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1 Introduction

Just as the photons in the cosmic microwave background provide us with a detailed snap-
shot of the conditions of the Universe soon after the Big Bang, photons produced in heavy
ion collisions provide excellent probes of the “Little Bang” tested at RHIC [1, 2] and
LHC [3]. The reason is that, like the Universe after recombination, the quark-gluon plasma
(QGP) created in those experiments is optically transparent, both because of its limited
spatial extent and because of the smallness of the electromagnetic coupling agy. Pho-
tons produced inside this medium escape with essentially no rescattering, bringing with
them valuable information about the conditions of the system at the location of their
emission [4, 5].

While it is possible to compute the production rate of such photons in a plasma at
small o, using ordinary perturbative techniques (see e.g. [6]), the QGP produced at RHIC
and LHC seemingly behaves as a strongly coupled fluid [7, 8], thus rendering a perturbative
approach problematic. This non-perturbative nature of the plasma provides a motivation
to apply the gauge/gravity correspondence [9-11]' to this system. Unfortunately, the
holographic dual to QCD is not currently known, but the hope is that studying ‘reasonable’
proxies, such as finite temperature A’ = 4 super Yang-Mills (SYM),? one might gain insight
about the qualitative features of the strong coupling dynamics of the plasma. Moreover,

1See [12] for a review of applications to the QGP.

2The zero-temperature limits of QCD and A = 4 SYM are completely different theories (confining the
former, conformal and supersymmetric the latter, among other differences), but at the typical temperatures
explored at RHIC and LHC many of these differences disappear; see e.g. [13].



some quantities turn out to be quite model-independent and universal, a notable example
being the shear viscosity to entropy density ratio [14].

The study of photon emission in a strongly coupled N’ = 4 plasma using holography
was initiated in [15], where photons coupled to massless quarks in the adjoint representa-
tion were studied, and continued in [16] and [17], where massless and massive quarks in the
fundamental representation were the electrically charged particles. Photon production in
a ‘soft wall’ AdS/QCD model was addressed in [18, 19] and in a charged black hole back-
ground in [20]. String corrections to the supergravity results for the electric conductivity
and spectral density were studied in [21-23].

The geometry used in those works was spatially isotropic in the gauge theory directions
and therefore dual to a rotationally invariant plasma. It is now believed that an important
feature of the real-world QGP is the fact that the pressures along the beam direction and
along the transverse directions are unequal in the initial stages of the plasma evolution
and that the system displays a sizable initial anisotropy [24, 25]. A first analysis of the
electromagnetic signatures in a strongly coupled anisotropic plasma was carried on in [26],
where the geometry of [27] was used as dual. An undesirable feature of that model was
the presence of a naked singularity, that nonetheless allowed the imposition of infalling
boundary conditions and the definition of retarded correlators.

In this paper we revisit the computation of photon production in a strongly coupled
anisotropic plasma using as gravitational dual the type IIB supergravity solution that
was discovered in [28, 29], building on inspiration from [30]. This solution is static and
corresponds to a plasma in anisotropic thermal equilibrium, with the force responsible for
maintaining the equilibrium being a position-dependent theta-angle, as we shall review
below. Of course, a real-world plasma undergoes a non-trivial time evolution, but the
assumption of staticity might be motivated by considering time scales much shorter than
the characteristic evolution scale, which is as long as a few fm/c (see e.g. [31]).

The geometry of [28, 29] enjoys several nice features that make it an ideal toy model
for addressing, from first principles, the effects of spatial anisotropy on physical observa-
bles of interest. Such features include regularity of the fields on and outside the horizon,
asymptotic AdS boundary conditions, and a UV completion with a solid embedding in type
IIB string theory. We introduce N; < N, flavors of massless quarks in this background
and compute the production rate of photons for arbitrary orientations of the photon wave
vectors and for arbitrary values of the anisotropy. We also compute the electric DC (i.e.
zero-frequency) conductivity and compare it with that of an isotropic plasma which is kept
either at the same temperature or at the same entropy density. We find that the conducti-
vity can be larger or smaller than the isotropic conductivity, depending on the orientation
of the photon polarization with respect to the anisotropic direction. The total produc-
tion rate, on the other hand, is always larger than the isotropic rate, independently of the
frequency of the photons, their direction of propagation, and the value of the anisotropy.
Moreover, the larger the degree of anisotropy of the plasma, the more brightly this glows
compared to the isotropic case.

Other physical properties of the anisotropic geometry considered here have already
been studied in the literature. These include the shear viscosity to entropy density ra-



tio [32, 33], the drag force experienced by a heavy quark [34, 35], the energy lost by a
quark rotating in the transverse plane [36], the stopping distance of a light probe [37], the
jet quenching parameter of the medium [35, 38, 39], and the potential between a quark
and antiquark pair, both static [35, 38, 40] and in a plasma wind [40]. A non-interacting
version of the model of [28, 29] has also been considered in [41] and the corresponding
phase diagram has been obtained.

The structure of the paper is as follows. In section 2 we derive the field theoretical
expression for the photon production rate in the presence of anisotropy. In section 3
we review the gravitational dual to the anisotropic system we consider and describe the
introduction of flavor branes in this background. In section 4 we compute the photon
production rate and conductivity from holography and present our results. We conclude
with a discussion and an outlook in section 5.

2 Photon production in an anisotropic plasma

The gauge theory we shall consider is obtained via an isotropy breaking deformation of
four-dimensional N/ = 4 super Yang-Mills (SYM) with gauge group SU(X,), at large N,
and large 't Hooft coupling A = g2,,N,. The deformation consists in including in the action
a theta-term which depends linearly on one of the spatial directions, say z, [30]

1
Ssu(Ne) = SN=4 + 32 /0(2) TrFAF, 0(z) x z, (2.1)

where the proportionality constant in 6(z) has dimensions of energy and will be related to
the parameter a that we shall introduce in the next section. The rotational SO(3) symme-
try in the space directions is broken by the new term down to SO(2) in the xy-plane. For
this reason we shall call the z-direction the longitudinal (or anisotropic) direction, while x
and y will be the transverse directions.

This theory has matter fields in the adjoint representation of the gauge group. We can
also introduce N; flavors of scalars ®* and fermions ¥ in the fundamental representation,
with the index a taking values between 1 and N;. With an abuse of language, we will refer
to these fundamental fields indistinctly as ‘quarks’.

To study photon production we turn on a dynamical photon by including a U(1) kinetic
term in the action (2.1) and a coupling to the fields that we want to be charged under this
Abelian symmetry. In order to realize a situation as similar to QCD as possible, we require
that only the fundamental fields be charged, while the adjoint fields are to remain neutral.
The action for the resulting SU(V,) x U(1) theory is then

1
S = Ssuw) — / d*z (F3, — de AFJM) (2.2)

where F,, = 0, A, — 0, A, is the U(1) gauge field strength, e the electromagnetic coupling,
and the electromagnetic current is given by

_ 1 ) "
TN = ¥+ S8 (D) - 5 (D) @, (2.3)
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Figure 1. Diagrams contributing to the two-point function of electromagnetic currents to leading
order in the electromagnetic coupling agy. The external, dotted lines correspond to photons with
momentum k, while the shaded blobs denote full resummations of the SU(N.) diagrams, to all
orders in A.

with an implicit sum over the flavor indices. The fundamental fields are differentiated using
the full SU(IV.) x U(1) connection, D, = D, —ieA,,, while the SU(IV,)-covariant derivative
D,, acts on the adjoint matter.

We do not know the gravitational dual of the full SU(N,)x U(1) theory, but fortunately
this will not be necessary for our purposes. It was in fact shown in [15] that to compute
the two-point correlation function of the electromagnetic current (2.3) to leading order in
the electromagnetic coupling ag,;, it is enough to consider the SU(N,) theory only, whose
dual is known from [28, 29]. Our computation will then be to leading order in agy;, since
the coupling of the photons to the surrounding medium is small, but fully non-perturbative
in the 't Hooft coupling A of the SU(JV,) theory. This is depicted diagrammatically in fig-
ure 1, where the shaded blobs stand for the all-order resummations of the SU(N,) theory
diagrams, while the external legs are the U(1) theory photons.

In general, photon production in differential form is given by the expression [15, 17, 42]

e? - -
) S e (B ey (F) ()

l . . (2.4)
di - (2m)P2Ak 5 KO=[f]

with k# = (k9,k) the photon null momentum and ®(k) the distribution function, which
for thermal equilibrium, as in our case, reduces to the Bose-Einstein distribution ng(k?) =
1/(e*"/T —1). The spectral density is X (k) = =2 Im Gy, (k), with

G (k) = —i/d4w e T O()([J;M (x), 1, (0)]) (2.5)

the retarded correlator of two electro-magnetic currents Jl'fM.

Each term of the sum in (2.4) stands for the number of photons emitted with polariza-
tion vector €(4). The two polarization vectors are mutually orthogonal and orthogonaﬁ} to k.
Given the SO(2) symmetry in the zy-plane, we can choose without loss of generality & to lie
in the zz-plane, forming an angle ¥ with the z-direction — see figure 2. Specifically, we set

k = ko(sin 9,0, cos V) . (2.6)
This means that we can choose the polarization vectors as

5(1) = (0, 1, 0) y 5(2) = (COS 19, 0, —sin ?9) . (27)



Figure 2. Photon momentum and polarization vectors. Because of the rotational symmetry in
the zy-plane, the momentum can be chosen to be contained in the zz-plane, forming an angle ¥
with the z-direction. €(;) is oriented along the y-direction and €[5y is contained in the zz-plane,
orthogonally to k.

Production of photons with polarization €) is then proportional to X, ~ Im (J;™J™),
whereas for those with polarization €(y) it is proportional to?

EI(LZ) €(2) Xpv = 08 U Xz + Sin% 9 X2 — 2cos I sind xy» - (2.8)
From this expression we see that we need to compute the three correlators
Gro ~ (L) G~ (Y, G~ () (2.9)
and then add them up according to (2.8). In the following section we will see how these
correlators can be obtained from gravity.
3 Gravity set-up

The dual gravitational background for the theory (2.1) at finite temperature is the type
IIB supergravity geometry found in [28, 29], whose string frame metric reads

2 L? 2 2 2 2 du? 2 14,542
ds =2 —BF dt* + dz* + dy” + Hdz +? + L*e2%dQ); (3.1)
with H = e~? and Q5 the volume form of a round 5-sphere

ng = d¢2 + cos? P dcp2 + sin? P dQ% . (3.2)

The gauge theory coordinates are (t,z,y, z) while u is the AdS radial coordinate, with the
black hole horizon lying at w = wuy (where F vanishes) and the boundary at u = 0. As
mentioned already, we refer to the z-direction as the longitudinal direction and to x and y
as the transverse directions. L is the common radius of the first metric factor and of the
sphere and is set to unity in the following. Besides the metric and the dilaton ¢, the forms

F;5 :4(95 +*Q5) s Fi =adz (33)

3Note that xzz = Xze; See e.g. [15].
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Figure 3. Metric functions for a/T ~ 4.4 (left) and a/T ~ 86 (right).

are also turned on, with a being a parameter with units of energy that controls the degree
of anisotropy of the system. The potential for the 1-form is a linear axion y = a z. This
acts as an isotropy-breaking external source that forces the system into an anisotropic
equilibrium state.

The functions B, F, and ¢ depend solely on u; they are known analytically in limiting
regimes of low and high temperature, and numerically in intermediate regimes [29]. Rep-
resentatives of these functions for two values of a/T" are plotted in figure 3. For v — 0
(independently of the value of a) they asymptote to the AdSs x S° metric, F =B =H =1
and ¢ = 0, while for a = 0 they reduce to the black D3-brane solution

4
B=H=1, ¢=x=0, F=1-—, (3.4)
UH
which has temperature and entropy density given by [43]
1 72
CZ—;so = iso — 7N2T3 . 35
p— s 5 Ve (3.5)

The temperature and entropy density of the anisotropic geometry are given by [29]

_1 2.2 1 2
e 290 /Bi(16 + a uHe2¢H)’ o Ve e ion (3.6)
167Uy 2

where ¢y = ¢(u = uy) and By = B(u = uy). As depicted in figure 4, the entropy density
of the system interpolates smoothly between the isotropic scaling above for small a/T" and
the scaling [29, 30]

1
s~ 3.21 N2T3 (%) ) (3.7)

for large a/T, the transition between the two behaviors taking place at approximately
a/T ~ 3.7. The space can then be interpreted as a domain-wall-like solution interpolating
between an AdS geometry in the UV and a Lifshitz-like geometry in the IR, with the ra-
dial position at which the transition takes place being set by the anisotropic scale a: when
T > a the horizon lies in the asymptotic AdS region with scaling (3.5), whereas for ' < a
it lies in the anisotropic region with scaling (3.7).
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Figure 4. Log-log plot of the entropy density as a function of a/T. The dashed blue line is a
straight line with slope 1/3.

A feature of the anisotropic geometry of [28, 29] is the presence of a conformal anomaly
that appears during the renormalization of the theory, introducing a reference scale pu.
This anomaly implies that some physical quantities (such as, for example, the energy
density and pressures) do not depend only on the ratio a/7', but on two independent
dimensionless ratios that can be built out of a, T, and p.* Fortunately, as we shall see in
the following, all the quantities computed in this paper are not affected by this anomaly
and will be independent of u. In particular, they will be functions only of two independent
dimensionless ratios that can be built out of a, T', and kg (e.g. a/T and ko/T).

3.1 Flavor branes

The introduction of N; flavors of massless quarks is achieved by placing V; probe D7-branes
in the background (3.1). Given that the quarks are massless, any temperature different
from zero in the background will imply that these quarks are in a deconfined phase (the
‘black-hole embedding’ [44]) and also that the induced metric over the D7’s will be the
metric (3.1) with a three-sphere instead of a five-sphere. The complete system can then
be thought of as a D3/D7 system with two different kinds of D7-branes, one kind sourcing
the anisotropy [29, 30]° and the other kind sourcing flavor [45, 46]:

txy zlulv o Qs
N, D3 |x x x X
. (3.8)
Np, D7 |x x X X X X
Ny D7 |x x x x|X X

Throughout our calculations, the value of Np; (and consequently of a, see footnote 5) can
be arbitrary, but we will assume that flavor is quenched, N; < N,. As discussed in [29], the

4The metric functions do depend solely on a/T, which is why we have used this ratio to distinguish
between two representative examples in figure 3.

5These branes are smeared homogeneously along the z-direction and can be thought of as giving rise to
a density npr = Np7/L. of extended charges. This charge density is related to the anisotropy parameter a
through a = ¢g2y\npr/4m [29].



full backreaction of the ‘anisotropic’ D7-branes is already included in the geometry (3.1),
through the presence of the axion field x. In the following, when talking about D7-branes we
will refer exclusively to the flavor D7-branes, which are probes in the fixed background (3.1).

As argued in [15], to study photon emission to leading order in e it suffices to evaluate
the correlators needed for (2.4) in the SU(NV,) gauge theory with no dynamical photons. At
strong 't Hooft coupling and large V., these correlators can be calculated holographically.
Indeed, global symmetries of the gauge theory are in one-to-one correspondence with gauge
symmetries on the gravity side, and each conserved current of the gauge theory is dual to
a gauge field on the gravity side.

Let A, (m =0,...,7) be the gauge field associated to the overall U(1) C U(N;) gauge
symmetry on the D7-branes. Upon dimensional reduction on the 3-sphere wrapped by
the D7-branes, A,, gives rise to a massless gauge field (A4,, A,), three massless scalars,
and a tower of massive Kaluza-Klein (KK) modes. All these fields propagate on the five
non-compact dimensions of the D7-branes. We will work in the gauge A, = 0,5 and we will
consistently set the scalars and the higher KK modes to zero, since these are not of interest
here. The gauge field A, is the desired dual to the conserved electromagnetic current .J;™
of the gauge theory. According to the prescription of [10, 11], correlation functions of J
can be calculated by varying the string partition function with respect to the value of A,
at the boundary of the spacetime (3.1).

We now proceed to write down the action for the D7-branes. It is easy to realize
that there is no Wess-Zumino coupling of the branes to the background F5, because of the
particular brane orientation that has been chosen. A priori there could be a coupling to
the background axion

/ XeZW@F 7 (39)
D7

but this would be quartic in the U(1) field strength F' = dA and therefore not relevant for
the present computation, where we only need 2-point functions.
This means that the Dirac-Born-Infeld (DBI) action is all we need to consider:

S = —N;Tp, / d®o e=?\/—det (g + 2n02F), (3.10)
D

7
where g is the induced metric on the D7-branes and Ty, = 1/(27€,)"gsls is the D7-brane
tension. To obtain the equations of motion for A,, it suffices to expand the action above
and use the quadratic part only:
CPp— (2702)® o
S=-NTy, | d°ce ?y/—detg TF , (3.11)
D7
where F? = F),,, F™". The embedding of the branes inside the S° of the geometry can be
parametrized by an angle cos ¥ = ¢(u) and the induced metric on the branes is given by
1— 42 +ulFes®y?
ZF (=)
+ez?(1 — ?)d02. (3.12)

1
ds, = (-8 dt* + da® + dy? + Hd=?) +

5This gauge choice will be immaterial in the following, since we shall switch to gauge invariant quantities,
but it has the advantage of simplifying our formulas.



The case of massless quarks corresponds to the equatorial embedding of the D7-branes,
namely to 1) = 0. After the dimensional reduction on the three-sphere, the action reduces to

3
-3¢
S = —Km/dt dfduﬂﬁ, (3.13)
U
where .
KD7 = 27?'4]\]},1_‘]376;L == WNCNf7 (314)

and F}, is restricted to the components m = (u, u).

As argued in [17, 44], in order to calculate the photon emission rate, we may consi-
stently proceed by assuming the equatorial embedding of the D7-branes to be fixed in the
absence of the gauge field, and then solving for the gauge field on that embedding. No
modes of the metric or of the background fields will be excited. As mentioned above, we
set the components of the gauge field on the three-sphere wrapped by the D7-branes to
zero and we Fourier decompose the remaining components as

dkOdk .0, 7 . -
Au(t, Z,u) = /(27T)4 ¢ kKHikT A, (K0 kyu), k = ko(sind, 0, cos?) . (3.15)

This is possible because the state we consider, although anisotropic, is translationally in-
variant along the gauge theory directions [29]. Doing so, the equations for the gauge field
deriving from (3.13) split into the following single, decoupled equation for A, (primes
denote derivatives with respect to u):

(Mg“g™ A" — Mg (g"k§ + gk + g7k) A, = 0, (3.16)

together with a coupled system of three equations for the remaining components A; ; .:

(Mg" g™ ALY — Mg" (g% ky (ke Ar — koAz) + g7k, (K, Ap — koAL)] = 0,  (3.17)
(Mguugm:A;)/ - .7\49mj [gttko(kOAa: - k:r:At) + gzzkz(sz:L‘ - kxAz)] = 0, (3-18)
(Mg“g” ALY — Mg* [g"ko(koAs — k2Ar) + g%k (ks A — k2 Az)] = 0. (3.19)

The inverse metric can be read off directly from (3.1) and M is the factor appearing in the
action (3.13):
e 19VB
M= u5f . (3.20)
Equations (3.16) to (3.19) constitute the set of equations that we shall solve in the next
section, with the appropriate boundary conditions, to obtain the correlation functions of

the electromagnetic currents .J,;.

4 Photon production from holography

The Lorentzian AdS/CFT prescription to compute the correlation functions of the electro-
magnetic current is given in [47] (see also, e.g., [48-50]). We need to isolate the terms with



two radial derivatives in the action (3.13), write the latter as a boundary term by integra-

tion by parts and compute it on-shell. Varying with respect to the values of A, at u = 0

(which correspond to the boundary theory currents) gives the desired correlation functions.
We start by writing the boundary action as

, (4.1)

U—=€

_§¢
S. = 2Ky / dt di [eufm <—Bl}_AtA; AL AL+ e¢AZA;>

where the limit € — 0 will be taken.

From this boundary action and the equations of motion (3.16)—(3.19), we see that we
can carry out the calculation for the spectral density x,, independently of all the others;
this calculation is very similar to that in [17]. The remaining spectral densities in (2.8) are
more involved and will require a strategy that was originally developed in [51] to deal with
operator mixing.

4.1 Isotropic limit

In order to compare our results with the photon production rate in an isotropic plasma,
we will need expressions for the isotropic correlators both as a function of the temperature
of the plasma and as a function of the entropy density of the plasma.

We start then by considering the isotropic limit, which is obtained by plugging (3.4)
in the equations above. We may also set ¢ = /2, since in the isotropic system we have an
SO(3) symmetry that allows us to align the photon momentum along a particular direction,
say the a-direction. The equation to solve is obtained from (3.16) and reads”

w2 ud ud ud
0=u (1 — 4> A:::o — <1 — 4) <1 + 34) A{so + k%inso . (42)
U U U U
The solution of this equation that is infalling at the horizon reads

u? i u? -3 1+4 1414 u? — u?
Aio=(1-— I+ — ) oF1(1- w, ———w, 1 —iw; —— |, (4.3)
u? 2 U

2
Uz 2 2

where . .
0 0Un
=" — 4.4
T T 2 (44)

is the dimensionless frequency as customary in the quasi-normal mode literature.

Rotational invariance implies that the sum over polarizations in (2.4) be equal to the
following expression

Xiso = —2Im (G;}y + G?z)iso =—4Im G}, (4.5)
which can be computed from the prescription in [47] using
4K, ut\ 1
R D7 : * /
G A (w0, 0)2 4% ( ul > AL (w, u) AL (w, ) (4.6)

"This equation is exactly equivalent to eq. (4.18) of [17] under the change of coordinates unere =

UHV 2uthere .

~10 -
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Figure 5. The isotropic correlator yiso.

The imaginary part of this expression turns out to be independent of u, and is actually easier
to evaluate the limit at the horizon rather than at the boundary. The result of the limit is

2
20092

(4.7)

U—UH

ut 1

lim (11— — ) —A7 (w,u) Al (w,u) =i
ug ) u

Putting everything together, one finally obtains that the spectral density is given by [17]

8/\7D7w

Xiso = . . 5 (48)
2w }2F1 (1 - o, —Hiw, 1 —iw; %)}2
where
~ KD7 ]. 2
ND7 — 47% — ENCNfT . (49)

The dimensionless combination X,/ 8./\7D7w is plotted in figure 5. We can now express /\7m
and w in the formula above either in terms of the temperature or in terms of the entropy
density of the isotropic plasma, using (3.5). We obtain

Yoo () = — ].VCNkaO. 5, (4.10)
22 [oFy (1= ko, —Eho, 1— i 3|
and
1 1 2
Xiso(8) = — N Ness ko 5. W= % (4.11)
27375 oy (1 — Yoy, — 1w, 1—iw,; §)| 237353

In the following sections we shall use these expressions to normalize the anisotropic results.
The two different normalizations will allow us to compare the anisotropic photon produc-
tion either with an isotropic plasma at the same temperature but different entropy density
or with an isotropic plasma at the same entropy density but different temperature.

- 11 -



4.2 Spectral density for the polarization ()

After the isotropic case warm-up, we proceed to compute x,,. This can be obtained
independently of all the other spectral densities, given that (3.16) is not coupled to the
remaining equations of motion and that there is no mixing term in the action between A,
and the other gauge fields. The corresponding correlation function is

4K
GR = ————2T _ lim Q(u)A* (ko, u) A, (ko,u), 4.12
Yy ‘Ay(ko,O)F u—>OQ( ) y( 0 ) y( 0 ) ( )
where .
_,¢ B
Q(u) = “;ﬁf (4.13)
The spectral density reads
NN, : %
X(1) = Xyy = ! 5 Im igr}) Q(u) Ay (ko, u) Ay (Ko, u) . (4.14)

212 | Ay (o, 0)]

In the anisotropic case the metric components appearing in the equations of motion
are only known numerically for generic values of a/T. This means that we have to resort
to numerics in order to integrate (3.16) and obtain the solution for A,. To impose the
appropriate boundary conditions at the horizon we use the near-horizon expansion of the
metric given in [29] and expand (3.16). We see that close to the horizon A, behaves like
(u — un)”ay(u), where a,(u) is some function regular at uy. The exponent v turns out to
be given by the usual result

y:j:ig, W= (4.15)

where the temperature appearing in this formula is now the anisotropic one, given by (3.6).
To impose the infalling wave condition at the horizon and therefore get the retarded cor-
relator, we choose the negative sign for v. Once the infalling solution has been selected,
the expansion is unique up to an overall multiplicative factor.

Now we carry out the numerical integration of (3.16) for a number of values of the
anisotropy and of the angle ¥ formed by the momentum k and the z-axis. The spectral
density Xy is plotted in figures 6 and 7, where it is compared with an isotropic plasma at the
same temperature or at the same entropy density. Note that x,, in the isotropic limit goes
to half of x;.., since the latter contains the (equal) contribution from x. as well; see (4.5).

Note also that at large ko (more specifically, for ky > a) the spectral density does not
converge to the isotropic limit (the horizontal line at 1/2). This is explained by recalling
that our results depend on two independent dimensionless ratios. Sending ky — oo while
keeping a and T fixed is not the same as sending a — 0 with kg and T fixed, since the ratio
a/T remains finite in the first limit.

The zero-frequency limit of the spectral density gives the electric DC conductivity.
For photons with polarization €(;) this would be the conductivity along the transverse
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Figure 6. Plots of the spectral density x(;) corresponding to the polarization €(;) normalized
with respect to the isotropic result at fixed temperature xi,(7). The curves correspond from
top to bottom to the angles ¢ = 0, 7/8, w/4, 37/8, w/2. The four plots correspond to the cases
a/T = 1.38 (a), 4.41 (b), 12.2 (c), 86 (d).

y-direction. The quantities

: X(1) ; X
T) = lim ———— =1
7()(T) Fo30 X(1),is0 (1) 00 Xo (1)
0(1)(8) = lim _Xo lim 2 X(1) (4.16)

k0_>0 X(l),iso(s) k0_>0 XISO(S)

as functions of a/T and of aN2/3/s'/3 are reported in figure 8. The plot on the left of
that figure coincides with the perpendicular conductivity o obtained in [32]. Note that
the conductivity is to be normalized with respect to the isotropic result with the same

polarization, i.e. limg—0 X (1) = X (1), i1 the present case.

4.3 Spectral density for the polarization ey)

Having found the correlator corresponding to the photon polarization €y, we proceed now

with the correlators corresponding to €z).
The procedure to find them is clearer when carried out in terms of the gauge invariant
fields F; = 0;Ap — 0pA4;. Equations (3.17)—(3.19) can be rewritten in terms of F; with the
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Figure 7. Plots of the spectral density x(;) corresponding to the polarization €(;) normalized
with respect to the isotropic result at fixed entropy density xis(s). The curves correspond from
top to bottom to the angles ¢ = 0, 7/8, w/4, 3w/4, w/2. The four plots correspond to the cases
aN?/3/s'/3 = 0.80 (a), 2.47 (b), 6.24 (c), 35.5 (d).
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Figure 8. Plot of the conductivity o(;) corresponding to the polarization €1y as a function of a/T
(left) and of aN?2/3/s/3 (right).
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aid of the constraint

1
ﬁA +sind AL + cos¥ e? Al =0, (4.17)
resulting in the set of equations
~10vBF\ K2 B2 ek
B+ | [ log & Y28 o E.+—E, log BF)'E, =0, (4.1
et <0g » +5(log g BF) et F Bt —— “(log BF)'E, = 0, (4.18)
¢ PL2 k2 ok,
El+ <1 - ff) ek (log e’ BF)' E’+]__E + 03 “(loge?BF)'E., =0, (4.19)

where k? = }.B — k2 — e?k2. Note that for ¥ = 0 (momentum along the z-direction) and
¥ = 7/2 (momentum along the z-direction) the equations for E, and FE, decouple.
The action (4.1) at u = € can be written in terms of these fields as

“3OVBF [ [ k2
~-)e ! 0 2 7.2

2
+e%kok. (B E,) + <B]f53: - kg) e¢EZE;H . (4.20)

To perform the variations of the action, note that differentiating with respect to A;—z 4 -
just gives kg times the result of diﬁerentiating with respect to E;, and to differentiate with
respect to Ay we have to sum ), k, 35

Since we need to take the limit ¢ — 0, let us compute the on-shell value of the inte-
grand in (4.20) using the near-boundary expansion of the metric. This expansion can be
found in [29] and is given by

7
F=1+ ﬂa2u2 + Fau' + a*utlogu + O(u®), (4.21)
11 7
B=1- ﬂa u? + Byu? — 3% Yutlogu + O(ub), (4.22)
2 4 4
- _ T 4.2
1 T < 1033 u g U ogu+ O(u’), (4.23)

where F; and B, are coefficients undetermined by the asymptotic equations of motion that
can nonetheless be extracted from the numerical solution. They turn out to be irrelevant
for our purposes.

Using (4.21)—(4.23) we can solve equations (4.18) and (4.19) perturbatively to find

E,=E9 + E® cos9u? — i (iE:(CO)kg cos ¥ + 5E3(62)) cos ¥ a*u' + O (u®), (4.24)

2 21.2
B, = B _E® gin g2+ Wy VTR

S 16 (EQ(EO) tan 79+E£0)> u'logu + O (uﬁ) ,(4.25)

where Eéo), Eéo), EQ(CQ), and E§4) are undetermined coeflicients of the expansion, which can
be extracted from the numerical solution. Using the above expressions, we can write the
value of (4.20) close to the boundary as

Se = —2KD7/dt dz [ﬁl + Lo+ Ls+...+0 (u2)] (4.26)

u=e€ ’
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where

1
Ly = —Z sin? 19E§:0)2 1 cos? ﬂEéO)z —cos? sin EVEO) |

z

Ly = L [1F500520 poy gy BB L EOE® _10sing EOE® 1+ g0 pw
3k2 | cosv ¢ 7 a2 v e Rt
2
L3 = — (EJ(CO) sint + BV cos 19) logu, (4.27)

and the ellipsis stands for the terms in the y-components that have already been dealt with
in the previous section.

We notice that L3 diverges as we take the v — 0 limit, which implies that the boun-
dary action is sensitive to the anomaly of the background found in [29]. In principle we
would need to holographically renormalize this action, but the key observation here is that
according to (2.8) the contribution of this divergent term to the production of photons
with polarization €y) is proportional to

2 2. 2
cos® 9 d ['32 + sin ¥ d 532 — QCosﬁsinﬂ% =0, (4.28)
SEY B SEy 6B

and therefore vanishes identically. This means that we only need to consider the contribu-
tions to the correlators coming from £q and Lo, which are finite and turn out to be given by

G2 3 14 5c0s20 6B 16tand SEY
2 — _“kZsin? 9 ud 2 4.29
—4Ky, 40 SISV 3cos?d (5E§30) * a? 5Eg(c0) ’ ( )
G 1 10sin9 6E2 16 5EY
2z _ —*kQ 2 9 — z - z 4.30
4K, 4 V0 €08 3 SE® T2 SED’ (4.30)
GER 1+ 5cos29 5E9(52)
L2 — —kZcosd sin¥
ok, 5 cos v sinv + 3cos (5E£0)
| 16tany 0B 10sinv 6B . 1665 (431)
a®  5p¥ 3 g0 a5 '
Summing up these expressions according to (2.8), one finds the simple result
, 5B s
X(g) = 6?2) 6(2) Xpv = 16KD7 Im (COS ’l?(SEiéo) — Slnﬁ@ . (432)

To determine how the coeflicients Eg(cz) and E§4) vary with respect of E;,(SO) and ES”, it
is convenient to write the solutions E, and F, as a vector. When solving the equation of

E,
E = (E> (4.33)

near the horizon by a power series expansion (u — uy)”, we obtain that the exponent v for

motion for

both components of this vector is the same as that for the A, mode, namely v = +iw/2.
After imposing the infalling wave condition, the rest of the power series is linearly deter-
mined by the value of E at the horizon. Integrating from the horizon using any choice
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of such a vector would pick a particular solution to the equations of motion. These are
linear and therefore their general solution can be written as a linear combination of any

two linearly independent solutions Eq = (E, 1, Ezjl)T and Eg = (E, 2, EZQ)T.
)

is the one formed by the two particular solutions that at the boundary reach the values

(o) == ()
E; — , E; — , (4.34)
0 1

since in terms of this base the general solution can be written as

Since we need to know how the solution depends on Eg(co and Ego), the relevant base

E=EYE;, + EY E,. (4.35)

Close to the boundary the general solution E will be described by the expansions (4.24)
and (4.25). From (4.35) we see that its corresponding coefficients will be given by

B - BB+ BOEY, B0 -EOEN+EO Y, s

x x x, z x, x z,1

where ¥ and E (with ¢ = 1,2) are the coefficients for the expansions of E; and Eg

T, 2,0

close to the boundary. From (4.36) it follows, for instance, that

2
5Eg(5 ) _ g

) 5E9(c2)
s !

2)

——=F 4.
sE® e il
which can now be used in (4.32). In practice, since we can only solve the equations of
motion numerically, we find any two linearly independent solutions, Eq = (E;q, Ez’a)T
and Ey, = (E,, EZ,b)T7 to construct E; and E2 as the linear combinations

o EVE, - EO)E, o EY)Ey, - EY)E, 38)
1= ) 2 — 3 .
50 5 — 5 5O 5 50— 59 5O
whence we can see that
T B RN Y
Bl = 070 70 p0 P2 T D0 a0 20 20 (4.39)
7 Ea:,a Ez,b - Em,b Ez,a ’ Eaz,a Ez,b - Ea:,b Ez,a

With this ground work in place, we may now use these expressions to numerically obtain
the coefficients we need to input in (4.32) to find X(2)- The results are plotted in figures 9
and 10, where we compare, for different angles 1, the photon production with polarization
€(2) with the one of an isotropic plasma at the same temperature or at the same entropy
density. The ¢ = 0 curve for (o) in all the plots matches the ¢ = 0 curve for x(;). This is
expected, since in this case equations (3.16) and (3.18) are identical, being ¢** = ¢g¥¥. On
the other hand, one does not expect a similar match between the ¥ = /2 curve for X(2)
and the 9 = /2 curve for x(;), since in this case equations (3.16) and (3.19) are different,
with ¢g¥¥ # ¢%*, and indeed we obtain different curves.
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Figure 9. Plots of the spectral density x(2) corresponding to the polarization €) normalized
with respect to the isotropic result at fixed temperature i, (7). The curves correspond from
top to bottom to the angles ¥ = 0, w/8, w/4, 37/8, w/2. The four plots correspond to the cases
a/T =1.38 (a), 4.41 (b), 12.2 (c), 86 (d).

For photons with polarization along €(s), the conductivities

— lim —X® iy 2 X@
oo(T) = klolglo X@).(T) kl()lgl02Xiso(T) ’

. X(2) . X(2)
o(2)(s) = klolgo m = klolg02Xiso(S) (4.40)
depend not only on the anisotropy a, as was the case for the polarization along the y-
direction, but also on the angle 9. Plots of o(y) as a function of a/T" and aN?2/3/s'/3 (for
fixed 9) and as a function of ¢ (for fixed a/T") are reported in figures 11 and 12. For ¢ =0
the conductivity is along the transverse z-direction (i.e. the direction of the polarization
vector) and we recover the same results as (4.16) and o, of [32]. Similarly, for ¥ = 7/2

the conductivity is along the longitudinal z-direction and we recover o, of [32].

4.4 Total production rate

We have now all the ingredients to calculate the total production rate (2.4). We convert
this quantity to emission rate per unit photon energy in an infinitesimal angle around 4J.
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Figure 10. Plots of the spectral density x() corresponding to the polarization €(z) normalized
with respect to the isotropic result at fixed entropy density xis«(s). The curves correspond from
top to bottom to the angles ¢ = 0, 7/8, w/4, 3w /4, w/2. The four plots correspond to the cases
aN?2/3/s'/3 = 0.80 (a), 2.47 (b), 6.24 (c), 35.5 (d).
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Figure 11. Plot of the conductivity o) corresponding to the polarization €y as a func-
tion of a/T (left) and of aN?2/3/s'/? (right). The curves correspond from top to bottom to

¥ =0, 7/8, w/4, 37 /8, 7/2.

Using that the photon momentum is light-like, we have

-1 dI’ _ w 1 (
2050 N N{T3 d(cos ) dk® 2N, N{T? 2™ — |

Xa) + x(g)) ) (4.41)
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Figure 12. Plot of the conductivity o) corresponding to the polarization €y as a function of 9.
We plot the cases a/T = 1.38 (black, solid curve), 4.41 (red, dashed curve), 12.2 (magenta, dotted
curve), 40 (green, very coarsely dashed curve), 86 (orange, dot-dashed curve), 120 (brown, coarsely
dashed curve).

This quantity is plotted in figure 13 for different values of a/T and for different values of
¥. The isotropic result at the same temperature is [17]

_]. driso w2

20 N N{T3 d(cos0) dkO gw (27 1) loFy (1w, — 1w, 1—iwg; 5) ‘2 7

(4.42)

and is shown as a black dotted curve in the figures.

5 Discussion

In this paper, we have computed the photon production rate and the electric conductivity
of an N = 4 anisotropic plasma modeled holographically using the geometry of [28, 29].
The plasma is infinitely extended, in thermal equilibrium, strongly coupled and has a large
number of colors N, and a quenched number of flavors, N; < N,. It is rotationally invariant
in the xy-plane, but not in the z-direction, which we have called the anisotropic direction.
In a heavy ion collision experiment, the latter would correspond to the beam direction,
whereas the zy-plane would correspond to the transverse plane. We have considered arbi-
trary orientations of the photon momentum with respect to the anisotropic direction, as
well as arbitrary values of the anisotropy parameter.

The spectral densities are sensitive to the degree of anisotropy of the system and to
the angle between the anisotropic direction and the photon wave vector, with the sensiti-
vity increasing with the photon energy. This increasing sensitivity has also been found in
anisotropic plasmas at weak coupling; see, e.g., [52]. The w — 0 limit of the spectral densi-
ties (i.e. the DC conductivity) is independent of the angle ¥ for photons with polarization
€(1) (along the transverse y-direction) and dependent on o for photons with polarization
€(2) (in the zz-plane), as expected on general grounds.

—90 —



© o
~2 ! 2
= 0015 < ‘
5 5|2 00150 fFT\\
Q o |
> &
f 0.010 ;f :
2 2 0.010} - ;
% qu !
i I
Z, Z :
I % 0005 I = 0.005] |
) ] I
3 3 !
N N !
0.0004 : : : : : ‘ — ] 0.000 :
00 02 04 06 08 10 12 14 0. )
1w ou)

(= =3
= =
= =
5[E 0020f 5=
Q Q
= o
T 0015) ffe) N
d 3 R ]
) )
_|% 0010 5
| Zz | Zz
2 0.005] =
3 g
[a\] N
0.0001

Figure 13. Plots of the total production rate. The curves correspond from top to bottom to the
angles ¥ = 0, n/8, /4, 3n/8, w/2. The four plots correspond to the cases a/T = 1.38 (a), 4.41 (b),
12.2 (c), 86 (d). The temperatures in the four cases are, respectively, T' = 0.32, 0.33, 0.36, 0.49. The
isotropic result at the same temperature is the dotted black curve. In (a) the curves are virtually
indistinguishable from the isotropic one.

A generic feature emerging from our study is that the spectral densities (and conse-
quently the total production rate) are higher for photons with longitudinal wave vectors,
¥ = 0, than for the ones with transverse wave vectors, ¥ = 7/2. The enhancement along
the longitudinal direction is perhaps not surprising, since that is the preferred direction in
the expansion of the plasma. This enhancement also takes place in the electric conducti-
vity, which is larger (smaller) than the isotropic value along the perpendicular (transverse)
direction, irrespectively of whether the comparison is made with an isotropic plasma at
the same temperature or at the same entropy density. Note that the conductivity is in the
direction of the electric field, which coincides with the direction of the polarization vector
and not of the photon momentum. The total production rate depicted in figure 13 is always
larger than the isotropic value, for all frequencies, directions of propagation, and values of
the anisotropy parameter. This means that the anisotropic plasma considered here always
glows more brightly than its isotropic counterpart.
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The source of anisotropy in [28, 29] is a position-dependent theta-angle in the gauge
theory, or, equivalently, a position-dependent axion in the gravity background. One might
wonder how universal are the behaviors we have obtained, i.e. how they depend on the
source of anisotropy used. We notice that the equations of motion for the gauge field on
the branes’ world-volume are solely determined by the metric and the dilaton. This im-
plies that any other source of anisotropy that gives rise to a qualitatively similar metric and
dilaton and no B-field will produce qualitatively similar results for the photon production
rate, irrespective of the other background fields (in particular, irrespective of whether or
not there is a background axion turned on).

Photon production in the strongly coupled anisotropic plasma of [27] has been worked
out in [26]. The geometry in those papers presents a naked singularity, which nonetheless
allows for infalling boundary conditions and the definition of a retarded Green function in
the dual gauge theory. The small frequency behavior of the spectral densities found in [26]
is totally different from the one found here, due perhaps to the absence of a bona fide
horizon. In particular, they find that for any non-vanishing anisotropy, even if very small,
the spectral densities go to zero faster than w, resulting in a vanishing DC conductivity.
At large frequencies, on the other hand, their anisotropic results smoothly approach the
isotropic limit when the anisotropic parameter is sent to zero, as in our case. They find
that the photon production rate is enhanced (suppressed) with respect to the isotropic
one in the forward direction and suppressed (enhanced) in the transverse direction if the
anisotropy is prolate (oblate). This is to be contrasted with our results, where the rate
is always enhanced with respect to the isotropic one, although it is generally larger in the
forward direction than in the transverse one.

The geometry considered in the present paper is static and the corresponding plasma
is in thermal equilibrium. This fact renders a comparison with a real-world plasma proble-
matic, at least for small w, which corresponds to large times. The plasma evolves in fact
from an initial out-of-equilibrium state toward a final isotropic state and the static appro-
ximation necessarily breaks down. The inclusion of time evolution in the present context
would require a time-dependent geometry and a distribution function more general than
the Bose-Einstein one. Finding such a solution might be somewhat simplified using the
ideas of [53], but it is beyond the scope of the present paper. With this caveat in place,
we can nonetheless try to compare our results with experimental data. To the best of our
knowledge, the measurement of thermal photons has been performed only for rapidities up
to 0.35, which correspond to angles up to approximately 20 degrees around the transverse
direction. In this range, an enhancement of direct thermal photon production, as also ob-
served in our figure 13, has been reported for Au+Au collisions at RHIC [54]. Detections
at higher rapidities have only been used so far to determine the centrality of the collision
and not to make photon production statistics.

Thinking about a possible comparison with experimental data, we also recall that the
quarks considered here are massless. It would then be interesting to extend our analysis by
including a non-vanishing mass for the quarks, thus bringing the model closer to QCD. A
non-zero quark mass is achieved by considering embeddings of D7-branes that, unlike the
case studied here, are not equatorial. The asymptotic distance between the D7-branes and
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the equatorial plane would determine the mass of the quarks in the dual gauge theory.® In
the isotropic case, the photon production rate showed a dependence on this mass [17], so it is
clear that such a dependence should also be expected in the anisotropic case. In particular,
as the mass becomes large compared with the temperature or anisotropy, it should be possi-
ble to identify the appearance of highly localized resonances in the spectral functions, indi-
cating the reconstitution of the mesons that were melted in the plasma [17]. Understanding
the role played by the anisotropy in this transition is certainly something worth exploring.

Finally, another possible extension would be the computation of the production rate
of dileptons, which are also known to be a good probe of the properties of the emitting
medium.
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