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1 Introduction

Recently, holography involving higher spin gauge theories has received a lot of attention.
Higher spin gauge theories are believed to be related to the tensionless limit of superstring
theory, and indeed higher spin holography may be seen as a simplified, but non-trivial,
version of AdS/CFT duality in superstring theory. A famous example is the proposal by
Klebanov and Polyakov in [1] which says that a 4 dimensional higher spin gauge theory
is dual to the large N limit of the O(V) vector model. Two years ago it was conjectured
in [2] that a 3 dimensional higher spin gauge theory is dual to a large N minimal model,
see [3] for a review. There are several generalizations of this duality; a truncated version was



considered in [4, 5], and the full N = 2 supersymmetric version was introduced in [6]. In this
paper we would like to propose and test the A/ = 1 supersymmetric version of the duality.
The higher spin gauge theories appearing in these dualities are truncated versions of

the N/ = 2 supergravity by Prokushkin and Vasiliev [7]. A bosonic truncation is used
in the original proposal [2] which has an infinite series of higher spin gauge fields with
spins s = 2,3,... and two complex scalars. The dual theory is a large N limit of the
minimal model with higher spin Wy symmetry [8]. Currently there is much evidence for
the duality based on the symmetry [9-13] and the spectrum [14], and also correlators have
been calculated [15-19]. In the case of finite IV, a refined version of the duality has been
proposed in [13], however, we will here only be concerned with the strict large N limit.
In [4, 5] a further truncation is used for the gravity theory, and it then includes even spin
gauge fields with s = 2,4,6,... and two real scalars with the mass M? = —1 + A\2. The
dual theory is the large N limit of the WD y minimal model described by the coset theory!
SO(2N)y, @ So(2N )1 (11)

SO(2N ) 41 ' '

In the limit we also take k to infinity, but fix the 't Hooft parameter
2N
A= ———
2N +k—2

which is identified with the A\ parameter in the mass of the bulk scalars. This conjecture

(1.2)

was supported by the analysis of RG-flow in [4] and the comparison of one-loop partition
functions in [5], see also [20] for work on the spin-4 operator in correlators.

In [6] we extended the duality to the case with supersymmetry. The untruncated
version of the N/ = 2 supergravity in [7] is proposed to be dual to the ' = (2,2) CPY
Kazama-Suzuki model [21, 22]. The partition functions of the gravity theory and the CFT
are shown to match in [23], and the symmetry algebras are analyzed in [24-27]. Other
related works may be found in [28-33]. By including supersymmetry, quantum effects are
known to become more tractable in general. Moreover, the relation to superstring theory
could be more transparent as was also mentioned in [24]. In [7] several N’ = 1 truncations
have been also discussed, and we would like to consider the simplest one without any
matrix degrees of freedom. The supergravity includes both bosonic and fermionic higher
spin gauge fields and also massive scalars and fermions, as in the untruncated case. Our
proposal is that the dual CFT is given by the /' = (1,1) super coset

SO(2N + 1), ®s0(2N )1

SO(2N )41
There is no enhancement of supersymmetry from N = 1 to A/ = 2 since this coset does not
satisfy the condition in [21, 22].2 We need to take the large N limit with 't Hooft parameter3

\ 2N
2N+ k-1

! As pointed out in [4, 5], the WBx minimal model is a candidate as well.

2The condition for enhancement to N = 2 superconformal symmetry is that the coset manifold G/H is
a Hermitian symmetric space. This is not true for SO(2N + 1)/SO(2N) with N > 1.

3For large N, k, the difference between (1.2) and (1.4) is irrelevant.

(1.3)

(1.4)




kept finite. Again, this parameter is identified with the one in the masses of the bulk
matter. We will underpin this conjecture by showing that the supergravity and the CFT
partition functions match, i.e. the spectrum is the same on both sides. Further, we will
also study the symmetry of the super coset model.

This paper is organized as follows: In the next section we give explicit formulas for
one-loop partition functions in the higher spin gravity theories. In section 3, the one-loop
partition function of truncated bosonic gravity theory is reproduced by the 't Hooft limit of
the coset model (1.1). This was already done in [5], but we obtain the same result by using
the different method adopted in [23] as a preparation of the later analysis. In section 4,
we introduce the NV = (1,1) super coset (1.3) and study its torus partition function. We
show that in the 't Hooft limit it reproduces the one-loop partition function of the A/ =1
supergravity. In section 5, we study the symmetry of the super coset model (1.3). Section 6
is devoted to conclusion and discussions. In appendix A, we review the A/ = 1 truncation
of the N/ = 2 supergravity found in [7] and show that the A/ = 1 higher spin algebra is
the analytical continuation of the osp(2N + 1|2N) Lie superalgebra. In appendix B, we
summarize useful properties of orthogonal Lie algebras.

2 Higher spin gravity theories

In this section, we study truncated versions of the higher spin A/ = 2 supergravity in [7] and
obtain explicit formulas for their one-loop partition functions. In the first subsection, we
review the bosonic gravity theory having only gauge fields of even spin s = 2,4, 6, ... which
is proposed in [4, 5] as the gravity dual of the WDy minimal model. In subsection 2.2,
we consider the larger AV = 1 truncation of N' = 2 supergravity via an anti-automorphism
which was also introduced in [7], and which we review in appendix A.

2.1 The bosonic truncation

In [2] a bosonic truncation of the N' = 2 supergravity introduced in [7] is utilized to
construct a simplified version of the AdS/CFT correspondence. The gravity theory includes
massless gauge fields with spins s = 2,3,4,... and two complex scalars with mass

M? = -1+ )2, (2.1)

The massless sector can be described by a Chern-Simons gauge theory based on the hs[\]
Lie algebra which can be reduced to sl(IV) for A = £N. The dual CFT is proposed to be
a large N limit of the WA 5y minimal model.

The WDy (and WBy) version of [2] was treated by [4] and [5] (the last reference
mostly on the former algebra). The bulk side is a truncated version of the hs[\] algebra
containing only even spins, see [5, 34]. The one-loop partition function for the gauge sector
is given by [35-37]

gauge H Zgi{lge H H

T (2.2)



Figure 1. A Young tableau Tab, of a shape A. In each box of the Young diagram A, we assign
a non-negative number ¢; ; with a rule that ¢; ; < ¢; j4+1 and ¢;; < ¢i1,;. A Young supertableau
STaby of a shape A are also given by a Young diagram A and a non-negative number ¢; ; in a each
box. However, the rules for ¢; ; are a bit different. The numbers should always satisfy the conditions
Cij S Cij+1 and Ci,j S Cit1,5- Further Cij < Ci,j+1 if Ci,j and Cj,j41 are Odd, and Cij < Cit1,5 if Ci,j
and c;41,; are even.

where ¢ = exp(7) is a modulus for the boundary torus of the Euclidean AdSz. The bulk
side contains two real scalars with the same mass as in eq. (2.1). The fall-off behaviour at
the boundary is chosen oppositely for the two scalars like in the WAy case. In the dual
boundary CFT this gives two real scalars with conformal weights

SEEES W ) )
For each scalar field with the dual conformal weight h, the partition function is [35, 36]
> 1
Zh ot = H 1= gtmgitn * (2.4)
m,n=0

The one-loop partition function of the gravity theory is then given by

Zr00p = Zagauge 2ot 2l (2.5)

scalar ““scalar

In order to compare the gravity partition function to the dual CFT partition function,
it is convenient to rewrite the partition function of the matter sector. We introduce a
Young tableau Taby of shape A. Here we assign a non-negative integer ¢; ; to the box in
the Young diagram A at the i-th row and the j-th column, see figure 1. The rules for the
numbers ¢; ; are that the entries do not decrease along a row and increase along a column.
Then the partition function of a scalar field can be rewritten as [14, 23]

Zshcalar = Z ’ChA(U(h))F ’ (26)
A



where the character of the representation A is defined as

caUm)= > [[dV. Uh)=d"". (2.7)

T€Taby jET

The one-loop partition function of the gravity theory is thus summarized as

Zv00p = Zgauge D, [cha(U(hy))ehz (U (h-))? (2.8)
AE

with hy given in (2.3).

2.2 The N = 1 truncation

In [7] the truncation from N = 2 to N' = 1 supergravity has been discussed, see also
appendix A. The N' = 1 theory also has massless higher spin gauge fields and matter
fields. Let us start from the massless sector. As derived in appendix A, the massless
sector can be described by a large N limit of osp(2N + 1|2N) & osp(2N + 1|2N) Chern-
Simons gauge theory.* In order to see the spin content of the theory, we have to identify an
osp(1]2) subalgebra as the N/ = 1 supergravity sector. As in [6], we adopt the superprincipal
embedding of osp(1|2), which gives us [38]

N
0sp(2N + 12N) = (Rok—1 ® Ro_172) - (2.9)
k=1

Here R; is the representation of osp(1]|2) decomposing under the sl(2) as R; = D; @
D;_y /5, where Dj; denotes the 2j + 1 dimensional representation of sI(2). This gives a spin

decomposition of the form

N
osp(2N + 12N) = Z (Dak—1/2 ® 2D2k—1 ® Doj_3/2) - (2.10)
k=1

We see that we have no odd integer spins. In the infinite N limit we have two fields of each
even spin, and one field of each half odd integer spin.

The spin j of the embedded sl(2) is related to the space-time spin as s = j + 1, and
a more close examination shows that the integer and the half-integer spin components are
bosonic and fermionic elements of osp(2N + 1|2N), respectively. With the help of the

results for NV = 2 supergravity in [6], we can write down the contribution from higher spin

fields as

> 21 s s—1
Zuange = [ 12572 [T 2577, (2.11)
=1 s=2
where
s - 1 s - ntl
Zé):Hill_an, Z =T 1 +a "2 (2.12)

It might be possible to use osp(2N — 1|2N) ® osp(2N — 1|2N) Chern-Simons gauge theory.



are the partition functions of a bosonic field with spin s and a fermionic field with spin
s+ 1/2, respectively.

One advantage of the Chern-Simons description is that we can easily read off the
classical asymptotic symmetry near the boundary of AdSs [9-12]. The Chern-Simons
theory is a topological theory, and dynamical degrees of freedom exist only at the boundary.
The boundary degrees can be described by osp(2N + 1|2N) Wess-Zumino-Novikov-Witten
model, whose symmetry is the affine osp(2N + 1|2N) Lie superalgebra. For the application
to the AdS/CFT correspondence, we have to assign the boundary conditions ensuring the
bulk space being asymptotically AdS space. It was shown in [10, 12] that this condition is
the same as for the classical Hamiltonian reduction (see, for instance, [8]). Thus the classical
asymptotic symmetry of the N' = 1 truncated theory is obtained by the Hamiltonian
reduction of affine osp(2N + 1|2N) Lie superalgebra in a large N limit.

The matter sector consists of a single N' = 1 hypermultiplet, having two complex
scalars with masses respectively

(MPY? = 1422, (MPY2=-1+(\—1)%, (2.13)

and two fermions with mass

(MF)? = <)\ - ;)2 . (2.14)

Also for the fermions we can choose two types of boundary conditions. We choose these
such that the boundary conformal dimensions simply become a real version of the N' = 2
case [6] (see also [23])

1
(AP AL AB) = (2—)\,2—>\,1—>\>, (A,2+>\,1+>\> . (2.15)

The one-loop partition function of the matter part is [6]

A 1-X 1
3 = h ht3 (h 27h
Zmatter = thyperzh;per’ Zhyper = Zscalir(Zspinor) Zscalar (216)
where (note no square in the bosonic partition function)
s 1 i 1 1
h h 2 h+l -h+5+1 h+5 41 -h+1'
Zgealar = H 1— ghHgh+i’ (Zspinor) = H (1+gq * q tat )(1+q Tat q * ) -
1,I'=0 1,I'=0

As in the bosonic case, it is convenient to define the supercharacter®

scha@(n) = > T[d"F,  uh)y; = (—1)g"s (2.17)

TESTaby j€T

®This is a character of gl(co|oo)+ considered in [23]. The bosonic one (2.7) is the character of gl(co)
which is the Lie algebra of infinite dimensional matrices. The generators may be given by (€:;)k, = 9i,10;,k
and only those with finite ¢, j are considered. The supergroup gl(oo|oo)+ is quite similar to gl(co)4, but
now e;; is bosonic for even ¢ 4 j and fermionic for odd i + j.



Here STaby represents a Young supertableau of shape A. In the supertableau, a non-
negative integer is assigned to each box of the Young diagram A with rules specified in
figure 1. Then following [23], the partition function of the matter sector can be given as

2l per = D Ischa(U(h)* . (2.18)
A
Therefore, the one-loop partition function of the A/ = 1 truncated theory can be ex-
pressed as
_ 2
Z = Zyauge D Ischa(U(hy)) sch=U(h-)), (2.19)
ANE
where h, = % and h_ = %

3 Holography for SO(2N)

It was proposed in [2] that a bosonic truncation of Prokushkin-Vasiliev theory [7] is dual
to a large N limit of Wy minimal model. A further consistent truncation is possible in
the gravity theory as discussed in section 2.1, and the dual CFT is conjectured to be the
WDy minimal model with the coset description (1.1) [4, 5]. In order to compare with
the classical gravity theory, we need to take a large N limit while keeping the ’t Hooft
coupling (1.2) finite, and this parameter is identified with A in (2.1). The equivalence of
the spectrum in this limit was shown in [5] by directly applying the method in [14]. In this
section, we will obtain the same result by making use of the different method in [23]. In
the next section, we will use the same method to show the matching of the spectrum in
the N = 1 supersymmetric version of the duality.

3.1 The dual CFT

We would like to reproduce the gravity partition function (2.8) from the viewpoint of the
dual coset CFT (1.1)°

(2N, @ $(2N),
SO(2N )41

(3.1)

whose central charge is

(2N — 1)(2N — 2)

—N|1-
¢ (k+2N —2)(k + 2N — 1)

(3.2)

We use the diagonal embedding of s0(2N)g4+1 into s0(2N)i & s0(2N);, and the states of
the coset (3.1) are obtained by the decomposition

AQw==z(A,w;Z)RZ . (3.3)

5We heard that in [34] the duality is refined so as to be applicable for finite IV, k. It is pointed out there
that an Zy orbifold should be used instead of (1.1), but this difference disappears in the large N limit, like
we also found in (5.2). Further, this subtlety does not arise in the WBx case.



The states are thus labeled by (A, w, Z), which are the highest weights of the representations
of SO(2N)g, S0(2N)1, SO(2N k41, respectively. Some basics of so(2N) Lie algebra may be
found in appendix B. For S0(2N )1, there are only four representations: The identity, vector,
spinor and cospinor representations. The selection rule is

At w—2=¢€ Qon (3.4)

where Qo is the root lattice of so(2/N'). The congruence class of so(2N) is Z, for N = 2n+1
or Zg X Zg for N = 2n with n € Z (see, e.g., [39]), and this equation uniquely determines
w given A and =, and we simply denote the states by (A;Z). Moreover, there are field
identifications (A;E) ~ (AA; AZ) with an outer automorphism A of the affine algebra
S0(2N) and s0(2N)g4+1 [40]. The conformal weight of the state (A;E) is given by
Con (A Con(w Con(=
h(A;E):k+2]\(f—)2+2N£1)k‘~|—2]\(f—)1+n’ (3:5)

where Con(A) is the quadratic Casimir of so(2N) and the integer n is the grade at which

= appears in A ® w.
We define the characters of s0(2/V); and the branching function as

N,k
2 (’

chA eH) = trAqLoeH ) b?\{vék(Q) = tI.(A;E)qLO ) (36)

where Lg is the zero mode of energy momentum tensor and H is the Casimir element of
so(2N). From the decomposition (3.3) we find

ch3N* (g, ) b2V (g Z sz F(q) chZV (g, e (3.7)

In addition to the chiral sector, the CFT has an anti-chiral sector. We consider the charge-
conjugated theory with the Hilbert space H = ) (A;Z) ® (A;Z). We should take care of
the field identification when the sum is taken. The partition function is then given by the

diagonal modular invariant

2N q) = g5 Y IR (@) (38)
[AsE]

In order to compare with the classical gravity theory, we take a large N,k limit with
the 't Hooft parameter (1.2)

B 2N
2N+ k-2

kept finite. Since representations of order N? decouple in this limit, we keep those whose
conformal weights are of order N. With this criterion, the highest weights for the represen-
tations that survive can be labeled by Young tableaux [5] (see also appendix B). Moreover,
representations are self-conjugate for the orthogonal Lie algebra. Denoting the number of
boxes in the i-th row by /; and in the j-th column by c¢;, the quadratic Casimir is expressed
as (B.9)

Con(A) = |A| <N—;> ZF Z gl (3.9)



We consider Young diagrams with only finitely many boxes in the large N limit, and the
above equation implies that Con(A) ~ NJ|A| where |A| is the number of boxes of the
corresponding Young diagram.

3.2 Comparison of partition functions

We would like to compute the branching function biNEk (¢) in eq. (3.6) in the 't Hooft limit.
For ¢ having real part less than one, we can neglect ¢’V and ¢*. Following [5] we first study
the large k behavior of the characters of S0(2/V); and then compute the branching function
utilizing (3.7). For large k, the character becomes [8, 14, 23]

Wy F 2N (o H
ChiN’k(q, ety ~ q chi™ (™)

[ [ =gV HaeAzN(l — grea(®@)] (3.10)

where we have used the Weyl-Kac formula and Agy denotes the roots of so(2N). For large
k, the affine Weyl group reduces to the finite Weyl group as discussed in [14], which leads to
the character of the finite so(2)V) Lie algebra ch3" (ef). The conformal dimension is now

ong  Can(A)
L. k+2N -2 (3.11)

For large k we can reduce the relation (3.7) to

ch3V (ef) ch?M:1(q Z a3 (q) chZN (ef), (3.12)

with the help of (3.10). Here the k-independent function a%\é (q) is related to the branching
function as

R2Nk 2N kHL oy

s (@) =" = a3 (g) - (3.13)

As will be shown now, the function a}.=(g) can be written as

a3(q) = > N Za Z N (q) (3.14)

il
with N /(\25N)H being the Clebsch-Gordan coefficients of so(2/N). First notice that

ch2M1(q Z a2 (q) chZN (ef) (3.15)

which is obtained from (3.12) with A = 0. Then, we use

b3 (e) ch (e ZNA%N ch2(e') (3.16)

and the fact that the representations are now self-conjugate.



Next, we take the large N limit. As discussed in the previous subsection, the highest
weight representations can be labeled by Young diagrams with finitely many boxes in the
limit. In the next subsection, we will obtain

aoo(q) = ]\}lm a H H — (3.17)
I=1n= 2l q
aoz(q) = lim agx(q) = aoo(q) chz: <U (;)) ; (3.18)

where the character is defined in (2.7). In the transposed expression Z¢, the rows and
columns are exchanged. Moreover, the conformal weight becomes

hANE |A| (3.19)

Using these facts, the branching function in the ’t Hooft limit can be found as

=(q) = ¢2(M"FDag o (g) ZNA~cth< < >> (3.20)

As in [5] (see above the eq. (3.34) of the paper) we assume that
AL+ 2] = 11, (3.21)
which leads to
NIL = lim N0 (3.22)
N—00 -

with Nt as the Clebsch-Gordan coefficient of gl(co)y. Using the fact that the Clebsch-
Gordan coefficients are the same for the transposed representations, we can show

ST 120 = Zgauge S |02 My (U@)h (U@))

AE AE (3.23)
gauge Z ‘ChAt Chﬁt (U(h ))|2 :

2

This reproduces the gravity partition function (2.8). It was argued in [5, 14] that a large
number of null states appear in the 't Hooft limit and the decoupling of these null states is
equivalent to the condition (3.21). This assumption is quite important for the equivalence
of the partition functions, so we would like to examine it more carefully as a future problem.

3.3 Characters from free fermions

Here we would like to compute (3.17) and (3.18) using free fermions. It is well known that
S0(2N); can be expressed by 2N real free fermions ¥ with a = 1,2,...,2N. Thus the
task here is to decompose the left hand side of (3.15) by the characters of the zero mode
so(2N) Lie algebra. The space of free fermions is spanned by

My
11 w‘iréa , (3.24)
=1

,10,



where r; = 0,1,2,... and ) is the vacaum. The branching function apz counts the
multiplicity when the representation = of so(2N) appears. The representation appears for
the first time when ny, = |Z|. Following the argument below (2.49) of [23], the branching

e (o(2)

when summing the possible modes r; while keeping n,, = |Z| fixed. Notice here that the

function is found to be

modes r; can be interpreted as the entries of the Young tableau of the shape = since the
Fermi statistic explains the rules for the entries (see figure 1).

There is another contribution to the branching function ag.z with n, > |Z|, which
comes from multiplying with so(2N) invariants. From the classical invariant theory, we
can see that the so(2N) invariants are generated by [41]

H (Z CANISLY > My (3.26)

r,s=0

and additional invariants that have conformal dimension at least N. Note, that there are
also only relations between invariants for conformal dimension of that order due to the
first and second fundamental theorems of invariant theory for the vector representation of
the orthogonal group. Now that we are dealing with Majorana fermions, there are two
differences from (2.51) of [23]. Firstly, we should set r # s due to the Fermi statistic.
Secondly, we should set r > s since two fermions can be exchanged. In the large N limit,
we ignore the finite N effects and obtain

o0

ao; O H Z (st DM - H 1— qr+s+1 H H (3'27)

r>5=0 M, s=0 r>s=0 l=1n= 2l

which is (3.17). By multiplying with (3.25), we obtain (3.18).

4 N =1 supersymmetric holography

In [6] we have proposed the untruncated ' = 2 supersymmetric version of the duality in [2],
and the equivalence of the spectrum has been shown in [23]. The aim of this paper is to
conjecture an A/ = 1 version of the duality and show that the one-loop partition functions
agree. The gravity theory considered is the N/ = 1 truncation of the A/ = 2 higher spin
supergravity discussed in subsection 2.2 (see also appendix A). We propose that the dual
CFT is given by the super coset model (1.3)

SO(2N + 1), ®$0(2N);

SO(2N )41

Moreover, we take a large N, k limit while keeping the 't Hooft parameter (1.4) finite, and

(4.1)

identify the parameter with A appearing in the masses (2.13) and (2.14). Geometrically,
the quotient by the right action of SO(2/V) is a sphere
2N _ SO(2N +1)

SO(2N) (42)

— 11 —



Our coset, however, is a quotient by the adjoint action of SO(2N). Introducing 2N
fermions, given by s0(2N); factor, the model has N' = (1,1) supersymmetry. This model
should have the symmetry obtained by the Drinfeld-Sokolov reduction of osp(2N + 1|2N)
and this should be studied as a next step. In the following we will show that the gravity
partition function is reproduced by the 't Hooft limit of the N" = (1, 1) super coset (4.1).

4.1 The dual CFT

We would like to compute the torus partition function of the coset model (4.1) in the 't
Hooft limit and compare it with the gravity partition function. The central charge of the
coset model is given by

k2N +1)N N(2N-1) (k+1)N(2N —1) 3Nk

C= kroN_1 ' aN_1 k+oN —1 ktoN—1 (4.3)

The states are labeled as in the bosonic case. Namely, we use A, w, = as the highest weights
of representations of SO(2N + 1), S0(2N )1, S0(2N ), see appendix B for some basics of the
orthogonal Lie algebras. The selection rule is now given by

A w—E€ Qoni1 (4.4)

where Qan41 is the root lattice of so(2N + 1). For the identification of so(2N + 1) and
so(2N) weights, see again appendix B. Since the fermions in the gravity theory satisfy
the anti-periodic boundary condition along the space-like circle, we have to use the same
boundary condition for the fermionic states. We set w = NS, where NS means the sum of
the identity representation (w = 0) and the vector representation (w = 2). With this w,
the selection rule reduces to Ay = Zx_1 + Eny mod 2 with the notation in appendix B.
The states are thus labeled by (A;Z) with the field identification taken into account,” and
the conformal weights are

1

_ w
hiaz) = FroN—1 [Cons1(A) = Con(E)] + 1 + 1. (4.5)

4

Here Cjs(A) is the quadratic Casimir of so(M) and and the integer n is the grade at which
= appears in (A, w).
We use the embedding SO(2N) — SO(2N + 1) as

1(v) = < (1) 2 ) € SO(2N +1) . (4.6)

Then we embed s0(2N )41 diagonally into s0(2N); ® S6(2/V);. The states of the coset is
obtained by the decomposition

A®NS==(AE)®E . (4.7)

"The field identification can be read off from the phases of character modular transformations [40], and
it may be written as (A,w;Z) ~ (AA,w + 2; AZ). Here A is the Zs outer automorphism of $6(2N 4 1).
The group of outer automorphisms of S6(2N) is Z4 or Z2 X Zs depending on whether N is odd or even. We
set A to be one of the four that exchanges Zp and 21 (and possibly others), where the affine Dynkin labels
are represented as [Z0;E1,...,2nN].
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The branching function of the coset model (4.1) can be defined as in the bosonic case

by g, 0(0) endF (@, 0) = D s (a) b2 g,0) (438)

Here the character of the 2N free fermions in the NS-sector is

2N, 1
chyg’

q,v HH1+Uzq 1+Uq ) (49)

n=0i=1

where v is an SO(NV, N) matrix with eigenvalues (v;,v;). We consider the Hilbert space
spanned as H = > (A;Z) ® (A; Z) and the partition function is

Z2NE () =g~ z4|2z |sbis" (q)]? (4.10)
7‘—‘]

Note that this is not the diagonal modular invariant in the usual sense, since we now take
the sum of the identity and the vector representations for s0(2V); in the numerator of (4.1)
in both the chiral and anti-chiral part.

In order to compare the CFT partition function with the supergravity partition func-
tion, we have to take a large N,k limit with the 't Hooft parameter (1.4)

2N

k+2N -1
kept finite. Now the states of the N' = (1,1) super coset model (4.1) are labeled by
(A;E), where A, = are the highest weights of so(2N 4 1) and so(2N), respectively. As men-
tioned in the bosonic case, the highest weight representations for so(2/V) can be labeled by

(4.11)

Young diagrams with finitely many boxes in the limit, and the quadratic Casimir becomes
Con(E) ~ N|Z| where |Z| is the number of boxes of Young diagram denoted by the same
letter Z. The case of so(2N + 1) is also studied in appendix B and the same conclusions
are obtained in this case. Namely, the highest weights are described by Young diagrams in
the limit, which implies that the states of the super coset (4.1) are labeled by sets of two
Young diagrams (A;=Z). The quadratic Casimir is (B.15)

Cong1(A) = ]A|N+ Zﬂ Zc : (4.12)

where the number of boxes in the i-th row is /; and the number in the j-th column is ¢;.
In the large N limit, this behaves as Cant1(A) ~ N|A].

We end this subsection by noting that the most fundamental states in the coset, which
we believe to generate the remaining states under fusion in the 't Hooft limit, are (v, 0;0)
together with its fermionic partner (v,v;0), and (0,0;v) also together with its fermionic
partner (0,v;v). Here v denotes the vector representation with only the first Dynkin label
non-zero and equal to one. Using the equation for the conformal weights (4.5) we get

1 1
h(Uv()%O) = 5)‘7 h(v,v;O) = 5(1 + )‘) ,
1 1
h(O,U;’U) = 5(1 - )‘) ) h(0,0;U) = 5(2 - )‘) , (413)

,13,



where in the last case we had to use n = 1 in (4.5) since we start from the trivial repre-
sentation in the numerator of the coset. This fits perfectly with the calculated conformal
dimensions from the bulk side (2.15). We will thus have two supermultiplets in the CFT
generated from (v, 0;0) ® (v,0;0) and (0,v;v) ® (0,v;v), respectively.

4.2 Comparison of partition functions

In order to compare the CEFT partition function with its gravity dual, we have to take the
't Hooft limit. For large k, the leading terms of the characters are

RN ch2NH1 (eUH))

3N TR (g D) oI L (414)
A [T =gV Tlaeayy,, (1 — eCHDgn)]
R2N k1 h2N I
ch2VEHL (g H) ~ s chy(e”) (4.15)

[L4[( = ¢V Taen,y (1= e*g)]

as in (3.10), where Asn41 and Agy denote the root systems of so(2N + 1) and so(2N),
respectively. As before, the Lie algebra characters appear in the limit. The conformal
dimensions are now

Con+1(A) okl Can(A)

h2N+1 k _ Y2NA41UA) h + 2N\ 4.1
k+2N -1’ k+2N-1° (4.16)
Defining the leading term for large k as

R2N+LE_p2NEHL o

V@) =g T ET sad(g) (4.17)

sby.
we have k-independent relations

b (1(0)9(g,v) = D saxit(q) chEV (v) . (4.18)

The roots in Agn4 include +e; (j =1,...N) in the orthogonal basis in addition to those
in Asy, and from this fact we have

N 1
Y1+ 9;q" 2
g i as T (4.19)

_ n+1 _ n+1
oottt (1 —viq (1 — 0;q™*1)

Setting A = 0 in (4.18), we obtain

= sapgit(q) chY (v) . (4.20)

If we use the decomposition

ch2VHL(, Z RN h2N (v (4.21)
and (3.16), then we find
2N) \r(2V)E 2N) A/ (2N)W
e = 3 RN S0 = S AN s )
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Now we take the 't Hooft limit. In the limit, the highest weights of so(2N + 1) and
so(2N) are expressed by Young diagrams. In the next subsection, we will find

00 0 2 00 o0
sap0(q) = A}gnoo Sagfg(q) = H H L 1q”] H H(l + qn+%) ; (4.23)

=1 n=2l s=1n=s

sao=(q) = lim sa3¥(q) = sapo(q) schz: (u(é)) , (4.24)

N—oo

where the supercharacter is defined in (2.17). The conformal dimensions are
IN+1E A INE+1 A=
R T SNl ks ~ I8l (4.25)

As in [5], we assume the decoupling of null states in the 't Hooft limit, which means that
only the terms with

@ + 2] = [V (4.26)

contribute to the fusion rules. In the large IV limit, the coefficients stabilize as

lim Ngz* =Ngz.  lim R = Ras, (4.27)
— 00

N—o0

where Ngz are the Clebsch-Gordan coefficients of gl(0o) . Just like the u(M) case discussed
in [23], the restriction functions for the so(M) case become Ryg = NE‘ A/z| s shown in [42].
Here |A/Z| represents the Young diagram with a single row and with |A] — |Z| number of
boxes. Then egs. (3.57) and (3.59) of [23]

schp schz = Z Nilschr,  schy(U(0)) = Z Rz schz: (u (;)) : (4.28)

which were proven in appendix A of that paper, lead to

_ 1
SbX;E = q%(|A|—‘~|) Z RA'@NC%!E Sao;o(q) SCh\I/t (U<2>>
[oR

= sap0(q) schp (U(hy)) sch=e(U(h-)) . (4.29)
Combining the anti-chiral part, we have

S Itz (@F = Zuange Y Ischa (U(h)) schee (U(h-)[?, (4:30)
AE AZE

which reproduces the supergravity result (2.19).

4.3 Characters from free bosons and fermions

Let us now derive (4.23) and (4.24) using free bosons and fermions. The character (4.19)
is that of 2N real fermions ¢* (a = 1,2,...,2N) and 2N real bosons J¢ (¢ =1,2...,2N).
The Fock space is spanned by

TLw ny

as
Hw_jrj_% Hjiltl_lﬂ, (4.31)
7j=1 =1

where r;,#; run over non-negative integers.
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From (4.20), we can see that the branching function sag,z counts the multiplicity when
the representation = of so(2N') appears. The representation appears for the first time when
|Z| = ny +ny. Following the argument above (3.69) of [23], the branching function is found

to be
e (0(2)) )

when summing over the possible modes and ny,n; while keeping the sum ny +ny = |Z|
fixed. We also need to consider the so(2N) invariant states

Krs o0 Ltu 0 P’ru
H (Z¢rlwa ) H <ZJ0L ljgu 1> H <Z¢a ljgu 1) .
r,s=0 t,u=0 r,u=0

(4.33)

Here we should set K5 non-zero only for » > s and Ly, non-zero only for ¢ > u. We also set
P, = 0,1 for all 7, u since they are fermionic operators. Invariant states can be constructed
using Weyl’s fundamental theorems of invariant theory for the orthogonal group [41]. In-
variants that are not polynomials of the above states appear only for conformal dimensions
larger than IV, and also non-trivial relations between invariant states appear for the first
time at that order of conformal dimension. In the large N limit, we can ignore these finite
N effects and obtain

sa0,0(q) = ﬁ iq(rJrerl)K ﬁ iq(t+u+2)L ﬁ zl:q(,urwg)p

r>s=0 K=0 t>u=0 L=0 ru=0 P=0
00 1 00
— r+u+
o H 1 — grtstl H 1— qt+u+2 H
r>s=0 t>u=0 r,u=0
e olNe o] 2 00 o0
_ n+
_HH[1 ] ITTIC +4q (4.34)
l=1n=2[ s=1n=s

as in (4.23). By multiplication with (4.32), we get (4.24).

5 Symmetries of the dual conformal field theory

The symmetry algebra of the coset

(2N + 1),  $0(2N);
SO(2N )41 ’

(5.1)

is the commutant subalgebra Com(S0(2N)k+1,50(2N + 1), @ S0(2N)1) of SO(2N + 1) &
SO0(2N); that commutes with S0(2N)xy1. Here, by s0(2N); we mean rank 2N free fermions
Fon. Since they transform in the 2N-dimensional vector (standard) representation of
so(2N), they contain a homomorphic image of s0(2NV); as subalgebra. In addition, as we
will see, the coset algebra is too large as it also contains additional fields with spin of
order N. In order to get rid of these additional fields, one needs an orbifold projection
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by improper orthogonal transformations. At finite IV, the candidate coset for the N' =1
super W-algebra is thus

SO(2N + 1), @ ]:2N>

Orb( S2N)rt

(5.2)
but since the additional fields appear at conformal dimension at least NV, these are invisible
in the large IV limit, in other words, the spin content for the coset and its orbifold is the
same for large N.

5.1 The dimension 3/2,2,2,5/2 fields of the coset algebra

Before we discuss the complete coset algebra, we will explicitly compute the fields of lowest
conformal dimension. For this we need some preparation, we write so(2N +1) = so(2N) @
m, where m carries the standard representation of so(2N). We denote the currents of
S0(2N + 1), that belong to m with the Roman indices J?, J7, ... and those associated to
so(2N) with Greek indices J¢,J#,.... In addition, the fermions of $6(2V); also transform
in the standard representation and we denote them by % 17,.... Then, the operator
products expansions are

J(2)J" (w) ~ Koy S0 (w)

Cowp T Gw
s ~ T2 5:3)
PP w) ~ 2 LT

We also need the operator product with normal ordered products of currents. Denote by
(J*JP)(2) the normal ordered product of two currents, then we e.g. have

BEOPT | Rapd () + Ko () + 25 10 (w)

T (2)(JP T (w) ~

(- wp (=~ w)? 5
+fwu%ngﬂwﬂﬁmm
With the help of this formula, we compute
()% (w) ~ (2]\(;__12;;;(”) Nl (G ziwj z)uaﬂ)(w)) |
PRI ~ S (5.5)
T w) ~ +(2,2,N_203Ji(m - f""‘j((JjJ“iiw_) ;;)(J"‘Jj)(w)) .
The fermionic fields are denoted by 1" with operator product expansion
W) ~ s (5.6)

,17,



and the corresponding currents are

e 1 aig, i, ]
jo = =5 (5.7)
Moreover ¢' are primaries in the standard representation for these currents
el % fozij¢j (w)
PEw ) ~ TR (53)

Let v = 2k + 4N — 2, then the Virasoro field of the coset algebra is
T = Tgent1), + Trermion — TNy,
1 1 71 a o (59)
::gajj)—ﬂJ])+@k—$ﬂmmg.

The coset symmetry algebra is the algebra that commutes with the K« = J* 4 j¢, this is

2 i
G::V:uw). (5.10)

The fields G and T obey the operator product algebra of the A' = 1 super Virasoro algebra,
that is

certainly true for

c/2 2T (w oT' (w
T(2)G(w) ~ ?f(_wilgg T (ZG_(Z)) : o4y
GG w) ~ 2¢/3 2T (w)

(z—w)p  (z-w)
Next, there is an additional dimension two field that commutes with both j¢ and J%, hence
also with K%, and this is the Virasoro field T" of the coset
SO(2N + 1)

5.12
SO(2N )i (5:12)
Explicitly, in terms of currents, it reads
T = Toen+i, — Toen),
1, .. 1 5.13
= f(t]lt]Z) _ 7({]@(}@) ] ( )
gl 1y -2)
This field is not a Virasoro primary, in contrast to the following linear combination
- 4kN
N

This statement is a straightforward computation using the above operator product expan-
sions. The dimension 5/2 partner G5/, of W5 can be computed as

G(Z)WQ(’UJ) ~ f,f/—Q(’:UU))’
Gz = —a=(BRUTOW) = (W0 + af# () + (7)) . (5.19)
_ 12kN _ 0
a = 2 <(2k:+2N 1)+27_2).

,18,



The operator product of Wy with itself does not generate new fields, and it is

(0 = Bc/2 _ 2(c—28)Wa(w) +20(c — HT(w)
(z — w) (= - w)?
, (c=28)0W(w) + B(c — BT (w)

(z —w)

WQ(Z)WQ(U}) ~

(5.16)

9

where ¢, is the central charge of the bosonic coset (5.12). The computation of further
operator products becomes very complicated, but in a large k limit they simplify just as
explained in section 6.5 of [33] for the case of the N' = 2 coset. We find

Jim Wa(2)Gspa(w)
_6N2G(w) B 2N20G (w) + NG5p(w)
(z —w)3 (z —w)?
B2 G (w) + 2N 0G5 s (w) + G po(w) + 2L Az o (w) — W)

(z —w)
(5.17)

Here Gy /9 is a fermionic primary field of conformal dimension 7/2, and A7/, and By, are
dimension 7/2 descendents that together with Gy /9,0G5/9 and 0%G form an orthogonal
basis of dimension 7/2 fields. The precise form of these fields in the large k limit is

5N 3N?2 9NZ2 . . . 12N2
Gy = 6G5 2+ = (WaG) + —82G — WUZ@ZW) — AN (WG + (TG),
3N 3
A7/2 == (WQG) + TOBG5/2 5 B7/2 == (TG) - §82G
(5.18)

We believe that the fields G, T, Wy already generate the full symmetry algebra under iter-
ated operator products.

5.2 The field content of the coset algebra

We now consider the field content of the coset algebra. Note, that the following analysis is
in many respects similar to the one of last section, in particular, it relies on the classical
invariant theory.

The generic field content of a coset algebra can under certain circumstances be com-
puted using classical invariant theory [43]. The coset, we are interested in, is of this
favourable type. As mentioned before, the coset algebra is the commutant subalgebra

Com(50(2N )1, 02N + 1)1 @ Fan) . (5.19)

The algebra so(2N + 1) @ Fan is generated as a conformal field theory by the fields J¢
generating the §0(2V ), subalgebra of $0(2N + 1), the fields J¢ which are primaries in the
vector representation of $0(2IV)z, and the fermions ¢°. An alternative set of generators is
K%, J" and 1, where the fields K generate the $0(2N )y subalgebra of the commutant
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problem. Note that J? as well as ¢’ are primaries in the vector representation of K.
In such a situation, it was argued that the fields of the commutant subalgebra are those
that can be identified with the SO(2V) invariant products of the vector representation as
follows. Let

p(J,0J,...,0™J, 0, ...,0") (5.20)

be a normally ordered polynomial in J, 1 and their derivatives that is invariant under the
natural action of SO(2/N). Then

p(J,DJ,...,D"J,Dip,...,D™) (5.21)

is a generator of the coset algebra, and all generators are of such a form. Here, the covariant
derivative is

DI = OI' + kilfaij(ﬁﬂ), I'e {J,y'}. (5.22)
We are thus left with determining all invariants in the vector representation. Weyl’s first
fundamental theorem for the orthogonal group [41] tells us that all such invariants are
expressible in terms of the basic invariants which are traces of two vectors and determinants
of matrices whose columns are 2N vectors. Clearly, the determinants have spin at least
N and thus they are invisible in the large N limit. Also, note that the determinants are
improper invariants, this means they change sign under transformations by orthogonal
matrices with determinant minus one. The traces are proper invariants and all proper

invariants can be expressed in terms of traces [41]. We have three types of traces
Ay = DJ'DT, Bimy = DDy, Cinmy = D'I'D™'. (5.23)
The spins are

A(A(n,m)) =n+m+2, A(B(mm)) =n+m+1, A(C(n,m)) =n+m-+ g (5.24)
Now, if there were no relations between products of the fields, then we can count that the al-
gebra we found has a generating set of fields whose bosonic fields have spin 2,2,4,4,6,6, ...
while the fermionic generators have spin 3/2,5/2,7/2,.... Note, that these fields are multi-
plets of the N' = 1 super algebra as (3/2,2),(2,5/2),(7/2,4),.... The second fundamental
theorem of invariant theory for the orthogonal group [41] states that all relations between
invariants either involve a determinant of a matrix whose columns are vectors or they are
determinants of (2N — 1) x (2N — 1) matrices whose entries are traces. All these relations
concern invariants whose spin is at least N which implies that the spin content of the coset
algebra agrees with the proposed higher spin supergravity in the large N limit.

We would like to remark, that due to the determinants, the coset algebra at finite N
is larger than the ' = 1 super W-algebra. In [44] it has been proposed in an analogous
situation to consider an orbifold in order to obtain a smaller coset algebra. It is certainly
possible that the invariant subalgebra, invariant under all improper orthogonal transforma-
tions, is the A/ = 1 super W-algebra. As mentioned before, this is an issue which becomes
invisible in the large N limit and is thus of minor importance for the present purpose.
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6 Conclusion and outlook

In this work, we propose that the A/ = 1 truncation of Prokushkin and Vasiliev’s N' = 2
higher spin supergravity on AdSs [7] is dual to a limit of a family of conformal field theories
given by the N = (1,1) super cosets

SO(2N + 1), & $0(2N);

= 6.1
SO(2N )41 (6.1)
We need to take the large N limit with 't Hooft parameter
2N
= — 2
A 2N +k—1 (6.2)

kept finite. We have supported this conjecture by showing that the supergravity and the
CFT partition functions match, i.e. the spectrum is the same on both sides. Further,
we also studied the symmetry of the super coset model, especially we provided explicit
formulae for the fields of dimension 3/2,2,2 and 5/2.

It often happens that seemingly very different cosets possess the same symmetry al-
gebra. We would like to remark that there are other cosets whose spin content of the
symmetry algebra seems to coincide with the one of the coset of the present work. For

example consider
0/85( 112N); @ By

SP(2N)k—1/2

Here By denotes rank N (~-ghosts which contain as a subalgebra a homomorphic image

(6.3)

of sp(2N)_1 /2. The central charge of this coset is

S L — (6.4)
k+N+1/2

This means that only for some negative levels k, we get a positive central charge. The
spin content of this coset can be studied as in the last section and with the help of Weyl’s
fundamental theorems of invariant theory for the symplectic group [41]. Indeed in the large
N limit, the spin content of this coset coincides with the spin content of the coset algebra
studied in last section. More cosets are constructed as follows. Let Sy p be the algebra
generated by 2M free real fermions and P 37 ghosts, then Sy p contains a homomorphic
image of 0sp(2M|2P); as subalgebra. The symmetry algebra of the cosets

GD(2M + 112P);, & Sprip
55D (2M[2P) 1

(6.5)

can be studied as before in the large k limit and again seems to have the same spin
content. Conformal field theories of supercosets are usually not unitary and hence we
expect a tentative dual higher spin supergravity to be less interesting.

Further work is needed to obtain a better understanding of the duality. In order to
compare the partition functions, we assumed that some states in the CF'T decouple from
the others in the large N limit. It is thus necessary to examine whether this assumption
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is true or not. Also, it would be desirable to show that the asymptotic symmetry of the
N =1 supergravity can be reproduced by the 't Hooft limit of the N' = (1, 1) super coset,
in particular one should also study the Hamiltonian reduction of the 6sp(2N + 1|2N);
affine Lie algebra. Furthermore, like in the cases of the other holographies on AdSs,
important checks of the duality would be to calculate and compare correlators, and to
consider the RG-flow.
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A N =1 truncation of Prokushkin-Vasiliev theory

The field equations of higher spin gravity theory by Prokushkin and Vasiliev can be ex-
pressed in terms of generating functions (W, B, S,) [7]. Here W), is a space-time one-form
including the higher spin gauge fields, B is a zero-form including matter fields, and S, is
an auxiliary field. The generating functions depend on the parameters (zq, Ya; ¥1,2, k, plz,)
where x,, are the space-time coordinates. The spinor index « takes values 1,2. The gener-
ating functions are expanded as

1 ]
BCD B D m n
A(Z, Y; ¢1,2a ]{7,,0’1’) = Z Z Aalc:”wgmyﬁlv-wﬁnk pC@Zﬁ T,Z)QEZal o 2” yﬁl . y’B .
B,C,D,E=0m,n=0

The Grassmann parity 7 = 0,1 is determined by the number of spinor indices as
T War, i) = 5L~ D), 1(Bay ) = 51— (D),
TS ) = 5 (1= ()P (A1)
Moreover, we define a map o by
olA(z, y; Y12, k, p)] = AV (—iz, iy; 912, K, p) (A.2)

where the order of all generating elements is reversed in A™V. As shown in [7] the following
transformation is a symmetry of the field equations

n(Wy) = —i"Wo(W,),  n(B)=i"(B)o(B), n(Sa)=i"9"e(Se) . (A3)

We can thus consistently truncate the fields to those invariant under this transformation,
and this gives us the A/ = 1 supersymmetric theory.

We consider vacuum solutions with B = v. In [7] they obtained three types of vacuum
solution for S,, but we chose Siy,(r)n in eq. (6.6) of that paper. The vacuum solution W = W)
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depends only on (7q; %1, k). Here §o = ga " is defined in eq. (6.11) of [7], but all we need
is that they obey the following fundamental commutator

[Ya, ) = 2ieqg(1 +vE), {Ua,k} =0 (A.4)

Explicit forms of S(i}:gl and g™ will not be used, but the following properties are important

oIST) = =SSR, olE™ = i (4.5)

a,0

In particular, S3¢" is invariant under the action of 7 defined in eq. (A.3). Defining A, A as

—1+¢1A—1_¢1A_

W — 9
0 2 2

(A.6)

the field equations for A, A are given by those of the Chern-Simons theory for the algebra
generated by (7, k). This algebra was called shs[)\] algebra in [6] where A = (1 —v)/2. If
we consider the sub-sector with even number of g, and k = 1, then shs[})] is reduced to its
bosonic sub-algebra hs[A]. The generators of shs[A\] may be given by [33]

N Ss—1 N\ s—1
W= () s = () e vOToeee G
with s = 2,3,... for bosonic generators and s = 3/2,5/2, ... for fermionic generators. Here

S, is the symmetric product of g,s, where 2s — 2 is the number of g, and 2m = N; — N»
with Njo being the number of ¢; 2. For the bosonic generators, even s generators are
invariant under the action of (A.3), and for the fermionic generators, viE generators
with s =2nF1/2 (n=1,2,...) survive.

We may define a different basis for the bosonic generators as

-\ s—1
() _ (=t s 1tk
e (7) " slzh s

Without the N = 1 truncation, A generate hs[\] while A generate hs[1 — A]. It is
known that the infinite dimensional Lie algebra hs[A] can be truncated at A = +n with
integer n and the reduced algebra becomes sl(n) [45]. In the same way, the even spin sub-
algebra of hs[\] is reduced at A = £n to sp(n) for even n and so(n) for odd n (see, e.g., [5]).
Thus, the N/ = 1 truncation of shs[\] can be reduced at A = 2N + 1 to a superalgebra
whose bosonic sub-algebra is given by so(2N + 1) @ sp(2N). Notice that (V7£12)+7 W(3/2)+)
with m = 0,41 and r = +1/2 are the generators of the osp(1]|2) sub-algebra. In terms
of the superprincipal embedding of osp(1]|2), the generators of osp(2N + 1|2N) can be
decomposed by the representation of osp(1]2). The action of Vfi//?Jr produces fermionic
generators from bosonic ones in the same representation of osp(1|2). This implies that
the /' =1 truncation of shs[A] can be reduced to the osp(2N + 1|2N) superalgebra since
the bosonic sub-algebra of osp(2N + 1]2N) is so(2N + 1) @ sp(2N). In other words, the
symmetry for the massless gauge sector of the A/ = 1 truncated theory is given by an
analytic continuation of osp(2N +1|2N) with A = 1+2N. Or put differently, when A takes
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integer values, the Zy automorphism 7 defined in (A.3) becomes the Zs automorphism
acting on supermatrices by a combination of (minus) supertransposition and conjugation
with a special matrix and this defines osp(2N + 1|2N) in terms of gl(2N + 1|2N), see [38].

The small perturbation by matter fields can be obtained by setting B = v+C. Studying
the dynamical parts of C, we can read off the matter content. The N/ = 1 truncation of
the matter fields is discussed around eq. (10.8) in [7], and it is given by an N’ = 1
hypermultiplet with two complex scalars having masses

(MBY? = 1422, (MPBY?=-1+(1-1)2, (A.9)

and two fermions with mass

(Mf)? = (A - 1>2 : (A.10)

B Orthogonal Lie algebras
Some basics of so(2N) and so(2N + 1) Lie algebra are summarized.

B.1 so(2N) Lie algebra

It will be convenient to introduce an orthogonal basis e; (i =1,2,...N) with e; - e; = d;;.
In this basis, the roots of the so(2/N) Lie algebra are of the form +e; £ e; (i # j) and the

simple roots are
Q; = €; — €11 (iZI,...,N—l), aNy =en_1+en . (B.l)

The fundamental weights are

1
)\i:Zel (i=1,...,N—2),
=1

1
A =g(ert+eat - Fena—en), (B.2)
1
AN = §(€1+€2+"'—|—€N—1+€N),
and the Weyl vector is
N N
p:Z)\i:Z(Nfz)el (B.3)
=1 =1
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where the coefficients are the Dynkin labels A; > 0. In the orthogonal basis, the highest
weight can be expressed as

N
A == Zliel ) (B 5)
=1
with
N—-2
=Y M+5(Ava+Ay) (i=1,...N-2), (B.6)

1 1
IN—1 = §(AN—1 +An), In = i(AN—l —An) .

In this basis, the quadratic Casimir is computed as

1 1 N N
Con(A) = A (A+2p) = 5 D+ LN - (B.7)

1=1 i=1

As shown in [5], the quadratic Casimir for the representation with Ay_; # 0 and/or
Ay # 0 is of order N? and these representations will be neglected. In other words, we set
An_1 = An = 0. Then the highest weight is labeled by a Young tableau with /; boxes in
the i-th row. Notice that now l; > [;41 and [y_1 = [y = 0. Denoting the number of boxes
in the j-th column by c¢;, we have (see (A.9) of [14])

Zili:;Zc?—i—’A; (B.8)
i J

where the total number of boxes is denoted by |A|. The quadratic Casimir is now

N—-2
Cox (8) = A (N = 3) + 5 Ye-34). (B.9)

and thus Con(A) ~ N|A| in the large N limit.

B.2 so(2N + 1) Lie algebra

We use the orthogonal basis e; (i = 1,...,N) as in the so(2N) case. The roots of the
so(2N + 1) Lie algebra are +e; in addition to +e; & e; (i # j) with i,j =1,...,N. The
simple roots are

ai:ei—eiﬂ(i:l,...,N—l), anN = EN, (B.IO)

and the fundamental weights are

i N
1
N=Yai=1...N=1), Av=5)e. (B.11)

=1 =1

— 25 —



The Weyl vector is now

p-é(N—i—é—i)ei. (B.12)

The Dynkin labels A; > 0 are the coefficients of the highest weight

N N

i=1 i=1

N-1 1 1
li—;Al+2AN(i—1,...N—1), In=5hy - (B.14)

The quadratic Casimir for the highest weight representation is

N N
1 1
CQN+1(A) = 5 E l? + E l; <N—|— 5 — Z> . (B.15)
=1 =1

It is easy to see that all the elements of the inverse of Cartan matrix CZ-; D Aj are
non-negative. Thus we have

a2

+— (B.16)

Con1(A) > Conp1(AW)) = N2 <

a
4
where Ags) =0fori=1,...,N —1 and AS{? = a. This implies that Con41(A) is of order
N? for representations with Ay # 0 as in the so(2N) case, so we again set Ay = 0. The
highest weight representation is now labeled by a Young tableau with [; boxes in the i-th
row. We denote the number of boxes in the j-th column by c¢;, The quadratic Casimir
is now

N-1
1 2 2
Cont1(A) = [A[N + B ‘51 li — E ¢l (B.17)
1= j

which again leads to Cany1(A) ~ N|A| for large N.
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