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ABSTRACT: In this paper we study tree-level amplitudes from higher-dimensional oper-
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Cachazo-He-Yuan formulation. As a generalization of the reduced Pfaffian in Yang-Mills
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to four dimensions for given helicities, the new object vanishes for any solution of scat-
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in four dimensions explains the vanishing of graviton helicity amplitudes produced by the
Gauss-Bonnet R? term, and provides a scattering-equation origin of the decomposition into
self-dual and anti-self-dual parts for F? and R? amplitudes.
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1 Introduction and motivations

Higher-dimensional operators in gauge theory and gravity are important for various reasons:
they are of phenomenological interests as potential corrections to Yang-Mills and Einstein
theory; they can appear in effective actions of open and closed strings, and serve as potential
counter terms for UV divergences of loop amplitudes. The simplest gauge-invariant, local
operator that one can add to Yang-Mills action is the F® operator,

14 1 v
F}=Tr(F/F/F}) = 3 VA 0 70 (1.1)

where F),, = F}j, T is the gluon field strength, and fu. = Tr([T%, T %]T¢) the structure con-
stant of gauge group. This operator arises as the first correction to Yang-Mills Lagrangian
F? = Tr(FHF, w), from the o/-expansion of bosonic open string theory [1]. It is the unique,
CP-even dimension-six operator from gauge fields, and it is not supersymmetrizable. The
amplitude produced by F? differs significantly from those produced by higher-dimensional
operators in open superstrings. The polarization dependence of the latter is like in Yang-
Mills case, e.g. no contractions of the form (e - k)" [2-4], but amplitudes produced by
F3 certainly contain such contractions. In this sense, F® is the first higher-dimensional
operator with genuinely new polarization structures in the amplitudes.

F3 operator represents a possible deviation of gluon interactions from those in QCD,
which could be produced by new physics [5-7]. There have been phenomenological studies
on the effect of F3-modified amplitudes [5-10], which were systematically computed using
MHYV vertex expansion in [11] (for BCFW recursions see [12]). In the following we denote
the matrix element with n gluons and a single insertion of F*® as M} 01

!The effective Lagrangian is £ = F?+o/F3 4+ O(a’?). We strip off the coupling g" 2 for pure Yang-Mills
3
amplitude MM, and 3a/¢g" 2 for M. The F? modifications do not change the group theory structure
3
of Yang-Mills action, and in particular the color decomposition of M is identical to MYM.



Furthermore, in [13], it has been argued that M} * satisfies a duality between color and
kinematics first proposed for MYM [14], then double-copy constructions [14] give gravity
amplitudes from the low-energy effective action of the bosonic closed strings, up to O(a'?):

2 4 2 1 2 1 —2
S = —Hz/d 2/ [R—z(am) — CH ol 3G,

+a/2674¢ (418[1 + 214G3) + O(O/d):| ’
where G2 is the usual Gauss-Bonnet term that contains two powers of Riemann tensor
and we will refer it as R2?, I and G3 contain three powers of Riemann tensors (see [13] for
details). If we restrict ourselves to pure gravitons, then at O(a’) the amplitude is produced
by the R? operator only, but at O(a’?) it receives contribution both from R? operator as
well as two insertions of R? operators with exchange of a dilation ¢. Nevertheless, in the
following we will refer to gravity amplitudes from the effective action at O(a’) and O(a’?)
as the R? and R? amplitudes, respectively.

Equivalent to the double-copy construction, the corresponding amplitudes can be ob-
tained from those in open strings using field-theory limit of Kawai-Lewellen-Tye (KLT)
relations [15].2 Given that M is the O(a/) correction to MYM in open string theory,
ME’ at O(a/2) comes from double-copy/KLT of two copies of M’ while ME* at O(a)
can be obtained as the double-copy/KLT of M}! ® with MM,

In four dimensions, it is natural to split the field strength F' into self-dual and anti-self-
dual parts F{¥ = FHv + FH_ and we have amplitudes produced by Fjri and F3 accordingly.
The only possible modification to the three-point on-shell gluon amplitudes are the Ffﬁ

amplitude for helicities (—, —, —) and the F* one for (+, 4+, +):
F3 F3
M3+(_7_7_) = <12><23><31>a MS_(+>+7+) = [12”23”31]> (1'2)

while for any other helicities I amplitudes vanish. R? amplitudes at O(a'?) are the squar-
ing of AL 3, and it is important to note that pure graviton amplitudes in four dimensions
are from two copies of gauge-theory amplitudes with identical helicities:
R? R3

My™ (== =)= ((12)(23)(31))*, My~ (+,+,+) = ([12][23][31]). (1.3)
On the other hand, R?-modified three-graviton amplitude vanishes for any helicities because
MfQ = M;fs x MM and My is non-vanishing only for (—, —, +) and (+,+, —). In fact,
M,f‘2 vanishes for any number of gravitons in four dimensions, because there R? is a total
derivative and cannot produce non-vanishing matrix element. This immediately gives a
very interesting relation observed in [13], namely in four dimensions the KLT of M} and
MM with same helicity configurations must vanish. A similar relation also observed in [13]

F3 F3
is that the KLT of M,, ™ and M,,~ with same helicities also vanishes:

3

F F3
M () @kpr MYM(eX) =0, My, (65) @xur My ™ (65) =0, (1.4)

n

2Up to O(a’?) only field-theory KLT relations are needed since the stringy corrections start at O(a’®).



where @k means combining two sets of gauge-theory amplitudes via KLT relations re-
viewed below, and every pair of gluons must have polarizations with identical helicity, e*
For general n, these are highly non-trivial relations or F? amplitudes in four dimensions.

In this paper we study these amplitudes from higher-dimensional operators in the
Cachazo-He-Yuan (CHY) formulation [16, 17]. It expresses tree-level S-matrices of massless
particles as integrals over the moduli space of punctured Riemann spheres, and naturally
incorporates a large variety of theories [18-20]. As we will review shortly, in the formula
for Yang-Mills or Einstein gravity, the most important ingredient is the reduced Pfaffian
(or determinant) of a matrix ¥, (¢), with manifest gauge/diffeomorphism invariance. The
reduced Pfaffian encodes polarization dependence of amplitudes in Yang-Mills, as well as
from higher-dimensional operators of open superstrings.

We will present remarkably simple formulas for M} 3, Mfg and MfQ, which are related
to each other through KLT/double-copy constructions. The formulas are all based on one
new, gauge-invariant ingredient, P, constructed from the same matrix W, (e) with mass
dimension higher than the reduced Pfaffian by two. Just as the reduced Pfaffian being the
basic object for gluon amplitudes with supersymmetries, P,, can be regarded as the basic
object for non-supersymmetrizable operators, at least for this lowest dimension.

Furthermore, we study P, in four dimensions, where any CHY formula naturally be-
comes a sum of contributions from different sectors [21, 22]. Given any helicity configu-
ration, it has been known for some time that the reduced Pfaffian is only non-vanishing
in one particular sector. This reproduces various twistor string formulas for (super)Yang-
Mills and gravity amplitudes [23-27]. As we will see shortly, the reduction of P, to four
dimensions is very different: it vanishes on exactly that sector where reduced Pfaffian is
non-vanishing.® In this sense P, is strictly “orthogonal” to the reduced Pfaffian, which
means that the product of them vanishes in all sectors and cannot produce any non-zero
amplitudes in four dimensions! This is the origin of the vanishing R? amplitude in four
dimensions, which is the KLT of F? and Yang-Mills amplitudes.

Remarkably, we will also learn how self-dual and anti-self-dual parts appear from our
formulas in four dimensions. We find that all the solution sectors that contributes to
F3 and R3 amphtudes can be naturally divided into two complementary groups; M

and M (similarly M, 3 and M ~) are given by the sum of contributions from the two
groups respectively, which also explains their orthogonality. In addition to providing a proof
for (1.4), our formulas show other nice features of F'*> amplitudes in four dimensions as well,

such as the “Parke-Taylor-like” formula for Mf + with three negative-helicity gluons [13].

The paper is organized as follows. After briefly review the CHY formulas for Yang-
Mills and gravity as well as KLT relations in section 2, we introduce the new ingredient P,
which lead to CHY formulas for all these amplitudes from higher-dimensional operators in
section 3. In section 4, we discuss P,, in four dimensions, including its orthogonality to the
reduced Pfaffian, and the split into self-dual and anti-self dual parts. Discussions and an
appendix on reducing to four dimensions will be presented in the end.

$We will present the systematic study of reducing CHY formulas to four dimensions in [28] . See also [29]
for a related study.



2 A brief review of CHY and KLT

The universal part of CHY formulas contains the so-called scattering equations [16, 17, 21]

Sa Z:Z Pab = 07 for a:1727"‘7n7 (21)

Tq — O
ba a b

where s, = (ko + k)2 = 2kq - ky, 04 is the a'® puncture. The tree-level S-matrix of n
massless particles is written as an integral localized on the support of (2.1)

1 u -, T,({o,k,...
Mn:VOlSL(Z,C)/EdJa H 5(5(1) In({a’kv"'}): Z ({Jn}), (2'2)

a=1 solutions

where the precise definition of the integral measure including delta functions can be found
n [17], and Z,, is the CHY integrand that defines the theory. In the second equality one
sums over (n—3)! solutions of (2.1), with .J,, the Jacobian of delta functions. In particular,
the integrands for tree amplitudes in gravity, in Yang-Mills and a bi-adjoint ¢? theory
are [18]:

IPR = P, () PEW,(6), T/M =C, PEW,,  I) =C.Cy. (2:3)

The two ingredients are the Parke-Taylor factor which can be dressed with color factors,

1
PT(a) := , Cn = Tr Tla(l) Tla(2) . Tla(n) PT(a : 94
et Gatmath) 2. T ) PT(a), (24)

aESp—_1

and a 2n x 2n skew matrix ¥,, that depends on polarization vectors:*

v, (g —gT) ; (25)

kaky o £ % g £p €akp a#b
Aa,b - ab 7& 5 Ba,b - Tab 7& 5 Ca,b - ab ?é ;
0 a="> 0 a=">b —Zc;ﬁaCa,c a="»

Note that the matrix is degenerate since it has two null vectors, but we can define its
reduced Pfaffian by deleting two columns and rows among the first n:

(_)a+b

Pf®, =0; Pf'¥, = Pf|®,|2%, with 1<a<b<n. (2.6)

Oab
This definition is permutation invariant, and it has the appropriate SL(2, C) weight and cor-
rect mass dimension, [mass]” "2 for producing Yang-Mills and gravity amplitudes via (2.2)
and (2.3). The most important property of Pf'W,, is that on the support of scattering
equations, it is invariant under gauge transformation €, — €4, + akl [17]

“Here the polarization tensor for gravity is £&*" = €&, which is Einstein gravity coupled to a dilation
and an anti-symmetric tensor, in the field theory limit of closed string theory.



After color decomposition, one obtains color-ordered, partial amplitudes, M YM(a), for
Yang-Mills and double-partial amplitudes, m(alS), for bi-adjoint scalar theory, with PT
factors in the integrands. The field-theory limit of KLT relations can now be expressed as:

MFR = MM @gpr MM = Z MXM(a) m™H(alB) MYM(B), (2.7)
a,BES, 3

where «, 8 are in a basis of (n — 3)! orderings [30, 31], and the KLT product of two sets of
amplitudes is defined as their bilinear with the kernel given by the inverse of the matrix
(n—3)! x (n—3)! matrix m [32]. It is a simple linear-algebra proof [20] that (2.7) follows
from (2.2) and (2.3), which applies to general theories. Given any theory with CHY formula
with its integrand of the form Z;"8" = L,, R,,, we can define two sets of partial amplitudes
M,% ®) from CHY formula with integrands I,I[ R _ pr L, (R;,) respectively. Then we have
a general KLT relations among these amplitudes, My*"#" = MY @y ME.

Now we can write down the general form of the CHY formula for these amplitudes
from higher-dimensional operators. Given that F? amplitudes have the same color-
decomposition as well as BCJ relations as Yang-Mills amplitudes, one can always write
its CHY integrand as the product of C,, (Parke-Taylor factor for partial amplitude) and a
permutation invariant object that depends on polarizations. Let us call this new object
as Py (e), which must also be gauge invariant, and have mass dimension higher than Pf'¥
by two. Now the KLT relations formulated above immediately imply CHY formulas for

M,? (aa), M,? @) The form of CHY integrands for these amplitudes are:

I = CoPule), T =Pu(e)Pu(e), IE =Pu(c) Pl ¥(e). (2.8)

In the remainder of the paper, we will present the result for P,, and study its various
interesting properties, such as soft limits and reduction to four dimensions.

3 A new ingredient in CHY formulation

In this section we will generalize Pf'U,, to the new object P,. As basic requirements,
it must be permutation and gauge invariant, must have the same SL(2,C) weight and
dimension [mass|™. The most natural and perfect candidate would of course be Pf W, if it
had not been zero! Nevertheless, we will see that P,, can be built from Pf ¥,,. Let’s first
give a natural decomposition of Pf ¥, into objects that already satisfy all the conditions
above individually. These will be the building blocks for our P,.

This interesting decomposition was essentially introduced in [33]. From the definition
of Pfaffian and thanks to the special structure of 2n x 2n matrix ¥,,, we can expand PfW¥,,

as a sum over n! permutations of labels 1,2,...,n, denoted as p € S,
PEW, = ) sgn(p) ¥, = > sgn(p) U ¥, Uy, (3.1)
PESH PESn

where sgn(p) denotes the signature of the permutation p and in the second equality, we use
the unique decomposition of any permutation p into disjoint cycles I, J,--- , K given by

I =(aaz---a;), J=(biby---bj), -, K=/(cica---cx); (3.2)



each W, is the product of its “cycle factors” WrW ;- -- Ug, which we define now. When the
length of a cycle equals one, its cycle factor ¥, is given by the diagonal of C-matrix:

€a-kp
Vi) = Cag=—» — (3.3)
bta @

and when the length exceeds one e.g. ¢ > 1, the cycle factor is given by

% tr(fmfaz o 'fai)

Oajaz0azas """ Oazar

Uy = \I/( with fi" = klel — elky . (3.4)

ajag--a;) ‘T
Here the trace is over Lorentz indices and f*” are the linearized field strengths of gluons.
Note that the decomposition is manifestly gauge invariant: for cycle factors with length
more than 1 (3.4), the trace of linearized field strengths is gauge invariant, while for 1-
cycles, (3.3), the factor is gauge invariant on the support of scattering equations.

The proof for the decomposition is elementary and we refer to [33] for more details.
Let us look at some examples to illustrate the procedure. For Pf¥s we immediately have

PfWy = C11C2 + (A12B21 — C12021) = ¥ (W) — Y(p9) . (3.5)

In the second equality, C11Ca2 = W(1)¥ (9 corresponds to the permutation (1)(2); the terms
Aq19B91 and C12C9 have a common denominator o12091, and the numerators combine to
ki-ko €€l —€1-koexky = %tl‘(flfg), thus we have the desired cycle factor W ;).

For PfWU3, there are new building blocks of length 3, (123) and (321). Four terms from
the expansion of PfW3 corresponds to (123) with a common denominator o12093031,

(123) 1 C12023C31 — C12A93B31 — Ca3A31B12 — C31412Ba3 (3.6)

and similarly for (321) (with denominator 032091013 = —012023031). Note that neither of
them is gauge invariant, but the sum of the two is: the eight terms of their numerators
nicely combine to tr(fifof3)! It is convenient to assign to each of them half of the trace,
i.e. 1tr(f1f2f3), as the numerator. Thus we arrive at (3.4) as expected, and we have

PfWs = U Uy ¥3) — () P23 + Yoy Pus) + Y3 Paz) + Puos) + Yzony - (3.7)

Given the decomposition of Pf®¥,, as in (3.1), we can classify ¥,’s by the lengths of its
cycles {7,7,...,k}. For example, in (3.7) the first term is of the type {1,1,1} as it is the
product of three 1-cycles; the three terms in the bracket are all of the type {1,2}, and the
last two terms are {3}. The reason for doing so is of course to group together terms in (3.1)
of the same type, and write a manifestly permutation invariant decomposition of PfW¥,,.
Furthermore, note that the signature of a permutation is given by n minus the number of
cycles, so one can sum over all permutations of the same type with identical signs. Let’s
define permutation invariant building blocks as follows:

Py, = > U Uy, -0, (3.8)

[T1]=i, [ Ig]=ig, [ Ir|=ir



which is a sum of ¥,’s for all permutations of the same type {i1,i2,...,4,}, with
t1+14+---+i.=n, and the convention: i1 <ig--- <4, (3.9)
Here each P is by construction permutation invariant. Let’s again see some examples:

Pt = WU+ W = C11Caz -+ Co
Pra = V0)Wo3) + ¥ (2)Waz) + V3P (1)
Prg = W12)¥34) + V13)P24) + Y(14) P (23)
Pig = W yV(23g) + Y2y V(134) + Y (3)W(124) + VY (4)¥(123)
V(1) P32y + Y2y Yus) + Y3)Yu21) + Yuy) Ysa) - (3.10)

With (3.8), (3.1) can be rewritten as a permutation invariant decomposition of Pf®¥,,:

Pfw, = Z (=)""" Piyigeiy, - (3.11)

Let us spell out the decomposition for n =3 (see (3.7)) and n =4, 5:

PtWs3 = P11 — Pio+ Ps.
Pf®, = Pij11 — Plio+ Pis+ P — Py .
Pt®s = Pi1111 — Piii2 + Pz + Piog — Pia — Pos + Ps . (3.12)

Note that each P and thus any linear combination of them immediately satisfy our condi-
tions above: correct SL(2,C) weight and mass dimension, permutation and gauge invari-
ance. Pf®, = 0 means that these building blocks are not all independent: (3.11) gives
linear relations between different P’s. In the following, we will present a very special linear
combination that leads to the correct CHY formula F? amplitudes. Let us first present the
answer and then discuss its special properties.

It turns out one only needs to modify coefficients of (3.11) a bit to obtain Pp:

Pn = Z (=)™ (Nis1+¢) Piig i, s (3.13)

1<iy <ig<-<im<n
i14ig+-Fim=n
were N;~1 denotes the number of indices in iy,49, - , i, which are larger than 1, or the
number of cycles with length at least 2; ¢ is just any constant because we can add any
multiple of (3.11) without changing the answer. The formula can simplify when we choose
the constant ¢ to be certain integers. For example, two convenient choices are ¢ = —1 and
¢ = 0 respectively, and we have:

Ps = —Pi11 =—Pp+ P
Py = —Pri11 + P =—Pio+Ps3+2Pp—F (3.14)
Ps = —Pi1111 + Pioo — Pog3 = — Pr112 + P11z + 2P1og — Py — 2Po3 + P5



where in the first representation Pij...; is always present with —1 but any P with only one
index ¢ > 1 are always absent (including P, ); in the second one Pj;...; is always absent. To
give one more example, here is Pg with ¢ = —1:

Ps = —Pii1111 + Prio2 — Piag — 2Pag0 + Poy + P33 . (3.15)

We have checked thoroughly that (3.13) gives correct F® amplitudes. First of all, one
can easily verify that for n = 3,4, the formula reproduces correct amplitudes as computed
from Feynman diagrams. In the next section we will provide very strong evidence for its
validity, including checks for all helicities up to n = 8 and some all-multiplicity results.
Here we provide another important check, that is its behavior under soft limits.

Recall that in CHY formula for gravity and Yang-Mils, Weinberg’s soft theorem [34]
becomes manifest due to the simple soft limits of Pf'¥,,. Let us take the a-th particle to be
soft, that is ki = 7¢* with 7 — 0. The soft graviton and soft gluon theorems are guaranteed
by CHY formula in as long as we have Pf'U,, — C,,Pf'¥,,_1 + O(7) where Pf'¥,,_; has
only hard particles. What is important here is that soft theorems are universal, thus apply
to amplitudes from higher-dimensional operators as well [12]. For this to work the soft
behavior of P,, must be identical to that of Pf'¥,,. Let’s check this explicitly.

Note that in any term of P,, a must be in one of the cycles, and there are two
possibilities. If it is a cycle of length at least 2, then in the numerator fi — O(7) as
7 — 0 while the denominator remains finite, thus the cycle factor vanishes, ¥,y — O(7).
On the other hand, if it is in an 1-cycle then it remains finite

€q k
V(g =Coa=— - b” - 0(1). (3.16)
b#a a

For any P; i,....,, with lengths of all cycles being at least 2, i.e. iy, > typ—1 > ... > 91 > 1
(note that here N;~; = m), it vanishes as O(7) in any single soft limit. Therefore requiring
P,, to have correct soft behavior cannot constrain coefficients of such terms at all.

On the contrary, the soft limit puts very strong constraints on those P’s that have
at least one cycle with length 1, i.e. 47 = 1. In the k&, — 0 limit only those terms with
a in an l-cycle survive and dominate in the limit (other terms still vanish). Thus for
any single soft limit, P, . i, — CaaPis,. where P;, is the (n — 1)-point building

Him yeeesbm

block with particle a removed. Note that in (3.13) the coefficients are determined by N;si
and independent of 1-cycles, thus P, . ;.. and P, ;. have exactly identical coefficients.
Thus we see that (3.13) indeed satisfies (P,—_1 contains all particles except a):

Pn kﬁ)() Caa 7)nfl . (317)
In other words, P, splits into two parts that behave very differently under soft limit
P = > o> ()" (Nis1+¢) Piyig,. i (3.18)
1=i1 <2< <ty 1<i1<12<...<ipp

where the first part is essentially fixed by soft limit, namely the coefficients for any P .
must be the same as that for the P with 1 removed. This explains why the coeflicient



should not depend on how many 1-cycle are there. However, we have seen that soft limits
put no constraints on the coefficients of the second part, which vanishes term by term.

We believe that correct behavior under factorization limits of P,, can completely fix the
coefficients of the second part. However, even without resorting to that, we will now show
that the coefficients in (3.13) are strongly constrained by another remarkable property of
P, in four dimensions, namely it is orthogonal to Pf'¥,,.

4 Four dimensions, orthogonality and self-duality

In this section we study important properties of P, in four dimensions. Details for the
reduction to four dimensions will be presented in [28]. As discussed in [21, 22| and briefly
reviewed in appendix A, in four dimensions, the (n—3)! solutions of scattering equations
fall into n — 3 sectors labeled by ¥ = 2,3,...,n — 2, thus (2.2) becomes a sum over sectors
and we define the contribution from sector k' as T*");

T n—2 T n—2
My= > Z=) > =D T (4.1)
< Jn In
solutions k'=2 \k’ sec.sol. k'=2

On the other hand, for massless particles with spin in four dimensions, we specify helicities
of the n particles, which can be divided into a set of particles with negative helicities, —,
and the complementary one +. We denote the helicity sectors by the number of negative-
helicity particles, k:=|—|=0,1,...,n (| +| =n — k) and call the helicity amplitude in
this sector, M, .. A priori there is no relation between solution sector and helicity sector.

However, it is known that Pf'¥,, vanishes unless k = k¥’ (in particular it vanishes for
k =0,1,n—1,n), which means Yang-Mills and gravity amplitudes in helicity sector k only
receives contribution from solutions in sector ¥’ = k

T¢) =0, forany K #k, = My =T0"", for YM, GR, etc. (4.2)

Now we show that exactly the opposite is true for P,, namely it vanishes for k' = k, thus

2

TR _0, = M =0 & My=3 7% for ¥ R ete.  (43)
K%k

The starting point of the reduction is the simple reduction of trace of linearized field
strengths in four dimensions for any assignment of helicities:

2 (a1a2) (azas) - (agaz), {ar,a,---az} C —
tr (fal fCLQ T f(lz) =42 [a:cax—l] [ax—lax—Q] Tt [alax] , {a17 ag, - - az} C+,
<b1b2> s <byb1>[pzpzfl] s [plpz} s otherwise
(4.4)
Here b1, bg,---,b, are all the particles of negative helicity from a1,as,---,a, with its
ordering unchanged and similarly p1,ps,-- - , p. are all the particles of positive helicity from
a,az, - ,a; with its ordering unchanged. Note that tr (fo, fa, - - - fa,) directly vanishes



if there is only one particle of negative helicity or only one particle of positive helicity in
ai,as, -+ ,a,. However we see that the remaining case still effectively vanish as we always
add up all permutations (see (3.8)) while

> L o, (4.5)

{Q}GOP({bl,bg,"' ,by},{017327... 702}) U({a})

Here the sum is over ordered permutations “OP”, namely permutations of the labels in
the joined set {b1,ba,--- ,by},{c1,c2, - ,c.} such that the ordering within {b1, b2, - , by}
and {c1,co, -+ ,c.} is preserved. Therefore, in the sum of (3.1), we can effectively write
tr (fay fay -+ fa,) in 4d in a remarkably simple way:

(alaz) <a2<13) s (%al> > {ala az,: - a:v} C -

1

5'“ (fay faz =" far) = § larag) [azas) - - - [agzaq], {ar,a2, - az} C+ (4.6)
0, otherwise

Motivated by (4.6), we recall the off-diagonal elements of the k x k matrix hj and
(n—k) x (n—k) one h,,_y, essentially introduced in [35] (see also [26, 27]):
(ab) ~ [ab]

hap = a;éb,a,be—, hap =
Tab Oab

a#b, abe+. (4.7)

As discussed above, it is clear that when we have any cycle factor with length at least 2,
effectively it reduces to the chain product of such off-diagonal elements in 4d:

halaghagag s hazal {ala ag, -« a:p} C -
‘Il(alag-v-az) — ilalagilagag T iLamal {a‘lv ag, - - - 0/217} C + ’ (48)
0 otherwise

To this point we have not used scattering equations or solution sectors in four dimensions.
As we prove in the appendix A, the really non-trivial part of the reduction concerns 1-cycle,
or the diagonal entries of C-matrix. Note that V() = Cq, is only gauge invariant on the
support of scattering equations, so it is not surprising that to reduce it nicely one needs to
use scattering equations in four dimensions.

We first discuss the k' = k case: miraculously, by plugging in scattering equations in
k" = k sector, Cy, reduces to diagonal entries of hj or ﬁn,k [35] depending on the helicity:

— (' — tb <ab> . 7 o+ tb [ab]
haa_ aa _;Eo_ab a € Ty haa_ca‘a__#zaao'ab CL€+ (49)
beE— be+

The details of the proof is given in appendix A; t’s and t’s are determined by scattering
equations in 4d but here we can just view them as free variables, and the important thing is
that each diagonal entry is a linear combination of off-diagonal entries in that row/column.
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With diagonal entries of hy, or h,_j, defined as (4.9), now the reduction for ¥4, 4,...q,) With
x> 1orx =1 (for ¥ = k) are unified in one nice formula, (4.8).

Before we prove the vanishing of P,, in k' = k sector, let us again return to our favorite
PfW,,, and first show the following identity as a warm up:

PfWw, = det hy det h,_p, . (4.10)

Obviously both det hy and det ,_i vanish since they both have a null vector; this is
consistent with the fact that Pf®¥,, vanishes due to the two null vectors. To show (4.10),
we decompose det hy, det h, rin a way similar to that of PfW,,, e.g. for det hj, we have

det hk: = Z Sgn(Q)hll hIg t hIS ) with h[ = h(alagmai) = halazhazas T haial ; (4'11)
qESk

where the sum is over all permutations of particles of negative helicity, i.e. ¢ € Sy and
I, 1o, --- , I are the cycles of the permutation q. We can further define

HZ‘”‘T..I'[ = Z h]lhjz cee h’fe with i1 <idg--- <y, (4.12)

[1]=iq, | Ig|=ig, -, [T¢|=ig

then det hy can be rewritten as a sum of H and similarly works det ﬁn_k,

det by, = > (=)' "Hijiyoiy,  dethp_p= > (f)"—k—éﬁ%m;z, (4.13)
{i} G

where we have introduced shorthand notation for the summation range, {z}i means %1 +
io+...75p =k and i1 < iy < --- < iy and similarly for {Z}fz—k

Both P,, and PfW,, are built from P’s, so the key identity here is for the reduction of
the P’s, which nicely follow from (3.8), (4.12) and (4.8):

PiliQ"'inL = ZHJIJQJ[ﬁjljg_}E ? (414)

where, recall that any cycle factor in P is only non-vanishing when all particles belong
to the same helicity set, thus the sum in P “factorizes” into sums in — set and those
in + set, which give H and H; the additional sum in (4.14) is over all distinct partition
of 4149 + - iy, into two parts ji jo --- j¢ and 3132 ---32, with j1 + jo+ -+ j, = k and

J1+ 32 + —i—jg =n — k. For example, any Pi;...; reduces to Hi;...; and 1:111...1:

k ~
Pi1...1—Hy1...1Hy1...1 - (4.15)
n k Zk

We have more examples forn =4,k =2and n =7,k = 3,
k=2 ~ k=2 k=3 ~ ~
Py — HoH> Pi3 —0; Py1203 —> Hi9H13 + H3Hqq2 . (4.16)

Given (4.14), it is trivial to show (4.10) using (3.11) and (4.13). Although both sides
vanish, this is still an example of the remarkable simplifications in a given sector in four
dimensions: we see that most of the terms vanish and the number of terms are reduced from
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n! to k! x (n—k)!. Along the same line but in a more non-trivial way, similar simplification
happens for the reduction of Pf'¥,, which will be present in [28].
We turn to the reduction of P,. By dividing N;~1 in (3.13) into two parts N;~; and

N-

i1 (set ¢ = 0) which depend on — and + sets respectively, and P,, reduces to:

Z(—)kié Ni>1 Hyyiy.q, | det iLn_k + det hy Z (—)nfki[ Nz>1 f[glh_“gz (4.17)
(i (i

Thanks to the vanishing of det iLn_k and det by, we immediately see that P,, vanishes for
k = k'. Before proceeding, let’s provide a few explicit examples of (4.17) for P4 and Ps:

Py 58 —Hy Hy — HyHyy + 2Hy Hy

= —Hy(Hy — Hy) + (Hiy — Hy)(—H,)

= —Hy det hy + det hy (—Ha) (4.18)
Ps "3 —Hy\ Hy — HioHyy + HaHyy + 2HyoHy — 2Hy Hy

= (—Hia + H3)(Hyy — Ho) + (Hi11 — Hia + H3)(—Ha)

= (—Hg + Hs) det hs + det hy (—Hy) , (4.19)

It is a remarkable fact that P, vanishes for k' = k sector. As we mentioned before,
this property can be used to constrain the second part of P,, which are not constrained by
soft limits at all. Up to n = 8, we found that the constraints that P, vanishes for ¥’ = &
sector for all helicity sectors uniquely fix all coefficients in P,.

This property means that P, is completely orthogonal to Pf'¥,, in four dimensions.
For evaluating helicity amplitudes for Yang-Mills/gravity vs. those for F® or R3, one
always uses complementary set of solutions of scattering equations. This seems to be the
scattering-equation origin of the vanishing of 4d R? amplitudes, which has a CHY integrand
P, Pf'¥,,. In general dimensions, the integrand is of course non-zero, but once we reduce
to four dimensions, it vanishes for every solution of scattering equations!

The derivation of (4.17) applies to any k' # k case as well, with the only difference
being that the reduction of 1-cycle i.e. Cy, needs to be modified. As shown in appendix A,
we can generalize the diagonal entries of the two matrices h’,gl and izfl/_ . depending on the
solution sector k" and helicity sector k. The upshot is that (4.17) still holds for any k" # k
sector with generalized matrices hﬁ/ and ﬁ’;l_k. Just by inspecting the matrices, it turns
out that we again have det hZ’ =0 for ¥’ < k and det ﬁfl/_k =0 for ¥’ > k, thus for any k’,
only one of the two terms in (4.17) remain non-vanishing.

In view of this, it becomes very natural to divide the sectors into two groups: those
with ¥’ < k and those with &’ > k, and the question is does this separation means anything
sensible for I3 and R? amplitudes in four dimensions? The answer is affirmative: the sum
of contributions from the two complementary groups correspond to self-dual and anti-self-

dual amplitudes, respectively. Let’s write down this proposal for F3 amplitudes:
F3 / F3 /
Myy= S 1%, M= S 1%, fok=01,..n. (4.20)
2<k/<k n—2>k'>k
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K\ k
3 4 5 6 7 8
n
3 2 — — — — -
4 2 2,3 — — — —
5 2 2,3 2,3 — — —
6 2 2,3 234 |234 | — —
7 2 2,3 234 | 2345 | 2345 | —
8 2 2,3 234 | 2345 | 23456 | 23456

3 3
Table 1. Sectors contribute to the self-dual amplitudes M: & and Mf P

An immediate consequence of (4.20) is that self-dual and anti-self-dual parts are orthogonal,
which implies the second part of the (1.4). These are very non-trivial relations from usual
representation of the amplitudes, but become totally obvious from (4.20). Given that their
KLT vanishes, it immediately follows that (4.20) also applies to R? amplitude.

There is very strong evidence that (4.20) must be correct. First of all, it implies
the well-known fact that for & = 0,1,2, self-dual amplitudes vanishes (no k' < 2) and
there are only anti-self-dual amplitudes, while for k = n,n—1,n—2 there are only self-
dual amplitudes (no k' > n—2). To provide more non-trivial evidence for (4.20), we have
checked our proposal for self-dual, F i amplitudes against [13] for all helicities up to eight
points. We have evaluated our formula numerically for solutions in all sectors of k' # k,
and find that the self-dual amplitude is the sum of those sectors listed in table 1.

Our proposal suggests that there is a natural origin for self-dual and anti-self-dual
amplitudes from solution sectors of scattering equations in 4d. Note that individually T flk,;)
are not physical for general k and k', since they can contain spurious poles, as is familiar
from the reduction of bi-adjoint ¢ to four dimensions [36]. The interesting thing is that
unlike in the scalar case where one has to sum over all sectors, here by summing over
subsets of sectors, namely those w1th k' < k and those with k' > k, we already obtain

physical amplitudes, M nk and M k> respectively.
There is a special case when we do not need to sum over sectors at all, and it also
serves as an important check of the proposal (4.20). This is the F3 amplitudes with three

negative-helicity gluons, i.e. k = 3, which receives the contribution only from k&’ = 2 sector,
M =1,
n?

n,3?
To be concrete, let’s choose the three particles of negative helicity as p, ¢, r. Note that

moreover it is well known that there is a just a unique solution in that sector.

for k = 3 and k’ = 2 the generalized version of (4.17) has the first term vanishes and the
second term evaluates to (the details are given in appendix A):

Pr = hpp higg hirr deth2 5 when k =3,k =2 (4.21)

We can choose to generalize Ay, then from (A.10) we can directly obtain hyphgq = (pq)%/02,
and h,. = tQW. As explained in appendix A, the seemingly complicated factor
TpUTrq

det ﬁ%fg is in fact canceled by a Jacobian factor det’ hodet’ iln_g from the measure. Col-
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lecting all ingredients and evaluating on the unique solution of k¥’ = 2 sector (A.16), we
obtain the remarkably simple “Parke-Taylor-like” formula for Fi amplitude

Fpo o ((pa)(pr){rp))®
Mas ™07 = gy iog) )

(4.22)

5 Discussions

In this paper we studied tree-level amplitudes from higher-dimensional operators, including
the F® modification to Yang-Mills action, and those to Einstein gravity from bosonic closed
strings at lowest orders. We proposed new CHY formulas for these amplitudes, (2.8), and
all the modifications are naturally encoded in one new ingredient, P, as given in (3.13).
The reduced Pfaffian is the natural object for Yang-Mills and gravity amplitudes, and P,
is the first genuinely new object that generalizes it for higher-dimensional operators. By
construction it is manifestly permutation invariant and gauge invariant, and has the correct
behavior under soft limits. Moreover P, has very interesting properties in four dimensions
with a helicity configuration; it vanishes in exactly the only solution sector that Pf'U,, is
non-vanishing (4.3), and it is natural to divide the remaining sectors to obtain self-dual
and anti-self-dual parts of ¥ and R amplitudes, (4.20).

F3 is not supersymmetrizable, which distinguishes it from any higher-dimensional op-
erators in open superstring effective action. As shown in [37], the polarization-dependence
of open superstring amplitudes is encoded in (n—3)! Yang-Mills color-ordered amplitudes:

MO (12 = > Ff, o] MM (p), (5.1)

PGSn 3

where the sum is over (n — 3)! orderings, with scalar coefficients F’s containing the full
o/-dependence. Therefore, at any order in the o/-expansion (see [38]), the amplitude always
admits a CHY representation with the reduced Pfaffian Pf'¥,, (times a linear combination
of Parke-Taylor factors). To give a very nice example, let’s work out the CHY integrand
for gluon amplitude from F* operator at O(a'?) of the open superstring effective action.

This is the first supersymmetrizable correction to Yang-Mills theory, and the amplitude
with one insertion of F* has been studied in four dimensions [39] and in general dimen-
sions [40] from superstring theory. There is also an interesting observation that MHV F*
amplitude is proportional to the famous all-plus amplitude at one-loop level [41]. It turns
out that F* color-ordered amplitude have a remarkably compact CHY formula

I (1,2,...,n) = Z %sm klilf PT(1,2,...,n) Pf'¥, . (5.2)
i<j<k<l Tu

which has been verified against the all-multiplicity result in [42]. The prefactor can be
viewed as a CHY D-dimension “uplift” of the spinor numerator Y (i j)[j k](k [}[l 3] for all-
plus/MHV F* amplitude, which the formula reduces to for MHV helicities.

To all orders in o/, no new ingredient for polarizations is needed for amplitudes from
any operator from superstrings, which is in sharp contrast with P, for F? amplitude! Our
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results for F3 amplitudes and the double copies may open up a new direction for encoding
more higher-dimensional operators in CHY formulation. Among other things, this can shed
new lights in understanding amplitudes from the bosonic string effective action along the
line of [43]. Besides, from our formulas we can obtain BCJ numerators for F3 amplitudes,
similar to the Yang-Mills case in [18]. Along this line (also see [44] from string theory), we
hope to understand better the color/kinematics duality for F* and beyond.

The most intriguing feature of the new object P, is its properties when reduced to
four dimensions. With the only exception of bi-adjoint scalar theory [36], every CHY
formula so far is only non-vanishing in one sector of the 4d scattering equations (for given
helicities), and they all nicely correspond to ambitwistor string theory [45] with worldsheet
supersymmetries [46, 47]. P, is totally different and it is likely to correspond to correlators
from some bosonic version of the worldsheet models. It would be highly desirable to find
such models. It would also be very interesting to see how these features in four dimensions
can be derived from some four-dimensional ambitwistor string models directly [35].

Our formula in gauge theory is for gluon amplitudes with a single insertion of F> oper-
ator, so it is also a formula for form factors in the soft limit. In the limit, it can be viewed
as a very non-trivial generalization of earlier four-dimensional results on form factors for
F? operator [48] and those in V' = 4 SYM [49]. An outstanding open question in this direc-
tion is about extending the construction to include multiple insertions of operators. Last
but not least, recently there has been progress on loop integrands from scattering equa-
tions [50-54], and it would be highly desirable to see if our results can shed new lights on
obtaining integrated loop amplitudes in this formulation. In particular, the amplitudes we
studied here can be considered as counterterms for UV divergences of such loop amplitudes
(see very interesting recent studies of Gauss-Bonnet term in quantum gravity [55, 56]), and
it certainly deserves further investigations along this direction.
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A Details for reducing the formulas to four dimensions

As discussed in [22], the scattering equations, (2.1), were originally derived as the null
condition p?(z) = 0 with pt(z) = >0, kb [p2q (2 — o). In four dimensions, it is
equivalent to the existence of polynomials A(z) and A(z) with their degree added up to
(n—2), such that p®®(z) = A*(2)A%(z). Then we get n — 3 different sets of 4d equations,
with the degree of A\(z) donated as k'—1 equal to 1,--- ,n—3 separately,
e 5‘? / )‘?
Ay — —— =0 forbe -, A —
-2 (bp) b2 (pb)

pe+! be—’

=0 forp=+, (A.1)
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Here —' and +' are arbitrary two sets of the n external particles, with their length equal
to K and n — k' separately. The variables are ¢’s and t’s, which can be combined into n
variables in C%, 0% = %(aa, 1), and the two bracket is defined as (ab) := (04 — 0p)/(tats)-

Each solution of (2.1) corresponds to a unique solution {o,,t,} of (A.1) for some
k', with identical cross-ratios of the o’s. For each k', (A.1) have Eulerian number of
solutions, FE,_3/_2, and the union of them for all sectors give (n—3)! solutions of (2.1),
with (n—3)! == 22 E,_3 -2 [21]. When reducing CHY formulas to 4d, it is convenient
to view (A.1) as a change of variables: we refer to A\j=1 i, Ni=kt1,..n and tq, 04 as “data”
and (A.1) as writing A\j—py1,.., and 5\1:1,,“,1€ in terms of the data. This is equivalent to
evaluation on the support of solutions in the k’ sector.

Based on these considerations, now we derive the explicit expression when reducing

C\q to four dimensions. When a € — and a € —/,

PR S ()L S 177 A2

besrhga (WHOa S ap]oap

By plugging in the solutions in " sector, or equivalently a change of variable, we have

_ b (ab)totplpp] | (ab)tytppp]
oo = lan] b#za;p< TbpTab ! TpbTap >
_ 1 <ab>tbtp[l7ﬂ]
B [CW] b;p OabTap <A3)

In the second equality, we have taken the denominators together. Now it factorizes to two
factors — 3, blab) ond > ta“t" 1] here the latter equals to 1 according to 4d scattering

taOab [ap]?

equations (A.1). Finally,

Caa = - Z . <ab> (A4)

While a € — but a ¢ —

Ca= — ¥ (ap)lpp] 3 (ab) [by] (A5)

pE+', p#a [aM]UaP be—! [a//’[/]o-ab

Plug in changes of variables, and now it comes out an extra term as p = a also contributes.

Coa = o Z (<ab>tbtp[pﬂ] n <ab>tbtp[pﬂ]> n Z M (A.6)

a Tpp T Opp0
[ M] p€+/,p7éa pbCap bp? ab be—/ ba
be—'

The first term on the r.h.s. vanishes following the trick as in (A.3), (A.4), it becomes

Loy M:_ZWW@ 3 bled (A7)

a O b0, o, taCapla
[ 'u} pE+’, p#a ab®ap be—' ab pe+,pFa ap[ 'u}
be—'
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then we see that Cy, only has contribution from the extra term, and we obtain

cbVtpt tio
Caa= D () lutetaThe )2“; b (A8)
g, O
b<c ba™ ca
b,ce—’

Similarly we can work out the other two cases, and the final result is

— f—"fbl)) a € —andac '
bta; be—' © ¢
—2 Y bepeld e _butag
b<c; bce—! ab ac
Caa = ty [ab] (Ag)
— tfbo_ib a € + alld S +/
bta; bet’ ¢
—2 oy blened e pbutag 4
b<c; bce+/ ab e

Thus we can define the diagonal elements of the two (generalized) matrices hﬁl and izf;f i s

ty {(ab
haa:_ Z tb<a> aE—andaE—/
ba; be— ¢ Tab
tpt b
haa = —t2 Z %‘32@ a€—butag -’ (A.10)
b<e; bee— CabZac

and

a€+andac+

ilaa = - Z tj [ab]

bta; be+! ta Oab

hoog = —t2 Z M a€+butag+. (A.11)

050
b<c; b,ce+’ ab™ ac

N . F3
Considering the special case of M, %, we find that P, reduces to

tptyo
P = hpphqqtg%qu‘ﬁ

rparq

deth? ;  whenk=3k =2. (A.12)

where the diagonal elements of the matrix 53_3 are given by

t [ob

hag = — - , (A.13)
brapq @ 7P
Thus we have seen that h2_ is nothing but the reduced matrix |h, _o|".
The 4d formula for the self-dual F® amplitude with & = 3 now reads
F3 d*"o A A
= | [1# (-2 )
vol GL(2,C) °- (ap)  (aq)
1 hpphqqt? %det hy_s
x 7 (A.14)

(12)(23) --- (nl) det’ hodet’ b,y o
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Here the four delta functions for p,q in (A.1) has been stripped as a delta function of
momentum conversation §*(P) and dropped, which leads to the prefactor (pqg)2. The two
reduced determinants det’ ho, det’ ﬁn_g come as the Jacobian from rewriting scattering
equations (2.1) to 4d scattering equations (A.1). Luckily, det’ h,_ cancels det A2 in the
numerator since the two matrices h2_5 and |h,_»|! are identical:

2 tptqopqe(PQ)
hpphqqtr o2 g2

MF:?- — <pQ>2 ]' rpYrq
3 Jua (12)(23) - (nl) det/ hoz
2 1 2
_ (pg) (172q> i (A.15)
Jn2 (12)(23) - (n1) (rp)*(rq)
Here J, 2 is the Jacobian of 4d scattering equations.
The unique solutions for the scattering equations of sector k' = 2 is given by:
(pq) (pq) (pq)°(ab)
ap) = —, (aq) =-—=, (ab)= , (pq) =1. A.16
P agy " pay P Gy ey (P (410
Evaluating on this solution we obtain
1 __ agpglpa)*iga)® wa)” _ ) ra” g
(12)(23)--- (nl)  (pg)*~5(12)(23)---(n1)  (rp)*(rq)? (pg)?
and the Jacobian of of 4d scattering equations becomes
a)?(qa)?
Jn _ Ha;ﬁp,q<p > <q > . (AlS)

12 —
(pq)®"—0
Combining these factors we obtain the “Parke-Taylor-like” formula in the main text.
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