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1 Introduction

The conformal bootstrap in two dimensions was described in the pioneering work of Belavin,

Polyakov and Zamolodchikov [1] who discovered a series of minimal conformal field theo-

ries with central charge ¢ < 1. These theories are “rational” in the sense that they have a



finite number of conformal primary operators. This approach was subsequently extended
to RCFT’s with Kac-Moody algebras (WZW models) and other extended symmetries in-
cluding superconformal algebras, W-algebras and parafermion algebras (for extensive ref-
erences, see [2]). In every case, the theories in question have finitely many primaries of the
extended algebra (not just the Virasoro algebra). Their central charge, though greater than
1, falls into discrete series much like the minimal models. The universal concept behind
solving for the correlation functions and partition functions of these theories is to imple-
ment all the constraints arising from the symmetry algebras and then use the decoupling of
special states called “null vectors”. Finally, the coset construction seemed to complete the
picture by expressing large families of theories as the coset of one WZW model by another.

In recent years, interest has somewhat shifted to CFT’s that are not rational (i.e. do
not have a finite number of primary fields under any extended algebra), largely because of
their application in the AdS/CFT correspondence. However, rational CFT’s are far from
being classified and there are several simple ones that do not fall into the categories listed
above. In particular, in [3-5] it has been shown that there are RCFT’s with as few as
two characters (thus, with one nontrivial primary upto complex conjugation and possible
degeneracy) that are not minimal models of any kind. They are also not cosets of two
WZW models, rather they are cosets of a meromorphic CFT of the type classified in [6]
by a WZW model. For such theories the spectrum of primaries, their fusion rules and
the characters and partition function are all known. However there does not seem to be a
straightforward way to identify their extended chiral algebra and null vectors, and thereby
compute their correlators.

The work of [3-5] was based on an approach to the classification and computation
of RCFT characters via modular-invariant holomorphic differential equations [7-9] (for
related work, see also [10-14]). We will refer to this approach as the “Wronskian method”.
In particular it was pointed out that given the method for computing characters, one can
compute correlators in the same way by simply replacing modular invariance by crossing
symmetry and characters by conformal blocks. In this way, for a few specific RCFT’s, [8, 9]
found crossing-invariant differential equations for their conformal blocks which turn out to
be the very same equations found in [15] from the null-vector approach.

In the present work we extend and systematise this approach and apply it to a variety
of rational CFT’s by computing four-point functions of their primaries. The only limitation
is that the correlator should have two conformal blocks. In this way we precisely reproduce
the differential equations found in [1] for the Ising model and in fact for suitable primaries
of all minimal models, making no use of null vectors. Next we apply it to the special WZW
models of small rank and level 1 first classified as a series of two-character CFT’s in [7].
Following the recent literature, we describe this set as the Deligne-Cvitanovié¢ exceptional
series (see for example [16] and references therein). We determine the conformal blocks
simply by plugging in the CFT data into our master formula. This could not have been
done in the traditional approach, since the null vector structure depends sensitively on the
chiral algebra and differs from one series of models to another.

We will encounter some subtleties arising from two facts. One is that few-character
CFT’s tend to have “spurious” primaries, which would be present for representation-



theoretic reasons but decouple in correlators. The other is related: sometimes the rep-
resentation that is forced to flow in a conformal block differs from that of the primary
of that block, as a result of which the leading singularity is determined by a secondary.
Neither of these issues arises in the study of ¢ < 1 minimal models. The latter problem
was identified in two specific WZW models in [8, 9] and in some more general situations
in [17]. Here we investigate it in a broader context and attempt to formulate a general
picture of how it affects the analysis.

As an example of a non-minimal model (of any extended chiral algebra) we consider
the Baby Monster CFT, [18, 19] which was recently described as a generalised coset of
the Monster CFT in [5]. This three-character RCFT has the same fusion rules as the
Ising model, though the primaries have a high degree of degeneracy corresponding to
representations of the Baby Monster group. In this case too, we are able to compute the
four-point correlation functions of one of the primaries. We leave a more detailed discussion
of coset and coset-like theories, including the Baby Monster, for the future.

The plan of this paper is as follows. In section 2 we review the Wronskian differential
equation approach to conformal blocks in the simplest case where the primaries do not have
any degeneracy, and apply the result to reproduce some of the famous equations of [1]. In
section 3 we generalise this method to the case where primaries have degeneracies, consid-
ering separately the case of real and complex primaries. We then apply these results to the
series of two-character CFT’s classified in [7]. In section 4 we apply the same procedure to
the Baby Monster CFT. The computation of monodromies of conformal blocks, normali-
sation factors, and some explicit expressions for the blocks in the Baby Monster case, are
relegated to a set of appendices.

2  Wronskian method for RCFT correlators: single-component primaries

2.1 Differential equation for conformal blocks

In this section we explain the Wronskian method to obtain differential equations for cor-
relation functions of primaries in RCFT’s. This is effective not just for theories having a
small number of primary fields, but for any RCFT where the four-point correlator is made
up of two (or less) conformal blocks. A similar method has been used to classify characters,
and hence partition functions, in such RCFT’s [3, 7, 8, 13]. In situations where the RCFT
correlator is already known to satisfy a differential equation arising from null vectors, this
method reproduces the same equations. However it is more powerful in that it generalises
to RCFT’s where the null vector structure is not well-known, and can be used to extract
both the correlators and characters of such theories.

The general theory is as follows. Suppose we consider a four-point correlation function:

G(2i, zi) = (P(21, 21)d(22, 22) P (23, 23) P24, 24)) (2.1)

where we consider all identical primary fields ¢ and assume they are real and have no
degeneracy. In an RCFT, this correlation function is expressed as a finite sum over the



square of locally holomorphic conformal blocks f1(2;), fa(2:), -, fu(2i):

G(zi,2) = Y mapfalzi)fa(2) (2:2)

anB:l

where m,p are some constants. In this paper we will always consider mqog = dno3, i.e.
left-right symmetric primaries. Under crossing transformations, the blocks f, transform
into each other, but the correlation function is crossing-symmetric. We can also consider
monodromies made up from repeated crossings, for example allow any one of the z; to
encircle another one. Again the blocks f, transform into each other and the full correlation
function is invariant under all such monodromies.

Notice that we have on the one hand, non-holomorphic objects (correlation functions)
that are invariant under crossing, and on the other hand holomorphic objects (the blocks)
that are not invariant but transform into each other under crossing operations. But there
is a very useful class of objects, the Wronskians of the blocks, that are simultaneously
holomorphic and crossing-symmetric. They lead to a complex differential equation of
which the conformal blocks are the independent solutions. This formulation turns out to
be extremely powerful, as one can exploit holomorphy and crossing symmetry together.

One constructs the Wronskians W} from the blocks f, as follows. Pick one of the
arguments of the correlator, say z1, and use the derivative 07 = 6‘971. Here and in what
follows, we explicitly exhibit the dependence of all functions on z1, but should keep in mind
that they also depend on 29, 23, z4. Later, the latter dependence will be eliminated by a
standard choice for 29, 23, z4. Now define:

fi for o fa
ofi Ofa - Oifa
Wi =081 of1fy - OF 11, for k=0,1,---n (2.3)

N Oy o O
orfr 0tfe - Offa

Note that the row involving kth derivatives is omitted in Wj. From the fact that the f, are

holomorphic and that crossing symmetry transforms the blocks into linear combinations
of themselves, it follows immediately that the Wronskians are holomorphic and crossing-
symmetric.

Now it is easy to show that the conformal blocks are precisely the independent solutions
of a crossing-symmetric differential equation. Supposing f(z1) is any linear combination of
the blocks f1, fo, -+, fn. Then we have the equation:

J1 fo o fa f
ohfi Oifs -+ Ofn Oif

S UG A NN Ly o Ly
Mfy Ofa o Wfn ONf




Expanding by the last column, we have:
n
S (=" Fwarf =0 (2.5)
k=0
This is the desired differential equation. Of course the blocks are unknown, and therefore
so are the Wronskians. We only know that they are holomorphic. But using the operator
algebra we can find constraints strong enough to determine them.
The above equation can be written in monic form:

n—1
N fat Y Vpdifa=0 (2.6)
k=0
where:
. Wy
U, = (1" kL 2.
o= 2.)

for all k. Although the W} are holomorphic, W,, in general has zeroes and therefore Wy
are meromorphic. One can easily show that as z; — 2z, where a = 2,3, 4:
1
Wy~ —— where 21, = 21 — 24 (2.8)
“la
In principle ¥, could also have poles at other points where W, vanishes, however since
the conformal blocks on the plane are non-vanishing away from z; — z,, such poles do not
exist in this case.! The ¥j must vanish as z; — co. Indeed, since the number of poles and
zeroes on the plane has to be equal, we have:

Uy — as 21 — 00 (2.9)

30

To precisely determine the Wy, we specialise to the case of small numbers of conformal
blocks. Let us consider the 4-point function of a Hermitian primary ¢4 that is known
to have two conformal blocks. We assume that the fusion rules of the given CFT allow
the conformal families associated to the identity I and one other field ¢p (the latter may
be the same as ¢4 or distinct from it) to flow in the intermediate channel. Because the
field ¢4 is Hermitian, one expects that the identity itself necessarily appears in the first
channel (otherwise the two-point function of the primary ¢4 with itself would vanish). In
the second channel the intermediate state has conformal dimension hp but this may be
either a primary, as we will see in some standard examples, or a secondary at some integer
level above a primary, as we will see in the following section.

Let us label the holomorphic conformal dimensions of ¢ 4, ¢ as h 4, hp. The conformal
blocks f1, fo are associated to the channels AA — I — AA, AA — B — AA respectively.
In this case, as z1 — 2z, with a = 2, 3,4, the leading singularity of the conformal blocks is:

1 1
Ji~ oha Ja~ oha—hp (2.10)
“la Zla

'Such “spurious poles” can exist for torus correlators [8] and also for correlators on the plane with more
than two blocks [20].



and as z; — oo the behaviour is:

1 1
fi~——, far~ 2.11
th“‘ th“ ( )

From this we deduce that as z; — z, the Wronskian W5 behaves as:

1
“la
while as z; — oo, one has:
1
21
Requiring that the total singularity be zero, we get:
12hy —3hp +3=4hs+ 2 (2.14)

We call this the Riemann identity. Eliminating hp using the above equation, the Wronskian
Wy is of the form:

Wy = k(z2, 23, 24) zl_ﬁ(2hA+1)z1_3%(QhAH)zl_ﬁ(zhAH) (2.15)
where the pre-factor k is independent of z.

Let us consider a few simple examples to illustrate this point. The two-character non-
unitary “Lee-Yang” CFT has a single nontrivial primary ¢ with h = —%. The fusion rule
ispxp=1+¢. Thushyg =hp = —%. It is then easy to verify that eq. (2.14) holds. Next
consider the spin field o of the Ising model. The relevant fusion rule is ¢ x 0 = I +¢€. Thus
ha = 1—16 and hp = % and eq. (2.14) is again satisfied. However, models are known where a
primary does not flow in the intermediate channel and the leading singularity comes from
a secondary. When this happens, the equality eq. (2.14) does not hold and one should
replace hp in it by the dimension of the appropriate secondary. For example in [8], 4-point
correlators in the SU(N) WZW model were studied. It was argued there that the obvious
primary cannot flow for reasons of group theory, and the leading singularity comes from
a current-algebra secondary. Then the analogue of the relation eq. (2.14) is not satisfied.
Later we will see that in the Baby Monster CFT, again it is not the primary that flows in
the second channel, but instead the leading singularity comes from a secondary in the block
corresponding to ¢p. However, all these are theories with degenerate (multi-component)
primaries, and we will address that class in subsequent sections.

The differential equation for a pair of conformal blocks is:

OLf + W10 f +Wof =0 (2.16)

From the definition of the Wronskians, one can easily verify that W7 = 0;W5 (Abel’s
relation). Hence, from eq. (2.15):

U, = ——2(2h +1)Zi (2.17)

1= = 3(2ha .

o
=234 <1

This agrees with eq. (2.8), and we have additionally determined the coefficient.



Next, we must determine Wy. From eq. (2.8) this has a leading double pole in each
of the z1;. The coefficients can be determined from the known singular behaviour of the
individual conformal blocks. One finds:

2 1
Uy = —ghA(QhA +1) Z — + (lower poles in z1;) (2.18)
i=2,3,4 i

The form of the lower pole terms in ¥ is determined by the fact that they should depend on
differences z;; by translational invariance, and must be non-singular as any two of 22, 23, 24
approach each other. Also on dimensional grounds they must scale like two inverse powers
of z;. Finally they must respect total symmetry of the correlator under permutations of
z9, 23, z4. Hence this term must be of the form:

P<1+1+1> (2.19)

212213 212214 213714

. . . —2h —2h 4 .
where P is a constant. We now require that when zo — 24, the function 25" “2,," * is a

solution of the differential equation. As a result we find that:

4h 4
3

P="202hs+1) (2.20)

Hence the complete expression for Wy is:

—2ha 1 1
Uy = (2h 1) — 2.21
’ 3 o (z 2,3,4 4, Z ) 220

z Z1i”14
1i i<j 1i<1j

and the differential equation becomes:

1 1
Rf+ 5 (2hA+ 1) < oot ) of
212 214
2h 1 1
—3A<2hA+1>< ) >f
12 214
4h 1
+A(2h,4+1)< > =0 (2.22)
3 Z127213 712714 213714

At this point it is worth emphasising an essential difference between the approach
described here and that pioneered by [1]. In the latter approach, one initially uses null
vectors to find a partial differential equation involving derivatives in all four arguments z;
of the correlator. Conformal invariance is then used to rewrite the desired correlator as
some standard factors times a function of the cross-ratio:

L= 2127234 (2.23)
214232

In this way the original PDE can be converted to an ordinary differential equation in z.
However, in our method we do not need to introduce the cross-ratio at the outset, and we
arrive directly at an ordinary differential equation — eq. (2.22) — in one of the variables,
say z1, with coefficients that depend on the remaining points. By taking 2o, z3, 24 to 0, 1, 00



respectively, we then end up with an ordinary differential equation in z;. This is the stage
at which we rename z; as z. The reconstruction of the correlation function, as a function
of all four arguments, then proceeds precisely as in [1] by treating z as the cross-ratio.

We will label the solutions of the above differential equation as f,(z) and refer to them
as conformal blocks. Next, we define:

G2 = 3 fal2)fal®) (2.24)

a=1,2

Finally to recover the original correlation function G(z;, z;) from these blocks we use:
G(zi, %) = (214232514232)_2hAG(Z, Z) (2.25)

where z has been replaced by its expression in terms of the z;, eq. (2.23).
Taking the limit zo0 — 0,23 — 1, 24 — oo and relabeling z; — z we find:

2 1 1 2 1
2+ 2(2 D(=+—=]0.f—-ha(2 n(--
8zf+3(hA+ )<Z+z_1>8f 3hA( ha + )<z

2
z—l) f=0 (2.26)
Eq. (2.26) is a master equation that determines the correlators for all four-point functions
having two conformal blocks, as long as the primaries have no degeneracy. In particular,
this equation agrees perfectly with eq. (5.19) of [1] once we take (z2,z23,24) — (0,1, 00)
in the latter. Thus we have reproduced the differential equation for two-block 4-point
correlators of identical fields in all minimal models! These are the correlation functions
involving the “degenerate” fields traditionally labelled ¢ 2 or ¢2 1. However, we have not
used the existence or structure of null vectors. As we will see, this enables the method to
extend beyond minimal models.

To solve eq. (2.26) we make the substitution:

—2h 4
f(z) = (2(1 - z)) k(2) (2.27)
and obtain the hypergeometric equation:
.2 4
2(1=2) 02k + S (1= 4ha)(1 = 22) ok + Sha(l — 4ha) k =0 (2.28)
Comparing with the standard form of the equation:
2(1-2)0%k+ (c—(a+b+1)2) 0k —abk =0 (2.29)
we find that the parameters a, b, ¢ are given by the following relations:
4
c=2(1—4ha), a+b+1=32(1—4hy), ab= —ghA(l — 4hy) (2.30)

from which we get:

B 1—4hy

T b= —4hy, c=2(1—4hy) (2.31)

a



Inserting the well-known solutions we have:

ki(z) = oF1 (3(1 — 4ha), —4ha; 3(1 — 4ha); 2)

oo (2.32)
ka(z) =Nz~ 5 oF; (3(1—4ha), 2(1+ 2ha); 3(1+2ha); 2)

where N is a normalisation factor. To obtain the actual conformal blocks we must normalise

them correctly and restore the power of z(1 — z) removed in eq. (2.27). The first block is

already normalised for the following reason. As z; — zo, we have z — 0. Now in this limit

the original correlator goes like m and this behaviour is already taken care of by

the prefactor in egs. (2.27) and (5.25). Hence we must have ki(z) — 1 as z — 0, which is
indeed the case. Hence it only remains to compute the normalisation of the second block.
By performing the crossing transformation z — 1 — z and requiring the normalised blocks
to transform by a unitary matrix, which renders the full correlator crossing-invariant, we

can determine this normalisation N. This is carried out in the appendix.

2.2 Examples: Ising model

Here we specialise to the Ising model. Let us start with the spin field, for which h4 = %.

We know that hp = % (the energy operator) and this is confirmed by solving eq. (2.14).
Inserting the value of h4 into eq. (2.26) one finds the equation:
3/1 1 3 /1 1)
02 |-+ — 0. f—=-— = 2.33
Zf+4<z+z—1> 2 64<z z—1>f (2:33)

in perfect agreement with eq. (E.21) of [1].
Following the procedure in the previous section, we find the conformal blocks to be:

A(z) = (2(1 =) %2F1 (3,1 152)

~5,3 31.3 (2.34)
fa(2) = N (2(1 = 2)) #2228 (3, 335 2)
In this special case the hypergeometric functions reduce to elementary functions:
1 1
2F1 (1, —3i%:%) = %((1 +Vz)2 + (1 \/5)5>
3 1.3 1 1 (235)
R (1 4:32) = (1+va)?! - (- va)?)

and the desired correlation function of o is therefore:

4
_ 1
(Term) = —— (1A + N°I12P) (2.36)
i=1 2142327

Finally, we use eq. (A.11) of appendix A to find N' = % )

The other primary of the Ising model is the energy operator € with dimension h4 = % .
We know that its fusion with itself only generates the conformal family of the identity.
However, if one inserts hy = % in eq. (2.14) one finds hp = % suggesting the presence
of a new primary. This is our first example of a “spurious” primary, and we will formu-

late the differential equation as if such a primary exists. The corresponding conformal



block will decouple as we show below.? The above information determines the differential

2
a§f+§<i+ ! >azf—§<1— ! )f:o (2.37)

z—1 z z-—1

equation to be:

Following the procedure above we end up with the conformal blocks:
-1
fi(z) = (2(1 = 2)) ok (=2, -5 -5 2)
-1 5
f2(2) = N (2(1 = 2)) " 252F1 (=3, 55 5: 2)

From eq. (A.11) the coefficient N of the second block is found to vanish in this case. The
first hypergeometric function takes the elementary form:

(2.38)

o F (—2, —%; —%; z) =1—z+ 22 (2.39)

As a result, the correlation function of the dimension (% ) %) operator e is:

2
‘ (2.40)

4 . ,
Zi,y Zi = 1—2+ 22
<lHl¢€( ' Z)> |214232|% |2(1 — z)|2‘

This is easily seen to agree with the more manifestly symmetric expression that arises by
writing € = 91 and computing the correlator by Wick’s theorem:

4
<ZH1¢e(Zia Zz')> =

2.3 Examples: minimal models

1 1 1|

+
212234 213724 214223

(2.41)

More generally, the field ¢, s in an arbitrary unitary minimal model with (p, p") = (m+1,m)

has dimension:
b - ((m+1)r —ms)? -1
e dm(m + 1)
If we choose (r,s) = (1,2) then the fusion rules produce the identity and ¢; 3. Thus the

(2.42)

four-point correlator for this field always has two conformal blocks. We easily find that:

m — 2 m—1
—— higs=hp=—— 24
Am+1) WP T (243)

hig=ha=

These values are seen to satisfy eq. (2.14). Inserting ha into eq. (2.26) we reproduce

eq. (8.71) of [2] for arbitrary m, where ¢ of that equation is a1~ As above, the solution

can again be expressed in terms of hypergeometric functions and the structure constants
fixed by crossing symmetry to obtain the correlation function.

Next consider the field ¢2 1 which fuses into the identity and ¢3 ;. The dimensions this

time are:

m+3 m + 2
h271 =hy = R h371 =hp=—— (2.44)
m m
Again these values satisfy eq. (2.14) and upon inserting h4 into eq. (2.26) we reproduce

m+1

eq. (8.71) of [2] where t of that equation is now ™=. This equation is solved in the same

manner as indicated above.

2This role of the hp = % field was also known from the minimal model approach in [1]. We recover it in
our approach just from the Riemann identity, independently of null-vector considerations or the Kac table.

,10,



3 Wronskian method for RCFT correlators: multi-component primaries

Many CFT’s have primary fields with multiple components. For example, in WZW models
the primaries transform in representations of the Kac-Moody algebra. However there are
also models without any Kac-Moody algebra where the primaries have multiplicities — one
such example is the Baby Monster CFT ([5, 18, 19]. In this case the multiplicity is ascribed
to the transformation property under representations of a discrete group, the Baby Monster
group. We will attempt a unified description of all such cases. We will consider two sub-
cases, for real and complex primaries respectively. In the latter case each primary must
appear along with its complex conjugate in order for the correlation function to be non-
zero. On the way we encounter a significant complication relative to the cases addressed
in the previous section, which was noted in specific cases in [8, 9] and investigated in a
somewhat more general context in [17]: when a primary has a multiplicity, the indices must
be combined pairwise into definite representations that flow in the intermediate channel,
and this creates “selection rules” which influence the singular behaviour of the conformal
blocks, the Wronskian and the differential equation. As mentioned previously, these rules
can forbid the flow of a primary in specific intermediate channels and the leading singularity
comes from a secondary.

3.1 Real primaries

We first consider the correlator of four identical primary fields ¢, (2, Z) where a, b run over
the left and right degeneracies of the primary respectively.? Define:

ga1a2a3a47b1b2b3b4 (Zi, zi) = <¢a1751 (217 21)¢a2,b2 (227 22)(25613,53 (Z37 53)(25&4754 (247 24)> (3'1)

Now crossing symmetry does not merely consist of the interchange z; <+ z;, but must be
accompanied by an interchange of the indices a;, b; <+ a;,b; as well.

On the assumption that the degeneracies labelled by a;, b; are due to transformation
properties in an irreducible representation R4 of some symmetry group, we can expand
the correlation function in terms of irreducible representations:

ga1a2a3a4,b1b2b3b4 (Zi, 21) = Z Dl(llljalzagalel()Il)l))ngbzlg(p) (Ziv Z’L) (32)
RyeRAQRA

where R, runs over all irreducible representations contained in R4 ® R4, and Dc(fl’)awgm are
tensors that combine R4 ® R4 into Ry, in the (aja4) and (agasz) channels (and similarly for
Dl(ff 22b3b4).4 Because of the assumed fusion rules, each G will be given as the sum of two
conformal blocks:

P (zi,z) = > [P () P (%) (3.3)

a=1,2

As in the previous section, we take ¢ 4 to have holomorphic conformal dimension h 4. Since
this field is real, one of the blocks is associated to the conformal family of the identity

3Here we restrict to left-right symmetric primaries, but the discussion is easily generalised.
“This is a different choice from that made in appendix A of [8] and section 4.2 of [9]. The reason will
become clear below.

— 11 —



operator. The other will be the conformal family of a primary of dimension hp. In
special cases this primary can coincide with the original one, and in that case we would
have hg = h4.

We now seek a set of second-order differential equations for the fo(lp ), proceeding as in
the previous section but with some notable differences. The key point is that as z; — 24, the
leading behaviour of the conformal blocks (which was crucial to determine the Wronskian
and hence the differential equation) is not necessarily governed by a primary propagating
in the intermediate channel. Indeed, due to the fact that the indices (ai,a4) and (a2, as3)
are combined into definite irreducible representations, it can be that group theory forbids
the flow of a primary in the intermediate channel, and even of certain secondaries upto
a suitably high level. Accordingly, we assume the two blocks fo(ép ) (zi),a = 1,2 have the
following behaviour as z; — z4:

ffp)(zi) ~ ﬁ7 2(p)(zz‘) ~ m (3.4)
214 “14
where n1,n9 are integers > 0 which label the lowest secondary that can flow in the corre-
sponding channel, given the representation R,. For example if R, is the identity then we
will have n; = 0 and if R, = R4 then we will have ny = 0.

To continue, we need the behaviour of the same blocks as z; — 2z9,23. Since we
have chosen definite representations to flow in the (14) — (23) channel, we will not have
definite representations flowing in the other channels. Therefore in those channels, the
primary intermediate state will indeed determine the leading behaviour of the blocks. Thus

as 21 — z9:
1 1
PG ~ 5 BP) ~ 5 (3.5)
“12 212
The same equation also holds with zo replaced by z3. Finally, at infinity we have the usual
behaviour: . .
M)~ e (@) ~ (3.6)
21 <1

As a result, the Wronskian W5 behaves as:

1
21— 29 Wor~v ——
4hpa—hp+1
212
1
a =z War s
<13
(3.7)
W 1
21 240 2™ Tdha—hp—ni—na+1
z
14
1
21— 00! W2 ~ m
21

Requiring that the total singularity be zero, we find the Riemann identity for this case
to be:

3hp+n1+mne=8ha+1 (3.8)
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Note that this determines only the sum nq + ng and not the individual values of ni,no. It
is precisely this pair of individual values, satisfying ni + no = 8ha — 3hp + 1, that labels
the different allowed irreducible representations R, in eq. (3.2). Note also that 8h4 — 3hp
must therefore be an integer > —1 in order for the 4-point function of any CFT with the
given fusion rules to be non-vanishing.

Defining N = n; + ng and solving for hp, the Riemann identity eq. (3.8) can be

expressed as:
_ 8ha+1-N

3
This can be used either to find hg if N is known from group theory, or to find N if hpg is

hp (3.9)

known via fusion rules. Next let us re-label ny = n where 0 <n < N, son; =N —n. We
can now identify n with the index p in eq. (3.2). With this labelling, Ry is the identity
representation while Ry = R 4. Henceforth we will treat h4 and N as the two independent
quantities labelling the CFT, with hp being determined by eq. (3.9). Then, n labels the
component of the correlation function that we are computing and eq. (3.2) can be written:

N
ga1a2a3a4,b1b2b3b4 (2i,2i) = Z Dg;%gagm Dl(;?lnggb4g(n) (2, i) (3‘10)
n=0

It should be evident that the non-degenerate case discussed in section 2 corresponds to
N =0.

Let us now turn to the calculation of the N 4 1 functions G (z;, %), each of which
arises from a pair of holomorphic conformal blocks satisfying:

OF ™) (25) + 0101 f ™) (2) + Wo f ™ (z) = 0 (3.11)

Using the singular behaviour of the Wronskian W5 obtained above and eliminating hp via
eq. (3.9), we find:

—2(2ha+1+8) —2(2ha+1+8) -2 -
Wgzm(22,23,24)z123( At Jr2)7;133( At +2)z143(2hA+1 ) (3.12)

It follows that:

Wy 2 12 N 1 1
U, = — = ZhA+ 1 =N — 4+ (b +1+— ) [ —+ — 3.13
) ", 3( A+ )214+3< A+ +2>(m+213> (3.13)

Finally we determine Wy. This takes the form:

1 1 2 1 1 ~
‘Ifo (2hA—N+’I’L)(2hA —|—1 —N—?)TL)T - ghA(2hA +1 —N) <2 + 2) +\I’0(21i)

-3 214 212 *13
(3.14)

where Ug has only simple poles in the z1;. Using dimensional analysis and the residual
symmetry zg <> z3 we can write:

~ 1 1 1
¥y =Q ( + ) +R (3.15)
2127214 213214 212713

where @ and R are constants. We determine them by taking suitable limits and comparing
double poles. For @), we consider the limit z; — z3, 20 — z4. In this limit, the differential
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equation is solved by 21}2“2212“. Similarly we take the limit zy — 24,20 — 23 which

determines R. Hence we find:

Q:MLTA(2hA+1+2n—% )—%(N—n)(l—{—?m—]\f)
(3.16)
R= 4]ALTA(QhA—i—1—2n+N)4—%(N—n)(1+3n—]\7)
One can verify that for n = N = 0, these expressions reduce to Q = R = P where P was
evaluated in eq. (2.20) above.
Now we combine egs. (3.13)—(3.16). As in the previous section, we take the limits
29 — 0,23 — 1,24 — 00.% Denoting z; by z, we finally get the differential equation:

2 N\ /1 1 2 1 1
2¢(n) | 2 MY (L )y J_ 2 (et
o f +3<2hA+1+ 2><Z+Z_1>8Zf +{ gha(2ha+1 N)<22+(2_1)2>

G e ) e AU

Thus we have arrived at a set of N + 1 master equations (one for each value of n lying
between 0 and N) for the four-point functions of identical, real fields in any RCFT as long
as the correlator has only two conformal blocks.

To solve each equation, we make the substitution as before:

—2h
F(z) = (z(l - z)) k() (3.18)
The power in this equation does not depend on n. This happens because the coefficients

of the pure single and double poles in the above equation are both independent of n (only
the coefficient of the mixed pole depends on n). The result is:

2 N 1
2(1—2)0%k+ (3(1—4h,4)+3> (1-22)0.k—5 (4ha=N+n)(dha—1+N=3n)k = 0 (3.19)

Comparing with the standard form of the hypergeometric equation, we get:

1
a= (1 —4hs—N +3n)

b=—4hy+ N —n (3.20)
2 N
= —(1—4h —
¢= 3l —4ha)+ 3
As a result, the two conformal blocks for each n are:

£ ) = (21— Z))*QhAgFl(é(l —4hg — N +3n), —4ha + N —n; 3(1 — 4ha) + %;z)

8hg+1-N
3

n n —2h
£ (2) = N (2(1 = )
x o Fy (%(1+2hA—N)—|—n,l_4h++2N—n;%(l-l-QhA)—%SZ) (3.21)

The monodromy matrix and normalisation constants A, for this case are computed in
appendix B.

This too is different from the limit taken in [9]. In that reference, the limits were chosen to simplify
the equation, but in the convention where the group theory factors created a definite representation in
the (12) and (34) channels. Here, however, we have chosen the group theory factors to create a definite
representation in the (14) and (23) channels so that we can retain the standard limits for 2o, 23, 24.
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3.2 Complex primaries

When ¢, is complex, we label it ¢,;(z,2) and its complex conjugate ¢;5(z,2). The
correlation function of interest now has two complex fields and two complex conjugates:

Ga1&2&3a4,b15253b4 (Zi’ 21) = <¢al7bl (217 21)¢62,52 (Z27 22)¢&3,l_)3 (23’ 23)¢a47b4 (’247 24)> (322)

We decompose it as:

Ga1a2a3a4,b15253b4 (Zi? 27/) = Z Dgzl))@za3G4Dl(;f%263b4G(p) (Zi’ 21) (323)
RpeRAQRA

The reason to arrange the fields in the order ¢p¢¢¢ is related to our choice in the previous
section that the group theory factors give definite representations in the (14) channel.
When we do this in the complex case and let the last field be ¢, the answer is symmetric
under interchange of the remaining two ¢ fields. Hence the resulting differential equation
will be symmetric under zo <+ z3 which is a useful simplification.

We now have two different fusion rules:

o4 ®pa =1+ ¢p, $A®daA = dc + ép (3.24)

and this will significantly influence the final result, though the method remains the same
as in the previous sections.

Again we assume that D and D are chosen to combine the representations of fields
®ar by and ¢y, p, into a definite representation of the algebra. The representations of o
and ¢
flow in the intermediate channel when we fuse z; — 24, while generic representations will

a2,b2

ds,b; Will also combine into that same representation. This only restricts what can

flow in the other channels. It follows that in the various coincident limits, the blocks behave

as follows:
oz f e ) g 2hatha
Z1 — 23 fl(n) ~ Zl_:,’QhA7 fg(n) ~ Zl—?)QhA-&-hB (3‘25)
21— 24t fl(") ~ Zl—thJrthrN—n fQ(n) N Zl—42hA+hD+n

Incorporating the standard behaviour at infinity, the Riemann identity is now:
2hg +hc+hp =8hy+1—N (3.26)

As an example, for the fundamental primary of SU(M); we have:®

b M?—1 b M

AT oMM + k) BT Mtk (3.27)
" (M —-2)(M +1) 5 (M 42)(M—-1) ’
CT MM+ k) D= M (M k)

SWe label the SU algebras by the integer M to avoid confusion with N and n which were introduced
around eq. (3.9).
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In this case it is easily seen that N = 1 always. From group theory, this corresponds to the
fact that ¢ (resp. ¢p) are the symmetric (resp. antisymmetric) representations contained
in the tensor product of the fundamental with itself, but when we combine the group indices
into symmetric/antisymmetric combinations, one or the other of these primaries cannot
flow and has to be replaced by the secondary immediately above it. Notice also that
eq. (3.26) above corrects a typo in eq. (A.5) of [8], whose r.h.s. should be —4h, — 2 in the
notation of that paper.

Following the same procedure as in the previous section, we are now led to the differ-
ential equation:

11 1
92 ™ + [(4h,4 —hp+1) ( - ) + (4hg —he —hp + 1)} Ay, f™
Z12 %13 214

1 1 1
+ [— 2ha(—2h4 + hp) (2 + 2> + (=2ha +hc + N —n)(—2ha +hp +n)—5
12 “13 214

1 1
+ ((—QhA-i-hc-i-N—n)(—QhA-l-hD-l-n)—2hA(—2hA+hB))< + >
212714 Z13%14
+ <2hA(10hA —%hp —he —hp — N +2)
+ (—2hA+hC+N—n)(—zhA+hD+n)) ]f(") =0 (3.28)
212713

If we take N = 1,n = 0 and exchange 23 <+ 24, this agrees with Eq. (A.10) of [8] which was
derived for precisely this case. However our result above has more general applicability as
we will soon see.

At this stage we take the limit zo0 — 0, 23 — 1, 24 — o0 to recover an ordinary
differential equation:

11 1 1
2 ¢(n) _ Sy (n) - — -+ —3
021 ™) + (4hy hB+1)<Z+Z_1>3zf +[ 2ha( 2hA+hB)<22+(Z_1)2>
n <2h,4(10h,4 —2hp —he —hp — N +2)+
N
z(z—=1)

This is converted into standard hypergeometric form by the substitution eq. (3.18) and we

(=2ha +he + N —n)(—2hs + hp + n)) ] Fm =0 (3.29)

end up with:
2(1—2) 82k +(1—hp)(1—22) 0.k™ — (4hy—hp —n)(4ha—hc —N+n) k™ =0 (3.30)

Comparing with the standard form, we identify the labels a,b,c¢ of the hypergeometric
function to be:

a=—4hs+ hp +n
b=—4hs+hc+ N —n (3.31)
c=1—hp=3%(1—8ha+hc+hp+N)
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The solutions are:
P = (21 = 2)) P49 F (= dha + hp + 1, —4ha + ho + N —n; 1 — hp; 2)

£ = N (2(1 = 2))2ha s (3.32)
X oF(—4ha+ hp +hp +n,—4ha + hp + hc + N —n; 1+ hp; 2)

As a check, this reduces to the real case of the previous subsection if we put he = 0 and
hp = hp. Finally, the monodromy matrix and normalisation constant are computed in the
appendix C.

3.3 The Deligne-Cvitanovi¢ exceptional series

In [7], a class of 2d Rational CFT’s was completely classified: those with precisely two
characters and no zeroes for the leading Wronskian. The result was 7 WZW models, having
central charges satisfying 0 < ¢ < 8, and one non-unitary minimal model — the so-called
Lee-Yang theory. Several years later it was observed by Deligne that the Lie algebras for
precisely these CFT’s have special representation-theoretic properties [21, 22]. Following
current literature (e.g. [16]) we refer to this as the Deligne-Cvitanovié¢ exceptional series.”
Each of these models has either (i) a single real primary field other than the identity, or
(ii) a single complex primary field, (iii) three primaries of the same conformal dimension
(due to triality). Let us apply the above method to each of them in turn.

While the bootstrap method as implemented in this paper does not require a priori
knowledge of the current algebra and spectrum of integrable primaries for WZW models,
we do have that knowledge for all elements of the Deligne series. This fact will be useful
for us to verify our results, and in a few difficult cases will have to be used to supplement
the bootstrap information. Some formulae relevant for WZW models are as follows. The
Virasoro central charge is determined by:

Cidimg
k+4g

(3.33)

where G is the algebra, k is the level and ¢ the dual Coxeter number. The conformal
dimension of a primary in the irreducible representation R is:

X-(X+27)

h= 2(k+g)

(3.34)

where X, p are respectively the weight of the representation and the Weyl vector. There is
a convenient way to rewrite this. We have:
dimG

X-(X+2p) = G (R) (3.35)

"As an aside, [7] also discovered a theory lying “between” E7 and Es, which satisfies most axioms of CFT
(except that the “identity” is degenerate). This matches the so-called E7.5 algebra [23]. We are grateful to
Yuji Tachikawa for pointing this out.
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where the index ¢(R) of the representation is relatively easy to look up, for example in [24].
Inserting eqs. (3.33), (3.35) into eq. (3.34) we find:

cl(R)
=7 3.36
2dim(R) (3:36)
For example in SU(2) we have:
0(5) =330 +1)(2j +1) (3.37)
where j is the spin, from which one recovers the well-known formula:
JG+1)
h = 3.38
k+2 (3:38)
3.3.1 SU(2);
This theory has a single primary field of dimension h4 = % in the doublet representation

of SU(2) and fusion rules ¢4 x ¢4 = II. Thus there must be a “spurious” primary, as was
the case for the Ising model considered earlier. From eq. (3.9) we see that hg = 1 — %
Now since a spin—% primary fuses with itself into two representations, of spin 0 and spin
1 respectively, we have the possibility of n = 0 and n = 1. It follows that N = 1 and the
spurious primary has dimension hg = % Inserting ha = % and N = 1 in eq. (B.1) and
eq. (B.4) gives:

A7) = (21 2) 2R (= i §i2)
fzn)(z) = N(")zg(z(l — z))_% o (n+ 1,2 —n;2;2)

A - D(E3) f - )T+
rZ \ rn-5ren

We see that for the allowed values n = 0, 1, the normalisation factor vanishes. This means

(3.39)

that the second block decouples and we have only a single conformal block for each n,
namely fl(n)(z), as expected from the fusion rules. Note that if we had instead assumed
N = 0 or N = 2, this decoupling would not have taken place, confirming that we must
have N = 1.

The surviving blocks can be written in terms of elementary functions as:

100 = G-t = ea- b (L4 )

N|—=

1 1 (3.40)
V) = (21— 2)"2(1 - 22) = (2(1_2));<_ >
z 1—z
Thus the final four-point function takes the form:
DyDy + D1 D DoDy — D1D
Gz, 2) = (22(1 — 2)(1 — z))3 (2020 F Pl | Polo = D1t
zz z(1—2)
(3.41)

DoDo — D1Dy ~ Doly+ D1Dy
- + =
zZ(1—2) (1—-2)(1-2)

where Dy = Dé?)am(m, Dy = Dé1?)2bdb4, D = Déll)awgw and D; = Dl()iszsIM.
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As a check of our result, we can compare the above blocks with those computed in
egs. (4.10a,4.10b) of [15], evaluated for SU(2). After changing basis from I, I5 defined
in eq. (4.5) of that paper to I; £ I (which is the basis in which definite representations
propagate) we have confirmed that they are equal.

3.3.2 SU(3),

There are two primaries, the 3 and 3. In this case we must consider the correlator for two
3’s and two 3’s. We have hy = % The fusion rules, as discussed above, are:

o4 ®pa =1+ ¢p, Pa®ba=¢c+ ép (3.42)

with hp = %,hc = % and hp = %. From the study of WZW models we know that the
primaries corresponding to hg and hp are absent from the theory, these are respectively
the 8 and the 6 of SU(3) and are decoupled at level k = 1. Hence we should find just
one conformal block at the end. With our method, this fact emerges on its own from
computation of the normalisation, just as we saw in the previous case. Indeed, after
verifying that the Riemann identity eq. (3.26) is satisfied for N = 1, we insert the conformal

dimensions into eq. (3.32) and find:

fl(n) =(2(1- Z))_%2F1 (n— %, —n; i;z)

(n) 3 2 (3.43)
£ = N2 (2(1 = 2)) 750 (n+ 4,8 —n; §52)
From eq. (B.4) the normalisation factor is found to be:
r(-3) /T(3-n)r(1
N = (34)\/ ¢ ”3 L) (3.44)
L)V I'(n—5)T(=n)

As expected, this vanishes for both n = 0 and n = 1, confirming that there is a single
conformal block for SU(3), namely fl(n)(z).

The surviving blocks for the four-point function can again be expressed in terms of
elementary functions:

16 = G-2) "t = Go-a) S+ 15)

z 1—z
1
3

(-i)

We note in passing that the computation here is valid for all SU(M);, and this normal-

(3.45)

isation factor will not vanish for M > 3 since the adjoint then becomes a regular primary
field. Indeed, the relevant tensor products in SU(M) are:

M® M = 1® Adjoint

(3.46)
M&®M = Sym & Antisym
which for SU(3) translates into the well-known:
33=1®8
- (3.47)
3®3=603
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Thus in every fusion, from the group theory point of view there are two output primaries.
It is easy to see that the integer N should be one less than the number of output primaries,
because this gives N + 1 allowed values of the integer n (which ranges from 0 to N) and
each of these corresponds to the case where one of the output primaries can flow in the
intermediate channel. This explains why, as noted in the previous section, N = 1 for all
SU(M); theories. It also gives a way of computing N in all WZW models.

3.3.3 (Ga),

The single primary ¢4 is real and has dimension hy = % The fusion rules are ¢4 X ¢4 =
I+ ¢a. Eq. (3.9) gives hp = % — % Since the fusion rules imply hy = hp, we find
from eq. (3.9) that N = 3. This is confirmed by the group-theoretic relation that the
fundamental of G9 satisfies:

TRT=1676146 27 (3.48)

As discussed above, these four possibilities correspond to N = 3.
Inserting hy = 2 and N = 3 in eq. (B.1) and eq. (B.4) gives the conformal blocks and
normalisation factors respectively to be:

A7) = (2= 2) R (- 8.7 - midi2)
AP =N (21— 2) 223 5R (- 4,9 - n: Ti2) (3.49)
o LD TG
rEVrE-nre-3)
3.3.4 SO(8);
Here there are three different primary fields, all of dimension hy = % If we consider

correlators of four identical primaries, the fusion rules permit only the identity family to
flow — thus we should have a single conformal block and the other one should be spurious.
Eq. (3.9) gives:

5—N

hp = —5— (3.50)

Notice that N = 0 would give hp = g, which gives back the case of the dimension—%
primary of the Ising model that we encountered above. As we saw, one of the blocks then
decouples. However in the present case each of the primaries is 8-fold degenerate so N
typically has a nontrivial value. Indeed, any of the 8’s of SO(8) satisfies 8®@8 = 1®28® 35.
Following the previous rule (that N is one less than the number of representations in
$A ® ¢a) we should have N = 2. With these values we find that the parameters (a, b, c)
of the hypergeometric equation turn out to be (n — 1, —n, 0) respectively. It is well-known
that when ¢ < 0, the solutions of the equation are different from the usual ones. In fact
it is simpler in this case to solve the equation directly in terms of elementary functions.
We have:

1 1 1
2™ +2 <Z + 1) =S 4 (n=2)(n+ 1) ——5 /" =0 (351)
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For n = 0,1 the independent solutions are simply:
f 1n) () =
EROE

while for n = 2 one has f1(z) = 1, a constant solution, along with a logarithmic solution

— (3.52)

that we discard. Thus finally one has the correlation function:
1 2
Ga1a2a3a4ﬁ1&2§3&4(zv z) = ;50»1(125&3&4 + E(Sal%é@m — dayasOazas (3.53)
which precisely agrees with the answer obtained using the free-fermion description of this
theory (as a system of 8 free Majorana fermions with correlated spin structures).

3.3.5 (F4)

This has the same fusion rules as the (Gg); theory, and was studied in [9]. The primary has
hy = % and corresponds to the fundamental representation of dimension 26. The analysis
of [9] explicitly identifies N = 4. This result follows immediately from the Riemann identity
eq. (3.8), and independently from our rule that N should be one less than the number of
irreps produced in:

26026 =1026 D52 273 S 324 (3.54)

From eq. (B.1) and eq. (B.4), the blocks and normalisation are found to be:

(3.55)

() FE-aT@-)
e

This is a very quick re-derivation of the result of [9], showing the power of our general

formula.
3.3.6 (E¢)
This theory has a complex primary in the 27 of Eg having conformal dimension % The

fusion rules are the same as for the SU(3); theory. The relevant tensor products are:

27T®27T =16 78 ¢ 650

. 3.56
27 ® 27 =27 $ 351 ¢ 351’ ( )

From previous discussions, the fact that there are three output primaries in each channel
indicates that N = 2.

Out of the representations appearing above, note that only the 27 and 27 are genuine
primaries of this theory, while the remaining primaries are spurious at & = 1. Their
conformal dimensions, according to eq. (3.36), are as follows:

. _ 12 . __ 50 . __ 56 . __ 18
78: h=12 351: h=20 351: h=2% 650: h=18 (3.57)
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We now have a puzzle in trying to satisfy the Riemann identity:

2hp +he + hp + N = 8ha + 1 (3.58)

Here, we have ha = % and ho = % However, the role of ¢p is played by two fields, the

78 and 650, of dimensions % and % respectively. Similarly the role of ¢p is played by
two fields, the 351 and 351’, of dimensions % and % respectively. In principle we should
therefore extend our approach from two to three conformal blocks in each channel, which
entails re-doing the entire differential equation approach for this case. However there is an
intriguing numerological fact that reproduces the result we already guessed for N, namely
N = 2. Suppose we set hp to be the average dimension of the 78 and 650, which is %
Similarly we set hp to be the average of the 351 and 351’ which is %. Now insert these
values of ha,hp, hc, hp into the Riemann identity to get:

_ 2 15 2 53 _
N=1+8x2-2x1_2_5_ (3.59)

This is rather remarkable and points to a definite procedure to incorporate decoupled or
“spurious” fields. We will use these values of hg and hp to determine the conformal blocks
and normalisations. In the next section we will see that this approach also works for E7.

With the above data we can write down the conformal blocks and normalisation factor
from appendix C. These come out to be:

(2) = (2(1 - 2))

(3.60)

We see that the normalisation factor vanishes for n = 0, 1,2 confirming as expected that
there is a single conformal block.
These blocks can be written in terms of elementary functions:

1(0)(2) = (z(1—- z))_% =(z(1 - z))_% (1 + : i Z)

(3.61)
6 = (-2 -2 = -2 (- )

3.3.7 (E7);

Here we have a real primary with hy = %. The fusion rules are those of the SU(2); theory,
so there is just one conformal block. For E7 we have:

56 ® 56 =13 133 © 1463 d 1539 (3.62)

so there are 4 output representations, of which the last three decouple at k = 1. Their
indices are respectively (12, 36,660, 648) from which their conformal dimensions are found
to be:

. _ 3 . __ 18 . _ 30 . __ 28
56: h=1, 133: h=1{5, 1463: h=135, 1539: h= 1§ (3.63)
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From this we deduce that one should have N = 3. The Riemann identity for the real
case then implies that hp = %. But again we are in a situation where there is no single
hp. In its place there are three spurious fields, namely 133,1463, 1539, whose conformal
dimensions are listed above. Remarkably, the average dimension of these three primaries
is seen to be %.

Thus we can use the formulae for conformal blocks of real fields with this value of hp.

Wl

The result, from appendix B, is:
F) = (21— 2)) 29F) (n—3,-n; =1 2)
F(2) = N 23 (2(1— 2)) "2 (n— 14—y L)
prszé)¢F@—40Nn+D
L(5) V T(n=3)T(=n)

Again, as expected, for all allowed values of n namely n = 0,1,2,3, the normalisation

(3.64)

factor vanishes, the second block thereby decouples and we are left with a single block.
The blocks can be written in terms of elementary functions:

D) = (21— 2)77 = (2(1 - 2))~ (i +3 i Z)
W) = (1 -2)77(1-22) = (2(1 - 2))~ <i -5 :Z>

Satisfyingly the answers for Fg and E7 reduce to elementary functions, as expected

N|=

(3.65)

3
2

N[

from the fact that these can be described as free scalar theories on the lattice of the cor-
responding Lie algebra. From the Wronskian approach, these cases required a speculation
about the way spurious primaries should be incorporated. It is likely there is a more
rigorous way to understand their role. Note that in contrast, the G5 and Fj cases were
straightforward in the Wronskian approach without additional assumptions, and (because
these algebras are not simply laced) the answers are not elementary and really do require
hypergeometric functions.

3.3.8 Non-unitary minimal model

For completeness let us discuss the first theory listed in [7], the non-unitary minimal model
with ¢ = —%2 and a primary of dimension hy = —1. This case was also worked out in [9].
The fusion rules are ¢4 X ¢4 = I + ¢p4. The primary is non-degenerate, so we must have
N = 0. The same result is independently confirmed by using eq. (3.9) to determine:

1 N

hp=———— 3.66
B=—¢-3 (3.66)

We see that in order to have hy = hp we indeed have to set N = 0. There are two blocks,
given by:
n) 2 3 4 6
N7(2) = (2(1=2)) 2L (n+ 5,5 — i 552)
2
) =N (1= 2) P h R (n+ 3,8 = nii2)

N — r(s) \/F(é+”)r(§_”)

F(=5) VT (n+3)r(5-n)

(3.67)
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4 Correlators of the Baby Monster CFT

Let us now review the Baby Monster CFT. This was originally discussed in [18, 19] where
it was shown that the characters encode the dimensions of representations of the Baby
Monster group, much in the way that the Klein j-invariant (with an appropriate constant
added) reproduces the dimensions of representations of the Monster group.

The Baby Monster theory was recently re-discovered in [5] by looking for three-
character RCFT’s with no Kac-Moody currents. The results of that search were reported
in table 1 of that reference. The theory in the last line of the table has central charge
c= % and two primaries other than the identity, with dimensions h; = % and ho = % and
this is the Baby Monster CFT. Its characters satisfy a differential equation constructed
there and it is easy to obtain the g-expansion to any desired order. Concretely, to the first
few orders one finds the three characters to be:

Xo=q = (1 + 9625642 + 9646891¢° + - - )
%1 = g2 (96256 + 106024969 + 4208312324 + - - ) ()

%o = g (4371 + 11437459 + 6468060142 + - - )

which confirms, with very little work, the results originally obtained in [18, 19] using Vertex
Operator Algebras (VOA).

Additionally, it was shown in [5] that these characters satisfy a bilinear relation with
the characters y; of the Ising model, such that the bilinear combination is the character of
the ¢ = 24 Monster CFT:

Z Xi(T)xi(7) = j(7) — 744 (4.2)
i=0,1,2
This establishes the Baby Monster CFT as a sort of generalised coset, analogous to the
ones defined in [4], of the Monster CFT by the Ising model. One useful consequence is that
the fusion rules of the Baby Monster are the same as those of the Ising model. This fact
will be used when we compute the correlation functions.

It is worth remarking that although nominally the Baby Monster is made out of 47
copies of the Ising model, it is rather difficult to explicitly construct its characters just from
this observation. For example, the identity character o of the Baby Monster is not simply
the 47th power of the identity character xg of the Ising model. This is basically because
numerous spin-2 primaries contribute to this character, such as 1*, 083, 01642, 024¢) and
032 (this is to be understood as shorthand for the product of the corresponding fields across
different copies of the Ising model). The utility of the differential equation/Wronskian
approach is that we do not require any of this information to compute the characters and
correlators.

Next we would like to compute correlation functions of the primaries in this theory.
Since it has ¢ > 1 there are no Virasoro null vectors. Moreover it has no current-algebra.
In the absence of these algebras and their null vectors, it is not obvious how to approach
the computation of correlators. Fortunately the method we have reviewed in the previous
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section enables such a computation. Let us consider the primary of dimension %. Since
the fusion rules are known, we can be sure that the 4-point function of this primary (which
we call ¢4) has two conformal blocks, one corresponding to the identity and the other to
the conformal family of ¢p, the field with hp = % We also know that ¢4 primary is real
and, from the characters, that it has a degeracy of 96256. Therefore we must employ the
methodology of section 3.

The first step is to compute the value of N in eq. (3.9). Inserting hy = ‘;’—é and hp = %,
we find that N = 12. This means that the parameter n in eq. (3.10) takes values from 0
to 12, and there are 13 different four-point functions G (z;, %) to be computed. However
since the Baby Monster CF'T has no Kac-Moody algebra, its chiral algebra has a minimum
spin of 2. It follows that there is no first-level secondary above the identity operator.

n=11)

This in turn means that G( vanishes. Thus there are 12 correlation functions left to

compute. From eq. (3.21), inserting the known values of h4 and N, we find that the two

conformal blocks for each n turn out to be:
31
) = (1= 2) SR (<R 4 - i) (4.3)
31 :
fén)(z) = N™ (z(l — z)) 8 Z%QFl (—% +n, % —n; %; z)

As was the case for the Ising model, these blocks too can be expressed in terms of elementary
functions. For example with n =5 one finds that:

B -5 -di-ke) = (a4 vaE + (- va)E) 2 -32)
~t(a+var —(1-va)?)
R (L352) = -2 (0+va)E - (1-v2)E) 2-32)
S CEOLEEVAR Ve

=

(4.4)

N

=

The corresponding expressions in terms of elementary functions for n = 1 are given in
appendix D.
Under crossing, the blocks transform into each other via the matrix M) given by:

r(-3)r(3) L r(=3)r(-3)
(F=n)r(n—%) ¥

o | TEGE X)) .
oo @)r() o(5)r(-3)
P(F-n)r(n-3)  r(Fon)r(n-1)
From unitarity of this matrix, one finds the normalisation constants:
NOEmNG) f&f —n)l(n— 1)
@) \ T Zr(f —n) (46)

(17 — 4n) (21 — 4n)(25 — 4n)]
24
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The case of the primary of dimension % is more non-trivial. For this primary the fusion

rules, inherited from the Ising model as described above, are ¢4 X ¢4 = I and there should
be just one conformal block. This means we are in the case of “spurious” primaries, and the
analysis is more complicated. We leave this case, along with that of various coset models,
for the future.

5 Conclusions

We have seen that the Wronskian method, relying only on a knowledge of conformal di-
mensions and fusion rules, provides explicit expressions for the conformal blocks whenever
a given correlator receives contributions from at most two conformal blocks. This allows us
to find a second-order differential equation and solve for the correlators. In this approach,
families of RCFT’s are classified not by their chiral algebra but by the order of differential
equation satisfied by their characters.

It will be interesting to apply these observations to the coset models, also having small
numbers of characters, discovered and studied in [3, 13] and identified as novel cosets in [4].
The main stumbling block is to understand the role of the integer N that tells us how many
different tensor structures contribute to the correlator. This integer can be computed from
the Riemann identity as long as there are no “spurious” fields. For WZW models this
integer can also be computed in a straightforward way from group theory, and in all cases
we examined, the two methods agree. However when there are spurious fields one has
to necessarily resort to group theory and this is more tricky for coset models which are
not themselves WZW models. Moreover the degeneracies of primaries in these cosets are
generically rather large. We hope to report on this case in the future.

The holomorphic bootstrap approach extends to torus correlators [9, 25-28]. It should
be possible to systematise this and obtain universal formulae for correlators which can
then be evaluated for families of RCFT’s just by plugging in the conformal dimensions.
More interesting, and challenging, would be to understand whether this method is useful
in irrational CFT contexts such as Liouville theory or logarithmic CFT [29] among others.
While those theories do not have finitely many characters, the method for correlators on
the plane only requires sufficiently restrictive fusion rules which may exist in certain cases.

Acknowledgments

We would like to thank Harsha Hampapura for helpful discussions and Jiirgen Fuchs for a
useful correspondence. The work of SM was partially supported by a J.C. Bose Fellowship,
DST, Government of India. SM is grateful for the hospitality of the University of Amster-
dam, the Institute for Advanced Study, Princeton, and McGill University, Montreal, where
parts of this work were done. GM would like to acknowledge a DST INSPIRE Fellowship,
Government of India.

— 26 —



A Calculation of monodromy and normalisation in the non-degenerate
case

We consider the transformation of conformal blocks under the crossing z — 1 — 2. We
start by listing the relevant identities® involving hypergeometric functions (in what follows,
F(a,b;c; z) stands for o F(a, b; ¢; 2)):

I'(e)'(c—a—0)

F(a,b,c;1 —z) = F(c—a)F(c—b)F(a’b;aijiCjL 1;2) "
F(C)F((I +b— C) c—a—b . . '
NORO z Flc—a,c—bjc—a—b+1;2)
and:
F(a,bjc;z) = (1 — 2)° “ PF(c—a,c—b;c; 2) (A.2)

Rewriting the first equation with (a,b,¢) - (¢ —a,c—b,c—a—b+1):

Flc—a—-b+1I'(1—c¢)
I'(l—a)l(1-0)
IFlc—a—-b+1)I'(c—1)

+ T'(c—a)l(c—b) AP (1—a,1-b;2—c; 2)
(A.3)

F(c—a,c—bc—a—b+1;1—2) =

F(c—a,c—b;c;2)

And using the second equation,

F(c—a,c—b;c;2) = (1 — z)a+b_CF(a, b; c; 2)

otbc (A4)
Fl—a,1-02—c¢;z)=(1-2) Fl4+a—c,14b—c2—c¢;2)

Therefore:

ae I'c—a—-b+1I'(1—-¢)
1 — )@ bF o o her oy 1:1 = = F ;G
(1—-2) (c—a,c—bjc—a—-b+1;1—2) T = a)T(1 =) (a,b;c; 2)

I'c—a—b+1)I'(c—1)
I'(c—a)l'(c—10)

APl +a—c1+b—c2—c2)

(A.5)
Using the above equations and inserting the values:
1 2
a:§(1—4h,4), b= —dhy, c:§(1—4h,4> (A.6)

8The first relation holds only when ¢ — a — b is not an integer, which is true in all the cases we consider
except SO(8), which we have treated separately.
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we find:

F (51— 4ha),—4has 5(1 = 4ha)i1 - 2) =

I'(3(1—4ha)) T (3(148ha))
I (3(1—=4ha))T (3(142h4))

T (2(1—4ha)) T (=11 +8h4))
[ (3(1—4ha)) T(—4ha)

F(3(1 = 4ha), —4ha; 3(1 — 4ha); 2)

2SR B (L(1 = dhg), 2(1 4 2ha); 3(1 4 2h4); 2)

(1—2)308h) P (L1 = dha), 2(1 4 2ha); 3(1 + 2ha); 1 — 2) =

T (5(1+2h4)) T (5(1 + 8ha))
I (3(1+42ha)) (1 +4ha)

F(3(1—4ha), —4ha; 2(1 — 4ha); 2)

1

3

F(% 1+2hA)) (—*(1+8h14))
I (3(1=4ha))T (3(142ha))

25(1+8ha) o (%(1 —4hy), %(1 +2hy); %(1 +2hy); z)

(A.7)
Now we define the two normalised solutions to be:
ki(z) = F (3(1 —4ha), —4ha; 2(1 — 4ha); 2) A8)
ko (2) = N zs(1H8ha) o (3(1 —4ha), 2(1 + 2ha); 5 (1 + 2ha); 2) '
where N is the normalisation factor. Then:
k(1 —2) ki(z)
= M- A9
(k‘g(l — Z)) <k‘2(2) ( )
where:
I(2(1-4ha))T(2(1+8ha)) 1 r(§(1 4ha))T (-5 (1+8h4))
T(1(1—4na))0(2(1+2h4)) N T(3(1-4ha))T(—4hy)
M = (3 A) (3 A) A A (A.l())
Nr(§(1+2h,4) I(2(148ha))  T(2(142ha))T(—2(1+8ha))
I(2(1+2ha))T(1+4h4) I(3(1—4ha))T(2(142h4))

Crossing symmetry is achieved if the matrix M is unitary. The condition for this is found
to be:

N — [F (—3(1+8ha)) ] T(14hg)T (%(1 + 2h4)) (A.11)
3

T ($(1+8ha)) | T(—4ha) T (3(1—4ha))
Let us evaluate this for the Ising model. If we take ha = 16, we find N? = i. Hence
N = %, a well-known result that was used above. On the other hand, taking hy = %
gives us N/ = 0 which reproduces the familiar result that this correlator has only one

conformal block.
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B Calculation of monodromy and normalisation for real primaries with
degeneracies

This time, the two solutions are taken to be:

K™ (2) = oFy (A(1 = 4hy — N +3n), —dha + N —n; 2(1 — dhy) + ¥; 2) (B.1)

8h g +1

kén)(z) :N(")zngl (%(1+2hA —N)+n7% —n;%(l-i-QhA) _ %;2)

and we need to compute the N using crossing symmetry. From the above equations,

one finds: - -
ky (1= z) ky ' (2)
where:
P(30—4h)+5 )P (504800~ F) 1 T(30-4na)tF)r(=50rsha)+ )
M — P(L(1-d4ha)+2X —n)T(2(142ha) 2N 4n) N D(L(1-dha)~ N 4n)T(~4ha+N-—n)
(n) T (4(1+2h4) f%)r(é (1+8ha)— ) (4(1+2ha) - )0 (- L148h)+ )
P (2(142h)+ Y —n) T (1+4ha— N+n) (1 (1-4ha)+2Y —n)D(2(14+2h4)— 2 +n)
(B.3)
Inserting ha = 2 and N = 4, this agrees with eq. (4.42) of [9).
Imposing the condition that this matrix be unitary, we find that:
I (—35(1+8ha)+ %) [T(1+4hs—N+n)T (5(142ha)+ 5 —n)
N = ¥ - ; i
[ (5(148ha) — %) (=4ha+N —n) T (3(1—4ha) — 5§ +n) B4

I'(=hp) | I'(—4ha+3hp+n) I'(1 +4hs —hp —n)
(hg) \| T(1+4hs —3hp —n) T'(—4hs + hp +n)

The first line is written by eliminating hp in favour of N while the second line retains hp
and eliminates N. The formula is somewhat more compact in the latter version.

C Calculation of monodromy and normalisation for complex primaries
with degeneracies

In this case, following analogous manipulations to those done above, one finds the mon-
odromy matrix:

F(%(1—8hA+hc+hD+N>>r(%(1+8hA—hc—hD—N)) L F(%(1—8}LA+hc+hD+N)>I‘(—%(H—ShA—hc—hD—N))
N ()

r(%(uhc—hD-s-N—zn)) r (%(l—hc-o—hD—N-Q—Qn)) F(—4hA+hD+n)F(—4hA+hC+N—n)

348hg—hc—hp—N) |0 (L (1+8hg—hc—hp—N) F(%(3+8hAfhcth7N) r —%(1+ShA—hc—hD—N))

1
N F(z(
r 1+4hA—hD—n)F(1+4hA—hch+n) r (%(1+hc—hD+N—2n)) r (%(lfhc+hD—N+2n)>
(C.1)
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From this, the normalization constant is determined to be:

r(— %(1+8hA—hc—hD—N)> r(1+4hA—hD—n)r(1 tdhg—he — N +n)
r(%u 4 8ha—ho — hp — N)) r(— dha + hp —|—n>F(— dha+ho + N — n)

N®) —

_|F(~hp) F<1+4hA—hD—n)F<—4hA+2hB+hD+n) o
| T F<_4hA+hD+TL>F(1+4hA—2hB—hD—’rl) (©2)

As before, we have written the answer first in a form where hp is eliminated and then in
a form where N is eliminated.

D Conformal blocks for Baby Monster CFT

In this section we present the explicit form of one set of conformal blocks for the Baby
Monster correlator computed in section 4. They can all be written out in terms of elemen-
tary functions, much like the Ising model — though of course, they are more complicated.
There are altogether 12 cases, corresponding to 0 < n < 12,n # 11. Here we only write
out the n = 1 case. It illustrates the power of our method, which can generate a number
of complicated conformal blocks from a simple, unified starting point.

kY (2) vz 41 ( — 1664292 4 332827/ — 201627/2 + 35223/2

1
4
4332820 — 748824 + 548823 — 140022 + 692 — \/Z + 2)

1
+ /1 vz (1664z9/ 2 _332827/2 + 20162%/% — 3522%/2
+ 33282 — 74882 + 548823 — 140022 + 69z + /z + 2)

1
22k (2) = Vvl ( —16642%/2 4 3328272 — 20162%/2 4 35223/2

+ 33282° — 74882 + 548823 — 140022 + 69z — /z + 2)

1 9/2 7/2 5/2 3/2
- V1-vz (1664z —339827/2 4 20162%/2 — 352>

+33282° — 74882" + 548823 — 140022 + 69z + \/z + 2)

(D.1)

where we recall that, in general, k;i(z) = (2(1 — z))2hA fi(z) and f; are the solutions of the

original differential equation.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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