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1 Introduction

Our paper is devoted to a systematic study of the consistent deformations of the gauge
invariant actions of the form

So[A{L,d)Z] = /d4:l/‘£0, (11)

depending on n, uncharged scalar fields ¢’ and n, abelian vector fields Alﬂ. We assume
that the only gauge symmetries of (1.1) are the standard U(1) gauge transformations for
each vector field, so that the gauge algebra is abelian and given by n, copies of u(1). A
generating set of gauge invariances can be taken to be

SA], = 0ue’, 66" =0. (1.2)
The Lagrangian takes the form
Lo = Ls[¢'] + Lv[A], ], (1.3)

where Ly is a function that depends on the vector fields through the abelian curvatures
F P{V = GMA{,—&,AZL only, and which can also involve the scalar fields ¢. Derivatives of these
variables are in principle allowed in the general analysis carried out below, but actually do
not occur in the explicit Lagrangians discussed in more detail. The scalar fields can occur
non linearly, e.g. terms of the form Z;;(¢)F, IfVF Juv wwhere Z77(¢) are some functions of the
¢"’s are allowed. Similarly, the scalar Lagrangian need not be quadratic. More on this in
subsection 3.1.

The gauge transformations (1.2) are sometimes called “free abelian gauge transforma-
tions” to emphasize that the scalar fields are uncharged and do not transform under them.
This does not mean that the abelian vector fields themselves are free since non linear terms
(non minimal couplings) are allowed in (1.3).

This class of models contains the vector-scalar sectors of “ungauged” extended super-
gravities, of which N' = 4 [1-3] and N = 8 [4, 5] supergravities offer prime examples. These
will be considered in detail in sections 5 and 6. Born-Infeld type generalizations [6] are also
covered together with first order manifestly duality invariant formulations [7-9], which fall
into this class when reformulated with suitable additional scalar fields [10].



Consistent deformations of a gauge invariant action are deformations that preserve the
number (but not necessarily the form or the algebra) of the gauge symmetries. In the super-
gravity context, these are called “gaugings”, and the deformed theories are called “gauged
supergravities”, even though the undeformed theories possess already a gauge freedom.
We shall often adopt this terminology here. We shall consider only local deformations, i.e.,
deformations of the Lagrangian by functions of the fields and their derivatives up to some
finite (but unspecified) order.

Gaugings in extended supergravities have a long history that goes back to [11, 12].
For maximal supergravity, the first gauging has been performed in [13] in the Lagrangian
formulation of [5], which involves a specific choice of so-called “duality frame” (a choice of
“electric” directions among a set of electric-magnetic pairs). More recent gaugings involving
a change of the duality frame have been constructed in [14]. All these are reviewed in [15].

These works consider from the very beginning deformations in which the vector fields
become Yang-Mills connections for a non-abelian deformation of the original abelian gauge
algebra. The corresponding couplings are induced through the replacement of the abelian
curvatures by non-abelian ones and the ordinary derivatives by covariant ones, plus pos-
sible additional couplings necessary for consistency. One natural question to be asked is
whether this embraces all possible consistent deformations. There exist of course theo-
rems establishing the uniqueness of the Yang-Mills coupling under general conditions (see
e.g. [16, 17]), but couplings to nonlinear scalar fields were not considered in these early
works, which focused furthermore on algebra-deforming deformations.

The gaugings of supergravities have revealed the importance of the choice of dual-
ity frame, in the sense that the space of consistent deformations depends on that choice
(see [18, 19] and the recent analysis in [20, 21]). In order to take this feature into account,
a formalism has been developed in [22-25], called the “embedding tensor” formalism. It is
reviewed in [15]. In this formalism, additional fields are introduced besides those appearing
in (1.1), which are magnetic vector potentials and 2-form auxiliary gauge fields. The the-
ory possesses also additional gauge symmetries. The choice of duality frame is implicitly
encoded in the “embedding” tensor, which is subject to a number of constraints. It was
shown in [26] that the space of consistent deformations in the “embedding” formalism is
isomorphic to the space of consistent deformations for the action (1.1) written in the du-
ality frame picked by the choice of embedding tensor. For that reason, one can investigate
the question of gaugings by taking (1.1) as starting point of the deformation procedure,
provided one allows the scalar field dependence in the vector piece of the Lagrangian to
cover all possible choices of duality frame. It is this task which is carried out here. By doing
so, one does not miss any of the gaugings available in the embedding tensor formalism.

One systematic way to explore deformations of theories with a gauge freedom is pro-
vided by the BV-BRST formalism [27]. In the BRST approach, inequivalent infinitesimal
local gaugings correspond to BRST cohomology classes in ghost number zero computed in
the space of local functionals. In this work, we completely characterize the BRST cohomol-
ogy for the theories defined by (1.1), i.e., we completely characterize, in four spacetime di-
mensions, the deformations of abelian vector fields coupled non-minimally to scalar charge-
less fields with a possibly non polynomial dependence on the (undifferentiated) scalar fields.



In particular, we show that besides the obvious deformations that consist in adding
gauge invariant terms to the Lagrangian without changing the gauge symmetries, the gaug-
ings can be related to the global symmetries of the action (1.1). These gaugings modify
the form of the gauge transformations.

The global symmetries can be classified into two different types: (i) global symmetries
with covariantizable Noether currents, where by “covariantizable”, we mean that one can
choose the ambiguities in the Noether currents so as to take them gauge invariant (V-type
symmetries); (ii) global symmetries with non-covariantizable Noether currents. Only the
first type directly gives rise to an infinitesimal consistent deformation through minimal
coupling of the corresponding current to the vector potentials.

The gaugings associated with the other type of global symmetries need to satisfy addi-
tional constraints. This second type of global symmetries, in turn, can be subdivided into
two subtypes: (a) global symmetries with non-covariantizable Noether currents that lead
to a deformation that does not modify the gauge algebra (IW-type symmetries); (b) global
symmetries with non-covariantizable Noether currents that lead to a deformation that does
modify also the gauge algebra (U-type symmetries). The global symmetries of type (a)
contain in their Noether current non-gauge invariant Chern-Simons terms that cannot be
removed by suitably adjusting trivial contributions. The global symmetries of type (b) are
associated with ordinary “free” abelian gauge symmetries with co-dimension 2 conserva-
tion laws (see e.g. [28] for an early discussion). The divergence of a current of type (a)
is itself gauge invariant, while the divergence of a current of type (b) is not. Yang-Mills
gaugings are associated with currents of type (b) and are hence of U-type. Topological
couplings [29] are associated with non-covariantizable Noether currents of either type (a)
or (b). “Charging deformations” (if available), in which the scalar fields become charged
but the gauge transformations of the vector fields are not modified and remain therefore
abelian, are of V- or W-type.

The BRST deformation procedure applies not only to the consistent first order defor-
mations, but also to higher orders where one might encounter obstructions. That procedure
provides a natural deformation-theoretic interpretation of quadratic constraints and higher
order constraints in terms of what is called the antibracket map.

After establishing general theorems on the BRST cohomology valid without assuming
a specific form of the Lagrangian or the rigid symmetries, including the above classification
of the deformations and useful triangular properties of their algebra, we turn to various
models that have been considered in the literature, for which we completely compute the
deformations of U and W-types.

Our paper is organized as follows. In section 2, we provide a brief survey of the BRST
deformation procedure. We then compute in section 3 the local BRST cohomology of the
models described by the action (1.1). This is done by following the method of [30, 31]
where the BRST cohomology was computed for arbitrary compact — in fact reductive
— gauge group. The difficulty in the computation comes from the free abelian factors,
where by “free abelian factors”, we mean abelian factors of the gauge algebra such that
all matter fields are uncharged, i.e., invariant under the associated gauge transformations.
This is precisely the case relevant to the action (1.1), which needs thus special care. The



method of [30, 31] is based on an expansion according to the antifield number. It makes
direct contact with symmetries and conservation laws through the lowest antifield number
piece of the BRST differential, called the “Koszul-Tate” differential, which involves the
equations of motion [32, 33]. The Noether charges appear through the “characteristic”
cohomology, given by the local cohomology of the “Koszul-Tate” differential [30].

We then discuss in section 4 the structure of the antibracket map, which is relevant
for the consistency of the deformation at second order and the possible appearance of
obstructions, and provide information on the structure of the global symmetry algebra.

The method of [30, 31] provides the general structure of the BRST cocycles in terms
of conserved currents. In order to reach more complete results, one must use additional
information specific to each model. We therefore specify further the models in section 5,
where we concentrate on scalar-coupled second order Lagrangians that are quadratic in the
vector fields and their derivatives. These specialized models still cover the scalar-vector
sectors of extended supergravities. Explicit examples are treated in detail to illustrate the
method in section 6, where complete results for the local BRST cohomology, up to the
determination of V-type symmetries, are worked out. In section 7, we then illustrate our
techniques in the case of the manifestly duality-symmetric first order action of [9], in the
formulation of [10], which is adapted to the direct use of the methods developed here.

The last section (section 8) summarizes our results and recapitulates the structure
of the local BRST cohomology. Two appendices complete our work by respectively dis-
playing our notations and conventions on exterior forms and their duals (appendix A)
and discussing further properties of the antibracket map (appendix B). Appendix C is
devoted to the detailed analysis of the W-component of the commutator of two U-type
transformations.

2 BRST deformation theory: a quick survey

2.1 Batalin-Vilkovisky antifield formalism

In order to systematically construct consistent interactions in gauge theories, it is useful to
reformulate the problem in the context of algebraic deformation theory [34-37]. The ap-
propriate framework is provided by the Batalin-Vilkovisky antifield formalism [27, 38—40].

The structure of an irreducible gauge system, i.e., the Lagrangian Ly with field content
©®, generating set of gauge symmetries' J.p% = R%,[¢"] (¢*) and their algebra, is captured
by the Batalin-Vilkovisky (BV) master action S (see e.g. [41, 42] for reviews). The master
action is a ghost number 0 functional

1
S = /d":vﬁ = /dnx [ﬁo + @i R (CY) + 50; aﬁv (C’B, C+...0, (2.1)
that satisfies what is called the master equation

%(5, ) =o. (2.2)

"We use the condensed De Witt notation.



In this equation, the BV antibracket is the odd graded Lie bracket defined by

L[ eRX sly sEX oty
(X3Y)_]/dxI}@A@»&@;@»"&@;@»é@A@g (23)

on the extended space ®4 = (p% C®,...) of original fields and ghosts (and ghosts for
ghosts in the case of reducible gauge theories) and their antifields ®*. The ghost numbers
of ¢ C are 0,1, while gh(®%) = —gh(®#) — 1. The Lagrangian, gauge variations and
structure functions of the gauge algebra are contained in the first, second and third term
of the master action (2.1) respectively.

For the deformation problem, one assumes the existence of an undeformed theory
described by S©) satisfying the master equation %(S 0,5 (0)) = 0 and one analyzes the
conditions coming from the requirement that, in a suitable expansion, the deformed theory

§=80 45045 (2.4)

satisfies the master equation (2.2). The deformed Lagrangian, gauge symmetries and struc-
ture functions can then be read off from the deformed master action (2.4).
The first condition on the “infinitesimal” deformation S is

(8@ sy = . (2.5)

This equation admits solutions S(!) = (S(9), ), for all Z of ghost number —1. Such defor-
mations can be shown to be trivial in the sense that they can be absorbed by (anticanonical)
field-antifield redefinitions. Moreover, trivial deformations in that sense are always of the
form S = (SO Z) for some local Z. It thus follows that equivalence classes of deforma-
tions up to trivial ones are classified by H(s), the ghost number zero cohomology of the
antifield dependent BRST differential s = (S, ) of the undeformed theory,

[SM) e HO(s). (2.6)

For our problem of determining the most general deformation, we start by computing H°(s)
and couple its elements with independent parameters to the starting point action to obtain
S50+ S The parameters thus play the role of generalized coupling constants. In a second
step, we determine the constraints on these coupling constants coming from the existence
of a completion such that (2.2) holds. The expansion is then in terms of homogeneity
in these generalized coupling constants and not, as often done, in homogeneity of fields
(in which case S () corresponds to an action quadratic in the fields). In particular, this
approach treats the different types of symmetries involved in the determination of H°(s)
on the same footing.

In the standard field theoretic setting, one insists on spacetime locality which implies
that the cohomology is computed in the space of local functionals in the fields and anti-
fields. In turn, this can be shown to be equivalent to the cohomology of s in the space
of local functions up to total derivatives or, in form notation, to the cohomology of s in
top form degree n, up to the horizontal differential of an n» — 1 form. Local functions
are functions that depend on the spacetime coordinates, the fields and a finite number of



derivatives. The horizontal differential is not the de Rham differential but is instead given
by d = dz"0,,, where 0, = % + auzza% + ... is the total derivative. Here, fields and
antifields are collectively denoted by 2> = (®4, % ). More explicitly, the ghost number g
cohomology HY(s) of the antifield dependent BRST differential s computed in the space
of local functionals is isomorphic to H9"(s|d), where the latter group is defined by

sa9™ + dadTH T =0, a9 ~ a9 4 sbITE 4 bt (2.7)

the first superscript referring to ghost number and the second to form degree. The
BRST differential is defined on the undifferentiated fields and antifields by s®4 = _gg;§,

s® = %. It is extended to the derivatives through [s,d,] = 0 resulting in {s,d} = 0.
This reformulation allows one to use systematic homological techniques (“descent equa-
tions”) for the computation of these classes (see e.g. [43]).

At second order, the condition on the infinitesimal deformation S is

S(5M,5) 4 (50, 5@) =0 (2.8)
The antibracket gives rise to a well defined map in cohomology,
(-,-) : H9' (s|d) ® H9(s|d) — H9 921 (s|q). (2.9)
For cocycles C; with [C;] € HY% (s|d), it is explicitly given by
([C1], [Ca)) = [(C1, C2)] € HOF92F1(s]d). (2.10)

Condition (2.8) constrains the infinitesimal deformation SV to satisfy

LSS = [0] € H (sld). (2.11)
If this is the case, S in (2.8) is defined up to a cocycle in ghost number 0. Higher order
brackets and constraints can be analyzed in a similar way, see e.g. [44, 45].

Besides the group H(s|d) that describes infinitesimal deformations, and H!(s|d) that
controls the obstructions to extending these to finite deformations, one can furthermore
show [30] that HY(s|d) ~ H&Zf (d) for g < —1. The latter “characteristic” cohomology

groups are defined by forms w in the original fields ¢® such that
dw™ =0, W9~ " 4 dyn I gt (2.12)

with #"79 ~ 0 and where ~ 0 denote terms that vanish on all solutions to the Euler-
Lagrange equations of motion. In particular, these groups can be shown to vanish for
g < —3 in irreducible gauge theories [30, 46]. The group H 2(s|d) describes equivalence
classes of “global” reducibility parameters, i.e., particular local functions f® such that
R, (f%) ~ 0 where f& ~ f* 4 t* with t* &~ 0. This terminology reflects the fact that
this cohomology may be non trivial even for (locally) “irreducible” gauge systems, in other
words in the absence of p-form gauge fields with higher p. This will become clear momen-
tarily and is crucial in this paper. These classes correspond to global symmetries of the



master action rather than of the original action alone [47, 48]. The associated characteristic
cohomology H!'2(d) captures non-trivial (flux) conservation laws. More generally in the
case of free abelian p-form gauge symmetry it was shown in [28] that one can generalize
the first Noether theorem (p = 0) and deduce by a similar formula a class of H ? )
generalizing the electric flux which corresponds to the case p = 1, i.e., to ordinary gauge
invariance. The groups H~17P(s|d) appear for p-form gauge theories and vanish for p > 2
in the irreducible case [49]. The group H!(s|d) describes and generates the inequivalent
global symmetries, with Hg‘h;rl(d) encoding the associated inequivalent Noether currents.?
We mention these groups here since they play an important role in the determination of
HO(s|d) as it will be seen in section 3 below.

When g1 = —1 = go, (-,-) : H' ® H™! — H~1; in this case the antibracket map
encodes the Lie algebra structure of the inequivalent global symmetries [50]. More generally,
it follows from (-,-) : H='® HY — HY that, for any ghost number g, the BRST cohomology
classes form a representation of the Lie algebra of inequivalent global symmetries. As a
side-remark, let us also mention that in the context of perturbative quantum field theory,
H'(s|d) classifies potential gauge anomalies while H°(s|d) classifies counterterms.

For notational simplicity, we will drop the square brackets when computing the an-

tibracket map below, but keep in mind that it involves classes and not their representatives.

2.2 Depth of an element

With any cocycle w9* of the local BRST cohomology is associated a (s, d)-descent

swzq’k + dwlgﬂ’kfl =0, swf“’kil + dw?+2’k72 =0,..., swf“’kil =0, (2.13)
that stops at some BRST cocycle wlgH’k*l. The length [ of the shortest non trivial descent

is called the “depth” of [w9*] € H9*(s|d). The last element wlgH’k_l is then non trivial in
H9tLE=(s). The usefulness of the depth in analyzing the BRST cohomology is particularly
transparent in [43, 51, 52].

Local BRST cohomology classes [w9*] € H9F(s|d) are thus characterized, besides
ghost number g and form degree k, by the depth [. In appendix B, we work out how the
antibracket map behaves with respect to the depth of its elements.

3 Abelian vector-scalar models in 4 dimensions

3.1 Structure of the models

We now apply the formalism to the scalar-vector models described by the action (1.1). We
write Lo = Ls[¢'] + Lv[A],¢']. In four spacetime dimensions, there is no Chern-Simons
term in the Lagrangian, which can be assumed to be strictly gauge invariant and not just
invariant up to a total derivative. Gauge invariant functions are functions that depend on
Fva =0y Al &,Aﬁ, ¢ and their derivatives, but not on A{u Q(VAL ) O, Ouy Aft s ete. Thus

2This is the “first” theorem by E. Noether and its converse. More details can be found in section 6.1
of [46].



EV[AIIL, ¢'] depends on the vector potentials AL only through FJV =0, Al — 8,,A{L and their
derivatives.
We define 5r
vl
—— = —(xG )" (3.1)
OFL, 2
where the (xG)"" are also manifestly gauge invariant functions. The equations of motion
for the vector fields can be written as

0Lo

W — al,(*G])’“’ (32)
and the Lagrangian can be taken to be
i I i 4 bat Al g
EOZ‘CS[gb]—i_EV[A;u(b]? dx‘CV: T[G[F ][tA;u(b] (33)
0

The associated solution to the BV master equation is given by
SO =85+ / d*e A39,CT. (3.4)

The ghost number of the various fields and antifields is

¢ Al ol gr AV O
gh| 0 0 1 -1 -1 -2

and the action of the BRST differential is given by

st =0, sAl = 0,C", sCT =0,
* 6‘60 * v * *
5¢; = Yo sA}" = 0,(xG)", sC; = -9, A™. (35)

It is useful to introduce the antifield number

oA O o A G
afd | 0 0 0 1 1 2

and the pure ghost number

¢ Al Clogr AP O
pgh/| 0 0 1 0 0 0

so that the ghost number is the difference between the pure ghost number and the antifield
number.
The BRST differential s splits according to antifield number as

s=0+7 (3.6)



where ¢ is the “Koszul-Tate differential” [32, 41] and has antifield number —1. The differ-
ential v has antifield number equal to zero. One has

62=0, dy+v6=0, ~*>=0. (3.7)
The action of § and « are respectively given by
i I I
0¢' =0, 0A, =0, oC* =0,
* 5£0 *[L % * *[L
0p; = 7 A = 0,(xG)", 0CT = =0, A™, (3.8)

and
v¢' =0, A, =0,C", AC'=0,
vo; =0, A} =0, 7Ct =0. (3.9)

In terms of the Koszul-Tate differential, the cocycle condition for m in characteris-
tic cohomology takes the form dm + én = 0. This equation is the same as the (co)cycle
condition for n in the local (co)homology of §, which is indeed dn + dm = 0. Using this
observation, and vanishing theorems for H(d) and H(0) in relevant degrees, one can estab-
lish isomorphisms between the characteristic cohomology and H(d|d) [30]. For example,
the characteristic cohomology H&;? (d) is given by the 2-forms ! G, while HY(|d) (where

the superscript refers to form degree and the subscript to antifield number) is given by the
4-forms d*r ! C¥. The isomorphism is realized through the (4, d)-descent

Sd'zCy 4+ dxA; =0, §xA}+dGr =0, (3.10)

where A} = da:“AZL.

3.2 Consistent deformations

One can characterize the BRST cohomological classes with non trivial antifield dependence
in terms of conserved currents and rigid symmetries for all values of the ghost number. For
definiteness, we illustrate explicitly the procedure for H°(s|d) in maximum form degree,
which defines the local consistent deformations. We consider next the case of general
ghost number.

The main equation to be solved for a is

sa+db =0, (3.11)

where a has form degree 4 and ghost number 0. To solve it, we expand the cocycle a
according to the antifield number,

a=ag+ ay + as. (3.12)

Because a has total ghost number zero, each term a,, has antifield number n and pure ghost
number (degree in the ghosts) n as well. As shown in [31], the expansion stops at most at
antifield number 2. The term ag is the (first order) deformation of the Lagrangian. A non-
vanishing a1 corresponds to a deformation of the gauge variations, while a non-vanishing
as corresponds to a deformation of the gauge algebra. All three terms are related by the
cocycle condition (3.11).



3.2.1 Solutions of U-type (a2 non trivial)

The first case to consider is when as is non-trivial. This defines “class I” solutions in
the terminology of [31], which we call here “U-type” solutions to comply with the general
terminology introduced below. One has from the general theorems of [30, 31] on the
invariant characteristic cohomology that

ag = d*z C10! (3.13)

ith
wi B
T2l

Here f! J,J, are some constants, antisymmetric in Ji, Jo. The reason why the coefficient

o= ¢, ,chch. (3.14)

d'x C7 of the ghosts in a is determined by the characteristic cohomology follows from the
equation das + ya; + dby = 0 that ag must fulfill in order for a to be a cocycle of H(s|d).
Given that ag has antifield number equal to 2, it is the characteristic cohomology in form
degree n — 2 = 2 that is relevant.> We refer the reader to [30, 31] for the details. The
emergence of the characteristic cohomology in the computation of H(s|d) will be observed
again for a; below, where it will be the conserved currents that appear. This central feature
follows from the fact that the Koszul-Tate differential, which encapsulates the equations of
motion, is an essential building block of the BRST differential. We must now find the lower
terms aj + ag and relate them as expected to Noether currents that correspond to Hi(6|d).
By the argument of [31] (section 8) suitably generalized (section 12), the term a; is

then found to be
ay = *ATAR 90T + my (3.15)

where ym; = 0 and O = The term m; (to be determined by the next equation)

o)
oCk *
is linear in C! and can be taken to be linear in the undifferentiated antifields A% and ¢}
since derivatives of these antifields, which can occur only linearly, can be redefined away

through trivial terms. We thus write
my = K = xA%g! — x¢; ' (3.16)
with
§' = dat'gl CF, & =CK. (3.17)
Here g{L x and <I>Zk are gauge invariant functions, arbitrary at this stage, but which will be
constrained by the requirement that ag exists.

We must now consider the equation da; + vag + dby = 0 that determines ag up to a
solution of yay, + dbj, = 0. This equation is equivalent to

5£0 I 5£0 i K
((WL&KA“ + 5¢1 5}((;5 ) C™ + vyag + 8uﬁg =0, (318)

3The precise way to express the relation between the local cohomology of § and the highest term of the

equation obeyed by a is given in section 7 of [31]: a2 must be a non trivial representative of Hin,(d]d), more
precisely it must come from Hfmyg(5 |d) in ghost number zero. This relates the U-type deformations to the
free abelian factors of the undeformed gauge group.
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where we have passed to dual notations (ag=d*z o, dbg =d*x 9,8}) and where we have set
OkAl, = Al ik +ahk, Oxd' = P (3.19)

Writing ) = jI“(C'K + “terms containing derivatives of the ghosts”, we read from (3.18),
by comparing the coefficients of the undifferentiated ghosts, that

0Lo 0Lo

—TOKA] + —
SALTE T 50

Sxd' + Dujh = 0. (3.20)

A necessary condition for ag (and thus a) to exist is therefore that & KA/IL and ¢’ define
symmetries.

To proceed further and determine ag, we observe that the non-gauge invariant term
%AifIJK in g%éKA{L can be written as 9, (xG7"' A7 f1 ;) plus a gauge invariant term,
so that jh — *G‘IWA;{ f!;k has a gauge invariant divergence. Results on the invariant
cohomology of d [53, 54] imply then that the non-gauge invariant part of such an object
can only be a Chern-Simons form, i.e. jh — *GY"AJ f1 1 = Jh + %E“VPUA{,F/;]U}L”JK, or

vt po

1
jie = T +*Gr AL i + §EWPUAIFJ hx (3.21)

where J% is gauge invariant and where the symmetries of the constants hr sk will be
discussed in a moment. It is useful to point out that one can switch the indices I and .J
modulo a trivial term.

The equation (3.18) becomes —(8,.j%) C* 4+ yao + 9,85 =0, ie., ji (VAF) +~vao +
9,8’ = 0. The first two terms in the current yield manifestly v-exact terms,

1% 1 174
Ik (’YAff) =(Jg Aff)? *G'y Az{fIJK (’YAff) = 57(*6# AifIJK Aff) (3.22)

and so hj ;g must be such that the term AIFJdCKhI|JK is by itself y-exact modulo d.
This is a problem that has been much studied in the literature through descent equations
(see e.g. [52]). It has been shown that hj;x must be antisymmetric in J, K and should
have vanishing totally antisymmetric part in order to be “liftable” to ag and non-trivial,

higx = hyuky, Mook = 0. (3.23)

Putting things together, one finds for ag
| 1
ap = ATorJ + 5GIAKALaLaK@f’ + §FIAKALaLaK@j, (3.24)

where 1
j = *de“J“KCK, 6,] = §hI|J1J2CJ10J2. (325)

A non-trivial U-solution modifies the gauge algebra. Deformations of the Yang-Mills
type belong to this class. A U-solution is characterized by constants f! J,J, Which are
antisymmetric in Ji, Jo. These constants must be such that there exist gauge invariant
functions gﬁK and <I>§( such that 5KA£ and 0x ¢’ define symmetries of the undeformed

— 11 —



Lagrangian. Here 5KA£ and dx ¢’ are given by (3.19). Furthermore, the h-term in the
corresponding conserved current (if any) must fulfill (3.23). The deformation ag of the
Lagrangian takes the Noether-like form.

Given the “head” ay of a U-type solution, characterized by a set of f! JiJ, S, the lower
terms a; and ag, and in particular the h-piece, are not uniquely determined. Omne can
always add solutions of W, V or I-types described below, which have the property that
they have no as-piece. Hence one may require that the completion of the “head” as of a
U-type solution should be chosen to vanish when as itself vanishes. But this leaves some
freedom in the completion of a9, since for instance any W-type solution multiplied by
a component of f; ; will vanish when the f’; ;’s are set to zero. The situation has a
triangular nature since two U-type solutions with the same as differ by solutions of “lower”
types, for which there might not be a canonical choice.

Note that further constraints on f! J,J, (notably the Jacobi identity) arise at second
order in the deformation parameter.

3.2.2 Solutions of W and V-type (vanishing az but a; non trivial)

These solutions are called “class II” solutions in [31].
We now have
a=ag+ap (3.26)

and a; can be taken to be gauge invariant, i.e., annihilated by ~ [31]. We thus have
ar = K = %A3g1 — ¢ &' (3.27)

with
§' =datgl 8, O =K. (3.28)

Here g/IL  and (I%< are again gauge invariant functions, which we still denote by the same
letters as above, although they are independent from the similar functions related to the
constants f! J1J,- We also set

6KA£ = gliK, S’ = DY (3.29)

The equation daj + vag + dby = 0 implies then, as above,

(550 T 5£0
s Al 4 50
GALTR T 5

Sk & + il = 0. (3.30)
A necessary condition for ag (and thus a) to exist is therefore that & KAL and dx ¢’ given
by (3.29) define symmetries. Equation (3.30) take the same form as eq. (3.20), but there
is one important difference: the divergence of the current j% is now gauge invariant, while
it is not in (3.20), due to the contribution coming from as.

The current takes this time the form

1
ik = i + 5 AU E L b (3.31)

vt po
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(with hpjsx fulfilling the above symmetry properties) yielding
~ 1
ap = ATorJ + §JﬂAKALaLaK@’I (3.32)

where still

. 1
J = xdz"J,CK | 0 = Shils, 5,070, (3.33)

We define W-type solutions to have hj;x # 0, while V-type have hj;x = 0. Both
these types deform the gauge transformations but not their algebra (to first order in the
deformation). They are determined by rigid symmetries of the undeformed Lagrangian
with gauge invariant variations (3.29). The V-type have gauge invariant currents, while
the currents of the W-type contain a non-gauge invariant piece.

Note that again, the solutions of W and V-types are determined up to a solution of
lower type with no ai-“head”, and that there might not be a canonical choice. In fact
one may require similarly that W-type transformations become trivial when hy;x tends
to zero.

3.2.3 Solutions of I-type (vanishing a2 and a;)

In that case,
a = ag (3.34)

with yag + dbg = 0.

Since there is no Chern-Simons term in four dimensions, one can assume that by = 0.
The deformation by is therefore a gauge invariant function, i.e., a function of the abelian
curvatures F lf,/,
deform the gauge transformations nor (a fortiori) the gauge algebra. Born-Infeld deforma-

the scalar fields, and their derivatives. The I-type deformations neither

tions belong to this type. They are called “class III” solutions in [31].

3.3 Local BRST cohomology at other ghost numbers
3.3.1 h-terms

The previous discussion can be repeated straightforwardly at all ghost numbers. The
analysis proceeds as above. The tools necessary to handle the “h-term” in the non gauge
invariant “currents” have been generalized to higher ghost numbers through familiar means
and can be found in [43, 51, 52].

The h-terms belong to the “small” or “universal” algebra involving only the 1-forms
Al the 2-forms F! = dA!, the ghosts C! and their exterior derivative. The product is the
exterior product. One describes the h-term through a (v, d)-descent equation and what is
called the “bottom” of that descent, which is annihilated by v and has form degree < 4 in
four dimensions. The only possibilities in the free abelian case are the 2-forms

1
EhI‘JI...JmFICJI e (3.35)

where
Wi gyeedn = PlLT e d) (3.36)
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One can assume hyg|,...s,,) = 0 since the totally antisymmetric part gives a trivial bottom.
The lift of this bottom goes two steps, up to the 4-form

hijg, gyogy FTFNCT - O (3.37)
producing along the way a 3-form
hig gy g FTATICT2 T (3.38)

which has the property of not being gauge (BRST) invariant although its exterior derivative
is (modulo trivial terms).

3.3.2 Explicit description of cohomology

By applying the above method, one finds that the local BRST cohomology of the models
of section 3.1 can be described along exactly the same lines as given below. Note that
the cohomology at negative ghost numbers reflect general properties of the characteristic
cohomology that go beyond the mere models considered here [30].

(i) HY(s|d) is empty for g < —3.
(i) H~2(s|d) is represented by the 4-forms
U2 =pld*zCy. (3.39)

If A% = dac”A?u, the associated descent equations are

sd*zrC7+dx A} =0, sxAj+dG; =0, sGr=0. (3.40)

Characteristic cohomology H" 2(d) is then represented by the 2-forms ;! G.

char

(iii) Several types of cohomology classes in ghost numbers g > —1, which we call U, V
and W-type, can be described by constants f7; K.k, Which are antisymmetric in
the last g + 2 indices,

I I
Tk Ky = UK K] (3.41)

and constants hy . r,,, that are antisymmetric in the last g+2 indices but without
any totally antisymmetric part,*

higky . Ky = MKy K] PaK K] =0, (3.42)

together with gauge invariant functions gﬁ K. (I)iKl... Kyt that are antisymmetric

..Kg+1 ?
in the last g + 1 indices. They are constrained by the requirement that the transfor-

mations

I ad el I i g
5K1--~Kg+1A,u - A,uf JK1...Kg+1 + gMK1...Kg+17 5Klv--Kg+1¢ - Kl...Kg+17 (343)

4We write by = hyy for g = —1.
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define symmetries of the action in the sense that

0Lo

5 0Ly
(5A£ !

1 ; .
Kg+1A/L + WéKl...Kg+1¢Z + 81“‘]?{1...1{5]_5_1 == 0, (344)

with currents jé‘(lm Kyir that are antisymmetric in the last g 4+ 1 indices. This can be
made more precise by making the gauge (non-)invariance properties of these currents
manifest. One finds

1
. J eI v I nJ
]g(l...Kﬁ_l = Jllu(l...Kﬁ_l + *G/IU/AVf JK1...Kgt+1 + 56“ pUAI/FpohI\JK1---Kg+17 (3'45)

where J Iuﬁ Kyir is gauge invariant and antisymmetric in the lower g+1 indices. When
taking into account that

GrF! = d(GrA? +%A507) + s(xAJA7 + d*zCyC”), F'F/ =d(ATF7), (3.46)

and defining 51Ky = ¢ CFg,

1 1
I I Jyod Jyod
0= (9+2)!f Jl---J9+2C e, o1 = (9+2)!hI|J1~~~Jg+2C e,
. 1 R .
I =42 sty Ty O K= (A i), (3.47)
1 o 1 )
o] I K. K K. K
7 (9+1)!dxug“K1mK9+lc e, #f= (g+1)! Ky O

the “global symmetry” condition (3.44) is equivalent to a (s, d)-obstruction equation,
GrF79;0" + FIF/ 9,0, + s(K + AlarJ) +dJ = 0, (3.48)
with 07 = %. Note that the last two terms combine into

1
H K1 Kgt1
d[*d$ J;U‘Kl..‘Kngl:I (g + 1)'0 .. O )
so that this equation involves gauge invariant quantities only. It is this form that
arises in a systematic analysis of the descent equations. One can now distinguish the
three types of solutions.

a) U-type corresponds to solutions with non vanishing f/ JK:.. K, and particular
UhI|JK1”.Kg+1, UgPILKlngH, U<I>ZK1“_KQ+1, UJMKL._KQ+1 that vanish when the f’s
vanish (and that may be vanishing even when the f’s do not). As we explained

. . . . U U I
abqve, different choices of the particular completion “hy kg, . Kyevr Juky . Kyin

U<I>’K1“_Kg+l, UJPLKL“KQ+1 of ay exist and there might not be a canonical one, but

a completion exists if the U-type solution is indeed a solution. Similar ambiguity

holds for the solutions of W and V-types described below. A U-type solution is

trivial if and only if it vanishes. Denoting by K, Jis, (©f)1, the expressions as
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in (3.47) but involving the particular solutions, the associated BRST cohomology
classes are represented by

1
U= (d%C}‘ + *x A5 AR O + QGIAKAL8L8K> of
. 1 ~
+ Ky + 51?1,411241L0L57K(@;]) 1+ Aoy, (3.49)

with sU + d(xA30! + G1A79;0" + FIA79,(0}) + Jy) = 0;

b) W-type corresponds to solutions with vanishing f’s but non vanishing A s, .. Kgi1
and particular Wg/ILKl_”ngLl , W@"Kl__.KgH , WJ;LKl...Kngl that may be chosen to van-
ish when the h’s vanish. Such solutions are trivial when the h’s vanish. With the

obvious notation, the associated BRST cohomology classes are represented by
. 1 .
W = Ky + §FIAKAL8L8K@’I + Alordw, (3.50)

with sW + d(FTA79;0', + Jy) = 0;
c) V-type corresponds to solutions with vanishing f’s and h’s. They are repre-

sented by
V = KV + Alﬁjjv, (3.51)

with sV + djv =0 and sjv = 0. V and its descent have depth 1.

(iv) Lastly, I-type cohomology classes exist in ghost numbers g > 0 and are described by
A 1

[=d's — I, x,C" ... .C"s (3.52)
g

with sI = 0, i.e., gauge invariant I, g, that are completely antisymmetric in the
K indices. Such classes are to be considered trivial if the I, g, vanish on-shell up
to a total derivative. This can again be made more precise by making the gauge
(non-)invariance properties manifest: an element of type I is trivial if and only if

1
d4x IKl...Kg ~ dJKlng + mIJKlngG[FJ + iFIFJm/IJKl...Kg’ (353)

where Jk, ..k, are gauge invariant 3 forms that are completely antisymmetric in the

K indices, while m/

JK ... Kg,m’I JK1..K, 8T¢ constants that are completely antisym-
metric in the last g + 1 indices. Note also that the on-shell vanishing terms in (3.53)
need to be gauge invariant. When there are suitable restrictions on the space of gauge
invariant functions (such as for instance z* independent, Lorentz invariant polyno-
mials with power counting restrictions) one may sometimes construct an explicit
basis of non-trivial gauge invariant 4 forms, in the sense that if d*zI ~ pAI4 + dw?
and pAI4 ~ dw?, then p* = 0. The associated BRST cohomology classes are then

parametrized by constants p* Ky Ky

At a given ghost number g > —1, the cohomology is the direct sum of elements of type
U, W,V and also I when g > 0.
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This completes our general discussion of the local BRST cohomology. Reference [31]
also considered simple factors in addition to the abelian factors, as well as any spacetime
dimension > 3. One can extend the above results to cover these cases. In a separate
publication [55], the computation of the local BRST cohomology H**(s|d) for gauge models
involving general reductive gauge algebras will be carried out by following the different route
adopted in [46], which did not consider free abelian factors in full generality. As requested
by the analysis of the deformations of the action (1.1), reference [55] generalizes Theorem
11.1 of [46] to arbitrary reductive Lie algebras that include also (free) abelian factors (and
in any spacetime dimension > 3).

3.3.3 Depth of solutions

The depth of the various BRST cocycles plays a key role in the analysis of the higher-order
consistency condition. It is given here.

The U-type and W-type solutions have depth 2 because they involve A,j# with a
non-gauge invariant current. The V-type solutions have depth 1 because the Noether term
A, j" involves for them a gauge invariant current. Finally, I-type solutions clearly have
depth 0.

4 Antibracket map and structure of symmetries

4.1 Antibracket map in cohomology

We now investigate the antibracket map HY @ HY — H99'+1 for the different types of
cohomology classes described above. It follows from the detailed discussion of the cohomol-
ogy in section 3.3 that the shortest non trivial length of descents, the “depth”, of elements
of type U, W, V. 1is 2,2, 1, 0. In particular, the antibracket map is sensitive to the depth of
its arguments: the depth of the map is less than or equal to the depth of its most shallow
element, see appendix B.

The antibracket map involving U~2 = p/d*z Ciin H —2 is given by

sfwgmn
scl 1

(U2 :HI - HI7L, w9 e (4.1)

More explicitly, it is trivial for g = —2. It is also trivial for ¢ = —1 except for U-type where
it is described by fIJ — fIJ,uJ. For g > 0, it is described by pf}lng — pél...K pa for
I-type, klel,..KgH — klel.,,Kg+1qu+1 for V-type, hrir,..ip1 = MIJK, . Ky i 9t and

fIJKIWKQ+1 — fIJK1~--Kg+1MKg+1 for U- and W-type.
The antibracket map for g, ¢’ > —1 has the following triangular structure:

() U W VoI
U |[UsWeVael|WeVael|Vael|l
W | WeVel |WeVel|Vel|l (4.2)
1% Vel Vel |Velll
I I I I o
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Indeed, (f , I ) = 0 because I-type cocycles can be chosen to be antifield independent. For
all other brackets involving I-type cocycles, it follows from appendix B that the result must
have depth 0 and the only such classes are of I type. Alternatively, since all cocycles can
be chosen to be at most linear in antifields, the result will be a cocycle that is antifield
independent and only classes of I-type have trivial antifield dependence. It thus follows
that I-type cohomology forms an abelian ideal.

According to appendix B, the depth of the antibracket map of V-type cohomology
with V, W, U-type is less or equal to 1, so it must be of V- or I-type.

Finally, the remaining structure follows from the fact that only brackets of U-type
cocycles with themselves may give rise to terms that involve C7’s.

4.2 Structure of the global symmetry algebra

Let us now concentrate on brackets between two elements that have both ghost number
—1, i.e., on the detailed structure of the Lie algebra of inequivalent global symmetries when
taking into account their different types.

In this case, one may use the table above supplemented by the fact that I=!' = 0.
Let then

UU7 Ww; %7 (43)

be bases of symmetries of U, W, V-type.5 At ghost number g = —1, equations (3.49), (3.50),
(3.51) give

Vo =Ky, Wy=Ky, U,=(f) [d"cC;C7 +xA5A47] + K,,. (4.4)

It follows from (4.2) that V-type symmetries and the direct sum of V' and W-type
symmetries form ideals in the Lie algebra of inequivalent global symmetries.

The symmetry algebra gi; is defined as the quotient of all inequivalent global symme-
tries by the ideal of V' & W-type symmetries. In particular, if U-type symmetries form a
sub-algebra, it is isomorphic to gy.

First, V-type symmetries are parametrized by constants k¥, V! = k"V,. The gauge
invariant symmetry transformation on the original fields then are

dvhy =~V A) = 9,1, 000’ = —(Va, &) = @, (4.5)
Furthermore, there exist constants C'*3,,,, such that
(Vo ]s Vi ]) = =C 105 [ Vi (4.6)

holds for the cohomology classes. We choose the minus sign because

(Vv17 %2) = —d4x(A;“ [5’01 ) 5v2]A{L + QZ)j [51117 5v2]¢i)7 (4'7)

®These are bases in the cohomological sense, i.e., >, A“[Uu] = [0] = A* = 0 (and similarly for W,, and
Vo). In terms of the representatives, this becomes - A“U, = sa + db = A" = 0.
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so that the C3,,,, are the structure constants of the commutator algebra of the V-type
symmetries, [0y, , dp,] = CV34,0,005. For the functions gwf and @, this gives

5vlgv2ul - 51}29@1“] = Cv3v1v29fu3ul + (trivial)

i i _ s i Co (4.8)
Ouy @3y, — 00, @5y = C%410, Py, + (trivial).

The “trivial” terms on the right hand side take the form “(gauge transformation) +
(antisymmetric combination of the equations of motion)” which is the usual ambigu-
ity in the form of global symmetries, see e.g. section 6 of [46]. They come from the
fact that equation (4.6) holds for classes: for the representatives V, themselves, (4.6) is
(Vioys Vi) = —C% 4,0, Vay + sa + db. The trivial terms in (4.8) are then the symmetries
generated by the extra term sa + db, which is zero in cohomology. The graded Jacobi
identity for the antibracket map implies the ordinary Jacobi identity for these structure
constants,

c™ C” 5] = 0. (4.9)

va v
Next, W-type symmetries are parametrized by constants k&, W~! = kW, and encode
the gauge invariant symmetry transformations

5UJA;IL = _(Wuﬂ A/Il,) = gwul, 5w¢2 = _(Wwy QSI) = @iv (4.10)

with associated Noether 3 forms jyr = k:w(hw)UF(IAJ) + k" Jyww. There then exist C¥2,,,,,
cws cv such that

wiwa? wiw

(W, [Vo]) = =C™wu [V,
([le]v [sz]) =-C" ng] - C"

w1 wg [

vl (4.11)

w1 wa [

with associated Jacobi identities that we do not spell out. For the functions gwul and ®!
this implies

6wgvu1 - dugwul = CUQ’LU’Ug’UQIU,I7 6w¢)f) - 511(1)21; = Cvzqu’fm (4'12)
6wlgw2p,1 - 6w29w1;¢1 = Cw3w1w2.gw3,u1 + va1w29vu13 (413)
Oy Poyy — Ouwn @ryy = C™3 10, Popy + C¥ 1w @y (4.14)

up to trivial terms, see the discussion below (4.8).
Finally, U-type symmetries are parametrized by k%, U~! = k%U, and encode the
symmetry transformations

0u Al = —(Uus Ap) = (fu) s Aj 490" 0u¢' = —(Uu, ¢') =
6"‘4[” - (fu) K (5./4[ (AK Guv +¢z (I)u)7 5u¢z = _6¢Z (AK Guv +¢ (I)]) (415)
5uCI:(fu)IJCJa 5u0}k:_(fu)KIC}k<'
Again, there exist constants C' with various types of indices such that
([Uu], Vo]) = =€ [Va], (4.16)
(U], W) = =C*2, W] = C%uy [Va, (4.17)
([ ]7 [UUQ]) = CUUl’LLQ [ ] Cwulug [Ww] - CU3u1u2 [UU3]7 (418)
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with associated Jacobi identities. Working out the term proportional to C7 in (Uy,, Uy,)
gives the commutation relations for the (f,)!; matrices,

[fumfuz] = _CU3u1u2 fu3 (4‘19)
In turn, this implies Jacobi identities for this type of structure constants alone:
Cu1u2[u30u2u4u5] =0. (4.20)

The C*3 ,,
From equation (4.16), we get the identities

are the structure constants of gg.

5ugvul - 5Uguy,1 - (fu)IngyJ = CUqugvgluIa 5uq)§; - 51)(1); = CUZuv(I)f;g‘ (4‘21)

Equation (4.17) gives the same identities with the right-hand side replaced by the appro-
priate sum, as in (4.13)—(4.14). The last relation (4.18) gives

I I I 1 1
5ulgm,u _(ful) JQUQ,uJ_(ulHu?):CUSU1U2QU3u +C uruz Juwp +Cvu1u2gv,u )

6“1 (DZQ - 5“2 (I)Zl - Cusulw (I)’Zl'l,g +Cwu1u2 CI)Z} +Cvu1u2 (I)f)'

w

(4.22)

Equations (4.21) and (4.22) are again valid only up to trivial symmetries.

Let us now concentrate on identities containing the hyy, which appear in the currents of
U and W-type. We first consider (U,, W,,) projected to W-type. As in appendix B, we have
S(Um Ww)alt = _d(Uua (hw)IJFIAJ + Jw)alt = d{<hw)1J[(fu)IKFKAJ + FI(fu)JKAK} +
invariant}. When comparing this to s applied to the right hand side of (4.17) and using
the fact that W-type cohomology is characterized by the Chern-Simons term in its Noether
current, we get

(he)in (fu) ar + (heo)air (fu) 5 = C* 4y (P ) M- (4.23)

This computation amounts to identifying the Chern-Simons term in the U-variation d,7,,
of a current of W-type. The same computation applied to (W, , W,,) shows that
C" 1wy (hws ) v = 0, which implies
C" s =0 (4.24)
since the matrices h,, are linearly independent (otherwise, the W,, would not form a basis).
In other words, the W-variation d,,, ju, of a current of W-type is gauge invariant up to
trivial terms, i.e., is of V-type.
In order to work out (Uy,, Uy, ) projected to W-type, a slightly involved reasoning gives

6uG1 + (fu)71G 7 ~ =2(hy)1sF? + X (hy)17F? + d(invariant) (4.25)

for some constants A}]. This is proved in appendix C in the case where Gt does not depend
on derivatives of F! (but can have otherwise arbitrary dependence of F!). We were not
able to find the analog of (4.25) in the higher derivative case.
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Applying then (U, , -)alt to the chain of descent equations for U,, and adding the chain

of descent equations for Cy%, Uy, yields

(hm)IN(fm)IM + (huz)MI(fm)IN - (hu1)1N(fuz)IM - (hu1)MI(fu2)IN
5 [ )in (o) g+ () ras(Fu) ) AL,
= C" iy (g )N + Cy gy (o) - (4.26)

Again, this amounts to identifying the Chern-Simons terms in the U-variation 0y, jy, of
a U-type current. Equation (4.25) is crucial for this computation since U-type currents
contain G7. Using (4.23), this becomes

(hU2)1N(fU1)IM + (hm)MI(fm)IN - (hm)IN(fW)IM - (hm)MI(fuz)IN

1
= Cu3u1u2 (hUJ)MN + Cwuluz - icw’uzwz )\312 (hw)MN (427)
We see that the effect of the Ay is to shift the structure constants of type C*, ,, . The

constants A} vanish for the explicit models considered below; it would be interesting to
find an explicit example where this is not the case. As a last comment, we note that
antisymmetry of equation (4.27) in w; and ug imposes the constraint

C™ AV O AR = () (4.28)

u2w2 uq Ulw2 “u2

on the constants \lY.

4.3 Parametrization through symmetries

It follows from the discussion of the antibracket map involving H~? after (4.1) that coho-
mologies of U, W, V-type in ghost numbers g > 0 can be parametrized by symmetries of
the corresponding type with suitably constrained coefficients

kuKlA..Kg+17 ka1~--Kg+l’ klengle. (429)

In this way, for ¢ = 0, the problem of finding all infinitesimal gaugings can be reformulated
as the question of which of these symmetries can be gauged.

In order to do this, it is useful to first rewrite the hjjjx, K,
mology classes of U and W-types in the equivalent symmetric convention

appearing in the coho-

2(9 +2)

g+3 XI[J,Kl...Kg+1] (430)

X1rKy . Ky = hing, . k.0 == Mk, K, =
where (3.42) is now replaced by

X1J Ky Koo = X(10),[Kr . Kgs1]r X(ITK1) Kz Kgpr = 0- (4.31)

Note that for g = —1, hyy = X;J.
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For cohomology classes of U, W-type, we can write

fIJKl...Kg+1 = (fu)IJ kuKl...Kg+17 (432)
UX1rky Ky = (ha) 17K gy ey (4.33)
Xk Ky = (ho) s kg, Ky (4.34)

where (fu)IJ, (hy)rg and (hy)r; appear in the basis elements U, and W,. (One has

similar parametrizations for the quantities gi KK

i .
g1’ (I)Kl,,,Kg+17 JuK, ... K,y 0 the coho-

mology classes of the various types.) This guarantees that condition (3.44) (or (3.48)) is
automatically satisfied.

However, the symmetry properties (3.41) and (4.31) imply the following linear con-
straints on the parameters:

(fu)I(J kuK1)K2...Kg+1 =0, (4.35)
() (17 K" 5 key. 10y 40 = O (4.36)
(hw) 1 ]‘CwIﬁ)KQ.,.KgJrl = 0. (4.37)

From the discussion of the cohomology, it also follows that V-type cohomology classes are
entirely determined by V-type symmetries in terms of k"f Kyt without any additional
constraints.

4.4 2nd order constraints on deformations and gauge algebra

The most general infinitesimal gauging is given by S = [(U? +W° 4+ V0 4+ 1°). We have
1
5(S<1>, Sy = / (Ut +wh+ v+ 1Y), (4.38)

The infinitesimal deformation S can be extended to second order whenever the right hand

side vanishes in cohomology, resulting in quadratic constraints on the constants k" -, k" .,

k" . and p™. Working all of them out explicitly requires computing all brackets between
U° WO v0and I°.

However, it follows from the previous section that the only contribution to U! comes
from %(U U UY). The vanishing of the terms containing the antighosts C7 requires

i.e., the Jacobi identity for the f! gk - The associated n,-dimensional Lie algebra is the
gauge algebra and is denoted by g.
Using f1, = (fu)! k") and equation (4.19), the Jacobi identity reduces to the
following quadratic constraint on k"' :
B K08, — (fud) K™ K = 0. (4.40)
Note that the antisymmetry in I.J of the second term is guaranteed by the linear con-
straint (4.35). The terms at antifield number 1 give the constraints
19y + fEygat’ — (L& J) = ffy0t (4.41)
5@y — (I J) = fhy ;0. (4.42)
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Expressed with k’s, this gives
Kk Copa — (fu) (R kg = 0, (4.43)

where the capital Greek indices take all values u, w,v. This gives three constraints, accord-
ing to the type of the free index ¥. When ¥ = u, we get the constraint (4.40), because
wiuy - When
cws =-C"3 and C'"3

wiwz? Uirw2 waul uru2?

the only non-vanishing structure constants with an upper u index are the C'3
> = w, the possible structure constants are C"3
giving the constraint

KU RN O 42k KR OV KR O (fug) KR R =0, (4.44)

[
When the free index ¥ is of type v, one gets a similar identity with all possible types of

J]

values in the lower indices of the structure constants,
kv11kv2va3 —|—2k‘w1[1 k.UQ Cv3 _|_k,w1[k’w2JCU3

J] w1v2 o
+2K" k2

} ULV

+2k" k2
C™ oy FE K2 5CY = (Fud) K™ ke =0, (4.45)

] uULW

V1V2 wi1w2

[
5 Quadratic vector models

5.1 Description of the model

To go further, one needs to specialize the form of the Lagrangian, which has been assumed

to be quite general so far. In this section, we focus on second order Lagrangians arising in

the context of supergravities that contain n, scalar fields and depend quadratically on n,

abelian vector fields, non-minimally coupled to each other, in four space-time dimensions.
More specifically, we take £ = Lg + Ly, where

1 v 1 Vpo
Ly = =1 Tis(O) B B/ + S Ris(9) 7 B By (5.1)
and the scalar Lagrangian is of the sigma model form
1 i .
Ls = —39:5(0)0,8'0"6" —V(9) (5:2)

where g;; is symmetric and invertible. Both g;; and V' depend only on undifferentiated
scalar fields. Neglecting gravity, this is the generic bosonic sector of ungauged supergravity.
The symmetric matrices Z and R, with Z invertible, depend only on undifferentiated scalar
fields and encode the non-minimal couplings between the scalars and the abelian vectors.
The Bianchi identities and equations of motion for the vector fields are given by

Ou(xFIy"™ =0,  9,(xGr)"™ = 0. (5.3)

The Lagrangian (5.1) falls into the general class of models described previously, with the
gauge invariant two-form Gy = Z;; « F/ + Rr;F”/ and d*z Ly = %G[FI.
We assume
R1s(0) = 0. (5.4)

Note that a constant part in Ry can be put to zero without loss of generality since the
associated term in the Lagrangian is a total derivative. In most cases, we also take V' =0
or assume (writing 9; = a%i) that

(0;V)(0) = 0. (5.5)
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5.2 Constraints on U, W-type symmetries

We assume here and in the examples below that there is no explicit x#-dependence in the
space of local functions in order to constrain U and W-type symmetries. For simplicity, we
also assume that the potential vanishes, V' = 0. In section 6, these constraints will allow
us to determine all symmetries of U and W type for specific models.

We need the scalar field equations, which are encoded in

8*(?: —|—d(gij*d¢j) = —*(%(ﬁg —l—ﬁv), (5.6)

0

where 9; = 57;. For g = —1, equation (3.48) becomes

GrF/ 1, + FIF hry +dI™™" — dGr g — [d(gij * d¢?) +0;(Ls + Ly)]® =0. (5.7
When putting all derivatives of F;{w @' to zero, one remains with
GrF 1, + FIF h; — %8, Ly @ ger—o = 0. (5.8)

It is here that the assumption that there is no explicit z* dependence in the gauge invariant
functions ¢/, & is used. Using —0; x Ly = %(%G 1 FI., and the decomposition P ger—0 =

@’6 +® + ..., where the ® depend on undifferentiated scalar fields and are homogeneous
of degree n in F/f,/, the equation implies that

1 g, 1 I

§M]J(¢)*F F7 + §N]J(¢)F F’ =0, (59)
where

My = 2T " 5y + 0:Z15%5, (5.10)

Nij =2Rgf" 5y + 2hrs + 0iR11P, (5.11)

by using that hr; = hyr on account of (3.42). When taking an Euler-Lagrange derivative
of (5.9) with respect to Aﬁ, one concludes that both terms have to vanish separately,

Mr;=0, Nrj=0. (5.12)
Setting ¢’ = 0 and using (5.4) then gives
5O 5O =~ 0)@H0), 2h1y = —(OR)O)H0).  (5.13)

where the abelian index is lowered and raised with Z;;(0) and its inverse. Note that
completely skew-symmetric fg(o)) solve the equations with ®{(0) = 0, hy; = 0. More
conditions are obtained by expanding equations (5.12) in terms of power series in ¢.

In all examples considered below, the algebra g and the W-type symmetries can be
entirely determined from the analysis of this subsection.

— 24 —



5.3 Electric symmetry algebra

An important result of our general analysis is that the symmetries of the action that can
lead to consistent gaugings may have a term that is not gauge invariant. This term is
present only in the variation of the vector potential and is restricted to be linear in the
undifferentiated vector potential, i.e., 5A/€ = fIJ Al{—l—g/{, d¢' = ®'. Here fIJ are constants,
and gl{ and ®' are gauge invariant functions. The symbol § represents the variation of the
fields and is of course not the Koszul-Tate differential. No confusion should arise as the
context is clear.

It is of interest to investigate a subalgebra of the gaugeable symmetries, obtained by
restricting oneself from the outset to transformations of the gauge potentials that are linear
and homogeneous in the undifferentiated potentials and to transformations of the scalars
that depend on undifferentiated scalars alone,

SA, = [T AT 5¢' = @'(g). (5.14)

This means that one takes gﬁ = 0 and that the functions ®’ only depend on the undifferen-
tiated scalar fields. These symmetries form a sub-algebra g. that includes the symmetries
usually considered in the supergravity literature and which is, in this context, called the
“electric symmetry algebra” (in the given duality frame) [15]. It can be shown to be a
subgroup of the duality group G C Sp(2n,,R) [56]. Although our Lagrangians are not
necessarily connected with supergravity, we shall nevertherless call the symmetries of the
form (5.14) “electric symmetries” and the subalgebra g. the “electric algebra”. It need not
be a subalgebra of Sp(2n,, R). It generically does not exhaust all symmetries and does not
contain for example the conformal symmetries of free electromagnetism.

The transformations of the form (5.14) are symmetries of the action (5.1) + (5.2) if
and only if the scalar variations leave the scalar action invariant separately, and f!;, ®¥(¢)

satisfy
oT .
Pl = _fT7T 7T 1
957 f [ (5.15)
gz;cbi =—fIR —Rf —2h, (5.16)

where the h are constant symmetric matrices. In particular, when the scalar Lagrangian is
given by Lg = % gij(gb)a#gbi@“qu , the first condition means that ®° must be a Killing vector
of the metric g;;. If U and W-type symmetries are of electric type, the electric symmetry
algebra contains in addition only V-type symmetries of electric type, i.e., transformations
among the undifferentiated scalars alone that leave invariant both the scalar action and
the matrices Z, R (i.e., that satisfy dSg = 0 and (5.15), (5.16) with 0’s on the right hand
sides). This will be the case in all examples below. In particular, the f’s, and thus also
the gauge algebra, will be the same for gy and g.. The h matrix is determined by the
transformation parameters ® and the parity-odd term R of the action via (5.16).
We then suppose that we have a basis of symmetries of the action of this form,

Sr AL = (fr)' A7, (5.17)
or¢’ = Pp(¢). (5.18)
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When compared to the previous sections, the index I' can take u, v or w values. Only the
fu matrices are non-zero. The hp matrices are non-vanishing only for I' = u or w. When
hr # 0, the Lagrangian is only invariant up to a total derivative.

Closure of symmetries of this form then implies

[fa, fr] = —=C™r fx, (5.19)

fEha — fAhr + hafr — hrfa = —CZar by, (5.20)
oo, . 0P . ;

(WA Pf. — 8¢JF' P = —CF\p 0L (5.21)

Decomposing the indices into U, W and V type, this is consistent with the relations of
section 4.2 with A\ = 0. Let us note that (5.16) expresses the surface term in the variation
of the action. Equation (5.20) follows by commutation.

5.4 Restricted first order deformations

We now limit ourselves to first order deformations of the master action with the condition
that all infinitesimal gaugings come from symmetries that belong to the electric symmetry
algebra above. In order to simplify formulas, we will no longer make the distinction between
U-, W- and V-type which can easily be recovered.

According to section 4.3, the deformations are parametrized through electric symme-
tries by a matrix k?, with

ok = (o) sk, (5.22)
07 (¢) = PH )k}, (5.23)
X1k = (hr)1skk. (5.24)

The linear constraints (4.35) — (4.37) on the matrix k% become

(fr) sk + (fr) kK =0, (5.25)
hr 17k = 0. (5.26)

They guarantee that the first order deformation of the master action is given by
st = /d4$ (a2 + a1 + ap) , (5.27)

where

1
ay = SCi [l C7CF (5.28)
encodes the first order deformation of the gauge algebra and
a1 = AP fl e AJCK + ¢ @ CF (5.29)

encodes the first order deformation of the gauge symmetries. When taking (5.22) and (5.23)
into account, this deformation of the gauge symmetries corresponds to gauging the under-
lying global symmetries by using local parameters n' (z) = kFe!(x). The deformation ag
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of the Lagrangian is given by the sum of three terms:

o _ %(*GI)“” o ATAK, (5.30)

al"”) = JiLAK, (5.31)

) — %XIJ,KEMVPUFJVAZA{U(' (5.32)

The terms a™) and a(®P) are exactly those necessary to complete the abelian field

strengths and ordinary derivatives of the scalars into covariant quantities. The term a(CP)

is responsible for charging the matter fields. The Chern-Simons term a(()cs) appears when

hr # 0: its role is to cancel the variation

1

(5£ = —anhf‘]] 8“V'DUFJVFPJU (533)

that is no longer a total derivative when n' = ktel (z) [29, 57].

5.5 Complete restricted deformations

The second order deformation S to the master action is then determined by the first
order deformation through equation (2.8). As discussed in section 4.4, the existence of S(?)
imposes additional quadratic constraints on the matrix k?,

KU RS C%rn — (fr) 5 kT k5 = 0. (5.34)

Explicit computation shows that S can be chosen such that there is no further de-
formation of the gauge symmetries or of their algebra. The second order terms in the La-
grangian are exactly those necessary to complete abelian field strengths F’ l{l, = (%A,]j — (‘3,,A{L
and ordinary derivatives of the scalars to non-abelian field strengths and covariant

derivatives,
Fh, = 0,A, — 0,A] + fl 5 AT AL, (5.35)
Du¢' = 0" — D($) Ay, (5.36)
One also finds a non-abelian completion of the Chern-Simons term a(()cs). Putting every-

thing together, the Lagrangian after adding the second order deformation is

) , 1 1
L= Ls(¢", Dud") = 3 Trs( @) Fu T + S Rug (@) e Fiuy Foo

2 oo 3

+ 3 X1k P AT AR (apAg +3 Pl AgAY > . (5.37)

The associated action can be checked to be invariant under the gauge transformations
SAL = Oue’ + [y A", (5.38)
56" = DY (). (5.39)
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This is equivalent to the fact that the deformation stops at second order, i.e, that
S =50 1 50 4 §() gives a solution to the master equation (S,S) = 0.

Checking directly the invariance of this action under (5.38) — (5.39) without first
parametrizing f!;.-, ®7(¢) and X;jx through symmetries requires the use of the linear

identities
ok = fI[JK]7 Xy =0 (5.40)
and of the quadratic ones
fIJ[Kl fJKQKg} = 0’ (541)
1
P X + 2 Xk — 5 Xk =0, (5.42)
0%y 0%y ;
adﬂ?qﬂj— 8¢j®%+szJ®K=0- (5.43)

In terms of k?, these three quadratic identities all come from the single quadratic con-
straint (5.34) once the algebra of global symmetries (5.19) — (5.21) is taken into account.

5.6 Remarks on GL(n,) transformations

Consider a linear field redefinition of the abelian vector potentials, AIIL = M1 ;A i with
M € GL(n,). Such a transformation gives rise to a trivial infinitesimal gauging which
corresponds to the antifield independent part of the trivial ghost number 0 cocycle

St = (S.20), Zs = S ld'a CFC7 4 xA747), (5.44)

triv.

with fs € gl(n,,R).

Two remarks are in order.

The first concerns the relation to the algebra gy defined in section 4.2. It can also be
defined as the largest sub-algebra of gl(n,,R) that can be turned into symmetries of the
theory by adding suitable gauge invariant transformations of the vector and scalar fields,
or in other words, for which there exists a gauge invariant K, of ghost number —1 such
that (S, =2, + K,,) = 0.

In particular, (4.32) and (4.35) for g = 0, as well as (4.40), can be summarized as
follows: non-trivial U-type gaugings require the existence of a map (described by ki)
from the defining representation of the symmetry algebra gy C gl(n,, R) into the adjoint
representation of the n,-dimensional gauge algebra g, .

The second remark is about families of Lagrangians related by linear transformations
of the vector potentials among themselves. It is sometimes useful not to work with fixed
(canonical) values for various GL(n,) tensors that appear in the action. Instead, one con-
siders the deformation problem for sets of Lagrangians parametrized by arbitrary GL(n,)
tensors, for instance generic non-degenerate symmetric Zy;ny and symmetric Ry that
vanish at the origin of the scalar field space.

If the tensors of two such Lagrangians are related by a GL(n,) transformation, they
should be considered as equivalent. Indeed, the local BRST cohomology for all members of
such an equivalence class are isomorphic and related by the above anti-canonical field redef-
inition. In particular, all members of the same equivalence class have isomorphic gaugings.
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All general considerations and results on local BRST cohomology above apply in a
unified way to all equivalence classes. When one explicitly solves the obstruction equa-
tion (3.48) (for instance at g = —1 in order to determine the symmetries), the results on
local BRST cohomologies do depend on the various equivalence classes.

5.7 Comparison with the embedding tensor constraints

In the embedding tensor formalism [15, 22-25],% the possible gaugings are described by
the embedding tensor ©,, = (©,%, O©1%) with electric and magnetic components, which
satisfies a number of linear and quadratic constraints. In this notation, the index I runs
from 1 to mn,, while a runs from 1 to the dimension of the group G of invariances of the
equations of motion of the initial Lagrangian (5.1). More precisely, G is defined only as the
group of transformations that act linearly on the field strengths F'/ and their “magnetic
duals” G, and whose action on the scalars contains no derivatives. This coincides with
the group of symmetries of the first order Lagrangian discussed in [26] which are of the
restricted form (5.14).

As explained in section 3 of [15], one can always go to a duality frame in which the
magnetic components of the embedding tensor vanishes, ©/® = 0. Moreover, only the
components © IF survive, where I' runs over the generators of the electric subgroup G, C G
that act as local symmetries of the Lagrangian in that frame. Then, the gauged Lagrangian
in the electric frame is exactly the Lagrangian (5.37), where the matrix k is identified with
the remaining electric components of the embedding tensor, k? =0 IF (or © fF in the
notation of [15]). The linear and quadratic constraints on the embedding tensor then agree
with the constraints on k. More precisely, the constraints (3.11), (3.12) and (3.39) of [15]
in the electric frame correspond to our (5.34), (5.25) and (5.26) respectively. As explained
in sections 4.3 and 4.4, the constraints can be refined using the split corresponding to the
various (U, W, V) types of symmetry.

It was shown in [26] that the embedding tensor formalism does not allow for more
general deformations than those of the Lagrangian (5.1) studied in this paper. Indeed,
their BRST cohomologies are isomorphic even though the field content and gauge transfor-
mations are different. Conversely, as long as one restricts the attention to the symmetries
of (5.1) that are of the electric type (5.14), we showed that the embedding tensor formalism
captures all consistent deformations that deform the gauge transformations of the fields.

6 Applications

6.1 Abelian gauge fields: U-type gauging

As a first example, let us consider the case where we have no scalars, Z;; = 67y, Rry = 0.
The Lagrangian is then simply

1
L= —ZauFlfyFJW. (6.1)

See also [69], where a relation between the embedding tensor formalism and the BRST-BV antifield
formalism has been considered with a different purpose.
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From (5.13), it can be shown that U-type symmetries are of electric form. Furthermore,
there are no W-type symmetries. We have in this case gy = ge = s0(ny).

The vector fields transform in the fundamental representation of so(n,). A basis of
the Lie algebra so(n,) may be labeled by an antisymmetric pair of indices [LM] that now
plays the role of the index u,

1

= i(<5£5JM —0t651). (6.2)

I I AJ I
SipanAy = (fizan)' 145 (fizan) ' s
Concerning the associated gaugings, the matrices firr,, = 6 m(fir M])I/ ; are anti-
symmetric in I, .J; therefore, the structure constants of the gauge group

ff(g)K = (f[LM])IJk%(M (6.3)

are automatically antisymmetric in their first two indices. The constraints on kf(M ensure
antisymmetry in the last two indices (which in turn implies total antisymmetry) and the
Jacobi identity. Moreover, any set of totally antisymmetric structure constants can be
obtained in this way by taking kIL(M = fLM K » as can be easily seen using the expression
for firar given above.

We thereby recover the result of [17, 70] stating that the most general deformation of
the free Lagrangian (6.1) that is not of V' or I-type is given by the Yang-Mills Lagrangian
with a compact gauge group of dimension equal to the number of vector fields.

Remark. Note that Poincaré (conformal) symmetries (for n = 4) are of V-type if one
allows for z#-dependent local functions. If such a dependence is allowed for U, W-type
symmetries and gaugings as well, results can be very different. For instance, as shown by
equation (13.21) of [46], if n # 4, there are additional U-type symmetries described by the
cohomology class

— * 2 *
Ul =d"zfqy |[CTCT + AT A+ ijyxﬂA vl (6.4)
where indices I,.J,... are raised and lowered with the Kronecker delta. The associated

Noether current can be obtained by working out the descent equation following (3.49),
sUY +d(fnxACT +«xFTA7 + Jy'7]) = 0, where

2

Il —
v n—4

y 1
(T2 xda, (T#,)1 = FUWED + 2FITFe. (6.5)
In other words, gy = gl(n,). Note also that these U-type symmetries involve a non-

vanishing Ugli. It has furthermore been shown in section 13.2.2 of [46] that there are
associated U-type gaugings and cohomology classes in higher ghost numbers. In the present
context, they are obtained as follows: the role of u for the additional symmetries is played

by a symmetric pair of indices (LM),

1
SanA = (faan) JA%,  (faan)'s = 5(5£5JM +030L)- (6.6)
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Once the linear constraints (4.35) on kg“y_)KgH are fulfilled, the associated U-type gaugings

and higher cohomology classes can be read off from equation (3.49) when taking (4.32).

After multiplying (6.4) by n—4, it represents for n = 4 the V-type symmetry associated
with the dilatation of the conformal group. The associated cubic and higher order vertices
for the full conformal group have been studied in detail in [58].

6.2 Abelian gauge fields with uncoupled scalars: U, V-type gaugings

We now take the case

. . 1
L= Ls(d',0,0") — 151 JELFI, (6.7)

where there is no interaction between the scalars and the vector fields. The gir algebra is
again s0(n,) and there are no W-type symmetries.

The electric symmetry algebra is the direct sum of so(n,) with the electric V-type
symmetry algebra gs of the scalar Lagrangian. The matrices fr split into two groups and
are given by

(Fa s =0, (ean)'s = (6L~ 6446) (63)

where o = 1,...,dim g, labels the G, generators and the antisymmetric pair [LM] la-
bels the SO(n,) generators as before. The matrix k? accordingly splits in two compo-
nents k:ILM and k¢. The constraints on k:ILM again amount to the fact that the quantities
e = fir M})I SkEM are the structure constants of a compact Lie group. The constraint

on k¢ tells us that the gauge variations
0¢' = €'k @l () (6.9)

close according to the structure constants f! JK - In the case where these variations are
linear, ®! (¢) = (ta)ijqﬁj , the constraint is that the matrices 77 = k{'t, form a representation
of the gauge group, [T7,Ty] = %, Tk.

6.3 Bosonic sector of N = 4 supergravity

Neglecting gravity, the bosonic sector of N = 4 supergravity is given by two scalar fields
parametrizing the coset SL(2,R)/SO(2) along with n, = 6 vector fields [1-3, 5].” We study
three formulations of this model, where we determine the symmetry algebras gy and ge
and the allowed gaugings. In all formulations, the scalar Lagrangian is determined by

o' = (6, x), gij = diag(1,¢*?), V =0. (6.10)

They differ by the form of the matrices Z and R.

"For generalisations of the models treated in this section, see [59] for the couplings of N = 4 supergravity
to an arbitrary number of vector supermultiplets.
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SO(6) formulation. The vector Lagrangian (5.1) is determined by
Iry=e %51y, Rij=Xo1J. (6.11)

When fl(i) is antisymmetric, the transformations 5A£ =f! JAi define an s0(6) sub-algebra
of U-type symmetries on their own. Note also that we can assume h;y to be symmetric.
Equations (5.13) then imply that the traceless parts of f I(?, hry have to vanish.

If fl(fsj) = 07;1°, equations (5.13) are solved with hy; = 0, @g(O) = 20", ®§(0) = 0. It
then follows that (5.12) are solved with

¢ =210, X = —2 . (6.12)

Equation (5.7) is then also solved with g/ = 0 and I? = 21°(e?? x dxx — *d¢). According
to equation (3.49), the associated cohomology class is given by

w b = P[dAaCrCT + x AFAT 4+ 2(x¢" — *x* X)), (6.13)
with sw™ b4+ d[n°(xA3CT + Gy AT) + I3] = 0. This cohomology class encodes the symmetry
I _ 04l — 9,0 _ 0

0A, =n"A,, dp=2n", dx=-20"%, (6.14)

with 0Ly = 0. The associated Noether current is given by
1
M= {— <e¢’F;‘A — QXEWUFW> AL — 201 4 2xe?P0H | . (6.15)

It cannot be made gauge invariant through allowed redefinitions.

For f1; =0, hyy =061y, OF = —277*,@3) = 0 is a solution to the full problem (5.7)
since %FIFI = s%x* +d(e?® xdy). This gives then the only class of W-type, which is also
of restricted type. More explicitly, W1 = %x* with s x* + d(—%AIFI + €e2? % dy) = 0.
The symmetry it describes is xy = n* with the associated Noether current given above
that can again not be made gauge invariant.

The algebra g7 is therefore isomorphic to s0(6)@®h, where b is the sub-algebra of s[(2, R)
generated by diagonal traceless matrices. It is a sub-algebra of the electric symmetry
algebra g. = s0(6) @ b*, where b™ corresponds to the sub-algebra of sl(2,R) of upper
triangular matrices. The electric algebra acts as

s =2n", ox=-20"x+n", A, =n"AL +n"M(fiLan) A (6.16)
Accordingly fr = (fo, f+, fizar) where fipag are given in (6.2), while
(Fo)'y=05 ()l =0. (6.17)
The matrix Ry = xd7s transforms as
6R1y = —20"Rry+n"6r,. (6.18)

Therefore, contrary to the previous examples, the tensor hry; has a non-vanishing compo-
nent hiry = —%51}
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The generalized structure constants f7, Ky, = ( fr)f Jk{(l... Kye1 OTC then

g+1

1
fIJKl...Kg+1 = 6L[]]€(}<1...Kg+1 + §(f[LM])IJk%{]1\/{.Kg+1' (619)

The linear constraint (4.35) now implies that k?(l... Kyir = 0 as can be seen by taking the first
three indices equal and using the antisymmetry of the matrices firys), while kg]b Kio Kyt
is restricted to be completed skew-symmetric in all indices. In the same way, the linear

constraint (4.37) implies that k‘;gl Kye = - Indeed, it reduces to

Sraki,y. ke, =0 (6.20)

from which we deduce k';gl Kyir = 0 by taking the first three indices equal.
It follows that there are no cohomology classes of W-type when g > 0 and that the
only cohomology classes of U-type when g > 0 are given by

[d*xC* o + xA*T A7 9507 + %GIAJAKﬁKé?J@I]@, (6.21)

with © a polynomial in C' of ghost number > 1.

In particular, the symmetries of b+ cannot be gauged and the gauge algebra is given
by a compact sub-algebra of s0(6). The gauged Lagrangian is the original one, except that
the abelian field strengths are replaced by non-abelian ones.

Dual SO(6) formulation. We now have

1 xe?

=——94 Rij=—""———90 6.22
€_¢+X2€¢ 1J, 1J €_¢+X26¢ 1J, ( )

Iry

and the same analysis gives similar conclusions:

1. We still have the cohomology classes (6.21) since we still have that Z;; and Ry; are
proportional to dy;.

2. There are no additional gaugings or cohomology classes in ghost number higher than
0 of U or W-type.

3. The only additional non-covariantizable characteristic cohomology comes from two
additional solutions to (5.13).

The first of these additional solutions is of electric U-type and comes from fl(i) = 7%;7,
hrjy =0, with @g(O) = —27°, ®§(0) = 0. Equation (5.12) reduces to

2f]OI[J + 3iI[J(I)6 =0, QﬁOR[J + 2h1jér5 + 61-72”(1)6 =0, (6.23)

and is solved by
hry=0 @) =-27" @f=27"y. (6.24)
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This gives also a solution to the full problem since this transformation leaves the scalar
field Lagrangian invariant. According to equation (3.49), the associated cohomology class
is given by
—1,4 _ ~0r /4 * ~ * AT * *
w Ot = [d xCTC +*xATAT = 2(%¢" — *x X)) (6.25)

The second is of restricted W-type and comes from fl(i) = 0 while h;; = 7767, with
®2(0) = 0, ®X(0) = 27j+. Equation (5.12) reduces to

(%I[JCI’% =0, 2ﬁ+(51J + 8iR1J<I>6 =0, (6.26)

and is solved by
By = 27" (e —x%), B = 477X, (6.27)

This is also a solution to the full problem since these transformations leave the scalar field
Lagrangian invariant. The associated cohomology class is given by

20T [xp*2x + *x (722 — x?)). (6.28)

In this case, we therefore have gy = s0(6)@h C g. = 50(6)@b~, where b~ is the sub-algebra
of s[(2,R) of lower triangular matrices.

Again, the symmetries of b™ cannot be gauged and the gauge algebra is given by a
compact sub-algebra of 50(6).

SO(3) x SO(3) formulation. The indices split as I = (A, A’), where A, A" = 1,2,3,

and we have
Iy =diag(Zap,Zap'), Ry =diag(Rap,Rap),

1

= _¢ = — IR
IAB € 6AB> IA B P X26¢ 5/4 B’ (629)
Rap = X0 R = —7X6¢ )
AB = XOAB; A'B’ =% 4 2% A'B'-

Spelling out equation (5.12) gives

Tinfr, + Zpsff + 011 ,®, =0,

; ; ‘ (6.30)
Riof”;+ Ry f"r+hiy+ hyr + 0iR1,®4 = 0.
Choosing I = A, J = A, the first equation reduces to
_ 6 £(0) 1 0)
e ¢fAA’+ 6_¢+X26¢fA/A—O. (631)

Putting ¢ = 0 = x and taking the derivative with respect to ¢ before putting ¢ = 0 = ¥,
implies that f/(fjl, =0= f;(ﬁ),m When combined with the linear constraint (4.35), this
implies that the f! JKy.. Ky, S have to vanish unless all indices are of A, or of A’ type
respectively, which is thus a necessary condition to have non trivial U-type solutions.
When the f’s vanish, the second equation for I = A, J = A’ gives haa + harg = 0.
When combined with the linear constraint (4.37), this implies that for non-trivial solutions

of W-type associated to X7y, K, , one again needs all indices to be either of A or of

g+1

A’ type.
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The discussion then reduces to the one we had before in each of the sectors. For U-type
solutions, this gives in a first stage the symmetries, gaugings and higher ghost cohomology
classes associated with each of the SO(3) rotations separately. There are again no additional
solutions of U or W type when g > 0.

Only the remaining non-covariantizable symmetries, i.e., solutions of type U and W
at g = —1 that correspond to b*, remain to be discussed. For the U type solutions, one
finds in the first sector that fip = n°64p with (6.12) holding, while for the second sector
farp = 75 4 pr with (6.24) holding. This gives a solution to the full problem if and only
if 7 = —n°. Hence gy = s0(3) ® s0(3) @ h. On the other hand the solutions of W type
for both sectors are solutions to the full problem if and only if n* = ™ = 0 so that there
is no surviving W-type symmetry. In particular g. = gyy. The symmetry of h cannot be
gauged, and the gauge algebra is a compact sub-algebra of s0(3) @ so(3).

This concludes the discussion with the expected results (see [60-62]).

6.4 Axion models: W-type gaugings and anomalies

We now give examples of gaugings and anomalies where the generalized Chern-Simons
term appears. They involve several axions and correspond to the examples given in [46],
equations (12.4) and (12.6).

The initial Lagrangian is

Lo=—2FLpiws, Lo otorg? 5,y 4 Lo pI s g1y, (6.32)
4 W 9 H 4 urs po )
where V7 is a vector of dimension n, of unit norm and there are n, scalar fields qﬁI whose
indices are raised and lowered with the Kronecker symbol. With respect to the general
Lagrangian (5.1) and (5.2), we have here g;; = 75, V =0, Z;; = 015 and Ry; = 2¢; V.
The example in [46], equation (12.4), corresponds to the case n, = 2, with V; = §2.

By using equations (5.13), (5.11), one finds gy = s0(n, — 1). The symmetries act like
S AT = f1; A7 and 6,0 = f1; ¢’ for an antisymmetric symbol f7; that is transverse to
the vector V., Vi f1, = 0.

To determine the W-type symmetries, one needs in particular to solve equation (5.13)
with f/; = 0. This is done through 6¢! = ®/ = 5! for independent constants 5! with
(hg)rg = —0g(1Vy). There are thus n, independent such symmetries. It then follows
that a basis of W-type symmetries is given by dx¢! = 6L, 6 KA/E = 0, where K plays the
role of the index w. Furthermore, there are no V-type symmetries of electric type so that
ge = 50(ny, — 1) @ u(l)™.

The linear constraints (4.35) require the ki . to be transverse, k“Kl”_KgHVKl =0.
For the associated gaugings, the rest of the discussion then follows the one in subsection 6.1.
For W-type cohomology, the linear constraints (4.37) imply that

Virkiry). iy =0, ki iy =610k Ky Jy Ky (6.33)

which is solved if and only if k£ is a totally antisymmetric rank-(g + 2) symbol,

krk, . Ky = KiK. Ko
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For W-type gaugings in particular, ¢ = 0 and one has an antisymmetric n, x n,, matrix.
There are no extra quadratic constraints. The gauge transformations, covariant derivatives
and generalized Chern-Simons term for the deformed theory are then

GA, = ue's dpr = —kuype’, Dudr = 8up1 + kyp Ay,
(6.34)

1
cs) vpo Al AJ K
£(CS) — —g(VKk‘[J + Vikg ) et? A;LAVFPG'

For a W-type anomaly example, let ng = n, = 3 and consider Vx = dx 3. The associated
anomaly candidate is then

1 1
W = d4z ek i CrAJ Al FS 4+ Cf A org — 3 clel e, (6.35)

7 First order manifestly duality-invariant actions

7.1 Non-minimal version with covariant gauge structure

We now investigate the first order formulation [9, 26] of the models discussed previously.
Those models are interesting because they contain more symmetries and therefore poten-
tially more gaugings. In the original, minimal version, they are given by the action

1 . 1 .
S = /d4£ﬂ <2QMNBMZAZN - 2MMN(¢)BzMBN2) ) (7.1)
where the potentials are packed into a vector
(AMy = (AL, z)), M=1,... 2n,, (7.2)
and the magnetic fields are
BMi = (kg AN (7.3)
The matrices Q and M(¢) are the 2n, x 2n, matrices

01 T+ RI'R -RI™!
QZ(—I 0)’ MZ( ~I°'R  I! ) (7.4)

each block being n,, x n,. The matrix A" = Q' M is symplectic, NTQN = Q.

Local BRST cohomology and gaugings for this class of models with non-covariant
gauge symmetries 6A£W = 0;¢M could then be discussed by generalizing the results of [63]
in the presence of coupled scalars.

However, in order to be able to directly use the discussion of local BRST cohomology
developed for the second order covariant Lagrangian in the case of the first order manifestly
duality invariant formulation, we consider a modification of the non-minimal variant [10]
with additional scalar potentials for the longitudinal parts of electric and magnetic fields.
More precisely, we now take instead of (7.1) the action

S[ALW’ DMa TM ¢Z] = SS[¢] + SDP7 (75)
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with

Lop = 5[y (B + 0 DM)(0AY — 0,AY) = BV Marw(9)BY]

1
+ mar0o DM — 5wM(A/t—l)MNwN —V(¢,D). (7.6)
Here
BMi = ¢k, AM + o' DM (7.7)
spatial indices 4, j, k,... are raised and lowered with ¢;; and its inverse, with Qp/n the

symplectic matrix, M sy symmetric and invertible and
(9:V)(0,0) = 0 = (9mV)(0,0), V(¢,0) =0. (7.8)

The modification with respect to [10] consists in the addition of the kinetic and potential
terms for the longitudinal electric and magnetic potentials in the last line of (7.6). Defining

T =0,A) —0, AN +xS)]

b, *Sol =ATH QYN oy, #SY

we have BM? = %eijkﬂk and can write

Spp = / d%i[QMNe"jk(]-"% +H SV = FM My N — 2mp (M) My — v,
(7.10)
where a total derivative has been dropped.
The gauge invariances are then doubled but still of the same covariant form as in the
second order Lagrangian case,

SAN =0,eM, DM =0, omy =0, 54" =0. (7.11)

The equations of motion for the gauge and scalar potentials are determined by the vanish-
ing of

oL _

SO (MY — M1 0DV,

™M

0Lpp N i AN i N oV

0Lpp N 1 ijk N ‘

W:—QMNAD :—§QMN€‘7 8Z-F]k)

OLDE _ 0 00B — €90, (MarnBY) = 20w 0 FY — B;(Masn FN

sair = SN0 —e i (M k)—§ MN€ET O Fj — 0j(Mun )-

The first set of equations then allows one to eliminate the momenta 7y, by their own
equations of motion. When A is invertible, the second and third set of equations allow one
to solve DM and Aé\/[ by their own equations of motion in the action, which yields (7.1).
It is in this sense that these variants of the double potential formalism are equivalent, but
of course not locally so. The third and fourth set of equations can be written as

0Lpp
§AM

=0, Gh/, (7.13)
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when defining

* GO — §QMN6”I€]:;\,£, *Gé\J/[ = —MMN]:NU- (714)

This definition implies that the components of Gy = %G Mjkdajj dz* + Grriodxda® are

explicitly given by

1 ‘
Gumjr = _QMN]:;X; Gario = ieijkMMNfNjk‘ (7.15)

After elimination of the 7/, the action of the theory can then also be written as the integral
of Lo = Lrg + Ly with

1 1
[,ES:[’S_gaMDMMMNaHDN_Va d4$£v=/ o

i 7[GMFM][tAM,DM,qsi]. (7.16)

so that the scalar sector has been enlarged to ¢™ = (¢!, DM) and the scalar metric and
potential are now (g;j, Marn), respectively (V, V). It is thus a particular case of the actions
of the form (3.3) studied in section 3.

7.2 Local BRST cohomology

The master action is given by
S = / d*z [Lo + A30,CM) (7.17)

with an antifield and ghost sector that is doubled as compared to the second order covariant
formulation.

We then can copy previous results:
(i) H9(s) =0 for g < —3.
(ii) H~2(s) is doubled: U~2 = pMd*2xC3, with descent equation
sdizCl+dx Ay, =0, s+ Ay +dGy =0, sGy =0. (7.18)
Characteristic cohomology Hi7(d) is then represented by the 2-forms G ;.
For g > —1, the discussion in terms of U, W, V types is the same as before with
indices I,J,K,--- — M, N,O,... on vector potentials, ghosts and their antifields, and

1,4, k- — m,n,o... on scalar fields.

The obstruction equation for symmetries, equation (5.7), becomes

GMFNfMN + FMFNhMN +drmt

) X oL
— (dGMgM + [d(gij * d¢’) + *0;(LEs + Lyv)]P* + 5D1(‘)/f ‘PM> =0. (7.19)
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7.3 Constraints on W, U-type cohomology

When there is no explicit z# dependence and V = 0 = V), putting all derivatives of
F% , ", DM to zero, one remains with

Gtlaer=o FN My + FMEN gy — %0 Ly @™ aer—0 = 0, (7.20)
where Gp/|der—0 amounts to replacing .7-'% by F é\l/f in (7.15).
Using —0,, x Ly = 5%%8¢GM]der:0FM, and the decomposition ®™|ger—g = @' + 7" +

..., where the ®" depend on undifferentiated scalar fields and are homogeneous of degree

n in Fl%, the equation implies

1 :
GM‘der:[)FNfMN + FMFNhMN + 58¢GM‘der:0FM(I>Z = 0. (7.21)
When taking account that
1 - .
GM‘der:()FN = d4$§[QOM€Uk}PJ%Fé¥ - MMOFJ%FNjk]v (722)

this gives an equation of the type

1 y .
1@ 0lOnN (0) T Fji Fg) — P (9) Fji Y4 = 0, (7.23)
where
Pun = QM()(MfON) + 31'/\/11\41\7(1)6, (7.24)
OMN = 2QMofON + 2hMN7 (7.25)

and hyy = hypy on account of (3.42). Note that there is one less term as compared
to (5.11) since the kinetic term does not depend on the scalars and also that Oy n is not
symmetric.

Now both terms have to vanish separately because they involve different field strengths,
Pun =0, Omun =0. (7.26)

Setting ¢' = 0 = DM then gives

FOO) L MOD (9, M) (0)(0) = 0,
o (7.27)
fun = —hun,

with f ](\22 ])V = Qpof9 . Consider first symmetries of W-type, i.e., take the case when the
f’s vanish. The first equation is then satisfied with ®(0) = 0, while the second equation
then requires hj;y to vanish. This implies:

There are neither W -type symmetries nor W -type cohomology in ghost numbers
g > 0 for the first order model.
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As a consequence, hyrn = hy sy, and the second of equation (7.27) is equivalent to

Q
fu[MN 0, f“EZ\/I)N) = —hupmN- (728)
It follows that:

The algebra gy is the largest sub-algebra of sp(2n,,R) that can be turned into
symmetries of the full theory. All non-trivial U-type symmetries require a
non-vanishing hyn and thus involve a Chern-Simons term in their Noether
currents.

On its own, the first equation of (7.27) is solved for skew-symmetric f](\//[\fv(o)) with

vanishing ®/(0). Symmetric fz(\%v(o))

needs a non trivial scalar symmetry.
For U-type cohomologies in higher ghost number g > 0, the k&...ogﬂ tensor has to
satisfy (4.35), which becomes

g+1

The object Dyo,N0O,...0 = fu Mng)l...OgH is then symmetric in the first and third

g+1
indices because fug\%\, is symmetric, and antisymmetric in the second and third indices on
account of (7.29). It thus has to vanish,

DMOlNOQ...Og+1 - DNolMOQ...Og+1 - _DNMolog...Og+1 - _D01MN02...09+1
= DOyNMO,...04+1 = DMNO10s...04:1 = ~DMOINO,...04 1 - (7.30)
U — .
It follows that kol...ogH =0:
There are no U-type cohomology classes in ghost number g > 0.

In particular, there are no U-type gaugings even though there are U-type symmetries.
We thus recover the results on gaugings of [8] from the current perspective.

7.4 Remarks on GL(2n,) transformations

The two remarks on linear changes of variables from section 5.6 also apply in the first order
case. More precisely, the second remark can be rephrased as follows.

The general discussion of the structure of the BRST cohomology of the first order
model in sections 7.2 and 7.3 goes through unchanged for arbitrary skew-symmetric non-
degenerate 3,y and symmetric non-degenerate M ;. The local BRST cohomology for
sets of Qprny, My related by GL(2n,,R) transformations will be isomorphic, whereas
explicit results for the local BRST cohomology do depend on the equivalence classes.
For instance for the symmetries, this is the case when explicitly solving the obstruction
equation (7.19). As concerns ,/n, there is just one equivalence class since all such matri-
ces are related to a canonical Qyry, say Qun = d17€qp, by a GL(2n,,R) transformation.
Hence, one can restrict oneself to equivalence classes of Qp;n, Mysn with canonical Qa7
and Msn's related by Sp(2n,,R) changes of variables.

The first remark of section 5.6 then boils down to the statement that the algebra gy is
the largest sub-algebra of sp(2n,,RR) that can be turned into symmetries of the full theory,
in agreement with the discussion of the previous section. In addition we have recovered
there the result that the gauge algebra remains abelian.
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7.5 Application to the bosonic sector of N' = 4 supergravity

For definiteness, let us again concentrate on the bosonic sector of four dimensional super-
gravity, without gravity. As in section 6.3, we use the standard second order formulation
for the SL(2,R)/SO(2) sigma model. Alternatively, one could use a first order formulation
in terms of fields parametrizing SL(2,R), with a first class constraint eliminating the field
for the SO(2) subgroup. It would provide a first order formulation for all fields and make
all global symmetries manifest.

To this scalar action, we first couple one vector field, i.e. add the action associated
to (7.6) where V = 0, the indices M, N take two values a,b, Qg = €qp, and My, = M;bl.
The matrix M and its inverse are given by

M— e? Xed) Mol — X2e¢ +e? —Xe¢ (7.31)
N Xe¢’ X26¢’ +e )’ B —Xe¢ e? ’

and are such that M transforms as M — g¢g' Mg under an SL(2,R) transformation.
The model is invariant under SL(2,R) if the other fields transform as A% — (g7 A)%,
D* = (¢"D)*, 1y — (g~ 'm), because SL(2,R) transformations are symplectic, geg” = e.

For the U-type symmetries, equation (7.28) requires féz) = €qcf€), to be symmetric, so
there are at most 3 linearly independent solutions. According to the above discussion, all
of these give rise to symmetries, which need hyq, and also ®. The U-type symmetries
constitute the s[(2,R) electric symmetry algebra.

We now consider the coupling to six vector fields in the different formulations of sec-
tion 6.3. For the SO(6) invariant model, M = (I, a), Qun = 07€qp and My =677 M Ly,
while the dual formulation corresponds to Masn = 917 Mgp. Finally, in the SO(3) x SO(3)
formulation My = (M(;bl(;AB, Maupdarp).

It then follows from (7.27) that both in the SO(6) invariant formulation and in the
dual formulation, the electric symmetry algebra is s[(2, R) ©s0(6), where the s[(2,R) trans-

Ia)

formations on the vectors AZ® and on D( ,T(7p) 0 the dual formulation corresponds

to the infinitesimal version of the above transformations where g7 — ¢~
Finally, in the SO(3) x SO(3) formulation, the electric symmetry algebra is also

sl(2,R) @ s0(6). This is so because the SL(2,R) element € is such that M = e/ M ~le.

8 Conclusions and comments

In this work we have systematically analyzed gaugings of vector-scalar models through
a standard deformation theoretic approach. In the case of gauge systems, this is most
naturally done in the BV-BRST antifield formalism. We have shown that different types
of symmetries behave differently when one tries to gauge them. The method allows one to
find all the infinitesimal gaugings and higher order cohomology classes once all symmetries
are known.

The symmetries are classified into U, W and V-types. Only U-type symmetries give
rise to gaugings that deform the abelian gauge algebra. They contain the standard “Yang-
Mills” deformations. The W-type symmetries contain the topological gaugings of [29].
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The Noether currents of both these types of symmetries are the only ones that cannot be
redefined so as to be gauge invariant. We have treated explicit examples, for which all sym-
metries of U, W-types have been computed (in the z* independent case considered here).

For the models explicitly considered in the article, we have found that the only possible
gaugings of U and W-types are the ones previously considered in the literature, namely
Yang-Mills and topological couplings among the gauge fields, with minimal couplings of
the scalars.

In order to achieve complete results, one should also compute the V-type symmetries
which admit gauge invariant Noether currents. This is very much a model-dependent
question that requires the use of more standard symmetry techniques (see e.g., [64, 65]).
However, we have shown in section 4 that given the graded structure of the antibracket map,
the leading obstruction to extend first order deformations of U-type to second order, leading
to the Jacobi identity for the structure constants, cannot be eliminated by adding V-terms.

Furthermore, in some cases, for instance when one imposes Poincaré invariance as rele-
vant to relativistic theories, the V-type symmetries can be shown to be absent [66]. It turns
out that the effect of coupling the models to Einstein gravity justifies this assumption [67]
and simplifies the problem. It would be interesting to see if it also justifies the ansatz for
the electric symmetry algebra.

We have analyzed the problem in the second order Lagrangian and in the first order
manifestly duality invariant formulation, both of which are non-locally related in space
(but not in time). The results are very different: whereas the former formulation allows
for standard gaugings, the latter formulation allows for more (generalized) symmetries of
U-type, but none of those can be gauged. This is because the analysis is performed in
each formulation by insisting on space-time locality. To go beyond such no-go results, one
should presumably try to work in a controlled way with deformations that are spatially
non-local.
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A Conventions and notation

The components of the Minkowski metric are given, in inertial coordinates in which
we work, by the mostly plus expression 7, = diag(—1,+1,...,4+1). The symbol
€uy...un, denotes the completely antisymmetric Levi-Civita density with the convention that

eOl-n=1 — 1 50 that €g;.,—1 = —1. A local basis of anticommuting exterior differential
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1-forms is given by the family (dx*),—o,.. n—1. The wedge product symbol A will always
be omitted.

We will sometimes use the notation (d"Px),, ., 1..u, = —mdxm coodatrerey
for 1 < p < n, and d"x := dz® ... dz"!. The Hodge dual of a differential p-form wP =
%dw“l o drtPwy, oy, is the n — p-form given, in our convention, by

*wP = _ dz"' ... dx""Pe whn=pti-Hn
p!(n _ p)! V1...Vn—pHn—p+1..-Hn
= —(@"a)

" L wﬂn7p+1~~-,ufn .
n—p+1---Mn

As a consequence, the exterior differential of the dual of a p-form reads

d*wP = _(_)n_p(dn_p+1$)u1...1/p—1 allwuylmypi1 ’ (A'l)

B Antibracket maps and descents

As discussed in section 2, the first obstruction to extending infinitesimal deformations to
finite ones is controlled by the antibracket map. We show here how the antibracket map
behaves with respect to the length of shortest non trivial descent, i.e., the “depth”.

Since covariantizable and non-covariantizable currents as elements of H~1"(s|d), and
the associated infinitesimal deformations as elements of H%"(s|d) are distinguished by the
property that the depth is 1, respectively deeper than one, the following will be relevant
when studying the obstruction to infinitesimal deformations.

Proposition. The depth of an image of the antibracket map is less or equal to the depth
of its most shallow argument.

Proof. Consider [w]""], [w]?"] € H*"(s|d), where we can assume without loss of generality

that Iy > lo. For the antibracket, let us not choose the expression with Euler-Lagrange
derivatives on the left and right that is graded antisymmetric without boundary terms, but
rather the one that satisfies a graded Leibniz rule on the right

R (—wwom) b
56N 90,07

and the following version of the graded Jacobi identity without boundary terms,

(0" & o), (B.1)

(wg,n7 ')alt = a(1/)

(wghn’ (wgg,n’ ')alt)alt = ((ng’n,wg%n)alta ')alt + (*)(91""1)(924‘1)((.092’”, (Wghnv ’)alt)alt (B-Q)
(see appendix B of [50] for details and a proof). Furthermore,
(@™, d(-))ate = (=) (WP Jare)s (dw?TH0TE )0 = 0. (B.3)

Let S = [(— * £) be the BV master action. We have s- = (— % L, ). Using these
properties, we get

1,n—1 lo,n—1
S(wlgll’nawizm)alt + d((wquhn’wlg;Jr ,n )alt) =0,..., S(WIglhnvwlg;Jr 2,1 2)&1t =0, (B.4)

which proves the proposition. ]
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By using [(w™ 1", w9™)] € H9"(s|d), it follows that:

(i) Characteristic cohomology in degree n — 1 described by H~1"(s|d) is a Lie algebra.
It is the Lie algebra of non trivial global symmetries. It also describes the Dirac or
Dickey bracket algebra of non trivial conserved currents (up to constants or more
generally topological classes),

(i) H~2"(s|d) is a module thereof (module structure of flux charges — Gauss or ADM
type surface charges — under global symmetries). The proposition gives rise for
instance to the following refinements:

Corollary. Covariantizable characteristic cohomology in form degree n—1 forms an ideal
in the Lie algebra of characteristic cohomology in form degree n — 1. The module action
of covariantizable characteristic cohomology of degree n — 1 on characteristic cohomology
in degree n — 2 is trivial.

Similar results hold for the associated infinitesimal deformations.

C Derivation of equation (4.25)

In this appendix, we derive formula (4.25) for the variation §,G; = —(U,, Gy) of the
two-form G under a U-type symmetry. This is done in two steps:

1. First, we show that
6uG1 + (fu)” ;G ~ cryF? + d(invariant) (C.1)
for some constants ¢y ;.

2. Then, we prove that the c;; take the form

cry = —2(hy)rs + Ay (hw)r1r, (C.2)

where the constants (h,,)7; and (h,,)7s are those appearing in the currents associated
with U, and W,, respectively.

The proof is given in the case where the Lagrangian (or, equivalently, G;) does not depend
on the derivatives of F; /f,/.

A lemma. The proof of the above steps uses the following result on the W-type coho-
mology classes (with g = —1):

trgFTF? ~ d(invariant) = t;; = Z)\w(hw)u for some \". (C.3)

w

This is proven as follows: t;;F!F” a d(invariant) implies that

trgFIF7 +dl + 5k =0 (C.4)
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for some gauge invariant I and some k of antifield number 1, where ¢§ is here the Koszul-
Tate differential. Now, it is proven in [46] that k& must be gauge invariant; hence, it can be
written as

k=K+dR, K =d'z[A}"g] + ;'] (C.5)

for some gauge invariant R, gﬁ and ®°. Indeed, derivatives acting on the antifields contained
in k are pushed to the term dR by integration by parts, leaving the form (C.5) where K
contains only the undifferentiated antifields. Putting this back in (C.4) and using the fact
that 6K = sK because K is gauge invariant, we get

sK +d (trjA'"F7 +7) =0 (C.6)

for some gauge invariant J = I — JR. This shows that K is a W-type cohomology class:
we can therefore expand K in the W, basis as K = > AYWy,. In particular, this implies
that t7; = > A%(hy)1s, which proves the lemma.

First step. We start from the chain of descent equations involving Gy,
sd'zCf +dx A} =0, sxA;+dG;=0, sGr=0. (C.7)

Applying (Uy, -)at to this chain, we get

s [d'z (f.)7,05] +d {%)% x Ay + (w] =0, (C.8)
0K,
s [(fu)"z * Ay + (w] +d[-0,G1] =0, (C.9)
s[=0uG1] =0, (C.10)
which can be simplified to

0K,

d (M) =0, (C.11)
5K,

s <5Au> +d(=6.G1 — (fu)1Gy) = 0, (C.12)
s (—=0uG1) =0, (C.13)

using equations (C.7) again. Equation (C.11) implies that

0K,
JAT

=dn~? (C.14)

~1.2 of ghost number —1 and form degree 2. Because the left-hand side is gauge

1,2 1,2

for some 7

invariant and 7 is of form degree two, n must also be gauge invariant. This follows
from theorems on the invariant cohomology of d in form degree 2 [53, 54]. Equation (C.12)
implies then

d (0.Gr + (fu) ;G +sn1?) =0, (C.15)

i.e.
6uGr + (fu)” Gy + sn~ 1% = dn™! (C.16)
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for some %! of ghost number 0 and form degree 1. Again, the left-hand side of this equation
is gauge invariant: results on the invariant cohomology of d in form degree 1 [53, 54] now
imply that the non-gauge invariant part of %! can only be a linear combination of the
one-forms A’,

7%t = ¢;; A7 + (gauge invariant). (C.17)

Plugging this back in equation (C.16) and using the fact that sn=12? ~ 0 (since 1?2 is

gauge invariant), we recover equation (C.1). This concludes the first step of the proof.

Second step. For the second step, we introduce
N=— /d% (CiCh+ AF'AL), N = (N, )a. (C.18)

The operator N counts the number of A”’s and C!’s minus the number of A7’s and C7's.
Because it carries ghost number —1, it commutes with the exterior derivative, Nd = dN.
Applying this operator to the equation

sUy +d [(fu)'y(xA5C7 + G1AT) + (h) 1 FT AT + 7] =0 (C.19)
gives
< / GF! Uu> +d [( FOL (N + 1)(GDA? + 2(hy) 1 F1A + N(Ju)] ~0.  (C.20)
The second term is evident. The first term is

N(SUu) - (N7 (Su Uu)alt)alt - ((N7 5)7 Uu)alt + (57 (N7 Uu)alt)alt (021)

according to the graded Jacobi identity. The counting operator N kills the Ai’;“ 6MCI term
in the master action S, which implies

(N,S) = [dzAL=Y OLv _ [ g, AL, (xG ) GiF!. (C.22)
N(SAI

Similarly, N kills the first two terms of Uy, leaving NU,, = NK,, which is gauge invariant.
This implies (S, (N, Uy)alt)alt = S(NUu) ~ 0. Therefore, we have indeed

Uy) ~ ( / GrFY, Uu>a1t (C.23)

We now compute ([ G F I Uy )alt using the result of the first step. We have

FE FE :
( / GiF!, Uu) = 5(0521) S AL + 5(0(;;) Sud'. (C.24)
t iz

which proves equation (C.20).

This looks like the U-variation 6,(G7F7), but it is not because there are Euler-Lagrange
derivatives. For a top form w, the general rule is [68]

Ow
= Q" — = “ : 2
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In our case, this becomes

(G FE) S(GFXY . .
I\ _ I 7
6. (GrF!) = 75% ou Ay, + 7 du@' + dpa + d(inv), (C.26)
5§  O(GgFK)
_ 1 J
PA = 8(V) <(fu) JAM 5A'lIL e ddxP : (027)

Using property (C.1) and putting together the terms of the form d(invariant), we get then
from (C.20)

(c1 + 200) 1) FF + d [(£)7 ;A7 (N 4+ 1)(G1) = pa] + d(inv) ~ 0. (C.28)
Now, it is sufficient to prove that
a[(£) AT (N +1)(G1) = pa) ~ d(inv). (C.29)
Indeed, this implies (c7; + 2(hy)1s)FLFY ~ d(inv), which in turn gives
crg = —2(hu)rs + Ny (hw) 1 (C.30)
for some constants A using property (C.3) of the W-type cohomology classes.
Proof of (C.29). We will actually prove the stronger equation
pa=(fu) AT (N +1)(G) (C:31)

in the case where GG; depends on F' but not on its derivatives.

To do this, we can assume that G; a homogeneous function of degree n in A’ i.e.
N (G7) = nGy. If it is not, we can separate it into a sum of homogenous parts; the result
then still holds because equation (C.31) is linear in G.

In components, equation (C.31) is

300 ((quJAiMfWGKwFf%eW) = (4 1)(f) A Grore™™. (C32)
Under the homogeneity assumption N (G1) = nGy, we have
Gror Fe7™ =4d(n+1)Ly. (C.33)
Equation (C.31) now becomes
L <<fu>fJAiMf5f(V)) = LU AL GrgreT (1)
1:(v)p

We now use the fact that G; does not depend on derivatives of F', which implies that the
higher order derivatives 9, are not present and that the Euler-Lagrange derivatives are
only partial derivatives. We then have

1oLy 6Ly 1,
—_ = = —£& UTGIO.T (035)
26AL, ~ OFL, 4

(see (3.1)), which proves (C.34) in this case.
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