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1 Introduction

One year ago a method of multiloop calculations [1] based on the use of dimensional
recurrence relations [2] and analytic properties of Feynman integrals as functions of the
parameter of dimensional regularization, d = 4 — 2¢, was suggested (the DRA method).
Then it was successfully applied [3] to the analytic evaluation of the terms of order ¢ of
the e-expansion of two most complicated master integrals corresponding to the three-loop
quark and gluon form factors. These results provided the possibility to obtain completely
analytic expressions for the form factors. The power of the DRA method was further
demonstrated in ref. [4] where the three previously unknown terms of the expansion in e,
i.e. up to transcendentality weight ten, of the three-loop non-planar massless propagator
diagram were evaluated. Some additional details of the method were presented in ref. [5].

The main point of ref. [4] was to emphasize that once analytic expressions, in terms
of well convergent series, are obtained within the DRA method it is easy to evaluate extra
terms of the expansion in €. In the present paper we further exploit this nice feature of the
method by evaluating, up to the transcendentality weight typical to four-loop calculations,
higher terms of the e-expansion of the three-loop master integrals corresponding to three-
loop quark and gluon form factors and to the three-loop master integrals contributing to
the electron g — 2 in QED.

In the first of these two problems, all the master integrals apart from three most
complicated ones were evaluated in refs. [6, 7]. In fact, the word evaluated means here
the evaluation up to the order of ¢ which appears in the finite part of the form factors.
Mathematically, this means the evaluation up to transcendentality weight six. Then one
of the three most complicated master integrals (called Ag; in refs. [6, 7] and in the present
paper) and the pole parts of Ag4 and Ags (shown in figure 1 in the next section) were
evaluated analytically, while the € parts of Ag 4 and Ago were evaluated numerically —
see refs. [8, 9]. These two missing ingredients were calculated in ref. [3]. Motivated by
future four-loop calculations, the authors of ref. [10] presented one more term of the e-
expansion for all the master integrals but Ag i, Ago and Ag4. For Ag;, this was done
in [4]. In the present paper we evaluate all the master integrals up to transcendentality



weight eight which is intrinsic to a four-loop evaluation of the form factors. Explicitly, the
constants present in results for highest powers of € are linear combinations of 7%, 3271'2, (5C3
and C,G,,Q.

The second family of master integrals we are evaluating is connected with the anoma-
lous magnetic moment of the muon, i.e. ¢ — 2 factor. The three-loop evaluation was
performed in refs. [11, 12]. The evaluation at the four-loop level, within a pure numerical
approach where each of the Feynman integrals involved is evaluated numerically, without a
reduction to master integrals, was already performed — see ref. [13] and references therein.
Even the numerical evaluation in five loops has been started — see a recent paper [14] and
references therein.

In ref. [15] the status of partially analytic evaluation of the four-loop g — 2 factor was
presented. In this approach, an integration by parts (IBP) reduction [16] to master inte-
grals is used. However, it was pointed out that the analytic evaluation of the corresponding
master integrals was not possible for the moment. To evaluate the master integrals numer-
ically with a high precision it was supposed to use the method developed in refs. [17, 18]
and based on difference equations. Keeping in mind that all the three-loop g — 2 mas-
ter integrals will inevitably appear in a four-loop calculation because they are present in
factorizable four-loop diagrams where three-loop master integrals enter in products with
one-loop integrals having poles in €, Laporta calculated numerically [19] several higher or-
der terms of the e-expansion of the three-loop g — 2 master integrals, with the use of the
method of refs. [17, 18].

We are more optimistic about the possibility to evaluate four-loop g—2 master integrals
analytically. To make a step in this direction we have performed an analytical calculation
corresponding to the numerical calculation of ref. [19]. More precisely, we have evaluated
analytically higher terms of the e-expansion of the three-loop g — 2 master integrals up to
transcendentality weight seven which is intrinsic to a four-loop evaluation of the electron
g — 2. So, the highest terms we present involve (7, (sm2, Liz(1/2),1n7 2, (51,1, etc. In our
calculation we use the DRA method, obtain results for the master integrals with a very
high precision (~ 350 — 500 digits) and then apply the so-called PSLQ algorithm [20] to
arrive at analytical values. There are fifty four independent transcendental constants in the
four loop basis so that this high precision is mandatory. (Typically, one needs the accuracy
of at least seven digits per constant. Observe that this high accuracy is not provided by
the method of ref. [17, 18].)

The three-loop g—2 master integrals were analytically evaluated in refs. [11, 12, 21, 22].
In fact, in refs. [21, 22], one additional master integral was considered, which is important
for the analytic calculation of the three-loop renormalization constants previously obtained
numerically in refs. [23, 24]. This three-loop evaluation was typically performed up to tran-
scendentality weight five, with some exceptions where some master integrals were expanded
in € up to weight four.

In the next two sections we present results for the master integrals for the three-loop
form factors and for the g — 2 factor, respectively.
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Figure 1. Master integrals for the three-loop form factors. Internal lines denote massless propa-
gators 1/(k* +10).

2 DMaster integrals for quark and gluon form factors

The master integrals for the three-loop form factors are shown in figure 1. Two external
momenta are on the light cone, p? = p3 = 0. In ref. [4] the DRA method was applied to the
evaluation of these master integrals. The corresponding results for arbitrary d are obtained
in the form of multiple well-convergent series. Here we present our analytical results on
the higher terms of the e expansion which were obtained by calculating these series with a
high precision and then applying the PSLQ algorithm [20].

The high orders of e-expansion allowed us to guess, for all master integrals, except Ag 4
and the three most complicated ones (Ag 1, Ag 2, and Ag4), the factors which makes the
expansion homogeneous in the transcendentality weight. Taking into account the fact that
these four master integrals can be replaced by the integrals with numerators [9] (or denom-
inator squared for Ag 4), see figure 2, which are also homogeneous in the transcendentality
weight, we have a complete basis of master integrals with homogeneous transcendentality
weight. Let us present the results for the expansion of the integrals in this basis. The loop
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Figure 2. Master integrals with a homogeneous transcendentality weight to replace the corre-
sponding integrals without numerator.

integration measure is taken as
dk
/2"

We arrange the results in the order of increasing complexity level [4]. This notion can be

(2.1)

determined recursively. The complexity level of the master integral J is equal to n + 1,
where n is the maximum complexity level of the master integrals, which can be obtained
from J by shrinking some of its internal lines. The integrals which nullify upon shrinking
of any internal line have zero complexity level.

Zero complexity level. Master integrals with the zero complexity level nullify upon
shrinking of any internal line. As we have already argued in ref. [4], they are always
expressed in terms of the I'-functions. We present their expansion here only for convenience
of the reader.
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Non-zero complexity level. Integrals with complexity level equal to n > 0 are ex-
pressed in arbitrary dimension d in terms of an n-fold series. We present these integrals in
the same order as in figure 1. We also present results for Ag74, Ay, AG o, and Ag 3 which
have the uniform transcendentality and can be used as master integrals instead of Ag 4,
Ag 1, Ag o, and Ag 3, respectively.
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Here v = 0.577... is the Euler constant, (,, = ¢((m), and (pn,.m, = ((m1, mg2) are multiple
zeta values (see, e.g., ref. [25])
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Our result for Ag o agrees with ref. [26] where the epsilon expansion up to transcendentality
weight eight was obtained.

3 Master integrals for the g — 2 factor

The master integrals for the three-loop g — 2 factor are shown in figure 3. The solid internal
lines correspond to massive propagators 1/(—k?+m?), while the dotted lines correspond to
massless ones, 1/(—k?). The external solid lines denote the incoming and outgoing on-shell
momentum p, so that p> = m?. We set m = 1 for simplicity. Again, the ordering in figure 3
corresponds to increasing complexity level.

It is known [11, 12] that at the three-loop level the g — 2 factor is determined by
seventeen master integrals. In fact, in an earlier paper [11] there was one more master
integral (/;; in the notation of [11]) having the same set of denominators as G4 — see
figure 4. In a later paper [12] it was recognized that this additional integral can be expressed
via G44 and Gs, at least, up to a high power of e. The DRA method is based on the
consideration of relations exact in d, so that we needed an exact relation between I,

— 11 —



Figure 3. Master integrals for the three-loop g — 2 factor. Each line corresponds to a definite
complexity level indicated to the left.

k
Ill

Figure 4. The integral I;; (left) and the auxiliary diagram used for its reduction (right).

G4, and G3. For this purpose, we have performed an IBP reduction of the integrals with
denominators determined by the diagram depicted in figure 4. This reduction gave us the

expected relation:
2d — 5 1
I = —
uld) =, ,Guald)—,

Since we are oriented at a future four-loop calculation, we consider two more integrals, G's 4

Gs(d). (3.1)

and G7, which also appear in the factorizable four-loop master integrals. The application
of the DRA method allowed us to express all master integrals in d dimensions in terms of
one-, two-, and threefold series with maximal nested depth equal to the complexity level of
the integral. These representations are available upon request from the authors. Here we
present expansions of the master integrals near d = 4 obtained by numerical summation
of the series followed by the application of the PSLQ algorithm. Again, for convenience
of the reader, we start from listing the results for zero complexity level master integrals

expressible via I'-function.

G3(4 —2€) = T(e —1)3, (3.2)
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Here

a, = Li, (1/2),

s6 = C—5,-1+Ce,
87 = (51,1 +C-61+(52+C 7,
st =Cr+C2+C6-1+C-1-1-

4 Conclusion

Using the DRA method [1] we have performed the analytic evaluation of two families of the
three-loop master integrals in the e-expansion up to the transcendentality weight intrinsic
to the corresponding four-loop master integrals. This method is naturally combined with
other methods. First, it hardly relies on IBP reduction which is necessary in order to obtain
difference equations with respect to dimension in a closed form. To do this we used the
code based on ref. [27] and the code called FIRE [28]. To reveal the position and the order of
the poles in a basic stripe we used a sector decomposition [29-35] implemented in the code
FIESTA [35, 36]. To fix remaining constants in the homogenous solution of dimensional
recurrence relations we applied the method of Mellin-Barnes representation [37-42]. When
dealing with multiple zeta values we used the code HPL [43]. Finally, to arrive at analytical
results for coefficients in the e-expansion we applied the PSLQ algorithm [20]. All results
presented in this paper are available from the authors in computer-readable form.
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