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1 Introduction

Nobody really knows what M-theory is, although quite a lot is known about its various lim-
its. These include the five ten-dimensional string theories, along with eleven-dimensional
supergravity which describes the low energy effective action of the ITA string at strong
coupling. In fact the low energy effective actions of the different string theories given by
their respective supergravities contain both nonperturbative and perturbative information.
As such, the U-duality web relating these theories can be tested in detail using the super-
gravity description. Common to all these theories is a notion of spacetime described either
by a vielbein or a metric together with various gauge fields and fermions which propagate
in the spacetime. It seems strange that in a theory that is supposed to unify the forces
of nature, one treats the gravitational field geometrically whereas others are painted on to
the geometrical spacetime. Our aim here is to develop a more democratic approach.

Such an approach was advocated in [1] where it was conjectured that the non-linear
realisation of a certain Kac-Moody algebra called E1; is an extension of eleven dimensional
supergravity. In [1], spacetime is not encoded in an Fp; covariant way. Spacetime can be
introduced by considering the non-linear realisation of the semi-direct product of Fq; with
its a fundamental representation, usually called the first fundamental representation [2].
This semi-direct product is explained in detail later. Semi-direct product constructions



are well known, for example, the Poincaré group is just the semi-direct product of the
Lorentz group and its vector representation, that is the spacetime translations. The first
fundamental representation contains as its first component the spacetime translations, then
a two and five form as well as an infinite number of other objects. There is considerable
evidence to suggest that all brane charges are contained in this representation [2-5] and
for each field in the E1; part of the non-linear realisation, there is a corresponding element
in this representation [3]. The inclusion of the first fundamental representation in the non-
linear realisation leads to a generalised spacetime with a coordinate for every brane charge
and for every field. Thus for the metric we find the usual coordinates x of spacetime, for
the three form new coordinates x,,,, and for the six form new coordinates x4, o, and so
on [2]. The Ej; part of the formulation is also democratic in the sense that Fq; contains
all the duality symmetries together with all the corresponding fields [6].

To understand better this development, it is useful to recall some of the background.
In the early days of particle physics, with the recognition of the importance of symmetries,
non-linear realisations played an important role. In particular, Goldstone’s theorem states
that if a rigid symmetry G is spontaneously broken to a subgroup H, then there are
(dimG — dimH) massless particles. Furthermore it was realised that the dynamics of
these particles is controlled by the non-linear realisation of G with local subgroup H.
In the case of the chiral symmetry, the group G is SU(2) ® SU(2), the subgroup H is
the diagonal subgroup SU(2) and the three massless particles are the three pions in the
limit of zero mass. The dynamics of the pions can be accounted for by this non-linear
realisation [7—11]. The general formulation of such non-linear realisation for any group is
given in references [12-14].

Of course it was only later that the importance of gauge symmetries was understood,
and it was realised that pions were made of quarks subject to forces controlled by an
SU(3) gauge theory. However, this only serves to illustrate that in the context of sponta-
neously broken symmetries, non-linear realisations provide a way of finding the underlying
symmetry even though the fundamental degrees of freedom are not known.

The non-linear realisations used in the early days of particle physics, and just discussed
above, are essentially a coset construction of G with respect to H and spacetime is a
dummy variable as far as group theory is concerned. The sigma model usually describes
this coset construction. However, one can also construct non-linear realisations in which
the group contains generators associated with spacetime and in particular the spacetime
translations. For these non-linear realisations spacetime arises naturally as it parametrises
the part of the group element that includes the generators associated with spacetime.
One early paper using this method was [15] where the non-linear realisation with G =
GL(4,R) and H = O(3,1) was studied in the context of general relativity. However, it
was Borisov and Ogievetsky [16] who showed that general relativity in four dimensions
could be reformulated as a non-linear realisation of the groups G = GL(4,R) x I* and
H = 0O(3,1). Here GL(4,R) x I* is the semi-direct product of the groups GL(4,R) and the
group I* of spacetime translation generators. It is the inclusion of the latter that lead to the
presence of the spacetime coordinates in the theory. In fact the dynamics of this non-linear
realisation was only unique up to a few constants and these were fixed to precisely the
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Figure 1. The Fy; Dynkin diagram with node D deleted.

right values if one demanded that the theory be also invariant under the conformal group,
also non-linearly realised. Another use of such non-linear realisations was by Volkov and
Akulov [17] who used it to compute the dynamics of the massless fermion that results from
the breaking of supersymmetry and postulated that it could be a neutrino.

The E11 conjecture arises from the recognition that the eleven dimensional supergravity
theory is a non-linear realisation and that this leads to an algebra including the spacetime
translations [18]. When the spacetime translations are omitted from the algebra, it can be
extended to a Kac-Moody algebra and the smallest such algebra is Eq; [1]. As the non-
linear realisation involves the spacetime generators, it cannot be a sigma model. To include
the spacetime translations in a covariant manner the first fundamental representation of
Fq1, denoted by Iy, is considered. This is the smallest E1; representation that contains
spacetime translations. The original and early papers introduce the spacetime generators
by hand and so only included the first component of the [y representation.

An earlier work that formulates the gauge fields of the maximal supergravity theories
as a non-linear realisation using a graded algebra is [19-21]. The non-linear realisation
in [19-21] does not contain any spacetime generators.

A theory in d dimensions! can be found [1, 4, 22-26] by taking the non-linear realisation
of Eq1 %1y with the decomposition of E1; into the subalgebra GL(D)® E4, where D = 11—d.
This can be done by deleting node D in the F7; Dynkin diagram in figure 1.

The Ej factor in the subalgebra GL(D) ® E, is the well known E; symmetry? [27-
29] which has been known to be a symmetry of the maximal supergravity theory in D
dimensions for many years. Thus these symmetries naturally emerge. The GL(D) factor
in the subalgebra, together with the spacetime translations in D dimensions which are
contained in the [; representation give rise to gravity in D dimensions as they should
according to [16]. Indeed this confirms that we have found a theory in D dimensions. In the
decomposition of E1; into Ey one finds the expected fields of D dimensional supergravity
as well as a hierarchy of form fields [23, 30], which play an important role in gauged
supergravities, as well as an infinite number of higher level fields. The [; representation
is also decomposed into representations of GL(D) ® E; and in addition to the spacetime
translations in D dimensions one finds an infinite number of coordinates beginning with
some coordinates, which are scalars under GL(D) but transform under E,; indeed in d =
4,5,6,7,8 dimensions they belong to the 10, 16, 27, 56 and 248 @ 1 representations of

'In this paper d corresponds to the directions in which the duality acts. In [1, 4, 22-26], the comple-
mentary view is taken whereby d is 11 — d of this paper.

2Throughout this paper, we are considering the split forms of the exceptional groups, usually de-
noted Ed(d)-



D |d G H
3]8 Ex SO(16)
4|7 E; SU(8)
5|6 Eg USp(8)

6 5| SO(B5) | SO(B)xSO(5)
7|4 SL(5) SO(5)

8 | 3| SL(3)xSL(2) | SO(3)xSO(2)
9 |2 SL(2) SO(2)
10]1] SO(1,1) 1

Table 1. The duality groups that appear on the reduction of 11-dimensional supergravity to
D—dimensions.

SL(5), SO(5,5), Eg, Er and Eg respectively [4, 31]. The non-linear realisation of Eqq x [
not only gives rise to generalised spacetime, but it also leads to a generalised vielbein which
is determined in terms of the E1; fields and depends on the generalised spacetime. In this
paper, the theory in d dimensions is considered. We explicitly construct the generalised
vielbeins and the corresponding dynamics.

For future reference, in table 1 we recall the U-duality groups in the various dimensions.

In fact one can formulate the dynamics of strings, membranes etc in the presence of the
background fields as an E1; x [; non-linear realisation [31]. The difference compared to the
non-linear realisation used to construct the supergravity theories was in the choice of local
subalgebra. In [31] the coordinates of the generalised spacetime specifies the dynamics of
the brane.

An enlarged spacetime also appeared in the context of the first quantised string [32-34]
and membrane [35] where the usual spacetime is extended to include additional coordinates
describing string winding modes. The aim in the case of the string is to make the T-
duality symmetry manifest by introducing additional coordinates corresponding to string
winding modes. This is then extended to the membrane in [35], where new coordinates
are introduced corresponding to membrane windings, so that the U-duality group is made
manifest. The work in [35] is further developed in [36] for the SL(5) duality group to a
give duality-invariant dynamics for fields living on a space whose coordinates belong to the
ten dimensional representation of SL(5). The invariant dynamics is constructed using a
generalised metric given in terms of the background supergravity fields, and later extended
to the duality group SO(5,5) in [37]. The usual way in which duality groups appear is where
one dimensionally reduces eleven dimensional supergravity. The duality group then acts
on the components of the fields in the Kaluza-Klein directions. In [36, 37] the opposite
approach is taken; the duality group acts on the space where the fields have spacetime
dependence, i.e. no Killing directions are assumed.

In [38], the non-linear realisation of Ey; X I3 decomposed to GL(4)® E7 is constructed.
The part of the [; representation that is kept leads to the usual coordinates of the four di-
mensional spacetime and also the coordinates which are scalars under GL(4) but transform
as a 56 dimensional representation of E;7. The non-linear realisation is then used in [38] to
construct an invariant action.



In the present paper, we will show how the results of [36, 37] can be derived in a
very straightforward way from the E1; x [} non-linear realisation discussed above. Indeed
we construct the non-linear realisation FEqq X I3 decomposed to GL(D) ® E; suitable to
d dimensions. We restrict the [; representation to contain only the coordinates that are
scalars under GL(D), which turn out to transform as the 10, 16, 27 and 56 dimensional
representations of SL(5), SO(5,5), Eg and E7 respectively. We construct invariant actions
where the fields are defined on these generalised spacetimes.

In section 2, we revisit four dimensions and the SL(5) duality group. The generalised
metric in this case was constructed in [36] using M2-brane considerations. In section 2,
the non-linear realisation of the SL(5) motion group is used to construct the generalised
metric, which is the same as in [36] up to a conformal factor. The purpose of this section
is to illustrate non-linear realisation for a familiar group before considering the non-linear
realisation of Fq11 X [1. We give a review of Fy1 and its first fundamental representation in
section 3. In this section, we also review the non-linear realisation of F11 x [1. In section 4,
the example of four dimensions is revisited to show how the non-linear realisation of Fq1 X[
can be used to find the generalised metric and the dynamics. The non-linear realisation of
F11 X I produces a generalised metric that differs from the generalised metric in section 2
by a crucial conformal factor. The precise value of the conformal factor in the latter
case is such that the generalised metric cannot be used to construct the dynamics. This
suggests that the duality groups in lower dimensions must be viewed as subgroups of a
larger group. We show that the generalised metric that is derived from the non-linear
realisation of E1; X [; can be used to construct the dynamics and naturally incorporates
the correct measure. In sections 5, 6 and 7, we proceed to carry the same procedure in
five, six and seven dimensions. In each case we find the generalised metric and formulate
the dynamics in terms of this object to give a duality invariant action that reproduces the
usual 11-dimensional supergravity action. In appendix B, we outline the difference between
constructing the non-linear realisation of the duality groups in d = 4, 5,6 and 7 dimensions
and the non-linear realisation of F71 X [y.

2 SL(5) generalised metric

In this section we consider in detail the duality group SL(5) and give a rather pedestrian
presentation. This will allow us to study the SL(5) duality group and the ten dimensional
spacetime that occurs in this case in isolation. We will just present the algebra rather than
derive it from E7; X [, we will explain in detail the way the non-linear realisation leads to
the generalised metric and the corresponding dynamics. This will allow one to gain some
understanding of the technical aspects of the non-linear realisations used without all the
complications of the Fy1 x [ algebra.

The starting point of the non-linear realisation method is the duality group, from
which we form the corresponding motion group. The semi-direct product of a group with
a representation of the group defines the motion group [39-43]. For example, the Poincaré
group is the motion group of the Lorentz group. The SL(5) algebra itself is given by 24
tracefree generators. In the fundamental representation of SL(5), the generators can be



chosen to be 1
I\FP Pl IsP
The indices I,J = 1,...5 and are the generator labels, while P, Q) are matrix indices which

also run from 1 to 5 because we are in the fundamental representation. It can be explicitly
checked that the generators satisfy the expected SL(5) commutation relations

M1y MK = 850y — 5K, (2.1)

We will construct the motion group of SL(5) where the translation generators form a
ten-dimensional representation. This is similar to the construction of the Poincaré group
from the Lorentz group. The translation generators form the 10 of SL(5), which we denote
by Prj, where the indices again run from 1 to 5 and P is antisymmetric in these indices so
that we have ten generators.

The translation generators all commute with each other, and their commutation rela-
tions with the group generators and the translation generators are

2
(M}, Picr] = =26k Py + 55§PKL. (2.2)

The coefficient of the first term on the right-hand side is fixed by the Jacobi identities,
while the coefficient of the second is determined by the requirement that the generators M
are tracefree.

The SL(5) duality group first appeared when a Kaluza-Klein reduction of eleven-
dimensional supergravity was made on a flat 4-torus. In our picture, SL(5) appears as
a group which controls the geometry of the 4-manifold itself. Unlike Kaluza-Klein reduc-
tion, the 4-manifold is not associated with any Killing vectors. The fields depend on the
coordinates in the directions of the 4-manifold. We will ignore the dependence of all fields
on directions orthogonal to the 4-manifold. This is opposite to Kaluza-Klein reduction.
Thus, if we were considering eleven-dimensional supergravity there will be seven directions
that are ignored. However, as was found in [36], the four directions must be augmented
by the six winding directions associated with the M2 branes charges. There a total of
ten dimensions of the extended space associated with the four physical spatial directions.
The ultimate interpretation of these extra dimensions is presently a little unclear but is
discussed in [44], where the local symmetries of M-theory is explored in the context of
generalised geometry. This approach leads to the physical section condition for M-theory
generalised geometry. The extra dimensions are M-theoretic generalisations of the winding
coordinates found in doubled field theory [45-48].

To make the relation to the usual fields and coordinates clear, we will decompose the
SL(5) group into its SL(4) x U(1) subgroup. The SL(4) corresponds to the usual four
spatial directions. We let

Mlj
1
. 1 .
MZS _ géklmRklm



The indices labelled by 4,7, ... are GL(4) indices that run from 1 to 4. Note that
4 .
]\4’55 - Z Mliv
i=1

by the tracelessness of M’ ;- The generator ) M "Z- which we will denote by M, gives the
scaling of generators in the GL(4) decomposition and so determines their U(1) charge. The
generator M* ; can be shifted by M, and indeed we will shift

M'; — K'y=M'; — M. (2.4)
The dilatation is now given by
K=Y K',=-3M,
which generates the U(1) subgroup of SL(5). With this choice,
[K, R¥m) = 3 Rkm, |K, Rggm) = =3 Ripn - and  [K, K';] =0,

so that K counts the index of the GL(4) representations, in other words, its U(1) charge.
Other choices can of course be made, but these will result in more complicated commutation
relations between the K ij generator and generalised translation generators.

We can now rewrite the SL(5) algebra in terms of the GL(4) and U(1) generators

i gl 1 sl i gl 0. _ [i1i2 y-is] Q1.0
(K K = 6Lk, — 6l K, [R5, Ry, 5] =186/ 2 K" — 2005 K, (2.5)
(K%, Riy.oa) = =300y, Riyi K%, RM-ks] = 3.6 RRahali, (2.6)

all other commutators vanish. The fully antisymmetrised Kronecker delta function is de-
fined to be

indp <[ i) L (e ip - . . .
O, =05 ...00" = ol ((5]-1 00+ (all remaining even permutations of 4; ...1p)

— (all odd permutations of i ... ip)),

making a total of p! terms in the parentheses.
Now that we have the SL(5) algebra, we similarly write the translation generators

Pis = P
Py = ) . (2.7)
Py = ieijklel

The 10-dimensional representation in terms of a GL(4) decomposition is made in order
to relate the translation generators to the generators of ordinary spatial translations in
four-dimensions P;, together with the generalised translations Z%, which correspond to
windings of the M2-brane.



Now, from equation (2.2), the rest of the commutation relations of the algebra are

4 1y | g
(K5, Bi] = =01 — =0} B, K7, 28] = 261 7110 057, (2.8)
[Riji, 1] = 0, [Rijk, Z™"] = 31615 Py,

[Rijk7 Pl] — 35l[szk], [Rijk, Zmn] —0. (29)

Note that for the translation generators the U(1) generator K does not count the index of
the generator as it did for the SL(5) generators;

[K,PZ-]:gPZ- and [K,Zij]:%Zij.

In figure 2, the weight diagram of the ten-dimensional representation of SL(5) is pre-
sented. The weight diagram is generated by subtracting positive roots from the weights
(equivalently adding negative roots to the weights). The generators

K'j, R™ 8, Ry, g
are associated to the roots of SL(5)
aijv akl...kgv _ak‘l...kg‘

The root lattice is generated by adding arbitrary multiples of positive roots to these.
For example,
ajptagg=a13  and a1z + Qo34 = a1,

from which the commutators
[K12’K23] _ K13 and [K12,R234] — R134

can be constructed. Similarly, the translation generators P; and Z%¥ are associated to the
weights labelled by ! and x;j in figure 2. The 2 and x;j then become coordinates of the
extended space. The commutation relations of the motion group of SL(5) encode how the
roots act on the weights. The negative roots

agj, fori < j, and Oy ks
act on the 10-dimensional weight diagram by lowering the weights, while the positive roots
ajj, fori > j, and — Oy ke

raise the weights. In figure 2, for example, a3 acts on the weight x34 to give xo4. In terms
of a commutation relation, this is

[K237 Z34] = ZQ4a

which is consistent with the second equation in (2.8).
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Figure 2. The weight diagram of the 10-dimensional representation of SL(5).

We need to find the normalisation of the translation generators, which set the conven-

tions for the tangent space metric. Let?
tr(PryPrr) =201k = (61x0sL — 616K ),
and by inserting the translation generators given in equation (2.7) we find that
P — 5. ij pkly _ o sid:kl kly _
tr(PP;) = 644, tr(ZYZ"%) =246 tr(P,Z™) =0, (2.10)

where
. 1 .y
(51],kl — = 67,k‘5jl - 6zl6]k )
X )
The generalised metric is constructed using the non-linear realisation method. We
start by writing the group element

; 1 Kl
o' P; 5Tk L
gr=-¢€" "ev? )

30ur treatment of the normalisation of generators in this section is motivated purely by convenience. A
more rigorous treatment involves the definition of the Cartan involution of P and is described in appendix A.



where 2’ are the conventional coordinates, and xj; are the “winding coordinates.” The
coefficient of the each exponent is such that the tangent space metric takes the canonical

form, i.e.

tr(gfldglgfldgl) = 5ijdxidxj + 0kt mn AT AT - (2.11)
The group element that defines the fields is

g = o K o1 CijuRI*
Cijk is the 3-form potential of M-theory restricted to the 4-space and hi? determines
the vielbein.

The generalised vielbein, F, is given by the Maurer-Cartan form of g; conjugated by gg
LaBn*d=" = g5'g; ' dgige, (2.12)

where Ly = (P, Z¥/\/2) and dz!! = (da*,dz,,). Latin letters indicate tangent space
indices, while Greek letters label spacetime indices. The normalisation of L4 has been
arranged so that tr(L4Lp) = dap. In terms of the generalised vielbein, the generalised line
element is given by

Tr(LaEntdz"LgExPdz%) = EntExBoapdz"d2".
Consequently, the generalised metric is
My, = En” ExBoap. (2.13)

One can regard the 1-forms Fpdz!! as an orthonormal basis in our generalised tan-
gent space.

The Cartan metric of g; gives the generalised tangent space metric, equation (2.11). Tt
can be thought of as the generalised metric of flat space with vanishing 3-form potential.
Conjugating the Maurer-Cartan form by el K gives the vielbein for curved space and
further conjugation by em CigrRt 7 gives the dependence of the generalised vielbein on the
3-form potential.

We now find the result of conjugating g, Ydg; by the group element corresponding to

the K generator. The Maurer-Cartan form of g; is

. 1
g7 g = dz' Py + Ecisg,dz’“. (2.14)

Using the Hadamard formula*

eXYe—X — eadX}/’

4The adjoint map ad is defined by (ad"X)Y = [X[X[X...[X,Y]]]...], where there are n commuta-
tors [49].

,10,



we can evaluate

[e.e]
i —1)" .
e hi K qzm p oK —dmkz ) ht. hJn[Kann,[...[K“jl,Pk]...]],

n=0

~a @'iiii " e,

n xn:on!m:o‘r)m m ' P

—dioo L enym S Ly g P,

— dz 2305mm!(tr) Z%,( )i

= det(e")/?(e") 7 dat'P;, (2.15)

where in going to the second line we have used the first commutation relation in the line
of equations labelled (2.8), and in the last equality we have used det(e”) = e*(®), We can
identify " with the vielbein corresponding to usual spatial metric. In the last line, we have
used a Greek letter as an index on dx because a distinction should be made between the
index on the translation generator which should be thought of as a tangent space index,
and the index on the dx, which is a space index. Space is thus endowed with the metric

g = ("), ("), 765 (2.16)

The remaining term in the Maurer-Cartan form, (2.14), can be conjugated by the
group element of the K generator in a similar way. For the dzj; Z* term we can again use
the Hadamard formula and find

J 1ok
—h Kt dl‘ Zmnethl

_ Z (*1)ndxmn (ad(hK))n Zmn’

n!

= day, z% ZZ( )( ) (hP);™(hm=P);" (—;trh)n_mZ”. (2.17)

m=0 p=0

The easiest way to prove the second equality is to use induction on n. We then interchange
the summations in equation (2.17), taking care of the limits of the summations, to write
the expression on the right-hand side as a product of three exponentials

~h K Qg 27K = det(eM)1/5 (67h) it (67h)¥ dpy 2. (2.18)

As above, the indices on the translation generators are tangent space indices and the indices
on the differential 2-form are space indices. (e™")," is the inverse vielbein corresponding
to the metric ¢ in equation (2.16).

We have constructed the generalised vielbein in a space with metric g. To find the
dependence of the generalised vielbein, and metric, on the 3-form potential C, we will
conjugate by the group element corresponding to the R“* generator. The commutation
relations of the R¥* generator with the translation generators are given in equations (2.9),
from which it can be seen that RY* sends the translation generators into one another —

— 11 —



more precisely, P is sent to Z. The generator R;j; has the opposite effect. Therefore,
unlike before when conjugation by the group element corresponding to K leads to an
infinite series, in this case the sum will truncate because the commutation relation of R¥¥
and Z™" vanishes. So there will only be a finite order dependence on the 3-form potential.
We begin by conjugating the term proportional to P;, (2.15),

1 . j1--J¢ Lk ; Lk 1. . j1---J5
e_ﬁcjlmmRﬂ Jse_h’k K ldePiehk K leﬁcﬂlmJSRJl 8

= det(eh)l/g)(eh)ul dat <Pz - ngL..jg [lemh? R]
11

+§WCJ1..-j3Ck1...k3 [le...j;:,, [Rklmk3a PZH + .. >

= det ()2 ().} dat <Pi — ;cz-jsz’f> : (2.19)

using commutation relations (2.9). As stressed earlier, the series truncates.
The conjugation of the term proportional to Z% is trivial because [R¥F, Z™"] = 0.

L . 1 .
g, g7 'dagn = det(e")/5(e"),,! dat <P1; - QCz‘jk:ZJk>

1 g
+ Edet(eh)1/5(e—h)l-#(e—h) P AN (2.20)
To find the generalised vielbein we need to compare the above expression with equa-
tion (2.12). Hence the generalised vielbein is
i _ 100, .
En? = (dete)!/5 (e“ vaeu' Cinia ) , (2.21)
0 et [i1€u2i2]

Tangent space indices are written with Latin letters and Greek letters are spatial indices.
We have also abbreviated the spatial vielbein e to e. The position of the indices on e
indicate whether it is the spatial vielbein or inverse vielbein. If the spatial index is lowered,
ie. e,/, then this is the vielbein, and if the spatial index is raised, i.e. e#;, then this is the
inverse vielbein.

Now from the generalised vielbein we can easily calculate the generalised metric, using
equation (2.13),
G + 3Cu" Cui _%Cuylw

V2 , (2.22)

Mgy = g'/®
KL =49 — 1 omipe gHk2v1v2
V2 v

where g = (dete)? is the determinant of the metric g,,,. This is the same metric as in [36,
50, 51] except for the factor of gl/ 5 This latter factor comes from the term proportional
to 5; in the commutation relations of [K* j» Pe] and [K : o ZM], equation (2.8). The precise
value of this coefficient was fixed by requiring that the SL(5) generator M’ ; is traceless
in equation (2.2). It is important to note that for this particular coefficient, i.e. power
of g multiplying the metric, we obtain a generalised metric that does not describe the
dynamical theory (see appendix B). In the next sections, we will consider the groups
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Figure 3. The Fq; Dynkin diagram

governing generalised geometry as coming from FE11, in which case the factor of the term
proportional (5;» in the commutators of K and P, Z is different. This results in a change in

—1/2_rather than ¢'/®. The corresponding generalised

the factor multiplying the metric to g
metric can be used to construct the dynamics and naturally incorporates the measure in
precisely the correct way.

We will now review the non-linear realisation of F11x[; and find the generalised metrics

for the SL(5), SO(5,5), E¢ and E7 duality groups from the Eq; X [ non-linear realisation.

3 A review of FE;; and its first fundamental representation and their
non-linear realisation

In this section, we will review previous work on the original Ej; conjecture [1]: its appli-
cation to ten [1, 22, 52] and lower dimensions [4, 23-26]; the development of Ej; as an
algebra [53, 54]; its first fundamental representation and its relation to brane charges [2—
5, 31]; and finally the non-linear realisation of E1; x I [2, 24, 31, 55, 56]. We collect
together results that are found in different papers in a single place and we will take the
opportunity to give a user friendly presentation. Some of this review is taken from the
forthcoming book [57].

The Fq1 algebra consists of an infinite number of generators and, like all Kac-Moody
algebras, it is completely determined by its Cartan matrix, or equivalently its Dynkin
diagram given in figure 3.

Upon deleting the eleventh node of the Ej; Dynkin diagram we find the Dynkin dia-
gram for SL(11). We can therefore classify the generators of E1; in terms of this subalgebra,
or to put it another way, we can decompose the adjoint representation of F1; into represen-
tations of SL(11). The resulting decomposition of F1; can be labelled in terms of a grading
usually termed the level. Generators with non-negative levels are given, in increasing order,
by [1, 54]

Kab(O), Ralagag,(D7 RA102---06 (2)7 Ramg...ag;,b(?))7 . (3'1)

where a,ay,as,...,b,... = 1,2,...,11 and the number in brackets is the level of the re-
spective generator. The last generator satisfies the constraint

R[alaz.‘.ag,b] = 0.
Of course, the sequence does not terminate, reflecting the fact that Fp; is infinite dimen-

sional. The level zero generators K, obey the GL(11) algebra; the enlargement of SL(11)
to GL(11) arises in the same way as the SL(5) case in section 2. The Cartan subalgebra
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generator associated with node eleven remains as part of the group even though that node
in the Dynkin diagram has been deleted. The algebra of the GL(11) generators is given by
[K%, K] = 0, K%q — 65K. (3.2)

The F41 algebra also contains an infinite number of generators of negative level which are
partners of those with positive level but have their indices downstairs;

Ra1a2a3(_1)7 Ra1a2---a6(_2)7 Rala2~-~a8,b(_3)7 ) (33)

with an identical constraint on the last generator. The generators of positive level are
associated with negative roots in the Chevalley-Serre basis. Similarly, those of negative
level are associated to positive roots. Those of zero level contain both positive and negative
roots as well as the entire Cartan subalgebra.

By construction the generators of equations (3.1) and (3.3) belong to representations
of GL(11) and so their commutators with the generators K%, are as their index structure
suggests. We list the commutators of the first few generators with K below [1]:

[Kab,Rcl 03] _ 35[61R|a\0205} (
[Ka Cl.. 03] = _36[51 R|b|8203]’ (
[Kab,Rcl“'Ce] _ 651[)C1R|a\02...06]’ (
[Kaby Rcl...ce] = _65&1R|b|02...06}7 (
[Kab, Rq...qg,d] _ 86[[)C1R|a\02...08],d + 5lfjiRcl.A.08,a7 (
[Kab> Rcl,..cs,d] = _85&1 R|b|cz...cs],d - échl,..cs,b' (

The commutators of E1; preserve the level, and it turns out that all the positive level

generators can just be found from the multiple commutators of K%, and R%'%2% and all the

negative generators from the multiple commutators of K%, and R4, 4ya;- The commutators
of some of the positive level generators are given by

[Rcl'"cg, RC4...CG] — 2RC1"'66, [Ral"'a6, Rblu-bs] — 3Ra1-~a6[b1b2:b3]_ (310)
Similarly some of the commutators of the negative definite level generators are given by
[Rcl...037 RC4...CG} - 2RCI---C6? [Ral...aea Rbl...bg] = 3Ra1...a6[b1b2,b3]' (311)

Finally, the commutation relations between the positive and negative generators of up to
level three are given by [2]

[R5, Ry, ] = 18002 Koy ) — 2670203 D, (3.12)
By, RO0) = 2 gjeyezes poasoe (3.13)
(R0, Ry, ] = —51.3.30 1 Ky ) + 5167200 D, (3.14)
[Ray g R0 = 872801200 RV — o ale R, (3.15)
[Rovagr B 15) = T2 gl bo il _ gl b el (3.16)
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where D = Y, K b,. There are similar formulac when higher or lower level generators
are involved.

By examining the above commutators one can see that the level is nothing more that
the number of times the generator R minus the number of times the generator R, 454,
occurs. For the purposes of this paper this definition will suffice, but a precise description
of the level is as follows. Each generator is associated with a root of Ej1, which can be
expressed as a sum of simple roots. Each node of the Dynkin diagram is associated with
a simple root. The level refers to the GL(11) decomposition which picks out the eleventh
node in figure 3. Associated to the eleventh node is the simple root «q;. The level is
the coefficient of a1 when the root associated to that generator is written as the sum of
simple roots.

For the purposes of this paper all that is required to know about the Fp; algebra is
the above commutation relations. The reader who is interested in a more detailed account
of Fy; from the definition of a Kac-Moody algebra may consult [1] and the later papers on
E4q referenced in this paper. As we will see shortly, the non-linear realisation of the E1;
algebra leads to the fields found in the massless bosonic sector of M-theory.

In early papers on Ej1, in addition to the group element belonging to E71, spacetime

#*Pa  where P, are the

was introduced into the group element by including a factor of e
generators of spacetime translations. The generators P, were taken to have non-trivial
commutators with the GL(11) generators K%, of E11, but trivial commutators with all the
non-zero level generators. It was realised from the beginning that this was an ad hoc and
incomplete step.

Later, it was proposed to incorporate spacetime by using a representation of Ej; [2],
which was denoted by the [; representation. This representation generalises the notion of
spacetime translation generators. The [; representation, when decomposed into represen-

tations of SL(11), has the content [2-4]

LA — {Pa7 (0)’ Zalag(l); Zal...a5 (2)’ Zal...a7,b(3),Zal...ag(?));
Za1...ag,b1b2b3 (4)’ Z(J,l...ag,(bc)(zl)7 Za1...ag,b1b2(4)7 Za1...a10,b(4>7 Za1...a11 (4)7
Zal.“ag,bl...lul (5)’ Zal...ag,bl...b(; (5)7 Zal...ag,bl...b5 (5), o } (317)

The numbers in brackets are the levels of the generators which just counts the number
of times the generator R acts on the highest value component in P,. One sees that
at the very lowest level it contains the spacetime translations P, and then some gener-
ators that have the index structure to be the central charges in the eleven dimensional
supersymmetry algebra as well as an infinite number of higher level objects. From the
mathematical viewpoint, the [y representation has the highest weight A; which obeys the
relations (A1, ay) = d,1 where o are the simple roots of F1;. This is just the fundamental
representation associated with node one. The deduction of the above content, (3.17), from
this definition is explained in [2—4].

At the lowest levels the [ representation contains objects that have the correct index
structure to be the brane charges; that is P,,Z% Z% % associated with the point
particle, M2 brane and M5 brane, respectively. At level three Z% 7% probably represents
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the KK monopole (or D6-brane) charge. It has been conjectured that the [ representation
contains all brane charges and there is now a substantial amount of evidence for this
conjecture [2-5].

The generators of equations (3.1) and (3.3) correspond to the SL(11) decomposition
of Fq1, which is the one appropriate to the eleven dimensional theory. To find the theory
in d dimensions we should carry out the decomposition of the adjoint representation of
Fq1 into representations of the direct product of the duality group in d dimensions and
GL(D), where D = 11 — d [4, 23-26]. This can be found from equations (3.1) and (3.3)
by simply carrying out the dimensional reduction by hand as will be done in this paper.
Deleting the D—th node, for D = 1,...8, we obtain direct products of the duality groups
Ev, Ey, Eg, E7, Eg, SO(5,5), SL(5) and SL(2)xSL(3) with GL(D), respectively. The same
decomposition is required for the [; representation and the results [4, 5, 31] are given in
table 2. Some of the entries in the table agree with those previously found by taking an
explicit charge and using U-duality to find the other members of the multiplet [58-60].

It was proposed [2] that the dynamics should be a non-linear realisation of semi-direct
product of Fy1 and generators that belonged to the [; representation, the motion group of
E11; denoted by Eqp x 1. This algebra contains the generators of equations (3.1), (3.3)
and those of equation (3.17) which we now take to be generators and call the generalised
translation generators. The commutators for the low level generators of the [; representa-
tion with R*1%2% are determined up to constants by demanding that the levels match and
so we can take [2]

[Ra1a2a3’ Pb] — 35l[)a12a2a3}7 (3.18)
[Ro1a2as | ghib2] — garazasbiby (3.19)
[Ra1a2a3, Zbl,,.b5] _ Zbl...b5[a1a2,a3] + Zbl...b5ala2a3 (320)

The normalisation of the generators is fixed by these relations, see appendix A for a detailed
explanation. The commutators of the generalised translation generators with those of
GL(11) are given by

1
[Kab,Pc] = —(53Pb + 55?Pc, (3.21)
1
(K%, 2912 = 26} Zlole2] 4 02, (3.22)
1
(K%, 2] = 56" Z1°1°25] 4 Z g 70105, (3.23)

Some of the remaining commutators are given by [2]

[Ra1a2a37 Pb] = 07 (324)
[Rayapas, 2°1%2] = ﬁéf’gszPag,], 3.25)

5!
(Rarasa, 277) = SO0 20, (3.26)
[Rayazas Zblmb%d] = 37855%2%321)3“'1)7]’ (3.27)
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D G 7 ga | gaar | gaieas | gaieas | gaias | gaieas | g
8 | SL(3)®SL(2)|(3,2)|(3,1)| (1,2) (3,1) | (3,2) | (1,3) | (3,2) | (6,1)
(8,1) | (6,2) | (18,1)
(1,1) (3,1)
(6,1)
(3.3)
7 SL(5) 10 5 5 10 24 40 70 —
1 15 50 —
10 45 —
5 o
6 SO(5,5) 16 | 10 16 45 144 | 320 — —
1 16 126 — —
120 — —
5 FEg 27 | 27 78 351 | 1728 — — —
1 27 351 — — —
27 — — —
4 E; 56 | 133 | 912 | 8645 — — — —
1 56 1539 — — — —
133 — — — —
1 _ _ - o
3 Fx 248 | 3875 | 147250 | — — — — —
1 | 248 | 30380 | — — — — —
1 3875 — — — — —
248 — — — — —
1 - . . - .

Table 2. Table giving the representations of the symmetry group G of the form charges in the [
multiplet up to and including rank D — 1 in D = 8 dimensions and below [4, 5, 31].

[Ralmaﬁ,Pb] — _351[;112..@6]’

[Ral...ag’ Zble] — _Zblbg[al...%,ag] _ Zblbzal...ag.

(3.28)
(3.29)

These commutators can be largely determined by demanding that the level is preserved

and that the Jacobi identities hold. The factor of % in the terms proportional to d; in

equations (3.21)—(3.23) are fixed by the Jacobi identities once it is found to be present in

the first equation, (3.21). These terms follow from the fact that the [ representation is
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a highest weight representation of Fqi. If one considers the analogous representation for
subalgebras such as Fqg, or even the finite dimensional FE,, series one finds factors other
than % Indeed the corresponding factor for £, is %79 (n #9). Fy is an exception because
it’s an affine algebra, so its Cartan matrix has vanishing determinant.

To carry out explicit computations of the F1; X [1 non-linear realisation at low levels,
one only needs the above commutators and one does not have to absorb the general theory
of Kac-Moody algebras.

As explained in the introduction the non-linear realisation we are using here is not a
sigma model as the [y representation are generators associated with spacetime and they
introduce the coordinates of the generalised spacetime into the theory. How to construct
such non-linear realisations is illustrated by example in [1, 18] and many of the later papers
on E7; even though only the generators of spacetime translations P, are used. The non-
linear realisation of F1; X [} was used in [24] to construct all five dimensional gauged
supergravities and in [55] and [56] to construct the ITA ten dimensional supergravity in
the NS-NS and R-R sectors respectively. The next section uses it to construct the four
dimensional theory at level zero but keeping only the scalar coordinates in the ten of SL(5).
That section may be read at the same time as the abstract material below. The material
in this section may also be compared with section 2 which covers the SL(5) case without
the complications of the Fq; X [; algebra.

The non-linear realisation is built from the group element

9=q9E- (3.30)
In eleven dimensions the group element gg takes the form

1 1 1 1
501 a6Ra14..a6ejcalaaasRalaQa:;ehabKabejcala2a3Ra1a2a3 *Cal...aGRal a6

gE:___eﬁl e 6! NN
(3.31)
Using equation (3.17), the group element g¢;, in eleven dimensions, takes the form
g = ex“PaeﬁxabZ“be%:cal.“asZal‘““5 o (3'32)

The precise choice of the normalisation is explained in appendix A.
Thus the non-linear realisation of E71; X [; introduces a generalised spacetime with
coordinates [2, 24, 31]

I _ a . . . .
z = {.’B sy Lajass Laq...ass xal...a7,b7 Laj...as> xal...ag,blebga xal...ag,(bc)7 mal...ag,blbgv

Lay...a10,bs Lay...a115 Lai...a9,by...ba,cy Lay...ag,b1...bgs Lai...ag,b1...bgy « « - }7 (333)

where the first coordinate x® is the coordinate of the spacetime we are so used to. However
the multiplet contains an infinite number of additional coordinates. As a result of the way
they have arisen, there is a one to one correspondence between the generators of equa-
tion (3.17) and the coordinates of equation (3.33) so that each coordinate is automatically
associated with a brane charge. In particular, the usual coordinates x% are associated with
the generators P, of spacetime translations, the coordinates x4, with the charge Z% of
the M2 brane and so on. One can show [3] that for every field there is a corresponding
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brane charge, for example hab,Calagag, ... correspond to P,, Z%, ... respectively. As a
result every field now has a corresponding coordinate associated with it; we can think of
the usual spacetime coordinates % as being associated with the metric, the coordinates
Zap as associated with the three form field Cy, 4544, etc. Thus this construction generalises
spacetime to take account of the objects within it. Einstein’s theory corresponds to the
lowest level. We take the fields hg?, Cayasas, - - - to depend on all of the coordinates z%, x4
etc. Introducing the generator P, on its own, as mentioned above, is just the lowest order
approximation.

The group element in lower dimensions is easily written down using the generators of
Eq; as decomposed into representations of GL(D) ® E; where D = 11 — d. As mentioned
above, elements of [; are given in table 2. We find, in table 2, the scalar, vector, and
higher rank generators in D—dimensions contained in the [y representation. In particular,
we find that the scalar charges in the [ representation in d = 4,5, 6,7 dimensions belong
to the 10, 16, 27 and 56 representations of SL(5), SO(5,5), Fg and E; respectively [4, 31].
In this paper we will be interested in the non-linear realisation at level zero with respect
to the deleted node. With this restriction only a finite number of fields and coordinates
will remain.

A non-linear realisation is specified by a choice of algebra and subalgebra, called the
local subalgebra. In our case the algebra is E1; and we will denote the local subalgebra
by I(E11). By definition, the non-linear realisation is just a dynamics which is invariant
under the transformations

g — gog, go € E11 x 1y, and g — gh, h € I(E) (3.34)

In this equation gy is a rigid transformation, and so does not depend on the generalised
spacetime, while A is a local transformation which does depend on the generalised space-
time. The local subalgebra I(FE11) is taken to be a maximal subalgebra that is invariant
under Cartan involution. This subalgebra of F1 is generated by

d b1 asbs. asb
K% — mpen™ K, R245 — Ot ®202 808 Ry pobs s

RMaz2--a6 | ,'7a1b1 o na6b6Rb1b2.--b6’ RN (3.35)

where 7 is the Minkowski metric. The Cartan involution invariant subgroups of the groups
SL(n), SO(n,n), E¢ and E; are their maximally compact subgroups, which are SO(n),
SO(n)®S0(n), USp(8) and SU(8) respectively, provided the d dimensions are all spacelike.
Hence at the lowest level the local subalgebra is just the Lorentz group. We may therefore
use the local transformation of equation (3.34) to bring the group element gp in eleven
dimensions into the form

hoP K@

1
gp = ' K res®

ajagag RU1%2%3 (3.36)
This mostly contains the generators of the Borel subalgebra of F11 which are the generators
given in equation (3.1). The exception is the field at level zero, i.e. h,” where we have chosen
not to fix all of the local Lorentz group. The Cartan involution I takes, up to a sign, a
generator with a positive level to a generator with a negative level and with the same
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set of indices but downstairs, that is it takes a contravariant to a contragredient SL(11)
representation. More technically it takes a generator with a positive root a to a generator
with the negative root —a, for example I(R" %) = —Rg, 4, and I(R™ %) = Ry, a6
Furthermore, it maps the generators of the Cartan subalgebra into themselves. For a more
formal definition see, for example, [1] and many later papers on F1; .

As we explained to find the non-linear realisation in eleven dimensions we delete node
eleven and decompose E11 x [;. At level zero this algebra becomes GL(11) x P, where P,
are just the usual spacetime translations in eleven dimensions. At level zero I(FE1) is just
the Lorentz group. Thus in this case the generalised spacetime has the coordinates x% and
so is just our familiar spacetime. The only fields are hq’. In fact the non-linear realisation,
after the adjustment of a few constants that are not determined, leads to eleven dimensional
gravity. It turns out that e” viewed as a matrix is just the vielbein [16] just as was shown
in section 2. In what follows it will be useful to recall that the non-linear realisation of the
semi-direct product of GL(d) and spacetime translations leads to d-dimensional gravity, as
was shown long ago for the case of four dimensions [16].

Under a rigid gy € E11 and a local H € I(FE11), the different parts of the group element
transform as

a1 — 9091(90) ", and gE — G0gE (3.37)
gL — gu, and 9gE — geh, (3.38)

respectively, as the [; generators form a realisation of E11. As a result the coordinates
transform under G as
2Ly — goz" Lu(go) ™" (3.39)

To give a more concrete meaning to the above rigid transformations we will carry them

1 ajagasz . . .
out for gy = esi%iazas where @g, 4,45 IS & constant parameter. Using equation (3.37)

and equations (3.32) and (3.36), we find that

1
ox® =0, OTap = ﬁaabcxc, Shat =0,
0Carazas = Garasas — 3fayasPag) 6C4,..a5 = 0. (3.40)

To construct the dynamics from the non-linear realisation, it is usual to first construct
the Cartan form. The Cartan form belongs to the Lie algebra and so in our case the algebra
FEq1 X [1. As such, it can be written as

V=g dg = dz"En'La + d2"Gu R (3.41)

where L4 are the generators of the [y representation and R* are the generators of E1; in
equation (3.1) and (3.36) with * denoting the appropriate set of indices. When we write
the sums involving the L 4 generators we are including the square root of the combinatorial
factors that occur in the group element in equation (3.32). Since the generators L4 form
a representation of Eyp, the Cartan form is given by

V =g5'dz* Lagr + 95" dgE (3.42)
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where we have assumed that the generators L4 mutually commute. We may write
dMEnLa = g5'dz Lage = d2T - E- L (3.43)

where in the last line we have used an obvious matrix notation in that the matrix £ has
the elements Frpt. The remaining part of the Cartan form is given by

MG R = g5t dgr (3.44)

and it is just the Cartan form of E1y.

The Cartan form (3.41) is obviously inert under the rigid go transformations of equa-
tion (3.34). Note that the generators of the [; representation can carry either a Il or an
A index depending on the context; this is not a change carried out with the vielbein and
L= LH(SH. As the [; generators form a representation of F1; it follows that d-""Ep? and
dzHGm* are separately invariant under these rigid transformations. However, the coordi-
nates, and so dz", do transform under gy and as a result Fg? and G are not invariant
under go transformations.

Under a local transformation g — gh of equation (3.41) the Cartan forms transform
as V — h™'Vh +h~'dh. To find quantities that only transform under the local subalgebra
we can rewrite )V as

V=g tdg = d2"EqM(Ls + Ga.RY) (3.45)

where we recognise that G 4, = (Efl)AHGH,*. Since dz'Ep? and R* are inert under rigid
go transformations, it follows that G 4. are also inert under gop transformations and just
transform under local transformations. As such they are useful quantities with which to
construct the dynamics as one need only solve the problem of finding objects which are
invariant under the local symmetry. For objects in the coset directions of V, the h™'dh
terms in the transformation of equation (3.41) are absent and we may think of G4 . as
transforming covariantly — in effect they are the covariant derivatives of the fields. Thus
working with the Cartan forms one only has to solve the problem of find invariants under
the local transformations h. In fact the situation is a little more subtle as we have used
the local subgroup to choose our group element to belong to the Borel subgroup and then
a go transformation requires a local compensating transformation. However, as the final
dynamics is invariant under local transformations these are automatically taken care of.

Since the generators of the [y representation transform as a representation of E1; we
can write equation (3.39) as

Aon— gozHLH(go)*1 = zHD(go_l)HALA (3.46)

where D(gy ') is the corresponding matrix representation. More formally we can define
the action of the [y representation of Fyi, to which the generators Ly belong, by

U(k)(Ly) = k 'Lk = D(k)p™ Ly,
where k € Eq1. As a result we find that in matrix notation

d2" — 427 = dzTD(go_l),
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or putting in the indices
d2" — d2"V = dz*D(gy M)A (3.47)

_0_
0211

A1 = D(go)r"On.

Consequently, the derivative g = in the generalised spacetime transforms as

Examining equation (3.43), we note that the generalised vielbein E in matrix form is
given by
EHA = D(gE)HA. (348)

As the Cartan form is inert under rigid transformations, its action on the coordinates
must be compensated by a corresponding change on the lower index of E, using equa-
tion (3.47), we find this to be given by En? = D(go)n®Ex?. Thus the lower index is a
world index, while Er? transforms on its upper index by a local h transformation and so
we can think of the upper index as a tangent index. Consequently, we can think of Fr#
as a generalised vielbein which controls the geometry of the generalised spacetime.

In almost all the Ej; papers the dynamics has been constructed using the Cartan
forms. However, one can also proceed in another way and this was done in [36, 55] which
we now follow. Let us define

M = gpl.(95"), (3.49)

where I. is the Cartan involution. It is easy to see, using equation (3.38) that M is
inert under local transformations as by definition I.(h) = h. However, under a rigid
transformation M — M’ = goMI.(g; ') under rigid transformations. Using E = D(gg),
we find that M in the [; representation is given by

D(M) = D(gg)D(Ic(g5")) = EE* (3.50)

where E# = IC(D(ggl)), which for many groups it is just the transpose. Writing out the
indices explicitly we find that
D(M)ua = (EE¥)nia (3.51)

and we can write its rigid transformation as
D(M)na = D(g5 " )a" D(M)reD(Ie(g5*))u®. (3.52)

Using this method, the problem of finding invariants reduces to constructing gg invariants
from M. In the subsequent sections we will carry this procedure out in detail for the
various dimensions. If we restrict ourselves to two spacetime derivatives then the most
general invariant Lagrangian up to boundary terms is given by [36, 55]

L =i M3 95 MPR0r Mpg + co M5 95 MP20p M1
+ CgMMNMST(MPQasMPQ) (aMMNT)
+ s MST(MMN 9 My ) (MPROr Mpg) + cs Mrgds M Rap MT? (3.53)
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where ¢1,...,c5 are constants, and MST denotes (M_l)ST. The term with coefficient cs
never gives rise to a U(1) gauge-invariant result. One can therefore set c5 equal to zero
with impunity. Boundary terms may be included in terms of the generalised metric [65].

The non-linear realisation introduces the generalised spacetime, but since it also spec-
ifies the dynamics, at least up to a few constants, it also determines the geometry of the
generalised spacetime. However, it is important to understand that the non-linear realisa-
tion as described above, and used in the papers on Fqj, is not what is usually described
as a sigma model. The latter corresponds to a non-linear realisation in which the group
contains no generators associated with any spacetime. As a result the coordinates are in-
troduced by hand and act as dummy variables upon which the fields depend. In contrast
the non-linear realisation described here has generators which lead to the introduction of
spacetime into the group element and so the generalised spacetime plays a central role in
the way the dynamics is formulated.

We note that the conjectured theory based on Ejg [61-64] is quite different. It uses a
non-linear realisation that is equivalent to that which is usually known as a sigma model.
In this formulation the fields only depend on time and it is hoped that spacetime will
emerge at higher levels in the algebra.

The Lagrangian of equation (3.53) contains five undetermined constants and, since it
is to be integrated over a generalised spacetime, it is of a rather unfamiliar form. One
may like to find a theory that contains only the spacetime that is familiar to us. Although
up to this stage the procedure has been very systematic, how to proceed further is not
completely clear. One approach used in the non-linear realisation of GL(D) x I* to find
gravity [16] is to demand some extra symmetries such as conformal symmetry. This step,
taken together with the original non-linear realisation is equivalent to demanding general
coordinate invariance. This procedure was also followed in the Ej; approach [1, 18] and
many subsequent papers. This procedure has been generalised in the work of [38] which
considered the non-linear realisation of Ej; X [; applied to seven dimensions. In [38] the
field dependence on the resulting generalised spacetime was restricted to be only over the
usual coordinates of spacetime and then the action was required to be invariant under
general coordinate invariance and gauge symmetries. This is the strategy we will adopt
here. One finds in all known cases that one can adjust the constants so that this is possible.

4 Four dimensions: SL(5) revisited

In this section, we carry out the non-linear realisation of Ej; X [; appropriate to four
dimensions at the lowest level. That is we will systematically carry out the method given
in the previous section applied to this case. To find the four-dimensional theory we delete
node seven of the F1; Dynkin diagram to leave the algebra GL(7) ® SL(5), see figure 4, and
decompose E11 X 1 into this subalgebra. The subalgebra SL(5) is the well known duality
group in the reduction to seven dimensions.

In this paper we are interested in the lowest level result. The simplest way to find
the low level algebra is to carry out by hand the dimensional reduction on the generators
of F11 X I; given in equations (3.1), (3.3) and (3.17). Letting 4,7, -- = 1,2,3,4 be the
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Figure 4. The Fq; Dynkin diagram appropriate to four dimensions

indices corresponding to the four dimensions we find that the only generators of Ej1, (3.1)
and (3.3), that remain are

K'j,R"2% R, i and K%, a,b=1,2...7 (4.1)
of GL(7). We are using the convention that i,7j,k,... are tangent indices in the four
dimensional space and a, b, c,... are tangent indices in the seven dimensional space. The

generators listed in (4.1) have level zero. We observe that the level zero generators have no
mixed indices. For the decomposition corresponding to deleting node seven, the generators
K, (K%) have level 1 (-1) and multiple commutators of these generators together with
the above generators at level zero will lead to all of the Fy; Kac-Moody algebra. More
technically a generator has level n if its corresponding root, when expressed in terms of
simple roots, contains the simple root a7 with factor n.

Keeping only level zero generators we find, using equations (3.2), (3.4), (3.5) and (3.12),
that the generators of equation (4.1) obey the algebra

(K, KF) = 6V K — 6| K",
[Kij’ Rk1k2k3] _ 35][&1 R|i|k2k3]’
(K5, Riskaks] = =380y, Rijlkoks)»
0, ) = 8012 K3 = 20355 (2060, + YK )
j a
[K%, K% = 64K — 62K%,

with all remaining commutators being zero. To see that this really is the algebra GL(7) ®
SL(5) we should redefine the generators of SL(4) to be K'; = K'; — %(5; > o K% and then
the generators K';j, R"'"**3 and R, ., generate SL(5). The generators K%, a,b=1,2...7
obey the algebra of GL(7) and commute with those of SL(5).

The generators of SL(5) are contained in the generators M!; I,J=1...,5, the iden-
tification with those above being

. oy 1 -
M%j:sz—gz:K’fk, ij=1,...,4
k

M J = le) = ?6131]2]3Rj1j2j3 J1,72,]3 = ]-a e 74 ’ (42)
M°; = gﬁijlengJm]S J1.J2,d3=1,...,4
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whereupon we find the standard algebra of SL(5), namely
(M1, M5 ] =M — 6L MK ;. (4.3)

Since the SL(5) generators M7 ; are traceless we have defined M®5 = —>"._| M*;.
We now consider the [y representation at lowest level. Carrying out the dimensional
reduction on equation (3.17) we find that it contains

P,Z9, i,j=1,2,3,4 and P,, a=12...T. (4.4)

The commutators of the generators of equation (4.4) are found using equa-
tions (3.18), (3.19), (3.21), (3.22), (3.24), (3.25) to be

(K5, B = ~6{P; + 30 (4.5)
K5, ZM) = 26 710 %6;2“, (4.6)
[RA%2Es Py| = 35][."121‘21'31, (4.7)
[Rivizis, Zkl] -0, (4.8)
[Riizis, Pj] =0, (4.9)
[Riyinis, 27" = 655;233]; (4.10)
[K%, P.] = —62P, + %5;}136 (4.11)
as well as
[K%,P] = %5{,‘3, (K%, ZY] = %532@7, [K';, P = %5;113&. (4.12)

All the remaining commutators are zero. We also take all the generators in the [y repre-
sentation to commute with themselves.

We can package the generators of equation (4.4) with 4,7,... indices into Pry =
—PJ], I,J: 1,...,5, where

Ps =P i=1,...,4
Pry = 1 ki . . (4.13)
Pij = 5¢ijuZ i, 5,k l=1,...,4

Using equations (4.5)—(4.10), the commutator of Pr; with the generators of SL(5) can be
written as
I I I 201
[M J,PLM] :—5LPJM—5MPLJ+55JPLM. (4.14)

We recognise that the generators Py belong to the 10-dimensional representation of SL(5).
Furthermore, one finds that [M? ;, P,] = 0, hence the P, are SL(5) singlets, but transform
as the 7-dimensional representation of GL(7). This is very similar to what is done in
section 2. The difference being that here the algebra is derived from FE7;. We find that it
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includes the extra seven dimensions of spacetime, and some numerical factors in the algebra
are different. In particular, comparing the equations in (2.8) to equations (4.5) and (4.6),
the coefficient of the terms proportional to 5; are different, —1/5 and 1/2 respectively.

At level zero the non-linear realisation of F1 X [; reduces to the non-linear realisation
of (GL(7) ® SL(5)) x (P, @ Prj). The local subalgebra is generated by K%, — n%n,. K¢y
and Kij — KJ; and RY* — R;ji, respectively. The use of the Minkowski metric 74, to
define the local subalgebra leads to the subgroup SO(1,6) rather than SO(7). Thus the
local subalgebra is SO(1,6) ® SO(5). In fact SO(7) and SO(5) are the standard Cartan
involution invariant subalgebras of GL(7) and SL(5) and using the Minkowski metric for
the first group results from using a slightly different Cartan involution. The non-linear
realisation is built from the group element g;gp of equation (3.30) now restricted to level
zero. Taking into account the local symmetry, the GL(7) ® SL(5) part of the group element
can be written as

i, 1 i1iniz § bra
g](é)) _ ehﬂK jejciligig,R 1%2 3eha K% (4.15)

The superscript 0 just indicates we are at level zero. Hence we find that the non-linear
realisation introduces the fields

~

hij, Ci1i2i3, and hab. (416)

We note that the field C;,;,,, was always denoted as A;,;,i, in the previous literature on Fy.
The part of the group element arising from the /1 representation is given by

ip.y 1o i g
0 = P g r )

As such we see that the E1; x [1 non-linear realisation at level zero introduces a generalised
spacetime with the coordinates

:L'i,:EZ'j and z% a=1,...,7. (4.18)

The last coordinates are just the usual seven dimensional spacetime and belong to the
7-dimensional representation of GL(7). The first set of coordinates of equation (4.18) are
associated with the spacetime translation and the membrane charges, respectively, and
transform as a 10 of SL(5); we could write them as X'/, I,J = 1,2,...,5. The fields of
equation (4.16) are taken to depend on the coordinates of equation (4.18). Thus at lowest
level the non-linear realisation involves the group element

) — (0, 0) _ &Pt Sy, 2 gap, hiK

9, "9 =€ ¢

g e Cinini B112'3 gha" K%y (4.19)

If would be interesting to construct this non-linear realisation; one would find gravity
in seven dimensions coupled to a part that is the non-linear realisation of SL(5) x Prj.
However, in this paper we will consider a simplified non-linear realisation. In a future paper,
we will discuss how the other components of the metric and C' appear in the non-linear
realisation and the action. We note that the generators of SL(5) commute with those of
GL(7) and the seven dimensional spacetime translations, i.e with IGL(7) = GL(7) x { P, }.

Indeed the only non-trivial commutator between SL(5) x {P;, Z¥} and IGL(7) is that of
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the generators of GL(7) which scale the {P;, Z} generators by a 3 factor. As such the
SL(5) x {P;, Z¥} transformations of the non-linear realisation do not affect the parts of
the group element belonging to IGL(7), that is they do not affect the spacetime coordinate
x? of the gravity field he?. As such it is consistent to set the IGL(7) part of the non-linear
realisation to zero, that is set x* = 0 = he’. This means that we can just consider the
non-linear realisation of SL(5)) x {P;, Z¥} whose corresponding group element is given by

(0)/ — em Pz“’ \/EmZ]Z ehz‘jK ]e§01112l3R 1723 — gl(O)/g(O)/ (4‘20)

g E

The prime corresponds to the fact that we have dropped the generators P,, K%, and the
coordinate x® and field iLab. The remaining fields, namely h;/ and Cli,isis now only depend
on the coordinates ¢ and x;j. We note that this would not be possible if one were to
consider Fq1 X [1 at higher levels, nonetheless the results provide an interesting laboratory
in which to study the generalised spacetime introduced in the non-linear realisation.

Usually when carrying out a Kaluza-Klein reduction to seven dimensions one neglects
the dependence of the fields on the spacetime coordinates associated with the upper four
dimensions leaving the fields to depend on the seven dimensional spacetime. However, as
discussed previously in this paper, a different approach was adopted in the papers [36, 37]
where one neglected the dependence on the seven dimensions and kept a dependence on the
coordinates associated with the upper space. The simplification of the non-linear realisation
we have just carried out corresponds to this latter approach.

It is now straightforward to construct the non-linear realisation. The vielbein on the
generalised spacetime is given by equation (3.43) which in this case becomes

) 1 .
dz-FE-L= (gg))/)_l(d;szi + ﬁd:cijZ”)gg))/. (421)

From now on we will drop the 0 superscript and the primes on the group elements with
the understanding that the group elements are at level zero and do not include the IGL(7)
generators. Equation (4.21) is easily evaluated using equations (4.5)—(4.8), and we find that

i 1 Yo
E = (dete) 2 u' —aen it (4.22)
0 6_1 1119 ’ )
H1p2

i _ (phyi -1 drip _ -1l 1 i . dices
where e, = (")}, and €™y, = €7 ey, I. We are using 1, v, . . . as world indices in

the four dimensional spacetime. The prefactor follows from the terms with % prefactors in
equations (4.5) and (4.6), which in turn were inherited from such terms in equations (3.21)
and (3.22). As we mentioned there, this precise prefactor arises from the fact that the I; is
a representation of ;. We note that if one were to just consider it as a ten dimensional
representation of SL(5) then the factor would be —% rather than 1, as we found in section 2.
We will choose to construct the dynamics from the object defined in equation (3.50)
which for simplicity we now denote by M. Using equation (4.22) and M = EE?, where
here E# = ET,
Guv + %C,uijcyij —%CMVWQ

M = (dete)™! : (4.23)

_%CVMUAQ g—l[ul\wlg—lm]l’z
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where C;; = eukaij.

The most general action which is quadratic in generalised spacetime derivatives and in-
variant under the transformations of the non-linear realisation was given in equation (3.53).
It involves five constraints and is unfamiliar in that it is defined over the extended space.
We now adopt the procedure explained at the end of section three. Dropping the depen-
dence of the fields on z;;, we now evaluate the terms in the action of equation (3.53) to
find that

1
giEMMN<8MMKL)(aNMKL)
11 g10 T1T:
= Bguy(augglm)(augmaz) - ?glﬂ’(g ! 28/190102)(9 1 1/97172)

— g,lthU1...03,T1...7'3 (auCUIWUS)(81,07.1“..,-3), (424)
g_1/2MMN(aNMKL)(aLMMK)

1% v 1 v
= glw(aug ")(OvGor) — (augu )97 0vgor) — ~ 9" (90102(9#90102)(9T1T2 1/97172)
4

PTG (@,C 0O, (4.25)
g2 Mpqoos M op T (4.26)
= 907 (09" )(0ug"™) + (0u9" ) (977 v gor) + %g“”(g‘”"2 190102)(9 2 OuGry7y)
g G (D,Cr, ) (0O ), (4.27)
g_l/QMMN(MKLaMMKL)(MRSaNMRS)
= 499" (97" 0u9o105) (9™ P OvGr 2, (4.28)

and

- 7 a T1T
g~ P05 MITMPCOr MY = ~7(9,9") (97 Ougar) = 59" (977 Ougrs0) (97 Dy, 7).
(4.29)
Carrying out a gauge transformation on the three form field we find the resulting action is
gauge invariant if
1

1
C1 12° C2 9’ C3 , C4 34’ Cs

Up to integration by parts, the action is equal to
1
/ d4x\/§<R - 48F(4)2>, (4.30)

where R is the Ricci scalar of the metric ¢ and F™ is the field strength of C, ‘F;(]413l =
49;;Cjyy- We note that it is diffeomorphism invariant as well as U(1) gauge invariant. After
integration by parts the neglected boundary piece may be combined with the Gibbons-

Hawking term to produce a boundary term for the generalised spacetime [65].
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Figure 5. The E;; Dynkin diagram appropriate to the SO(5,5) duality

5 Five dimensions: SO(5,5)

The non-linear realisation of the Fy; x [ algebra will now be used to find the generalised
metric and construct an SO(5,5) duality manifest dynamics, recovering the result of [37]
up to a conformal factor. The conformal factor in [37] was chosen to be a specific value.
However, in this section, we see that the conformal factor is determined by the non-linear
realisation of E11 X [1. The construction appropriate for the case of five dimensions is found
by deleting the sixth node of the Ej; Dynkin diagram, figure 5, to find the subalgebra
GL(6) ® SO(5,5). As such we decompose Ej; X [; into representation of GL(6) ® SO(5,5).

Consider the lowest level generators of Ej; given in equations (3.1) and (3.3). The
generators that remain when we truncate to five-dimensions are

K, R7" Ry and K%,

where ¢,7,--- = 1,...,5 and a,b,--- = 1,...,6. These generators are all at zero level,
and the mixed index generators are all at higher levels as in the case of SL(5). The
algebra that these generators satisfy is given by the truncation of the Fy; algebra, equa-
tions (3.2), (3.4), (3.5) and (3.12), to level zero
(K, K*) = 6F K — 6] K",
[Kij Rk’1k2k3] — 35[k1R|z|k2k3]
? ,] )
[Kij’ Rk1k2k3] = _gdfklR\j\kzk:s]’
(R, Ry ) = 18577 1) — 2071020 (Z K+ K%);
7 a

[K%, K] = 0, K%q — 05 K.

The K¢ clearly generate the GL(6) algebra, while f(ij,Rijk,Rijk generate the SO(5,5)
algebra, where

- ) 1 .
K= K= 352 K
a
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We make the following identification

1
gel‘]klmRklm forI,J=1,...,5,

- 1 -
Ml = KIJ_5—§5§_SZK’fk forI=1,....,5and J =6,...,10,
k

1
56(1_5)(J_5)klmRklm for I, J,-'- = 6,...,10,

where k,I,m = 1,...,5 in the above. Now, one can see that the generators M/ satisfy
the SO(5,5) algebra

[MIJ,MKL] — UIKMJL o 7’]ILMJK o ’I’]JKMIL —I—?]JLMIK,

(015
"=1\1,0)

Similarly taking the [; representation generators, given in equation (3.17), and restrict-

where

ing the indices to the case we are considering, at the lowest level we find the generators
P, ZU 7z and P,

where again ¢,4,--- = 1,...,5 and a,b,--- = 1,...,6. The first three generators generate
the 16 representation of the SO(5,5) group, which we will call ¢15, while P, generates
translations in the 6-dimensional spacetime. The truncation of the F1; x [ algebra, equa-
tions (3.18)—(3.26), gives the commutation relations of these translation generators with
the F1; generators

[Ri1i2i3’ P = 35Li1Zi2i3},
[Rivizis 7il| — giviziajl
[Rivizis | zit-is] —
(K%, P = %5;;132-,
(K%, Zij] = %@?Z’“l,
(K%, Zil“‘iS] = %5221'1...1‘57

A 1 .
(K}, Pa] = 56 Pa.
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In what follows, we will use the Hodge dual of the Z% % generator

1 o
W = 567:1...%211“'15
for which the commutation relations can be easily found from the commutations rela-
tions above.
As in the previous section, we will construct the non-linear realisation using the SO(5,5)
group element

g = &' KemCuan RE

Y

which introduces the fields hij and Cjj;. Furthermore, the non-linear realisation also re-
quires the group element

a = eziPie%:vkzZMewW

9

which now has an extra generalised translation generator compared to the SL(5) case. This
introduces the coordinates

2t 2 and w,

which form the 16 of SO(5,5). In the group elements gr and g;, we have, as before, left
out the generators K%, and P,, respectively. As in the previous section this is a consistent
truncation of generators. Using the group elements grp and ¢; we construct the group
element of (3.30)

eo:iPrlr%a:kzZ“-&-wWehinije%ciijij’f

g:

from which the SO(5,5)x ¢75 non-linear realisation can be constructed.
The non-linear realisation is carried out in a similar manner to that outlined before,
and ultimately one finds

1 _ : . 1 1
g o daign = det(e") 72 (e"); " da? <P7; - §Cz‘kszl + Mcik1k20k3k4k5€kl"'k5w)

1 1 g
" Edet(eh)il/z(efh)ik(efh)jl dzy <ZZ] - 6Ck1k2k3e”k1k2k3w>
+ det(eM) "3 2dwW. (5.1)

The generalised vielbein can be read off from this expression,

eui _%eujcjmz %equj
EHA — (dete)_l/g 0 eH1 [ilemig] _%eﬂljl e#zh \VEEVE ; (5'2)
0 0 (dete)~!

where
i _ 1 ijkim jk
Vi = 56 Cklm and Xi = CijkV .
The tangent space indices are written with Latin letters and Greek letters indicate space
i

indices. We have also abbreviated the space vielbein ¢’ to e with the notation that ey’ is

the vielbein and e#; is the inverse vielbein.
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Figure 6. The E1; Dynkin diagram appropriate to the Eg duality.

Hence the generalised metric, M, for the SO(5,5) duality group is

Yuv + %Cuijcvij + %XMXV LCMVIVQ + LXMVVIVQ %9_1/2)(#

V2 4V2
M = g—l/2 %Cumzy + ﬁvuquV ghikzvive 4 %Vuwzvmw %9—1/2[/#1#2
%gfl/ZXV %gfl/Qvuluz gfl
(5.3)

where g = (dete)? is the determinant of the metric guv- This is the same generalised metric
as in [37] except for the factor of g. As we mentioned in section 2, and shown in appendix B,
multiplying a metric by an overall factor of g does not change the fact that the generalised

metric will describe the dynamical theory. However, the factor of g—1/2

in the generalised
metric, which one obtains by using the truncated Fj; x [; algebra, will naturally lead to
the incorporation of the measure in the dynamics.

The generalised metric can now be used to describe the dynamics. The following

expression
1 1
o MMN (9 MELY (O M) — 3 MMN (9 MELY (0, M)
11
+ 58 MMN(MEEGy M) (MBS 0y Mgs),

up to integration by parts, leads to the gauge-invariant and diffeomorphism invariant
combination

VAR = ),

where R is the Ricci scalar of the metric g and F' = dC' is the field strength of the 3-form
potential C.

6 Six dimensions: Fjg

The non-linear realisation of E71 X [1 for the case of six dimensions to lowest level follows
in the same way as before. We begin by deleting the fifth node of F{; Dynkin diagram,
see figure 6, to find the subalgebra appropriate to six dimensions, GL(5) ® Eg.

Truncating the Eq; generators, equations (3.1) and (3.3), to the six dimensions at the
lowest level, we find the group generators

sz,Rw ,Rijk,R” ZO,RZ'L“Z'G and Kab,

where Latin letters from the middle of the alphabet i,j,--- =1,...,6, and the start of the
alphabet a,b,--- = 1,...,5. These generators are those at level zero as before. The algebra
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satisfied by these generators is found by truncating the F1; algebra, equations (3.2), (3.4)—
(3.7) and (3.10)—(3.14), appropriately, in which case we find the algebra

[K';, K] = 6F Ky — 6] K",
[KZJ, Rk‘lk‘zkg] _ 36.£k‘1R‘7,|k:2k3}’
(K"}, Riskaks] = =387y, Rijlkoks)s
[sz, Rkl--.kG] _ 66][k1R‘Z|k2k6],
(K"}, Riy..) = —65fklR|j|k2...k6},

[Ri1i2i37 Rj1j2j3] — 2Ri1i2i3j1j2j3’
[Ri1i2i3v Rj1j2j3] = 2Ri1i2i3j1j2j37

0 ] = 006 20 (D00 S0 )
[Rilmin Rj1~~~j6] =—51.33 5[[21...155[(16] - 5'62 32 (Z ij + Z Kaa>,
7 a

[Ri1i2i3, le---ja] = 5[J1J2]3R

9 “t11213 .74.]5.76}
[K%, K] = 0y K%q — 05 K¢
The K%, generate the GL(5) algebra, while the generators

f(ij _ Kij 752 ZKQW

Rk Rijg, R¥-%6 and R;, . i generate the Eg algebra.

The generalised translation generators can be found by considering the generators of
the [y representation of Fji, equation (3.17), at lowest level truncated to six dimensions.
The generators that we find in this case are

P, Z49 zm  and P,

The generators with indices labelled by Latin letters from the middle of the alphabet gener-
ate the 27 representation of Eg, which we denote ¢5=, while P, generates translations along
the extra 5 directions. From equations (3.18)—(3.29), we can write down the commutation
relations for the translation generators, which are

(K5, By] = ~0LPs + 501, (6.1)
[Kijv Zk;l] _ 25£kz\z|l] + 55;-Zkl, (6.2)

. » L
(K, Zkl...ks] _ 55][,klzlllk2mk5] + 55;2k1~~k5’ (6.3)
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[Rivizis P = 35J[,i12i2i3]’ (6.4)

[Riligig’ Z]l] —_ Z’iliQiSjl’ (65)
[Ri1i2i3’ Zjlij] =0, (6.6)
[Ril.-.i(i,Pj] — _?)5][?1Zi2mi6]7 (6.7)
[Ril---i6’ Zjl---js] =0, (6.9)
1

(K%, ] = 50, P, (6.10)
[Kab7 ZZ]] — 56;)12]‘317 (611)

o 1. .
[Kaln le...ls] — §5ZL)LZ11...257 (612)

i L

[K'j, Pa = 50} Pa. (6.13)

For convenience, we will again use the Hodge dual of the Z¥U*™ generator

1 y
Wp = gepijklmzz]klm.

Now, we are ready to construct the non-linear realisation of Eg X ¢5-. The group
element of (3.36) is
Ciy..igR"1--6

Jrci 1 ijk 1
— ohi K o3 Ciin BV o5

gg = je3!

)

which introduces the fields
hijv CZ]IC and C’il...iﬁ .
Note that in six dimensions a new field Cj,. 44, which is a 6-form potential, is introduced.

This was not present in previous examples because in those cases the dimensions we were
considering were less than six. Further to the group element, gg, there is the group element

ip. g, zkl iy
q o P%e\/§ Kl o WZ?
which introduces the coordinates

',y and w'.

These form the 27 of Ej. It is again consistent to leave out the generators K%, and P, from
the non-linear realisation.

We now calculate the Maurer-Cartan form for the non-linear realisation and hence the
generalised vielbein, equation (3.43). By Hodge dualising equation (6.3), we can find that
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Now, using the above commutation relation and equations (6.1) and (6.2), we conjugate

the Maurer-Cartan form of g; by e’ K5 to obtain

NI

i 1o . 1 ..
e g dgreh K = det(e”)” ((ew det P+ (e )it ("), daw 29 (6.14)

V2
+ det(e™) ! (eh)uidw“Wi> ,

where Greek and Latin letters denote spacetime and tangent space indices, respectively.
This gives the dependence of the generalised vielbein on the spacetime metric, and conju-
Ciji Rk

gating the above expression by es we obtain the dependence on the 3-form potential:

1 Ciijijke,hinz‘j

gk
e 3! hy K

L 3
o3 Cisk R

g; "dgie
= det(eh)_lﬂ(eh)ﬂi dz" P,
1 1 g
+ ﬁdet(eh)*m(e*h)ﬂ(e*h)j” <dx,w — ﬁcw,,dxﬂ> Z4

f . 1 1
+ det(e)73/2(eh) /! (dw“ — \ﬁv“”ﬂdm,,p + 4cyklw“de) Wi, (6.15)

where we have defined V7F = %eij klmncy . In the deriving the above expression we have
made use of equation (6.4) and a rewriting of equation (6.5),

[Rijk7 Zmn] — epijkman‘

Note that in the truncation to six-dimensions the commutator of R* with Z%-% is zero
because Z"!7% vanishes.

Finally, we conjugate by the group element given by exponentiation of the R gen-
erator. Note that the only non-vanishing commutation relation of R**% with a generalised
translation generator is the commutation relation with P;, equation (6.7), or equivalently

[Ril...iG’ Pd] — 3(551€i1"‘i6]pr-

This gives us the dependence of the generalised vielbein on the 6-form potential. All in all,
we obtain

95 97 ' daige = det(e") 7 /2(e"), da P;

V2 V2

1 1 3
+ —=det(e") V2 (e7M) (e )V <dx,w - 2C#l,pd:rp> A
. 1
+ det(e") 732 (eh) /! (dw“ — —=det(eM)VHPdz,, (6.16)

S

1 1
+Zdet(eh)C’kll,V“kldx” + 2det(eh)de“> 14%3
where U is the Hodge dual of the 6-form potential,

1 . .
U = ae“'“”"CilmiG.
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Now, we can read off the generalised vielbein from equation (6.16). Using the same
notation as before for the ordinary space vielbein, the generalised vielbein is

i 1,00, . 1o s 1o iz . vk
en' —zen’ Cjinia 26U + 4OV

En? = (dete) Y2 0 em (i €"%43) —%e“ljle"?h‘/hﬁ% . (6.17)
0 0 (dete)_lefj”3

This generalised vielbein is very similar to the generalised vielbein in the case of the SO(5,5)
duality group. In fact the metric and 3-form potential dependence of the two generalised
vielbein are identical, except for the obvious difference that third generalised coordinate
direction in this case has an index but this is only because we are using the Hodge dual
of Z%5_ The dependence of the generalised vielbein on the 3-form potential only changes
when there is a new generalised coordinate direction in which case higher order terms in
the 3-form potential enter the generalised vielbein. In contrast, though, the generalised
vielbein for the Eg duality group gives the dependence of the generalised vielbein on the
6-form potential.

The generalised metric corresponding to the generalised vielbein, expression (6.17),
is constructed using equation (3.50). The dynamics can then be written in terms of this
generalised metric. The combination

1 1
o MMN (9 MELY (O My 1) — 3 MMN (9 MELY (01, Mk )
19

+ 5790 MMN(MEEG My ) (MBS oy Mgs), (6.18)

again, up to integration by parts, reproduces
1 2
R— —FW
vi(r- g

when derivatives with respect to the extra generalised coordinates are taken to vanish.
The 6-form potential is not dynamical in 6-dimensions as its gauge-invariant field

strength vanishes. When one evaluates the expression in (6.18) one discovers that C©)

cancels completely, verifying that the 6-form potential does not contribute to the action.

7 Seven dimensions: FE

In this section, we apply the non-linear realisation of E7; X 1 to seven dimensions. This is
found by deleting the fourth node of the F71; Dynkin diagram, see figure 7, in which case
we find the subalgebra GL(4)®E7.

The Ej; algebra of generators, equations (3.1) and (3.3), at level zero with respect to
the deletion of node four are

Kij,Rijk7 Rije, R Ry g and K%,

— 36 —



o 11

e — ... — 00— —e— ...—0 — 0 — o

1 3 4 5 8§ 9 10

Figure 7. The E1; Dynkin diagram appropriate to the E7 duality

where the indices labelled ¢, j, ... run from 1 to 7, while those labelled by a,b, ... run from
1 to 4. The commutation relations between these generators can be read off from the E7;
algebra, equations (3.2), (3.4)—(3.7) and (3.10)—(3.14),

(K, K"] = 6FK' — 6] K*,
[Kij, R/ﬁkzkzs] _ 3(5J[-klR|i|k2k3],
[KZ]7 Rk1k2k3] = _35E]<;1R‘]‘k2k‘3]7
[Kij7Rklmk6] _ 65][~k1 R|i|k2...k6]’
[Kijv Rklmkﬁ] = _65[ik1R\j\k2...k6]a
[RiliQ’iS,lejQ.B] — 2R2'1i2i3j1j2j3,
[Ri1i2i37 Rj1j2j3] = 2Rz’1i2i3j1j2j37
[Rilmigv Rj1j2j3] 185[[;1;2 Kza] o 2531;222 (Z Kj] + Z K" )
(R0, Ryl = =BL33 8 I 4 5187 (Z K+ K>
7 a

5! [
J1j2J3 R]4j5]6}
2 111213

[Ri1i2i37 leij] =
[K%, K] = 0, K%q — 05 K.

The E7 algebra derived from Cartan’s 56-dimensional representation of E7 [66-68], see
appendix C, can be recovered from these relations by shifting the GL(7) generator, K ij,
by the trace of the GL(4) generators K%,

ri i L a
szKj—aajZKa.

The list of [; generators, equation (3.17), can similarly be truncated to seven dimen-
sions where we find the generators

thz‘y’ Zzl...7,5’ Z““'M’J and Pa~

The first four generate the 56 representation of E7, denoted ¢5¢, and P, generate transla-
tions along the four extra directions. The Fj; x [; algebra, equations (3.18)—(3.29) gives
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the commutation relations of the generalised translation generators with the GL(4)®Ex;

generators. For convenience, we will use the generators

Wij = %Gijkl...kszkl'"ks, W= %Ejl.“ﬁzjlmj?’i, (7.1)
and write the commutation relations in terms of these generators.
(K%, Py) = —80P) + %5}&, K, 724 = 26 710 %5}2’“,
(K7 Wia] = =263, Wy + %5§Wk1, (K, W) = sk + g&;wk,
[Riji, P} =0, [Riji, Z™"] = 31 61" Py,
[Rijk, Winn] = %éijkmnpqu g, [Riji, W' = %%ij},
[Ri* P = 351[iij]7 [Rik zmn] — %eijkmnpquw
[RI* W] = 2068 WH [RUF W =0,
[Ri,..is. Pj] = 0, [Riy.is, Z™] = 0,
(R, ..ic; Wil = —3€gafiy..is Pig)» [Riy g, 2] = _%Ekil...iszkja
[Rit~is, p;| = %Eil.,.ingjk’ [Ritis| 7M] — éeil...iﬁ[kwl}’
(R0, W] = 0, (R0, W] =0,
(K%, P;] = %55 > (K%, 2] = %@?Z’d,
K, W] = 30 Wi, (K, W] = S0

. 1.
[K'j, P,] = 55§Pa'
In appendix C, we show that the generators
Kij? szkv RZ]k7 Rilmi67 Rh...i@ and Pi’ ZZ]7 Zilmi57 Zilmi?,j

do indeed generate the E7 X ¢56 algebra.

We can now construct the non-linear realisation, equation (3.30), for E7 X ¢56 and find
the generalised metric. The objects from which the non-linear realisation is constructed
are the group element, equation (3.31),

Jpri 1 ijk
— K i Cig RIE

gE = jeal Ci;...igR11-16

1
6!
)

which introduces the fields
hi]7 Oijk and O’il...iea
and the group element, equation (3.32),

b Lo i LW 1 i
a :eleleﬁx”Z ovs? W,JengWI’
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which introduces the generalised coordinates

2,z wM and w;.

The generalised coordinates are in the 56 of E7.
Now, the generalised vielbein is constructed from
95 9 gy

Similar calculation to the calculations in the previous sections show that the generalised
vielbein, Fr?, is

4 1.3 1 [Zs i4) J 1314 1 _ 1.3 kl
en' =5 Ciivis f U+l + \f@u X, S€u Cﬂ LUF e# X" Criig
M1 Izy _ 1 pr uz. J1j21314 1 opn ope H1 . pH2 . Y. Ji1j2
o3 0 ety ey e L,V e et ]U +4fe et 5, X
—1 ig 14 1 J1 LYo ’
0 0 € Cus [ €1 : \/§6#3 €1ia lejz 5
0 0 0 e lets,,
(7.2)

where e is the determinant of the vielbein e and
Juv = 6’263;77@5;
Viteia % are Hodge duals of the 3-form and 6-form potentials, respectively,
1104 L 1. 8471-J3 (). (. 1 etn-Je (1.
14 —3!5 J1-d3s U _6! J1.-J6>
and
X% = Cyp V™.
The indices labelled by Greek indices in the expression for the generalised vielbein are
tangent space indices and Latin letters label space indices.

We can find that when we restrict the fields to only depend on ordinary space coordi-
nates then

971/2MMN(8MMKL)(8NMKL)

= 129HV(augUT)(aygm_) - 629MV(90102 ugalaz)(ngT2 1/97'17'2)
—4gh” g7t 73730, Co g ) (0uCry . zg)
1 g O6sT1..-T¢
5'.9“”9 1067 6(8/LCO'1...06 - 200[0’1...0’3|6MC|0'4‘..0'6])

X (aucn...'rg - 200[71...7'3\8110\7'4...7'6})a (73)
g_1/2MMN(aNMKL)(aLMMK)

= gua(augm‘)(aygm_) - (aug,ul/)(gar l/gO"T)

1 v( o010 LT
- Zg‘u (g ! 28#.90'102)(9 ! 261/.97'17'2)
1
2

g#TlggngUg’Vst (811001-.-03)(&/071-.-7'3)

4(5 )gﬂﬁgol .06,V09...06 (8MC¢71__06 — 200[01“.03|8MC|U4“.06])

X (811071...7—6 - 200[7’1...7‘3|8UC|’T4...T6])7 (74)
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g—l/QMMN(MKLaMMKL)(MRSaNMRS)
= 5629uy(901028/»t90102)(971728V9T172)~ (7-5)

In the above calculations we made use of the following identities
2
Cl/alo'g 8HVUIU2T1T2 — O102T1T2 8/101/0'10'2 + §51[/7'1 ‘/7'2}01...o‘g,aucralma3

1
- §XV;TIT2901028MQU1027
3(5[V1X ] V2V3]

ovy..vy _ 2
4 9 [u1 B2k

Coprpa

which can be proved by Hodge dualising C' and V' and then contracting the epsilon tensors.
It is also useful to note that

1
V...V V1...V301...0;
CI/1...Z/3V“ ! 3 = 76# ! 391 30}/1...1/300'1...0'3

3!

vanishes because the epsilon tensor makes exchanging the set of indices vy ... v3and oy ... 03
an antisymmetric operation.

Now, in equations (7.3)—(7.5), comparing the terms that lead to the Ricci scalar,
which is

1 1
R= Zg’””(aug”)(augor) - 59’“’(%9”)(&/907)

1

17 oT 1 17 g10 T1T:
+ 5(3#9" )97 Ougor) + Zg" (9°'720190102)(9™ ™ O gry s ) (7.6)

up to terms that are total derivatives, we conclude that the combination

% MMN (9 MEDY (O Micr) — % MM (90 ML) (0, Mg i)
17

+ 37632 MMN(MELGy My ) (MBS 0N Mgs) (7.7

leads to the Ricci scalar. In fact, when the fields are allowed to only depend on ordinary
space directions, this reduces, up to integration by parts, to

1 2 1 2
\@(R_ LR Lo > ,
where /g is the measure, F' (4) is the field strength of the 3-form potential,

Fisil?~~#4 - 4a[ulcﬂ2mu4]’

and F(7) is the field strength of 6-form potential,

7
Flgl?--/ﬁ7 = 10, Cpig..pr) + T40C 415 0pa Ot i)

In the full theory in eleven dimensions one knows that the four and seven form field
strengths are dual. However, here we are considering the theory in seven dimensions,
so we cannot find an eleven-dimensional duality relation. The duality relation between
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these fields should be recovered if one carries out the non-linear realisation of E11 X {1 in
eleven dimensions. If one included all the components of h, C®), C6) rather than just those
where one has F7 indices, then one expects to be able to reproduce the duality relation
between F®) and F(7). Indeed, E11 X [1 contains all the fields required to have equations
of motion that are only first order in spacetime derivatives.

The generalised vielbein, expression (7.2), is the same as that found in [38], up to fac-
tors of det e. In [38], the dynamics is constructed in a different way and the other GL(4)
directions are needed in order to construct the action. However, here we formulate the dy-
namics using the generalised metric and find that imposing gauge invariance automatically
results in the action that is invariant under diffeomorphisms, and vice-versa.
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A Normalisation of generators

In this appendix, we will derive an invariant scalar product which has implicitly been used
to construct the actions given in this paper. Acting with the Cartan involution . on the
first fundamental representation l; we can define a new representation I.(l1) by

I.(P,) = —P% I.(Z%) = —Zuy, I(Z%%) = —Zay a5 - - - (A1)

where P%, Zuy, Zay.. a5, - - - are elements of the representation I.(l1).

The Cartan involution /. takes negative root generators to positive root generators up
to a sign in such a way as to preserve the algebra. A more fundamental definition can be
found in [1], for example. The action of I. on some of the Ej; generators is given by

I.(K%) = —K*,, I.(R™*%) = —Ryiasas, Le(R™ %) = R, q4- (A.2)

The Cartan involution interchanges upper and lower indices, and possibly involves a change
of sign. Consistency of the commutation rules under I. determines uniquely the sign.
Given equations (A.1) and (A.2) we can derive the commutation relations between Ejq
and those of the I.(l1) representation. For example, acting with the Cartan involution on
the commutator [R*19293 | = 3(5z[)a1Z 203 we find that

[Ralazampb] = —30) Za

la1

(A.3)

2a3]"
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Using equations (3.19), (3.21), (3.24) and (3.25), we find using similar arguments that

[Ra1a2a37 Zb1b2] - _Za1a2a3b1b2
_ _ 1 _
(K%, P] = 03P = S0, P,
[Ra1a2a3,Pb] — 0’
[Rala2a3’ Zble] = _651[7?}7(212Pa3]'

Given any element A of the [; representation and any element B of the I.(l1) we can
form an invariant scalar product denoted (A, B); the invariance means that

(X,A],B) = —(A,[X,B]), XeEu, Acly, Bel. (A4)

Taking X = R%%2% A = P, and B = Zy;, we find using equation (A.4) and equa-
tion (A.3) that
251[76112;12 (PC,PQS]) — 5£a1(Za1“2], Zble)' (A.5)

In fact, choosing our normalisation and using invariance under SL(11) we must set
(P., P*) =62, (A.6)

hence (249, Zy.p,) = 2(5?11;22. Using similar arguments, and repeating the above result, we
find that
(P, Pa) = 516;7 (Zere=, Zble) = 251?111?22’ (29, Zblmbs) = 5!51()111......1;155’
(Z7, Zpy . or,a) = (TG 3T 05 (A7)

Let us write the scalar product for all generators in the form
(L, E) =N, Le€l, Le Ic(ll) (AS)

where N is a diagonal matrix.

We will now derive an equation for the object M, that we have used to construct
the Lagrangians, in terms of the generalised vielbein E. This will involve the matrix N
just introduced. Let us first recall the technical steps given in section 3 leading to the
appearance of the generalised vielbein in the non-linear realisation. We can write the
group element ¢; in the form g, = ¢ "L where L' = CL and C is a diagonal matrix which
takes account of the possible normalisation factors. The Cartan form contains the terms
gl_ldgl = dz" - I'. Acting with the Cartan involution we find that I.(g;) = el 2" and so
I.(g; 'dg;) = L' - dz". Tt is easy to see that

(9, "dgi, I.(g, "dg1)) = dz" - CNC - dz. (A.9)

We take group element k € Ej; to act on the generators of the [; representation as
k~'L'k = D(k)L' and as a result the part of the Cartan form that contains the generalised
vielbein F is given by

ggl(gl_ldgl)gg =d2T - D(gp) - L'=d2T - E- L. (A.10)
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Using equation (A.10) and (3.50) we find that

(Ie(gs") o5 (9, dg)gpl(95") = d=" - D(gp)D(Ie(g5')) - L' =d=" - M - L. (A.11)

Let us now consider the object
(I(gx") Y95 (07 Y dan) gpl(95"), (g, tdgr)) = d=" - M - CNC - dz. (A.12)
Using the invariance of the scalar product (A.4), which is equivalent to
(90Agy ', B) = (A, gy ' Bgo), Ae€h,Bel,

where go is an E1; group element, we find that the object on the left-hand side of equa-
tion (A.12) is invariant under both the rigid and local transformations given in equa-
tion (3.37) and (3.38). Using again the invariance of the scalar product and equation (A.8)
we can evaluate this object to find that

dz" - M -CNC-dz = (95" (9; 'dar)gm, I(95" ) Le(g; ' da)(Le(g5) ™)
= (95" (9 "dg)gs. (95 9 ‘daige))
= (d7-E- L' (LT - ET - dz)
dz" - ECNC-ET - dz. (A.13)

Hence we find that MCNC = ECNCET. We will choose C' so that CNC = I and then

M = EET (A.14)

This choice also implies that
(L',LY=1 (A.15)

and equation (A.9) becomes
(g7 dgr, I (g, dgy)) = dadz, + dx®®dze, = . . .. (A.16)

In the case of the SL(5) duality group found in dimension 4, C' is the diagonal matrix
1
17 =)
( V2 )

. 1 ..
e.’l?lPi-‘rEa:ijZ”

with diagonal entries

so the group element ¢; takes the form

in equation (4.17). In dimension 5, the dual of the generator Z%~% has been used. The
normalisation of W = éeal_,% Z%-+% can easily be found from equation (A.7),

(W7 V_V) =

so in this case C' has diagonal entries
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Similarly, in dimension 6, the dual of the Z% % is W, = %eablmszbl'"bf’, which from
equation (A.7) has the normalisation

(Wa7 Wb) = 527

so in six dimensions C also has diagonal entries

(1,\2,1).

In seven dimensions, we have used the Hodge dual of two of the translation generators,

1 1
b1...br,
Wab = ge(lbclu.C5Zc1 057 W(l = ﬁ6b1...b7Z ! ’ CL.

The normalisation of these generators is found to be
(Wap, W) = 2654 (W, W) = 952

Therefore, in the case of seven dimensions C' has diagonal entries

(1 1 1)
) \/E? \/57 3 *
B Rescaling of the generalised metric

In this appendix, we show that rescaling a generalised metric by its determinant gives a
generalised metric that also reproduces the dynamical theory. There are some important
caveats that will be explained. Assume that a generalised metric, M, reproduces the
dynamics, when the fields only depend on the ordinary space coordinates and not on the
extra generalised coordinates,

L=qc MMN(E)MMKL)(aNMKL) + co MMN(aNMKL)(aLMMK)
+ c3 MMNMPQ(MRS@:MRS)(GMMNQ)
+ ey MY (MEPOp M) (M5 0y Ms), (B.1)

where ¢q, ..., ¢4 are known real numbers. We also require that the determinant of M is
related to the determinant of the space metric g,

det M = g%, (B.2)

for some real constant a. This is required by gauge-invariance of the theory under gauge
transformations of the potential 3-form and 6-form.
Consider rescaling of the generalised metric M by its determinant, or equivalently g,

M = g“M, (B.3)
where « is a real number. Therefore, M~ = g M~ and so

MMN(aMMKL)(E?NMKL) = giaMMN(aMMKL)(aNMKL)

_ g (2 + gD) g_aMMN(MKLaMMKL)(MRSaNMRS)v
a a
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where D is the dimension of generalised space, and we have used

Ovr(det M) Ourg

MELy My, = = . B4
OmMkr, qot M a P (B.4)
Similarly,
MMN (95 MELY (0 M)
— g_aMMN(aNMKL)(aLMMK)
2xy

= g MM MP (M 0p Mps) (03 Myg)
_ Z‘jga MMN (VKL 9y Micr ) (MBS 0y M),
MMN(MELG ) M) (MP5 05 Mps)
— <3D + 1>QQ_QMMN(MKLaMMKL)(MRS@NMRS)v
MMNNPQ (MBS 9p Mps) (OvMyg)
_ (ZD + 1>9“MMNMPQ (MT0p Mrs)(9r Mnq)

+2 <aD + 1) g~ MMN(MEOy Mic ) (MBS Oy Mps).
a a

Hence, as long as

<3D+ 1> £0,

the rescaled generalised metric also reproduces the action, but with different coefficients
for last two terms, i.e. ¢; and ¢y will have the same value, but the value of the constants

(o)

vanishes actually corresponds to the case where the generalised metric is derived from

c3 and ¢4 will change.
The case where

the duality group algebra. For example for the SL(5) duality group, let M denote the

generalised metric

1 ij o1 1282
g+ 3CC,y —La,
My, = oo, gufwmw , (B.5)
2

then the generalised metric derived from the SL(5) motion group is M = ¢g'/°M, equa-
tion (2.22) in section 2.° From equation (B.3), o = 1/5, and from equation (B.2), or (B.4),
a = —2. The dimension of the generalised space, D, is 10. Hence

(aD+ 1) —0.
a

5The M in section 2 is M here.

— 45 —



SL(5) [ SO(,5) | Es | Ex
a | 1/5 1/4 [1/3]1/2
a| -2 4 9 | -28
D| 10 16 27 | 56

Table 3. The values of «,a and D for the duality groups considered in this paper.

In contrast, for the generalised metric from the non-linear realisation of Fq1 X [1, equa-
tion (4.23), the corresponding values of a,a and D are —1/2,—2 and 10, so

<Z‘D+ 1) £ 0.

It can easily be checked that the above statement is also true for the SO(5,5), Eg and
E7 duality groups. In all these cases, let M denote the generalised metric with no factor
of det g in its top-left entry, and M be the generalised metric from the non-realisation of
the duality motion group. Then as can be seen from table 3,

o)
a

in all these cases. Therefore, the generalised metric constructed from the duality group
cannot be used to reproduce the dynamics. However, if the generalised metrics come from
the non-linear realisation of larger groups such as Ey, F1o or Ei1, then the value of « is
different and the generalised metric can be used to construct the dynamics. The particular
advantage of E7; is that it not only solves the above problem, but that it also results in
the correct overall measure.

C E; motion group from Cartan’s representation

Here, we will briefly review Cartan’s 56-dimensional representation of E7 [66-68] and use
it to find the algebra of the E7 motion group.® We show that the truncation of the Eqq x Iy
at lowest level to seven dimensions gives the algebra of the E; motion group.

We will consider the representation of the exceptional Lie group E7 on a 56-dimensional

1J

space parametrised by bivectors, x'”, and 2-form yr;, where I, J run from 1 to 8. The

infinitesimal transformations of these under EF; are
x”—>x”+AIKxKJ+AJKxIK+ZUKLyKL (C.1)
yrs — yrs — M rygs — A gy + Sroxpa™ ", (C.2)

where A! ; =0, and

wIJKL _ 1 (JJKLMNPQ
41

The A and ¥ parametrise the infinitesimal Fr7 transformations.

YMNPQ-

fSee also appendix B of [27] for a complementary account of E7
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To find the commutation relations of the motion group, we denote an E7 motion group
transformation by

J Al IIKL 1J 1J
U(A,X;a,b) = N M +E Vigkr+a'  Xpj+brgY ’ (C.3)

where X”yKL =0, and Y7 25% = 0. The generators MIJ and Viji generate E7 trans-
formations parametrised by A’ ; and SIJKL respectively, and X!7 generates translations
in the 27 directions, while Y7, generates translations in the yr; directions. The transfor-
mation of 2’/ and y;; under the E7 part of U is given, to first order, in equations (C.1)
and (C.2), respectively.

The commutator of two transformations can be used to calculate the commutation re-
lations of the generators. To this end, we calculate the commutator of two transformations
on 2!’ and y;; to second order in the infinitesimal parameters

A, $:a,0),U(A, S a, b))’

~ 1
< - 7@1 > KJ + <[A,A}JK . 3@JK> le
4 (A[IKZJMN]K _ A[IKEJMN}K) yn + A gaf? — A eak?

_'_]\JKGIK _ AJK&IK —I—EIJKLbKL . EIJKLIN)KL7 (04)

where
I STKLM TKLM <
0 ;=X Yrimg — 2 YKLMJ-

There is a similar expression for the commutator of two transformations acting on yys

[U(A,%;a,b),U(A, 2 a,b)]yrs

a,
~ 1
( Ky — 3@I§> YKJ — ([A,A}KJ - 3915> YIK
+4 (A X MmN K — A [IEJMN]K> MN + AK by — A by

+ AR gbre — A b + Spokpa™t — Spypa™t (C.5)
In the above equations we have used the identity

SUKLS g pun — S Sk iy = —3554@ J}V],

which can be proved by Hodge dualising ¥ and ¥ and then contracting the epsilon tensors,
and expanding out the antisymmetrisations in the resulting Kronecker delta symbols.

Hence, from the above equations, (C.4) and (C.5), we deduce that the commutator of
two transformations U and U is an infinitesimal transformation, as it must be from Lie
theory, and the transformation can be written

[U U] <[/~\ A] — @> [M +4 (AIMZMJKL AIMEMJKL> V}JKL
+ ( — oA BT 4 S Ly EIJKLBKL> Xy
+ (2/\ [bKJ — 2A [bKJ—i-E[JKLCLK —E[JKLCLKL> YIJ. (CG)
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Now using the above equation we can find the commutation relations. For example,
from the above equation

[U(R,0;0,0),U(A, 0;0,0)] = elMAVM (C.7)

But the U and U can also be written using exponentials, equation (C.3), so the commutator
of the two transformations can also be written as

[U(A,0:0,0),U(A,0;0,0)] = A My A MY, eALKM;EeAJIMIJ,
= A A MYy, M, (C.8)
using the Baker-Campbell-Hausdorff formula
XY — (XY +3[X Y]
Comparing equations (C.7)and (C.8), we deduce that

(M), MY}] = o1 M7y — 65 My (C.9)

The other commutation relations can be found using the same method and are listed

below:
(M}, Vapop] = 46{3\Vissep) — %6§VABCD; (C.10)
Vasep, VErcu| = —% (6[JAEBCD]EFGHI - 5[§E€FGH}ABCD1) My, (C.11)
(M7}, Xkcr) = 20k X 1) — iéﬂXKL, (C.12)
(ML), YRR = —6lfy el ia}}yﬂ, (C.13)
[Vapep, X1J) = %GABCDIJKLYKLv Vagop, Y] = 6\ Xcny- (C.14)

These are the commutation relations of SL(8) decomposition of the algebra of the E7
motion group. The uppercase Latin indices are in fact SL(8) indices, which is why they
run from 1 to 8. We are, however, interested in the SL(7) decomposition of the algebra of
the F7 motion group. This is because the E7 duality appears upon reduction on a 7-torus,
so we will make the duality act along these seven spatial directions.

It is not difficult to decompose SL(8) representations in terms of SL(7) representations.
We let I = (i,8), where lowercase Latin letters are SL(7) indices that run from 1 to 7, and

we define
A 1.
M) = —K; + 280D, (C.15)
2 : 2 .
MS'Z = aeikl-..k(;RalmaGa M"s = _ge’Lkl“.kGRkl---keﬂ (016)
1 1
Vijks = 15 Rijk, Vijki = EeijklmnpRmnpv (C.17)
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1 1

B, Xij = 7

. 1 , g 1 ..
Y® = —w?, YU = —79, C.18
3V2 V2 (C.18)

where D =", K ij. The normalisation has been chosen to match the normalisation of the

Wi,

FE4q % 11 generators in section 3. In particular, the coefficient of D in the relation between
M ; and K’ ;» the first equation in the set of equations (C.16), has been chosen so that the
commutator of Kij and RYF Rijk, R¥-%6 and R;, . i; has no trace term.

The commutation relations for the SL(7) decomposition of the E7 motion group are
found by inserting the decomposed generators into the commutation relations (C.10)—
(C.14). Whereupon, the E7 commutation relations are

(K%, K% = 6"KY) — 5iK*, (C.19)
(K"}, Riim] = =3 00, R)jjim)

[Kij’ RKm] — 5[’6R|i\lm} (C.20)

(K, Ry kg] = =68y, Rjihy.. ko)
[R—ij’ RF1-+ke] = 66[k1R| ilka...ke] (C.21)

[Riy.iss Rjr o js) = 2Ri, igjr . jas

[Ri1-i3 Rit-d3] = g Rit-iaji--a, (C.22)

[Riy iy RI15] = 60 601778 Rin-d)
[R5, Ry, o) = —60872" Ry, o, (C.23)
[Rivia R, .]=18 5[[;1322_;(13]} 25;1 ;;D (C.24)
[R5, Ry, jo) = —5!13. 35[[;1 25K2§]] + 5183 D (C.25)
Furthermore, the commutation relations of the Fr generators with the translation genera-

tors are

K P = —6LP; %5§Pk, (i, 7M) = 2.6 710 _ %5;12“, (C.26)
(K5 Wha] = =263, Wi + %53‘%" (K, W = W + %5§Wk’ (6.27)
[Rijie Pe] = 0, (R, 27" = 31 85" Py, (C.28)
[Rijhs Winn] = %eijkmnpquqa [Rijies W) = 00, Wi, (C-29)
[R*, p) = 360 77M, [RY*, 7] = ; ey, (C.30)
[RI* W] = 2600 W [RYF W =0, (C.31)
[Riy ies Pi] = 0, [Riy i, 2] = 0, (C.32)
[Riy..ic» Wii] = Ejil...ig(sfkpl]’ [Riy. g, WH = _gejiL--iﬁijv (C.33)
(Rt ] = _%Ejiln-iGij’ [Rit-io| 7k — éeil..ia[kwl}‘ (C.34)
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The E7 generators K ij, Rk s Rijr, Ri1-i6, R;, . i; and the generalised translation generators
P;, 79, 71+ 71117 can be exactly matched to the corresponding generators in section 7,
which were derived from the F1; x [ algebra.
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