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1 Introduction

In N = 1 supersymmetric field theory in four dimensions, a massless multiplet of (half)
integer superspin § > 0 describes two ordinary massless fields of spin § and s + % Such

a supermultiplet is often denoted (é, S+ %) The three lowest superspin values, § = %, 1
3
2
follows from first principles that the sum of two actions for free massless spin-§ and spin-

and correspond to the vector, gravitino and supergravity multiplets, respectively. It
(§ + %) fields should possess an on-shell supersymmetry. This means that there is no
problem of constructing on-shell massless higher superspin multiplets, with § > %, for
it is only necessary to work out the structure of supersymmetry transformations. The
latter task was completed first by Curtright [1] who made use of the (Fang-)Fronsdal
actions [2, 3|, and soon after by Vasiliev [4] who employed his frame-like reformulation
of the (Fang-)Fronsdal models pioneered in [4]. Applications of the on-shell higher spin
supermultiplets presented in [1, 4] are rather limited. In particular, they do not allow
one to construct supermultiplets containing conserved higher spin currents that have to
be off-shell, like the so-called supercurrent multiplet [5] containing the energy-momentum
tensor and the supersymmetry current. To obtain such higher spin supercurrents, off-
shell realisations for the massless higher superspin multiplets are required, and these are
nontrivial to construct.!

The problem of constructing gauge off-shell formulations for the massless higher super-
spin multiplets was solved in the early 1990s in the case of Poincaré supersymmetry [9, 10].2
For each superspin § > %, half-integer [9] and integer [10], these publications provided two
dually equivalent off-shell actions formulated in N' = 1 Minkowski superspace. At the
component level, each of the two superspin-s actions [9, 10] reduces, upon imposing a

!Early attempts to construct such off-shell realisations [6, 7] were unsuccessful, as was explained in detail
in [8].
2The results obtained in [9, 10] are reviewed in [11].



Wess-Zumino-type gauge and eliminating the auxiliary fields, to a sum of the spin-$ and
spin-(§ + %) actions [2, 3]. The massless higher superspin theories of [9, 10] were generalised
to the case of anti-de Sitter supersymmetry in [8].

The non-supersymmetric higher spin theories of [2, 3] and their supersymmetric coun-
terparts of half-integer superspin [9] share one common feature. For each of them, the
action is formulated in terms of a (super)conformal gauge (super)field coupled to certain
compensators. Such a description does not yet exist for the massless supermultiplets of
integer superspin § > 2. One of the goals of this paper is to provide such a formulation
by properly generalising the off-shell supersymmetric actions given in [10]. We now make
these points more precise.

Given an integer s > 2, the conformal spin-s field [12, 13] is described by a real

pOtentia13 hal...aso'q...o'zs = h(al...ozs)(éq...

&) = Na(s)a(s) With the gauge freedom

5ha1...a5d1...d5 - 8(a1(d1>‘a2...as)d2...c’vs)7 (113‘)

for an arbitrary real gauge parameter Ao, ..o, 161..ds 1 =N an..as1)(@1.ds_1) =Na(s—1)a(s—1)-
In addition to the gauge field hq(s)4(s), the massless spin-s action [2] also involves a real
compensator h(s—2)4(s—2) with the gauge transformation?

5h0¢1...a372d1...d372 - aﬁﬁ)\ (11b)

Bat...os—2Bd ..Gis—2
In the fermionic case, the conformal spin—(s + %) field [12, 13] is described by a potential
VYa(s+1)a(s) and its conjugate Ql_)a(s)d(s_l'_l) with the gauge freedom

51/)o¢1...a5+1d1...d5 = 8((11(dlgag...aerl)dz...ds)7 (123‘)

for an arbitrary gauge parameter §,(s)4(s—1)- In addition to the gauge fields 1, (s41)4(s) and
&a(s)d(sﬂ), the massless spin- (s + %) action [3] also involves two compensators Ya(s—1)a(s)
and ¥, (s—1)a(s—2) and their conjugates, with the following gauge transformations

5wal-~~as—1dl-~~ds = 86(@1&3&1-..&571662---@5)7 (1'2b)

6w051~~~045710.41~~-0'4372 - aﬁﬂgﬁal...as_1ﬁd1...d3_2 . (120)

We now recall the structure of the off-shell higher spin supermultiplets. Given a half-
integer superspin § = s + %, with s = 2,3,..., the superconformal multiplet introduced

in [14] is described by a real unconstrained prepotential H,(s)4(s) PoOssessing the gauge
transformation law®

5Ha’1---0450'61---d’5 = D(dlAOzl...asdg.uds) - D(alAag...Ozs)dl...ds ) (13)

3All tensor (super)fields encountered in this paper are completely symmetric with respect to their

undotted spinor indices, and separately, with respect to their dotted indices. We use the notation
Va(s)d(t) = Vo, agdy-ar = ‘/(al‘“as)(dl“‘dt) and Va(s)d(t)Ua(s)d(t) = Yorasdr ey Ua...asa,---a,- Paren-
theses denote symmetrisation of indices; the undotted and dotted spinor indices are symmetrised indepen-
dently. Indices sandwiched between vertical bars (for instance, |v|) are not subject to symmetrisation.
“For a review of the (Fang-)Fronsdal models [2, 3] in the two-component spinor notation used in this
paper, see e.g. [11].
°In the s = 1 case, the transformation law (1.3) corresponds to linearised conformal supergravity [15].



with unconstrained gauge parameter A,(g)q(s—1)- In addition to the gauge superfield
H(s)a(s)> each of the massless superspin- (s + %) actions constructed in [9] contains a com-
pensating multiplet. In one case, the compensating multiplet is described by a longitudinal
linear superfield G (s—1)a(s—1) (and its conjugate Ga(s—l)d(s—l)) constrained by

Diéy Ga(s—1)dn..ie) = 0 = D*Gy(s-1)a(s—1) =0, (1.4)

with the gauge transformation

1._ .
5Ga1...a371d1...d571 = _§D(d1DW|D6AB

al...asfldz...dsfl)ﬁ.

+i(s — 1)D(g, 07710 - (1.5)

fai..as—162...0s5-1)p

In the other formulation, the compensating multiplet is described by a transverse linear
superfield I'y(s_1)a(s—1) (and its conjugate Fa(s—l)d(s—l)) constrained by

A/ 2
D’ Losm1)pags—2) =0 = DTas—1ya(s—1) = 0, (1.6)

with the gauge transformation

1

6Ara1-..asf1d¢1-..dsf1 = _1D5D2]\ (1.7)

..o 1B01...0s 1

Finally, in the case of an integer superspin § = s, with s = 2,3, ..., the superconformal
multiplet introduced in [14] is described by an unconstrained prepotential Uo(s)a(s—1) and
its complex conjugate with the gauge transformation given by eq. (2.5a) below, with un-
constrained gauge parameters U, (s_1)a(s—1) and Cu(s)a(s—2)- The prepotential W (g)4(s—1)
naturally occurs in the longitudinal formulation for the massless superspin-s multiplet [10].
However, the gauge transformation of W, 4)4(s—1) given in [10] differs from eq. (2.5a). The
difference is that the parameter U (s_1)4(s—1) in [10] is not unconstrained, but instead is
given by (2.10). In this paper we propose a new off-shell formulation for the massless
higher integer superspin multiplet with the following properties: (i) the gauge freedom of
Vo (s)a(s—1) 18 given by (2.5a); and (ii) the longitudinal formulation of [10] emerges upon
imposing a gauge condition.

This paper is organised as follows. In section 2 we present the new formulation for
the massless superspin-s multiplet. Its dual version is described in section 3. In section 4
we introduce non-conformal higher spin supercurrents associated with the gauge massless
superspin-s multiplets. Section 5 is devoted to computing the higher spin supercurrents
that originate in the massive N’ = 2 hypermultiplet model. Concluding comments are given
in section 6, including a brief discussion of the off-shell models for the massless gravitino
multiplet.

2 New formulation

Given a positive integer s > 2, we propose to describe the massless superspin-s mul-
tiplet in terms of the following superfield variables: (i) an unconstrained prepotential



W, (s)a(s—1) and its complex conjugate ‘I’a(s—l)a(sﬁ (ii) a real superfield Hy(s—1)a(s—1) =

H g (s—1)a(s—1); and (iii) a complex superfield ¥,(s_1)4(s—2) and its conjugate Y, (s_2)a(s—1);
where X, (5_1)a(s—2) Is constrained to be transverse linear,S

Ho : —
D E()4(5—1),6’(54(5—3) =0. (21)

In the s = 2 case, for which (2.1) is not defined, Yo(2) 1s instead constrained to be complex
linear,

DS =0. (2.2)

The constraint (2.1), or its counterpart (2.2) for s = 2, can be solved in terms of a complex
unconstrained prepotential Z,;_1)4(s—1) by the rule

Sas-1)a(s-2) = D’ Zo(y_1)(Ban. .c0—s) (2.3)
This prepotential is defined modulo gauge transformations
0¢ Za(s—1)a(s—1) = Dﬁga(sfl)(ﬁ'al...as,l) ) (2.4)

with the gauge parameter §,(s_1)4(s) being unconstrained.
The gauge freedom of Wy,  a.4,..4. , 1S chosen to coincide with that of the supercon-
formal superspin-s multiplet [14], which is

1 _

52],(\11041...013&1...@571 = §D(a1ma2...as)d1...ds_1 + D(dlgal...asdg...ds_l) ) (253‘)

with unconstrained gauge parameters Uy (s_1)a(s—1) and (o (s)a(s—2)- The V-transformation
is defined to act on the superfields H(s_1)a(s—1) and Xq(s—1)a(s—2) as follows

S Ho(s—1)a(s—1) = DVas—1)as—1) + Va(s—1)a(s—1) (2.5b)

0o (s—1)d(s—2) = Dﬁﬁa(s_l)gd(s_g) = 09 Za(s—1)a(s—1) = Va(s—)a(s—1)- (2-5¢)

The longitudinal linear superfield

Gal...asdl...ds = D(dl\Ijal...asdg...o’cs) ) D(le =0 (26)

Oél...()csdz...ds+1)

is invariant under the (-transformation (2.5a) and varies under the U-transformation as

1_
5‘1]Ga1...045d1...0'45 = iD(dlD(almag...as)dz...ds) . (27)

In general, complex tensor superfields Layar) and Gorya(r) are called transverse linear and longitu-
dinal linear, respectively, if the constraints DBFQ(T)Bd(t—l) =0 and D(;‘;Ga(r)al‘..at) = 0 are satisfied. The
former constraint is defined for t # 0; it has to be replaced with the standard linear constraint, DQFQ(T) =0,
for t = 0. The latter constraint for t = 0 is the chirality condition D Gy = 0.



It may be checked that the following action
| — 1\* 4, 120127 ) 1 rras—1)as—1 M2

+ — D’DPG

Fre(s—Da(s—1) (DBD G

(s—1)Bc(s—1) Ba(s—l)ﬁd(s—l))

s+1

F26° OG0+ 7 (G Cagate) + GO Cayacy)

-|-1

s—1 Dl s— _ o= _
+T3Ha(s Da(s—1) (Day D*Sa, 0y 1a(s-1) — Dan D*Ea(s—1)dn.cve 1)

1
S\IjOé(S)Ol(S 1) (DOqDal - 21(5 - 1>aa1a1) EQQ...ang...d5,1
1

el lals) (DOqDozl — 2i(s — 1)8041041) Suy...cta16en..is
S
S —

+

a(s—1)a(s—2 2 va(s—2)a(s—1) H2yv
%5 (E (s=Da(s=2)p Ya(s—1)d(s—2) — 3 (s=2)a(s=D Ea(s—Q)d(s—l))

IS — S$—
—8—220‘(8 2)a( 2)5 (2(3 + )DBDB +1(S — 1) 8/8 > E,Ba(s—Q)o'z(s—?)} (28)

is invariant under the gauge transformations (2.5). By construction, the action is also
invariant under (2.4).
The U-gauge freedom (2.5) may be used to impose the condition

Ya(s—1)a(s—2) = 0. (2.9)

In this gauge, the action (2.8) reduces to that describing the longitudinal formulation for
the massless superspin-s multiplet [10]. The gauge condition (2.9) does not fix completely
the Y-gauge freedom. The residual gauge transformations are generated by

Bos—1)its—1) = D LiBar...an 1)i(s—1) (2.10)

with the parameter L,(4)4(s—1) being an unconstrained superfield. With this expression for
U (s—1)a(s—1), the gauge transformations (2.5a) and (2.5b) coincide with those given in [10].
Our consideration implies that the action (2.8) indeed provides an off-shell formulation for
the massless superspin-s multiplet.

Instead of choosing the condition (2.9), one can impose an alternative gauge fixing

Hey(s—1)a(s—1) = 0. (2.11)
In accordance with (2.5b), in this gauge the residual gauge freedom is described by
Vo (s—1)a(s—1) = Ra(s—1)a(s—1) s Ra(s—Da(s—1) = Ra(s—1)a(s—1) - (2.12)

The action (2.8) includes a single term which involves the ‘naked’ gauge field W, (5)4(s—1)
and not the field strength G (5)a(s), the latter being defined by (2.6) and invariant under



the (-transformation (2.5a). This is actually a BF term, for it can be written in two
different forms

1 _ . _
; / d*2d?0d20 w1 (Do, Day — 2i(s — 1)0ara1 ) Ses.oarsdn. i1
1 _ . _
-1 / d*2d?0d%0 G*D¥) (D, Doy + 2i(s + 1)0ayar ) Zas...asinds - (213)
S

The former makes the gauge symmetry (2.4) manifestly realised, while the latter turns the
(-transformation (2.5a) into a manifest symmetry.
Making use of (2.13) leads to a different representation for the action (2.8). It is

I 1\° 4 20428 )1 ra(s—1)a(s—1 =2
Sl = <_2> /d £d20d2%0 {8H (=08 DI D2 Dy H (s 1)a(s—1)

5 a(s—1)a(s—1) BHB . _ PBPBA .
ol (D7D%C oo rypaer) = DD Cpagevypaie-y)
~a(s)a(s S a(s)a(s ~a(s)a(s)
+26° G oo + 7 1 (G GG gags) + GHIN )Ga<s>a(s>)
s—1 A o _
+ o pe(s—1)a(s—1) (DalDQEag...as,lc'x(s—l) _ Dd1D2Za(s—1)d2...d5,1)
1 o .
. 1Ga(s)a(5) (Do'leal + 2i(s + 1)8a1d1) Zevy...cvatro. s
L Aa(s)als) - . _
+S + 1G (DalDdl + 21(8 =+ 1)6C¥1d1) ZOLQ...anQ...dS
$— 1 (sa(s-1)a(s-2) p2y, Sals-2)a(s-1) 25,
+ 8s < a(s—1)a(s—2) — a(s—2)d(s—1))

I & —2)a(s—2)f 1 > :
Z ya(s—2)a(s—2)8 (2(32 + 1)D5Dﬁ- +i(s — 1)2855> Eﬁa(SQ)d(SQ)} . (214)

52
3 Dual formulation

The theory with action (2.14) possesses a dual formulation that can be obtained by applying
the duality transformation introduced in [9, 10]. In general, it works as follows. Suppose we
have a supersymmetric field theory formulated in terms of a longitudinal linear superfield

Gat)a(s) and its conjugate Ga(s)d(t), and the action has the form

S1Gatya(s), Gas)am)) = /d4xd20d2§£(Ga(t)d(s)aGa(s)d(t)) : (3.1)

where £(G, G) is an algebraic function of its arguments. We now associate with this theory
a first-order model of the form

Sﬁrst—order - /d4$d29d20 {E (Ua(t)d(s)7 Ua(s)d(t)) + (Pa(t)d(s)Ua(t)d(s) + C’C‘>} ) (32)

where Uq (1)4(s) 1S @ complex unconstrained superfield, and the Lagrange multiplier I'q )4 (s)
is transverse linear. Varying Sfrst-order With respect to the Lagrange multiplier gives



Uaya(s) = Gat)a(s), and then Sgstorder reduces to the original action (3.1). On the
other hand, we can consider the equation of motion for U*®%(s)  which is

) _
Wﬁ (Uﬁ(tm(s)’ Uﬁ(S)B(t)) tLaas) =0 (3-3)

We assume that (3.3) can be solved to express Uﬁ(t)B(s) in terms of T'y(4)a(s) and its conju-
gate. Plugging this solution back into (3.2) gives a dual action

Saual[Ca(a(s)s Cas)am] = / d'2d*0d%0 Lavar (Ta(a(s)s Las)ac) - (3.4)

In the t = s = 0 case, the above duality transformation coincides with the so-called
complex linear-chiral duality [16] which plays a fundamental role in the context of off-shell
supersymmetric sigma models with eight supercharges [17, 18].

We now associate with our theory (2.14) the following first-order action’
Stirst-order = S(‘s) [U, [7, H, Z, Z]

AN 4..920420 2 a(s)a(s

where Sys) [U,U,H, Z, Z] is obtained from the action (2.14) by replacing Gy (s)a(s) With an
unconstrained complex superfield Uy (s)a(s)s and I'q(s)a(s) 1S a transverse linear superfield,

Dﬁra(s)ﬁ-O.q._'ds_1 =0. (3.6)
As discussed above, the first-order model introduced is equivalent to the original the-
ory (2.14). The action (3.5) is invariant under the gauge ¢-transformation (2.4) which acts
on Uy (s)a(s) and I(s)a(s) by the rule

5£Ua(s)d(s) = 0, (3.7&)

_ s+1 -~ .
5§Fa(s)d(s) =D’ {2(8_’_2)D(IBD0115012...045021...&S) + 1(8 + 1)aa1(3§a2...a5d1...ds)} : (37b)

The first-order action (3.5) is also invariant under the gauge U-transformation (2.5b)
and (2.5c), which acts on U (s)a(s) and Ta(s)a(s) s

1.
0nUa(s)a(s) = 5D0(01D(01 Vs ..a0)da..s) (3.8a)
S asys) = 0- (3.8b)

"The specific normalisation of the Lagrange multiplier in (3.5) is chosen to match that of [8, 10].



Eliminating the auxiliary superfields Uy (s)q(s) and Un(s)a(s) from (3.5) leads to
I | . _
1 4,.312n32 a(s—1)a(s—1 2
Sty = - (—2) /d 2d20d%9 {—8H (s=D&(=D DB D2 Dg H o (o 1))

1 s2 _

+§mwﬁ’ DAY H DD 5, D3l Hago-1pa(s-)
+1iaﬁﬂﬂa(s—1)a(571)a Ho

2 s+1 (BB a(s—1))a(s—1))
* 2?;:1 Ha(sjl)d(sjl)aﬁg (Fﬂa(s—l)ﬂ'd(s—l) _fﬂa(s_l)ﬂ'a(s_l)>
+25Hfa(s)d(s)ra<s)a(s> —m (FO‘<S>C’*(S>FQ(S)@(S)+f“(s)"’(3)fa(s) d(s)>
_2(;;i1)Ha(s_1)d(s_l) <DC¥1D220¢2...&S_10'4(571)_DéuDQEa(sfl)ano'és_l)
_1_2(2;_1) Fo(s—1)a(s—1) <D2Dd1 S o(s—1)é.ve_1 ~D*D,, ia%as?ld(s_l))
_is(<52;i)12) Hob-Das=Dg (DBEBOQm&S_ldedS_I+D52a2...as_15a2,,,ds_l>
_% (EQ(S_I)Q(S_Q)D2Ea<s—1)a(s—2)—EQ(S_M(S—”D2Ea<s_z)a(s—1>)
+Sl2§a(s—2)d(s—2)ﬁ' (;( 2+1)D5D3+i(s—1)28’35> Z,Boc(s—2)d(s—2)} ’ (3.9)

where we have defined

Co(s)a(s) = La)ats) = 5P Dior Zas...a)as...cs) — 15 + 1)y (61 Zas...as)az.as) - (3.10)

N

We point out that T'y()4(s) is invariant under the gauge transformations (2.4) and (3.7b).
In accordance with (2.5¢), the gauge U-freedom may be used to impose the condition

Zats—1)a(s—1) = 0. (3.11)

In this gauge the action (3.9) reduces to the one defining the transverse formulation for the
massless superspin-s multiplet [10]. The gauge condition (3.11) is preserved by residual
local - and &-transformations of the form

Dﬁfa(sq)ga(sq) + ﬁa(sq)a(sq) =0. (3.12)

Making use of the parametrisation (2.10), the residual gauge freedom is

5H0¢(5—1)d(5—1) = DBLBa(s—l)d(s—l) - Dﬁfja(s_l)/gd(s_l) ) (3.13a)

s+ 1
2(s+2)

O o eyets) = D7 {D3Dia, +2i(s + 20,3} Losayin ) (3:13b)

which is exactly the gauge symmetry of the transverse formulation for the massless super-
spin-s multiplet [10].



4 Higher spin supercurrent multiplets

We now make use of the new gauge formulation (2.8), or equivalently (2.14), for the integer
superspin-s multiplet to derive non-conformal higher spin supercurrents.

Let us couple the prepotentials Hq (s 1)a(s—1)s Za(s—1)a(s—1) ad ¥o(5)g(s—1) b0 external
sources

(s

4..12n3209 a(s)a(s—1 Jo(s—1)a(s) 7
source — /d zd“0d"¢ {\Ij (2)a )Joc(s)d(S—l) -V (e=L)ed )Ja(S—l)d(S)
a(s—1)a(s—1
HHETIAETIG s

_|_Zoz(s—1)d(s—1)Ta(5_1)d(8_1) + Zoe(s—1)d(s—1)Ta(S_1)d(8_1)} . (4.1)

In order for Séé&rce to be invariant under the (-transformation in (2.5a), the source
Ja(s)a(s—1) must satisfy

Dﬁ‘]a(s)[?d(s—Q) =0+ Dﬁjﬁa(s—2)d(s) =0. (4.2)

Next, in order for Ss(f))urce to be invariant under the transformation (2.4), the source
To(s—1)a(s—1) must satisfy

D(lea(s—l)dz...ds) =0<= D(a1Ta2...as)o'c(s—1) =0. (43)

We see that the superfields J,(s)a(s—1) and T,(s—1)a(s—1) are transverse linear and lon-

gitudinal linear, respectively. Finally, requiring S§§21rce to be invariant under the ‘U-
transformation (2.5) gives the following conservation equation

1
_§Dﬁjﬁa(s—l)d(s—1) + Sa(s—)a(s—1) + Ta(s—1)a(s—1) = 0 (4.4a)
and its conjugate
1 _s-
§D5Ja(s_1)gd(s_1) + Sa(s—1)a(s—1) T Ta(s—1)a(s—1) = 0- (4.4Db)
As a consequence of (4.3), from (4.4a) we deduce

1
ZDQJa(s)a(sq) + D(a; Sas...as)a(s—1) = 0 (4.5)

The equations (4.2) and (4.5) describe the conserved current supermultiplet which corre-
sponds to our theory in the gauge (2.9).
Taking the sum of (4.4a) and (4.4b) leads to

1 1-5- _
§D6J6a(s—1)o'c(s—1) + iDﬁJa(s_l)gd(s_l) + Tats—1ya(s—1) — Ta(s—1)a(s—1) = 0. (4.6)

The equations (4.2), (4.3) and (4.6) describe the conserved current supermultiplet which
corresponds to our theory in the gauge (2.11). As a consequence of (4.3), the conservation
equation (4.6) implies

1
5D {D'B Jos...a)pi(s—1) + D Jag...%)ga@_l)} + Do, Tay.ana(s—1) = 0. (4.7)



As in [21], it is useful to introduce auxiliary complex variables (¢ € C? and their
conjugates (%. Given a tensor superfield Ua(p)a(q)» We associate with it the following field

on C2

q)

U(p,q) (C? E) = C:Oll e COépEO'él R g_qual...apdl...dq 9 (48)

which is homogeneous of degree (p, ) in the variables ¢* and (. We introduce operators
that increase the degree of homogeneity in the variables ¢® and (¢,

D(l,()) = (“Dy, D(QLO) =0, (4.9&)
D(O,l) = EaDd ) D(Z()J) = 07 (49b)
O,y = 2¢*C"0ac = = {D(1,0) Doy } - (4.9¢)

We also introduce two nilpotent operators that decrease the degree of homogeneity in the
variables ¢ and (%, specifically

0

D 1) = DaaTa . D=0, (4.10a)
_ _ .0 _
D,—1):=D 0 Dy 1y =0. (4.10b)

Using the notation introduced, the transverse linear condition (4.2) turns into
D,—1)J(s,s-1) = 0, (4.11)

while the longitudinal linear condition (4.3) takes the form

D 1)T(s-1,5-1) = 0. (4.12)

The conservation equation (4.4a) becomes
1 _
55 P10 (s,5-1) F Ss—1,5=1) T T(s—1,5-1) = 0, (4.13)
and (4.7) takes the form

1 _ _
%D(I,U) {D10)(s,5-1) + Do,~1)J(s-1,6) } + D1,0)T(s-1,5-1) = 0. (4.14)

5 Higher spin supercurrents in a massive chiral model

Consider the Fayet-Sohnius model [19, 20] for a free massive hypermultiplet
Sinassive = /d4xd29d20 (Py®y +O_P_) + {m/d4xd29 O, D+ c.c.} . (5.1)

where the superfields ®. are chiral, Ds®+ = 0, and the mass parameter m is chosen to be
positive.

,10,



In the massless case, m = 0, the conserved fermionic supercurrents Ji(s)4(s—1) were
constructed in [14]. In our notation they read

s—1
k S — 1 S k k—
Jsse1) = >_(—1) < i ) {<k+ 1) 911y Pao®+ Oy 2=

k=0
S S
—<k) O @+ 911y 1D(170)<I>_} : (5.2)

Making use of the massless equations of motion, D?®, = 0, one may check that J(s,5-1)
obeys, for s > 1, the conservation equations

Di1,0)J(s,5-1) =0, Do, —1)J(s,5-1) = 0. (5.3)

We will now construct fermionic higher spin supercurrents corresponding to the massive
model (5.1). Assuming that J(s,s—1) has the same functional form as in the massless case,
eq. (5.2), and making use of the equations of motion

1 = 1 -
—ZD2<I>+ +md_ =0, —1D2<I>_ +md, =0, (5.4)
we obtain
s—1 1 s
( IO)J(ss 1)—2m5+1z k+1< ><k‘>
k=0

s—k s—k—1 k s—k—15
X { L i 18(1 1)@ 8(1 1) d_ + 6(171)(1)4, 8(171) <I>+

S )+ -1\ [/s\ k
+2m(s + 1 Z 8 Py

k—1 s—k—1
><8(11)D( )(I) 8(11) D10 @

+2m(s + 1) §(_1)k+1 <8 ; 1) (Z) S;Jlr_lk

k=0

01 Do) @+ 0 1 2Dio.n)® (5.5)

It can be shown that the massive supercurrent Ji, ;1) also obeys (4.11).

We now look for a superfield 7(,_; s_1) such that (i) it obeys the longitudinal linear
constraint (4.12); and (ii) it satisfies (4.14), which is a consequence of the conservation
equation (4.13). We consider a general ansatz

s—1
Tis—1,6-1) = chaécl H®- 07 ) bl +Z dka(l P+ 9, f:) 1D
k=0
s—1
k-1 s—k—17 & k—1 s—k—17 &
+Z Fe011) Doy ®- 91 ) Dioy®-+) 991y Paoy®+ dryy Doy @+
k=1

(5.6)

— 11 —



Condition (i) implies that the coefficients must be related by
c=do=0, fo=c, gp=2dk, (5.7a)

while for k =1,2,...s — 2, condition (ii) gives the following recurrence relations:

Ck + Cr1 m(sjl)(_l)”k (S ; 1) <Z>

1
xm{(2k+2—s)(s+l)—k—2} , (5.7b)

di + dy1 = m(S;Fl)(_l)k <s - 1) (Z)

1
—{(2 2 — 1) —k—2}. .
X(k+2)(k+1){(k+ s)(s+1)—k—2} (5.7¢)
Condition (ii) also implies that
2 _ 1 2 1
o= (o= ms D) (5.7d)
2 ]
2 _ 2 _
dy = —m('zl), dy 1 = —(—1)87”(551) (5.7¢)

The above conditions lead to simple expressions for ¢, and dy:

d = W&(M(S . 1) (Z) , (5.80)

Ci — —(—1)sdk, (5.8b)

where £ = 1,2,...s — 1. Now that we have already derived an expression for the trace
multiplet T 1), the superfield S(,_; ;1) can be computed using the conservation equa-
tion (4.13). This gives

s—1
s—1 s 1
S(s—1,5—1) = —m(s + 1) Z(—l)kH( 1 ) (k) Pl

k=0

x{obn®- e+ 1oy fie ) (59)

One may verify that S(;_1,_1) is a real superfield.

6 Concluding comments

To conclude this work, we make several final comments.

The formulation proposed in section 2 can naturally be lifted to the case of anti-de
Sitter supersymmetry to extend the results of [8].

The action (2.8) involves the transverse linear compensator ¥ (s_1)4(s—2) and its con-
jugate X, (s_2)4(s—1)- These superfields cannot be dualised into a longitudinal linear super-
multiplet without destroying the locality of the theory, for the action (2.8) contains terms
with derivatives of Xy (s_1)4(s—2) and 2&(5—2)@(8—1)'

— 12 —



The hypermultiplet model is N/ = 2 supersymmetric, and therefore its conserved cur-
rents should belong to N/ = 2 supermultiplets. In the massless case, m = 0, we deal
with the A/ = 2 Poincaré supersymmetry without central charge on the mass shell. In
this case it is easy to embed the bosonic Ju(s)4(s) and fermionic Jy(s)4(s—1) higher spin
supercurrents, which were constructed in [14] for any s > 1, into A/ = 2 real superfields
Ja(s—1)a(s—1) = ja(sfl)d(sfl) introduced in [22] and constrained by

D} Jga(s—2a(s—1) = 0 <= Dz‘ﬂja(s_nﬁ'a(s_z) =0, i=12. (6.1)

Here D!, and Df‘ are the spinor covariant derivatives of N/ = 2 Minkowski superspace.
Conserved N' = 1 supercurrent multiplets originate as

Ja(s=1)a(s=1) = Ja(s=D)a(s—1)| » (6.2a)
Ja(s)o’z(sfl) = Dgljaz.,.asd(sfl)‘ ) (62b)

1 2 = 1 1 A
Ja(s)d(s) = 5 <[D(a1’D2(O'<1:| B 25 4+ 1 [D(al’Dl(d1:|> Ja2---a3)d2---é<5)| ) (6'20)

where we have made use of the V' = 1 projection, U| := U(z, 6%, §£)|92:§;:0, of any N' =2
superfield U.% In the s = 1 case, the relations (6.2) reduce to those in eq. (1.10) of [24].

In the massive case, m # 0, we deal with the N/ = 2 Poincaré supersymmetry with
a constant central charge on the mass shell, and the story becomes pretty subtle. In our
previous work [21], we observed that the higher spin supercurrents Ja(s)a(s) In the massive
chiral model exist only for odd values of s. The same conclusion was also reached in a
revised version (v3, 26 Oct.) of ref. [23]. However, the conserved fermionic supercurrents
Ja(s)a(s—1) constructed in the present paper are realised for all values of s > 1.

The longitudinal and transverse actions for the massless integer superspin-s multi-
plet [10] are well defined for s = 1, in which case they describe two off-shell formulations
for the massless gravitino multiplet. However, the action (2.8) is not defined in the s = 1
case. The point is that the gauge transformation law (2.5a) is not defined for s = 1. The
gauge freedom in the superconformal gravitino multiplet model [14] is

1 _
0o =5DaB+Ca,  Dyjla=0. (6.3a)

This transformation law of W, coincides with the one occurring in the off-shell model for
the massless gravitino multiplet proposed in [25]. In addition to the gauge superfield ¥,
this model also involves two compensators, a real scalar H and a chiral scalar ®, Ds® = 0,
with the gauge transformation laws

6H =0+, (6.3b)
5 = —%D%. (6.3c)

The gauge invariant action of [25] can be written in the form [11]
9, = SQL%) (W, H] — % / d*2d20d%0 (B® + ®D W, + &DzT%) | (6.4)

®In this setting, the A" = 1 spinor covariant derivatives are identified as Do := D& and D :

|
=0

,13,



where S|(|1 9) [V, ¥, H] denotes the longitudinal action for the gravitino multiplet, which is
12

obtained from (2.8) by choosing the gauge (2.9) and setting s = 1. At the component
level, this manifestly supersymmetric model is known to describe the Fradkin-Vasiliev-de
Wit-van Holten formulation for the gravitino multiplet [26, 27].

There exists a dual formulation for (6.4) that is obtained by performing a superfield
Legendre transformation [28]. The dual action given in [28] is

SE = sg MARE i / d*2d?0d%0 (G + DU, + Dy0%)° | (6.5)

where G = G is a real linear superfield, DG = D?G = 0. The gauge freedom in this
theory is given by egs. (6.3a), (6.3b) and

5G = —D*¢, — Dal®, (6.6)

in accordance with [29]. It may be used to impose two conditions H = 0 and G = 0. Then
we end up with the Ogievetsky-Sokatchev formulation for the gravitino multiplet [30, 31]
(see section 6.9.5 [11] for the technical details).

Actually, there exists one more dual formulation for (6.4) that is obtained by perform-
ing the complex linear-chiral duality transformation. It leads to

111 = 1 - _ -
Sa — SQL%) [V, %, H] + 5 /d4xd20d29 (B + DV, ) (E + Dg %), (6.7)
where Y is a complex linear superfield constrained by D?Y = 0. The gauge freedom in this
theory is given by egs. (6.3a), (6.3b) and

5% = —D%, . (6.8)

This gauge freedom does not allow one to gauge away > off the mass shell. To the best of
our knowledge, the supersymmetric gauge theory (6.7) is a new off-shell realisation for the
massless gravitino multiplet.

As shown in [29], the gravitino multiplet actions (6.4) and (6.5) naturally originate
upon N' = 2 — N = 1 reduction of the linearised superfield action [29] for the off-shell
N = 2 supergravity with a tensor compensator [32]. The actions (6.4) and (6.5) prove
to correspond to different values of the background tensor multiplet [29]. The gravitino
multiplet action (6.7) should originate if one linearises the off-shell N' = 2 supergravity
with a tropical compensator [33].

The transverse formulation for the massless gravitino multiplet, which was introduced
in [10], is quite mysterious in the sense that it is not contained in any known off-shell
formulation for N' = 2 supergravity.
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