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1 Introduction

In the conventional approach to string theory the universal massless excitations are ex-

pressed in terms of a metric, a Kalb-Ramond field and a dilaton. Their dynamics, at

leading order in a large distance expansion, can be determined from string scattering am-

plitudes and is found to be described by an extension of the Einstein-Hilbert action

S =
1

2κ2

∫

dnx
√

−|G|e−2φ

(

R−
1

12
HabcH

abc + 4∂aφ ∂aφ

)

. (1.1)

– 1 –



J
H
E
P
0
2
(
2
0
1
3
)
1
2
2

By solving the corresponding equations of motion, solutions have been found which provide

the foundation for many areas in string theory research. For instance, Calabi-Yau geome-

tries with vanishing H-flux are the usual starting point for the topological string or for

string phenomenology. Let us note, however, that in most of these solutions it is assumed

that the string is moving in a Riemannian geometry supporting additional p-form gauge

fields. But, also certain conformal field theories (CFT) which cannot be identified with such

geometries provide valid string backgrounds. Typical examples are for instance asymmetric

orbifolds, but one can also imagine asymmetric CFTs which are not even locally geometric.

To obtain solutions to the field equations in this non-geometric regime, T-duality has

played an important role. In particular, applying a T-duality transformation to a flat

torus with non-vanishing three-form flux Habc leads to a space with so-called geometric

flux fab
c. A second T-duality results in a background with non-geometric flux Qa

bc, where

the transition functions between two charts of the manifold have to be extended by T-

duality transformations, and hence such spaces are called T-folds [1–3]. After formally

applying a third T-duality, not along an isometry direction anymore, one arrives at an

R-flux background which does not admit a clear target-space interpretation. This chain of

T-duality transformations can be summarized as [4]

Habc
Tc←→ fab

c Tb←→ Qa
bc Ta←→ Rabc . (1.2)

For the non-geometric R-flux, it has been argued both from a non-commutative geome-

try [5–7] and from a conformal field theory [8–11] point of view that a non-associative struc-

ture is induced. However, in contrast to the well-established non-commutative behavior

of open strings [12], the generalization of non-commutativity and non-associativity to the

closed string sector is more difficult, since in a gravitational theory the non-commutativity

parameter is expected to be dynamical. Moreover, a desired deformation quantization

is based on the existence of a (quasi-)symplectic structure, which is not present in the

ordinary description of the closed string.

A framework to describe non-geometric Q- and R-fluxes in a unified way is provided

by generalized geometry [13–15] and by double field theory (DFT) [16–19]. In the first

approach, the concept of Riemannian geometry is extended to a manifold equipped with

the bundle TM ⊕ TM∗, whereas in the second the dimension of the space is doubled by

including winding coordinates subject to certain constraints. For the latter construction,

this results in a manifest O(D,D) invariance of the action, i.e. the action is invariant

under T-duality transformations. Also, in double field theory the degrees of freedom are

described by sets of fields, so-called frames, which are related by O(D,D) transformations.

For instance, the hereafter called non-geometric frame contains a metric on the co-tangent

bundle, a dilaton and a (quasi-)symplectic structure β̂ab, where the latter gives rise to the

non-geometric Q- and R-fluxes. Since in this frame the B-field has been removed, it is

natural to expect that the local diffeomorphism and gauge symmetries of the string action

can be expressed via a (generalized) differential geometry. This question has already been

approached in an interesting way in [20, 21] (see also [22]), however, the action studied

there is not manifestly invariant under both local symmetries.
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The aim of the present paper is to provide details on the construction of an action which

is indeed manifestly bi-invariant under diffeomorphisms and what we call β-diffeomorphism.

This action for the non-geometric string has recently appeared in the letter [23] of the

authors and takes the form

Ŝ =
1

2κ2

∫

dnx
√

−|ĝ|
∣

∣β̂−1
∣

∣ e−2φ

(

R̂−
1

12
Θ̂abc Θ̂abc + 4 ĝabD

aφDbφ

)

, (1.3)

where β̂ab is a (quasi-)symplectic structure, Θ̂abc denotes the corresponding R-flux and

the derivative reads Da = β̂ab∂b. In [23] we have called this theory symplectic gravity

with a dilaton. Its action closely resembles the universal part of the low-energy effective

action of string theory, and the actions (1.3) and (1.1) are related by a Seiberg-Witten type

redefinition of fields.

In this paper we investigate the underlying mathematical structure and the properties

of the symplectic gravity action (1.3) in the following way: in section 2 we start with a

brief introduction to Lie algebroids [24, 25], which provide the mathematical framework for

our studies. In particular, we outline a differential geometry calculus giving rise to torsion

and curvature tensors behaving correctly under ordinary diffeomorphisms. In section 3, we

introduce and study β-diffeomorphisms which are, besides ordinary diffeomorphisms, the

additional symmetry of the symplectic gravity action. In section 4, we explain the details

of the differential-geometry construction for β-diffeomorphisms, formulate the bi-invariant

action (1.3) and determine the resulting equations of motion. In section 5 we discuss the

relation between the symplectic gravity action (1.3) and string theory, and derive certain

higher-order α′-corrections as well as the effective action of the superstring. Finally, in

section 6 we study some simple solutions to the field equations to determine which types of

backgrounds are well-described by the symplectic gravity frame. These examples include

approximate solutions with constant R-flux as well as Calabi-Yau geometries in the new

frame. Section 7 contains our conclusions.

2 Lie algebroids

We start by giving a brief introduction to Lie algebroids, which can be considered as a

generalization of a Lie algebra by allowing its structure constants to be space-time de-

pendent. Alternatively, a Lie algebroid can be understood as an extension of the tangent

bundle of a manifold to vector bundles, where the latter are equipped with a bracket hav-

ing similar properties as the standard Lie bracket. Hence, this approach is suited to apply

constructions known from differential geometry. In physics, Lie algebroids have a plethora

of applications, the most relevant for our purposes being the description of non-geometric

fluxes (see for example [3, 24–27]).

2.1 Definition and examples

In this section, we introduce the concept of a Lie algebroid and illustrate its properties by

two examples. Let us give the precise definition:
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Definition. Let M be a manifold, E →M a vector bundle together with a bracket [·, ·]E :

E × E → E satisfying the Jacobi identity, and a homomorphism ρ : E → TM called

the anchor-map. Then (E, [·, ·]E , ρ) is called Lie algebroid if the following Leibniz rule

is satisfied

[s1, fs2]E = f [s1, s2]E + ρ(s1)(f)s2 , (2.1)

for f ∈ C∞(M) and sections si of E. For simplicity, if the context is clear we often denote

the Lie algebroid just by the total space E.

Therefore, in a Lie algebroid vector fields and their Lie bracket [·, ·]L are replaced by

sections in E and the corresponding bracket. The relation between the different brackets

is established by the anchor preserving the algebraic structure

ρ
(

[s1, s2]E
)

=
[

ρ(s1), ρ(s2)
]

L
, (2.2)

which can be shown using (2.1) and the Jacobi identity for [·, ·]E .

Let us mention two properties of the Lie algebroid (E, [·, ·]E , ρ) which are equivalent

to its definition, and which are important for our later constructions. First, the bracket

[·, ·]E on E can be extended to the space of alternating multi-sections Γ(∧⋆E) by defining

Jf, gK = 0 , Jf, sK = −ρ(s) f , Js1, s2K = [s1, s2]E , (2.3)

for functions f, g and sections s, si. For sections of arbitrary degree a ∈ Γ(∧kE), b ∈ Γ(∧lE)

and c ∈ Γ(∧⋆E), the bracket is determined by the relations

Ja, b ∧ cK = Ja, bK ∧ c+ (−1)(k−1)l b ∧ Ja, cK ,

Ja, bK = −(−1)(k−1)(l−1) Jb, aK ,
(2.4)

which, together with the graded Jacobi identity

Ja, Jb, cKK = JJa, bK, cK + (−1)(k−1)(l−1) Jb, Ja, cKK , (2.5)

constitute a so-called Gerstenhaber algebra. Second, the dual space Γ(∧⋆E∗) is a graded

differential algebra and the differential dE with respect to the multiplication ∧ is deter-

mined by

(dE ω)(s0, . . . , sk) =

k
∑

i=0

(−1)iρ(si) (ω(s0, . . . , ŝi, . . . , sk))

+
∑

i<j

(−1)i+jω ([si, sj ]E , s0, . . . , ŝi, . . . , ŝj , . . . , sk) ,

(2.6)

where ω ∈ Γ(∧kE∗), {si} ∈ Γ(E) and where the hat stands for deleting the correspond-

ing entry.

Furthermore, there are two standard examples for Lie algebroids which will be used in

later sections in this paper. We discuss them in turn.
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• First, consider E = (TM, [·, ·]L, ρ = id) where the anchor is the identity map and

the bracket is given by the usual Lie bracket [X,Y ]L of vector fields. The extension

to multi-vector fields in Γ(∧⋆TM) is given by the relations (2.4), which results in

the so-called Schouten-Nijenhuis bracket [·, ·]SN . The differential on the dual space

Γ(∧⋆T ∗M) is the standard de Rham differential.

• For the second example, let (M,β) be a Poisson manifold with Poisson tensor β =
1
2 β

abea∧eb. Note that if β is a proper Poisson tensor, it follows that Θ = 1
2 [β, β]SN =

0. The Lie algebroid is given by E∗ = (T ∗M, [·, ·]K , ρ = β♯), where the anchor β♯ is

defined as

β♯(ea) = βamem . (2.7)

for {ea} a basis of one-forms. The bracket on T ∗M is the Koszul bracket, which for

one-forms is defined as

[ξ, η]K = Lβ♯(ξ)η − ιβ♯(η) dξ , (2.8)

where the Lie derivative on forms is given by LX = ιX ◦ d + d ◦ ιX with d the de

Rham differential. The associated bracket for forms with arbitrary degree is again

determined by (2.4) and is called the Koszul-Schouten bracket. The corresponding

differential on the dual space Γ(∧⋆TM) is given in terms of the Schouten-Nijenhuis

bracket as

dβ = [β, · ]SN . (2.9)

2.2 Generalizing constructions of differential geometry

We are now going to generalize notions of differential geometry such as the Lie and covariant

derivative to Lie algebroids. The standard constructions in this setting can be found for

instance in [28] (see also [29, 30]), but here we only recall the most important ones to set our

conventions and to motivate the calculus to be formulated in the next section. However,

let us note that here we work with proper Lie algebroids for which the Jacobi identity is

satisfied. Especially in section 3, we also employ quasi-Lie algebroids where the Jacobi

identity is violated and where some of the formulas presented here are not valid. We will

come back to this point below.

Lie derivative. We begin with the generalization of the Lie derivative. For a section s

of E we define its action on functions f by

Lsf := s(f) := ρ(s)(f) , (2.10)

which in the trivial example of TM coincides with the original Lie derivative, that is

Leaf = ∂af . For our second example of T ∗M , formula (2.10) allows us to define derivatives

in the direction of a one-form. In particular, for ea we have

Leaf = β♯(ea)(f) = βab∂bf =: Daf , (2.11)

– 5 –
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where we introduced Da = βab∂b. Note that (2.10) is compatible with the Lie bracket on

E because of the following relation for a function f

[

Ls1 ,Ls2
]

f = L[s1,s2]Ef . (2.12)

The Lie derivative acting on sections of E is defined using the bracket on the total space

E, while for sections of the dual E∗ the Cartan formula and the associated differential dE
on E∗ are employed. More precisely, for sections s, si of E and α of E∗ we have

Ls1s2 = [s1, s2]E , Lsα = ιs ◦ dEα+ dE ◦ ιsα , (2.13)

where the insertion map ι is defined in the standard way, that is for a basis {sa} of E and

dual basis {sa} of E∗ we have ιsas
b = δba. The extension of (2.13) to multi-sections is given

by using the product rule.

With the definitions (2.10) and (2.13) it is now easy to prove the following properties of

the Lie derivative for a Lie algebroid. In particular, employing the Jacobi identity we have

Ls ◦ dE = dE ◦ Ls , ι[s1,s2]E = Ls1 ◦ ιs2 − ιs2 ◦ Ls1 , (2.14)

when acting on elements in Γ(∧⋆E∗), and for elements both in Γ(∧⋆E) and Γ(∧⋆E∗) we find

[

Ls1 ,Ls2
]

= L[s1,s2]E . (2.15)

Covariant derivative. We can now proceed and generalize the notion of covariant dif-

ferentiation to a Lie algebroid E [28].

Definition. A covariant derivative on E is a bilinear map ∇ : Γ(E)×Γ(E)→ Γ(E) which

has the properties

∇fs1s2 = f∇s1s2 , ∇s1fs2 = ρ(s1)(f)s2 + f∇s1s2 . (2.16)

Following this definition, it is possible to obtain curvature and torsion operators. They

are given by formulas similar to the standard case on the tangent bundle

R(sa, sb)sc = ∇sa∇sbsc −∇sb∇sasc −∇[sa,sb]E sc ,

T (sa, sb) = ∇sasb −∇sbsa − [sa, sb]E .
(2.17)

To see that these expressions are tensors with respect to standard diffeomorphisms it suffices

to check that they are C∞-linear in every argument. The reason is that for a general C∞

multi-linear map A : Γ
(

(⊗rTM)⊗ (⊗sT ∗M)
)

→ C∞(M) and coordinates xµ, yµ
′

we have

Aµ1...µr
ν1...νs = A(dxµ1 , . . . , dxµr , ∂ν1 , . . . , ∂νs)

= A

(

∂xµ1

∂yµ
′

1
dyµ

′

1 , . . . ,
∂xµr

∂yµ′

r
dyµ

′

r ,
∂yν

′

1

∂xν1
∂ν′1 , . . . ,

∂yν
′

s

∂xνs
∂ν′s

)

=
∂xµ1

∂yµ
′

1
· · ·

∂xµr

∂yµ′

r

∂yν
′

1

∂xν1
· · ·

∂yν
′

s

∂xν1
Aµ′

1...µ
′

r
ν′1...ν

′

s
.

(2.18)

The proof of C∞-linearity for both expressions in (2.17) is now a straightforward calculation

using the definition (2.16) and the Leibniz rule (2.1).

– 6 –
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Metric. Finally, a metric on a Lie algebroid E is an element in Γ(E∗ ⊗sym E∗) which

gives rise to a scalar product for sections in E. The latter will be denoted by

〈sa, sb〉 = gab . (2.19)

Employing this definition, we obtain a unique connection ∇̊, generalizing the standard

Levi-Civita connection, if we demand

• vanishing torsion: ∇̊s1s2 − ∇̊s2s1 = [s1, s2]E ,

• metricity: ρ(s1)〈s2, s3〉 = 〈∇̊s1s2, s3〉+ 〈s1, ∇̊s2s3〉.

The connection ∇̊ is characterized by the Koszul formula, where the proof again follows

along the lines of standard differential geometry

2
〈

∇̊s1s2, s3
〉

= s1
(

〈s2, s3〉
)

+ s2
(

〈s3, s1〉
)

− s3
(

〈s1, s2〉
)

− 〈s1, [s2, s3]E〉+ 〈s2, [s3, s1]E〉+ 〈s3, [s1, s2]E〉 .
(2.20)

Summary. As we have reviewed in this section, a Lie algebroid admits constructions

similar to standard differential geometry on the tangent bundle. This is plausible since the

latter is a special case of a Lie algebroid with trivial anchor. Furthermore, objects such

as the curvature and torsion tensor can be defined, which indeed have desirable properties

such as multi-linearity. In particular, from (2.17) we obtain an analogue of the Ricci scalar

allowing us to formulate Einstein gravity in this framework, and in section 4 we employ

a particular Lie algebroid to construct torsion and curvature tensors appropriate to our

study of non-geometric fluxes.

3 β-diffeomorphisms

Our aim in this section is to develop a covariant tensor calculus on T ∗M , which admits the

usual behavior under diffeomorphisms but also includes a proper analogue of gauge trans-

formations. The reason for implementing the latter stems from translating the geometric

objects of interest on the tangent bundle, that is the metric and the Kalb-Ramond field,

to the co-tangent bundle. In the following, we will motivate a new type of diffeomorphisms

and introduce the appropriate notion of a covariant tensor. However, let us emphasize that

in contrast to section 2, here we will mostly work with a quasi-Lie algebroid for which the

Jacobi identity is not satisfied.

3.1 From gauge transformations to β-diffeomorphisms

Developing a framework for describing T-dual configurations in string theory necessitates

the implementation of the underlying symmetries. Usually, string-theoretical geometries

are characterized by a metric G and a Kalb-Ramond two-form B on the target-space man-

ifold M . Both behave covariantly under diffeomorphisms, but additionally, B is considered

to be an abelian two-form gauge field. Thus, the theory has to be invariant under the

gauge transformations

B 7→ B + dξ . (3.1)

– 7 –
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Translation from the tangent to the co-tangent bundle. Let now {ea} be a holo-

nomic frame for the vector fields in Γ(TM) and {ea} be the dual frame. Assuming

B = 1
2Babe

a ∧ eb to be invertible, we introduce the quasi-Poisson structure

β = B−1 =
1

2
βab ea ∧ eb . (3.2)

We require this only to be a quasi-Poisson structure because we aim to describe a theory

with non-vanishing R-flux1

Θabc =
1

2

(

[β, β]SN
)abc

= 3β[a|m∂mβ|bc] , (3.3)

where [·, ·]SN is the Schouten-Nijenhuis bracket introduced in section 2.1. Indeed, the

Jacobi identity of the induced Poisson bracket {f, g} = β(df, dg) is not satisfied but eval-

uates to

Jac(f, g, h) = {f, {g, h}}+ {h, {f, g}}+ {g, {h, f}}

= Θabc (∂af) (∂bg) (∂ch) ,
(3.4)

which justifies the name. The quasi-Poisson structure β furthermore introduces an anchor

map which relates the tangent and co-tangent bundle

β♯ : T ∗M → TM , η 7→ β♯η = βma ηm ea , (3.5)

and if we consider the anchor to be invertible it can be used to translate between geometric

objects. In particular, in our construction β replaces the Kalb-Ramond field B and we

obtain a metric ĝ on T ∗M by anchoring G on TM , that is

ĝ =
(

⊗2β♯
)

(G) = Gmn β
♯em ⊗ β♯en = (βam βbnGmn) ea ⊗ eb . (3.6)

In this way, we have replaced

Bab → βab = (B−1)ab ,

Gab → ĝab = βam βbnGmn ,
(3.7)

which are covariant tensors sinceG andB are covariant. The implications of this translation

will be studied in more detail in section 5.

β-diffeomorphisms. Because the metric ĝab on the co-tangent bundle is expressed in

terms of G and the Kalb-Ramond field B, it changes under the gauge transformations (3.1).

Recalling then

δgaugeξ Bab = ∂a ξb − ∂b ξa , (3.8)

and using δgaugeξ Bab = −Bam

(

δgaugeξ βmn
)

Bnb, we obtain from (3.7) that

δgaugeξ βab = βamβbn
(

∂mξn − ∂nξm
)

,

δgaugeξ ĝab = 2 ĝ(a|mβ|b)n
(

∂mξn − ∂nξm
)

.
(3.9)

1Here and in the following, (anti-)symmetrization of indices is defined with a factor of 1/n!.
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Let us furthermore recall from section 2.1 that the ordinary Lie derivative LX acts on

vector fields through the Lie bracket, and that via the relations (2.13) we can construct a

derivative L̂ξ based on the Koszul bracket (2.8). In particular, for L̂ξ acting on a one-form

η and a vector field X we have

L̂ξη =
[

ξ, η
]

K
, L̂ξX = ιξ ◦ dβX + dβ ◦ ιξX , (3.10)

where the differential dβ is defined by (2.6) (cf. (2.9)). Note that due to the non-vanishing

R-flux (3.3), the derivative L̂ξ does not satisfy the relations (2.14) and (2.15), and hence

is not a proper Lie derivative. Nevertheless, employing (3.10) we can rewrite equa-

tions (3.9) as

δgaugeξ ĝab = (Lβ♯ξ ĝ)
ab − (L̂ξ ĝ)

ab

= (Lβ♯ξ ĝ)
ab − δ̂ξ ĝ

ab ,
(3.11)

δgaugeξ βab = (Lβ♯ξβ)
ab −

[

(L̂ξβ)
ab + βamβbn

(

∂mξn − ∂nξm
)]

= (Lβ♯ξβ)
ab − δ̂ξβ

ab ,
(3.12)

where we have introduced

δ̂ξ ĝ
ab = (L̂ξ ĝ)

ab ,

δ̂ξβ
ab = (L̂ξβ)

ab + βamβbn
(

∂mξn − ∂nξm
)

.
(3.13)

Thus, after the replacement (3.7) we can split gauge transformations into a subgroup of

usual diffeomorphisms and a new transformations, infinitesimally denoted by δ̂ξ, which will

be called β-diffeomorphisms and to which the remainder of this section is devoted to.

3.2 Interlude: the partial derivative

As will become clear below, the proper analogue of the partial derivative in the present

context is the derivative (2.11), whose action on a function f we recall for convenience

Df = (Daf) ea = βam(∂mf) ea . (3.14)

This derivative is the differential associated to the Koszul bracket through (2.6), and will

be covariantized in section 4.

If we consider now again a holonomic frame {ea} of Γ(TM) and its dual {ea}, the

partial derivative can be considered as the action of a basis vector field on functions, i.e.

ea(f) = ∂af . Analogously, we can act with anchored forms to obtain Da

(β♯ea)f = Daf . (3.15)

These vector fields satisfy an algebra (which already appeared in [13] and [25]) of the form

[ea, eb]L = 0 ,

[ea, β
♯eb]L = Qa

bm em ,

[β♯ea, β♯eb]L = Θabm em +Qm
ab (β♯em) ,

(3.16)
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where Θ is the R-flux given in (3.3) and the Q-flux is defined as

Qc
ab =

(

[ea, eb]K
)

c
= ∂cβ

ab . (3.17)

Note that from the last equation in (3.16) we infer that β♯ fails to be an algebra-

homomorphism for the Koszul bracket if Θ 6= 0. Thus, the R-flux can be interpreted

as the corresponding defect. Finally, the Jacobi identities associated to (3.16), also re-

ferred to as Bianchi identities in the following, will be of importance for the rest of the

paper and read [25, 31]

0 = 3D[aQd
bc] + 3Qd

[a|mQm
|bc] − ∂dΘ

abc ,

0 = 2D[aΘbcd] − 3Θ[ab|mQm
|cd] .

(3.18)

3.3 β-tensors

In section 3.1 we have seen how diffeomorphisms and gauge transformations can be trans-

lated from the tangent to the co-tangent bundle, and how a re-interpretation of the gauge

transformations leads to a new type of diffeomorphisms. For our purpose of constructing a

gravitational theory, we require the new metric ĝ in (3.7) to transform properly also with

respect to the new transformation δ̂ξ. The expressions in (3.13) then suggests that the

latter should be characterized by the derivative L̂ξ, which we will use as a guiding principle

in the following.

Definition and examples. Before giving the definition of a β-tensor, let us first recall

the situation in the standard case. Here, the transformation properties of a tensor can be

characterized by the associated group, and for infinitesimal transformations by the algebra.

More concretely, an (r, s)-tensor field T is a section in (⊗rTM)⊗(⊗sT ∗M), implying that it

is a multi-linear form. A tensor field is covariant since it is invariant under diffeomorphisms,

and because the associated Lie algebra is Γ(TM), covariance infinitesimally translates to

δX T a1...ar
b1...bs = (LX T )a1...ar b1...bs , (3.19)

with LX the usual Lie derivative in the direction of a vector field X. In the following, we

adopt the description in terms of the algebra and define a β-tensor via the derivative (3.10).

More concretely,

Definition. A tensor T ∈ Γ
(

(⊗rTM)⊗ (⊗sT ∗M)
)

is called a β-tensor if for a one-form

ξ it behaves as

δ̂ξT
a1...ar

b1...bs =
(

L̂ξT
)a1...ar

b1...bs , (3.20)

where L̂ξ is the derivative defined by the Koszul bracket (3.10) which takes the form
(

L̂ξT
)a1...ar

b1...bs = ξmDmT a1...ar
b1...bs

−
s
∑

i=1

(

Dmξbi + ξnQbi
mn
)

T a1...ar
b1...bi−1 mbi+1...bs

+
r
∑

i=1

(

Daiξm + ξnQm
ain
)

T a1...ai−1 mai+2...ar
b1...bs .

(3.21)
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For constructing a gravitational theory incorporating the R-flux, we require Θabc as

well as the metric ĝab to be β-tensors. Moreover, as Da is the analogue of the usual partial

derivative on T ∗M , we also impose that Daf should be a β-tensor if f is a β-scalar. These

requirements can be used to determine the transformation behavior of β. In particular,

assuming that [δ̂ξ, ∂a] = 0 and employing (3.16), we obtain

δ̂ξ
(

Daf
)

=
(

L̂ξDf
)a

+
(

δ̂ξβ
ab −Θabmξm

)

∂bf . (3.22)

With the above restrictions it then follows that β cannot be a β-tensor itself but has to

transform as

δ̂ξβ
ab = Θabm ξm

= L̂ξβ + βamβbn
(

∂mξn − ∂nξm
)

,
(3.23)

which is consistent with (3.13). Finally, given the transformation of β and using the Bianchi

identity (3.18), we can show that also the R-flux Θ behaves as a β-tensor, that is

δ̂ξΘ
abc = (L̂ξΘ)abc + 2 ξd

(

2D[aΘbcd] − 3Θ[ab|m|Qm
cd]
)

= (L̂ξΘ)abc .
(3.24)

Algebra of transformations. As we aim to describe a theory admitting a non-vanishing

R-flux, the Koszul bracket (2.8) does not satisfy the Jacobi identity and the anchor is not

a homomorphism. The defect to both of these properties is proportional to the R-flux,

which for the Jacobi identity can be seen from

JacK(η, χ, ζ) =
[

η, [χ, ζ]K
]

K
+
[

ζ, [η, χ]K
]

K
+
[

χ, [ζ, η]K
]

K

=
[

Lη,Lχ
]

ζ − L[η,χ]Kζ

= d
(

Θ(η, χ, ζ)
)

+ ι(ιζιχΘ)dη + ι(ιηιζΘ)dχ+ ι(ιχιηΘ)dζ ,

(3.25)

where we employed the first Bianchi identity in (3.18). Similarly, the derivative L̂ξ does

not commute with D when acting on functions f , which can be computed using (3.16) as

[

L̂ξ, D
]

f = −Θamn ξm (∂nf) ea . (3.26)

This hints towards an algebra of infinitesimal transformations which is not closed. Indeed,

for a β-tensor η we find

δ̂ξ2
(

δ̂ξ1ηa
)

=
(

L̂ξ2L̂ξ1η
)

a
+ ξ(1)m ηnΘ

mnk
(

∂aξ(2)k − ∂kξ(2)a
)

, (3.27)

where we employed (3.18). That is, the variation of a β-tensor is not a β-tensor but

transforms anomalously. More generally, for vector fields X1, X2 and one-forms ξ1, ξ2 we

can deduce
[

δX1 , δX2

]

= δ[X1,X2]L ,
[

δ̂ξ1 , δX1

]

= δ(L̂ξ1
X1)

,
[

δ̂ξ1 , δ̂ξ2
]

= δ̂[ξ1,ξ2]K + δ(ιξ1 ιξ2Θ) .

(3.28)
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The defect of the algebra of β-transformations to close can be traced back to the failure

of the Jacobi identity (3.25) for the Koszul bracket for non-vanishing Θ. However, this

defect can be written as a diffeomorphism, which means that the algebra closes considering

β-diffeomorphisms along with usual diffeomorphisms. This is of course expected from the

translation of gauge transformations as can be seen in (3.11).

Remarks and summary. Let us close this section with two remarks and a

short summary.

• The term β-diffeomorphism has been chosen to emphasize the similarity between

usual diffeomorphisms and the new transformations on the co-tangent bundle. In

particular, the latter are characterized by a derivative based on the Koszul bracket as

L̂ξ η = Lβ♯ξ η − ιβ♯ηdξ , L̂ξX = Lβ♯ξX + β♯
(

ιXdξ
)

, (3.29)

for η a one-form andX a vector field. We observe that usual diffeomorphisms are only

a subgroup of the new transformations, whose algebra is generated by vector fields of

the form β♯ξ. The remaining part is given by the remnant of the original gauge trans-

formations. Therefore, in contrast to equation (2.18) for standard diffeomorphisms,

we cannot give an analogous integrated version of β-diffeomorphisms.

• The anchoring procedure we used in (3.6) to obtain the new metric ĝab provides a

strong device of translating usual tensors on TM to β-tensors on T ∗M . This allows

us to derive the T ∗M -analogue of usual geometric objects, as we will see in section 5.

To summarize our discussion in this section so far, we have introduced β-transformations

as the co-tangent bundle analogue of gauge transformations, and we have described them

infinitesimally in terms of the Koszul bracket. We furthermore observed that β itself does

not transform as a β-tensor in order for the R-flux and derivatives of scalars to be proper

β-tensors. In section 4, we will develop a differential geometry calculus incorporating this

new symmetry together with diffeomorphisms.

3.4 The Courant algebroid perspective

Before closing this section, let us discuss the Courant algebroid which provides an inter-

esting link between our constructions and generalized geometry, but which will not be of

relevance for the rest of this paper. More concretely, in equation (3.28) we have seen that

the algebra of β-diffeomorphisms does not close by itself. However, as we will illustrate

now, this issue can be resolved by introducing a Courant algebroid structure [25, 26, 32]

with a bracket on the generalized tangent bundle TM ⊕ T ∗M .

We first introduce the Dorfman bracket2 · • ·, which in the case of vanishing H-flux is

determined by the following relations for vector fields X, Y and one-forms η, χ

X • Y = [X,Y ]L , (3.30)

X • η = ιX ◦ dη + d ◦ ιXη − ιη ◦ dβX , (3.31)

2Let us mention that in [25] we have worked with the Courant bracket, which is the symmetrized version

of the Dorfman bracket.
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η • X = ιη ◦ dβX + dβ ◦ ιηX − ιX ◦ dη , (3.32)

η • χ = [η, χ]K + ιχιηΘ , (3.33)

where dβ is the differential defined in (2.9). This bracket satisfies the Jacobi identity, and

idTM + β♯ is an algebra homomorphism which serves as the anchor [25]. Therefore, the

corresponding Dorfman-Lie derivative3

LDAB = A •B for A,B ∈ Γ(TM ⊕ T ∗M) (3.34)

satisfies

[

LDA ,L
D
B

]

C = LDA•BC . (3.35)

In terms of the usual Lie derivative L and the derivative L̂ based on the Koszul bracket,

the defining relations (3.30) for the Dorfman bracket can be written in the following way

LDX Y = LXY ,

LDX η = LXη − ιη ◦ dβX ,

LDη X = L̂ηX − ιX ◦ dη ,

LDη χ = L̂ηχ+ ιχιηΘ .

(3.36)

Note that the the first term on the right-hand side in each line is type-preserving, and that

the additional terms are necessary for the Jacobi identity to be satisfied. However, ignoring

the latter “off-diagonal” terms we see that infinitesimal diffeomorphisms are characterized

by the first two lines in (3.36) while infinitesimal β-diffeomorphisms are given by the last

two. Thus, defining (β-)diffeomorphisms by the Dorfman bracket modulo off-diagonal

terms would lead to a closure of the algebra of infinitesimal transformations, since the

Jacobi identity for the Dorfman bracket is satisfied. For our purpose of constructing an

action expressed in terms of quantities on the co-tangent bundle resulting in a β-scalar,

the off-diagonal terms are not important and so we can work with the derivative L̂ξ.

4 Bi-invariant geometry and symplectic gravity

In this section, we introduce a differential geometry for the co-tangent bundle, providing

the geometric notions and objects consistent with diffeomorphisms and β-diffeomorphisms.

To this end, we introduce a suitable Lie algebroid and derive in detail the form of the

connection, torsion and curvature along the lines of section 2.2. This will allow us to con-

struct an action for the associated gravity theory and to derive the corresponding equations

of motion.

3For more details on the construction of a Lie and covariant derivative using the Dorfman bracket see

for instance [13, 15, 30, 33–35].
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4.1 The algebraic setup

In section 2.2 we have reviewed how a Lie-algebroid structure can give rise to a diffeomor-

phism invariant differential geometry framework. Unfortunately, the Koszul bracket (2.8),

which would be the first choice, does not provide a proper Lie algebroid on T ∗M in the case

of non-vanishing R-flux. However, let us note the following: when translating the gauge

symmetries from the tangent to the co-tangent bundle, in equation (3.2) we have chosen

the quasi-Poisson structure β to be the inverse of the Kalb-Ramond field B. This allows

us here to relate the R-flux to the H-flux in the following way

Habc = 3 ∂[aBbc]

= −3B[b|m (∂|a|β
mn)Bn|c]

= 3B[a|k|Bb|m|Bc]nD
kβmn

= Bak BbmBcnΘ
mnk ,

(4.1)

or, employing (3.7), we equivalently obtain

Θabc = βam βbn βck Hmnk . (4.2)

A proper Lie algebroid structure on T ∗M can be constructed using the H-twisted Koszul

bracket which has appeared in this context for instance in [25]4

[ξ, η]HK = [ξ, η]K − ιβ♯ηιβ♯ξH , (4.3)

where [·, ·]K denotes the usual Koszul bracket (2.8). In this way, we obtain a Lie-algebroid

structure on T ∗M for an R-flux Θabc of the form (4.2). Indeed, the corresponding Jacobi

identity can be evaluated to

JacHK(η, χ, ζ) = d
(

R(η, χ, ζ)
)

+ ι(ιζιχR)dη + ι(ιηιζR)dχ+ ι(ιχιηR)dζ , (4.4)

with

Rabc = Θabc − βam βbn βck Hmnk . (4.5)

Thus, the Jacobiator (4.4) vanishes upon setting R = 0, which implies (4.2), and so we

arrive at a proper Lie algebroid. For later reference, let us also evaluate the H-twisted

Koszul bracket on a basis {ea} of Γ(T ∗M) to obtain

[ea, eb]HK =
(

Qc
ab − βam βbnHmnc

)

ec

=
(

Qc
ab +Θabm βmc

)

ec

= Qc
abec .

(4.6)

The Jacobi identity for this basis, which is the fifth Bianchi identity in [25] for R = 0, reads

0 = D[aQm
bc] +Qm

[a|pQp
|bc] . (4.7)

4Note that the bracket in [25] is defined with the opposite sign for the H-flux term. However, this

difference can be removed by replacing B → −B, which does not change the properties of the bracket.
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Furthermore, from equation (3.27) we can infer that the standard Koszul bracket of

two β-tensors does not result in a β-tensor but includes an additional term proportional

to the R-flux

δ̂ξ
(

[η, χ]K
)

a
=
(

L̂ξ[η, χ]K
)

a
+ ηm χnΘ

mnk
(

dξ
)

ak
. (4.8)

However, for the H-twisted bracket (4.3) we compute

δ̂ξ
(

[η, χ]HK
)

a
= δ̂ξ

(

[η, χ]K
)

a
− δ̂ξ

(

Habc β
bmβcnηmχn

)

= δ̂ξ
(

[η, χ]K
)

a
+ δ̂ξ

(

Θmnkβka ηm χn

)

=
(

L̂ξ[η, χ]
H
K

)

a
+ ηmχnΘ

mnk(dξ)ak +Θmnk
(

∆̂ξβka
)

ηm χn

=
(

L̂ξ[η, χ]
H
K

)

a
,

(4.9)

where we have used (4.2). The β-variation of β and the R-flux was given in (3.23)

and (3.24), respectively, and we denoted ∆̂ξ = δ̂ξ − L̂ξ. Thus, contrary to the untwisted

case, the H-twisted Koszul bracket of two β-tensors is again a β-tensor. Therefore, the

Lie algebroid (T ∗M, [·, ·]HK , β♯;R = 0) provides a proper framework for describing a non-

vanishing R-flux of the form (4.2) for a diffeomorphism invariant theory.

4.2 Connection, torsion and curvature

In this section, we introduce a connection on T ∗M which covariantizes the derivativeD, and

discuss in detail torsion and curvature tensors defined with respect to the H-twisted Koszul

bracket. Note that invariance under diffeomorphisms is intrinsic to our constructions,

as (4.3) gives a proper Lie algebroid for an R-flux Θ of the form (4.2). Furthermore, we

will see that also β-tensoriality is manifest which is mainly due to (4.9). In the following,

we therefore assume that all tensors are β-tensors if not otherwise specified.

Connection. As we have discussed in section 2.2, a connection on T ∗M which covari-

antizes the differential (2.11) is given by a C∞-linear map ∇̂ : Γ(T ∗M) × Γ(T ∗M) →

Γ(T ∗M) satisfying the Leibniz rule (2.16). In the present context, this implies that

∇̂ξ(f η) =
(

(β♯ξ)f
)

η + f ∇̂ξη

= ξm(Dmf)η + f ∇̂ξη ,
(4.10)

with f a function and ξ, η one-forms. In local coordinates, the covariant derivative can be

characterized as follows. For a frame {ea} of Γ(T ∗M) we introduce connection coefficients

Γ̂c
ab by

∇̂eae
b ≡ ∇̂a eb = Γ̂c

ab ec , (4.11)

and using (4.10) we obtain

∇̂aηb = Daηb + Γ̂b
am ηm . (4.12)
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Requiring compatibility of the connection with the insertion, that is Da(ιXη) = ιX(∇̂aη)+

ιη(∇̂
aX), for a vector field X we then find

∇̂aXb = DaXb − Γ̂m
abXm . (4.13)

Generalizing these expressions, we obtain the following rule for applying the covariant

derivative to an (r, s)-tensor

∇̂c Ta1...ar
b1...bs = Dc Ta1...ar

b1...bs +

r
∑

i=1

Γ̂ai
cm Ta1...ai−1mai+1...ar

b1...bs

−
s
∑

i=1

Γ̂m
cbi Ta1...ar

b1...bi−1mbi+1...bs .

(4.14)

As we have discussed in section 3.3, if a function f is a β-scalar then Daf is a β-

tensor, which by definition also includes tensoriality under usual diffeomorphisms. Now,

the anomalous diffeomorphism and β-diffeomorphism transformations ∆X = δX −LX and

∆̂ξ = δ̂ξ − L̂ξ of Daηb can be computed as

∆X(Daηb) = Da(∂bX
m)ηm , ∆̂ξ (D

aηb) = −D
a(Dmξb − ξnQb

nm)ηm . (4.15)

Thus, Daηb does not behave as a β-tensor and so the connection coefficients Γ̂c
ab have to

transform anomalously to compensate for (4.15). In particular, we have to require

∆X Γ̂c
ab = −Da(∂cX

b) , ∆̂ξ Γ̂c
ab = Da(Dbξc − ξmQc

mb) , (4.16)

in order for the covariant derivative (4.12) to behave as a β-tensor. A similar observation

can be made forDaXb, so that with (4.16) the covariant derivative correctly maps β-tensors

to β-tensors. However, let us note that for the Levi-Civita connection to be introduced be-

low, it can be checked explicitly that the connection coefficients indeed transform as (4.16).

Torsion. The general expression for the torsion T ∈ Γ(∧2TM ⊗ T ∗M) has been given

in (2.17), and for the H-twisted Koszul bracket it reads

T̂ (ξ, η) = ∇̂ξ η − ∇̂η ξ − [ξ, η]HK , (4.17)

which is C∞(M)-linear in both arguments since β♯ is an algebra-homomorphism. Note

that this property would fail for the un-twisted Koszul bracket. Furthermore, with the

connection well-defined on β-tensors and with (4.9), the torsion (4.17) also is a β-tensor.

Locally, (4.17) can be written as

T̂c
ab = ιec T̂ (e

a, eb) = Γ̂c
ab − Γ̂c

ba −Qc
ab , (4.18)

where Qc
ab had been computed in (4.6). The anomalous transformation behavior of Q can

be obtained directly from (3.23) and (4.6) giving

∆XQc
ab = −2D[a(∂cX

b]) ,

∆̂ξQc
ab = Qm

abDmξc + 2Qc
m[aDb]ξm − 2 ξmD[a|Qc

m|b] ,
(4.19)

which cancels the anomalous transformation of the anti-symmetrization of Γ̂c
ab. Thus also

in components we see that the torsion (4.17) is a β-tensor if the connection coefficients

transform as (4.16).

– 16 –



J
H
E
P
0
2
(
2
0
1
3
)
1
2
2

Levi-Civita connection. As already discussed in section 2.2, similar to standard differ-

ential geometry we can determine a unique connection by requiring metric compatibility

and vanishing torsion. More concretely, for a metric ĝ ∈ Γ(TM ⊗sym TM) let us require

(β♯ξ) ĝ(η, χ) = ĝ
(

∇̂ξη, χ
)

+ ĝ
(

η, ∇̂ξχ
)

, (4.20)

and from (4.17) we see that vanishing torsion implies

∇̂ξη − ∇̂ηξ = [ξ, η]HK . (4.21)

Employing these relations, we arrive at the Koszul formula (2.20)

ĝ
(

∇̂ξη, χ
)

=
1

2

(

(β♯ξ)ĝ(η, χ) + (β♯η)ĝ(χ, ξ)− (β♯χ)ĝ(ξ, η)

+ ĝ
(

[ξ, η]HK , χ
)

+ ĝ
(

[χ, ξ]HK , η
)

− ĝ
(

[η, χ]HK , ξ
)

)

,
(4.22)

which uniquely determines the Levi-Civita connection in the present context. By a slight

abuse of notation, the latter will be denoted by ∇̂ from now on. Inserting then basis

sections {ea} into (4.22), the connection coefficients are determined as

Γ̂c
ab =

1

2
ĝcm
(

Daĝbm +Dbĝam −Dmĝab
)

− ĝcm ĝ(a|nQn
|b)m +

1

2
Qc

ab . (4.23)

Note that this Levi-Civita connection is not symmetric in the upper indices but has an

anti-symmetric contribution from the last term in (4.23). Furthermore, from (4.22) it

is clear that (4.23) has the expected transformation behavior (4.16), which can also be

checked explicitly.

Curvature. On general grounds, in section 2.2 the curvature R̂ ∈ Γ(∧2TM⊗End(T ∗M))

has been defined by equation (2.17). For the present situation of the H-twisted Koszul

bracket, this implies

R̂(η, χ)ξ =
[

∇̂η, ∇̂χ
]

ξ − ∇̂[η,χ]HK
ξ , (4.24)

which in components reads

R̂a
bcd ≡ ιea

(

R̂(ec, ed)eb
)

= 2
(

D[cΓ̂a
d]b + Γ̂a

[c|m Γ̂m
|d]b
)

− Γ̂a
mbQm

cd . (4.25)

Since the covariant derivative and the bracket give β-tensors, also R̂ is a β-tensor. Using

then the Bianchi identity (4.7) and raising indices with the metric ĝab, we can show that the

curvature with respect to the Levi-Civita connection (4.23) admits the same symmetries

and Bianchi identities as the usual curvature tensor, that is

R̂abcd = −R̂bacd , R̂abcd = −R̂abdc , R̂abcd = R̂cdab , (4.26)

as well as

R̂abcd + R̂adbc + R̂acdb = 0 ,

∇̂mR̂abcd + ∇̂dR̂abmc + ∇̂cR̂abdm = 0 .
(4.27)
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The Ricci tensor is defined by R̂ab = R̂m
amb, which is symmetric in its indices due to (4.26).

In terms of the connection, it can be written as

R̂ab = DmΓ̂m
ba −DbΓ̂m

ma + Γ̂n
ba Γ̂m

mn − Γ̂n
ma Γ̂m

nb . (4.28)

Finally the Ricci scalar R̂ = ĝabR̂
ab can be expanded in terms of the metric and the

derivative Da in the following way

R̂ = −
[

DaDbĝab −Da
(

ĝab ĝ
mnDbĝmn

)

−
1

4
ĝab

(

DaĝmnD
bĝmn − 2DaĝmnD

mĝnb − ĝmn ĝpq D
aĝmnDbĝpq

)

+
1

4
ĝab ĝmn ĝ

pqQp
maQq

nb +
1

2
ĝabQm

nbQn
ma + ĝabQm

maQn
nb

+ 2Da
(

ĝabQm
mb
)

− ĝab ĝmnD
aĝpnQp

bm + ĝab ĝ
mnDaĝmnQp

bp
]

.

(4.29)

Summary. In this section we have seen that the Lie algebroid on the co-tangent bundle

defined by the H-twisted Koszul bracket can be used to formulate the usual geometric

objects in a manifest β-tensorial way. This excels this framework as the one suitable for

incorporating both transformations into a geometric setup. With the relevant notions at

hand, we are now able to formulate a gravity theory on T ∗M .

4.3 Symplectic gravity

In this section, we construct an Einstein-Hilbert action invariant under standard as well as

β-diffeomorphisms, which we call bi-invariant for short. This action contains the metric

ĝab, a bi-vector βab and a dilaton φ as dynamical fields.

Invariant action. As we have illustrated in the last section, it is possible to construct

a Ricci scalar R̂ which behaves as a scalar with respect to both types of diffeomorphisms.

Furthermore, by construction, the derivative of the dilaton Daφ is a β-tensor (thus a stan-

dard tensor in particular) and therefore the corresponding kinetic term ĝabD
aφDbφ behaves

as a β-scalar. Also, the R-flux Θabc is tensorial with respect to β-diffeomorphisms as was

shown in (3.24), and it behaves as a standard tensor due to its definition (3.3) in terms of

the Schouten-Nijenhuis bracket of β with itself. Therefore, the following Lagrangian is a

scalar with respect to both types of diffeomorphisms

L̂ = e−2φ

(

R̂−
1

12
ΘabcΘabc + 4ĝabD

aφDbφ

)

. (4.30)

This Lagrangian has been constructed in such a way to resemble the bosonic low-energy

effective action (1.1). Analogous to the geometric case, Θ can also be included as (con-

)torsion of the connection.

To obtain a bi-invariant action, we have to find an appropriate measure µ. More

precisely, the variation of

Ŝ =
1

2κ2

∫

dnxµ(ĝ, β) L̂ , (4.31)
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under standard and β-diffeomorphisms has to give a total derivative. As it turns out, the

direct analogue to Riemannian geometry, namely the measure µ =
√

−|ĝ| with |ĝ| = det ĝab,

does not lead to the desired result. This can be seen from

δX
(
√

−|ĝ| L̂
)

= ∂m
(

Xm
√

−|ĝ| L̂
)

− 2
√

−|ĝ| L̂ (∂mXm) ,

δ̂ξ
(
√

−|ĝ| L̂
)

= ∂m
(
√

−|ĝ| L̂ ξn
)

βnm −
√

−|ĝ| L̂ ξm(∂nβ
mn) .

(4.32)

Obviously, the right-hand sides in (4.32) are not total derivatives which would be required

for the action to be invariant. However, taking as an additional factor the determinant of

β−1 into account, that means

µ =
√

−|ĝ|
∣

∣β−1
∣

∣ , (4.33)

we obtain the correct behavior under both types of diffeomorphisms. This can be seen by

considering the variation of the determinant of the bi-vector

δX
∣

∣β−1
∣

∣ = Xm∂m
∣

∣β−1
∣

∣+ 2
∣

∣β−1
∣

∣∂mXm ,

δ̂ξ
∣

∣β−1
∣

∣ = 2
∣

∣β−1
∣

∣ ξm ∂nβ
mn + ξmβmk∂k

∣

∣β−1
∣

∣ ,
(4.34)

so that the combination of (4.32) and (4.34) results in a total derivative. We therefore

propose the following bi-invariant Einstein-Hilbert action coupled to a dilaton φ and R-

flux Θabc

Ŝ =
1

2κ2

∫

dnx
√

−|ĝ|
∣

∣β−1
∣

∣ e−2φ

(

R̂−
1

12
ΘabcΘabc + 4 ĝabD

aφDbφ

)

. (4.35)

Due to the appearance of the (quasi-)symplectic structure βab, we will call the theory

defined by the action (4.35) symplectic gravity.

Remarks. Let us close this section with two remarks about the measure (4.33).

• In general, the determinant of an anti-symmetric matrix vanishes in odd dimensions.

Thus, our measure (4.33) only makes sense for even dimensions, e.g. for symplectic

manifolds. For the latter case one has

detβab =
(

Pfaff βab
)2

, (4.36)

so that the determinant |β−1| is always non-negative.

• In the Lie-algebroid construction of section 3, we have effectively replaced the tangent

bundle of a manifold by the co-tangent bundle. Performing the same procedure for

an integral, we would formally obtain
∫

√

−|G| dx1 ∧ . . . ∧ dxn →

∫

√

−|ĝ| ∂1 ∧ . . . ∧ ∂n . (4.37)

Employing then the inverse of the anchor, we can relate the right-hand side to a

standard integral by using ∂a = βab dx
b which results in the same measure as in (4.33)

∫

√

−|ĝ| ∂1 ∧ · · · ∧ ∂n =

∫

√

−|ĝ|
∣

∣β−1
∣

∣ dx1 ∧ . . . ∧ dxn . (4.38)

However, let us note again that this replacement is only possible in an even number

of dimensions, otherwise the determinant of β would vanish and the anchor would

not be invertible.
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4.4 Equations of motion

After having derived the action (4.35) for the symplectic gravity theory, we now turn to

the resulting equations of motion for the metric ĝab, the bi-vector βab and the dilaton φ.

Although being straightforward, the computation turns out to be rather involved. We

therefore only provide some details on the major steps of the calculation as well as some

important formulas.

First, we note that by using the explicit form (4.23) of the connection coefficients Γ̂c
ab,

one can check the following relation for an arbitrary one-form ηa
∫

dnx
√

−|ĝ|
∣

∣β−1
∣

∣ ∇̂aηa = −

∫

dnx ∂a

(

√

−|ĝ|
∣

∣β−1
∣

∣ β̂am ηm

)

= 0 (4.39)

for a manifold without boundary. Employing this formula, the variation of (4.35) with

respect to the dilaton φ can easily be performed. Setting to zero the variation, we obtain

the equation of motion

I′ : 0 = R̂−
1

12
ΘabcΘabc − 4ĝab ∇̂

aφ∇̂bφ+ 4ĝab ∇̂
a∇̂bφ . (4.40)

Next, for the variation of the action with respect to the metric ĝab, we note the Palatini

identity for the Ricci tensor R̂ab

δΓ̂R̂
ab = ∇̂mδΓ̂m

ab − ∇̂aδΓ̂m
mb + Γ̂n

mb
(

δΓ̂m
na − δΓ̂m

an
)

. (4.41)

Using then again the explicit form of the connection coefficients Γ̂c
ab and setting to zero

the variation of the action, we arrive at

II : 0 = R̂ab + 2∇̂a∇̂bφ−
1

4
ΘamnΘb

mn −
1

2
ĝab
[

φ eom
]

, (4.42)

where the last term vanishes due to the equation of motion (4.40) for φ. The variation of

the action (4.35) with respect to the bi-vector is a more involved task, as βab appears for

instance in all derivatives Da. However, setting again to zero the variation, we obtain

III : 0 =
1

2
∇̂mΘmab − (∇̂mφ)Θmab + 2 ĝapβbq

[

ĝ eom
]pq

+ βab
[

φ eom
]

,
(4.43)

where the last two terms vanish because of (4.42) and (4.40), respectively. Finally, we note

that the trace of the equation of motion for ĝ reads as follows

II′ : 0 = R̂+ 2ĝab∇̂
a∇̂bφ−

1

4
ΘabcΘabc . (4.44)

Combining then (4.44) with (4.40), we arrive at the following set of independent equations

of motion for the metric, bi-vector and dilaton

I : 0 = −
1

2
ĝab ∇̂

a∇̂bφ+ ĝab ∇̂
aφ∇̂bφ−

1

24
ΘabcΘabc ,

II : 0 = R̂ab + 2∇̂a∇̂bφ−
1

4
ΘamnΘb

mn ,

III : 0 =
1

2
∇̂mΘmab − (∇̂mφ)Θmab .

(4.45)
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Let us emphasize that these expressions take the same form as the well-known formulas in

the standard setting, if one performs the replacements ĝab → Gab, ∇̂
a → ∇a, Θ

abc → Habc

and R̂ab → Rab. In section 6, some simple solutions to these equations will be discussed.

5 Relations to string theory

In the previous sections we have developed a generalized differential-geometry framework

based on the theory of Lie algebroids, which led to the bi-invariant action5

Ŝ =
1

2κ2

∫

dnx
√

−|ĝ|
∣

∣β̂−1
∣

∣ e−2φ

(

R̂−
1

12
Θ̂abc Θ̂abc + 4 ĝabD

aφDbφ

)

, (5.1)

for the metric ĝab, a (quasi-)symplectic two-vector β̂ab and the dilaton φ. In this section,

we clarify the relation between (5.1) and the low-energy effective action for the massless

modes of the bosonic string

S =
1

2κ2

∫

dnx
√

−|G|e−2φ

(

R−
1

12
HabcH

abc + 4Gab ∂aφ∂bφ

)

, (5.2)

where the latter of course also describes the massless modes in the NS-NS sector of type II

superstring theories. We will see that the two actions (5.1) and (5.2) are related by a change

of fields from the (G,B, φ)-frame to the (ĝ, β̂, φ)-frame. Furthermore, by extending the field

redefinition from the NS-NS sector to the RR (space-time bosons) and NS-R sectors (space-

time fermions), we will propose the form of a symplectic type IIA supergravity theory. Even

though the construction of such a supersymmetric action from first symmetry principles

is beyond the scope of this paper, we expect it to involve a super-symmetrization of the

β-diffeomorphisms.

5.1 Effective action for the bosonic string

From results in generalized geometry and double field theory, one would expect that the

relation between the geometric and non-geometric fields is given by

g̃ = (G+B)−1G (G−B)−1 ,

β̃ = −(G+B)−1B (G−B)−1 .
(5.3)

However, as the computation in [20, 21] shows, starting from the action (5.2) and inserting

(the inverse of) this transformation does not lead to (5.1). But, a second natural possibil-

ity for a change of fields arises by observing that the relation between (G,B) and (g̃, β̃) is

formally the same as in the study of D-branes in two-form flux backgrounds. In particu-

lar, in the Seiberg-Witten limit [12], that is where a brane theory with flux is effectively

described by a non-commutative gauge theory, the relation between the fields is given by

5In order to clearly distinguish between objects in standard and symplectic frame, in the present and

subsequent sections we use a hat not only for the metric ĝab but also for the bi-vector β̂ab and the R-flux

Θ̂abc.
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the formulas6

B = β̂−1 , G = −β̂−1 ĝ β̂−1 , (5.4)

which in components reads

Bab = β̂ab , Gab = β̂am β̂bn ĝ
mn , (5.5)

with β̂ab = (β̂−1)ab. This change of fields of course is the same as the one we have introduced

in equation (3.7).

Relation between actions. We now show that the two actions (5.2) and (5.1) are

related by the field redefinition (5.4). We therefore first consider the determinant of the

metric G for which we compute

√

−|G| =
√

−|ĝ|
∣

∣β̂−1
∣

∣ . (5.6)

Next, the transformation of the Christoffel connection Γc
ab in the standard frame under

the change of fields (5.4) is found to be of the following form

Γc
ab = −β̂

cp β̂am β̂bn Γ̂p
mn − β̂nb ∂aβ̂

cn , (5.7)

where Γ̂p
mn was given in (4.23). Employing this result, we can determine the behavior of

the usual Riemann curvature tensor Rd
cab under the above transformations as

Rd
cab = −β̂

dq β̂cp β̂am β̂bn R̂q
pmn , (5.8)

with R̂q
pmn as defined in (4.25). The Ricci tensor tensor and Ricci scalar are then computed

in the following way

Rab = β̂am β̂bn R̂
mn , R = R̂ . (5.9)

Next, we turn to the field strength of the Kalb-Ramond field. Recalling the convention

Habc = 3∂[aBbc], under the transformation (5.4) it behaves as

Habc = β̂am β̂bn β̂cp Θ̂
mnp , (5.10)

which implies that HabcH
abc = Θ̂abcΘ̂abc. And since the dilaton φ is invariant under the

field redefinition, we can write

∂aφ = β̂amDmφ , (5.11)

and so the corresponding kinetic term transforms as expected. Therefore, collecting these

results, we can show that indeed the action (5.2) is related to (5.1) via the field redefini-

tion (5.4), that is

S
(

G(ĝ, β̂), B(ĝ, β̂), φ
)

= Ŝ
(

ĝ, β̂, φ
)

. (5.12)

6Note that we are not taking a true limit G → 0, implying that we are not neglecting any terms from

the action.

– 22 –



J
H
E
P
0
2
(
2
0
1
3
)
1
2
2

Higher-order corrections. The effective action (5.2) for the massless string modes is

known to receive higher-order α′-corrections. Due to the freedom of field redefinitions

these are not unique, however, all the terms appearing at next to leading order [36–38]

can be expressed in terms of covariant derivatives of the curvature tensor Rabcd, the three-

form Habc and the dilaton ∂aφ. Since we have determined how each of these building

blocks transforms under (5.4), we have a well-motivated guess for the form of the higher-

order corrections in the symplectic gravity frame. For instance, the next to leading order

corrections to the bosonic string effective action are expected to take the form

Ŝ(1) =
1

2κ2
α′

4

∫

d26x
√

−|ĝ|
∣

∣β̂−1
∣

∣ e−2φ

(

R̂abcd R̂abcd −
1

2
R̂abcd Θ̂abmΘ̂cd

m

+
1

24
Θ̂abc Θ̂

a
mn Θ̂

bm
p Θ̂

cnp −
1

8
(Θ̂2)ab (Θ̂

2)ab
)

,

(5.13)

where we have abbreviated (Θ̂2)ab = Θ̂amn Θ̂b
mn.

Remarks. Let us conclude this section with some remarks.

• The above results suggest that objects which are tensors with respects to both types

of diffeomorphisms show a simple transformation behavior under the field redefini-

tion (5.4). In particular, indices are “raised and lowered” by contracting with the

bi-vector β̂

Ta1...an = β̂a1b1 . . . β̂anbn T̂
b1...bn . (5.14)

More concretely, by explicit computation one shows that if δgauge
ξ̂

Ta1...an = 0, where

δgauge
ξ̂

has been defined in (3.9), then T̂ b1...bn transforms as a β-tensor. That means, if

Ta1...an is invariant under B-field gauge transformations in the standard (G,B)-frame,

then T̂ b1...bn behaves as a β-tensor in the symplectic (ĝ, β̂)-frame.

• Furthermore, one can show that if a tensor Ta1...an transforms as in equation (5.14),

then its covariant derivative also satisfies

∇aTa1...an = β̂ab β̂a1b1 . . . β̂anbn∇̂
bT̂ b1...bn , (5.15)

where both connections are the Levi-Civita connections in the corresponding frame.

• When contracting formula (5.8) with the appropriate metric, it can be brought into

the following form

Rdcab = β̂dq β̂cp β̂am β̂bn R̂
qpmn . (5.16)

Using then (5.15), the symmetries and two Bianchi identities of the Riemann tensor

R̂pqmn follow immediately from the properties of Rdcab

R̂pqmn = −R̂pqnm = −R̂qpmn = R̂mnpq ,

0 = R̂pqmn + R̂pmnq + R̂pnqm , (5.17)

0 = ∇̂kR̂pqmn + ∇̂mR̂pqnk + ∇̂nR̂pqkm .
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Recall that using a direct approach, these relations have already been encountered

in (4.26) and (4.27).

• Above we have shown that the two actions (5.1) and (5.2) are related via the field

redefinition (5.4). As a consequence, we can infer that the action which appeared

in [20, 21] is related to (5.1) via

β̂ = β̃ − g̃β̃−1g̃ , ĝ = g̃ − g̃ β̃−1 g̃ β̃−1 g̃ . (5.18)

5.2 Effective action for the superstring

After having identified the Seiberg-Witten type relations (5.4) between the frames (G,B)

and (ĝ, β̂) for the fields in the gravity sector, we now turn to the remaining massless fields

of the type II superstring. Our guiding principle to construct an action for the latter is

that after the redefinition (5.4), the resulting action should be of the same form as before

with the usual objects replaced by the corresponding ones in symplectic gravity, that is

∂a → Da, Habc → Θ̂abc etc.

The R-R sector. Let us start with the Ramond-Ramond (R-R) sector and consider two

sets of completely anti-symmetric fields Ca1...an and Ĉb1...bn in the frames (G,B) and (ĝ, β̂),

respectively. As suggested by the result above, we can assume them to be related via

Ca1...an = β̂a1b1 . . . β̂anbn Ĉ
b1...bn . (5.19)

Since Ca1...an is invariant under B-field gauge transformations in the standard frame, we

know from the last subsection that Ĉb1...bn behaves as a β-tensor in the symplectic frame.

Furthermore, using (5.15) we notice that also

F̂ a1...an+1 = ∇̂[a1Ĉa2...an+1] (5.20)

behaves as a β-tensor. Finally, employing the first Bianchi identity of the Riemann tensor

given in (5.17), we observe that (5.20) is invariant under gauge transformations

δΛĈ
a1...an = ∇̂[a1Λa2...an] , (5.21)

and can thus be interpreted as a field strength. Therefore, identifying Ca and Ca1a2a3

with the one- and three-form gauge potentials of type IIA supergravity, we have found

corresponding expressions in the symplectic frame.

In analogy to the standard formulation, we then introduce generalized field strengths

of the form

F̂2 = F̂2 , F̂4 = F̂4 − Θ̂ ∧ Ĉ1 , (5.22)

and for the corresponding action we consider

ŜR-R
IIA =

1

2κ210

∫

d10x
√

−|ĝ|
∣

∣β̂−1
∣

∣

(

−
1

2
|F̂2|

2 −
1

2
|F̂4|

2

)

, (5.23)
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where we employ

|F̂p|
2 =

1

p!
F̂a1...ap F̂

a1...ap . (5.24)

As explained above, the quantities appearing in the parentheses in (5.23) are tensors with

respect to β- (as well as usual) diffeomorphisms and so the full action (5.23) is invariant

under β-diffeomorphisms. The remaining part of the Ramond-Ramond sector is given by

the Chern-Simons action, which in standard type IIA supergravity takes the form

SCS
IIA =

1

4κ210

∫

H ∧ F4 ∧ C3

=
1

4κ210

1

3!4!3!

∫

d10x ǫa1...a10 Ha1a2a3F(4)a4a5a6a7C(3)a8a9a10 ,

(5.25)

with ǫa1...a10 = ±1 denoting the epsilon symbol. Note that ǫa1...a10/
√

−|G| is a tensor under

usual diffeomorphisms and is invariant under B-field gauge transformations. Applying

then the change of fields (5.4) and keeping in mind our above discussion, we arrive at the

following expression in the symplectic frame

ŜCS
IIA =

1

4κ210

1

3!4!3!

∫

d10x
∣

∣β̂−1
∣

∣ ǫb1...b10 Θ̂
b1b2b3 F̂ b4b5b6b7

(4) Ĉb8b9b10
(3) . (5.26)

Note that from our remark around (5.14) it follows that ǫb1...b10/
√

−|ĝ| transforms as a

β-tensor, so that the Chern-Simons action is invariant under β-diffeomorphisms.

Finally, the gauge symmetries of the R-R fields carry over from the usual case. In

particular, as can be checked along similar lines compared to the standard situation, the

actions (5.23) and (5.26) are invariant under the following set of gauge transformations

δΛ(0)
Ĉa = ∇̂aΛ(0) , δΛ(2)

Ĉa1a2a3 = ∇̂[a1Λ
a2a3]
(2) ,

δΛ(0)
Ĉa1a2a3 = −Λ(0) Θ̂

a1a2a3 .
(5.27)

In order to verify the invariance under δΛ(0)
, the second Bianchi identity in (3.18) has to

be employed, which can be brought into the form

∇̂[aΘ̂bcd] = 0 . (5.28)

The NS-R and R-NS sectors. After having studied the bosonic part of the type IIA

supergravity action, we now turn to the part involving the gravitino Ψa and the dilatino

λ. Let us first establish our notation and state that

α, β, γ, . . . denote Lorentz-frame indices,

a, b, c, . . . denote space-time indices.

The vielbein matrices eα
a relating these two frames via ea = ea

α eα and ea = eα
a eα are

defined in the usual way by requiring that

eα
a eβ

bGab = ηαβ , (5.29)
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with ηαβ = diag (−1,+1, . . . ,+1). Therefore, our conventions are such that eα
a ea

β = δβα
and eα

a eb
α = δab . The components of the spin connection ωα

β can be expressed in terms

of the Christoffel symbols Γc
ab in the following way

ωc
α
β = ea

α eβ
b Γa

cb + ea
α ∂ceβ

a , (5.30)

and for the gamma matrices we use the vielbein matrices to write γa = γαeα
a. We fur-

thermore define γa1...an = γ[a1 γa1 . . . γan], so that the kinetic term for the dilatino λ can

be expressed as

LλIIA = λγa
(

∂a −
i

4
ωaαβ γ

αβ

)

λ , (5.31)

where we have lowered the Lorentz-frame index of the spin connection with the metric ηαβ .

We now would like to obtain the action corresponding to (5.31) in the non-geometric

frame. We therefore define the symplectic vielbein matrices êa
α for the metric ĝab by

êαa ê
β
b ĝ

ab = ηαβ . (5.32)

Comparing then with (5.29), we can infer that

êαa = ηαβ eβ
b β̂ba . (5.33)

For the transformation of the action (5.31) under (5.4) we employ the relation (5.7), and we

note again that Lorentz-frame indices will be raised and lowered by ηαβ . Using furthermore

γ̂a = γαê
α
a and defining λ̂ = λ, we obtain

L̂λIIA = λ̂ γ̂a

(

Da −
i

4
ω̂a

βδγ
βδ

)

λ̂ , (5.34)

with the symplectic spin-connection given by

ω̂a
α
β = êα

b êβc Γ̂b
ac + êα

bDaêβb . (5.35)

The form of the kinetic term of the dilatino is thus preserved under the field redefini-

tions (5.4).

A similar analysis can be performed for the kinetic term of the gravitino, which is

given by the Rarita-Schwinger Lagrangian

LΨIIA = Ψaγ
abc

(

∇b −
i

4
ωb αβ γ

αβ

)

Ψc . (5.36)

Here, we have written the covariant derivative ∇a instead of the partial derivative, but due

to the anti-symmetrization in γabc the connection coefficients drop out. Now, to do the

transformation into the symplectic frame, we first define

Ψ̂a = β̂ab Ψ̂b , (5.37)
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where the additional factor of β̂ab is crucial in order to cancel the inhomogenous term in

the transformation of the Christoffel symbols (5.7). We then arrive at a result which is of

the same form as (5.36), namely

L̂ΨIIA = Ψ̂a γ̂abc

(

∇̂b −
i

4
ω̂b

αβ γ
αβ

)

Ψ̂c . (5.38)

Again, the symmetric part of the connection does not contribute, but the anti-symmetric

part Γ̂c
[ab] = 1

2Qc
ab does appear in the symplectic Rarita-Schwinger action.

Finally, it can be checked that also the remaining fermionic terms in the type IIA

supergravity Lagrangian transform as expected, and so we arrive at a symplectic super-

gravity action. However, to study in detail the realization of supersymmetry, that is the

question of how the bi-diffeomorphism invariance is extended to supersymmetry, is beyond

the scope of this paper.

6 Solutions for non-geometric backgrounds

In section 4.4 we have derived the equations of motion (4.45) for the symplectic gravity

theory (5.1), and in this section we are going to construct solutions thereof. In order to

compare these solutions to the ones obtained in generalized geometry and double field

theory, let us briefly recall our notation. In particular, there are three frames of fields we

are going to employ in the following:

(G,B) : standard geometric frame,

(ĝ, β̂) : non-geometric frame obtained via the field redefinition (3.7),

(g̃, β̃) : non-geometric frame obtained via the field redefinition (5.3).

The standard frame can be formulated as a proper Lie algebroid defined on the tangent

bundle together with the Lie bracket. Similarly, as we have discussed in the previous

sections, also the non-geometric (ĝ, β̂)-frame can be expressed in terms of a proper Lie

algebroid, which is defined on the co-tangent bundle endowed with the H-twisted Koszul

bracket (4.3). In this sense, these two frames are distinguished.

Furthermore, by studying solutions to the equations of motion we can identify which

frame provides a natural description for what type of non-geometric background. To ad-

dress this question, we proceed along two routes:

• First, we consider configurations T-dual to known solutions of the field equations in

the geometric (G,B)-frame. In fact, as mentioned in the introduction, the approxi-

mate solution of a flat torus with constant H-flux was the starting point from which

the picture of non-geometric backgrounds with Q- and R-flux has emerged [4].

• Second, we can apply the field redefinition (3.7) to geometric solutions in the (G,B)-

frame. Our expectation is that for generic H-fluxes the resulting field configuration

will have singularities and monodromies. However, for instance for Calabi-Yau back-

grounds with vanishing H-flux, the latter problems can be absent.
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6.1 The constant Q-flux background

We start by recalling an approximate solution to the usual string equations of motion in

the (G,B)-frame (see also [22, 26] and references therein). The three-dimensional metric

Gab, the dilaton φ and B-field are given by

Gab = δab , φ = const. , B12 = 1 + hx3 , (6.1)

which results in a constant H-flux. As one can check, this ansatz only solves the field

equations in the standard setting up to terms linear in H. Applying successive T-dualities

along the two directions x1 and x2, one arrives at a background with metric

G11 = G22 =
1

1 + (1 + hx3)2
, G33 = 1 , (6.2)

and non-vanishing B-field components

B12 = −
1 + hx3

1 + (1 + hx3)2
. (6.3)

Note that this configuration is a so-called T-fold where the transition function between

charts of the manifold have to include also T-duality transformations. Hence, as a geometric

manifold it is not well-defined globally.

However, using the relation (5.3) for the metric and B-field (6.2) and (6.3), respectively,

in the non-geometric (g̃, β̃)-frame we obtain a background of the form

g̃ab = δab , β̃12 = 1 + hx3 , (6.4)

which means that here g̃ab and β̃ab are non-singular and thus well-defined. The non-trivial

components of the corresponding Q- and R-flux can then be computed as

Q̃3
12 = h , Θ̃123 = 0 . (6.5)

Therefore, for describing this non-geometric background with constant Q̃-flux, the (g̃, β̃)-

frame is appropriate. This may have been expected because the relevant quantities in this

setting are the fluxes Q̃ and Θ̃. On the other hand, since in three dimensions the matrix

Bab in (6.3) is not invertible, the associated fields in the non-geometric (ĝ, β̂)-frame are not

well-defined and therefore not suited to describe this configuration.

After formally applying a third T-duality to the solution (6.2) in the x3-direction, it

was argued that the resulting background is non-geometric with constant R-flux. The

Buscher rules cannot be applied since x3 is not a direction of isometry, and so the explicit

form of the background in the (G,B)-frame is not known. But, in the (ĝ, β̂)-frame this

configuration would correspond to having non-vanishing Θ̂ for vanishing Q̂-flux. Let us

therefore directly analyze whether such a solution does exist.
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6.2 A solution with constant R-flux

We note that because the (quasi-)symplectic structure β̂ab is invertible only in an even

number of dimensions, we choose a flat four-dimensional metric ĝab = δab together with a

constant dilaton. For the anti-symmetric and invertible bi-vector we make the ansatz

β̂ =











0 +ǫ−1 (1 + x4) 0 0

−ǫ−1 (1 + x4) 0 0 0

0 0 0 +ǫθ

0 0 −ǫθ 0











for x4 > 0 , (6.6)

and

β̂ =











0 +ǫ−1 (1− x4) 0 0

−ǫ−1 (1− x4) 0 0 0

0 0 0 −ǫθ

0 0 +ǫθ 0











for x4 < 0 , (6.7)

with constant parameters ǫ and θ. Since we are considering the non-compact space R
4,

we have chosen two patches to avoid zeros of β̂ and singularities of Q̂ and R̂ab. The only

non-trivial component of the R-flux following from this ansatz is found as

Θ̂123 = θ . (6.8)

To compute the Ricci tensor, we first determine the non-vanishing components of the Q̂-

flux as

Q̂1
31 = −Q̂1

13 = Q̂2
32 = −Q̂2

23 =
θǫ

1 + |x4|
. (6.9)

The non-vanishing components of the Levi-Civita connection (4.23) are then given by

Γ̂3
11 = Γ̂3

22 = −Γ̂1
13 = −Γ̂2

23 =
θǫ

1 + |x4|
, (6.10)

leading to the following components of the Ricci-tensor R̂ab

R̂11 = R̂22 =
3

4
R̂33 = −3

(θǫ)2

(1 + |x4|)2
. (6.11)

Hence, the Ricci tensor does not vanish identically and so the field equations (4.45) are not

satisfied (up to linear order in the flux). However, in the limit ǫ→ 0 the components of R̂ab

as well as the Q̂-flux approach zero for each value of x4, while the R-flux Θ̂ remains constant

R̂ab ǫ→0
−−−−→ 0 , Q̂c

ab ǫ→0
−−−−→ 0 , Θ̂123 = θ . (6.12)

Note that in contrast to Q̂, the flux Q̂4
12 is not well-defined in this limit, which agrees with

our observation that the appropriate object in the (ĝ, β̂)-frame is the Q̂-flux.

Before closing this section, let us study how the solution presented here maps to the

geometric (G,B)-frame. In particular, applying the transformation (3.7) to the bi-vector
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β̂ specified by (6.6) and (6.7), we arrive at the following form of the B-field components in

the patch x4 > 0

B12 = −
ǫ

1 + x4
, B34 = −

1

ǫθ
. (6.13)

For the metric we obtain

G11 = G22 =
ǫ2

(1 + x4)2
, G33 = G44 =

1

(ǫθ)2
, (6.14)

and therefore, although the corresponding H-flux behaves properly, the metric is ill-defined

in the limit ǫ → 0, even locally. We conclude that for describing solutions of this type

(having constant R-flux), the (ĝ, β̂)-frame is suitable.

6.3 Calabi-Yau manifolds in the non-geometric frame

Our guiding principle for finding the solutions in the last two sections was T-duality. But,

another way of generating configurations which solve the field equations (4.45) is to directly

transform from the geometric to the non-geometric frame via the field redefinition (5.4).

For a general non-trivial B-field one would expect that the transformed solution has mon-

odromies, which means that the non-geometric frame is not suited to describe such configu-

rations. However, for vanishingH-flux we expect that solutions can directly be transformed

using (5.4) without encountering such problems.

A large set of solutions to string theory with vanishing H-flux are Calabi-Yau mani-

folds, which are complex manifolds satisfying

Rab = 0 , dω = 0 ,

Habc = 0 , φ = const. ,
(6.15)

where ω denotes the Kähler form ω = i
2Gab dz

a ∧ dzb in complex coordinates. Choosing

then the following bi-vector for a complex three-manifold

β̂ =



















0 +1 0 0 0 0

−1 0 0 0 0 0

0 0 0 +1 0 0

0 0 −1 0 0 0

0 0 0 0 0 +1

0 0 0 0 −1 0



















, (6.16)

and using the field redefinition (5.4), we obtain a smooth solution to the string equations

of motion in the non-geometric frame characterized by

R̂ab = 0 , Θ̂abc = 0 , φ = const. (6.17)

The Kähler form ω is mapped from the geometric to the non-geometric frame as

W =
i

2
ĝab̄ ∂za ∧ ∂z̄b , (6.18)

– 30 –



J
H
E
P
0
2
(
2
0
1
3
)
1
2
2

and in the following we want to ask which conditions this two-vector has to satisfy in order

for the resulting manifold to again be a Calabi-Yau manifold.

Let us therefore first note that the exterior derivative in the framework of theH-twisted

Koszul bracket is characterized by (2.6) and reads

dHβ α(ξ0, . . . , ξn) =
n
∑

i=0

(−1)i(β♯ξi)α(ξ0, . . . , ξ̂i, . . . , ξn)

+
∑

i<j

(−1)i+jα
(

[ξi, ξj ]
H
K , ξ0, . . . , ξ̂i, . . . , ξ̂j , . . . , ξn

)

,
(6.19)

where α ∈ Γ(∧nTM). Employing the Jacobi-identity (4.4) of [ · , · ]HK for the R-flux (4.2),

we see that dHβ is nilpotent, that is

(

dHβ
)2

= 0 . (6.20)

This allows us to define a quasi-Poisson cohomology by considering the quotient of dHβ -

closed forms by dHβ -exact forms. Next, recalling (2.6) also for the Lie bracket and similarly

as in (3.6), for a general n-form ρ we compute

(

∧n+1β♯ dρ
)

(ξ0, . . . , ξn) = (−1)n+1 dρ
(

β♯ξ0, . . . , β
♯ξn
)

= −
(

dHβ (∧nβ♯ ρ)
)

(ξ0, . . . ., ξn) ,
(6.21)

where we used that β is an algebra homomorphism, i.e. β♯[ξi, ξj ]
H
K = [β♯ξi, β

♯ξj ]. Therefore,

a symplectic form ω can be translated to a dHβ -closed two-vector field W as follows

dω = 0 =⇒ dHβ
(

∧2β♯ω
)

≡ dHβ W = 0 , (6.22)

where we have identified W as the analogue of ω. Finally, since β♯ is assumed to be

bijective, W is non-degenerate if ω has that property. Thus, coming back to the beginning

of this section, we have shown that under the field redefinition (5.4) a Calabi-Yau manifold

is mapped to a space with very similar properties. We define the latter as follows

Definition. A co-Calabi-Yau manifold is a complex manifold admitting a non-degenerate

dHβ -closed two-vector field W and an associated hermitean metric ĝ characterized by

W =
i

2
ĝab̄ ∂za ∧ ∂z̄b , (6.23)

for which the Ricci tensor R̂ab vanishes.

Our findings in this section then imply that if a Calabi-Yau manifold is a solution to

the equations of motion in the geometric frame (with vanishing H-flux and constant dila-

ton), then there exists a corresponding co-Calabi-Yau manifold (with vanishing R-flux and

constant dilaton) which is a solution to the field equations (4.45) in the symplectic frame.
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Remarks. After having discussed two different types of solutions to the equations of

motion of our symplectic gravity theory, we can give the following conceptual interpretation.

• The theory characterized by the symplectic gravity action (4.35) provides an effective

field theory description of the deep non-geometric (world-sheet asymmetric) regime of

string theory, which is well-suited for backgrounds with non-vanishing R- and Q-flux.

• As it was mentioned already in the beginning of this section, from the point of

view of double field theory there seem to exist (at least) two distinguished frames

in which the action and the equations of motion take the familiar form. These are

the geometric frame characterized by the fields (Gab, Bab, φ) and the non-geometric

frame with fields (ĝab, β̂ab, φ). From a mathematical point of view, these are frames

in which the Courant algebroid reduces to proper Lie algebroids on TM and T ∗M ,

respectively. As a consequence, one can perform constructions similar as in standard

differential geometry. An immediate question which arises then is, if there are other

frames allowing for such constructions as well, possible with different fluxes turned

on, and whether there exists a classification thereof.

• We expect that the symplectic-gravity equations of motions should also admit solu-

tions describing the complete T-dual of the fundamental string and the NS five-brane.

From a world-sheet perspective these might also be called solutions for the asymmet-

ric string and asymmetric NS five-brane. Contrarily, as the supergravity solutions for

D-branes have vanishing H-flux, these can simply be transformed from the (G,B) to

the (ĝ, β̂)-frame without any obstacles. Thus, in this sense they are similar to the

Calabi-Yau solutions.

7 Conclusions

The objective of this paper was to formulate an effective field theory description of the

deep non-geometric regime of string theory, where the R-flux is non-vanishing. Our ini-

tial intuition was that there should exist a framework which closely resembles the one of

standard Riemannian geometry, in which the string effective actions are usually described.

It turned out that the differential geometry based on the theory of Lie algebroids indeed

serves this purpose.

Here, in contrast to the usual setting of a manifold equipped with a metric on the

tangent bundle, we considered the co-tangent bundle endowed with a metric ĝab and a

(quasi-)symplectic structure βab. Employing results from the mathematics literature, it

was possible to construct a differential geometry for our Lie algebroid, which guarantees

that all geometric objects are covariant with respect to standard diffeomorphisms. However,

it is quite intriguing that an additional symmetry could be identified so that the geometry

is not only covariant with respect to standard diffeomorphism, but also with respect to

these so-called β-diffeomorphisms. This second local symmetry is emanating from the

gauge symmetry of the Kalb-Ramond field in the geometric frame.

Based on this symplectic generalization of differential geometry, it was straightforward

to construct a bi-invariant Einstein-Hilbert type action for the dynamical fields, i.e. the
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metric, the (quasi-)symplectic structure and the dilaton. Remarkably, this action is of

the same form as the usual effective action for the bosonic string in the geometric frame.

Since the (quasi-)symplectic form implicitly appeared even in the derivative, it was a non-

trivial exercise to show that even the equations of motion are of the same form. Here, the

appearance of the determinant of the (quasi-)symplectic form in the integration measure

was crucial.

We showed that the fields in the geometric frame and in the non-geometric one are

related via a field redefinition, whose form is reminiscent of the Seiberg-Witten map, which

appeared in the context of open strings in two-form backgrounds. Employing this map, we

first showed explicitly that the symplectic gravity action is directly related to the action

for the gravitational sector of string theory. Furthermore, we applied and extended this

field redefinition also to the Ramond-Ramond sector and to the fermionic terms, which

allowed us to propose a symplectic supergravity action. To really extend our bi-symmetry

principle to the supersymmetric case was beyond the scope of this paper, but it is certainly

an important step to be carried out in the future. Additionally, we pointed out that the

field redefinition straightforwardly allows to transform higher-order α′-corrections, hence

leading to their form in the non-geometric frame of string theory.

Finally, we studied solutions to the equations of motion in the non-geometric frame.

In particular, we considered two flat backgrounds with constant Q- and R-flux as well as

the symplectic analogue of Calabi-Yau manifolds.

Clearly, as mentioned in the course of this paper, there are many open questions and

directions worth to be studied in more detail in the future. Specifically, we would like

to mention that the (quasi-)symplectic structure β̂ab naturally defines a (quasi-)Poisson

structure. One may therefore speculate that the theory developed here can be considered

as the classical limit of a quantum-deformed symplectic gravity theory. This would serve as

a concrete mathematical realization of the idea of non-associative gravity, as it was verbally

proposed in [8].
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