. In particular, the lowest-order
Km — 77~ amplitudes are expressed in terms of the Dalitz-plot parameters o 3, 51,3 and
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73, in the nomenclature of refs. [103] and [104]. The lowest-order w7 scattering amplitudes
are likewise expressed in terms of the two subthreshold parameters o and 8 [146, 147]. The
projection on the P partial wave is given by

_ 1 [*t
f1}<7r—>7r+7r (5)= — d(cos ) cosO M (s,cosb)
327 J_4
AW (5) Gicn (5)grn (5) 1 Y )
= S)4K7\S)qrn\S + / t 2t+8_38
1 1643, (8)42(5) Ji_(s) i
X 5o [P (513505 —) = P(s,350 —s—t,1)

1 /t+(8)d(2 350)
+ t(2t+s—3s
167, (8)a2(s) Ji_(s) ’

X [Wo;t(t)—Wo;u(t)+3(2s+t—3so)[Wl;u(t)—Wl;t(t)]] +O(E®), (B.3)

where

380 — s
— 220 + 2qK7(8)qrn(8).

(B.4)
Restricting oneself to the contributions from two-pion intermediate states only, one can

M2
50 = Mg + TK7 t—u= 4qK7T(S)QTI'7F(S) cosd, t:l:(s)

then write

{Wo;t(t) — W(];u(t) +3(2s+t — 3s0) [Wl;u(t) - Wl;t(t)] }O(E4) =

__ Lo Wy @2 L

— 2 7
167 F2 s Pt —AM)s | Ten(t).  (B.5)

The coefficients w™ depend on the Dalitz-plot parameters, and are different for each
amplitude. They are given in eqs. (B.32) and (B.33) below. At order O(FE*), and for
s > 4M2, the function Wj(s) is given by

lags —— -
Wi(s) = 6 ]\;2 X gpim’f (8) Jrr(s), (B.6)

(), given in eq. (5.4), is a polynomial of first order in s. At next-to-leading

where goi
order, the contribution involving the polynomial P(s,¢,u) can be given the following pa-
rameterization:

(t—u)(s — so)

1 1 t
5 P(s.tw) =Pls,ut)] = 5 | (a5 + Aays) + (81,5 + AB4.s) e

—u
2 M2
(B.7)

This form of the polynomial part corresponds to the most general one allowed by the chiral
counting and crossing. The contributions Aoy g and A5, g are then fixed such that the
expansion of the real part of the partial wave at s = sg is entirely given by the Dalitz-plot

parameters, up to terms quadratic in the difference s — s,

Tt 1 1 S — S0 1/2
Re f]:K - (8)‘O(E4) = 96771'@ Oé.hS + 5-{-,577% + O((S — 80)2) X )\Igﬂ_(S)O'ﬂ—<8).

(B.8)
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In other words, writing

Vi,5(8) = +9t})7r]\;7% {AO@S + (84,5 + AB4, S) M2 ] + T/JIOOP( ), (B.9)
one requires
11 oo loo
G6m 7z (B Abrs} = { Rey & (s0)5 — R Ui (s) 8_80}7 (B.10)
which amounts to
s(9) =+ o= T )~ Rewl2 B s0) (5 s0) R (o)] - (B1)

The expression of 14 g(s), and hence of 1/110°p( ), can be obtained from eq. (B.3), combined
with the decomposition (B.5). The corresponding integrals of J, () can be done explicitly,
and are given by [115, 116]

t4(s) 1/2
/t dt 1" Re Jon(t) = Ascr(5) [Hgﬂ( Yeo(s) + £\ (5)81(s) + k5 (5)Ea(s) + K{VEs(s)

—(s) Q
(B.12)
in terms of the functions
to(s) = =0 (s) 1(5) =~ Lua(s)
0 = 167T07r s 1 = 167 T ,
1 Mr(5) 1 oM r(s)
t2(s) = ——ox(s)s , t3(s) = ———M: Lrr(s). (B.13)
1om ) 16T )

The expressions for the functions /ign)(s) are given in egs. (B.18), (B.19), (B.20), and (B.34)
below. We have checked that they agree with the ones given in [115].

The functions Lyr(s) and My, (s) are given, for s > 4M2 and with Ax, = M3 — M2,
by

1—ox(s)

Lrr(s) =In-————, B.14
) =) (B.14)
A 2\L/2 A \L/2 -
Mﬂ_ﬂ,(s) = —In 1_ﬂ+L(S) —Inl1= K _ KW(S)
s s s s
1/2 9
s s s

One may notice that the functions €2(s) and £3(s) involve )\%i(s) only through the ra-
tio Mm(s)/)\%fr(s), which does not depend on the choice of the sign of )\}(/3(8) One
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then obtains

1 lays oo 7
woop( )= 6 2 X O mm (s)xReJzr(s) (B.15)

3
L 1 S ti(s) (0) (0) (1)
Aicr(s) 16m2F2 s—4M ZUW(S){“%S ((3 3s0)r; - (8)+2k; (S)>

—I-wsr% ((3—350)/151)(s)+2/<;§2)(s)> —I—wf,)s ((5—350)/@(2)(s)+2m§3)(s))

I
.
Il
o

+%ﬁa+5M2 [QMQ(S 350K (0)(5)—;(s—MIz(—11M3)/{<1)(8)—/€(2)(5)] }

Introduce next the functions

.07
aMZ T T —S—1

whose absorptive parts are given by Abs £;(s) = €;(s) 8(s — 4M?2). In the first two cases,
one easily finds expressions in terms of J.,(s) [147, 149],

1
472

S

1 - -
5 m |:167['2Jﬂ.2ﬂ.(8) — 4J71—7r(8) +

(B.17)

What is actually required is a set of functions with absorptive parts given, for s > 4M?2, by
£ (2)/Ain(5), or by €(x)/sAkr(s), or even &(x)/s* Ak (s). Indeed, the functions ngn)(s),
for ¢ = 0,1, 2, are not polynomials in s, but have the following general structure,

n n YAy o ) A2
k" (s) = R () + ¢! )—f +d™ 512(”, (B.18)
where F;Z(n)(s) are now polynomials in s, displayd in eq. (B.34) below, and c(n), dz(»") are

numerical coefficients. Actually, the only non vanishing dgn) coefficients are

dP = MAA /4 dP = M2Ak, /6 dSY) = M2(3MZ +5M2) Ak, /12, (B.19)

(n)

while the non vanishing coefficients c; ’ read

D= ;M2Am o) = — 2 M2Agen (81M% +239M2)

M=—iM? = ME(ME M) oY = I M2@ME+TMEME+ M)
Wol gyt o = (5 A
o) = — - (BM+34ME M2+ 59M) A .. (B.20)
Writing

Akr(s) = (s — M3)(s — M2), My = Mg + M, (B.21)
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and using the decomposition of products of fractions, one obtains

1 Ri(s)—Ri(M2)  Rils)—Ri(M?) £i(s) )
MZ M2 Abs[ s—M? B = Naea () V5 4M),
(B.22)
1 1 Ri(s)  Ri(M32) 1 Ri(s)  Ri(M2) € (s) 2
Mi—MEAb |:5—MJ2r< s M?r+ )_8—M2< s M2 ) SAKW(S)Q(S_LLMW)’
(B.23)
and
L1 (Rl RO 1 (Rl ROR)
M2 — M? M2 (s — M?) s M2 M2 (s — M?) s M?
(L LY R
M2 M2) s?
_ ti(s) _ 2
= B 0(s — 4M2), (B.24)
with, in this last case,
= s [ de () = -
Ri(s) = — /4M3r 2o s g0~ fils) = s&i(0). (B.25)
This suggests to introduce the following functions:
a0 = L[ Me (G- o)) - M (s -5 m
800 =1 [ (R0 g ) - 2o (8- o)
_ s [ dx MM} #(x)
:7'(/4M72r T Agrp(x) 2—5—10’ (B.26)
RO _ 1| Mg RS a ) M - s 2
ﬁi (5) 4[M_%(S—M_%) <ﬁz(5) M_%RL(MJF)) MQ(S_MQ) ﬁz(s) Mzﬁz(M—)

(MR —MZ)?

:S/oo dﬁ MKMT? EZ(.%) (B 27)
C T a2 ® TR (x) 2—5—100] ’
which are, at least partly, characterized by
. M2 p M M3 .
Abs RN (5) = (== Kmi(s), &M(0) = 0. (B.23)
s Air($)

As mentioned before, in the cases i = 0 and ¢ = 1, one can establish explicit expressions in
terms of the function J,.(s), cf. eq. (B.17), with, in addition,

= - 1 s

Fols) = Jexl) = g hz

= 1 S - - 1 1 S
=0 6T (s) — AT (8) + o | b

R1(s) > 5412 [ 67 T2 (s) — Adrr(s) + yrod s 5277 M2
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In the cases ¢ = 2 and ¢ = 3, no explicit expressions are known, except in the case
My = M, [147], and one has to use their dispersive representations. With these functions
at disposal, one can now construct a function whose discontinuity reproduces the right-
hand side of eq. (5.1). Recalling the contribution already evaluated in eq. (5.6), one ends
up with the following two-loop representation of the form factor in an energy range where
singularities due to other states that two-pion states can be described by a subtraction
polynomial of first order in s,

2
Wi son(s/Mj) _ (—GFVJSVW> (AJ“S + BJF,SM%) (B.29)
K

16m2 M2 V2
1 - s—sg| s—4M?
+ 6@ [04-1-,5(1 +ays) + Aoy s + (By.s + ABys) M2 ] B Jrr(8)
3
1 B-ays(s—4M2)? -, 1 ~(X0) ~O5) (o Akn
T3 A 7 )~ g X ; 8 )mils) + RV ) i

In this last expression, the following quantities have been introduced:

1 M, 1 Agr
Go=a3=0 q = §M—KAKﬂwfg G = §MKI§WW ol + (ME + 2], (B.30)
and
3 = [ A% (n+1) (nt1) A%
My M2pi(s) :T;)w+’s [di T”+2 <I€i (s)—d, S2”> (B.31)
+(5—3s0) </£( )(s)—df ) ;;”ﬂ

Explicit expressions of the polynomials p;(s), as well as of the coefficients Aa g and ABy g
defined in eq. (B.10) can be found below. The important feature of eq. (B.29) one should
stress is that, apart from the two subtraction constants A, ¢ and B, g, all other quantities
are known experimentally, either from low-energy 7 scattering [, 5] or from the Dalitz
plots of the decays K — wn™n~. The very last step is to trade the subtraction constants
A, s and By g for the phenomenological constants a4 ¢ and by g. This is done upon
expanding the expression (B.29) to first order in s, and making the identifications given
in eq. (3.19). This then leads to the two-loop expressions of the form factors displayed in
eq. (5.8) of the main text.

To close this appendix, we provide explicit expressions for a certain number of quanti-

ties which are required in order to make use of some formulas given in the text. We start

(n)

with the coefficients w g introduced in eq. (B.5), and which depend on the channel under
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consideration. They read

wl == 3 (=580 ) s+ § (5104 5 VB Jaso§ (1= g ) (45— c)s?

3 6 6
wgrl) g( 1—/33—\[’73) (Mz—i—;l)—i—;(m—;a:s) 5_Z<51_;83+§\/§73>O‘
wf):—?’j@% (31—253—2\@73) (B.32)

for the channel K7, and

o) _ 20
Wg = —%’73507
8 2V3 2
—*\/gﬁ’yyﬂr 3 73/5’ \/50473,
(2 _
wS - 9M2f5,737 (B33)

for the channel Kg7m’. Next, we consider the /{En)(s), which were defined in eq. (B.12) in
terms of integrals of the functions J,.(t), After the decomposition in egs. (B.18), (B.19),
(B.20) one needs to know the polynomials Rgn)(s), which read

U S ( Bs+5ME+11M2), rsgf):§(3—M§()2+9M£(M§(+M,§—s)
RO T2 oy 1442MKM3 By 883 e 195
144 144 16 144 16
153 9
ik /S M2 —
16 Mt g (Mi—s)”,
1 1
R§°>:§, R§1>:Z(M§<+M3r—s), R§2>:6[(5—M§<)2—M}§ (5s+2M2—7TM%)],
M? 1
RlY = o (255~ (56M?(+53M,?)s+43M}1(+67M§(M,?—53Mﬁ] +5 (M —s)?,
1
/ZJ;O) 5 —(1) 4 (2M2 _3)
1
R$Y = o [57 = s3ME+AMD) +3(Mc+2ME M2 - M)

M2
B — o |11 2_10s(3M % 4+2M2)+30Mp+18 M3 M? —24 M
_2(33—432M[2(+63M?(—4M?<),

V=1, rV=m2 &P =2m &P =5M° (B.34)
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The explicit expressions of the polynomials p;(s) defined in eq. (B.31) read:

(0)
My M2po(s) = ; (s— Mz —TM?)
<1)

+ [115 —9225M2 — 90M2s+11MK+90MKM2+27M4—56M2A }
w®,
+ [ 2553+ THM2 52 +220M2s2 — 7T5M % s — 458 M2 M2 s —783M2s

2
+25 M8 +335 M M2+ 571 M3 M2 +349ME —2M2 (53 M7 +155M2) AK“}

11s

2
—bBa +5[2161\42 108M2(11MK+81M)

T 216M2(

Ascr
Mipi(5) = —w M2 <1+ - )

’LU(l) AQ
— {52—2M§s—8M§s+M}{+10M§M}§—11M;§—6M§f“}

11LME +162M2 M2+ 531 M%) — ;Aiﬁ]

12

(2)

+ wf; [—83+382(M;2<+3M,%)—BM?{S—QOM%Mﬁs—Q?Mﬁs—i—Mf{

+17M?<M7?+29M?<Mﬁ 3500 — 6 M2 (M +3M2 M2 — 2M4)AK"}

(MZ4+4M2) 4 " (ME+10ME M2 +37M2)

—Bais [72M2 36M2 7202

12<M%(—9M£>AKW]

Ascx
My M2pa(s) = —w s M2 (1—2 = ) (B.35)
(1)
12

(2)
+“’+S[ §3+453 (M3 +2M?) —2s(3Mp+11MEM2+11M2)

+ 5 {32—3MK3 TMZ2s+3Mj+12M3E M2 —15M2 — (MK+11M2)AK"]

12

2
+4(MS+6Mp M2+ 6 M2 M2 —10MF) — (MK+16MKM2+31M4)AK"]

3ME+7M?)+ (M 4+4MEM2+11M2Y)

3
—Bais [72M2 72M2( 24M2

o AK’!\'
T2M?2

3
(M}*(+1OM[2(M7%+85M7§)+1A;”]
My M2ps(s) = wg(s— ME —M2)+w g M2 (s— Mz +M2) + 2w g M2 (s — ME +2M2)
+ﬁ%’ss(3s—3MK—5M£).

Some of these expressions contain terms proportional to 1/s. It is useful to separate these
terms from the ones that remain regular for s — 0,

_ DAk
pi(s) = pals) +pl D =ET (B.36)
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We can now evaluate the coefficients Aay ¢ and ABy g defined in eq. (B.10). With
the numerical input provided in table 3 (we do not distinguish between the charged and
the neutral pion masses), we then obtain

10° - Aay — 4.35 (a1 - %) a—5.47 (oq _ %) 5

2
+ 18.5 <,81 — 523> a+26.7 <ﬁ1 — 623> I5;
+ 19.3v3a — 95.9v353
=—-1.62-1077, (B.37)
10° - Ay = +0.55 <a1 - %) a — 6.65 <a1 - %) 3 '
+ 4.33 <,6’1 — %”) o+ 3.48 <B1 — %”’) B
+ 45073 + 9.52733
=-822-1079,
and
10% - Aag = —2.53vy30 + 12.7v33
=3.00-107"7,
) (B.38)
102 - ABs = —0.59y30 — 1.1873/3
=—6.16-107%.
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