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metry measurement, we study variables that can distinguish between top quarks produced

from gluons and those from quarks: the invariant mass of the top pair, the rapity of the

top-antitop system in the lab frame, the rapity of the top quark in the top quark polar-

ization and the top-antitop spin correlation. We combine all the variables in a likelihood

discriminant method to separate gluon-initiated events from quark-initiated events. We

apply our method on models including G-prime’s and W-prime’s motivated by the recent

observation of a large top quark forward-backward asymmetry at the Tevatron. We have

found that the significance of the asymmetry measurement can be enhanced by 10% to

30%. At the same time, the central values of the asymmetry increase by 40% to 100%. We

have also obtained the best spin quantization axes for studying top quark polarization as

well as spin-correlation for the new physics models.
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1 Introduction

The recent results on top quark forward-backward asymmetry measurements at the Teva-

tron have shown interesting evidence of new physics beyond the standard model (SM).

Large asymmetry was observed in both the semi-leptonic decay channel at CDF [1] and

D0 [2], and the di-lepton decay channel at CDF [3]. While many new physics models have

been introduced to explain the top quark forward-backward asymmetry [4–22], less atten-

tion has been paid to directly measuring the top quark forward-backward asymmetry AFB

at the LHC. An obvious obstacle is that the LHC is a proton-proton machine as oppose to

the Tevatron, which is a proton-anti-proton machine. There is not a universally forward

direction for the top quark. This obstacle can be overcome by observing that the valence

quarks (u or d quarks) are statistically more energetic than the sea quarks (ū or d̄ quarks).

So, event by event one can still define the forward direction, making it posstible to measure

the forward-backward asymmetry [23, 24] (see [25–29] for studies for the LHC).

Another obstacle is that the tt̄ pairs are dominantly produced from gluon initial states,

which serve as a huge background for the AFB measurement at the LHC. For the 7TeV

LHC, the production cross section of tt̄ from gg in the SM is approximately a factor of

5 (8) larger than from uū (dd̄). Assuming the observed AFB at the Tevatron does stem

from top quarks produced from up or down quarks, as suggested in many beyond the SM

– 1 –



J
H
E
P
0
2
(
2
0
1
2
)
1
3
5

models, we see that the measurement of AFB at the LHC will be diluted by this additional

SM background. Although many new physics explanations of AFB will be tested indirectly

by looking for new resonances in tt̄ or dijet channels, it is still important to have a direct

measurement of AFB especially when those new resonances are too broad to show up in

the standard “bump” searches.

In this paper, we discuss how to improve the AFB measurement at the LHC. More

specifically, we explore variables that distinguish the uū → tt̄ or dd̄ → tt̄ production

channels from the gg → tt̄ channel. Because of the differences in parton distribution

functions and differential cross sections, the produced tt̄ system will have different kinematic

distributions. For example, the tt̄ invariant mass distribution is often enhanced at large

Mtt̄ for uū → tt̄ or dd̄ → tt̄. The rapidity of the tt̄ system in the lab frame, and the top

quark rapidity in the tt̄ rest frame also differ for different production mechanisms.

Other than the simple kinematic variables, we also use the top quark polarization

and top-anti-top spin correlation information reduce the gg → tt̄ background. In the

SM, the leading order QCD production does not generate polarized top quarks, but this

is not the case if the new physics explanation of the AFB involves new parity-breaking

interactions, coupling the left-handed top and the right-handed top in a different way [30–

34]. To study the top quark polarization, one first chooses a spin quantization axis and

then studies the angles between the top quark decay products and the quantization axis.

Hence, it is important to know the spin quantization axis. The traditional wisdom is to

use either the beam direction (beam basis) or the top quark moving direction in the tt̄

center-of-mass frame (helicity basis) to quantize the top quark spin. Noticing that neither

of those two axes can maximize the top polarization effect, we will calculate and show

the “best quantization axis” for different models. We emphasize that knowing the “best

quantization axis” is useful not only for cutting off more SM backgrounds and improve the

AFB measurement, but also for distinguishing different new physics models.

Similarly, the spin-correlation between top and anti-top quarks is different for top quark

pairs produced from gg and from qq̄. In QCD, when top pairs are produced near threshold,

tt̄ is in a 3S1 state for qq̄ productions and in a 1S0 state for gg productions [35, 36]. As

pointed out in ref. [37], one can calculate the “best quantization axis” to maximize the

spin correlation for qq̄ → tt̄ in QCD, and the so-called “off-diagonal basis” depends on the

kinematics of the event. We will follow a similar procedure to calculate the “best axis” in

the presence of new physics contribution to qq̄ → tt̄, especially for those models without

polarized tops. The top quark spin-correlation is an important variable to distinguish the

tt̄ resonances as studied in ref. [38–41]. We believe that the formulas developed in this

paper will be useful for identifying the tt̄ resonance properties once the LHC has positive

results in those searches.

Our paper is organized as follows. In section 2, we choose three representative models

that explain the AFB results at the Tevatron and calculate their predictions of AFB for the

LHC without using additional variables. In section 3, we consider three basic kinematic

variables: the tt̄ invariant mass. Mtt̄, the boost of the tt̄ system, ytt̄, and the rapidity of

the top quark in the tt̄ rest frame, yt. We study differences between gg → tt̄ and qq̄ → tt̄

in terms of those variables. We then study top polarization in section 4 and top-anti-top
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spin-correlation in section 5, with more details given in appendix A. In section 6, we show

the combined improvements on the statistical significance S/
√

S + B and the asymmetry

measurements, using all the variables. We then discuss various effects such as experimental

cuts and event reconstructions on the improvements when performing a realistic analysis,

and conclude our paper in section 7.

2 Top quark forward-backward asymmetry at the LHC

To explain the large top quark forward-backward asymmetry measured at the Tevatron,

there are two basic top quark pair production mechanisms. One is through new particle

exchange in the s-channel such as the axigluon, G′, and the other one is through new

particles in the t-channel such as the diquark, Z ′ or W ′. Noticing that Z ′ model generically

predicts copious same-sign tops, which is tightly constrained by the recent analysis from

CMS [42], we choose G′ and W ′ as two representative examples in this paper. We will also

consider effective contact operators obtained by integrating out a very heavy axigluon. G′

and W ′ couple to the SM quarks as

LG′ = −G′ a
µ

[

ū (gq
V γµta + gq

Aγµγ5ta)u + t̄ (gt
V γµta + gt

Aγµγ5ta)t
]

+ · · · , (2.1)

LW ′ = −W ′+
µ t̄(gV γµ + gAγµγ5)d + h.c. + · · · , (2.2)

where we only write down couplings relevant to AFB and ta is the SU(3)c generator. The

differential production cross section as a function of the top quark production angle is

given in [7, 43] for the axigluon case and in [44] for the W ′ case. The measured AFB at the

parton level is [1]

AFB(Mtt̄ < 450GeV) = −0.116 ± 0.153 , AFB(Mtt̄ ≥ 450GeV) = 0.475 ± 0.114 , (2.3)

AFB(|∆y| < 1.0) = 0.026 ± 0.118 , AFB(|∆y| ≥ 1.0) = 0.611 ± 0.256 . (2.4)

For a given model, there is a range of parameter space to fit the observed AFB. Since

the purpose of this paper is looking for good kinematic variables to improve the AFB

measurement at the LHC, we do not scan the model parameters, and in stead consider one

representative point of three different model points to fit those experimental data:

• Model A: an axigluon model with MG′ = 2.0 TeV, gq
A = 2.2, gt

A = −3.2, gt
V =

1.0 and gq
V = 0. Here, “q” represents the first four light quarks. The width is

ΓG′ = αs/6(4g
q 2
A + 4gq 2

V + 2gt 2
A + 2gt 2

V )MG′ ≈ 1.5 TeV. The predictions for AFB

are (0.10, 0.31) for the two invariant mass bins and (0.12, 0.40) for the two rapidity

difference bins.

• Model B: a W ′ model with MW ′ = 400 GeV and gV = gA = 0.9 (or gL = 0 and

gR = 1.8). The predictions for AFB are (0.12, 0.41) for the two invariant mass bins

and (0.14, 0.52) for the two rapidity difference bins.

• Model C: the contact interaction obtained by integrating out a very heavy

axigluon (above the center of mass energy of the LHC and the Tevatron),

ξ ūγµγ5tau t̄γµγ5t
at/Λ2, with gq,t

V = 0, ξ = −1 and Λ ≡ MG′/(gq
Agt

A)1/2 = 650GeV.

The predictions for AFB are (0.19, 0.53) and (0.23, 0.67) for those four bin data.
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Here, we have neglected the subdominant SM-only contribution to AFB at the next-to-the-

leading order, but we keep the interference of the SM and new physics in our calculations.

All of the above models satisfy various constraints such as those from dijet resonance,

dijet contact interaction and tt̄ resonance searches at Tevatron, though they receive more

stringent constraints from the latest LHC results on tt̄ resonance searches [45]. Model A

has an axigluon coupling to the top quark with both vector and axial-vector couplings, so

the parity is broken. As we will show later, the top quark will be polarized in this case and

we can use the top quark polarization to reduce the gg background and improve the AFB

measurement. The axigluon width is very large for this model, so the tt̄ resonance would

be difficult to discover. For Model B, we only choose right handed couplings for the W ′

field, based on the severe constraints from electroweak precision observables if W ′ mixes

with the SM W gauge bosons. The W ′ width is assumed to be small for this case and

neglected in our later analysis. Model C only has parity conserving couplings and will not

have polarized top quarks. We use this model as an example to study the top and anti-top

spin-correlation.

The measurement of top quark AFB at the LHC is challenging for two reasons. First, it

is a proton-proton collider. Unlike Tevatron with proton-antiproton collisions, there is not

a fixed forward direction. However, the valence quarks inside the proton most likely carry a

larger energy than the sea quarks. So, event by event, we can define the moving direction of

the center-of-mass frame with respect to the lab frame as the positive direction to calculate

AFB. There is a ∼ 20% probability that we misidentify the initial parton moving directions.

The second reason is that the main mechanism for tt̄ production is gg → tt̄, which does not

contribute to AFB. Using Madgraph [46], we obtain the leading order QCD cross sections

as σ(gg → tt̄) ≈ 71 pb, σ(uū → tt̄) ≈ 14.5 pb and σ(dd̄ → tt̄) ≈ 8.6 pb for the 7TeV LHC.

One can immediately see that there is an additional tt̄ background from gg by a factor of

5. This is different from the Tevatron case, where σ(gg → tt̄) is a subdominant part in the

total production cross section. Including all tt̄ pairs and neglecting other SM backgrounds,

we follow the above definition of the forward direction and estimate the AFB measurements

for the three models as

Model A: AFB(Mtt̄ > 450GeV) = 0.046 ± 0.015 ,

Model B: AFB(Mtt̄ > 450GeV) = 0.196 ± 0.011 ,

Model C: AFB(Mtt̄ > 450GeV) = 0.099 ± 0.015 , (2.5)

where, to estimate the statistic errors we have assumed a 3 fb−1 luminosity and semileptonic

decays for the tt̄ system. Furthermore, we have multiplied the total number of events by

a 10% event acceptance (depending on cuts, the acceptance could be even higher than

this value, see ref. [45] for example), so there are around 5000 events in total. From the

numbers in eq. (2.5), one can already see that the early LHC running can measure AFB at

a large confidence level.1

1After imposing the Mtt̄ > 450 GeV cut, the production cross section for gg → tt̄ is 37.6 pb, the “signal”

production cross sections are 13.1, 46.6 and 17.9 pb for Model A, B and C, respectively. Model B predicts

too many tt̄’s and has already been ruled out by the Mtt̄ differential cross section distribution [45]. Here,

we still include this model to illustrate how to improve the LHC AFB measurement for a t-channel model

and we will also consider a similar model with a smaller coupling.
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Figure 1. Left panel: the normalized fraction of events as a function of Mtt̄. Model A and Model C

contains both uū → tt̄ and dd̄ → tt̄ productions, while Model B only contains dd̄ → tt̄. Right panel:

the rapidity distributions of the center-of-mass frame of the tt̄ system.

To improve the measurement of AFB at the LHC, we need to distinguish the two

tt̄ production mechanisms: from two gluons or from two light quarks. In the following

sections, we will study the differences between various kinematics distributions of tt̄ for

those two production mechanisms.

3 Basic kinematics: invariant mass, Mtt̄, the rapidity of the tt̄ system,

ytt̄, and the rapidity of the top quark, yt

In this section, we first consider some basic kinematic distributions for events generated

from the process gg → tt̄ and from the three model points.

The first variable we consider is the tt̄ invariant mass. Since there are new heavy par-

ticles contributing to the top pair production, we anticipate that the tail of the differential

cross section in terms of Mtt̄ should be lifted. Therefore, the top pairs from new physics

should have a harder spectrum than from gg. This is illustrated in figure 1 (left panel).

Note that Model B has a much harder spectrum than the other cases. So, we can impose

a higher Mtt̄ cut to enhance the signal-background ratio. However, as we will show in

section 6, cutting on Mtt̄ alone may not increase the statistical significance and may not

improve the AFB measurement. Therefore, Mtt̄ should be combined with other variables.

The second variable is the boost of the tt̄ system with respect to the lab frame ytt̄.

From the Parton Distribution Functions (PDF’s), one expects |ytt̄| from uū productions to

be statistically larger than from gg. This is indeed the case as shown in the right panel of

figure 1, from which one can see that Model A and Model C have more signal events at

larger values of |ytt̄|.
Next, we consider the rapidity of the top quark in the tt̄ center-of-mass frame: |yt|.

This variable is especially useful for selecting signal events for Model B. This is because

of the t-channel differential cross section enhancement in the forward direction. From the

simulated result in figure 2, we see that the |yt| distribution in Model B (the dot-dashed

blue histogram) peaks at around 0.8, which is significantly different from the background

(the solid black histogram). On the contrary, for Model A and Model C, the produced top

quarks are a little more central but similar to the background. So, we do not anticipate

|yt| as a good variable to improve the AFB measurement for Model A and Model C.
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Figure 2. The rapidity distributions of top quark in the center-of-mass frame of the tt̄ system.

4 Top quark polarization

The top quark has a short lifetime and decays before hadronization, so its spin information

is kept in the angular distributions of the daughter particles. Its polarization as well as

spin-correlation with the anti-top quark are different for new physics and the SM. In this

section, we utilize the top quark polarization to distinguish signals from the gg background.

Due to parity conservation, top quarks produced from QCD processes are not polarized.

For Model A and Model B, parity is manifestly broken and top quarks generated from new

physics are polarized. Choosing a spin-quantization axis for the top quark, one can study

the angular distribution of the daughter particle in the top quark rest frame, with respect

to the axis. The differential decay rates for a 100% polarized top in its rest frame are

calculated in ref. [30]
1

Γ

dΓ

d cos θi
=

1

2
(1 + ki cos θi) , (4.1)

where θi is the angle between the chosen spin-quantization axis and the i’th decay product

in the top rest frame. For top quark, one has kℓ+ = kd̄ = ks̄ = 1, kνℓ
= ku = kc = −0.31,

kb = −kW+ = −0.41.

Now, the important task is to find the best spin-quantization basis to keep the maximal

top polarization information. There are two obvious basis: the beam line basis (the moving

direction of the incoming quark in the top rest frame) or the helicity basis (the top quark’s

moving direction in the tt̄ rest frame). The spin density matrix can be decomposed into

independent parts with different spin structures:

ρ = A I2 ⊗ I2 + Bt · σ ⊗ I2 + Bt̄ · I2 ⊗ σ + Cijσ
i ⊗ σj , (4.2)

where Bt (Bt̄) determines the top (anti-top) quark polarization and Cij denotes the poten-

tial spin-correlation between top and anti-top, which is especially useful when Bt = Bt̄ = 0.

The detailed calculations and formulas for those vectors and matrices can be found in ap-

pendix A. The polarization vector Bt can be decomposed into

Bt = bp̂
t p̂ + bk̂

t k̂ . (4.3)

Here, p̂ = (0, 0,±1)T is the beam direction and k̂ = (0, sθ∗ , cθ∗)
T is the direction of the top

quark in the tt̄ rest frame where θ∗ is the top production angle. We have assumed CPT

– 6 –
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Figure 3. Left panel: the ratio bk̂
t /bp̂

t of Model A, which determines the best top spin quantization

axis, for different kinematics. Right panel: the normalized distributions of the angle between the

lepton momentum in the top rest frame and different top spin quantization axes. All momenta are

first boosted into the tt̄ zero momentum frame and only the signal events, tt̄ produced from light

quarks, are included in this plot.

is conserved for the underlying theory, so the projection on the p̂ × k̂ direction vanishes.

Furthermore, we also assume CP is a good symmetry such that bp̂
t = bp̂

t̄ and bk̂
t = bk̂

t̄ .

Therefore, the anti-top has the same polarization as the top, and we only need to consider

the top quark polarization in this section.

Starting from the axigluon case, Model A, with gq
V = 0 and gt

V 6= 0, we use the

following ratio to define the best quantization basis for top quark polarization:

bk̂
t

bp̂
t

=
4 cos θ∗ (M2

G′−ŝ)(2mt−
√

ŝ) + gt
A gu

A ŝ β
[

cos 2θ∗(
√

ŝ−2mt) − 2mt + 3
√

ŝ
]

4mt(gt
Agu

A ŝ β cos θ∗ − 2M2
G′ + 2ŝ)

, (4.4)

where β =
√

1 − 4m2
t /ŝ. One can see that when β = 0 or

√
ŝ = 2mt, the above ratio is zero.

This means when two top quarks are produced at rest, the beam line is the best quantization

basis. In the other limit when ŝ = M2
G′ (or when the axigluon is on-shell), this ratio is

(sec θ∗ + cos θ∗)MG′/(2mt) − cos θ∗. So, for MG′ ≫ mt the best spin quantization basis is

the helicity basis k̂. We also note that when gq
V = gt

V = 0 the top quark is not polarized.

In the left panel of figure 3, we show ratios of bk̂
t over bp̂

t as a function of ŝ for different

production angles. For ŝ between 500 GeV to 1 TeV, bk̂
t and bp̂

t are comparable to each

other, then the best spin quantization axis is neither the helicity basis nor the beam axis.

So, using the best spin quantization axis may significantly increase the top polarization

measurement and help improve the AFB measurement. In the right panel of figure 3, we

compare the sizes of the top quark polarization for different spin quantization axes. One

can see that the top quark is indeed polarized in Model A. Since the background top quarks

from gg are not polarized, the corresponding cos θℓ+ distribution is flat. Therefore one can

use polarization effects to distinguish signals from backgrounds. From this plot one also

sees that the “best quantization axis” defined in eq. (4.4) gives us a larger polarization

effect than the other two axes: the helicity basis and the beam line basis. The differences

could be even larger assuming we know exactly the u or d parton directions in each event.

Unfortunately, the LHC is a proton-proton collider and there is a ∼ 20% probability that

we misidentify the initial parton moving directions.
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Figure 4. The same as figure 3, but for Model B.

Let us turn to Model B. The W ′ boson in Model B only has right-handed couplings

to quarks. A large polarization effect is anticipated in this model. Similar to the Model A

case, we use bk̂
t and bp̂

t to define the best quantization basis for top quark polarization:

bk̂
t =

βg2
Rs

16(2m + 1)M4
W ′(M2

W ′ − t)2
×

{

9g2
Rm4s3(βz − 1)(2m − βz + 1)

− 8m2M2
W ′s

[

9βg2
Rmsz + 2t

(

2m + (βz − 1)2
)]

− 32M6
W ′

[

2m + (βz + 1)2
]

+4M4
W ′

[

9g2
Rs(βz+1)(2m+βz+1) + 8m3s + 4m2s(βz−1)2 + 16mt + 8t(βz+1)2

]}

,

bp̂
t =

g2
Rms

8M4
W ′(M2

W ′ − t)2
×

{

− 9g2
Rm4s3(βz − 1) + 4m2M2

W ′s(9g2
Rs − 4βtz + 8t)

−32M6
W ′(βz + 2) + 4M4

W ′

(

9g2
R(βsz + s) + 4m2s(βz − 2) + 8βtz + 16t

)}

. (4.5)

Here, t = −1
4s(1+β2−2βz), z = cos θ∗ and m ≡ mt/

√
s. The right-handed gauge coupling

gR is normalized with respect to the QCD coupling gs. To derive those formulas, we have

neglected the W ′ widths. The ratios bk̂
t /b

p̂
t as a function of the ŝ for different production

angles are shown in the left panel of figure 4. The comparison of the top polarization for

three different spin-quantization axis is shown in the right panel of figure 4. One can see

that there is not much difference between the “best axis” and the helicity basis. The reason

is that in this mode most top pairs are produced with large center-of-mass energies, which

can be seen from figure 1. Because of the chiral coupling, in the massless limit the top

quark has a definite helicity, i.e., it is 100% polarized in the helicity basis. Therefore, the

large momentum of the top quark makes its mass unimportant and the helicity basis close

to the “best axis”. The top quarks are largely polarized for Model B as can be seen from

the right panel of figure 4. Therefore, imposing a cut on cos θℓ+ may improve the AFB

measurement a lot.

5 Top and anti-top quark spin correlation

Top quarks are not polarized in Model C, but the spins of the top and the anti-top are

correlated. In this section, we show how one can obtain the correlation information and

use it to distinguish between events from gg and from qq̄.
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Figure 5. Left panel: the same as the left panel in figure 3, but for Model C. Right panel: the

normalized event distributions in cos θℓ+ cos θℓ− for different spin quantization axes.

The spin correlation of t t̄ can be measured by studying the following double differential

distributions
1

N

d2N

d cos θi d cos θj
=

1

4
(1 − C kikj cos θi cos θj) , (5.1)

The angles θi (θj) is the angle between the quantization axis in eq. (5.3) and the daughter

particle’s momentum from top (anti-top) decay, measured in the top (anti-top) rest frame.2

The coefficients ki, kj are constants determined by the particle species [35]. Instead of

fitting the distribution in terms of two variables cos θi and cos θj, one can integrate eq. (5.1)

to obtain the following one-dimensional distribution

1

N

dN

d[cos θi cos θj]
=

1

2
(C kikj cos θi cos θj − 1) log(| cos θi cos θj |) . (5.2)

The parameter C depends on the spin-quantization axis. The “best axis” to maximize the

spin-correlation for Model C is (for the detailed derivations, see appendix A.2)

eq ∝ p̂ +

[

cθ∗(γ − 1) − ξ βγŝ

Λ2

]

k̂ , (5.3)

In the left panel of figure 5, we show the ratios of the k̂ component over the p̂ component

for different ŝ and θ∗. In the right panel of figure 5, we compare the spin-correlation effects

by using different spin-quantization axes. One can indeed see that using the “best axis” can

increase the spin correlation compared to the other two axes. If there is no spin-correlation,

the distribution should be symmetric for positive and negative values. Using the analytic

formula in eq. (5.2), we fit the simulated distributions and found that C = 0.47, 0.80, 0.94

for the beam line, helicity and “best” axes, respectively.

The background events from gg → tt̄ should also have spin-correlations for those three

spin-quantization axes. In figure 6, we compare the signal vs. background distributions

using the “best axis”. One can see that their distributions are indeed different from each

other, which can be used to improve the AFB measurement. For the di-lepton channel, we

2One should first boost every momentum into the tt̄ rest frame, and then boost the particles in the final

state into the top/anti-top quark rest frame.
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Figure 6. Left panel: the normalized event distributions of cos θℓ+ cos θℓ− for Model C and the tt̄

events produced from gg in the di-lepton channel by using the “best axis”. Right panel: the same

as the left panel but for the semi-lepton channel.

can use the two charged leptons to study the spin-correlation. After fitting the distributions,

we have C = −0.13 for gg → tt̄, which has an opposite sign to the signal, C = 0.94. For

the semi-leptonic channel, we can identify the jet closer to the b-quark in the W+ gauge

boson rest frame as the down-type quark (the probability is around 60% from ref. [35]).

After fitting to the distributions, we have C = −0.08 for gg → tt̄, which has an opposite

sign to the signal, C = 0.41. Since gg → tt̄ dominates the tt̄ productions at the LHC, the

spin correlation from the signal model will be diluted.making it difficult to measure the

spin-correlation. However, eventually the LHC may accumulate enough data and make the

spin-correlation measurement feasible, then one needs to find the optimal spin-quantization

axis for the gg → tt̄ productions and the formulas obtained in this paper would be useful

not only for the measurement but also for distinguishing between models.

6 Combined improvement

In this section, we combine the useful variables defined in the previous sections and consider

the improvement on the AFB measurement. In stead of using simple rectangular cuts, we

adopt a likelihood discriminant method described as follows [47].

For a given variable xi, we obtain from simulation the signal and background distri-

butions as given in histograms si and bi. We normalize si and bi such that they have the

same binning and area. For a given event with the variable falling in the j’th bin, we define

the probability of it being a signal event as

pi
s(x

i) =
si
j

si
j + bi

j

, (6.1)

where si
j and bi

j are the numbers of events in the j’th bin for histograms si and bi respec-

tively. For multiple variables, the signal likelihood is defined as

Ls =
Πip

i
s

Πipi
s + Πi(1 − pi

s)
. (6.2)
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Figure 8. Significance (S/
√

S + B) as a function of the signal efficiency. We show separately the

significance for all variables combined, Mtt̄ alone and all variables except Mtt̄.

Next we need to specify what variables to use when calculating the likelihood. The

kinematic variables, Mtt̄, |yt| and |ytt̄| are useful for all models so we will always include

them. Model B has large polarizations for the tops, so we include cos θℓ and cos θd using

the best quantization axis for Model B, but not the spin correlation variables. The tops

are not polarized in Model C, so we will use the spin correlation variable cos θℓ cos θd based

on the best quantization basis. For Model A, we use both the polarization variables and

the correlation variable. For all variables, we group them to histograms with 20 bins. For

cos θℓ, cos θd and cos θl cos θd, the 20 bins have the same size from −1 to 1. For Mtt̄, the first

19 bins have a size of 25GeV ranging from 450GeV to 925GeV and the last bin contains

all events with Mtt̄ > 925GeV. For |yt| (|ytt̄|), the first 19 bins correspond to (0, 1.9),

evenly distributed, and the last bin contains all events with |yt| > 1.9 (|ytt̄| > 1.9).

The signal and background likelihood distributions for the three models are shown in

figure 7. Given the distributions in figure 7, we can choose a particular likelihood cut Lcut
s

and keep events with Ls > Lcut
s . We then obtain the significance, S/

√
S + B, as a function

of Lcut
s . Since the signal efficiency is a monotonous function of the likelihood cut, we can

change the variable and draw the the significance as a function of the signal efficiency

instead, which is shown in figure 8. Note that the smaller peaks in Model A and Model C

at high likelihood values arise from the high Mtt̄ tail, where the events are much more

likely signal events. The most efficient variable to distinguish signal and background is

also Mtt̄. Therefore, it is illuminating to examine the significance improvement by cutting

on Mtt̄ alone and to compare it to the improvement by including all other variables and

all variables except Mtt̄, all of which are shown in figure 8. As we have seen in figure 1,

Mtt̄ distributions are the most distinctive for the signal and the background in Model B.
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Figure 10. Asymmetry central values and errors as a function of signal efficiency.

Correspondingly, Mtt̄ performs better than all other variables combined. For Model A and

Model C, it is less important.

Another characteristic of the improvement is the signal-background ratio (S/B). Ob-

viously, for the same significance, we would like S/B as large as possible. This is due to two

reasons, first, for larger S/B, the results will be less sensitive to the background systematic

uncertainties. Second, since the background in our case has no asymmetry, for larger S/B,

the measured central value of asymmetry will also be larger and deviate more from a flat

distribution. From figure 8 and figure 9, we see that we can increase S/B and at the same

time obtain moderate improvement in S/
√

S + B. This will help with the discovery of the

signal events by making it less sensitive to systematic uncertainties.

On the other hand, it would not necessarily help improving the asymmetry measure-

ment if there were large correlation between the asymmetry and the cuts we use. Therefore,

we need to calculate the asymmetry using events which pass the likelihood cut and exam-

ine directly whether we have improved the asymmetry measurement or not. Moreover,

the likelihood cut that maximizes S/
√

S + B in general is not the cut that maximizes the

asymmetry. Therefore we scan the likelihood cut and find the cut that maximizes Att̄
fb/σAtt̄

fb

,

where σAtt̄

fb

is the error for the asymmetry measurement given by 1/
√

N with N the total

number of events after cuts and after taking a 10% acceptance into account. The asym-

metries and errors, as well as their ratios as a function of signal efficiency are shown in

figure 10. Then we find the best likelihood cuts for the three models are 0.49, 0.33 and
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Figure 11. Asymmetry central values and errors as a function of signal efficiency for Model B with

a smaller coupling, gR = 1.5.

0.36 respectively, corresponding to signal efficiencies of 0.60, 0.80 and 0.86, and background

efficiencies of 0.30, 0.37 and 0.63. The resulting asymmetries are given by

Model A: AFB(LS > 0.49) = 0.066 ± 0.020 ,

Model B: AFB(LS > 0.52) = 0.289 ± 0.014 ,

Model C: AFB(LS > 0.44) = 0.121 ± 0.017 . (6.3)

Comparing with the numbers in eq. (2.5), we see that we have achieved larger central

values for the Att̄
fb measurements with improved Att̄

fb/σAtt̄

fb

. Note that the improvement

in Att̄
fb/σAtt̄

fb

is not significant for all three models. This is due to different reasons: for

Model A and Model C, the likelihood distributions for the signal and the background are

not dramatically different; for Model B, although the distinction between the signal and

the background is large, the signal cross section for mtt̄ is so large that it is not essential to

reduce the number of background events. As mentioned previously, given the recent LHC

results on Mtt̄ distribution measurement, Model B is no longer viable unless the W ′− t−d

coupling, and therefore the signal cross section are smaller. In that case, our method

will be more useful. As an illustration, we consider Model B with the same W ′ mass

but a coupling gR = 1.5 and repeat our optimization procedure. The signal cross section

for Mtt̄ > 450GeV is reduced to 21 pb from 38 pb of the original model. The resulting

asymmetry as a function of signal efficiency is given in figure 11. We see that Att̄
fb/σAtt̄

fb

is

improved by about 30% for the best cut, with the central AFB value more than doubled.

7 Discussion and conclusions

For all new physics explanations of AFB, the differential cross sections in Mtt̄ have been

predicted to be different from the SM. Measuring this distribution would be the first hint

of new physics behind AFB. However, the measurement of the tt̄ production cross section

as well as dσ/dMtt̄ distributions are suffering from a large systematic errors related to the

jet energy scaling and the luminosity uncertainty [45]. If the resonance in the s-channel is
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very broad or the new particle in the t-channel does not contribute to the tt̄ productions

significantly, performing a precision measurement like measuring AFB could be the unique

way to unravel the new physics behind top quarks.

Treating the tt̄ production from gluons as backgrounds and those from light quarks as

signals, we have found that the central values of AFB can be increased by a factor as large as

2 for all three models when we impose stringent cuts on both signal and background events.

The real improvement on the significance of measurement, on the contrary, can only be

increased by 10% to 30%. The simple reason is that the optimized cuts from our likelihood

analysis decrease the signal efficiency as quickly as increase the central values AFB. We

believe that this result is true not only for the measurement of AFB but also for the charge

asymmetry measurement because of a strong correlation between AFB and the top quark

charge asymmetry. From figure 9, one can see that the ratio of top quarks produced from

light quarks over from gluons can be increased by 100% with a moderate cost of signal

efficiency. This improvement of S/B can eventually help the AFB measurement especially

when the systematical errors are large.

In all of our analysis above, we have neglected the effects on our results from the

top reconstruction procedures as well as various cuts on the final particles from the top

decays. Especially, the top polarization and top spin-correlations will be affected by the

rapidity cuts on leptons and jets. The actual difference between the signal and background

distributions in figure 6 will be reduced. To ultimately improve the AFB measurement by

including the variables considered in this paper, one also needs to consider other effects

such hadronization, initial state radiation, final state radiation and the detector effects,

which have been neglected so far.

Another concentration of this paper is to find the best quantization axis for studying

the top quark polarization and top-anti-top spin-correlation. For the new physics models

considered in this article, we have obtained the axis that gives us the maximal top polar-

ization, as well as the axis yielding maximal top-antitop spin correlation. If there is really

new particle contributing to top quark pair productions, determining the best quantization

axis will fix a relation among some model parameters. From this point of view, finding

those axes are not only helpful for improving AFB measurement but also useful for disen-

tangling different new physics models. On the other hand, as we have applied an overall

cut, Mtt̄ > 450GeV, the top quark has significant pT and the best axis is very close to

the helicity basis, namely, along the direction of the top momentum. This can be seen

from figure 3, 4 and 5. Therefore, for the purpose of distinguishing the signal from the gg

background, one can simply use the helicity basis without losing much of the distinguishing

power.

In conclusion, we have explored various kinematic distributions for improving the AFB

measurement at the LHC. We have adopted a multivariate likelihood discriminant to obtain

the potential improvement by including the invariant mass of the top pair, the rapidity of

tt̄ system in the lab frame, the rapidy of top quarks in the tt̄ rest frame, as well as top

polarization and top-antitop spin correlation. Treating top pairs produced from gluons as

the background and those from light quarks as the signal, we have found that the AFB

measurement can be improved by 10%–30% depending on the underlying models. The
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ratio of tt̄ production from light quarks over from gluons can be increased by as large as

100%. We have also included our calculated best spin quantization axis to maximize the

top quark polarization and spin-correlation effects in the appendix. We believe that those

axes could be very useful to ditinguish different new physics models eventually.
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A Formulas for top polarization and spin correlation

A.1 The axigluon case

We assume that the axigluon has universal vector and axial couplings to the first two

generations, gq
V and gq

A, while the couplings to the top quark and bottom quark will be gt
V

and gt
A. For convenience we have rescaled these couplings in terms of the strong coupling

gs. The tree-level differential cross section for qq̄ → tt̄ will be [7, 43]

dσ̂qq̄→tt̄

d cos θ∗
= α2

s

πβ

9ŝ

[

(1 + 4m2 + c2)

(

1 − 2gq
V gt

V ŝ(M2
G′ − ŝ)

(ŝ − M2
G′)2 + M2

G′Γ2
G

+
gt 2
V (gq 2

V + gq 2
A )ŝ2

(ŝ − M2
G′)2 + M2

G′Γ2
G

)

+ (1 − 4m2 + c2)gt 2
A (gq 2

V + gq 2
A )

ŝ2

(ŝ − M2
G′)2 + M2

G′Γ2
G

− 4gq
Agt

Ac

(

ŝ(M2
G′ − ŝ)

(ŝ −M2
G′)2 + M2

G′Γ2
G

− 2gq
V gt

V

ŝ2

(ŝ −M2
G′)2 + M2

G′Γ2
G

)]

(A.1)

where m2 = m2
t /ŝ, β =

√
1 − 4m2, c = β cos θ∗, and θ∗ is the angle between the top quark

and the incoming quark in the center of mass frame. The forward-backward asymmetry

arises solely from the last line in this equation, so to obtain a positive asymmetry we must

have gq
Agt

A < 0.

To study the top and anti-top quark polarizations and the spin correlations of top and

anti-top quarks, we calculate the spin-density of the top quark pair productions, follow-

ing ref. [48] and ref. [49]. The matrix element square is decomposed into different spin

structures of top and anti-top

1

22 N2
c

∑

spin (initial), color

|M|2 = Tr

[

ρ · 1

2
(I2 + ŝt · σ) ⊗ 1

2
(I2 + ŝt̄ · σ)

]

. (A.2)

Here, ŝt (ŝt̄) is the unit polarization (three-component) of the top (anti-top) quark in the

rest frame of the top (anti-top) quark and σi are Pauli matrices. The spin density function

ρ is a 4× 4 matrix in terms of the four-components of the spins of top and anti-top, which
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defined as

sµ
t =

(

k · ŝt

mt
, ŝt +

k(k · ŝt)

mt(mt + E)

)

,

sµ
t̄

=

(

− k · ŝt̄

mt
, ŝt̄ +

k(k · ŝt̄)

mt(mt + E)

)

. (A.3)

Here, E and k are the energy and the three-momentum of the top quark in the tt̄ rest

frame. Those two four-component spin vectors satisfy the Bjorken and Drell relations:

s2
t = s2

t̄ = −1 and st · kt = st̄ · kt̄ = 0 where kt and kt̄ are the top and anti-top quarks

four-momenta in the center-of-mass frame. To calculate the matrix element, the following

relations of spinor outer products uū and vv̄ are useful: u(p, s)ū(p, s) = 1
2(/p + m)(1 + γ5/s)

and v(p, s)v̄(p, s) = 1
2(/p − m)(1 + γ5/s) (see ref. [35] for more detailed discussions).

The spin density matrix is decomposed into independent parts with different spin

structures

ρ = A I2 ⊗ I2 + Bt · σ ⊗ I2 + Bt̄ · I2 ⊗ σ + Cijσ
i ⊗ σj , (A.4)

whether Bt (Bt̄) determines the top (anti-top) quark polarizations and Cij denotes the

potential spin-correlations between top and anti-top, especially when Bt = Bt̄ = 0. To

determine the spin-quantization axis and without loss of generalities, we choose a coordinate

with the unit vectors of the initial up quark and the final top quark as

p̂ = (0, 0, 1)T , k̂ = (0, sθ∗ , cθ∗)
T , (A.5)

with sθ∗ = sin θ∗ and cθ∗ = cos θ∗. One can also define one more unit vector perpen-

dicular to both p̂ and k̂ as n̂ = p̂ × k̂/|p̂ × k̂|. The matrices Bt, Bt̄, C can be further

decomposed into

Bt = bp̂
t p̂ + bk̂

t k̂ + bn̂
t n̂ , (A.6)

Bt̄ = bp̂
t̄ p̂ + bk̂

t̄ k̂ + bn̂
t̄ n̂ , (A.7)

C = c0 I3 + c4 p̂⊗ p̂ + c5 k̂ ⊗ k̂ + c6 (k̂⊗ p̂ + p̂⊗ k̂) . (A.8)

Here, assuming CPT is a good symmetry, we have bn̂
t = bn̂

t̄ = 0. Furthermore, we will

assume that CP is a good symmetry for the axigluon model, so one has bp̂
t = bp̂

t̄ and bk̂
t = bk̂

t̄ .

Other structures of the matrix C are also forbidden by CP and CPT symmetries. Under

P-symmetry transformation, one has bp̂

t,t̂
→ −bp̂

t,t̂
and bk̂

t,t̂
→ −bk̂

t,t̂
. So, if parity-symmetry

is a good symmetry, we anticipate Bt = Bt̄ = 0.

In the QCD and for the production processes qq̄ → tt̄ at tree level, one has

AQCD =
1

18
(2 − β2 s2

θ∗) , B
QCD
t = B

QCD
t̄

= 0 , (A.9)

cQCD
0 = −β2 s2

θ∗

18
, cQCD

4 =
1

9
, (A.10)

cQCD
5 =

β2(4m − β2s2
θ∗ + 2)

9(2m + 1)2
, cQCD

6 =
(2m − 1)cθ∗

9
. (A.11)
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An overall coefficient g4
s is understood. The interference terms of QCD and axigluon

contributions have the following formulas

Aint =
ŝ(ŝ − M2

G′)

18[(ŝ − M2
G′)2 + M2

G′Γ2
G′ ]

[

4gu
Agt

Aβ cθ∗ + 2gu
V gt

V (2 − β2s2
θ∗)

]

, (A.12)

bint
p̂ =

ŝ(ŝ − M2
G′)

18[(ŝ − M2
G′)2 + M2

G′Γ2
G′ ]

[

4m gu
V gt

Aβ cθ∗ + 8m gt
V gu

A

]

, (A.13)

bint
k̂

=
ŝ(ŝ − M2

G′)

18[(ŝ − M2
G′)2 + M2

G′Γ2
G′ ]

[

2gu
V gt

A β − 2cθ∗(2m−1)(gu
V gt

Aβ cθ∗ + 2 gt
V gu

A)
]

, (A.14)

and

cint
0 =

ŝ(ŝ − M2
G′)

18[(ŝ − M2
G′)2 + M2

G′Γ2
G′ ]

[

− 2gu
V gt

V β2 s2
θ∗

]

, (A.15)

cint
4 =

ŝ(ŝ − M2
G′)

18[(ŝ − M2
G′)2 + M2

G′Γ2
G′ ]

[

4gu
V gt

V

]

, (A.16)

cint
5 =

ŝ(ŝ −M2
G′)

18[(ŝ −M2
G′)2+M2

G′Γ2
G′ ]

[4gu
Agt

A(2m+1)β3cθ∗ + 4β2gt
V gu

V (4m−β2s2
θ∗+ 2)]

(2m+1)2
, (A.17)

cint
6 =

ŝ(ŝ − M2
G′)

18[(ŝ − M2
G′)2 + M2

G′Γ2
G′ ]

[

4gu
Agt

Am β + 4 gt
V gu

V (2m − 1)cθ∗
]

, (A.18)

The new-physics-only part has

Anew=
ŝ2

{

1
2(gu 2

V +gu 2
A )[β2(gt 2

V +gt 2
A )c2θ∗ +3β2gt 2

A +gt 2
V (4−β2)]+8gu

V gt
V gu

Agt
Aβ cθ∗

}

18[(ŝ −M2
G′)2+M2

G′Γ2
G′ ]

, (A.19)

bnew
p̂ =

ŝ2[4m gt
V gt

A β(gu 2
A + gu 2

V )cθ∗ + 8m gu
Agu

V gt 2
V ]

18[(ŝ − M2
G′)2 + M2

G′Γ2
G′ ]

, (A.20)

bnew
k̂

=
−2β ŝ2

18(2m+1)2 sθ∗ [(ŝ−M2
G′)2+M2

G′Γ2
G′ ]

{

gu
Agu

V β s2θ∗
[

gt 2
A (−4m+β2−2)−gt 2

V (2m+1)
]

−1

2
gt
Agt

V (gu 2
A + gu 2

V )sθ∗
[

(2m + 1)β2c2θ∗ + (2m − 1)β2 + 4(2m + 1)
]

}

. (A.21)

and

cnew
0 =

ŝ2[β2(gt 2
A − gt 2

V )(gu 2
A + gu 2

V )s2
θ∗ ]

18[(ŝ − M2
G′)2 + M2

G′Γ2
G′ ]

, (A.22)

cnew
4 =

ŝ2[2(gu 2
A + gu 2

V )(gt 2
V − β2 gt 2

A )]

18[(ŝ − M2
G′)2 + M2

G′Γ2
G′ ]

, (A.23)

cnew
5 =

ŝ2[8β3gt
Agt

V gu
Agu

V (2m + 1)cβ∗ + β2gt 2
V (gu 2

A + gu 2
V )(8m − 2β2s2

θ∗ + 4)]

18[(ŝ − M2
G′)2 + M2

G′Γ2
G′ ](2m + 1)2

, (A.24)

cnew
6 =

ŝ2[2(gu 2
A + gu 2

V )(gt 2
A β2 + gt 2

V (2m − 1))cθ∗ + 8gt
Agu

Agt
V gu

V m β]

18[(ŝ − M2
G′)2 + M2

G′Γ2
G′ ]

, (A.25)

From eq. (A.1) and to maximize the effects of increasing Att̄
FB, we choose gt

V = gu
V = 0.

For this choice of parameters, all b’s are zero and there is no polarizations of top and
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anti-top quarks at the tree level. The summations of c’s are

c0 = −β2 s2
θ∗

18
+

ŝ2β2gt 2
A gu 2

A s2
θ∗

18[(ŝ − M2
G′)2 + M2

G′Γ2
G′ ]

, (A.26)

c4 =
1

9
− ŝ2β2 gu 2

A gt 2
A

9[(ŝ − M2
G′)2 + M2

G′Γ2
G′ ]

, (A.27)

c5 =
β2(4m − β2s2

θ∗ + 2)

9(2m + 1)2
+

ŝ(ŝ − M2
G′)2gu

Agt
Aβ3 cθ∗

9[(ŝ − M2
G′)2 + M2

G′Γ2
G′ ](2m + 1)

, (A.28)

c6 =
(2m − 1)cθ∗

9
+

ŝ(ŝ − M2
G′)2gu

Agt
Am β

9[(ŝ − M2
G′)2 + M2

G′Γ2
G′ ]

+
ŝ2 β2gu 2

A gt 2
A cθ∗

9[(ŝ − M2
G′)2 + M2

G′Γ2
G′ ]

, (A.29)

To determine the spin axis to maximize the spin correlations between top and anti-top

quarks, one needs to diagonalize the Cij matrix

C =







c0 0 0

0 c0 + c5s
2
θ∗ c6sθ∗ + c5cθ∗sθ∗

0 c6sθ∗ + c5cθ∗sθ∗ c0 + c4 + c5c
2
θ∗ + 2c6cθ∗






, (A.30)

and find the eigenvector corresponding to the largest eigenvalue.

A.2 Contact operator

We first analyze the contact operator case. The relevant operator can be written as

ūγµ τa γ5u t̄γµγ5 τa t/Λ2 with τa SU(3)QCD generators. To match the formulas for the

axigluon model, we identify
gu
Agt

A

M2
G′

=
ξ

Λ2
, (A.31)

and ΓG′ = 0. Here, ξ = +1(−1) for gu
Agt

A > 0(< 0). The positive AFB observed at Tevatron

prefers to have ξ = −1. The spin-correlation matrix has

c0 = −β2 s2
θ∗

18
+

ŝ2β2s2
θ∗

18Λ4
, (A.32)

c4 =
1

9
− ŝ2β2

9Λ4
, (A.33)

c5 =
β2(4m − β2s2

θ∗ + 2)

9(2m + 1)2
− 2ξ ŝβ3 cθ∗

9Λ2(2m + 1)
, (A.34)

c6 =
(2m − 1)cθ∗

9
− 2ξ ŝm β

9Λ2
+

ŝ2 β2cθ∗

9Λ4
, (A.35)

Diagonalize the C matrix, one has the three eigenvalues as

± β2(1 − c2
θ∗)

18

(

1 − ŝ2

Λ4

)

,
2 − β2(1 − c2

θ∗)

18
− 2ξŝ cθ∗ β

9Λ2
+

β2ŝ2(1 + c2
θ∗)

18Λ4
. (A.36)

One can easily check that the last eigenvalue is always the largest one, independent of ŝ

and Λ. So, this provides us a fixed axis to quantize the spins of top and anti-top quarks.
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Simplifying the eigenvector corresponding to the largest eigenvalue, we have the following

best spin quantization axis for spin correlation

eq ∝ p̂ +

[

cθ∗(γ − 1) − ξ βγŝ

Λ2

]

k̂ , (A.37)

with γ = 1/
√

1 − β2. For the case that Λ ≫ ŝ and the new physics is decoupled, we recover

the formula for the axis maximizing spin-correlation in the SM [37].

Coming back to the axigluon model and neglecting the resonance width, we obtain the

best quantization axis to be

eq ∝ p̂ +

[

cθ∗(γ − 1) − βγŝ gu
A gt

A

M2
G′ − ŝ

]

k̂ . (A.38)

A.3 Flavor violating W ′ models

Considering the following interactions,

t̄(gV γµ + gAγµγ5)dW ′+
µ + h.c. , (A.39)

for the interference term, we have

Aint = −s(g2
A + g2

V )
(

1
2m2

(

(−1 + c)2 + 4m2
)

s +
(

(1 + c)2 + 4m2
)

M2
W ′

)

9M2
W ′(−t + M2

W ′)
, (A.40)

bint
p̂ =

4msgAgV

(

1
2 (−2 + c)m2s − (2 + c)M2

W ′

)

9M2
W ′(−t + M2

W ′)
, (A.41)

bint
k̂

=
2sβgAgV

(

1
2m2

(

(−1 + c)2 + 2m
)

s −
(

(1 + c)2 + 2m
)

M2
W ′

)

9(1 + 2m)M2
W ′(−t + M2

W ′)
, (A.42)

cint
0 = −(−1 + c2 + 4m2)s(g2

A + g2
V )

(

m2s
2 + M2

W ′

)

9M2
W ′(−t + M2

W ′)
, (A.43)

cint
4 =

2s(g2
A + g2

V )
(

m2s
2 + M2

W ′

)

9M2
W ′(t − M2

W ′)
, (A.44)

cint
5 =

csβ2(g2
A + g2

V )(m2s − 2M2
W ′)

9(1 + 2m)M2
W ′(−t + M2

W ′)

+
sβ2

(

32m3 + 48m4 + 4m2(1 + β2 + 2z2β2)
)

(g2
A + g2

V )(m2s + 2M2
W ′)

72m2(1 + 2m)2M2
W ′(t − M2

W ′)
, (A.45)

cint
6 =

2sβ(g2
A + g2

V )
(

1
2m2(c + m + 2m2)s − (−c + m + 2m2)M2

W ′

)

9(1 + 2m)M2
W ′(−t + M2

W ′)
. (A.46)

For the new physics squared diagram,

Anew=
s2

((

5 − 8m2 + c(2 + zβ)
)

(g4

V + g4

A) + 2
(

− 1 + 8m2 + 3c(2 + zβ)
)

g2

Ag2

V

)

8(t − M2

W ′)2

+
m4s3(g2

A + g2

V )2
(

(−1 + c)2s + 16M2

W ′

)

16M4

W ′(t − M2

W ′)2
, (A.47)

bnew

p̂ = −ms2gAgV (g2

A + g2

V )
(

m2s
2

+ M2

W ′

)(

1

2
(−1 + c)m2s − (1 + c)M2

W ′

)

M4

W ′(−t + M2

W ′)2
, (A.48)
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bnew

k̂
=

s2βgAgV (g2

A+g2

V )
(

1

4
(−1+c)m4(1−c+2m)s2−2cm3sM2

W ′ +(1+c)(1+c+2m)M4

W ′

)

2(1+2m)M4

W ′(−t+M2

W ′)2
.

(A.49)

cnew

0
= −m2s2(g2

A − g2

V )2

(t − M2

W ′)2

+
m2s3

(

2
(

(−1 + c)(1 + 3c) + 8m2
)

g2

Ag2

V +
(

− 3 + c(2 + c) + 8m2
)

(g4

A + g4

V )
)

8(−tMW ′ + M3

W ′)2
, (A.50)

cnew

4
=

m2s2
(

2m4s2g2

Ag2

V − 1

2
(−1+2m2)s(g4

A+6g2

Ag2

V +g4

V )M2

W ′ +(g4

A+6g2

Ag2

V +g4

V )M4

W ′

)

2M4

W ′(−t+M2

W ′)2
, (A.51)

cnew

5
=

1

8(1 + 2m)2M4

W ′(−t + M2

W ′)2
s2β2

(

2m4(1 − c + 2m)2s2g2

Ag2

V

+
1

4
sM2

W ′

(

2
(

16(1+c)m3 + 48m4 + (−1+c)(1+3c)(−1+β2) + 8m2(−1+3c2+β2)
)

g2

Ag2

V

+
(

−16(−3+c)m3 + 80m4 + (−1+c)(3+c)(−1+β2) + 8m2
(

− 1 + (1+z2)β2
)

)

(g4

A + g4

V )
)

+M4

W ′

(

2
(

5 + 4(7 + 3c)m + 36m2 + β
(

3(2 + c)z + 2β
))

g2

Ag2

V

+
(

− 1 + 2c + 4cm − 4m(3 + 5m) + (−2 + z2)β2
)

(g4

A + g4

V )
)

)

, (A.52)

cnew

6
=

ms2β

4(1 + 2m)M4

W ′(−t + M2

W ′)2

(

− 2m4(1 − c + 2m)s2g2

Ag2

V

+ms
(

− m(1 + 2m)(g2

A − g2

V )2 − c(1 + m)(g4

A + 6g2

Ag2

V + g4

V )
)

M2

W ′

+(1 + c + 2m)(g4

A + 6g2

Ag2

V + g4

V )M4

W ′

)

. (A.53)
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