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1 Introduction

Gravity as a theory of massive spin two particle has been considered by many authors
in view of its possible advantage in Cosmology. However, a conceptual problem arises
concerning the fate of diffeomorphisms. Indeed, the (linearized) diffeomorphism invariance
is broken in the Fierz-Pauli (FP) massive action (which describes a free massive spin two
particle) by the mass term.

New massive gravity. In three dimensions, there exists another description of free
massive spin two (with the linearized Einstein tensor equal to —% Gu):

2
Swstclhy] = / &z (R’“’ Ry — %RQ - % B GW> : (1.1)
whose nonlinear version, the so-called New Massive Gravity (NMG) [1, 2], admits the dif-
feomorphism invariance. Although this action is of fourth order in derivatives, the theory is
unitary due to the fact that the (massless spin-two) ghost mode does not propagate in three
dimensions. Moving from three to four dimensions, it has been shown [3] that a similar
mechanism can be realized by a four-derivative action. The latter is formulated in terms of
a field hy,, , satisfying h, , = —hyup and by p + hopy + hpu = 0. A reasonable general-
ization of NMG to arbitrary d dimensions would involve a field of the hook symmetry:!

\
- }d—2, (1.2)

describing a massive spin two, that is, the [TJ representation of the massive little
group SO(d —1).

!The same type of field appears in a different construction of a free massive spin two theory in [4].



(New) Topologically massive gravity. Besides the diffeomorphism invariant NMG,
the introduction of higher-derivative terms also allows Lorentz-invariant description of a
parity-violating single spin-two massive mode. Topologically Massive Gravity (TMG), the
first action shown [5] to have such a spectrum, is of third order in derivatives. There is also
a fourth-order model, so-called New Topologically Massive Gravity (NTMG) [6, 7], whose
linearization reads

3
Sxrmc[Puw] = /d3:c (R“” R, — 3 R? + % "’ h,’ 0, Gpg> . (1.3)

The d-dimensional generalization of TMG has also been found in [8], and it concerns the
(long) window representation:

}p€2N+1, (1.4)

for the dimension d = 2p + 1. Hence, it exists only for mod(d,4) = 3.

Field theories with more than two derivatives are usually considered to be pathologi-
cal, as they generically contain ghost modes. However, as one can see from the examples
of NMG and (N)TMG (see also [9-15]), certain higher-derivative Lagrangians actually de-
scribe unitary propagation, at least at the linearized level. As we have briefly mentioned for
NMG, what underlies the unitarity of these theories is that the ghost modes become pure
gauge in certain dimensions. This becomes possible by employing particular (unconven-
tional) off-shell fields for given dimensions, as the field (1.2). Several higher-derivative uni-
tary theories have been constructed relying on this property, while the constructions have
been, in our viewpoint, rather heuristic. Having a more systematic way to derive higher
derivative actions might be useful in understanding and controlling the (non-)unitarity of
corresponding field theories.

In the present letter, we propose a systematic procedure to derive a class of free higher-
derivative massive theories with unitary propagation. It is based on two observations: first,
any conventional free massive theory can be obtained from the corresponding massless one
by dimensional reduction. Second, the Hamiltonian constraints, inherited from the gauge
symmetries of the massless action, can be solved by substituting the fields with derivatives
of fields of other type (see e.g. [16, 17]). Hence, massive actions with higher derivatives can
be obtained by the following procedure:

1. Begin with a (d + 1)-dimensional massless action in the Hamiltonian formulation,
where the conjugate fields are defined with respect to a spatial (say z) derivative
instead of the temporal one.

2. Solve the Hamiltonian constraints and substitute the (conjugate) fields with the cor-
responding solutions. This step increases the number of derivatives of the theory.

3. Perform dimensional reduction on the coordinate z to render the theory massive. Use
dualizations and on-shell equivalences to rewrite the action in different ways.

The unitarity as well as the correct number of the degrees of freedom (DoF) is guaran-
teed since the propagating content is not affected at any step. It is worth noticing that



this procedure dictates the particular off-shell fields necessary for the non-propagation of
ghost modes. In principle, the procedure is general so applicable to any kind of spectrum,
but in this letter we focus on two examples: the d-dimensional generalizations of NMG
and NTMG.?

The derivation of NMG in any dimensions, starting from the FP massless action, is
presented in section 2. In this case, we have a shortcut since a constraint appears already in
the Lagrangian formulation. We perform dimensional reduction and solve the constraint.
This results in a fourth-order massive action with unconventional gauge symmetry. Dual-
izing the field and using on-shell equivalence, we get the d-dimensional generalization of
NMG. In section 3, we turn to NTMG. We first consider the topologically massive p-form
field action, whose construction shares the key features with that of NTMG. In this con-
struction, we eventually diagonalize the action to recast it into two copies of topologically
massive action. As a byproduct, we also present the (anti-)self-dual massless action for
these fields. Finally, section 4 and appendix A contain respectively our conclusions and
the derivation of some higher-derivative massless actions.

2 New massive gravity

In this section, we show how the NMG action in d dimensions can be obtained from the
FP massless action in d + 1 dimensions.

2.1 Dimensional reduction

The (d + 1)-dimensional FP massless action reads (with z := z%)3
1

where H,,;, is the spin-two field (that is, the metric fluctuation) and —% Gmn is the corre-
sponding (linearized) Einstein tensor. The usual dimensional reduction consists in fixing
the z-dependence of the field as

Huw(x,2) = sin(m z) hy,(x),
Hud(x,2) = cos(m z) hya(z) ,
Haa(z,z) = sin(m z) hgg(z) , (2.2)

with the compactification z € [0,27/m|. After removing the z-dependence with the inte-
gration over z, one ends up with the following massive action (modulo a factor of 7/m):

S[hw/a h,ud’ hdd] = SE[h;w] — Su [m h;u/ -2 8(uhu)d]

1 d v
+2/d x hgq (0" 0" hyy — O RY,) (2.3)
2In this paper, NMG and NTMG refer to the linearized versions of these theories.
3We use mostly plus signature. The latin indices m,n,... run from 0 to d, while the greek
ones p,V,... to d — 1. The (anti-)symmetrization of indices are with weight one. For example,

Ty = 5 (Tow + Ton) s Ty = 5 (Tuw — Top) -



Sk and Sy are respectively the d-dimensional FP massless action and the FP mass term:
1 1
Selhuw]| = 4/ddaj G, Sulhuw] = 1 /ddx (h“” by — h¥, h”y) . (2.4)
The action (2.3) admits the Stueckelberg symmetries:

5h/.tl/:8p,£l/+8l/€/.b7 6hﬂd:mgu+aﬂgdu 5hdd:_2m£d7 (25)

and, gauge fixing these symmetries, one gets the FP massive action.
At this point, we take a non-standard way to proceed: we integrate-out the Lagrange
multiplier hgg instead of gauge-fixing it. This gives the constraint:

0" 9" hy, — 0O, =0, (2.6)
which can be solved as (see [17-20])
@) =9 (G000~ 7 00 (2.7
where ¢, satisfies ¢(,.) , = 0 = @, having the symmetry of
¢ ¢ . (2.8)
After gauge-fixing the remaining h,q .4 one ends up with the following action for Guvp:
S[uvp) = Sy (9)] = m? Sxalhyn ()] (2.9)

This is nothing but the FP massive action with h,, = hu(¢) (2.7). Although the novelty
of this action vis-a-vis the FP one seems to be trivial, it actually encodes key information
about NMG. Indeed, we will show in the following that the action (2.9) admits the gauge
symmetries which are equivalent to those of NMG. This point will become manifest after
dualization — the subject of the next section, so let us conclude the present section by
listing all the gauge symmetries of the action (2.9):

e Firstly, the function h,,(¢) itself is invariant with respect to the following gauge

transformation: .

0 Quvp = o <9>\uu,p 3 euw)«\> : (2.10)
in the sense that hy,,(¢) = hu (¢ +d¢). The gauge parameter 6,,, is a tensor
totally antisymmetric in the first three indices and satisfies 0}, \) = 0: it has the
symmetry of

|
0 .. (2.11)

e Secondly, the action (2.9) admits the gauge symmetry:

0 Qb,uu,p = (npu 0y — Npv au) o, (2.12)

induced from the transformation (2.5): it gives 0 hy (¢) = 0,0,0. However, as we
will see, this symmetry does not have any counterpart in NMG.

“In fact, the general solution of the constraint (2.6) also involves an arbitrary vector field A, :
hyw = hpw + 0, Ay, but it can be gauge-fixed together with h,q .



2.2 Dualization

In order to see that the action S[¢,.,. ] coincides with the NMG ones, we need to dualize the
field ¢, . The GL(d) irreducible tensor ¢y, u,, is dual to the direct sum of two tensors

(ﬁﬂl'“ﬂdf%l/ and Qpy gy - N ~
¥ ®
o 17
[ } | (213)

where the symbol ~ of Young diagram denotes the traceless-ness. Analogously, the gauge

parameter 0,5, 1s dual to ¥, .0 and Dpppy,

| |
HEE= }ds ® 2. (2.14)

In the following, we specify these relations and show that the dual action becomes that
of NMG after integrating-out ¢, ..., , . We first consider the three dimensional case for
simplicity, and then turn to the arbitrary dimensional case.

2.2.1 Three dimensions

Let us define the dual fields for the hook tensors ¢, 4, and 8, 5,5, as

. - 1 - . ~
b + P = 5 Cupo 7 [Pl) = 0= P ]
1 o}
Iy = =57 oo 0" P (2.15)

Note that in three dimensions, there is no distinction between 9 and 9. The inverse
relations of the above formulas are

2

¢p0,u = g (G;Lpa @MV — Cuvp (ﬁua]) — Curlp Mov {ﬁuﬁ )

epa)\,u =3 €xlpo v (U (216)

In terms of the dual fields, the gauge symmetry (2.10) reads
~ 1 ~
0P = 8@ 191,) —3 N 0P 0, O = 8[# 19,,] ) (2.17)

Let us remind the reader that the action S[d... ] (2.9) is given through A, (¢) (2.7) and
has two terms: the four-derivative one Sg[h,.,(¢)] and the two-derivative one Sy [hu (¢)].
In the following, we recast these two terms into functionals of the dual fields, using the

expression of hy,, :

~ = ~c 1 ~K
huu(@a (10) = €po(p or ¥ ) + 5 ErA (1 au) ¥ A (218)



Four-derivative part. Let us first consider the four-derivative part, Sg[hu (@, 9)]. One
can notice that the ¢, part of (2.18) does not contribute since it has a form of a gauge
transformation (2.5) with the parameter £, = %e,mA @". Hence, one ends up with a
four-derivative action of @, with gauge symmetry (2.17), which is proportional to the
Bach action:’

- ~ 1 V
Selhyn(@, ) = SolBuw] = Soliow] = 1 / L G S, (2.19)

Here ¢, is a traceful tensor whose traceless part is given by @, and
Sw =G — %nwj G”*, is the Schouten tensor. The second equality holds thanks to the
Weyl symmetry of the Bach action.

Two-derivative part. The two-derivative part, Sy[h.. (@, $)], is given by

~ o~ 1 ~0 ~0 K v) ~
SM[huu<907 o) = 1 /dgx [ (GPU(M o’ V))2 - (Gpa(u 0" V)) (6 Ak ) ‘Pn)\)
3 E) (7 0,50’

1 ~0 ~ ~ILO 1 ~Uo
= 1 [ | ?87) - @ 8) @) - § 050|220

The antisymmetric field ¢, can be integrated out from the above action by solving the
@uv-shell condition:
0, 0° Py + 0,0 0,), =0, (2.21)
as
0" Gup +0° Pup = O x - (2.22)
Here x is an arbitrary field subjected to the condition:

Ox =0"0"¢uw, (2.23)
which is inherited from the antisymmetric property of ¢, : 00”9, = 0. Hence, on the
@uv-shell, the action (2.20) becomes

Ve 5%, — 20,4 (0, — 03 2.24
1 x (Epo(u ‘PV)) T Ue¥ (MX_ ‘Pup) ) (2.24)

with x satisfying (2.23). The latter condition on x can be viewed as an x-shell one resulting
from an off-shell action S2[@,,,, x| . Indeed, one can determine such an action as

~ 1 o 2 1 ~ N2
S2[Bpvs X] = 4/d3x [(fpa(u o u)) + 9 (@LX -0 S%p) ] : (2.25)

Let us notice that, as a consequence of (2.17) and (2.23), the field x is subject to gauge

transformation: )
dx = gau o, (2.26)

5There is a unique four-derivative action for any field of two column Young diagram, which is invariant
under the corresponding gauge and Weyl transformations. In this paper, the latter will be referred as
Bach action.



so one can consider the following combination of ¢, and x:

- 1
Ouv = Puv + B Nuv X » (2.27)
that has a standard gauge transformation:
(5g0/“, = 8(# 29,,) . (2.28)

Therefore, the action (2.25) is a two-derivative functional of ¢, with the gauge symme-
try (2.28). This implies that it must be proportional to the FP massless action. Indeed,
we get

SM[hm/(Sa P)] ~ SE[SOW/] ) (2.29)

where, by ~, we mean the on-shell equivalence.
Collecting the four- and two-derivative terms, one ends up with the action:

SE[h/W(S/‘Ba o) - m® SM[huV(‘/ﬁa 9)] = Sg [SO;W] —m? SE[SO/W} ) (2.30)

which is nothing but the linearization (1.1) of NMG [1].

2.2.2 General d dimensions

Arbitrary dimensional case is a straightforward generalization of the three dimensional one,
so we provide the formulas parallel to the three dimensional ones, minimizing repetition
of comments.

The field ¢, and the gauge parameter 6,5, are dualized, instead of (2.15), as

1

~ ~ _ 1 00,

Our-pg_gw T Pur-pg_ov = 5 C1pia—2p0 oy,

J + 9, -1 groX (2.31)
p1-prg—zw T Vpgopg_sv 51 CH1-Ha—spoX vs .

where ¢ and J are totally antisymmetric tensors, while ¢ and ¥ are hook-type ones with

@[Ml'“ﬂd—zﬂ/} = 0=y, ..uy_s) - The inverse relations are given by
Poow = 3(d2—2)' (6“1"'“‘1*2”" PHTIEy — pa_alp @ulmud_Q’a})
- (d—21)' €y eepig_oklp Mol @1 HA72T
+ (61_32)! €prpia_snlpa Iy D11 (2.32)
and the gauge symmetry (2.10) becomes
+ s 5#1--%73]1/_6[%72 ’Em---ud,y} —% Nolug_s O” 5/141"'/—Ld—3]P ,
0Py = —(d=2) Ny ’gﬂl"'lid—ﬂ . (2.33)



Plugging (2.32) into (2.7), one gets

- 1 A ~p e 1 oo
hu (@, 9) = Memmpd_zma P p‘”’u)+m€al~-ad_l<u3u>90 e (2.34)

We now plug the above solution in the action (2.9). The antisymmetric field @, ..., ,
does not contribute to the four-derivative part Sg[h,. (@, )] due to gauge invariance of the
latter. The resulting action is the Bach action for the hook field ¢, ...y 5.0 :

1

S [Py (B, 2)) = Slpu1-pa o] = 4(d_2)./ dla G S s (2.35)

where GH1Fd=2, and SH1Hd-2:, are respectively the generalized Einstein and Schouten
tensors given by

M1 Hd—2, . M1 fd—2K0 A P1Pd—2,
G L, =€ €prepa_oip Ok 0" @ o
1

S“l'““d727y j— G“l"'/"’d*ZyV _ 2

51[};“ GPMQ"'Md—ﬂ:p ) (2.36)

Let us notice that the Bach action (2.35) has the Weyl symmetry
0Pur-pg—nw = Mufus Vpgepg_o]» Where the parameter o, .., , is a totally antisym-
metric tensor.

On the other hand, the two-derivative part is given by

. 1 1 P 2
Sl (@,0)] = 4(03_2)!/61395 [(d—2)' <€P1'“Pd72/\(ll« o " pd*z’v)) (2.37)

~ ~ 1 ~ 2
(O Burpa e ) (5 0-20) = L (0, 00 ] 7
and its @-shell condition:
8[p8” Pur-pta_olv T 8[/)81/ @Nl”'ﬂd—ﬂy’/ =0, (2.38)
admits the following solution:

0" (’Z/‘l"'/‘d%’/ + 0" 9/0\#1"'#417271/ = 8[#1 Xpz-pa—2] 2 (2.39)
o” Oy Xpuyopig_s) = 0 0% Py _spior - (2.40)

Analogously to the three dimensional case, one can show that the action (2.37) is (on-shell)
equivalent to the action:

R 1 1 PO 2
S2 [SDNI"'N/df%V’X,U«l"'/‘«d73] - 4(d_2)!/ddx [(‘1_2)' (692“'Pd(uap2 pr pdl’))

1 ~ 2
T (Or Xpsgwpsa—s) = 0" rir-wppasv) ] , (241)
possessing the gauge symmetry given by (2.33) and

2 v vy
O Xur-nas = 5 (= 2) (0 Fssua s+ 0" Do ) (2.42)



The following combination of @,y 50 and Xpyeopy s

~ 1
Purpa—2v = Ppurpra—o.v + 5 Mfpa—o Xpi-pa—s) > (2‘43)

leads to the usual gauge transformation:

O Puspg_ow = (d—2) [8[%72 19#1"'#&3]:1/ + a[udﬂ ﬁﬂl"'ﬂdfii]’/ - 8[%72 r&l,ul"uudw,lf] - (2.44)

Therefore, the two-derivative part of the action becomes the (generalized) Einstein action
for the hook field [21] @u;.py 5w

P 1 v
Sullyw (@, 0)] = el pa_ow] = 4(61_2)!/61% P Gy - (2:49)
Finally, the total action reads
S[(Pul'“ud—z,l/] = SB [Soﬂl"'ﬂdfml’] - m2 SE[QOM"'/M&W] ’ (2'46)

and it generalizes the NMG actions [1, 3] to arbitrary dimensions. In the massless limit,
one ends up with the Bach action, which propagates a massless spin two and a scalar (see
appendix A for the proof).

3 New topologically massive theories

In this section, we turn to the so-called New topologically massive theories, and show how
the actions of those theories can be obtained from the ordinary formulation. Our analysis
goes alongside the works [16, 17] whose main concern is the EM duality. The difference,
or novelty, of our method lies in introducing the Hamiltonian with respect to a spatial
direction z rather than time z°. This allows dimensional reduction on the z direction, at
the same time increasing the number of derivatives by solving Hamiltonian constraints. We
consider two types of fields: p-form fields and two-columns fields of height p. For p =1,
they provide the Maxwell-Chern-Simons(CS) action and NTMG, respectively.b

For the sake of brevity, from now on, we use notation u[p] for totally antisymmetric
indices g1 -+ pup .

3.1 p-form field

For a better understanding of the derivation of NTMG, we first consider that of the topo-
logically massive p-form action. We essentially follow the work [16] where (anti-)self-dual
p-form action has been derived.

Tt is known that in three dimensions, due to existence of the CS term, there exists a Lagrangian
description for one propagating mode of massive spin one. It can be described either by the first-order
action [22], or by the second-order (Maxwell-CS) one [5]. For the fields with spin greater than one, there
are more than two different actions which describe the propagation of a single massive mode in three
dimensions [5-7, 23-35].



We begin with the action of a p-form field A,,; in d + 1 dimensions:

1 ™m
S[Am[p]] = —m /ddw dz F (p+1] fm[p+1] (31)

1 1 2
= — /ddﬂ? dz {M}WH” Fupsr + 20 (aZ-AM[p] —PauAdu[p—u) } )
where Fop,,41) is the field strength defined by
Fupprr) = (0 + D) OnAmyy) - (3.2)

We introduce the canonically conjugate field with respect to the coordinate z as

Thl . 08

= = 9 AMP 4 p R AT 3.3
50 Ay) )

then the action can be written as

1
ﬂ-,u[p] _ ' ].'M[p-H] ‘F/—L[PJrl]

1 1
S[Amp1, TP = /dd e | _—
[ mp]s T ] €raz p! @ 2 ulp] + 2p! T pulp] 9 (p ¥+ 1)

1
+ W Admp_l] 8,/7'('””[1)_1] . (34)

Note that the sign of “momentum” squared term is unusual since the role of “time” is
played by the space-like coordinate z. Due to the p-form gauge symmetry, the action (3.4)
involves a Lagrange multiplier Ag,(,_,,. The corresponding constraint,
9, =0, (3.5)
can be solved by a totally antisymmetric field B*P*1 as
Thrl — 0, BHIPIV (3.6)
At this point, we focus on the dimension d = 2p + 1, and dualize the solution field as

BHPH = eV B (3.7)

In terms of the dual field By, the action (3.4) is given by

1
S[Aﬂ[ph Bu[p]] = /d2p+1$ dz |:(p|)2 ehter ] a?:-A,u[p] aMBM[p]
1 1

- T T — 2(p+ 1)

2(p+1)! FHN Fupr |5 (38)

where Jyp,11) := (p + 1)1 0,8y, is the field strength of By, .

,10,



(Anti-)Self-dual p-form (p = 2k). Let us focus on the first term of the action (3.8):

1
(p!)?

PlAuy), Bupl := /d2p+15€ dz PP 9, A 0B (3.9)

which has the following symmetry property:
PlAu) Bum] = (=1) P[Bpg), App] - (3.10)

For even p = 2k (with dimensions d 4+ 1 = 4k + 2), it becomes symmetric so that one can
decompose the action into those of self-dual and anti-self-dual p-form:

S

S A Bup] = Sicl Al ] + 8 clA Ay = 75 (A £ Bu) (3.11)

l:[p]} ’

Here, the action of (anti-)self-dual p-form [36] reads

1 1 1
Sic[Aupm] = 5 /d2p+1xdz [i@!)z e 0. Ay O Ay — (S FH Py | -
(3.12)

Topologically massive p-form (p = 2k + 1). When the form-degree is odd: p = 2k + 1,
that is when d = 4k + 3, one can consider the dimensional reduction:

Auip (2, 2) = cos(m z) Augy(2), By (z,2) = sin(m 2) By, (z) - (3.13)

Then, the first term of the action (3.8) gives

1
PlA g, Bup)| == )2 /deH“mH] Aptp) OuBupy » (3.14)

which has a different symmetry property compared to (3.10):
P[Augs Bl = (=17 P[Bygy, App] - (3.15)

Hence, it becomes symmetric for p = 2k 4+ 1, and the dimensionally reduced action can be
again split into two copies of topologically massive action with opposite mass:

_ 1
S[Aup » Bup] = Sel4m; A+ Se[—m; A ] A= 7 (Ap) = Bug) s (3.16)
where St is the p-form generalization of the Maxwell-CS action:

1

1 m
S. <A — = | g2t = pHbH] R B e N | o (3.17
T[ma M[p]] 9 / T (p+ 1)! plp+1] + (p!)z € wlp] YA plp] ( )

— 11 —



3.2 Field with two-column Young symmetry

Let us consider now the fields with two-column Young symmetry:

H }p, (3.18)

or, the [p, p]-symmetry fields.” We begin with the (d + 1)-dimensional massless action [21]
for [p, p]-symmetry field:

n 1 m 7 n
S = 1o / d dz 627 0, HE, 07 1) (3.19)
where 52?1[)’]3 !'is the generalized Kronecker delta:
o) = G = plofr o (3.20)

This action describes a massless particle carrying the helicity representation of [p, p] Young
diagram, and it is invariant under the gauge transformations:

FHoy = On &y + O (3.21)

n[p]

with the [p,p — 1]-symmetry parameter &, " iy ]

For our purpose, we first write the actlon (3.19) in a way that the spatial direction z
is distinguished:

—1 v
S[Hm[ﬂ]] /ddx dz [ <p) 5[2251_11] 9 Hu[p] 9 H

(1P cpp) qydvio-1] 5 o
Ty D A M 00 A

—1)pt » e o 2
+(4(;)55[2251 (8 7'[ —poy Hd;[f]p , — PO Hﬁ[p[f 1]) ] :

Then, we introduce the canonically conjugate field as

(322)

Tot = 5(855[[]]) — op (o.Ml + p U HY  wp O, ) (3.23)
and recast the action (3.22) into the Hamiltonian one as
St ] = [ ateds | o i 0.
+4(11,)2 Vit i) i) 1 (21?.) Lo oM oM (3.24)
1

fHV[p I]dau H[p] + (_1)]7 5#%]7_[ a auH

S 2(p—tpt 2[(p— 1)z o

"In this paper, the [p, g]-symmetry refers to the index symmetry of two-column Young diagram with
respective height p and q.

— 12 —



Here, 7# p is the inverse of 6“ zp] defined by

1
i olplk[p] __ wlp] sklp]
SR TVolpAp) — ()2 Ny Ovip) - (3.25)

The last line of the action (3.24) involves two Lagrangian multipliers and the system is
subject to the corresponding constraints:

oml =0, SN0 HE =0. (3.26)

Ty [p]

By solving these constraints, one can transform the action (3.24) into a higher-
derivative one.

e First, the constraint on the conjugate field can be solved as

Tl — 9,07U) (3.27)

Vp] »

where U, "Ll] is a [p+1,p+ 1]-symmetry field. When d = 2p + 1, the traceless part

of U, :L] vanishes identically and it is equivalent to its trace part, that is a [p, p|-
symmetry field:

+1] +1]plp] 7 10 [p]

u“zirl] - 5“5+1 o0 Uniy) - (3.28)

In terms of Z/{,‘;[L‘] (which can be also viewed as the double dual of U p:f]]) the solution

for the conjugate field has the form of the (generalized) Einstein tensor Gﬁ[[;’]] for [p, pl-
symmetry field:

mm = (=1)P GUiU) = S50 8,0°Ug (3.29)

v[p]o[p+1]

e The second constraint in (3.26) can be solved as
1
HylE) = S et (onvagl! + v (3.30)

9 Aop]
V[p+1]

where V p g a [p + 1, p]-symmetry field. After dualizing V,;/;"", the solution can
be recast 1nt0

1
My = 5 (€ptpsaypp) VPPV 4+ P OV ot + O Wity + 0" W)
(3.31)

- Vulp)vip)
so it has [p, p]-symmetry. Smce the trace

p+1]

where Wy, p] | is a [p, p — 1]-symmetry field given by the trace part of V;,
is the dual of the traceless part of V”[p 1
part of V. does not contribute to the expression (3.31), we consider henceforth

Vii,vip @s traceful.

We substitute the solutions (3.29) and (3.31) in the action (3.24). Notice first that, since
[p]

Tip]

of H/IP
#[p
action becomes a functional of two [p, p]-symmetry fields LIZ[[;’]] and VZ[[;’]] All in all, the

1s glven by the Einstein tensor, the action is invariant under the gauge transformation
Consequently, the Wu[pfl] terms in the solution (3.31) do not contribute, and the

resulting action reads

1 1
S[uu[;;]]7vu[p]} _ (p!>2 /d2p+1:£dz [ _ 5eu[zza-ul anp Vil 0 G,u[p (u)
1 v
+7 Gyl U) Sk W) + = G#[[’;] W) SEE ) |, (3.32)
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where Sff[[;’]] is the [p, p]-symmetry generalization of the Schouten tensor:

vip] . __ 10 [p] P[ ]

S = Vriwiols) Goto (3.33)
Let us make a few comments on the expression (3.32). The first and second terms are
straightforward result of the substitution. They are invariant under the gauge plus Weyl
transformation:

sups = o + 9,800 + ok alii Ty (3.34)

V[p]

due to the property of the Schouten tensor:

V(p] — V[p—1]
SumU) = 9,0" M‘; 1 - (3.35)
In fact, they are unique functionals, up to factors, invariant under the transformation (3.34)
and involving three and four derivatives, respectively. One can see as well that the third
term of (3.24) gives that of (3.32), by examining their symmetries. In eq. (3.31), the
solution for "} is invariant under

_ A eHip1] e pip—1]
5VV[P] = 0"Gp Oy T 0L Ay s (3.36)
] _ plp
SWEEL = —€pppinP 0P DT

Since Wﬁ[[zf’ll] decouples from the action, the third term of (3.24) is invariant under the
transformation (3.36) , so is necessarily proportional to the last term of (3.32), that is the
Bach action. The overall constant can be easily fixed by comparing the VZ[[S]] 02 Vl’f[[;’]] terms.

(Anti-)Self-dual [p, p]-symmetry field (p = 2k). Let us consider the first term of
the action (3.32):

1
Pl Vi) = g / PP dz PP 0,V 0 OuGrl (U) (3.38)

which has the symmetry property:

Pl Vi = (=1 PIVE U . (3.39)

p] ’
For even p = 2k (with dimensions d + 1 = 4k + 2), it becomes symmetric and one can
decompose the action into those of self-dual and anti-self-dual fields:

1

v[p] yyvlpl] _ +vip — V[p] +vp] V[p] V(p]
S[Z’{u[ﬁ]’vulﬁ]] - S [(I)u[p ] + S*C[q)u[plp] ) q)u[p R~ (Vu[g] iuﬂ[ﬁ]) : (3'40)

>

The action of (anti-)self-dual [p, p]-symmetry field reads

1
2(p!)?

Sic[® V[p]]] = /dQPHx dz [ F lBPrril g, Do 8MGZ[[’;]](<I>) + GZ[[Z]](CI)) Sﬁ[[;]](@)

(3.41)
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Topologically massive [p, p]-symmetry field (p = 2k + 1). If we perform the di-
mensional reduction:

ULI[[;] (x,2) = cos(m 2) UZ[[I’;]] (x), Vo (@, z) = sin(m z) V:[L?] (x). (3.42)

then, the first term of the action (3.32) gives

14 ]‘ 14
PlU, Vi = CE / APy Y OGN (3.43)
satisfying
P [UZ[[;]’V;ZL?]] = (—1)rtt [V”[p Umﬁ]]] (3.44)

When p =2k+1 (with d =4k + 3), the above functional becomes symmetric. Conse-
quently, the dimensionally reduced massive action can be split into two copies of topologi-
cally massive action with opposite mass:

S[Uy[p] V ] Snruma[+m; +V[p]] + Snrma[— ;¢;[;][p]] ) =

V[p] v [p
Hlp] 14[p) V + U )

\/’ ( Hlp]
(3.45)

with

Snrua|m ¢M [p]

[ O G 8, GUPL () + GEP (8) S () | . (3.46)

This action Syrue generalizes NTMG (which corresponds to p = 1 case) to [p, p]-symmetry
field, and describes half of the helicity states carrying the [p, p]-symmetry representation.

4 Conclusions

In the present paper, we have shown how a class of higher-derivative massive theories
with unitary propagation can be obtained from dimensional reduction of ordinary massless
actions. The procedure used here for NMG and NTMG can be also applied to higher spins,
and it would be interesting to compare the results in three dimensions with the actions
recently obtained in [11, 13, 30, 33]. It is also tempting to speculate that, in the case of
three dimensional higher spins, there may exist more than one higher-derivative massive
theories which make use of the hierarchy of actions derived in [37] (see also [38]). Hopefully,
we will report about these issues in the near future.

Acknowledgments

We would like to thank Dario Francia for discussions on the subject of this work and
Augusto Sagnotti for constant encouragement. This work was supported in part by Scuola
Normale Superiore, by INFN (I.S. TV12) and by the MIUR-PRIN contract 2009-KHZKRX.
The work of KM is also supported by the ERC Advanced Investigator Grants no. 226455
Supersymmetry, Quantum Gravity and Gauge Fields (SUPERFIELDS).

,15,



A A massless limit

In this appendix, we consider the massless limit of the actions derived in this paper, and
show their connection to other unconventional actions known in the literature.

In the case of spin one, starting from the action (3.4) with p = 1, one can solve the con-
straint (3.5) as (3.6) introducing an antisymmetric field B*”. After dimensional reduction
(but without dualization), one ends up with the action:

1 1
S[A,, B"] = /ddw [2 8AB“’\8”BW 1 wF" +mo” B, A" . (A.1)
In the massless limit, this action does not contain any mixing term. The A, part is given by
a Maxwell action, therefore describes a massless spin one, whereas the B*” part corresponds
to the so-called “notoph” action [39], describing a massless scalar.
Analogously, in the case of spin two, starting from the action (3.24) with p =1, one

can perform dimensional reduction to get

STy ] = S1[7 hyua] + ol had) + % / dlz T Ry, (A.2)

where S7 and S5 are given by:

1 1 1
Sl = SN[TFMV] - 5 /dda}' h#d ay 7T'uu, SN[ﬂ"uV] = 1 /ddm <7T,UJ/ Tuy — d—1 71-#“2> )

1 174
Sy = SE[}L;W] + 2/dd$ had (6“6 hw, — Dh“li) . (A3)

In the massless m = 0 limit, the action (A.2) becomes a sum of two independent actions
S7 and Sy.

Spin one mode. The action S; can be shown to be on-shell equivalent to the Maxwell
action:

Sy =— / diz o A0, Ay, A= hyg, (A.4)

after solving the equations of motion of the conjugate field 7, .
On the other hand, one can solve the constraint as (3.27) by introducing a field U, p»
of [2,2]-symmetry, and get an equivalent four-derivative action:

S1 = Sx[m*(U)]

1 T V,AR 1 a V,AR
= / ddx [U,W,paapa I 0, UM = T U 0707020, U, A } (A.5)

This action propagates a massless spin one, so-called “notivarg” [40].
Spin two and scalar modes. The action S5 can be diagonalized as

1 d ~ 1 d—1
S2ZSE[h/u/]+2/dx¢D¢v (h,ul/7¢):: <h,u1/+d277uuhdd7 2d2hdd>7
(A.6)
making obvious its propagating content.
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Alternatively, one can also solve the constraint (2.6) by (2.7) and follow the dualization
procedure of section 2 to arrive at the four-derivative action:

Sy = SE[h((p)] = SB[Soul"'ud_QW] . (A7)

This is the Bach action for the hook field ¢, ..., ,., With spin two and zero unitary
propagating DoF, as one can see from the equivalent action (A.6).
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