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1 Introduction

Effective field theories (EFT) are nowadays the standard tool to investigate the low-energy
dynamics of Quantum Chromodynamics (QCD). In particular, the chiral symmetry is a
crucial ingredient for the understanding of the light quark interactions. The dynamics of
the pseudo-Goldstone bosons from the spontaneous symmetry breaking is provided by the
corresponding EFT, Chiral Perturbation Theory (yPT), with a perturbative expansion
in powers of light quark masses and external momenta [1-4]. This allows a systematic
description of the long-distance regime of QCD, at energies below the lightest resonance
mass. The precision required in present phenomenological applications makes necessary to
include corrections of O(p®). While many two-loop xPT calculations have been already
carried out [5, 6], the large number of unknown low-energy constants (LECs) appearing
at this order puts a clear limit to the achievable accuracy. The determination of these
xPT couplings is compulsory to achieve further progress in our understanding of strong
interactions at low energies.

In the resonance region, E ~ Mp, the chiral counting breaks down and the new
heavier degrees of freedom — the resonances — have to be explicitly incorporated into



the theory. A suitable alternative is then provided by the 1/N¢& expansion in the limit of
a large number of colours, No — oo [7-13]. Assuming confinement, the strong dynamics
is given at large Ng by tree-level diagrams with an infinite number of possible hadronic
exchanges. This corresponds to the tree approximation of some local Lagrangian, being
meson loops suppressed by higher powers of 1/N¢ [7-9]. Resonance Chiral Theory (RxT)
provides an appropriate framework to incorporate these massive mesonic states within a
chiral invariant phenomenological Lagrangian [14-16]. The operators of the RxT action
are constructed such that they remain unchanged under flavour transformations U(3); ®
U(3)gr. After integrating out the heavy fields, the yPT Lagrangian is recovered at low
energies with explicit values of the chiral LECs in terms of resonance parameters. The
short-distance properties of QCD impose stringent constraints on the RxT couplings and
provide important information for the extraction of the low-energy yPT parameters. The
amplitudes are thus enforced to follow the known high-energy QCD behaviour, introducing
in the long-distance description important information from the underlying theory [10-13].

Clearly, we cannot determine at present the infinite number of meson couplings which
characterize the large-No Lagrangian. However, one can perform useful approximations
in terms of a finite number of meson fields. Truncating the infinite tower of mesons to
the lowest resonances with 0=, 07", 17~ and 17" quantum numbers, one gets a very
successful prediction for the O(p*) YPT couplings at large N¢ [13]. Already at this level
the comparison with experimental determinations of the O(p*) chiral couplings shows a
remarkable agreement. Some O(p®) LECs have been also estimated in this way, by studying
appropriate sets of Green functions (see ref. [16] and references therein). All the required
terms in the RxT Lagrangian that may contribute to the O(p®) LECs at LO in 1/N¢ were
classified in ref. [16].

Since chiral loop corrections are of next-to-leading order (NLO) in the 1/N¢ expansion,
the large-N¢o determination of the LECs is unable to control their renormalization-scale
dependence. First analyses of resonance loop contributions to the running of Lqo(p) and
Lg(u) were attempted in refs. [17] and [18], respectively. In spite of all the complexity
associated with the still not so well understood renormalization of RxT [18-25], these
pioneering calculations showed the potential predictability at the NLO in 1/N¢.

Using dispersion relations we can avoid the technicalities associated with the renor-
malization procedure [24, 26, 27]. This allows one to understand the underlying physics in
a much more transparent way. Still, a fully equivalent diagrammatic calculation is possi-
ble, although the derivation and presentation is slightly more cumbersome [17, 18, 28]. In
particular, the subtle cancellations among many unknown renormalized couplings found in
ref. [18] and the relative simplicity of the final result can be better understood in terms
of the imposed short-distance constraints within the dispersive approach. Following these
ideas we determined, up to NLO in 1/N¢, the couplings Lg(p) and Csg(u) in ref. [26] and
Lio(p) and Cg7(p) in ref. [27]. In this article we present the study of the vector form factor
(VFF) of the pion, which allows us to estimate the YPT coupling Lg(p) and the O(p%)
combination Cgg(u) — Coo(pt) up to NLO in 1/N¢.

In order to establish the notation, the RxT Lagrangian is introduced in the next
section. The analysis of the VFF in the resonance region is performed in section 3, while



section 4 contains the determination of Lg(u) and Csg(p) — Coo(p). A summary of our
results is finally given in section 5. In order to ease the reading of the text, we have shifted
the technical details on the calculation of the spectral function, the full VFF and the chiral
coupling expressions to the appendices.

2 The Lagrangian

We will adopt the Single Resonance Approximation (SRA), where just the lightest reso-
nances with non-exotic quantum numbers are considered.! On account of the large-N¢
limit, the mesons are put together into U(3) multiplets. Hence, our degrees of freedom are
the pseudo-Goldstone bosons (the lightest pseudoscalar mesons) along with massive multi-
plets of the type V(177), A(17"), S(0t+) and P(0~"). With them, we construct the most
general action that preserves chiral symmetry. Since we are interested in determining the
xPT low-energy constants and the study of the short-distance behaviour, the chiral limit
will be taken all along the paper. No information is lost as the chiral LECs are independent
of the light quark masses.

Resonance Chiral Theory must satisfy the high-energy behaviour dictated by QCD.
To comply with this requirement we will only consider operators constructed with chiral
tensors of O(p?); interactions with higher-order chiral tensors tend to violate the asymptotic
short-distance behaviour prescribed by QCD [13, 22, 23]. Likewise, it has been shown in
some cases that resonance operators with higher number of derivatives can be simplified
into terms with less derivatives, terms without resonances and operators that contribute
to other hadronic amplitudes, by means of the equations of motion and convenient meson
field redefinitions [14, 16, 18-21, 28|.

The different terms in the Lagrangian can be classified by their number of resonance
fields:

LRXT:£G+ZLR1+ Z £31R2+..., (2.1)
Ry R1,R2

where the dots denote operators with three or more resonance fields, and the indices R;
run over all different resonance multiplets, V, A, S and P. The term with only pseudo-
Goldstone bosons is given by [2-4]

F2
La= 4 (upu + x4 ) - (2:2)

'In ref. [29-31], it has been argued that large discrepancies may occur between the values of the masses
and couplings of the full large-N¢ theory and those from descriptions with a finite number of resonances.
Even in this case, it is found that one can obtain safe determinations of the LECs as far as one is able
to construct a good interpolator that reproduces the right asymptotic behaviour at low and high energies.
Further issues related to the truncation of the spectrum to a finite number of resonances are discussed in
ref. [32-34].



The second term in eq. (2.1) corresponds to the operators with one massive resonance [14],

Fy 1 Gy
Ly = VV i + VV ,u’ v )
1% 2\/2<u+> 2\/2<u[u u”])
F. v
EA: A<A;wfﬁ >,

2v/2
Ls = cq{ Suyuut) + cm(Sx+ ),

Lp = idm{Px_). (2.3)

The Lagrangian Lg, g, contains the kinetic resonance terms and the remaining operators
with two resonance fields [14, 16, 18]. We show only the terms that contribute to the vector
form factor of the pion, taking into account that here we just consider the lowest-mass two-
particle absorptive channels, with two pseudo-Goldstone bosons or one pseudo-Goldstone
and one resonance. In the energy range we are interested in, exchanges of two heavy
resonances are kinematically suppressed. Hence, the relevant operators are

ALga = MPAN{V,LS, A Y, )
ALsp = N (ua{V*S, P}),
ALpy = X ([VIP, Vi Ju” ),
ALy = iNS [V, AyalhG ) + iNS A [VF Vi, A ug )
HIA, A [V Vi, Al ) + NV AV o Vi, AP i) (2.4)

All coupling constants are real, the brackets (...) denote a trace of the corresponding
flavour matrices, and the standard definitions for the u#, x4, fi and h*” chiral tensors of
pseudo-Goldstones are provided in refs. [14, 16].

Our Lagrangian Lg, 7 satisfies the N¢ counting rules for a theory with U(3) multiplets.
Therefore, only operators that have one trace in the flavour space are considered. Note that
local terms with two traces in flavour space, which are of NLO in 1/N¢, cannot contribute
at tree-level to the VFF because the final two-pion state has isospin I = 1. The different
fields, masses and momenta are of O(NQ) in the 1/N¢ expansion. Taking into account
the interaction terms, one can check that F, Fy,, Gy, Fa, cg4, ¢y and d,, are O(y/N¢) and
the )\flRQ are O(N2) . The mass dimension of these parameters is [F] = [Fy/] = [Gy] =
[Fa] = [cd] = [em] = [d] = E and [AF172] = EP.

Note that the U(3) equations of motion have been used in order to reduce the number
of operators. For instance, terms like (P V, u") are not present in eq. (2.3), since they
can be transformed into operators that, either have been already considered, or contain a
higher number of mesons by means of the equations of motion and convenient meson field
redefinitions [14].

The RxT Lagrangian (2.1) contains a large number of unknown coupling constants.
However, as we will see in the next section, the short-distance QCD constraints allow us
to determine many of them. In the observable at hand and with our assumptions, we
initially have ten couplings or combinations of them (F, Fy, Gy, Fj4, cq, )\*19‘4, )\fP, APV
—2DAYA + AYA and 2034 — 2AYA + AYA 4+ 20YA) and four resonance masses (My, Ma, Mg



and Mp). As we will see in section 3, after imposing a good short-distance behaviour of
this observable, the number of parameters reduces to three couplings (F, Gy and F4) and
three masses (My, M4 and Mg). The Weinberg sum-rules associated with the left-right
correlator [35, 36] allow us to further reduce the number of inputs; the amplitude is finally
determined in terms of just F and the three masses My, M4 and Mg. The role of the
information coming from the underlying theory is thus fundamental.

3 The vector form factor of the pion

Our observable is defined through the two pseudo-Goldstone matrix element of the vector

current:
(o) 7 (p2)] (iu — dy#d) [0) = F(s) (b1 — o) (31)

where s = (p; + p2)?. At very low energies, F(s) has been studied within the xPT
framework up to O(p®) [2-4, 37, 38]. RxT and the 1/N¢ expansion have also been used
to determine F(s) at the p meson peak, including appropriate resummations of subleading
logarithms from two pseudo-Goldstone channels [39-45]. A first systematic study of the
VFF at NLO in 1/N¢ was performed in ref. [18]. Although the general structure was well
established there, the present article answers and solves three important questions raised

in that previous paper:

e In ref. [18] only operators with at most one resonance field were included (except
for the kinetic resonance terms) [14]. However, as suggested in the appendix C of
that article, this assumption is not really justified and leads to problems with the
asymptotic short distance behaviour. In the present paper, we have considered all the
operators needed to describe the absorptive cuts with two chiral pseudo-Goldstones
and those with one pseudo-Goldstone and one resonance, being higher thresholds
with two resonances highly suppressed in the energy region that we consider [27].

e Due to this first issue, in ref. [18] the logarithmic part of F(s) was badly behaved
at high energies. It was not possible to enforce a vanishing form factor at s — oo
without the inclusion of new hadronic operators in the leading Lagrangian. The
inclusion of those terms in the present article will allow us to recover the expected
high-energy dependence for the VFF in QCD [46, 47].

e The final result of ref. [18] contained the unknown RyxT couplings Zg and 588 — 5’90,
which are the analogous ones to the YPT LECs Lg and Csg—Cgg. In the present work,
they are fully determined by means of the high-energy matching with QCD [22, 23].

Within Resonance Chiral Theory the diagrams contributing to the VFF at leading
order in 1/N¢ are shown in figure 1. They generate the result

FyGy s

Fror () =1+ F2 M2 —s’

(3.2)



Figure 1. Tree-level contributions to the vector form factor of the pion. A single line stands for a
pseudo-Goldstone boson while a double line indicates a resonance.

Considering that the form factor is constrained to be zero at infinite momentum transfer [46,
47], the vector couplings should satisfy

FyGy = F?, (3.3)
which implies
M\Q/
F = . 3.4
RXT (S) M‘2/ — 5 ( )

The subleading corrections can be calculated by means of dispersive relations. Once the
one-loop absorptive parts of Fry7 (s) are known, one can reconstruct the full form factor
up to appropriate subtraction terms. We can separate then the leading and subleading
parts of the amplitude in the form

My

foT(S):MQ_S
%

+ F(8)wwo (3.5)

with F (S)NLo containing the one-loop contribution (figure 2) and the subleading part ¢

NLO
of the resonance coupling combination Fyy Gy /F? =1+ §,, (for details see appendix E):

F($)nro = Onro M‘Q/S_ s +~7:u(5)' (3.6)
The explicit form for the subtracted one-loop amplitude F¥(s) can be found in appen-
dices A and C, being fully determined by the spectral function ImF(s) through a once-
subtracted dispersion relation. It vanishes at s = 0 and has no contribution to the real
part of the pole at s = M‘2, The subleading correction to the couplings, dy,, is fixed by
means of the high-energy matching after demanding that it cancels the bad behaviour of
FY(s) =640 +O(s71) when s — oco. Furthermore, the NLO term F(s),, can be neatly
separated into its different contributions from the various two-meson absorptive channels
F(8)x10lm1 ms» given by the corresponding F(s)|m, m, and the consequent Gy, o lmy ms-
These details are relegated to appendices B and C.

Although in this article we follow the procedure of refs. [26, 27|, our results can be
also derived in an utterly equivalent way through a Feynman diagram computation and
the standard renormalization procedure. This derivation is slightly more complex and its
detailed explaination is relegated to appendix E.
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Figure 2. One-loop contributions to the vector form factor of the pion with absorptive cut. A
single line stands for a pseudo-Goldstone boson while a double line indicates a resonance.

We will consider only the effects of absorptive loops with two pseudo-Goldstones (7)
or with one pseudo-Goldstone and a resonance (Rm). Two-resonance channels RR’ have
their thresholds at (Mg + M5)? 2 2GeV? and their impact on the LEC determination is
expected to be negligible [27]. Taking this into account, we extract our RxT form factor
through the following short-distance matching procedure:

1. Determine the spectral function of the considered absorptive cuts (77 and Rm). The
full expressions are shown in egs. (B.1), (B.2) and (B.3) of appendix B.

2. We demand ImF(s) to be well-behaved at high energies, i.e., it must vanish when s —
0o. In the present work, we will actually impose this constraint channel by channel,
i.e., we will demand that each separate two-meson cut ImF(s)|m,, m, vanishes at
s — 00. For spin-0 mesons this must be so as its one-loop contribution to the spectral
function is essentially its VFF at LO (which vanishes at infinite momentum) times the
partial-wave scattering amplitude at LO (which is upper bounded). For higher spin
resonances the derivation is more cumbersome as the Lorentz structure allows for the
proliferation of form factors and the unitarity relations are not that simple. Still, in
many situations it has been already found that amplitudes with massive spin-1 mesons
as final states must go to zero at high energies even faster, due to the presence of extra
powers of momenta in the unitarity relations coming from intermediate longitudinal
polarizations [27]. In summary, we will assume ImF(s)|m, m, — 0 when s — oo
for every absorptive two-meson cut under consideration, regardless of the spin of the
intermediate mesons.

In the case of the w7 cut we have found two constraints, which are consistent with
the literature,
FyGy = F?, 3G% +2¢4=F?, (3.7)

-7 -



where the first one coincides with eq. (3.3), that is, with the constraint obtained with
the vector form factor at leading-order [15]. The second one was derived in ref. [48]
from the LO 77 scattering amplitude. It is interesting to remark that the ¢4 = 0
limit of this second relation, Gy = F/v/3, has been obtained recently from a study
of 77 — P~ v, decays (P = 7, K) [49]. We have used these constraints to fix Fy
and c?l.

For the P cut, the only possible solution is to kill the whole contribution by means of

MYV =o, (3.8)
which is consistent with the large-N¢ constraint from the vector form factor into P,
studied in ref. [27].

The analysis of the Amw cut leads to more than one real solution. We have chosen
the solutions consistent with previous works [24, 27|, where the NLO contributions
in 1/N¢ to the IIyy(s) correlator coming from tree-level form factors to resonance
fields were studied:

F
AN =0, AR AR A = FA :
14
FuGy (M?% — 4 M2

3V2M3c, Fy

The first two constraints, in the first line, come from the analysis of the Am vector
form-factor. The last relation with A4 is then needed to make ImF(s)|ax — 0 for

S — OQ.

After imposing the relations (3.7), (3.8) and (3.9) the spectral functions can be ex-
pressed in terms of Gy, Fa, F' and masses, as shown in egs. (B.6), (B.7) and (B.8).

3. The spectral function is now ready for the once-subtracted dispersion relation pro-
vided in the appendix A in eq. (A.4), which allows to reconstruct the full form factor
up to the pole position at s = M‘% and the real part of its residue.

4. Finally, we impose that the whole Fry7(s) vanishes at short distances — not only
its imaginary part —. This fixes the real part of the residue at s = M2 and, con-
sequently, the NLO correction dnr,o in eq. (3.6). In order to ease the reading of the
manuscript, the complicated expressions for the well-behaved contributions to the
different channels are provided in appendix C, in egs. (C.1), (C.2) and (C.3).

4 The chiral couplings Lg(p) and Csg(pr) — Coo(tt)

The low-momentum expansion of F(s) is determined by xPT [2-4, 37, 38]. The corre-

sponding expression in the chiral limit reads

2s Pg 5 —S
L —1
F2{ i) + 32m? (3 o M2>}

4s° I 1) (5

Fypr(s) =1+

S

og ) +O(N8)}+O(s3) L)



with [2-6]
1 (L) (L) 2Ly Ly L3 Ly

Iy = I'e/ =Ty = — - . 4.2
9= 4o 88 90 3 T 37 9Ty (4.2)
The couplings F2, Lg, Cgs/F? and Cyo/F? are of O(N¢), while I'g, Fgé)/FQ and Fég)/FQ

are of O(NQ) and represent a NLO effect.
The low-energy expansion of egs. (3.4) and (3.5), obtained, respectively, within Reso-
nance Chiral Theory at leading-order and at next-to-leading order in the 1/N¢ expansion,

allows to determine the chiral couplings Lg and Csg — Cyp at LO and at NLO.

4.1 The large-N¢ limit
At leading-order in 1/N¢, eq. (4.1) becomes

2s 452
FypT (s)=1+ 2 {Lg + O(Ncov)} o {Css — Cop + O(N¢)} + 0(83) . (4.3)
Within RxT in the large-N¢ limit, eq. (3.4) can be now expanded at low energies:

M‘Q/ s 3
:Ma_8:1+ . TO(s7). (4.4)

S
fRXT (8) M2 + M
|4 |4

The matching between (4.3) and (4.4) fixes Lg and Cgg — Cyy at LO [15, 16],

F? F*

Lo = Css — Coo = — - .
9 QM‘Q/, 88 90 4M$

(4.5)

4.2 Ly(p) and Cgs(p) — Coo(p) at NLO

Following the same steps as before, let us determine the related O(p*) and O(p®) low-energy
constants by matching eq. (4.1) and the low-energy expansion of eq. (3.5),

2s F? - I 5 —S
=1 @ 9 —1 4.6
Frr (s) = 1+ {2M3, FET g2 |3 7108 M2 (4.6)
452 o, T b g —s
_ _ (4) _ 88 90 —1 3
F4{ v T 3272 <3 °8 M5>}+O(S )

where the £27) are the relevant O(s") coefficients of the low-energy expansion of Fy,  (s),
once the structure coming from the yPT one-loop diagram has been subtracted from
the mm channel. The separated contributions E,Sfi“m from each absorptive two-meson
cut Fy,o(8)|mime are provided in appendix D, being each of them independent of the
renormalization scale p.

By comparing the xPT expression (4.1) to the RxT low-energy expansion (4.6), it is
straightforward to estimate the chiral LECs Lg(p) and Csg (1) —Coo(p) up to NLO in 1/Ng:

F? r M
Lo(p) = ) S Y
Q(M) 2M‘2/ +£ + 327’(’2 n 9 (4 7)
4 3 F(L) _ F(L) M2 ’
C _C — (4) _ ‘88 90 1, MV
ss (1) — Coo(p) AM2 +¢ q92 0 L2



where

) _pl) 3Gy, o | WGy FP 3Gy FP43GY,
ss — Loo

_ - (4.8)
8MZ  4AMZ  8ME 8M3 8MZ

matches the corresponding O(p®) running at NLO in 1/Ng. Note that the large-N¢ re-
2 2 2

lations Lo = 2L, = 45‘;4‘/‘2/, Ly = —Z’ch[‘é 2;2% and Lg = I;‘;V[G‘Q/V [14] have been used in

eq. (4.2). The high-energy constraints FyyGy = F? and 2¢2 = F? — 3G%, of eq. (3.7) have

been employed to obtain the result on the r.h.s. of eq. (4.8).

4.3 Phenomenology

Using My ~ 0.77 GeV and F ~ 89 MeV, one gets the large-N¢ estimates from eq. (4.5):
Lg ~6.7-1073 and Cgg — Cyp ~ —4.5-107°. At o = 770 MeV, the phenomenological deter-
minations Lo (o) = (6.9 £0.7)-1073 [2-4, 13] and Lo (o) = (5.93 +0.43) - 1073, Csg (o) —
Coo(po) = (—5.5 £ 0.5) - 107> [37, 38], obtained respectively from an O(p*) and an O(p®)
ChPT fit, agree approximately with the LO estimates.

Large-N¢ estimates are naively expected to approximate well the couplings at scales
of the order of the relevant dynamics involved (u ~ Mp). However, they always carry
an implicit error because of the uncertainty on p. This theoretical uncertainty is rather
important in couplings generated through scalar meson exchange, such as Lg(u). In the
present case, it also has a moderate importance. The size of the NLO corrections in 1/N¢
to Lo(u) and Csg(p) — Coo(t) can be estimated by regarding their variations with p. These
are respectively given by

OLo(p) Ty _ _0.8-10°3,
dlog p? 3272

dlog p? 32r2 o

So far, we have been working within a U(3);, ® U(3)r framework, but we are actually
interested on the couplings of the standard SU(3) 7, ®SU(3) g chiral theory. Thus, a matching
between the two versions of YPT must be performed. Nonetheless, on the contrary to
what happens with other matrix elements (e.g. the S — P correlator [26]), the spin-1 two-
point functions do not gain contributions from the U(3)-singlet chiral pseudo-Goldstone;
the 71 does neither enter at tree-level nor in the one-loop correlators. Therefore, the
corresponding LECs are identical in both theories at leading and next-to-leading order in
1/No: Lo(u)V® = Lo(p)3U®, (Cas (1) — Coo(1)) "™ = (Cis (1) — Coo(1))*").

The needed input parameters are defined in the chiral limit. We take the ranges [2—
4, 50] My = (770 £5)MeV, Mg = (1090 £ 110) MeV and F = (89 4+ 2) MeV. The res-
onance couplings Gy and F4 can be fixed in terms of F' and masses if one considers
the short-distance conditions obeyed by the left-right correlator [13]. The constraint of
eq. (3.3), coming from the vector form factor of the pion, and those from the first and
second Weinberg sum rules [35, 36] determine the vector and axial-vector couplings at LO
in 1/N¢ [24, 27],

M? M3 — M2

M2
F‘Q/ :F2 A G2 :F2 A Fj :F2 1%

M2~ M2 Mz a2z 410

,10,



1st Approach 2nd Approach

103 - Ly at LO 6.68 6.68

108 - £2) 0.11 ~0.04

103 - £2) 0.00 0.00

103 - &) 1.12 1.00

10° - (Cgg — Cop) at LO  —4.46 —4.46
10° - €42 0.76 0.71

107 - €% 0.00 0.00

105 - £ —0.88 —0.73

Table 1. Different contributions to the chiral couplings within the two numerical approaches
explained in the text.

with M4 > My . Due to the large width of the a;(1260) meson, the determination of the
Lagrangian parameter M, is far from trivial. From the observed rates I'(p? — ete™) =
(7.02 £ 0.13) keV [50] and T' (a1 — 7y) = (650 £ 250) keV [50], and considering (4.10), one
finds M4 = (938 & 13) MeV and M4 = (960 £ 80) MeV. Another large-N¢c determination
of My was obtained in ref. [51] from the study of the m — ev.y decay, which yields
M4 = (998 +49) MeV. We cannot use the information coming from I'(p — 27) = (149.4 +
1.0) MeV [50] in order to determine M4, since Gy is constrained by eq. (3.7) to be smaller
than F/+/3, which results in M, < 940 MeV. In spite of the dispersion of values for My,
one gets a consistent description in the range M4 = (920 + 20) MeV, which we will take as
our input. The resulting numerical predictions for the LECs are

Lo(po) = (7.9+£0.4) - 1073,
Css(po) — Coo(po) = (—4.6 £0.4) - 1075’ (411)

being o the usual renormalization scale, pg = 770 MeV.

Alternatively, one could also use the phenomenological values for Gy, Fa and the
axial-vector mass, instead of fixing them through the Weinberg sum-rules. Thus, one may
employ M4 = (1200 £ 200) MeV [50], and F4 = (120 £ 20) MeV, from the observed rate
I'(a; — my) = (650 + 250) keV [50]. The constraint of eq. (3.7) implies that Gy < F/v/3,
so that we take the range Gy € [40,50] MeV. For the remaining inputs My, Mg and F,
we consider the same values used before, yielding the predictions

Lo(po) = (7.6 £0.6) - 1073,
Css(po) — Coolpo) = (—4.5+0.5) - 107°. (41

As it can be observed, the influence of using the first or the second approach is not
crucial at the present level of accuracy. We take the values in (4.11), which include more
theoretical constraints, as our final next-to-leading-order estimates for the LECs.

In table 1 we present the different contributions to the LECs within the first and second
approaches. A graphical comparison of the NLO predictions and the large-N¢ estimates
has been made in figure 3 for different values of the renormalization scale .
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Figure 3. The RxT predictions (solid gray band) for the yPT O(p*) low-energy constant Lg ()
(a) and the O(p°®) combination Csg (1) — Coo (i) (b) are compared to their large-N¢ estimates (red
dashed) for different values of the renormalization scale . The error of the large-N¢ estimate is
given by the naive saturation scale uncertainty from eq. (4.9).

It is appropriate to note the appreciable increase of Lg(pg) from the large-N¢ pre-
diction, for pg = 770 MeV. In fact, the correction dnyro in eq. (3.6) gets a contribution
from the Am channel which is still comparable to that from the 77 one. This subleading
contribution to Fy Gy, fixed through short-distance matching, increases the value of Lg by
1-1073, a quite sizeable shift. For details see appendix E and ref. [52].

5 Conclusions

In this article we have completed the analysis of the VFF at NLO in 1/N¢, initiated
in ref. [18], where the general framework was established. We have considered operators
with more than one resonance and have studied contributions from intermediate channels
with resonances. We get a well-behaved VFF at high-energies, which goes to zero for
q? — oo [46, 47).

Imposing that each individual absorptive cut vanishes at short distances, one gets
stringent constraints on the structure of the VFF, which led to a prediction of the relevant
O(p*) and O(p%) xPT couplings up to NLO in 1/N¢. The required inputs are the resonance
masses My, M4 and Mg, and the pion decay constant F'. As expected for such a well-
known observable, the large- N prediction provides already an excellent estimate and the
subleading corrections are relatively small. At the reference scale pg = 770 MeV, we obtain

Lo(po) = (7.9+£0.4) - 1073,
Css(110) — Coo(po) = (—4.6 £0.4) - 107°. 5.)

As the matching of RxT with xPT is complete up to NLO in 1/N¢, we fully control the
running of the LECs up to that order and, e.g., we are able to predict Lo (i) for any desired
value of p.

This result is in reasonable agreement with previous calculations [2-4, 37, 38, 45, 53,
54], see table 2, and shows once more the efficacy of RxT to describe low-energy QCD
matrix elements, specially if they are dominated by resonances. It is important to remark
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103 - Lo(po) 10 - (Css (ko) — Coo(po))

This work 1st 79+04 —4.6 £0.4
This work 2nd 7.6 0.6 —4.5+0.5
Ref. [2-4] 6.9+0.7
Ref. [37, 38] 5.93 +0.43 —5.5+0.5
Ref. [45] 7.04 +0.23

Ref. [53] at O(p*) 6.54 £0.15
Ref. [53] at O(p®)  5.50 + 0.40
Ref. [54] 6.3 +0.4

Table 2. Comparison of our result with other determinations, being po = 770 MeV.

not only that the amplitude is dominated by tree-level exchanges but also the fact that the
one-loop corrections are not large.

Our determination of Lg(p) has a larger central value than the result obtained from
an O(p%) chiral fit to the VFF [37, 38] at low energies, and it is closer to the chiral fit
determination at O(p*) [2-4]. On the other hand, the ALEPH 7-data analysis performed
in [45], which is also of O(p°®) but takes higher-energy data into account, yields a value of
the order of 7- 1072, much closer to our estimate.

In future works, we plan to study the pion scalar form-factor and the LECs L4(u) and
Ls5(p), where the situation is much less clear since, in that case, one has contributions from
broad resonance states like the f,(600).
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A Dispersion relations and loop contribution

One may use a once-subtracted dispersion relation, derived from the identity

Fleoy _ 1 j{dt tj:(t) (A.1)

s 2mi (t—s)’
where the integration is performed in the usual complex circuit [27]. The form-factor in
the integrand can be written as

= (A.2)
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where D(t) is an analytical function except for the unitarity logarithmic branch cut and
the single pole of ]:Igt) at t = 0. One gets then

ReD'(MZ) ~ ReD(M)
o 2

+ , (A.3)
M2 —s (ME —s)

1 11y,
s]—"(s)—s—i-s]-" (s)

1 0=0" at F(t)
2w JO=2w— t (t—s)

around ¢t = 0 of the function }—it) ~ 1 + O(t%), and the different contributions of each
two-meson absorptive cut are given by the dispersive integral,

M2 —¢ 0o
I t)lmy,m 1 ) limg.m
FI(S) oy :hm[s/ v TF () oy s +s/ o IOl s
0

0

where the i term on the r.h.s. is given by the integration , with ¢ = e e,

e—0 |7 t(t—s) T J M2 e t(t—s)
~ % im {(Ma _ py2 IF Ol e H . (A.4)
TE t—M2 t(t—s)

Notice that if the threshold of the channel is above the resonance mass My, then this
expression gets simplified into the form
s [% ImF () |2y mo

FY(8) my my = lim dt

, A5
e—0 T (M1+M2)2 t (t — 3) ( )

with M (Ms) the mass of the my (mg) meson.
If we choose the on-shell mass scheme, without double poles in the perturbative ex-
pansion, we have then

sReD'(ME)

Fit)=1+ Z flé(t”ml,mz T oM2_
%4

mi,m2

(A.6)

. . . FUL.GY . . .
where ReD’'(M%) can be identified with — ‘z2" for a convenient renormalization scheme

of this combination of vector couplings [26-28] (see appendix E for further details).

B The spectral functions Im F(S)|m,,ms

In this appendix we show the explicit form of the the spectral functions of the different two-
particle absorptive cuts. First we present the functions obtained directly from the Feynman
diagrams before imposing any short-distance constraint, i.e., they are badly behaved at high
energies.

Im F(8)|rr = 647 FOs2(s — M2) {20d <MS log<1 + M2> (—12Mg — 65) + s

S
+123M§> + G <s3— 6My (M +25s) <10g <1+ Z\;2 ) (2M +35) —23))}
Vv
s*Gy (F2(Fy +2Gy )(ME — s) + 2sFy GY) s
+ 21 2 (B.1)
647 F6(s — MP) 647 F
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V2¢4F V)‘f’P)‘fV 4 2 2 2 2
Im F(s)|pr = 3MB(AME + s) — 3M3B(2M32 + 5)* — MY
T 32nFis(s — M)

— M?2
—6MZE(M2 — M3)(—M? +2M2 + s)log <1+ § A2 P) + 125 M + 33}
S

2
FyGy APV

2 2 4 2 2 2 2
aanEis(s - M) {3MP (12s My +4My+5%) + 6 My ( — 3Mp(Myr+5)

- M?
+Mp + 5sME + 2My + 25?) 10g<1+ ° 2 P> — 3MA(4ME + 5)
1%

2s(s — M3)3
LM — s(245M2 4+ 1205 + 57) — 250 QP) } , (B.2)
s — My,
—Gv(s—Mi)2

Tm —
m F(s)]ax 32F4* T M3 s(s—ME)?

{FA(<2n+a)Mﬁ +4s(kt0) M3 + s%0) (s— M)

—Fy (s — M3)((26+0)2 M3 + 2s(k* +4ok+202) M3 + 3202)}

- 6log( 1 (F ~ M) M2 — M
32F4m M2 (s — Me,){ Og< oMz Als = My) (M = My)

(KMA+0(My+s))+Fy (M3 —s)(M3—Mj)(Mp+s)o”+2kM3

(M3 —s)(M3—M)o+r>M3 (3Mj—5(M5+s)Mi+(Ma+2s)(2Ma+s))))
Mg+ (M3 —s) ( A(s— )((3/<+0)MA+ ((30— 6rk) M +s(3k+40)) M3
+0(s*—6Mi-—3s M) )+ Ev(( M3—s (MA+4SMA 6 M+ s

—|—3(MA — s)MV)U + 6/<;MA(MA — s)(MA — QMV +s)o

+r2MA(TM) — 8(3ME + s)M3 + 12M + s° + 245M3)))}

V2eaAPh s— M3 . ,
32F47T5(5—M‘2/){610g<1+ Mé >(FV(2K/MS+(K/—O')MS

(s = M3) + (5 4+ 0)M4(s — M3)) + Fa(M3 — M3)(Mi: — 5)) M3
+(M3 — s)(Fv (30(s — M3)(M3 — 2M3 + s)

+r(4sM3 —5M 4 +12MG+5?)) +3FA(M3—2M§+S)(M3—S))} : (B.3)

where we have used the combination of couplings « and o,
=200 A, o =20 — YA YA 4 aaYA (B.4)

After considering the constraints explained in section 3,

FyGy = F?, 3G 4+2c¢4 = F?,
AV =o, k=0, (B.5)
F Fu Gy (M2 — 4 M?
k4o = A7 )\§,A:_A v (M v)7
Fy 3V2M3cy Fy
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the imaginary part of each absorptive cut vanishes at short-distances and the following

expressions are found,

Im F(8)|rr =

Im}"(s)\pw
Im F(s)|ar

My
32 F4s?(s—

M2)? {3MS( —3GY) (M —s) log <1+ 2 > (2M3 + 5)

+GE M <log (1 + o >(—653 — 952 M2 + 6 MY + 9sMr) 4 135

—65>ME — 63M$> + 6sME(F? — 3G%)(s — Ma)} :

:07

F2G2 (M2 —M?)

— M?
+4sME — TM;, — 3s2> +2M3 <32M5 (3 1og<1 +° 2 A>
\%4

—i—MS(s—MV)log<1+ M2 > MZ(s — MP)

2

21

= by MA(2M2(M2 — s)( log( 14+ 7 A
32 FSsM3 (s M2){ A( s(My —s){ log{ 1+,

(B.6)
(B.7)

)

(oo 32 ) o ()

2 2 ME&
+ME( s* M| 7—6log 1+° 2 +8ME(ME —s)log 1+° 9
MV MS

— M?
+6M310g<1+ A2 A>+85Ms( Ma)—65M$>+2sM2+M§}. (B.8)
14

C Next-to-leading-order corrections F,, ,(5)|mi,ma

In this appendix we show the explicit form of the NLO corrections generated by the consid-
ered two-particle absorptive cuts, egs. (B.6), (B.7) and (B.8), which have been calculated by
using the dispersive method discussed in appendix A. Below, we have summed up the d,

contribution to F(s), as seen in eq. (3.

at high energies:

‘FNLO(S)’WW =

M2
6471'2F4s(;/— M‘Z/)z {_ 12M2(F2 - 3G%/)(3 - M‘Z/)f(s, Mg‘)
—6ME(F? - 3G%)(s — )(sf(s M32) + 210g<M2> — 2)

+G MR (— 6(3s2 M2 — 3sMyp — 2ME + 25%) f (s, MP)

() o) (7))

+3s M <4log<M2 > — 5>> +3sMZ(F? — 3G%)(s — M\%)} ,
Vv
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fNLO(S)|P7T =0, (C.Q)
FIGH (M3 — My)

_ 2 2
Fuao®lar = =gy athvate M0 {0 (2000308 — s)o(e, 385,083
—6s%log <1— >+10g< >(352+2M§(M‘2/ - s)+7Mé—4sMa)>
+5MV<M$,< 6(s2 — M)g(s, M3, M2) +6Mv<log<1 - A;) —1
A

M3 s M3 M2
+10g<M2 )) ( 7log<1—Mi> — 610g<M‘2/>+10g<1—M§> +6>>

s M?

>> + M3M < < — sMiH)g(s, M3, M) + 52 <410g (1 - A})
A
2 S
+2log (1 - ‘2/> > 6M 10g< 2 > + 7SM‘2/>
M3 A
+2sMg(s — Mi)g(s, M3, M3)

M2
+2M32(s — M) <4stg (s, M3, M2)+ s(log(l— 82>+log< ’;‘)—1)
MA MS

M2 4 5
+4leog< Mi))) —i—MA(s log<1— ME\) —leog<1— Mﬁ))
6 772 2 S M2
+sM M | M| — 2log 1—]\42 —1 )+ 2slog 1—]\42 +s e, (C.3)
A

where the functions f(s, M?) and g(s, M?, MZ2) have been introduced for simplicity,

1 s w2
f(s,M?) = ) <L12<1+ M2> ~ >

1 s M? M?
2 2\ __ . 1 . 1
g(s, M}, M3) = i <L12<1 + M M22> — Lig <1 - M22>> . (C.4)

D NLO contributions to Lg(p) and Css(p) — Coo(t)

In this appendix we give the full expressions of the NLO contributions to Lg () and Cgg () —
Coo(p), following the notation of egs. (4.6) and (4.7), i.e., éﬁf,mQ and 5,(;27m2:

_ 1 M3 M?2
(2) _ F?(61 S 11 2 — 181 s
T = e 9 { <6 og <M‘2/> + Gy, | 38 — 18log M2 , (D.1)

&2 — o, (D.2)
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&y

£W

T

£P7r

£A7r

FiGY,

M2
= OMYP(ME — M%) log(1— "V
12872 FA M3 M8 (M3 — Mg){ A (Mg = M) log M2

M2
—2MEME(M% — M32) <log (1 - ) - 1> + MY My (M35 — M32)

M2 M2 M2
1610g<1— V>—3> +M;§M3<M§<— 210g< >—|—1610g<1— V)- 11>
( M3 M? M3
M? M? M3
2 \%4 A
+MA<11—1610g<1— Mi))) + MM <M5<1010g<MS> —1210g<M‘2/>
ME M? MZ
—210g<1 - M2> +11> +Mi<1zlog<M2> —|—210g<1 -~ M2> - 11))
M3 ME
+M3,0<Mj<—610g< >+210g<1— >+5>
M2 M?
M? M3 M?
1%
—MS<8log<MS> 610g<M‘2/> +210g< Mi) 5))}, (D.3)

+

1 M3 M3
207972 12 {2F2 <11 — 610g<M§>> + Gy (3610g<M§> — 11>}
\4 Vv Vv
(F? —3G%) M2
* s0r2n202 12log M2 ~19 (D.4)
0, (D.5)

-F3G%,
38472 F2M3 MO (M3 — MZ)2(M3 — M) {

M2 M2 M2
+8MH <M§<1og<Ms> +1> —Mi) — MP? <2M§M§ <3log<MS > —|—610g<M§>
M2 M3 M3 M
—6log 1_M31 +4 +MS 12log M2 —6log M2 +6log 1_M2 +5
M?% M2
+M;§< - 610g<M‘2/> + 6log (1 e > - 13>> — 3MZMP (Mng
M3 M} M3 M2
<5lOg<M§>_1210g<M‘2/>+22>+MS<_910g<M2 +6log M‘Q/ —13
M3 M3 M3
+MA<610g<M‘2/> — 9>> + 2MAMV<MAMS<81 g<M2> — 18log<M‘2/>
M2 M2 M2 M2
—5410g<1— V> +71> +9Mg%<1og< A) — log< >—|—3log<1— V) —4>
M?% M M3 M?

M3 M3
+M5(9log( 4 ) +2Tlog(1— "V ) —35) ) — M{ME (M3 — M3)
M M3

M3 M M
M2 <3log< ) 9610g<1— >+47>+MA (9610g<1— > 47>>
( M?2 M3 M3

M2 M
F3MEME(M5— M2)? (1810g <1— Mg) —1> —6M* (M3 —MZ)* log (1— M¥>} :
A A
(D.6)

6M° My (M3 — M3)°
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E Description in terms of Feynman diagrams

The subleading corrections can be calculated by means of dispersive relations. Once the
NLO absorptive parts of Fr,7 (s) are known, one can reconstruct the full form factor up to
appropriate subtraction terms. Alternatively, we can compute and separate the tree-level
and one-loop amplitudes in the form

FvGV S 2L9
Frer(s) =1+ M%— SH > F(8)myms (E.1)
mi,ma2

where the one-loop diagrams F(s)|m, m, can be rewritten by means of a once-subtracted

dispersion relation in the form

269 S
Z -7:(5)|m1,m2 = Z ‘7:1[ |m1,m2 5"'50 +0d.2

F? V — 5 (M‘Q/ —5)? (E.2)

mi,ma2 mi,ma2

The finite part of the loops is contained in the once-subtracted dispersive functions
FY(8)|my .ma» fully determined by the imaginary part of ImF(s)|;,, m, through eq. (A 4).
The real parameters 69 0,2 contain the ultraviolet divergences of the loops, being 5o and
5_5 the real part of the pole residues. The local RxT coupling Lg renormalizes 52, the
combination Fy Gy cancels the divergences in 5 and a convenient shift of the mass,
M‘(,B) 2 = M‘Q/ + 6M‘2/ removes the divergent part of 5_y. Indeed, we will work in the
on-shell scheme and the counterterm 5M‘2/ will be chosen to completely kill 5_s.

In order to finish the short-distance matching we just need to take into account that
the once-subtracted loop contribution behaves at short distances like

ST FYS e T S0+ O(s7Y), (E.3)

mi,m2

with dp a constant number (denoted before in the text as d,,,). This leads to the VFF
high-energy constraints

Gy
do =146
F + 0o + 0o,

Hence, the VFF finally takes the well-behaved structure (3.5) employed in the article,

Fls) =1+ (1+0) 8 Y F S
M —s

mi,m2

M2
- M2 v +‘7:NLO( ) (E5)

Notice that no real double pole term 4_, remains in our perturbative NLO expression as
we have chosen the on-shell mass scheme.
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