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ABSTRACT: Many search strategies for the Standard Model Higgs boson apply specific
selection criteria on hadronic jets observed in association with the Higgs boson decay
products, either in the form of a jet veto, or by defining event samples according to jet
multiplicity. To improve the theoretical description of Higgs-boson-plus-jet production (and
the closely related Higgs boson transverse momentum distribution), we derive the two-loop
QCD corrections to the helicity amplitudes for the processes H — ggg and H — qqg in
an effective theory with infinite top quark mass. The helicity amplitudes are extracted
from the coefficients appearing in the general tensorial structure for each process. The
coefficients are derived from the Feynman graph amplitudes by means of projectors within
the conventional dimensional regularization scheme. The infrared pole structure of our
result agrees with the expectation from infrared factorization and the finite parts of the
amplitudes are expressed in terms of one- and two-dimensional harmonic polylogarithms.
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1 Introduction

Within the Standard Model of particle physics, the Higgs boson is the only particle re-
maining to be discovered. The Higgs boson is crucial for electroweak symmetry breaking,
the mechanism that explains the generation of the masses of the fermions and the weak
gauge bosons. While the vacuum expectation value of the Higgs field is directly related
to the Fermi constant, its mass remains a free parameter that can be constrained but not
predicted by the theory.

The direct detection of the Higgs boson at LEP and the Tevatron has been a very
challenging task over the past two decades [1, 2]. The LEP experiments [1] excluded
Higgs boson masses below My ~ 114 GeV, while the Tevatron excluded Higgs masses in
a narrow window around the W-pair threshold My ~ 2My,. With the start of the Large
Hadron Collider (LHC) at CERN, the focus of the Higgs boson searches has moved to the
ATLAS and CMS experiments, where the search is based on different decay channels. For
My 2 135 GeV the decay into two weak gauge bosons is most prominent, while for lower
Higgs boson masses the search at the LHC is much more challenging, since the dominant
decay modes are overwhelmed by large Standard Model backgrounds. For example, the



search for light Higgs bosons with My < 130 GeV is based on the rare decay H — 77y, which
has a branching ratio of O (10_3), thus requiring larger integrated luminosity. For light
Higgs boson masses, the dominant production process at the LHC is gluon fusion. Based
on the first O(5fb~1) of proton data taken in 2011, ATLAS [3] and CMS [4] are now able
to narrow down the allowed mass range for the Standard Model Higgs boson considerably
by essentially excluding the Higgs bosons in the range O(130 GeV) S My < O(600 GeV),
while observing an excess of Higgs boson candidate events around My = 125 GeV.

At leading-order (LO), the Higgs coupling to the two gluons is mediated through a
quark loop. Since the Higgs coupling to the quarks is proportional to the quark masses,
the dominant contribution is generated from the top quark [5]. The next-to-leading-order
(NLO) corrections [6-9] to this process have been calculated and turn out to be very large
(>60%). In the heavy top quark limit, M; — oo, the Hgg coupling becomes independent
of M;. One can therefore integrate out the top mass (M;) and formulate an effective
Langrangian Leg for the Hgg coupling [10-12]. This technique is valid for My < 2M,
and reduces the loops that need to be calculated by one. In this limit, the inclusive Higgs
boson production cross section has been computed at NLO [13] and at next-to-next-to-
leading-order (NNLO) [14-16], indicating a stabilization of the perturbative prediction at
this order.

Experimental searches of the Higgs boson apply final state cuts to improve the sig-
nificance of a potential signal over Standard Model background processes. To implement
these cuts in the theoretical description, fully exclusive calculations, which keep track of
the kinematical information of all final state particles (Higgs decay products and QCD
radiation) are mandatory. In the heavy top quark limit, the NNLO corrections to Higgs
production via gluon fusion have been computed fully exclusively, including the Higgs de-
cay to two photons or two weak gauge bosons by two independent groups [17-19]. These
calculations are in the form of flexible parton-level event generators, which can properly
account for the final state restrictions used in the experimental studies.

An important final state discriminator is the number of jets observed in addition to
the potential Higgs boson decay products, and the Higgs signal can often be enhanced by
applying jet vetos [20, 21]. In many searches, it is however expected that the H + 05 and
H+1j samples contribute roughly equally to the sensitivity. In the above-mentioned NNLO
calculations, the H + 1j final states are included to NLO [22, 23], and the H + 2j final
states to LO. NLO corrections to H + 2j-production have been derived recently [24, 25].
The correlation between samples of different jet multiplicity has recently been matter of
quite some debate [26, 27], and an improved theoretical description of H + 1j-production
to NNLO accuracy is essential in order to have the same theoretical accuracy for the H+1j
contribution as for the H + 05 contribution.

In the heavy top quark limit, a full NNLO QCD calculation of H + 15 production
requires the computation of the matrix elements of three contributions:

(a) the tree level H — 5 partons amplitudes,
(b) the one-loop corrections to the H — 4 partons amplitudes,

(¢) the two-loop corrections to the H — ggg and H — ¢Gg matrix elements.



The tree-level contributions of type (a) can be computed with standard tree-level methods,
and compact expressions can be obtained by using MHV-techniques [28, 29]. The one-loop
terms of type (b) were derived in an analytic form in [30-33], and form part of the NLO
corrections to H + 2j final states. The H — ggg and H — ¢gq¢ matrix elements were
previously known to one loop [34]. In this paper, we compute the two-loop corrections to
these processes in the heavy top quark limit. We note that expressions for the two-loop
H — ggg helicity amplitudes were previously given in the PhD thesis of one of us. [35]

The three different contributions must be combined into a parton-level event generator
program. All three are separately infrared-divergent, and only their sum is finite and physi-
cally meaningful. To combine the contributions, an infrared subtraction method is required.
Several methods have been applied successfully in NNLO calculations of exclusive observ-
ables in the recent past: sector decomposition [36-42], gp-subtraction [43] and antenna
subtraction [44-50]. A resulting parton-level event generator will allow an NNLO descrip-
tion of both H + 1j production and of the Higgs boson transverse momentum distribution.

In addition to their phenomenological importance for precise predictions of collider
processes, two-loop amplitudes are interesting to investigate fundamental properties of
quantum field theory at high perturbative orders, aiming to identify regularities, asymptotic
behaviour and heading towards an all-order understanding of field theory amplitudes. In
this context, the massless 2 — 2 QCD scattering amplitudes at two loops [51-61] were
used to determine the high energy Regge trajectories of quarks and gluons at the two-
loop level [62, 63]. Similarly, the two-loop decay matrix elements for v* — qqg [64, 65]
and H — 3 partons fix the the two-loop splitting amplitudes [66, 67], which describe the
collinear factorization of loop amplitudes.

This paper is structured as follows: in section 2, we consider the effective coupling of
the Higgs boson to light partons and define the kinematics. In section 3, we describe the
method used to construct the tensor coefficients in the general amplitudes. In section 4, we
construct the helicity amplitudes. The derivation of the two-loop corrections to the helicity
amplitudes, their renormalization and infrared properties are described in section 5. We
conclude with an outlook in section 6. The one-loop and two-loop helicity amplitudes can
be expressed in compact analytic form, and are enclosed in the appendix.

2 Notation and kinematics

2.1 The effective Lagrangian

At tree level, the Higgs boson does not couple either to the gluon or to massless quarks.
In higher orders in perturbation theory, heavy quark loops introduce a coupling between
the Higgs boson and gluons. As we mentioned in section 1, in the heavy top quark limit,
M; — oo, the Hgg coupling becomes independent of M;. We can therefore integrate
out the top quark field and formulate an effective Lagrangian, Lg [10-12] that couples
the scalar Higgs field and the gluon field strength tensor, thereby approximating the Hgg
coupling. This large top quark mass approximation has been shown to work very well
under the condition that the kinematic scales involved are smaller than twice the top
quark mass [68, 69].



The effective Lagrangian reads,
A
Ling = —ZHGZ‘”G@W . (2.1)

where G4” is the field strength tensor of the gluon. The coupling A has inverse mass
dimension. It can be computed by matching [70-72] the effective theory to the full standard
model cross section [6-9] and reads at one loop

&
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where the superscript on «g indicates the number of quark flavours taken into account.
The two and three loop corrections can be found in [70-72].

2.2 Kinematics

We consider the decay of the Higgs boson to three gluons,

H(ps) — g1(p1) + g2(p2) + 93(p3) (2.3)
or into a quark-antiquark pair and a gluon,
H(pa) — q(p1) + q(p2) + g(ps3) - (2.4)
It is convenient to define the invariants,
si2=(p1+p2)°,  sis=(1+p3)?,  sw3=(p2+ps3)°, (2.5)
which fulfill
Pa = 812 + 513 + 523 = 8123 = M¥ | (2.6)

as well as the dimensionless invariants,

Tr = 512/5123 ) Yy = 513/5123 ’ = 523/5123 ) (27)

which satisfy x +y + 2z = 1.

3 The general tensors

The amplitudes | M) can be written as,

|Mggg> = Spup(91;92§93)€/f€56§,

(Maag) = Tp(a: G 9)€” (3.1)

while the partonic currents may be perturbatively decomposed as,

a Qs
Suvp(915 92; 93) = MWAma, foro2e [S;(L?/)p(91392§93) + <*) S (91392 93)

2
@s\? o2 3
+ (%) S,Sy)p(gl;gz;g?)) + 0(045)}: (3.2)
_ u _ as _
T,(¢: G 9) = \Wira, T} [Téo)(q;q;g) + (g) TM(4:3: 9)
U 2
A\ @) (- 3
+(52) 1P(@a9) +0(ad), (3.3)

where ay is the QCD coupling constant, and S,S?,) and T,gi) are the i-loop contributions to
the amplitude. The SU(3) generators are normalized as tr(T?T?) = §%°/2.



3.1 The general tensor for H — ggg

The most general tensor structure for the partonic current S,,,(91; g2; g3) is given by,

i=1

3 3
Syup(91;g2;g3)€¥656§ = E Aijkpi'flpj'€2pk'€3+ g B;ipi-€1€2-€3
i,5,k=1
3

3
+ Z Cipi-ez€1-€3 + Z D;pi-€e3e1-€2
i=1 i=1
= Ao11p2-€1p1-€2p1 €3+ Az1apa-€1p1-€2p2- €3+ A2z1p2-€1p3-€2p1 - €3

+A239p2-€1p3-€2p2- €3+ A311p3-€1p1 - €2p1- €3+ A312p3-€1p1-€2p2-€3

+A331 p3-€1p3-€2p1-€3 + Az32p3-€1p3-€2p2-€s

+Bg€x-€3p2-€1 + By ex-e3ps-€;

+Cre1-e3pr-ea + Cs€1-€3p3-€2

+Dy€1-€2p1-€3 + Daer-eapa-es, (3.4)
where the constraints p; - €1 = 0, ps - € = 0 and p3 - e3 = 0 have been applied. The tensor

must satisfy the QCD Ward identity when the gluon polarization vectors €1, €2 and €3 are
replaced with the respective gluon momentum,

(61 — p1) — Suup(91592§g3)p/f€;€§ =0,

(€2 = p2) = Sup(g1; g2; 93)€elpies = 0,
(€3 = p3) = Sup(g1; 925 g3)€lesps = 0. (3.5)

These constraints yield relations amongst the 14 distinct tensor structures and applying
these identities give the gauge invariant form of the tensor,

Suvp(g1; g2; 93)€l €5el = A1 Ton + Az 311 + A232Thsz + Az12T312, (3.6)

where A;j;, are gauge independent functions and the tensor structures T;j;, are given by,

_ 1 p3-€1p3-€2p2-€3512 1 €2-€3p3-€1 823 12
1530 = po-€1p3-€aP2-€3— - €2-€3 P2 €] S23— +z ;
2 513 2 513
1 D2-€1P1-€2P2-€3513 1 €1-€2P2-€3513 512
T511 = po-€1pr-€aP1-€3— = €1-€2P1-€3 512 — +- )
2 593 2 593
_ 1 p3-€1p3-€ap1-€3512 1 €1-€3p3-€2 813 S12
T311 = p3-€1p1-€2P1-€3— = €1-€3P1-€2 513 — +z ,
2 S23 2 523
1 1
T312 = p3‘61pl‘62?2‘63—]?2‘61293‘62]?1‘63+§ €1-€3 D3 €2 812+§ €1-€2 P1-€3 523
1 1 1 1
5 €1 €3 P1€2 823-1-5 €2-€3 P2 €1513 7 5 €1°€2P2 €3 5137 5 €2°€3D3°€1 512 (3.7)

The coefficients are functions of the invariants si2, so3 and si3 and are further related
by symmetry under the interchange of the three gluons,

Aoi1(s12, 513, 523) = —Asz11(513, 512, 523) ,

Azza(s12, 513, 523) = —As11(512, 523, 513) (3.8)



The coefficients A;j;, may be easily extracted from a Feynman diagram calculation

using projectors such that,
Z P(Aijk) Suvp(91; 925 93) €l enel = Ay,
spins

where the four projectors are given by,

(D —4) t so3 (D—4)
P(Az1) = — Tl — T
(As1) 512593813 (D —3) 232 51325152 (D —3) 211
s23 D P (D=2)
S12 8133 (D — 3) 311 8132812 (D — 3) 312
s13 D t (D—4) i
A p—
P(Az32) 125953 (D —3) 252 + so3 5122 (D —3) 211
(D—4) t (D—2) t
_ T + 1515,
512893813 (D —3) 31 5532515 (D —3) 312
(D —2) i (D —2) i
A = T T.
P( 312) 8232812 (D - 3) 232 S13 8122 (D _ 3) 211
(D—-2) t D i
_ T + 1545,
s132s12 (D —3) P 7 519803813 (D —3) 312
(D — 4) t 5923 D +
A = T. T.
P(Az11) 5235122 (D —3) 252 + s13512% (D —3) 211
o2 (D —4) Tgn + D -2) T3T12'

_81328122 (D — 3) 513 8122 (D — 3)

Each of the tensor coefficients A;;;, has a perturbative expansion of the form,

S S 2
Aijr = \Wira, [Ag?; +(52) A5+ (52) AR+ o (@) |

while the tree-level values are,

Agi)l = ;,

Agi)l = _.9212’
=2

A Lo 2

3.2 The general tensor for H — qgg

The most general tensor structure for the partonic current 7,(q; q; g) is given by,

(3.9)

(3.10)

(3.11)

(3.12)

Tp(q; @ 9)es = Aru(pr)p,v(p2)p1 - €3 + Asti(pr)p,v(p2)p2 - €3 + Asti(p1)¢zv(p2).(3.13)

where ps - €3 = 0 has been applied. The QCD Ward identity yields,

Az = —p1-p3A; —p2 - p3Aa,



such that the amplitude can be written as,

Tp(q:3; 9)es = Ar (ﬂ(pl)pgv(pz)pz ~e3 — U(p1)f3v(p2)p2 'p3)

+4; (ﬂ(pl)ﬁgv(p2)p1 -e3 — u(p1)¢3v(p2)p1 'p3> (3.14)
= AT + ATy . (315)

The coefficients A; can be extracted from a Feynman diagram calculation by using
projectors such that,

Z P(ANT,(q;3;9)€5 = Ai (3.16)

spins

where the projectors are given by,

(D—-2) + (D —4) +
PA) = ———T] — T, , 3.17
(A1) 2(D — 3)s12575 1 2(D — 3)s12513823 ° (317
(D—4) i D—-2)
P(Ay) = — T o =m— el 3.18
( 2) 2(D — 3)812313823 1 2(D — 3)3128%3 2 ( )
Each of the coefficients A; has a perturbative expansion of the form,
o (0) , (D) 4, (@Xs)? 42 3
A; = Wiana, [Ai + <2W) AL 4 <2W) AP 10 ((a0)?)] (3.19)
while the tree-level values are simply,

1
AP = 40 = —. (3.20)
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4 Helicity amplitudes

The general form of the renormalized helicity amplitude \M;‘;;\Q)‘?’) for the decay, H(py) —
91(p1, A1) + g2(p2, A2) + g3(p3, A3) can be written as,

IM5022%) = Sup(g1; 925 93)€l y, (D1)€5 , (P2)€s ., (p3) (4.1)

where the \; = & denote helicity. Similarly, the amplitude for the decay |/\/l2‘(};\ 2)‘3> for the
decay, H(ps) — q(p1, A1) + G(p2, A2) + g(p3, A3) can be written as,

(Mado®8) = Tp(¢"5 723 9)€5 , (ps) - (4.2)

The helicity amplitudes can be obtained from the general D-dimensional tensors of
egs. (3.4) and (3.13) by setting the dimensionality of the Lorentz matrices to be four and
using standard four-dimensional helicity techniques [73-76]. This corresponds to working
in the ’t Hooft-Veltman scheme. We use the standard convention of denoting the two
helicity states of a four-dimensional light-like spinor ¢ (p) by,

Va(p) = 5(1 £ 28)0(0), (43)



with the further notation,

lpt) = 1+ (p), (p£| = V4(p). (4.4)

Particles may thus be crossed to the initial state by reversing the sign of the helicity. The
basic quantity is the spinor product,

(pg) = (p—lg+), [pq] = [p+1a—]; (4.5)
such that
(pa)lapr] = 2p - q. (4.6)
The polarization vector of a outgoing light-like particle with momentum p can then be
written as T
wo o~ aF T
e (psq) = + T PT) (4.7)
V2(qF|p£)

where ¢ is a light-like reference momentum that satisfies ¢ - p # 0 but which otherwise can
be chosen freely.
Important identities relating spinorial objects are the Fierz rearrangement,

(p+ IV g+)(r+1*s+) = 2[prl{(sq) (4.8)

and charge conjugation,
(p+17*la+) = {a=1"p—)- (4.9)
Substituting eq. (3.7) into eq. (3.6), we can express the helicity amplitudes for H — ggg

directly in terms of spinor products. It turns out that the only two independent helicity
amplitudes are |[Mt1) and |[MJ17). The other helicity amplitudes are obtained from

999 999
IMJ,ET) and [ME=) by the usual parity relation and by exploiting the symmetry of the

gluons. Explicitly, choosing p;;1 as reference momentum for ¢; 5, we find,

IMEEH) = o 1 My
999 V2 (p1p2) (p2p3) (p3p1)’
3
by = L [pip2)® (4.10)

— 7 V2 [paps][pips)’

where the coefficients o and 3 are written in terms of the tensor coefficients,

512513523 [ S12 523 513
———— | —Aonn + — A2 — —Asz11 — 24312 |,
2MH S13 5923

523
S
5= S A, (4.11)

Likewise (3.14) yields the helicity amplitudes for H — ¢gg in terms of spinor products.
—++
999
be obtained from \Mq_q'”g'“L) using the usual parity and charge conjugation relations. By
choosing p; as reference momentum for €3 y,, we obtain,

There is only one independent helicity amplitude |M ) and all other amplitudes can

iy L [papy)?
Mazg ™) = 75 v (4.12)



The helicity coefficient «y is obtained from the tensor coefficients as,
Y = S12 Al . (413)

As with the tensor coefficients, the helicity amplitude coefficients «, 5 and ~y are vectors
in colour space and have perturbative expansions,

2
O = \Wira,To [Q@) + (‘2)‘—) QW 4 (g—) Qo 4 (’)(af)} , (4.14)
T ™

for Q = a, 3,7. The colour factor is T, = T = f*12% and T, = T;*
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5 Calculation of the two-loop helicity coefficients

5.1 Calculation of two-loop Feynman amplitudes

The calculation of the two-loop Feynman amplitudes contributing to H — ggg and H —
qqg follows closely the calculation of the two-loop helicity amplitudes for v* — ggg [64, 65],
which contribute to the NNLO corrections to ete™ — 35 and related event shapes [77-85],
and of the two-loop helicity amplitudes for qg — Vv [86]. We performed two completely
independent calculations of the amplitudes, which provide a strong internal cross-check on
the results.

The Feynman diagrams contributing to the i-loop amplitude [M®) (i = 0,1,2) were
all generated using QGRAF [87]. For H — ggg, there are four diagrams at tree-level, 60
diagrams at one loop and 1306 diagrams at two loops, while for H — ¢gg, we have one
diagram at tree-level, 15 diagrams at one loop and 328 diagrams at two loops. We use
dimensional regularization [88-90] with D = 4 — 2¢ dimensions. We therefore apply the
D-dimensional projectors given in egs. (3.10) and (3.18) and perform the summation over
colours and spins using computer algebra methods, mainly implemented in FORM [91, 92].
When summing over the polarizations of the external gluons in the projectors, we use the
axial gauge with a D-dimensional metric. Internal gluons are kept in Feynman gauge,
resulting in internal ghost contributions to the loop amplitudes. The integrals appearing
in the individual two-loop diagrams contain up to seven propagators in the denominator,
and up to five irreducible scalar products in the numerator (i.e. scalar products which can
not be expressed as linear combinations of the occurring propagators).

The reduction of the two-loop integrals to a small set of master integrals using integra-
tion-by-parts (IBP) [93, 94] and Lorentz invariance (LI) [95] identities was performed using
the Laporta algorithm [96], which is based on a lexicographic ordering of the integrals.
We used two independent implementations of the Laporta algorithm: the MAPLE and
FORM based implementation which was developed in the context of [64, 65] and the
recently developed C++ code REDUZE [97]. Both implementations are based on auxiliary
topologies [64, 65], and substantial work was required to automate the translation of the
momentum assignments in the diagrams generated by QGRAF into the momentum sets
of the auxiliary topologies. This process has been automated in FORM using an iterated
shifting and matching algorithm for the momenta.



The two-loop master integrals relevant for this calculation are two-loop four-point
functions with one leg off-shell. These functions were all computed in [98, 99] in dimensional
regularization. The results of [98, 99] take the form of a Laurent series in e, starting at e =4,
with coefficients containing one- and two-dimensional harmonic polylogarithms (HPLs [100]
and 2dHPLs [98, 99]), which are a generalization of Nielsen’s polylogarithms [101, 102].
Several numerical implementations of HPLs and 2dHPLs are available [103-107].

Inserting the master integrals into the amplitudes and truncating the Laurent series
to the required order, the unrenormalized one-loop and two-loop helicity coefficients are
obtained. Their Laurent expansion contains HPLs and 2dHPLs up to weight 4. The
expressions for the master integrals derived in [98, 99] apply to the kinematical situation of
a 1 — 3 decay, while the H 417 production corresponds to a 2 — 2 scattering process which
is obtained from the decay kinematics by crossing. The crossing of the amplitudes requires
the analytic continuation of the master integrals, which is described in detail in [108].

5.2 Ultraviolet renormalization

Renormalization of ultraviolet divergences is performed in the MS scheme. Denoting un-
renormalised quantities with a superscript U, it is carried out by replacing the bare coupling
oV with the renormalized coupling as = as(1?), evaluated at the renormalization scale 2,

2 2
oY pdeS. = agp* [1 _bo <%> + <fg - gi) (%i) + O(a‘:’)] ; (5.1)

€ \27

where
Se = (4m)e™ 7 with Euler constant v = 0.5772. ..

and g is the mass parameter introduced in dimensional regularization [88-90] to maintain
a dimensionless coupling in the bare QCD Lagrangian density; 5y and (; are the first two
coefficients of the QCD S-function,

11C4 — ATy N, 17C% — 10C4TrNp — 6CrTrN
By = A R F7 By = A RIVF F1R F’ (5‘2)
6 6
with the QCD colour factors,
N2 -1 1
Ca=N, Cp= . Tp=-. (5.3)

2N 2
The renormalization relation for the effective coupling A is given in [109] as,
2 2
N e e R - - N e el (5.4)
€ \2m €2 € 27

We denote the i-loop contribution to the unrenormalized coefficients by Q(%):U

, using
the same normalization as for the decomposition of the renormalized amplitude (4.14). The

renormalized coeflicients are then obtained as,

00 — Q(O):U7
oM — g-1gm.u _ 3B qou
€ 26 I
2
a® = 52000 P gagmu <5f1 — 15@) QU (5.5)
¢ ¢ € 8e

,10,



For the remainder of this paper we will set the renormalization scale MQ = MIQJ = $193.
The full scale dependence of the helicity coefficients are given by,

2 2
Q= )\\/47TO[5(/,62)TQ{Q(0) + (as(,u)> [Q(l) + gﬁoﬂ(o) In (M)]

2T 5123

2\ 2 ’ :
. (ozs(,u )) [Q(Q) n (2509(1> i 2519(0)> In <“> + %5,6’39(0) In> (“ﬂ

2m 5123 5123

+0(a§)}. (5.6)

5.3 Infrared factorization

The amplitudes contain infrared singularities that will be analytically canceled by those
occurring in radiative processes of the same order (ultraviolet divergences are removed by
renormalization). Catani [110] has shown how to organize the infrared pole structure of the
one- and two-loop contributions renormalized in the MS scheme in terms of the tree and
renormalized one-loop amplitudes. This formula for the pole structure is proven [111-113]
from the structure of soft and collinear radiation in perturbation theory and can be gener-
alized to higher loop order.

The same factorization of pole terms applies to the helicity coefficients. In particular,
the infrared behaviour of the one-loop coefficients is given by,

0 — IS)(G)Q(O) + Q1) finite (5.7)

while the two-loop singularity structure is,

Q) — <—;I§?<e>z§§)<e> -

Jreiﬁ,yr(l — 2) <50 +K> Ig)(Ze) +H§22)(e)> QO

T(1—¢) \ e
-I-Ig)(G)Q(l) + Q(Q),ﬁnite’ (58)
where the constant K is,
67 > 10
K=|—-— — —TRrNp. .
(18 5 ) Ca o LRNF (5.9)

For each of the processes under consideration, there is only one colour structure present
at tree level. Adding higher loops does not introduce additional colour structures, and
the amplitudes are therefore vectors in a one-dimensional space. Similarly, the infrared

singularity operators I g )(e) are 1 x 1 matrices in the colour space and are given by,

W - 1. 5
Ioc (6) 2F(1 — 6) N <€2 + Ne (812 + 813 + 823) ) (510)
= I/(Bl)(e)v (5.11)
Wy = - In(Li 3, F o 1(1 .3
() 2T (1 —¢) N <€2 * 4e + 2Ne (813 + S23) N \ 2 * 2¢ Siz|, (5:12)

— 11 —



where, since we have set uz = S193,

S;; = ( 5123>€. (5.13)

Sij
Note that on expanding S;;, imaginary parts are generated, the sign of which is fixed by
the small imaginary part +i0 of s;;. The origin of the various terms in egs. (5.10)—(5.12)
is straightforward. Each parton pair ¢j in the event forms a radiating antenna of scale s;;.
Terms proportional to S;; are canceled by real radiation emitted from leg ¢ and absorbed
by leg j. The soft singularities O(1/€?) are independent of the identity of the participating
partons and are universal. However, the collinear singularities depend on the identities
of the participating partons. For each quark we find a contribution of 3/(4¢) and for
each gluon we find a contribution of fy/(2¢) coming from the integral over the collinear
splitting function.
Finally, the last term of eq. (5.8) that involves H (2) (e) produces only a single pole in
e and is given by,
e’

aY (5.14)

H () —
@ ()= Tra=gfe

)

where the constant Hg is renormalization scheme dependent. As with the single pole

parts of I 8 )(6), the process-dependent Hg) can be constructed by counting the number of

radiating partons present in the event. In our case,

« B g
HP =2HP + H?, (5.15)

where, in the MS scheme,

7 409 11x? 1 41 w2 3 3w\ 1
H? — (L =7 N2 e O By T R
a (453 361 96 ) 1% 108 o) T2 TRt ) W
w2 25\ (N?-1)Np
™ _ 2 JVF 5.16
i <48 216) N ’ (5.16)
1 5 1lx? 5 2 89 Np
H? = 2G4+ —4+— | N>+ - Ni+(——= — — | NNp — —. 1
9 <2C3 LUETREETY) > Tor N ET T T s FTUN (5.17)

At leading order, one can insert the values of the tensorial coefficients given in egs. (3.12)
and (3.20), into eqs. (4.11) and (4.13) respectively to find,

a0 = gO) — 40 _ 1 (5.18)

The renormalized NLO helicity amplitude coefficients can be straightforwardly obtained
to all orders in e from the helicity coefficients Q(1). For practical purposes they are needed
through to O(e?) in evaluating the one-loop self-interference and the infrared divergent
one-loop contribution to the two-loop amplitude, while only the finite piece is needed for
the one-loop self-interference. They can be decomposed according to their colour structure
as follows,

finite _ W, 1 pm (1)
(1), finite _ <N Ag ++ B + NrCy, ) (5.19)
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The finite two-loop remainder is obtained by subtracting the predicted infrared struc-
ture (expanded through to O(e?)) from the renormalized helicity coefficient. We further
decompose the finite remainder according to the colour casimirs as follows,

Jfinite 2 2 1
Q) finite _ <N2A§2)+NOB§2)+NQ ~ Do

2)  Nr 2 2 9 (2
CP 4+ Ep® L NNpED 4 N2F >>. (5.20)
All one- and two-loop coefficients are given in appendix A and B respectively.

To calculate the two-loop contributions to Higgs-boson-plus-jet production at hadron
colliders, the helicity amplitudes must be crossed to the appropriate kinematical situations.
Two types crossings are required:

g(p1) +g(p2) — H(ps) + g(—p3) , q(p1) + a(p2) — H(ps) +g(=p3), (5.21)
g(p2) +9(p3) = H(ps) +9(=p1),  q(p2) +g(p3) = H(ps) +q(—p1) . (5.22)

The definitions of the helicity amplitudes in terms of momentum spinors (4.10), (4.12)
remain unchanged by the crossing, such that only the helicity coefficients «, 3, are to be
continued to the appropriate kinematical region. The analytical continuation of the poly-
logarithmic functions appearing in two-loop amplitudes is described in detail in [86, 108].
We provide the one-loop and two-loop coefficients in all relevant analytic continuations in
FORM format with the arXiv-submission of this article.

6 Conclusions

In this paper, we derived the two-loop corrections to the helicity amplitudes for the pro-
cesses H — ggg and H — ggg. Our calculation was performed in dimensional regulariza-
tion by applying D-dimensional projection operators to the most general tensor structure
of the amplitude. Our results are expressed in terms of dimensionless helicity coefficients,
which multiply the basic tree-level amplitudes, expressed in four-dimensional spinors. By
applying Catani’s infrared factorization formula, we extract the finite parts of the helicity
coefficients, which are independent on the precise scheme used to define the helicity am-
plitudes. We provide compact analytic expressions for the two-loop helicity coefficients in
terms of HPLs and 2dHPLs.

By crossing the Higgs boson to the final state and two partons to the initial state,
these amplitudes describe the two-loop corrections to the parton-level process for H + 15
production and for the transverse momentum distribution of the Higgs boson. To compute
the NNLO corrections to these processes, the newly derived two-loop amplitudes need
to be combined with the previously known [28-33] crossings of the tree-level amplitudes
for H — 5 partons and one-loop amplitudes for H — 4 partons into a parton-level event
generator. The tree-level double-real radiation and one-loop real-virtual contributions both
contain infrared singularities from soft or collinear real radiation. In order to numerically
implement these contributions, the singular contributions must be subtracted and combined
with infrared singularities from the two-loop integrals. Up to now, infrared subtraction at
NNLO has not been fully accomplished for hadron collider processes involving final state
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jets. In the context of dijet production, a first proof-of-principle implementation of the
double-real radiation contribution exists [50], and the infrared structure of the NNLO
subtraction terms for hadron collider processes is largely understood [46-49]. With the
amplitudes derived in this paper, it should thus become feasible to compute the NNLO
corrections to H — 15 production and the Higgs boson transverse momentum distribution
at hadron colliders.
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A One-loop helicity coefficients

The finite contributions to the renormalized one-loop helicity coefficients, decomposed in
colour factors according to (5.19) are:

AE}) _ [1

2(_G(1_Z7an)_H(lvoaz)_G(Oal_Zay)

— H(0,1,2) = H(0.2)G(1 — 2,y) + G(0,y) H(L,2) — G0, 1) H(0, 2))
+G(—2z,1—2z,y)+ G(1,0,y) — H(1,2)G(-2z,y)

+ %( ~G(1 = z,y) + H(1,2) ~ H(0,2) ~ G(0.y)) - 7172]
w2 (a0 -y) -2 rint, (A1)
BV =0, (A.2)
chH) = é {G(l —z,y)— H(l,z)+ H(0,2) + G(O,y)}
—é((y-ﬁ-z)(l—y)—zz) —ig ) (A3)
Ay = [; ( —G(1—2,0,y) — H(1,0,2) — G(0,1 — z,) — H(0,1, 2)
— H(0,2)G(1 = 2,9) + GO, ) H(1,2) - G0, H(0,2)) + G(~21 - z,y)
+G(1,0,y) — H(1,2)G(—2,y)
11
+ 5 (— G =2y + H12) — HO,2) - G(O,y))}
z 1 z w2  lx
_6(1—y—z)(1_1—y—z+1—y—z>_ﬁ+ZT7 (A-4)
B =0, (A.5)
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o = % {G(l — 2y) — H(1,2) + H(0,2) + G(0,y)
_1—3j—2'(_1+1—;—z_1—;—z)]_i72r’ (4.6)
A — % {3( ~ G0,y H(L,2) + H(0,2)G(1 — z,y) + H(0,1,2) + G(0,1 — z,y)
- G(1,0,y) + G(1 — 2,0, y)) + 6<H(1,Z)G(—z,y) —G(—2z,1— z,y))
+5(G(0,y) +H(0,z)) + 12—3( —H(1,2)+G(1 - z7y)) - % - 3(22; 1)]
—z 4 , (A.7)
BY = {3( G(0,y)H(0,2)+G(1,0,y)—H(1, O,Z))—W;—Qg—:&(z;l)]» (A.8)
o = L B( G(0,9) = H(0,2)) +2(H(1,2) ~ G(1 - ,3)) + 1??] i (A.9)

B Two-loop helicity coefficients

The finite contributions to the renormalized two-loop helicity coefficients, decomposed in
colour factors according to (5.20) are:

1
AD) = [2<—G(1—z,—z,1—z,0,y)—G(l—z,—z,O,l—z,y)+G(1—z,l—z,O,O,y)

G(1 - —z,1—2z,y) +G(1 —2,0,1—-2,0,y) —G(1 —2,0,1,0,y)
(1—z 0,0,1— z,9)+ H(1,1,0,0,2) + H(1,0,1,0,2) + H(1,0,0,1, 2)
H(1,0,0,2)G(1 — z,y) — H(1,0,2)G(—2,0,y) + H(1,0,2)G(1 — z, —=z,y)
G(1,0,y)H(1,0,2) + H(1,2)G(1 — z,—2,0,y) + H(1,2)G(1 — 2,0, —z,y)
H(1, ) (1 —2,0,0,y) — G(0,—2,1 — z,y) + G(0,—=z,y)H(1,0, 2)

G(0, —z,1—2,9)+G(0,1—2,1—2,0,9) + G(0,1 —2,0,1 — z,9)

(O7 11—z, —,z7y)H(17 2) —G(0,—2,1—2,y)+ G(0,1 — 2,1 — z,y)H(0, 2)

G(0,1—2,1,0,y) — G(0,1 — 2z,0,y)H(1,2) — G(0,1 — 2z,0,y)H (0, 2)

H(0, ) (1-2,0,1-2,y)— H(0,2)G(1 —2,0,0,y) — G(0,y)H(1,1,0, 2)

G(0,y)H(1, O,l,z)—|—G(O y)H(1,0,0,2) — G(0,1,1 — 2,0,y) + H(0,1,1,0, 2)

H(0,1,1,2)G(0,y) — G(0,1,0,1 — z,y) + H(0,1,0, 1, 2)

H(0,1,0,2)G(1 — z,y) + H(0,1,0,2)G(0,y) + G(0,1,0,y)H (1, 2)
G(0,1,0,9)H(0,2) — H(0,1,2)G(—%,0,y) — H(0,1, 2)G(1,0,
H(0,1,2)G(0,—z,y) + G(0,0,1 — 2,1 — z,y) — G(0,0,1 — z,y)H(1, 2)
G(0,0,1 — z,y)H(0,z) + H(0,0,1,1,2) + H(0,0,1, 2)G(0,y)

H(0,0,2)G(1 — 2,1 —z,y) + H(0,0,2)G(1 — 2z,0,y) + H(0,0,2)G(0,1 — z,y)

G(o,o,y)H(l,l,z) G(0,0,y)H(1,0,2) — G(0,0,y)H(0, 1, 2)

G(0,0,y)H(0,0,2) + H(0,2)G(—z,1 — 2,0,y) + H(0,2)G(—2,0,1 — z,y)
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—H0,2)G(1 —2z,—2,1—2,y) — H(0,2)G(1l — 2,1 — 2,0,y)
HO.2)G(1 - 2,1.0.9) + HO.AG(L1 - 2,0.9) + HO. G101~ =)

+(7G(—z,1—z 1—-2,0,y) —G(—2,1—2,0,1—z,9)
- G(—2,0,1—2z1—2z,y) -Gl —2z1—2z,—2,1—2z,y) + G1 — 2,1 — 2,1,0,y)
+G1—21,1- ZO,y) G(1-21,0,1—2,y)—G(1l—2,1,0,0,y)
-G - —2z,1—2,9)—G(1,1—2,0,0,y) — H(1,1,0,2)G(—2,y)
H(1,1, z) ( z,0,y) — G(1,0,1 — 2,0,y) + H(1,0,1,2)G(—z,y)
G(1,0,0,1 —z,y) + G(1,0,0,y)H(1,2) — H(1,0,2) + H(1,0,2)G(—%,1 — z,y)
(1,0,2)G(1 — 2,1 — z,y) + H(1,0,2)G(1 — 2,0,y) + H(1,2)G(—z,1 — 2,0,y)
H(1, ) ( 2,0,1 —2z,9)+ H(1,2)G(1 — 2,1 — 2, —2,y)
(1,2 —-2,1,0,y) —G(0,—2,1 — 2,1 — z,y) + G(0,—2,1 — 2,0,y)
(07 2,0,1 —2,9) +G(0,—2,1 — z,y) — G(0,—=z,y)H(1,1, 2)
G(0,—z,1—z,y)H(0,z) — G(0,—2,0,y)H(1,2) + G(0, —z,1 — z,y)H(1, 2)

(07 1a la Z) ( z y) - (Oa 1; Z)G(_Zv 1- Z7y) + H(07 17 Z)G(l - % 1-
H(0,1,2)G(1 — 2,0,y) + G(0,0,—2,1 — z,y) — G(0,0, —z,y)H(1, z)
G(0,0,1,0,y) — H(0,2)G(—%2,1—2,1—z,y) + H(0,2)G(1 — 2,0,0,)
H(0,2)G(1,0,0,3))

2,Y)

+§( —G(0,~2,1—2,y)H(0,2) — H(0,1,2)G(1 — 2, —2,9)

— H(0,0,1,2)G(1 — z,y))

( G(—z,—2z,—2,1—2z,y) + G(—2z,—2,1— 2,1 — z,y)

(—
G(—2z,1—2z,—2,1— zy)+G(1—z,—z,—z71—z7y)—G(l,l,LO,y)
G(1,1,0,0,y) + H(l, 1,0,2)G(1 — z,y) + H(1,1,2)G(—z,—z,y) + G(1,0,1,0,y)
H(1,2)G ( —z,y) — H(1,2)G(—2,—2,1 — z,y)

H(1,2)G(—2,1 — z,—2z,y) — H(1,2)G(1 — 2z, —2,—z,y) + G(0,1,1,0,y)

H(0,1, z) (==, —z,y) + H (0,0, l,z)G(—z,y))

+%( — G(0,1 = 2,y)H(0,2) + H(0,1,2)G(0,y) — H(0,2)G(1 — 2,0,)

+ G(O,y)H(l,O,z))

161( G(—z,—2,1—2,9) + Gl — 2,1 —2,0,y) + G(1 —2,0,1 — z,y)
G(1-2,0,0,y) —G(1,1,0,y) + H(1,0,0,2) — H(1,0,2)G(1 — z,y)

H(1, ) (—z —z,y) — H(1,2)G(1 — 2,0,y) + G(0,1 — 2,1 — z,3)

G(0, JY)H(1,2) + G(0,1 — 2,0,y) — H(0,1,1,2) + H(0,1,2)G(—2,y)
(0 0,1—2,9)+ H(0,0,2)G(1 — z,y) + H(0,0,2)G(0,y) — G(0,0,y)H (1, 2)
G(0,0,y)H(0,2) + H(0,2)G(1 — 2,1 — z,y) + G(0,y)H(1, 1,2))

+I( — H(1,0,1,2) + H(0,1,2)G(1 - z,y) + H(0,1,0,2))

+1§1< —G(1,0,0,y) — G(—2,1 — 2,1 — z,y) — H(1,1,2)G(—2,y)
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G(1,Ly) = G0, 1,y) + H(1,1,2) = G(1,0.y) + H(0,0,2) + G(0,0,9))

)(—G(l—z,y)—i-H(l,z)—H(O,z)_G(o,y))
)G s ) H(LLE) + HOLG0 - 2)

~ H(0,0,2) = G(0,0,1))

+<7 _7)(—0(1—z70,y)—G(0,1—zay)—H(O,Z)G(l—Z»y)

£ G(0,9)H (L, 2) — G(0,y)H(0, z))

75 1) (G20 —2.0) + G(1.0.9) — H1L2)G(~2)
2

- (32D
)G —2y)+ (% + %)H(Lz)

)(—H(O,Z)—G(O,y)) +W

502972 99¢; 37t 1321 ﬂ

8 96
(13 113372
1

6\ 21 ettt 15 T 6

Hw+20-9)-2) [+G<1,o,y> +G(=21 = 2y) ~ H(L,2)G(~2y)
+G0,y)H(1,2) — G(0,y)H(0, 2)
%( G- 2,0,y) — H(1,0,2) — G(0,1 — z,4) — H(0,1,2)

— H(0,2)G(1 - z,y) — G(0,y)H(1, 2) + G(0,y)H(0, z))

_ %(G(l—z,y) —H(l,z)) +%H(O,z) _ ?”2TZ+214;}
2 2
(21572(—1+ 1_;_2)—4(1152_2) —‘%+%(1+1_2yiz_z
+ m(l —2Z+22))) {G(O,y)H(O,z) + H(1,0, 2) —G(LO,y)}
+(%_%Jr%_%*yu%(%%é(l—?yﬂﬁ))) X

|:G(1 - 2707y) - G(la 07?/) - G(*Z, 1- Zay) + H(la Z)G(*Zay) + G(07 1- Zvy)

+ H(0,1,2) — G(0,y)H(1, z)}

25z 9z yz 1522 5 52?22
(2 % v 1o, 52
12y 4 6 4y 6 vy

[H(O7 2)G(1—z,y) — G(—2,1—z,y)+ H(1, 2)G(—=, y)]

+ %(1 -2z + 22))) X
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1 30 30
+%(63—93(y+z)+4yz+72(1—224—2'2)+7y(1—2y+y2)

+30(y2 + zz)) {G(l ~2y)— H(L,2)

1 1 1
- ( — 63246027 = 302°(1 = 2) (- + T——) +26y(1 —y - z))H(O, 2)

36 y 1-y-—
1 1— 14 2 2
3 7(932’( z) 145y Tyz 19y 30z (—142:- 22)
36 2 2 2 2 1—y—=z
30y%(1 —y
=N 610,)

2 252 2z 522 9 1
(A (R T R VR S W
+2(36(1—y—z) 9+18(1—y—z)(z R — 2+27)
B 722 ~ 19yz 17y(1 — y))

36 36 36
i {55 ( —H(0,2)G(1 — 2,y) — H(0,2)G(0,y) — H(0,1,2)

24
—2H(1,2)G(—=z,y) + H(1,2)G(0,y) — H(1,0,2) — G(1 — 2,0,y)

11
+2G(~2,1—2z,y) — G(0,1 — z,y) +2G(1,0,%) + F( — H(0,2)+ H(1,2)

1 TTn?  3¢; 185

fG(l—z,y)*G(O,y))+§(y(1fyfz)+z(1fz))) ~ s T4 tor | (B.1)
B2 =0, (B.2)
C =0, (B.3)

(2) — i 1 _ 2 2 a2y B

Da _12(22( L+2y—y) + - (1-v) 4+22+y)[+G(1 2,0,y)

+G(0,1—z,y)+ H(0,1,2) — G(0,y)H(1, 2) — G(1,0,9) + H(1,2)G(—2,y)

—G(—z,1- zy)}

Al A N T

+12<(1fyfz)2( L+2z Z)+17yiz(1 ) —2-2 2y)><

[H(LO, 2)+ G(0,y)H(0,z) — G(1,0, y)}

z 2
+E(y7(—1+22—z2)+§(1—22) —4+z+2y) [H(O,Z)G(l—z,y)

+ H(1,2)G(-z,y) — G(—z,1 — z, y)]

L5, 82 2y 3 22
36< +y( 14+22=2%) + = (=142 —y") =5 (v +2)

36\ 2

—3(y+z+ yz)) [0(1 —zy) — H(l,z)}

L gty Ly g, 152
3 <3z (1 z)(y+1_y_z) 62 — — )H(o,z)
B T ENPYR: i ¢ Sl )]
36(1—y—z(1 2242%) —3z(1—2) + .
9y? 1 201 1 )
—6y—3yz—2>G(O,y)—18{—8+18C3}—6((y+z)(1—y)—z)
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™ z z 222 9 23
7<1_ _Z(2— 1_y_z+1_y_2—2z —71_y_z)—z(2—|—z—|—2y)>

s
| — B.4
i (B-4)

E® = é B ( +G(0,1—2,y)H(0,2) — H(0,1,2)G(0,y) + H(0,2)G(1 — 2,0,y)
- G(O,y)H(l,O,z))

—|—2(G(—z,—z,l—z,y) -Gl —2,1-20,y) —G(1l—2,0,1-2z29)

1-2,0,0,y) —G(0,1—2,0,y) + G(1,1,0,y) — H(1,0,0, 2)

1,0 2)G(1 —z,y) — H(1,2)G(—2,—=z,y) + H(1,2)G(1 — 2,0,y)
z,1—2,y)+G(0,1 —z,y)H(1,2z) + H(0,1,1,2) — H(0,1,2)G(0,y)

,1,z) (—z,y)+ H(0,1,2)G(0,y) — G(0,0,1 — z,y)

,0,2)G(1 — z,y) — H(0,0,2)G(0,y) + G(0,0,y)H(1,2) — G(0,0,y)H(0, 2)

)G = 2,1 = 2,y) = GO, H(1,1,2))

n 3(H(1, 0,1,2) + G(0,1— z,9) — H(0,1,0,2) — H(0,1,2)G(1 — 2, y))

G
H(
G (o,
H(0
H(0
H(0

+ 4(G(—z, 1—2,1—2,y)+ H(L1,2)G(—2y) + G(1,0,0,y)
~ H(1,2)G(~21 - 2,y))
n 5(G(1 —z—z 1= zy) — H(L2)G(1 — 2, —2,y) + G(0, 1, o,y))
G(=21—2,y) + G(1,0,y) — H(1,2)G(~=2, y))
G-z 1—zy) - HA,1,2) + H(1,2)G(1 — 2,y) — H(0,0, 2)

—G0.0.)) — £~ H(L0.2) ~ H(0.1,2)) - 2120
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