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ABSTRACT: Type IIB superstring theory has AdS3 x S% x M, (where the manifold My is
either K3 or T%) solutions which preserve sixteen supersymmetries. In this paper we con-
sider half-BPS solutions which are locally asymptotic to AdS3 x S3 x My and preserve eight
of the sixteen supersymmetries. We reduce the BPS equations and the Bianchi identity
for the self-dual five-form field to a set of four differential equations. The complete local
solution can be parameterized in terms of two harmonic and two holomorphic functions
and all bosonic fields have explicit expressions in terms of these functions.

We analyze the conditions for global regularity and construct new half-BPS Janus-
solutions which have two asymptotic AdSs3 regions. In addition, our analysis proves the
global regularity of a class of solutions with more than two asymptotic AdS3 regions.

Finally, we discuss the dual interpretation of the half-BPS Janus solutions carrying
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1 Introduction

The AdS/CFT correspondence [1-3] (for reviews see e.g. [4, 5]) relates a gravity theory in
the bulk of a d + 1-dimensional Anti-de Sitter (AdS) space to a d-dimensional conformal
field theory (CFT) on the boundary of the space. One of the best understood examples
is the AdSs3/CFT; correspondence, which is of central importance for the study of black
holes in string theory.

The particular realization of the AdSs/C FT; correspondence which will be discussed in
the present paper is the duality between type IIB string theory compactified on AdS3 x S3 x
My and a N' = (4,4) two-dimensional superconformal field theory. The compactification
manifold My can be either the four torus 7% or a K5 manifold and either one leads to a
theory with sixteen unbroken supersymmetries.’

This type IIB background can be obtained by taking the near-horizon limit of a bound
state of ()1 D1-branes and ()5 D5-branes wrapped on My. This system was instrumental
in the counting of black hole microstates for supersymmetric black holes [6, 7]. A com-
plementary point of view is to consider the six-dimensional supergravity which is obtained
by compactifying type IIB on My [8, 9] and study the near-horizon limit of a self-dual
string soliton.

The D1/D5 bound state is defined by the Higgs-branch of the two-dimensional U(Q1) x
U(Q5) gauge theory living on the intersection of the branes. In the infrared limit the theory
flows to a N = (4,4) two-dimensional superconformal theory [10]. The CFT can also be
understood as a hyperkéahler sigma model whose target space is (My)"™/S,,, where S, is the
n-dimensional symmetric group [11-13].

!Note that the AdS3 x S® vacuum of six-dimensional maximal supergravity preserves only half the
supersymmetries of the six-dimensional Minkowski vacuum due to the non-zero self-dual or anti self-dual
fluxes [45].



In general, the AdS/CFT correspondence maps local as well as non-local gauge in-
variant operators on the CFT side to supergravity solutions on the AdS side. In the limit
of large 't Hooft coupling and large N the classical gravity description becomes a reliable
approximation. One goal for obtaining new supergravity solutions is to better understand
the CFT side of the correspondence.

A particular example of such solutions is the so-called Janus solution, which is dual to
interface configurations in the CFT. The original Janus solution [14] is a dilatonic deforma-
tion of the AdS5 x S° vacuum of type IIB. The solution is constructed using AdSy slices and
making the dilaton dependent on the slicing coordinate. The dilaton approaches different
constant values on the two boundary components. The solution has a SO(2,3) x SO(6)
isometry but breaks all thirty-two supersymmetries. On the N' = 4 super Yang-Mills side,
this solution corresponds to an interface theory, where the Yang-Mills coupling constant
jumps across a 2 + 1-dimensional interface. On the field theory side, the SO(3,2) isometry
corresponds to the 2 4 1-dimensional conformal symmetry preserved by the interface.

In [16] it was shown that up to half the broken supersymmetry can be restored by
adding counterterms localized on the interface. The counterterms break the R-symmetry
from SO(6) to SU(2) x SU(2). Consequently, the ansatz for a dual supergravity solution is
constructed by a warped product of AdSsx S?x S? over a two-dimensional Riemann surface
Y. In [17] a supersymmetric generalization of the Janus solution was found. Furthermore,
it was shown that the conditions for the existence of sixteen preserved supersymmetries
are related to solutions of a particular integrable system. Locally the integrable system
can be solved in terms of harmonic functions.

An important ingredient in the construction of the solution is the fact that the two-
dimensional surface ¥ has a boundary. At generic points on the boundary, one two-sphere
shrinks to zero size, closing off the space. At special isolated points associated with poles
of one of the harmonic functions, the AdSy metric factor goes to infinity. The holographic
map relates such points to boundaries of the space where the dual gauge theory lives.
The supersymmetric Janus solution has two such boundary points corresponding to two
3+1-dimensional half spaces glued together at a 2+1-dimensional defect. In [18] the global
regularity of the local solution was analyzed and apart from the supersymmetric Janus
solution, an infinite class of "multi-Janus” solutions was found. These solutions display
more than two asymptotic boundary regions.

Similar techniques were used to obtain supergravity duals to half-BPS Wilson loops in
AdSs x S5 [19] and analogues of the Janus solution in M-theory [20-22]. For related work
by other authors see, e.g. [23-28].

The primary goal of the present paper is to find half-BPS solutions that preserve eight
of the sixteen supersymmetries of the vacuum and are locally asymptotic to AdSs x S3.
We use techniques developed in [17, 19, 24] for a specific ansatz which is a product of
AdSy x S% x My spaces warped over a two-dimensional Riemann surface ¥ with boundary.
For simplicity we do not turn on the moduli of the compactification manifold My. The
ansatz preserves a SO(2,1) x SO(3) subgroup of the SO(2,2) x SO(4) isometry of the
AdSs x 83 x My vacuum.

We derive the most general local solutions and find that all the fields can be expressed



probe brane | AdSs | S® | My
D1 AdSs | -
D3 AdS, | S*
D5 AdSy - | My
D7 AdSy | S% | My

Table 1. Half-BPS probe branes in AdSs x S3 x Mjy.

in terms of two harmonic and two holomorphic functions which are defined on . The
requirement that the solutions are locally asymptotic to AdSs x S3 and everywhere regular
relates the harmonic and holomorphic functions and determines the boundary conditions.
In particular, we present a half-BPS solution which is a supersymmetric generalization of
the solution found in [15] and we give explicit expressions for solutions having n AdS3 x S3
regions as long as ¥ has genus zero and one boundary component.

Our solutions are dual to one-dimensional defects in the two-dimensional CFT.? De-
fects, domain walls and interfaces in two-dimensional conformal field theories can have
applications in condensed matter physics- for example, in the description of impurities
at critical points or in the study of the Kondo effect. Domain walls and interfaces have
been discussed in the context of the AdS/CFT correspondence in [32]. In AdSgy1/CFTy
p-dimensional defects can be realized as probe branes inside the bulk AdS space which
have a lower dimensional AdS,;; submanifold as worldvolume [33, 34]. Probe branes in
the context of AdS3 x S% have been discussed in [35-40].

As we can see in table 1, there are four cases of probe D-branes, namely a probe
D1 brane with AdS, worldvolume, a probe D3-brane with AdS, x S? worldvolume, a
probe D5-brane with AdSs x My worldvolume and a probe D7 brane with AdSs x S? x M,
worldvolume which are not wrapped on two cycles in the four-dimensional manifold. These
brane configurations preserve the same SO(2,1) x SO(3) symmetries as our ansatz. In this
paper, we obtain exact, fully back-reacted, solutions that correspond to a configuration of
D1 and Db5-branes, as well as NS5-branes and fundamental strings. However, the regular
solutions we find have vanishing D7 and D3 brane charge.

There also have been some interesting recent developments in the description of inter-
faces on the CFT side, see for example [41-43].

The structure of the paper is as follows: in section 2, we present the ansatz for the
bosonic fields in type IIB supergravity. The dilatino and gravitino supersymmetry trans-
formations are reduced on AdSs x S? x K3 x ¥ to express the BPS equations in terms of
a two-dimensional spinor on ¥. In section 3, we find the complete local solution of the
BPS equations in terms of two harmonic and two holomorphic functions. Note that one
harmonic function is obtained by solving the Bianchi identity for the self-dual five-form
flux along the M, directions. In section 4, we obtain the conditions for regularity on the
boundary and bulk of ¥ and we present a family of half-BPS Janus solutions. In section 5,

For earlier work in this direction see [29-31].



we review the dual two-dimensional CFT and the interpretation of the half-BPS Janus
solution as an interface theory. In our concluding section, we discuss possible applications
of the solutions, open questions and directions for further research. Some technical details
are relegated to the appendices.

2 Ten-dimensional ansatz and reduction of BPS equations

In this section, we present the detailed ansatz for the bosonic fields and the reduction of
the BPS conditions, which need to be satisfied to have eight linearly independent unbroken
supersymmetries. The reduced equations are (2.55)—(2.66) and are solved in terms of two
harmonic functions and two holomorphic functions in section 3. Readers which are only
interested in the solutions may wish to skip to section 3.5 after reading section 2.2.

2.1 Brief review of 1IB supergravity fields

The IIB supergravity fields consist of the scalar fields P and @), composites of dilaton
and axion:

1 1
P 2<d¢+ze dx), Q 5¢ dx (2.1)

The complex three-form G is a composite of H3, the NS-NS field strength, and F3, the R-R
field strength:

G = €_¢/2H3 + i€¢/2 (Fg - XHg) (22)
The real self-dual five-form is:
i _ _
Fis) = dCay + 16 (B) A Fs) = By A Fl)) - Fis) = dByy) (2.3)
The fermionic fields are the dilatino A and the gravitino 1, both of which are complex Weyl

spinors with opposite ten-dimensional chiralities, given by I';1A = A, and I'11%), = —1,.
The supersymmetry variations of the fermions are

S\ = (T P)Ble* — i(r Qe (2.4)

1
(51/JM = Due’f + 7(11 . F(5))FM€ —

480 o T.(T-G)+2(-G),) B e (2.5)

96
The complex conjugation matrix B satisfies BB* = 1 and BI',B~! = (T',)*. For further
review of supergravity definitions and equations, see appendix A.

In obtaining IIB supergravity solutions with a large amount of supersymmetry, we
solve the above BPS equations instead of the equations of motion. We will see that one
of the Bianchi identities is not automatic for generic solutions of the BPS equations, but
yields an extra condition. The solutions of the BPS equations and this Bianchi identity
are shown to automatically satisfy the equations of motion and all the remaining Bianchi
identities.



2.2 The ten-dimensional ansatz

The ten-dimensional metric ansatz is
ds® = fidsyg, + f3ds% + fidsk, + p*dzdz (2.6)

where dsidSQ, ds%z, ds%(3 are the unit radius metrics for AdSy, S? and K3 respectively.
p? is an unspecified Riemannian metric on 3, a two-dimensional surface with boundary.
The metric factors f2, f2, f2 and p? are real positive-definite functions on ¥ and will be
determined by the BPS equations and Bianchi identities. The rest of the supergravity fields
will be reduced on this ansatz. However, we specialize to the case where the supergravity
fields are also independent of the K3 coordinates. In other words, the three-form flux does
not have any leg in the K3 directions while the five-form flux must have four legs along
the K3 directions. For the sake of concreteness, we will consider the third metric factor to
be a K3 metric, but for the aforementioned restriction of the flux, the analysis would be
completely analogous if the factor were to be a T* (see section 2.7).
It is useful to introduce the orthonormal frame fields:

e = fré i=0,1

el = frél j=23

b = fyeP k=4,56,7

et a=38,9 (2.7)

where é%, ¢/ and é* refer to orthonormal frames for the spaces AdSs, S? and K3 which satisfy
ds? — . . P pl2
SAdS, = Miriy € &€
dsze = 0j,j, &7 ® &7
ds%\h = 5k1k2 ek X ek2

pPdz @ dzZ = G e* @ €° (2.8)

so that the unhatted frame fields contain the metric factor f;, whereas the hatted ones do
not. The scalar one-form field strengths are given by

Q = que®, P = Pe® (2.9)
The complex three-form is given by

G = g[(ll)ea(]l + g(2)6a23 (210)

a
The five-form flux is given by
Fy = hye®123 4 h, eo4567 (2.11)
Self-duality of the five-form field strength F5 = xF5 imposes
ha = —€," Ry (2.12)

where 5?7 =1 and €,®> = —1. See (A.12) for conventions regarding the €,,...,.;, tensor.



2.3 Reduction of the ten-dimensional spinor

The supersymmetry parameter € must be globally well defined on the symmetric spaces
AdSy, S? and K3. Therefore, the tensor products of Killing spinors on these symmetric
spaces can be used as a basis for the spinors €. The Killing spinor equations on AdSs X
S? x K3 are satisfied by a set of basis spinors Xy, nams With {1, 72,73} € {+1, -1}

- 1
<Vu — 5 Vu ® I ® I4> Xnimams = 0 nw=0,1
S '
<V¢ —gmh®%® I4> X2z = 0 i=2,3
Vin X grass = 0 m=4567  (213)

The covariant derivatives @u , v, , V,, are taken with respect to the unit radius metrics of
the corresponding spaces as explained in appendix C. We now expand the ten-dimensional
spinor € in terms of Killing spinors on AdSy x S? x Kj.

€= Z Xn1,m2,m3 © En1ma,ms (2.14)
1,2

The Killing spinor equations are invariant under complex conjugation defined as
Xmmems = By © B(z) @ B(3)Xap s s (2.15)
Therefore, it is consistent to impose the following reality condition on Xy, 5,15

(B1) ® B2y @ B)) Xoyy mains = 12Xnn 1213 (2.16)

where the presence of the 7y prefactor comes from the fact that B,y and 72 anticommute.
The chirality condition I''! acts on € in the following way (see D.7):

I'le = Z X%ll) ® X1(722) ® X%i) ® ’7(4)5—771»—772,773 (2.17)
1,12
The chirality condition I'''e = —e then implies the following condition on the two-

dimensional spinors &, 5,1

’7(4)5—7717—7727773 = _5771,772,173 (2.18)
Ten-dimensional complex conjugation acts as follows (see D.8):
Bl =) xiy) @xiy) @) @ (—im) By (6 —mns)” (2.19)
n,m2

where we used the reality condition given in (2.16).

2.4 Reduction of the ten-dimensional BPS equations

There are five different sets of equations corresponding to the dilatino variation together
with the variation of the gravitino in the AdS,, S?, K3 and ¥ directions. In this section
we will rely heavily on formulae from appendix C.



2.4.1 Dilatino equation
The terms in the dilatino variation can be reduced as follows:

iTM Py BT = ) ®(2) @ ) @ P Y Xy @ X5 © X4 @ B} (€n—ans)”
n,m2

== > Xy Ox5 @ xR @ 2Py By (E-ninm)” (2.20)
71,72

and

7 7 . a
- — (- Qe = Z<g’(l )1, ®,y( ) ® Y(3) ®Y° —i—zg((f)”y(l) QL @3 @7 )

24
x> xWex® e xP ® &nans
71,72
1
= 1 Z X1(711) & X%) @ XS]:? (Zg((zl afnl—mns - 9&2)'7(15—771772773) (2.21)
1,72

Putting the terms together we can rewrite condition (2.4) as

_ 1
- 772Pa’7aB(4; (5—771772773) + Zlga 'Y fm —1man3 Zgz(zQ)’Yaé—mnzng =0 (2‘22)

2.4.2 Gravitino in AdS; direction

The covariant derivative in the AdSs directions is given by

1. 1 Do fr

——TI, "€ 2.2
Ve = 7 —Vyue+ - > h (2.23)

where @u is the covariant derivative on the unit radius AdSs, D, = eé\/l Oy and M is a
spacetime (Einstein frame) index. We use the same method of the previous section to
extract an equation for the spinors £ and we obtain:

Da f1 92 (1 —1gx 2 (2 71
ﬁ&hmns #’Yagfm7772773—]1@’7(15771772,73—#2?‘(]((1)»yaB(4) nin2ms 89‘(1) B 5—771 —nams =0

(2.24)

2.4.3 Gravitino in S? direction

The covariant derivative in the S? directions is given by

I & 1Daf2
V,e = —V,e+ —
f2 2 f2

% (2.25)

where ﬁu is the covariant derivative on the unit radius S2. The BPS condition is given by

7’7’2 be2 a a a 37’2
7 5771772773"‘? Y € —nzns —ha V" E—ninans— 89‘(1) B(4)§7r]17]2n3+ 8 (2) (4)5171 —ams =0

(2.26)



2.4.4 Gravitino in K3 direction

The covariant derivative in the K3 directions is given by

1D,
Vle = TV[E + = ff3

where @le = 0 thanks to our basis of spinors. The BPS condition is given by

Do f3 .
}13 7a§771772773 + ha')’af—m—mns +1

I (2.27)

M2 (1) ap—1¢* 2 (2) ap—1ex*
§g‘(1 )7 B(4)£*?71*772773 + ggé )7 B(4)£mn2n3 =0 (2'28)

2.4.5 Gravitino in Y direction

The covariant derivative in the X directions is given by
Vo= D, + 4wabcrbc - %qa (2.29)

The gravitino variation in the ¥ direction is given by

) ) 1 b b
Da&ninons + §wa7(4)£771772773 - 5%5771772773 - 7h (5 €74 )5*771*772773

112 (1) b —1ex P
- ZE (365 + i€’ (4))B(4)£—771—772773 o 76

2.5 7 matrix notation

9y (305 + i€ 1)) B} Gy = 0 (2.30)

At this stage we can introduce a matrix notation which will be useful to express the BPS
equations in a compact form

ffn = (Tlf)n
775—77 = i(72§)77
néy = (7°6), (2.31)

1,23 are the standard Pauli matrices. We define the matrices 757 as:

where 7
™=rer (2.32)

The conditions (2.22), (2.24), (2.26), (2.28) and (2.30) can then be rewritten as follows:

1/. 1k
(D) = (ig{VyrrOD — ¢(2) ¢ — PAer19B HE =0 (2.33)
4 (4)
730 p, /3 1
(GA) (T+ ffl ar(l) a,ya)§+l<§g((l1)7a7(o3)7@9((12)7%( ) (4)5 =0(2.34)
i7(03) D, f: a a 1 a e
(651 (7 4 Pafipon_ppertm)e (Lt By octm)pres
(2.35)
Dafs o\ p oo (1) Woa(12) L @) a (03)) p-lex
(GF) (Zey 4 e ) = (G779 = ol ) Bre = 0 (2:36)

) e Ly any T 1)8
(GY) (Da 2wa7' 1 5 2ha7' 2eahb7' o )5
+%(39(9>T<12> el gy V1208 — 390 — il B0 H) prler =0 (2.37)

This set of equations is diagonal with respect to the index n3 which is not displayed.



2.6 Reduction of BPS equations by discrete symmetries
2.6.1 Discrete symmetries

The reduced BPS equations have several useful symmetries. First, ten-dimensional chirality

induces the discrete symmetry:
7¢ = —rg3¢ (2.38)

It is easy to show that £ is invariant under the symmetry since Killing spinors in type IIB

supergravity have the same chirality:
TE=¢ (2.39)

Moreover, it is possible to introduce another discrete symmetry:
JE=73V¢ (2.40)

{Z,J} form a maximal set of commuting generators. We will see in the next section that
the unbroken supersymmetries are in eigenspaces of these discrete symmetries.

2.6.2 Vanishing of bilinear constraints

We obtain a first set of constraints from the chirality condition (2.39). We get that:
erMote it M7 =0 (2.41)
that is, the spinor bilinear vanishes if:
M e {7'(10)77'(01)77'(11)77'(00),7'(22),7'(23),7'(32),7'(33)} (2.42)
To get a second set of constraints we consider a matrix 7" such that:
(Tr(NT = _pr(10), (TrONT = _77(O01) (2.43)
The above condition is satisfied if:
T e {732 763y (2.44)
Because of (2.43) we obtain the relations:

fTTT(Ol)O'anE — gTTT(lo)O'anE =0
§+T7'(01)0a0b§* = §+TT(10)0“0b§* =0 (2.45)

with a,b = 1,2. We then multiply equation (2.33) by £Tob with b = 1,2. Because of the
relations (2.45), the first two terms of the equation vanish. We are left with:

Pt Tobo% 132 =0 (2.46)
In case P? # 0 the above condition can be rewritten as:

rrBge =0, a=1,2 (2.47)



This gives the extra constraints:
EFMo*¢ =0, M e {73 720y (2.48)

A third set of constraints can be obtained from the gravitino equations (2.34) and (2.35).
If we multiply the equation (2.34) by £ To?7(92) and equation (2.35) by £+ To?7(93) with
p = 0,3 we get that the terms proportional to gt(lm) vanish and we are left with:

L etporrsng _Dalt ]ij LetToPr(13)0% — hot T ToP7(Do% = 0
1 1
fi§+TaP§ + i%§+TapT<°2>aa§ — ho&t TP (B go¢ = 0 (2.49)
2 2

The second and third term of each equation vanishes because of the conditions (2.48). We
are left with the constraints:

EFMoPe =0, M e {732 763 01 1.0y (2.50)
It is easy to verify that all the constraints can be satisfied provided that:
€ =vr®2¢, v==1 (2.51)

2.6.3 Projection of the BPS equations

Projection of the BPS equations on spinors which satisfy Z¢ = £ and J¢ = v€ can be
achieved by writing the spinor ¢ as:

Emme = (gmm ) (2.52)
n1n2

with 71 2 = £1. The solution to the projection conditions (2.39) and (2.51) can be expressed
in terms of two independent components « and [.

gy «
Brt p
oy +iv o
A e I (2.53)

oy —iva

—+ +Zl//6
a__ —a
p—— B

At this point we are left with four linearly independent complex Killing spinors which
can be labeled by the eigenvalue v = 41 and by the K3 index 73.

It is convenient to introduce complex coordinates on the two-dimensional surface X.
The conventions for the complex coordinates are z = xg 4 ixg9, which implies for tensor
indices v, = %(vg — lvg), vz = %(vg + ivg). We also rewrite the zweibein, the spacetime

~10 -



derivative and the connection on ¥ in the complex coordinates. w, w are the spacetime
coordinates so that:

e® = pdw, D, =p10,, Wy = ip 20up (2.54)

The projected equations for the dilatino and gravitino along AdSs , S? and K3 are now

given by:
D: 4Pa* — ( (1 +zg(2)>ﬁ —0 (2.55)
AP,3 — ( () +zg(2)>a =0 (2.56)
1 2D.f 3 i
GA: —a+ 2h. (D — —g@ ) =0 2.57
Fot 58 = 2 — (G0~ 30) (2.57)
Lo 2D:0 o op oy (3o 1o
- £t = 2haa’ (4gz 2t )B=0 (2.58)
. v 2D W 3 @)y —
Gs: pat f2 B —2h.B+ (4 492 )a =0 (2.59)
Vg, 2D s (Lo 3@ g
fgﬁ +=F7a + 2h.a +(4gz i3t >ﬁ_0 (2.60)
GK : 21; f3ﬁ+2hzﬁ+( <>+z%g§2>>a*:o (2.61)
2D.f3 « 1) )
7 o' hza+<4 +z4gz)ﬁ 0 (2.62)
The projected equation along the base X gives the conditions:
i, i YO _
Ge (Dz ow = b, )a 4( ig§ )5 —0 (2.63)
i, i (1) 4 @
(DZ SW T 5 )ﬁ 3 (gz + ig; ) =0 (2.64)
bt e Ly @) g
(Dz 5w + 5 )a 8< +1ig; )ﬂ 0 (2.65)
L CO S W A GO S
(Dz + S + 5 hz)ﬁ 1 (gz S )a =0 (2.66)

(1)

Note that a ¢V and ¢® are both complex, so that gs~ and g()

are independent fields,
The presence of two anti-symmetric complex fluxes is a major difference from the analysis
of [19] which deals with supergravity solutions dual to half-BPS Wilson loops in AdSs x S°,
but has only real fluxes.

2.7 Replacing the K3 with a four torus

Note that both the AdS3 x S x K3 as well as the AdS3 x S3 x T vacuum solutions of type
IIB supergravity preserve sixteen real supersymmetries. Since our ansatz is independent
of the four-dimensional manifold K3 or T%, we expect the solution to be unaffected by
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which manifold we choose. However, a covariantly constant spinor on K3 has a fixed
four-dimensional chirality while a covariantly constant spinor on 7% has both chiralities.

One can repeat the reduction of the BPS equations for the opposite chirality. It is
easy to see that the reduction of the spinor (2.53) is the only change. The new spinor is
denoted by hatted components

Gy &
Byt p
(3[4,, +ZV é[
I el I (2.67)
Q_y +iv
B+ —iv 3
G__ &
p—— —B
The reduction of the dilatino equation (2.33) for the new spinor (2.67) gives
0= 4P,a* — ( — g+ z’g§2>)3 (2.68)
0=4P.0 — (— g\ + igg%)a* (2.69)

In the asymptotic AdS3 x S region the axion and dilaton approach constant values and one
can set P, = 0. In this limit, demanding that the original dilatino equations (2.33), (2.56)
are satisfied for non-vanishing spinors «, 3, implies that the components of the three-form
tensor fields are self-dual. On the other hand, demanding that the new dilatino equa-
tions (2.68), (2.69) are satisfied for non-vanishing spinors &, B , implies that the components
of the three-form tensor fields are anti self-dual. The two conditions can only be satisfied at
the same time if g) = ¢ = 0, since a three-form tensor field which is both self-dual and
anti self-dual is automatically zero in six dimensions. The resulting solution corresponds
to a six-dimensional Minkowski vacuum, not an asymptotically AdSs x S spacetime.

Hence, for non-trivial anti-symmetric tensor fields one of the two sets of spinors must be
zero. We choose the unbroken supersymmetries to be associated with «, 8 and hence have
asymptotically self-dual anti-symmetric tensor fields. The other choice would correspond
to flipping the sign of the D1-brane charges.

In conclusion, the BPS equations (2.33)—(2.37) are valid for both a K3 manifold and
a four torus. In both cases the solution preserves eight of the sixteen unbroken supersym-
metries. Note that there would be a difference if we were to turn on the internal moduli,
since K3 and T* have different Hodge numbers.

3 Local solution of BPS equations

3.1 Expressions for the metric factors

It is possible to obtain an expression for the metric factor f; taking a linear combination
of equation (2.57) and (2.58):

D=/ (™ +B5%) 4+ 2h, (™ — 55%) — <§g§1> — 3-g‘g))a*ﬂ* — @ggl) — z’@)aﬂ =0 (3.1)

2
fi 4 4
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We can then use equations (2.63)—(2.66) to eliminate the fluxes. We are left with the
differential equation:

D.f

N1

It is possible to obtain similar equations for fo and f3. The metric factors are then found
to be:

(™ + BB*) — Dy(aa™ + B6%) =0 (3.2)

fi=a (Oé*Oé + ﬁ*ﬁ) (3.3)
fo = c2(a’a— B*B)
1
f3 = — (3.5)
Vpoar3
where ¢, ¢o are real constants and o(w) is a holomorphic function such that:
ga*ff =oaf” (3.6)
Furthermore, is possible to eliminate the terms with D, in (2.55)—(2.62) obtaining:
1 1 1
— —4h.a* B — 2 (3¢ —ig®)a? + 2 (33 —ig?h)p* =0 (3.7)
C1 4 4
1 1
CK — dh.a"B+ (g - 3igP)ar? — 2(5) — 3ig?)s” = 0 (3.8)
2

1h.0%3 4 (o) + ig®)a? — L(g +ig®)5 = 0 (39)
Combining the above equations we get the condition:
ca+vep =0 (3.10)
With a simple rescaling of the metric we can then set:
a=1 cp = —V (3.11)
3.2 Spinor components in terms of two holomorphic functions

It is possible to use equations (2.55)(2.60) to solve for the fields g(?) and (12

202 203 aa* + BF*

1) g = 26 1o (@ H 55 12
9:" g (aa*)2 — (BB)2 T n( o — ﬁﬁ*> (3.12)
_ . 23*2 20" aa® + B5*

M _ 552 = +=—D.In(—Z= 3.13
9z 9- (OéOé*)2 _ (/36*)2 ﬁ (OéOé* _ /66*) ( )
g +ig® = 4% P, (3.14)

g
gV +ig?® = 4@152 (3.15)
a
Substituting these expressions into (2.64)—(2.65) gives two equations:
(DZ —iw, — z’qz>62 2P, =0 (3.16)
(DZ —w, + iqz)oz*2 — %P, = (3.17)
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It is now convenient to use the expressions (A.6):

1 .
P, = 5(1)Z<;s+w¢’pz><) (3.18)
1
¢z = —5e"Dax (3.19)
We also use the spin connection and spacetime coordinates (2.54). Equation (3.16) then
becomes:
Owp 2 a*? & b
(8 +7+ et X)ﬁ -5 Ow(e™®+ix) =0 (3.20)
) 2
(0 + %’0 = —e¢8wx> %e%w (e®—ix) =0 (3.21)

Taking appropriate linear combinations simplifies the system to:

Ow In [pe¢/2 (62 - 04*2)] =0 (3.22)
—¢/2( 32 %2 ﬂQ —a*?
dw In [pe (87 +a™)] = ﬂQ ¢ PO (3.23)
These equations are solved by:

*2 ko 3 K A3
o™t = - sinh(\ + @) — z%e X (3.24)
B = E cosh(A + ®) — iiequ’x (3.25)

p 2p

Note that the spinors 3 and o* transform with weight (—4,0) with respect to the SO(2)
frame rotatlons Since p has weight (4, 1) it follows that k has weight (—3,3) ~ (0,1) and
that e* has weight (0,0). We have redefined the dilaton as

b =—2® (3.26)

3.3 Reduction to one equation
To simplify (2.63) and (2.66) we eliminate h, using (2.61)—(2.62) in (3.16)—(3.17).

a*2 62 a .
4hz+Pzﬁ Pa——0:>2hsz lnﬂ +1iq, (3.27)

Plugging the above expression for the fluxes into (2.63), (2.66) gives another system of
differential equations.

2 %

a’a . 66* ao* + B5* af* B

Doln (25 +iw. — =D (S m*) e ogrr =" 6
BG* . ao” aa* + B3* af* B

Do (S0 ) +iws = G Do (055 ~ o re =0 62
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Note that the axion and dilaton have dropped out of this system. Furthermore, this system
is actually linearly dependent since the difference of the two equations is automatically true.
The sum of the two equations can be simplified to

182 af*p

e ) ot + 15"

Oy In — ——————0yIn — =0 3.30
&)~ =187 % " foP ™ Tal = a7 (330
Using the spinor expressions (3.25) and defining the following field
3 % *
w_ . patg . patB 331
T T kReosh(A—x)  Jalf =B (3:3)
we can further reduce the equation to:
Buth +ie? =0 (3.32)
The general solution is shown to be:
10gH 7 10,H
o 10 o = Lol (3.33)

i H ' i H
Using the definition (3.31) we can solve the condition on the holomorphic function o that

was found in section 3.1 in terms of the arbitrary harmonic function H:

const

7T o,H

p—ip_ QB _
e = — =
af*

From now on we will set the constant to one. H is an arbitrary harmonic function which

(3.34)

o
—— =
(oa

parameterizes the solution. Plugging o into (3.5) gives the K3 metric factor:

f4 _ (aﬂ}H)2 _ p4H2
57 p2a%262 k|t cosh® (A — A)
4(0gH)?

= 3.35
2 <6—2Z\—2<1> _ P20 _ 232042 _ 2Z~€—2<1>X) (3:35)

We used (3.33) and (3.31) in obtaining the second equality. The third equality is obtained
using the relation:

k2
a*262 - v

i (e—QZ\—m _ o228 _ 625\—2<I>X2 _ 2ie‘2¢x) (3.36)

which follows from (3.25). Equation (3.35) determines p in terms of the two holomorphic
functions, the axion and the dilaton.

At this point, spinor components, fluxes and all the metric factors are known in terms of
dilaton, axion, two holomorphic functions and one harmonic function. The BPS equations
on their own are underdetermined and the Bianchi identities are necessary to constrain
axion and dilaton.

The benefit of hindsight allows us to say that the extra condition is obtained from the
Bianchi identity for the five-form in the K3 directions.
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3.4 Five-form Bianchi identity

The reduction of (A.10) in components along the K3 directions yields

0z (f4ph=) — 0-(f1phz) =0 (3.37)

We can find a convenient expression for h, = —ih, using equations (2.61), (2.55), (3.18)
and (3.5):

s zaH B i OgH T

f3 phz = Zawfg 2ﬂ4 = wa - §W<aw® — 56 an> (338)

Plugging in (3.25) we can rewrite the above equation as a total derivative:

4 20-23 /12 o—P-A,x2
4 7 . [3 (O H)“e”**/k Pf3
h, =10y | = + 95 |, Y 3.39
far Z < 4 5) ST e gy 2k (3:39)
The Bianchi identity then leads to the condition:
f4
DO (i’e—mRe(e—”‘)> =0 (3.40)

This condition is not automatic and gives us a restriction on the dilaton and axion (hidden
within the metric factor f3) in terms of a new harmonic function h defined as

f4 (e e =) (3.41)

3.5 Complete local solution

We now have two equations for f3 involving holomorphic functions, the dilaton and the
axion only, (3.41) and (3.35). We can use them to obtain an equation for the dilaton and
the axion, together with its complex conjugate:

_ " (&DH)Q e~ 2 + 6—2X

(e —ix)? —ef® = g2 ; (3.42)
B - (8 H)Q e 2 —|—6_25‘
(e 2 +ZX)2 L S 62“’/\1{:2 7 (3.43)
To simplify notation, we redefine our holomorphic functions as follows:
OwH _
B= e‘;—k A=e 2 (3.44)

From the assignments of weights under SO(2) frame rotation in section 3.2, it follows that
k and 0, H are forms of the same weight and hence both A and B have vanishing weight.

The following combinations of the metric factors have simple expressions in terms of
a and 3:

72‘1>A A
2 f3 = 4o = +|aH12 (3.45)
—2‘1’ A+ A - _
£ 13 =208+ lal) = B ((a+ A)h— B2 - B?) (3.46)
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At this point we are able to find convenient expressions for all bosonic fields. The

solutions for x and ® are
B2 _ BQ _
X:—,(T—A—FA) (3.47)

and
e4¢:i(A+A—UBJChB)2)<A+A—UB_B)2) (3.48)

The expression for the metric factor f3 becomes

e2®h

s=497 (3.49)

Equation (3.49) and the second expression of (3.35), rewritten in terms of the new holo-
morphic functions, give the new form of p:

4_€2<I)A‘awH’4A+A

HZ |B|! (3.50)
We then obtain the following expressions for the metric factors:
—2®
2 _ ¢ H| i 2\2
1t =S (A Dh— (5 - B) (3:51)
f2 = 62(I)|H‘((A+A)h - (B+B’)2) (3.52)
L2 h '

In appendices E and F it is shown that for a solution of the BPS equations and Bianchi
identity (3.40), the remaining Bianchi identities and equations of motion are automatically
satisfied. Since this is the case, we can derive the two-form potentials along the two-sphere
by rewriting the three-form field strengths as total derivatives.

f2pe ®Re(g?), = 9,b? (3.53)
f3pe®Im(g™)). + x f3pe”"Re(g?). = Duc® (3.54)

The potentials written in terms of our holomorphic and harmonic functions are

H(B - B) - - 1 [0u,H

b = — —— +hy,  hi=— | 24 3.55
(A+Mh—B-B2 v M7 B (3.59)

(@ HAB+AB) ., 1/AawH+ ce. (3.56)
(A+ A)h — (B — B)? 2| B

The Maxwell charges related to the RR and NS-NS three form are defined as
avs = [ RG), ann= [ Im(G) (357)
S3 S3

and can be calculated from (3.53) and (3.54).
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A four-form potential can also be defined for the five-form field strength. The compo-
nents along AdSy x S? and K3 are related by self-duality and we give the one along Kj:

C P2 B2
45 1 B*—-B 1~
h,=0,Cxk Cx=——=——+—-h 3.58
fsp K Ck=—5"7T1 3 (3.58)
Here h is the harmonic function conjugate to h so that dy,h = —idyh. Note that the

harmonic function / should not be confused with ﬁz Some details of the derivations are
provided in appendix E.

In summary, our solution is determined by two independent holomorphic functions
A, B and two independent harmonic functions h and H. Alternatively, since A £ A are
dual harmonic functions and B + B are dual harmonic functions , we can parameterize our
solution in terms of four independent harmonic functions. The conditions guaranteeing the
regularity of f2, f2, and e® are discussed in section 4.3.

4 Regularity and half-BPS Janus solution

In this section we discuss the conditions imposed by regularity on our solutions. In partic-
ular, we will restrict our analysis to the case in which ¥ is a genus zero Riemann surface
with a single boundary and the functions H, ﬁ, A and B admit only singularities of a cer-
tain class on Y. We will present simple Janus deformations of the three parameter family
of AdS3 x S3 vacua and general expressions for regular solutions having three or more
AdS3 x S3 regions.

4.1 Symmetries of the solutions

The analysis of the regular BPS solutions can be simplified by using the symmetries of the
theory. First of all, we note that we can rescale the harmonic functions as:

B — ¢B, h — ¢*h, H — cH (4.1)

leaving all fields unchanged provided that we change the constant in (3.34) by a factor of
¢!, Similarly, the we can rescale the harmonic function H as:

H — cH (4.2)

and find that the metric factors and two-form potentials change only by an overall scale if
we also multiply the constant in (3.34) by a factor of c.

Moreover, the SL(2, R) symmetry of type IIB supergravity maps regular supersym-
metric solutions into different regular supersymmetric solutions and has a simple action
on our harmonic functions. S-duality, acting as 7 — —1/7 on the axion-dilaton system,

transforms the harmonic and holomorphic functions as:

1 B . . B? B?
The scale symmetry 7 — a7 acts as:
A — a®A, B — aB (4.4)
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and the shift symmetry 7 — 7 4 b has the action:
A— A—ib (4.5)

Our solutions also display several discrete symmetries. In particular the discrete transfor-
mation:
B — —-B, H— —-H (4.6)

leaves all the fields unchanged while the transformation:
H— —-H (4.7)

simply flips the sign of all the two-form potentials while leaving dilaton, axion, metric
factors and the four-form potential invariant.
Finally, the transformation:

A— —A, h— —h (4.8)

flips the sign of the R-R potentials while leaving the NS-NS potentials and the other fields
and metric factors unchanged.

4.2  AdSs; x S® vacua

The AdSs; x S3 slicing into AdS; x S? spaces is given in [14] and corresponds to the
metric factors:

f? = cosh? z, f2 = sin?y, p=1, f3 = const (4.9)

where x and y are the real and imaginary part of w and the AdS; and S3 spaces both
have unit radius. With this parameterization, the surface ¥ corresponds to a strip in the
complex plane:

x € (—00,+00), y € [0, 7] (4.10)

and the boundary 0% is given by the lines y = 0 and y = 7. The dilaton and axion assume
constant values and our vacua solutions are charged under the three-form anti-symmetric
tensor fields.

In order to derive expressions for the harmonic functions corresponding to the vacua
solutions, we first use equation (3.25) and (3.49) to get the relations:

*2 2
2\ _ 62@3 +a

h = f—i’é’le—z‘b(A + A) (4.13)

Moreover, H has a simple expression in terms of the metric factors while the spinor com-
ponents « and (3 are determined from the metric factors up to a constant phase:

’a‘szl—Vf27 wzzfﬁ—szQ

1 = 214, s (1.14)
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Using the relations (4.11)—(4.14) it is possible to show that the following functions lead to
AdSs x S? vacua:

H = —isinhw + c.c. (4.15)
A:_%Qsin*y—kc?sys%nhw_id (4.16)
cosy — siny sinh w
h
B = —ie oS (4.17)
cos~y — sin -y sinh w
. A+ A
h=22 (4.18)

€

The real parameters § and € are related to the values of dilaton and axion:
e’ =g, X=0 (4.19)

It is easy to see that the harmonic functions H, B, A+ A and B + B all obey Dirichlet
boundary conditions for y = 0 and y = .

The harmonic function H is singular for x — Zoo while, for generic values of the
parameters, A+ A, B+ B and h will vanish for  — 400 and have singularities for:

sinhx =cotvy, y=0 and sinhz=—coty,y=m7 (4.20)

The functions H, A+ A and h do not have zeros in the bulk of ¥ while the holomorphic
function B vanishes for w = im/2.

The charges of the solutions can be obtained finding the flux of the three-form anti-
symmetric tensor fields on the three-sphere, which corresponds to a curve on X starting
on the y = 0 boundary and ending on the y = 7 boundary (as shown in figure 1). The
integral of each three-form field along the curve is equal to the change in potential between
the two endpoints. In conclusion we get for the Maxwell charges

qrr = P(y=7) - Py =0) - x0P(y =) - @ (y=0))

= mesiny (4.21)
gvs = b (y =) — b (y = 0)
= 77 (4.22)

€

In particular, a pure R-R solution can be obtained with v = 7/2 and has poles on the
imaginary axis for y =0 and y = 7.

The harmonic functions (4.15)—(4.18) depend on three parameters, we have however
set the volume of K3 as well as an overall scale to one for simplicity. In addition the dual
harmonic function to h contains a constant related to the value of Cy on K3. Hence the
vacuum solutions depend on six independent parameters.

4.3 Regularity analysis

At this stage, it is useful to introduce the new variable u = €. This change of coordinates
maps the strip into the upper half-plane with the real axis Imu = 0 as the boundary of X
together with a point at infinity (as shown in figure 1).
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Y
Y

Figure 1. Change of coordinates mapping the strip into the upper half plane.

It is easy to see that the holomorphic functions in the previous section become rational
functions with simple poles of order one when expressed in terms of w.

In this paper we will restrict our analysis to regular solutions for which the Riemann
surface ¥ has genus zero and a single boundary component deferring the more general
analysis to future work. Under this assumption we can always find a change of coordinates
mapping ¥ into the upper half-plane.

Moreover, we will analyze only regular solutions with AdS3 x S3 asymptotics. We will
also restrict our analysis to the case in which the holomorphic functions A, B and the
holomorphic part of H and h only admit simple poles of order one.

In order to avoid curvature singularities and in analogy with similar work in [19]
and [18], we will consider only solutions in which:

e the radius of the AdSs slice, given by the metric coefficient f7, is non-zero and finite
everywhere except at most isolated singular points. The singularities correspond to
AdS3 x S% asymptotic regions. It is unclear whether there is a different class of regular
solutions which do not respect this condition and hence have different asymptotics.

e the radius of the two-sphere, given by fo, is finite on 3 and zero on the boundary.
The boundary is defined as the locus in which fy vanishes except at most a set of
isolated points.

e the volume of the K3 manifold (given by f3) and the dilaton are finite and non-zero
everywhere.

We can use the expressions (3.51), (3.52) and (3.49) to prove that:
3 fs = H? (4.23)

Since fo = 0 on 9%, it follows that H must vanish identically on the boundary. We can
see from (3.51) that, in order for fi to be finite on the boundary we need h to vanish
identically as well. Moreover, given the relation (3.49), we need A + A to vanish in order
to have a non-zero value for f3. Finally, because of the factor of (A + A)h — (B + B)? in
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the expression (3.52), we need B + B to vanish as well to avoid a negative value for f2
close to the boundary. In conclusion we get that:

h=(A+A) =B+B)=H=0 on 9% (4.24)

That is, the real harmonic functions H, ﬁ, A+ A and B + B all obey Dirichlet boundary
conditions, where all harmonic function go to zero with the same rate as the argument
approaches the boundary. It follows that the conjugate harmonic functions —i(A — A) and
—i(B—B) obey Neumann boundary conditions. The conditions (4.24) can be automatically
satisfied if the harmonic functions with Dirichlet boundary conditions are taken in the form

if(u) —if(a) (4.25)

where f is a real analytic function so that f(u)* = f(a).

Turning our analysis to singular points and zeros of the harmonic functions, it is pos-
sible to prove several necessary conditions to avoid a singularity in the solution. In all the
solutions we construct in the next sections these conditions, together with Dirichlet bound-
ary conditions, are also sufficient and regularity close to singularities and zeros determines
regularity everywhere in the bulk of X.

R1: The harmonic functions A + A, B + B and h must have common singu-
larities. In order to have a finite value for f3 we need A + A and h to have common
singularities according to equation (3.49). Moreover, we can see from expression (3.52)
that if A+ A and h are singular, we need B + B to be singular as well so that:

- (B+ B)?
A+A—(;;)—m (4.26)

If we expand our harmonic and holomorphic functions in the vicinity of a singularity as:

CA

A= +ibg+ ... (4.27)
U — ug

B=i—%5 Libg+... (4.28)
U — ug

h=i +ib+ -+ cc. (4.29)
U — Uug

then equation (4.26) gives a relation between the residues which needs to be satisfied:
caé =% (4.30)

R2: No singular points in the bulk of 3. To prove this we can expand our harmonic
functions in the vicinity of a common singularity as in equation (4.27)—(4.29). We then
introduce the new coordinates re’® = u — ug in a neighborhood of the singular point and
rewrite the harmonic functions as:

sin ¢

r

A+ A=2cy —2Imb, + ... (4.31)
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With similar expressions for the other functions. It follows from equation (4.31) that there
exists a curve C on which A + A vanishes at least in a neighborhood of the singularity. In
order to preserve the positivity of f:,‘} and e*®, the other two harmonic functions B + B and
h must vanish on C as well. Since the ratio of metric factors can be expressed as:

3 (A+Ah—(B+B)
£ (A+ Ah—(B-B)

it follows that fa/f1 = 0 on C, that is either fo = 0 or f; — oo on the curve C. The metric
factor f; can have singularities only in isolated points and the boundary 9% is defined as

z (4.32)

the locus in which fo = 0, therefore the singular point must be on the boundary. With a
similar argument we can show that any singularity of H must be on the boundary as well.

As we will see in the next sections, the absence of singularities in the bulk forces the
D3 and D7 brane charges to be zero in case of a regular solution with a single bound-
ary component.

R3: The functions A+ A, h and H cannot have any zero in the bulk of 3. The
positivity of f3 and e*® demands that if A+ A or h have a zero then the zero is common to
A+ A, h and B+ B. The existence of a curve of zeros of A+ A or h can be excluded with
an argument similar to the one of the previous paragraph: since fi can have singularities
at most in isolated points, fo must vanish on the curve and the curve is just part of the
boundary. With an analogous argument we can exclude the existence of a curve of zeros
of H.

The existence of isolated zeros of the harmonic functions can be ruled out because the
zero would be a global minimum in the bulk of ¥ and, due to the maximum principle for
harmonic functions, the harmonic function would have to be constant everywhere on X.

Similarly, it is possible to use the maximum principle to prove that an harmonic func-
tion does not change sign in the bulk only if all the residues of its holomorphic part have
the same sign. Moreover, since h, H and A + A cannot change sign we can use the trans-
formations (4.7)—(4.8) to set them to be positive everywhere on 3.

An expansion of the harmonic functions b, H and A+ A close to the boundary I m(u) =
0 can be used to show that the absence of any zeros in the bulk implies that all three
harmonic functions vanish like I'm(u) as I'm(u) — 0.

R4: The holomorphic functions B and 8,H must have common zeros. The
two-dimensional curvature scalar can be expressed as:

_48u8ﬁ log p

Ry =
2

(4.33)
In order to avoid a curvature singularity we need p to be strictly positive everywhere on .
In particular, since H, h and A + A vanish only on the boundary, equation (3.50) implies
that B must have all the zeros of 9, H.

A separate analysis is required for the case of points which are zeros of B but not zeros
of 0,H: in these points the metric factor p is singular while Ry vanishes. These zeros
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correspond to AdSs x S? x S' x R asymptotic regions and their analysis will be deferred
to further work.?

4.4 Simple R-R Janus deformations

In this section we look for a simple Janus deformation in which each of the harmonic
functions has two singular points. We can see from equation (4.22) that for the R-R
AdSs x S3 vacuum the harmonic functions A + A, B + B and h have singularities on the
imaginary axis at y = 0 and y = « while the harmonic function H has singularities for
x — Foo. We can look for a Janus deformation having poles in the same positions. This
leads us to the ansatz:

H = —% (clew - cze_w) + c.c. (4.34)
h
A= BT acoshw L, (4.35)
sinh w
h
B = Z‘w + iby (4.36)
sinh w
- h
j =t oseoshw (4.37)

sinh w

Next, we can use the scale symmetry (4.1) to set ¢3 = cger. We can also redefine the other
coefficients as:

cq4 — CgC4, c7 — g, cg — &% (4.38)
Ce Ce
The regularity condition R4 implies that:
Cl1 — C2
c5 =0, by = ¢ 4.39
i 2T o (4.39)
while equation (4.30) gives:

g = —c4, 2 —ci=ct (4.40)

Redefining ¢; = Le¥, ¢co = Le ¥, ¢7 = kcosh 6, ¢4, = ksinhf, ¢g = k and by = b we get a
five parameters set of solutions.* In conclusion, the harmonic functions are:

H = —iLsinh(w + ) + c.c. (4.41)
A= ik cosh Jr'simhﬁcoshw b (4.42)
sinh w
. cosh(w + 1)
B=ik————= 4.43
! cosh v sinh w ( )
i — icosh& —.sinhﬁcoshw Lee (4.44)
sinh w

It is easy to see that the parameters b and k correspond to SL(2, R) transformations
keeping the NS-NS charge to zero. Specifically, the scale transformation changes k by an

3This solution is reminiscent of the ones found in [44] in a different context.
4As was the case for the vacuum solution we have set the volume of K3 to one and do not display the
constant in the harmonic function dual to h.
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Figure 2. Dilaton and axion profiles for a Janus deformation with ¢ = 1/2 and § = 0. The
parameters k and L have been set to one.
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Figure 3. Dilaton and axion profiles for a Janus deformation with ¢» = 0 and 6 = 1/2. The
parameters k and L have been set to one.

overall constant while the shift transformation acts as a shift of b. Similarly, the parameter
L corresponds to the transformation (4.2) and can be used to fix the radius of one of the
two AdSs regions.

On the other side, the parameters 6 and 1 determine a different value for dilaton and
axion in the two asymptotic regions. Dilaton and axion profiles for Janus deformations
with ¢ #£ 0,0 = 0 and ¥ = 0,60 # 0 are plotted in figure 2 and figure 3 respectively.

We have (relatively) simple expressions for the dilaton and axion:

19 _ cosh?(z + v)sech?y + (cosh2 0 — sech2¢) sin? y
e =
( cosh x — cos y tanh 6) 2

_kj sinh 20 sinh x — 2 tanh 1) cos y B
2 coshx cosh @ — cosysinh 6

(4.45)

X = b (4.46)
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Figure 4. Metric factors for a Janus deformation with ¢y =0 =1/2, L=k =1 and b = 0.

The metric factors are:

4 _ g2 £ cosh? x cosh? f — cos? y sinh? @ cosh (4.47)
> cosh?(z + 1) '
fél _ 462‘I> cosh x cosh # — cos y sinh 6 (4.48)

k2 coshz cosh + cos ysinh 0

Note that the above expressions are manifestly regular. The profiles for the metric factors
for a Janus deformation with ¥ # 0 and 6 # 0 are plotted in figure 4. The value of the K3
part of the four-form potential in the asymptotic regions is given by the function & since
the first term of equation (3.58) vanishes for 2 — 4o00:

1 sinh 20 sinh x + 2 tanh v cos y

- - 4.49
¥~ 2 cosha coshf + cos ysinh ( )
Finally, the R-R charge of these solutions is equal to:
qrr = kL cosh 6 cosh ¢ (4.50)

While the NS-NS charge is equal to zero as expected for a pure R-R solution.
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Y oY, Jump
e?® | k%(1 — tanhe)) | k2(1 + tanh) | 2k% tanh )

X k?sinh 6 — b —k?sinhf —b | —2k%sinh@
f4 | 4(1 —tanhv) | 4(1+tanhe) | 8tanhe
Ck | —sinh6 sinh 6 2sinh 0

Table 2. Different asymptotic values for scalars and metric factors.

oL (y) 1 (v)
e?® | 2k%(1 — tanh)) tanh 6 cos y 2k2(1 + tanh ) tanh  cos y
X 2k2sechf cos y(tanh i) 4+ sinh? @) | 2k2sechf cos y(tanh ) — sinh? 6)
4+ | —8(1 — tanh) tanh 6 cos y —8(1 + tanh ) tanh € cosy
Cr | 2sechf cosy(tanh ) + sinh? 9) 2sech cos y(tanh ) — sinh? §)

Table 3. ¢} (y) for scalars and metric factors.

We can also compute the D3 brane charge calculating the flux of the five-form anti-
symmetric tensor field over a five-dimensional closed surface of the form K3 x C where C is
a closed curve in the bulk of ¥. Since X is simply connected and the harmonic functions
do not admit any singularity in the bulk, C is contractible and the D3 brane charge must
be zero. Similarly, the D7 brane charge must vanish as well.

Note that the € deformation leaves the dilaton and f3 invariant while the axion has
different values in the two AdS3 x S® regions. Similarly the 1) deformation produces a jump
in ® and f3 only. The asymptotic values for the dilaton, axion and metric factors are given
in table 2.

We can see that the combinations:

e 2% gl and x + k*Ck (4.51)

have the same values in the two asymptotic regions. The fields approach their constant
values in the two asymptotic regions as follows:

b =" +ol(y)e® +... for z — —oo (4.52)
¢ =% + L (ye ™ +... for z — oo (4.53)

The profile functions ¢} (y) for the different fields are listed in table 3.

4.5 NS-NS Janus deformations

The SL(2, R) symmetry can be used to generate Janus solutions with non-zero NS-NS
charge. In particular, all regular Janus solutions with two asymptotic regions can be
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obtained applying an SL(2, R) transformation to the pure R-R solution from the previ-
ous section.

The S-duality transformation maps the R-R solution to a solution charged only under
the three-form NS-NS fields. Using the transformation (4.3) we get the following expres-
sions for the harmonic functions:

H = —iLsinh(w + ¢) + c.c. (4.54)
—¢sinhw

A = 4.55

k2 sinh 0 coshw + k2 cosh @ + bsinh w ( )

B_ i cosh(w + v)sechy (4.56)

k2 sinh 6 coshw + k2 cosh @ + bsinh w
' (tanh 1) sinh w + cosh w)?
k2 sinh 0 cosh w + k2 cosh 0 + bsinh w

>
I

- <cosh 6 — sinh 0 coshw —
sinh w

) +ec. (4.57)

These functions have singularities for:

w_cosh® £ \/b?/k* +1 (4.58)

sinh 6 + b/k?

e

The singular points are located on the ¥y = 0 and y = w boundaries, but their positions
now depend on the parameters. These solutions have NS-NS three-form charge equal to:

qns = —mkL cosh 8 cosh 1) (4.59)

and vanishing R-R charges. The expressions for the metric factors and the four-form
potential are invariant under the S-duality transformation. Using S-duality it is easy to
see that the following fields combinations:

—29 2 20\ rd X 2

have the same values in the two asymptotic regions.

4.6 Multi-pole solutions

In this section we will use the conditions for regularity from section 4.3 to find a general
ansatz for solutions having n AdSs x S® regions. The relevant holomorphic functions will be
rational functions in the variable v and the position of poles and residues will parameterize
the multi-pole solutions. We start by taking the harmonic function H to be in the form:

n—1
. CH,i ,
H = —_— — .C. 4.61
i ZEZI p—— iICH U+ C.C (4.61)

here 21 ... 2y n—1 are the poles of the holomorphic part of H, which also has a pole at
infinity, and cp 1 ...cH,n are the residues. According to condition R2, the poles must be
taken on the real axis while condition R3 determines the residues to be all positive. With
a change of coordinates on ¥ we can set the position of a pole at infinity, 51 = 0 and
xp2 = 1 bringing down the total number of parameters to 2n — 3.
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Similarly, we can take the function A in the form:

2n—2

. CAi .
A= _— b 4.62
ziglu_xAﬂﬂ-z (4.62)

As before, x4 1...T42n—2 and T4,1...242,—2 are the poles and residues of A. The x4
must be real since A cannot have any zeros in the bulk and the residues must be all positive.

At this point, the regularity conditions completely determines the other functions.
Because of conditions R4 and R1, the function B must have the same zeros of d,H and
the same poles of A. These requirements fix its form up to an overall constant which can
be set to one with the symmetry (4.1):

B =

n—1 o N2
e
[ (u—2a,)

With this definition, the function B + B must have at least a curve of zeros in the bulk of

Y. To show this property, we first note that 9, H can be expressed as:

n—1
O H = —i (Z S cH,n> (4.64)

(4.63)

=1

Since 9, H is a rational function with a polynomial of degree 2n — 2 as numerator, the
fundamental theorem of algebra guarantees that it must have 2n — 2 zeros. If we restrict
u to the real axis, the term in brackets in equation (4.64) is strictly positive because the
residues cp; are all positive, therefore J,H cannot have any zero on the real axis and all
the zeros must be complex. In particular, since the numerator of 0, H is a polynomial with
real coefficients, half of the zeros have positive imaginary part and are located in the bulk of
Y. Since B has common zeros with 0, H, the harmonic function B + B must have the same
n — 1 zeros in the bulk of 3. These zeros cannot be isolated due to the maximum principle
for harmonic functions, therefore there must be at least a curve of zeros in the bulk.

Because of the presence of the curve of zeros, B+ B changes sign in ¥ and the residues
of B cannot all have the same sign.

The function % has the same singularities of A + A according to condition R1 and the
residues are fixed by equation (4.30):

2n—2 é C2B‘
h =i —"  tece b = —2 4.65
ZZU—:I:A,i+CC “ CA ( )

The residues cp; can be obtained from:

cpi= lim (u—x4,)B(u) (4.66)

’U‘HQEAJ'

Note that our solution depends on a total of 6n — 4 parameters. Four of these parameters
must still correspond to the SL(2, R) transformations generated by (4.3)—(4.5) and to the
scale transformation (4.2).
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We now need to prove that the harmonic functions (4.61)—(4.65) provide a solution
which is regular everywhere on ¥. Regularity on 0% is satisfied because the harmonic
functions obey to Dirichlet boundary conditions and respect condition R1 together with
equation (4.30). Note that away from singularities located at the boundary, the harmonic
functions A + A, B + B, h, H all vanish linearly in y.

From equation (3.51) we see that f; is manifestly positive and non-vanishing in the
bulk of ¥. Similarly, according to equation (3.50), p is always finite and strictly positive
in the bulk since condition R4 is satisfied. f3 is finite and positive as well because A + A
and h are finite and positive in the bulk. The only non-trivial requirement is coming from
the regularity of the dilaton and of the metric factor f3. We must prove that:

(A+ A)h—(B+B)?>0 (4.67)

everywhere on .
Using the expressions (4.62)-(4.65) we can show that:

L2 A2
2m—2 i—1 CAZCB] CA,JCB,Z

(A+ A)h — (B + B)? = 4 CA CA
; ; (2 —2a2)* +9°) (@ = 2a)* + )

—2¢BicB,;

(4.68)

where the diagonal terms with ¢ = j have canceled due to equation (4.26). We then note
that the denominators of the terms in the summation are manifestly positive while the
numerators can be rewritten as squares:

CAiCR;  CAjCB;

2 02 i CA 2
) ) 3 )2 2
+ - 2CB,iCB,j = < CBJ‘ — J CBJ') (4.69)
CA,j CAi CA,j CAsi

Since B + B has a curve of zeros in the bulk of ¥, the residues cp,; cannot all have the

same sign and at least one of the terms in the summation (4.68) will be non-zero. Hence,
the left-hand side of equation (4.68) will be strictly positive causing the metric factor f2
and the dilaton to be positive everywhere in the bulk.

The profiles of the various fields in case of a solution with three asymptotic regions are
plotted in figure 5 and figure 6.

The solutions we have found carry in general D1,D5, as well as NS5 and fundamental
string charges. Regular multi-pole solutions cannot have any D3 and D7-brane charge.
The argument is similar to the one presented in the previous section: the D3 and D7
charges are constructed integrating the five-form flux and dy over closed surfaces of the
form C x K3 and C respectively, where C is a closed curve in the bulk of ¥. Since X is
simply connected and the harmonic functions do not admit any singularity in the bulk, C is
contractible and the charges are zero. In other words, the back-reacted solutions carrying
D3 and D7 charges are either singular or require a Riemann surface 3 which is not simply
connected.

5 Janus solution and interface CFT

In this section we review the two-dimensional CFT dual of type IIB string theory on
AdSs x S% x My with self-dual R-R three-form flux. The compactification manifold My is
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Figure 5. Dilaton and metric factor fs for a multi-pole Janus deformation. H is singular for
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Figure 6. Metric factors f; and f5 for a multi-pole Janus deformation. H is singular for x = 0,1, 00

while A has poles in z =0, —1,1, 2.

either 7% or K3. A comprehensive review can be found in [45] which we will follow to a

large extent.
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given by [10, 12, 13] the smooth resolution of the orbifold CFT of the symmetric product
M™/S,,. For definiteness we focus on the case where My = T in this section. The central
charge of the CFT is then ¢ = 6n = 6Q1Q5. The orbifold 7/S, can be constructed by
starting with the free field CFT representing the tensor product 7}'.

S = 417r/d2zz <8Xi,a5Xi,a + l/Ji,aél/Jiﬂ + @ZLaa@ZLa) . (5.1)

The indices i = 1,2,---4, and a = 1,2,---n parameterize n = ()15 copies of the four
torus T4,

The global sub-superalgebra of the N' = (4,4) superconformal algebra is SU(1, 1|2) x
SU(1,1|2). There are several SU(2) symmetries which will be important in the following
analysis. First of all, the SU(2)g x SU(2)r R-symmetry is part of the global superalge-
bra and acts on the holomorphic and anti-holomorphic part of the CFT respectively. In
addition, there exists an SU(2); x SU(2) group of outer automorphisms of the supercon-
formal algebra.

For holomorphic (and anti-holomorphic) fields each state in the CFT is labelled by the
conformal dimension h (and A') and its SU(2)r and SU(2) g quantum numbers j and j/,
respectively. In addition, states related to the internal structure of the My can be charged
with respect to the SU(2); and SU(2); symmetries.

We now describe the holomorphic side of the CFT with analogous expressions for the
anti-holomorphic side.

The fermionic generators of the SU(1, 1|2) superalgebra are Gil/? Gﬂ/z with o = 1, 2.
A special class of states is formed by chiral primaries which have h = j and are in short
multiplets of the superalgebra. Chiral primaries are annihilated by half the superconformal
generators, namely

G£1/2 ’ ¢) =0, G2_T1/2 | <f>> =0 (5.2)
Chiral primaries are protected from quantum corrections to their conformal dimension.

For an interface CF'T there are two kinds of possible operators which can be added to
deform the theory preserving the interface conformal symmetry. First, exactly marginal
operators of dimension (h,h) = (1,1) can be added to the bulk Lagrangian (possibly with
a position dependent coupling constant). Second, dimension (h,h) = (1/2,1/2) operators
which are localized at the interface can be added. We will now construct these operators
from the chiral primaries in the untwisted and twisted sectors of the CFT.

In the untwisted sector, the chiral primaries with the lowest dimension have (h,h) =
(1/2,1/2). They are constructed from holomorphic and anti-holomorphic fermion bilinears
Y7, These chiral primaries will transform as (2,2) under the SU(2)g x SU(2)r R-
symmetry. Acting with non-trivial set of superconformal generators produces descendants
and the bottom components of the supermultiplet have (h,h) = (1,1). This means that
they are marginal operators. These operators all transform as (1,1) under SU(2)r X
SU(2) . They can be further classified into representations of SU(2); x SU(2);,. The only
operator which transforms as a (1, 1) singlet under SU(2); xSU(2)p is of the following form:

Oy = Z 8Xi7a5Xw + fermions (5.3)
i,a

and is proportional to the Lagrangian density for the untwisted sector.

~32 -



Other short multiplets come from the twisted sector of the symmetric orbifold. The
twist fields in a symmetric orbifold are labeled by the conjugacy classes of the symmetric
group S(Q1Q5). The simplest twist fields are associated with Zs twists which exchange
a pair of bosons and fermions, for example x;1 < x;2,%;1 < ;2 while all other fields
remain unchanged. A twist operator is constructed by summing over all elements in a given
conjugacy class. By doing so, one obtains a chiral primary Y53 with h,h = (1/2,1/2).
Descendants with (h, h) = (1,1) are obtained by acting with superconformal generators on
the chiral primary. Among the descendants there is one operator T transforming as (1, 1)
under SU(2)g x SU(2)z and (1,1) under SU(2); x SU(2)p. Tp can be obtained from the
following operator product expansion

lim (G?(2)G'(2) — G ()G (2)) 2272 (w, w) = ;To(w,u’)) +o (5.4)

Z—w (z —w)(z — w)

N

There are higher order twist fields associated with other conjugacy classes of .S,,, but
they will not be needed here. The interpretation of turning on 7j is that the orbifold CFT
will be deformed by turning on a particular blow-up mode.

In summary, there are five chiral primary states with dimension (h,h) = (1/2,1/2)
which do not transform under SU(2); x SU(2)p: four from the untwisted sector and one
from the twisted sector. Among the superconformal descendants of these states there are
two operators with dimension (h, ) = (1, 1) which do not transform under SU(2); x SU(2)
and under SU(2)r x SU(2) . We denote the operator from the untwisted sector as Op and
the operator from the twisted sector as Tj.

5.2 Holographic interpretation of Janus solution

In this section we provide the holographic interpretation of the R-R charged Janus solutions
obtained in the previous section. We recall the relation between the mass of a scalar field
in AdSs and the conformal dimension of the dual operator in the CFT5.

A=1++vV1+m? (5.5)

Hence a massless field corresponds to a marginal operator with A = 2 and fields which
saturate the Breitenlohner-Freedman bound m? = —1 correspond to operators with con-
formal dimensions A = 1. In the following analysis we briefly review the holographic
map between asymptotic behavior of fields near the boundary of AdSs and the presence
of sources and/or expectation values for the dual operators. For simplicity, we exhibit the

map for Euclidean AdSs:
_dz? 4 da? + da}

2
ds 5

- (5.6)

where the boundary is approached as z — 0. A massless field with m? = 0 and A = 2
behaves near the boundary as

lim §a—y ~ ¢"(x) + 2°¢" (2) + - (5.7)

If ¢g is non-vanishing, a source for the marginal operator dual to the scalar field is turned on.
A non-vanishing ¢; is interpreted as a non-trivial expectation value for the dual operator.
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The (global part) of the SU(2)r x SU(2)r R-symmetry is realized by the isometry
of the S3 in the AdS3 x S% vacuum, hence scalar fields transform trivially under the R-
symmetry. Furthermore since the K3 or T are not touched in the ansatz, all fields are
neutral with respect to the SU(2);, x SU(2)y,. Scalar fields which deform the 7% or K3
will be charged under the SU(2); x SU(2)p. The four scalars which are present in our
ansatz from the perspective of six-dimensional supergravity (i.e. the theory obtained by
compactification of type IIB on 7% or K3) are the ten-dimensional dilaton ®, the axion
the volume of T* (related to f3) and the four-form potential Cy evaluated along T*. For
a AdSs x 83 background with self-dual R-R flux, two of these four scalars will become
massive and two will remain massless [49-51]. It is the two massless fields which we can
identify to be dual to the marginal operators Og and Tp. One finds the relation

Oo ~ s, Ty ~x—Cy (5.8)

where the six-dimensional dilaton is defined by e=2% = ¢2® f4. In particular, turning on
the operator Oy corresponds to a non-zero value for the parameter ¢ in the R-R Janus
solution in section 4.4 while the operator Ty corresponds to a Janus deformation with 6 # 0.

In the strip coordinates the asymptotic behavior of the AdSs3 metric is given by

dz? — dt?
lim ds? ~ da? + 2"l 272 + o(e~2ll) (5.9)
r—=+o00 z
The behavior of the massless fields (5.8) is given by:
lim ¢a—s = ¢%n s+ ¢§E;A:2(y)672|x‘ + o) (5.10)

r—F00

where we denote both massless fields given in (5.8) by ¢a—9; the detailed expressions for
¢3:;A:2 can be obtained from table 2 and gbi;A:Q (y) can be read off from table 3. The two
massless scalar fields take two different values as |z| — +oo, this means that a different
source for the dual operators will be added in the two half spaces 2+ > 0 and =t < 0
respectively. We obtain the Lagrangian:

L1 = Lo+ 0Oz )e100 4+ O(zt) e Ty (5.11)

where L is given by (5.1). In general the addition of terms like (5.11) will break the
supersymmetry and it is necessary to add counterterms (5.12) to restore some fraction
of it.

Liotal = L1+ 6(27)Oa=1 (5.12)

Since the defect is one-dimensional the appropriate operator has conformal dimension one
and should correspond to an operator with (h,h) = (1/2,1/2). The exact combination
of operators which appears as a counterterm is determined by the preservation of the
supersymmetry. The analysis of the counterterms on the CFT side and the precise match
to the supergravity solution are left for future work.
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6 Discussion

In this paper we have found the general local solutions of type IIB supergravity which
can be viewed as deformations of the AdS3 x S3 x K3 (or T*) vacuum. The solutions
preserve eight of the sixteen supersymmetries as well as a SO(2,1) x SO(3) subgroup of
the SO(2,2) x SO(4) global symmetry of the vacuum. Local solutions are parameterized
in terms of two holomorphic and two harmonic functions.

There is one interesting feature of our solutions that differs from the half-BPS solutions
discovered in other AdS/CFT contexts [17, 20]. The BPS equations alone do not completely
determine the solutions and the Bianchi identity of the self-dual five-form field strength is
necessary to determine all fields in terms of harmonic functions. We showed that non-trivial
solutions exist and presented half-BPS Janus solutions carrying R-R or NS-NS fluxes. The
holographic interpretation of these solutions is given by a superconformal interface theory.

There are quite a few possible applications of these solutions as well as open questions
and directions for future research. It would be interesting to perform an analysis of the
structure of the counterterms similar to what has been done in the N' = 4 SYM case
in [16, 47, 48]. The holographic solution suggests that a particular linear combination
of dimension (h,h) = (1/2,1/2) chiral primary operators from the untwisted and twisted
sectors is localized on the defect. On the field theory side, the supersymmetry variation
of the counterterm is expected to cancel the supersymmetry variation of the bulk which
would become a total derivative and localize on the interface.

Our ansatz for the solution did not turn on the moduli of the K3 or T%. This can in
principle be done using a ten-dimensional ansatz as well. It is however simpler to consider
the six-dimensional supergravity theory which is obtained by the compactification of type
IIB on K3 (or T%) [49]. The moduli of K3 or T* are scalar fields in the six-dimensional
theory which, together with the universal scalar fields discussed in the present paper, live
in a coset manifold. It would be interesting to analyze possible interface theories where the
moduli take the role of the six-dimensional dilaton and axion and fluxes associated with
cycles on K3 (or T*#) are turned on.

In general it is also possible to have conformal defects in a CFT which carry additional
degrees of freedom localized on the boundary. In AdSs/CFT; such defects can be realized
by probe branes with AdS, worldvolume in AdSs;. The probe approximation neglects the
back-reaction. As discussed at the end of section 4.6, the presence of other branes and the
associated conserved charges makes it necessary drop some of the requirements which we
have been imposing on the solutions. It would be interesting to explore the possibility of
half-BPS solutions which correspond to completely back-reacted brane solutions.

In the two-dimensional conformal field theory there have been interesting recent de-
velopments (see for example [41-43]) concerning one-dimensional interfaces. It is an open
question whether some of these developments have a counterpart on the dual supergravity
side. For example, it would be interesting to explore whether there are topological defects
and whether the notion of fusion of defects has a gravitational analogue.
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A 1IIB supergravity in ten dimensions

In this appendix we gather our conventions for ten-dimensional IIB supergravity. We use
the SU(1,1) formalism of [52]. The bosonic fields are: the metric g, ; the complex axion-
(2)
nv

dilaton scalar B; the complex two-form By and the real four-form C(y). We introduce

composite fields in terms of which the field equations are expressed simply as follows,

1
P,=——-0,B
I 1_‘3’2#

1 _

We use form notation for the field strengths: Fi3) = dB(y),

1

G = ———(F(3 — BF,
\/W( 3) 3)
i o
Fis) = dCy + 75 (B) A Fls) = By A Fz)) (A.2)

The scalar field B is related to the complex string coupling 7, the axion x, and dilaton ¢ by

_1+iT
1 =T

B

T=x+ie”? (A.3)

Note that these definitions do not give the standard SL(2, R) invariant form of the fields.
They are however related by a gauge transformation where:

P =P Q- Q+di, G- e2G (A.4)
with .
1 14+e % —ix
f=_—log(-— X A
2i Og<1+e¢’+ix> (A.5)

After this transformation the bosonic fields read
1 1
P = B (dqzb + ie‘bdx), Q= —§e¢dx, G = e *?H;z + ie?/? (Fg - XH3) (A.6)

where Hs is the NS-NS three-form field strength and F3 is the R-R three-form field strength.
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In general the composite fields P, Q, and G satisfy Bianchi identities given as follows,

=dP —-2iQAP (A7)
0=dQ+iPAP (A.8)
0=dG —iQANG+PAG (A.9)
0= dFs) — cGAG (A.10)

The field strength Fs) is required to be self-dual,

Note that the self-duality condition is related to the convention of the ten-dimensional
alternating symbol which we choose:

Q0123456789 _ g o — 1 (A.12)
The field equations are given by,
0=V'P,-2iQ"P, + 2—14GW,,G’“’” (A.13)
0= V’Gu,—iQ°Gp — PPGuup + ;iF(g,)WpaTGp‘” (A.14)
0 = Ry — PuPy— PPy = (F% ) — (G Cupo + G o) + 100G Gl
(A.15)

The fermionic fields are the dilatino A and the gravitino 1, both of which are complex Weyl
spinors with opposite ten-dimensional chiralities, given by I'y1A = A, and I'119, = —1,.
The supersymmetry variations of the fermions are

S\ = i(T- P)B~le* — 214@ - Q)e (A.16)
)

(51/JM = DME + 7(F . F(5))FM€ —

1
180 — (Tu(T-G)+2(I'-G)T,) B e*

96
The complex conjugation matrix B satisfies BB* = 1 and BI',B~! = (T},)*.

B Basis of gamma matrices

Our conventions for the gamma matrices equal to the ones used in [19]:

M =9"®1y® 14 ® 1o, pw=0,1

I =51 ©7 ®14® 1y, i=2,3

I'=y1) ®72 ®7 @1, [ =4,56,7

I = Y1) ® Y(2) @ V(3) ® %, a=28,9 (B.1)

Where we denote = 0,1 as the AdSs directions, i = 2,3 as the S? directions, [ = 4,5,6,7
as the K3 directions and a = 8,9 as the ¥ directions.
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The sets of two-dimensional and four-dimensional gamma matrices are given by

A0 = —io?, Ayt =ot, Yy = o3 (B.2)
v =02, v =0, V2) = 0° (B.3)
=0t ® 1, ¥ =02 ® 1y, A =0d @0t (B.4)
¥ =03 ® o, Y3) = @03 (B.5)
¥ = ot 7 = o2, Y4y = o’ (B.6)
The explicit form of the ten-dimensional Gamma matrices (B.1) is then given by
=i’ ®21,01,01,®1,
M=0'9LelLel®l
M=l elhel®l,
P =00 ®lhol,®l,
M=0’®cenel®l,
=020l l,
=0’ @o 00 @1,
I"=0’00*®@o3®@0® 1y
MP=0Rdcd000 30
I =600 ® 03003 09 (B.7)
the ten-dimensional chirality matrix is given by
T = 51 ©Y2) ©Y(3) © V) = 03 R 03 V03 @03 D 03 (B.8)

The supersymmetry transformation parameter €, dilatino and gravitino satisfy the following
chirality condition:

Mle=—¢, TUA=+4) THy, =1, (B.9)

The complex conjugation matrices and their properties for the gamma matrices
A, 4%, 4t and 4* are the same as in appendix A of [19]

BW =1,, B =gy,
B® =42 @0, BW = 2 (B.10)

The ten-dimensional complex conjugation matrix is

B=iBW ~+?B? g B® @ BY =1,80' ®c?®0'! ® 0 (B.11)

— 38 —



C Useful formulae for the reduction

Here we gather some formulas for products of gamma matrices which are useful for the
reduction

ot = Y1) @12 ®@ 1y ® 1y
I = —ily®y2 @1y ® 1
Y =i1,01,® L) ® v

(C.1
(C.2

(C.3

L% = 15 ® y12) @ (3 ® 7 (C4
I = —i v ® 1 ® 3 @7 (C.5
T2 =y ®v2) ® L) ® 12 (C.6
7 = —15 ® 1(2) ® y3) ® 1o (C.7
T2 = i 1) ® 1(2) ® (3) ©7* (C.8
I = —q) ® Y2) ® 1(a) ® (C.9

POIBIE — 3 @ 15 @ Y © 7
DO = by 1) @ V(o) ® 114y ® "
=iv1)®7 ® ) @7
[T = 15 ©4'y(2) © 1) ©@ 7

= —171) @72 ® 717(3) ® 7y
= -1+ ®°

=i Y1) ®Y(2) ® Liay ® (6°°1a + ie™y(y))

(
(
Fa0123ri (
(
(
(
(
Tl = —15 ® 1o @ y(3) @ (0712 + ie™yy)) (C.17
(
(
(
(
(
(
(
(

Fa0123rl a
Fa4567rl

Fa0123rb

FHFaOl + QFGOIF“ = —3’7“ & 7(2) ® ’Y(3) ® ’Ya

Fzra()l + QI‘aOlrz = 7(1) & '71/7(2) ® 7(3) ® ’ya

1‘\7,:[\(123 + 2Fa23rl = —3Z 12 ® ’}/l ® 7(3) ® ’}/a

LT 4+ 20T = 50 © 12 ® Y3 ©9°

FbF“m + 2I-\a01Fb = =) ®1a® 1(4) & (35“1712 + ieab’)’(4))
DT 4 20T = —i 15 @ y(9) ® Liay ® (3012 + iey(y))

Where the following relation was used ¥%7% = §%1, + ie“b7(4) with € = +1, % = —1.

D Killing spinors on AdS, and S? and K3
Following the general philosophy for the half-BPS Janus solutions found in [17, 19], the

supersymmetry parameters €* should be expanded in terms of Killing spinors on Ad.S; and
S? since a less symmetric choice would break additional supersymmetries.
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D.1 Killing spinors for AdS,

There are two possible equations for Killing spinors on AdSs. An AdS, space with unit

radius satisfies R, = —g,,, The Killing spinor equation is given by
1 i
Dy + g9 vanxs) = 5w =0 (D.1)

where wfjb is the spin connection and 1 = £1. () denotes the chirality matrix with
the property {’y(l),’yu} = 0. Integrability demands that n» = +1 and the two solutions
are linearly independent. There is an alternative equation for the Killing spinor which is
related to (D.1) by an unitary rotation

’ 1 a / 1 /
3an(1) i 79 b%bxn(l) _ ?7§’YMX17(1) =0 (D.2)

We use the representation of the two-dimensional gamma matrices given in (B.2).

D.2 Killing spinors for S?

There are two possible equations for Killing spinors on S2. An S? space with unit radius
satisfies R,,, = +g,, The Killing spinor equation is given by

1, 1
aixP) + T PYarxP — 775%7(2) Xn =0 (D.3)

where wfjb is the spin connection and by integrability n = +1. The alternative equation is

/ 1 a / /l: /
0P + 39 vy — i =0 (D.4)

We use the representation of the two-dimensional gamma matrices given in (B.3).

D.3 Killing spinors on K3
A K3 surface is Ricci flat, i.e. Ry, = 0. The Killing spinor equation is simply

1
Dix'® = o + S yax =0 (D.5)

The Killing spinor has a definite four-dimensional chirality, since the holonomy is restricted
to SU(2), and we choose
YOxB = 45 (D.6)

There are two linearly independent Killing spinors labelled by n = +1.

D.4 Expansion of the supersymmetry parameter ¢
The chirality condition I''! acts on € in the following way:

e = Y1) @ Y(2) D V(3) ® V(4) Z xﬁ,ll) ® X%) ® X%i) ® &y s
n,n2

1 2
= 3" %% 9 x2, 0 X2 @ vwbnmm = > XP @ x2 X @ vy b
1,12 71,712
(D.7)
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Ten-dimensional complex conjugation acts as follows on the spinor

B le* = By ® 7(2)3( 2) ® B3y ® By ( Z anl) ® X ) ® X7(7?§) ® 57]17172,773)
ni,n2

=iy mxY ex, @ x @ B} (& mm)”

1,72

. Z Xm ® ngg) ® X(3) ® (—i 772)3(_43(5771,7172,773)* (D.8)
.72

where we used the reality condition given in (2.16).

E Remaining Bianchi identities and potentials

E.1 Reduction of the three-form Bianchi identity

The Bianchi identities for P and @, (A.7) and (A.8), are automatically satisfied using
the definitions (A.6). The Bianchi identity for the three-form G, (A.9) is reduced using
definition (A.6) to

0 = dHs = d(e”*Re(G))
0=dF3 = d(e®*Im(G) + xe *Re(Q@)) (E.1)

When we use the ansatz in section 2.1, the identity reduces to:

0: (e 2 fRpRe(gM). ) — 0. (e f2pRe(gV):) = 0

0= (e f3pRe(9®). ) - 0. (e~® S3pRe(9?)z) = 0

GE (eq’ffplm(g(”)z +xe‘q’f12pRe(g(”)z) ~ 9, (eq’ffplm(g( Nz + xe ® fEpRe(gM): ) =0
0= (e® f2pIm(g?). + xe™® [2pRe(9?). ) - 0. fRpIm(9®)z + xe® fRpRe(9®)z) = 0
(B.2)

We write the real and imaginary components of the fluxes in terms of the combinations
displayed in (3.12)—(3.15).

[

. 1, B 1
Re(gM). = 4( gt —ig®) + (o +igl) + L () —ig®) + S (8 +ig?)
1 1 1

oy ooy, tow ey Lo @ g0 4 ig®

m(g'). 4.(9z ig; )+4.(gz +1ig;”) 42.(92 ig;”) — 4( +1ig;")
1 1 1

@y _ g — g CO NG N C) R () (1) 4 +(2)

Re(g9'%) 4( igs )+4Z(9 +ig;”) — 4l.(gz igs )+4Z(g +1ig;”)
1 . 1, . 1, _

m(g®). = 4( gtV —ig®) = (o +igl?) — 2 (0 —ig®) + S (6lV +ig?)  (B3)
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The expressions in terms of the spinor components introduced in (2.53) are:

2 *2 *2 2 *2 _ 02
pRe(gV), = = (—ua T g o (ﬁe*m) 4P qu’an) (B.4)

2 fife o f2 B
p Re(g?). = % (_Vaijff*2p+ a*i%ﬂz Dy log (]f;e?@) - io‘gﬁijﬁﬁze—%m) (E.5)
pIm(gW), = _% (—yOﬂf;ffﬁp - O‘*i*—ﬁm Oy log (ﬁeZq)) + iOﬁijﬁﬂQe_m@wx) (E.6)
pIm(g?), = % (—yan;ff*zp — a*i*—ﬁﬁz Oy log (26_2¢> — iWe_m@wx> (E.7)

Using equation (3.31) and the expressions (3.3)—(3.5) we observe that:

, OgH
pa B = ivfifre¥ = —v i fife (E.8)
Then, using (3.33) we can show that:
2 o Wy, _ 1 3
F2pe~®Re(gV), = —§<1916wH+ H@wﬁl) (E.9)
fgpe_q)Re(g(Q))z = —%(ﬁzﬁwH — H8w1§2> (E.10)
ffpeq)lm(g(l))z = —% (ﬁg@wH — HOpU3 — iHﬁlawx) (E.11)
1 _ _
fpetm(g®). = 3 (1948wH + HOy0y + iHﬁg@wx) (E.12)
where:
i _ape iety f1 yop €
Y =k— ——— = P93 =k E.13
YRS ToH TR a.H (19
fa _ape M +ietx fo iop €
Vo = k== —= Yy =k — E.14
RS To.H TR a.H (B4
The Bianchi identities (E.2) reduce to:
DOpImi; = 0, OO (Reﬂg n leﬂl) —0 (E.15)
DwduReds = 0, 9wy (Irm94 - XR6292> ~0 (E.16)

Using the expressions for the fields from section 3.5 it is possible to show that the
Bianchi identity for the three-form anti-symmetric tensor field is automatically satisfied.
We obtain from (3.51)—(3.52)

R (R (E.17)
1

B2
from— L(ar 2 - B2EE (E.18)
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Using the above expressions in equations (E.13)—(E.14) we get:

Imd, = geQ‘I’ImT - %(% - %) (E.19)
Rety = ﬁ62¢R A ;ix - %(% + %) (E.20)
Reds + xImdy = gemRe; + glm% = %(% + g) (E.21)
Imdy — xRedy = ﬁemlm; - gRe% 2%(% - %) (E.22)

The above combinations are manifestly harmonic functions and therefore tautologically
satisfy equations (E.15)—(E.16).
We can now obtain the potentials by rewriting the three-form field strengths as total

derivatives:
fipe ®Re(g™M), = 9,60 (E.23)
F2pe®Re(9?), = 8,0? (E.24)
F2pe®Im(g™M). + xf2pe PRe(gV). = 9V (E.25)
F2pe®Im(g?), + xf2pe ®Re(9?). = 8pc? (E.26)
The two-form potentials are then shown to be:
HY
b = — (21 + i,u1> with: 1 = Im1 0, H (E.27)
HY
p®@ — (22 - m) with: Oz = Reta0y H (E.28)
M= <193+21X191H — ,u3> with: 3 = (Reds + xImd)d H (E.29)
Iy + ixV
2 — (44_21XQH + iu4> with: Oy = (Imv“4 — XReﬁg)awH (E.30)
The potentials written in terms of our holomorphic and harmonic functions are
H(B+ B 1 [ O0uH
b = — H(B+B) hi, hy == / 2 tee (E.31)
(A+ A)h — (B + B)? 2 B
H(B-B . - 1 wH
b2 = 1 ) + hy, hy = — Ol | . (E.32)
(A+ A)h — (B — B)?2 24
H(AB — AB - - 1 [A
M = (_ - ) —— + ho, hy = — / Z0uH + c.c. (E.33)
(A+A)h—(B+ B)? 2i )] B
H(AB + AB) 1 / A
(2 - _ - | =
c\ = ~— — + ho, ho = OwH + c.c. E.34
(A+ Dh—(B-B)? *72/) B (E-34)

where one should note that the harmonic functions h; and h; are conjugate to each other.
A four-form potential can also be defined for the five-form field strength. By self-duality
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the two components are related and we give the one along K3

2 _ P2
47 i1 B°—B 1-
h, =0,Cxg Cg=—= ——h E.35
f3ph: wl K K=7"5 A1 4 A B ( )
Here h is the harmonic function conjugate to h so that Ouh = —idyh.

E.2 AdS; x S? component of the five-form Bianchi-identity

The five-form component along the AdSy and S? directions is given by

Fy = h,e?123 4 70123 (E.36)
= pf2f3he 0 4 pf 3R, 01 (E.37)
hence
AFs = (Du(pf2 f3hz) = 0a(pf2f3h2) )& (E:38)
The third rank anti-symmetric tensor forms are given by
G= gz Vpfie + gz pf1 e+ g pfe + gz pfze* (E.39)
G =g pfze 4 gl pfie™ 4 g pf3e® + g p e (E.40)
Hence we get
GNC— <gg1)gg2) ( ) g 4 g2 )gil) ( )5 gt ),0 J2f2 6270128 (E.41)

Hence the second part of the Bianchi identity becomes

Ou(pf2f3hz) — O (pf2f2h.) — p 21213 (g g — gMg? 4 g gt — g5y — 0 (E.42)

Using (3.27) and the expressions from the previous sections one obtains

. H2( — B2A' + BA' + 2(A+ A)BB' — (A + A)2awﬁ)

2¢2p _ 4
P = S R (B (At e 2B (B + (At ) (E43)

employing the relation

gNg® — Mg 4 g _ Bg) — 27{(99) +ig®) (g +ig?)

— (@ +ig®) (o +ig®) + (5 —ig®) (6t — 19 — (o) — ig®) (g — ig™)}

Using (3.12)—(3.15) one obtains the following expression:
(98" +ig®)(a" +ig”) — (g +ig) (gt +igt”) =

8p°H [ - . 8p° H? vy =
— o (Pu! = Paat) o (Pua 57 = Pua??) - (8.45)
w w w

Note that the third and fourth term in (E.44) are the complex conjugate of (E.45). Plug-
ging in the expressions in section 3.5 it can be shown that the Bianchi identity (E.42) is

automatically satisfied.
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F Equations of motion

In this section we check that the local half-BPS solution which is parameterized by the

two harmonic functions i and H as well as two holomorphic functions A, B satisfies the

bosonic equations of motion. In particular:

Einstein equation along AdSs is equivalent to

3 (1 2
Ry 4 8gwhzhz+ 29, (909 +9190) + 89 (0057 +6752) =0, pv =01
(F.1)
Einstein equation along S? is equivalent to
3

0 (9797 + 99 =0, ij=2.3

1
Rij + 8gihshs — i (o 1gt) 4 gMghy —

Einstein equation along K3 is equivalent to

1 1
Rab_8gabhzh2_§gab( (”gi )+g,§”g§, ))+§gab(g£ )G (2)+g(2)g§ )) 0, a,b=4,---,7

The Einstein equation along the Yo directions has several components

1 o
—0.:(9P 5P +9Pg?) — g,z (P.P:+P.P;) = 0 (F.4)

1
Rezt=g.2(9M g +9Mgh) — .

8

and
_ 1
R.: = 2p°P.P: +8p°h:h — 5 (— g + 5% = 0 (F.5)

together with the complex conjugate equations.
The equation of motion for the complex scalar takes the form

Mgt — g9y = 0

1 2 3 B 2 9 ) _ _ 1
e (0:(pHP2) + 0:(pH?P.) ) = 2i(g. P + g:P.) 77

as well as the complex conjugate equation.

The equation of motion for the anti-symmetric tensor fields takes the form
# (0:(013 £29) + 0:(0 13 F19M) ) 72 L (029D + g:90) - 72 o (Pg) + Pogl)
P A hg® + hg®) =0 E7
and
# (0:(o12£29) + 0= 12 1292) ) — 7 1 (4202 + g:0?) — J}Q (P.g? + P:g?)
(g + heg®) = 0 (F.8)

f3
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The strategy in proving that these equations are automatically satisfied is to replace
all fields in terms of the harmonic and holomorphic functions and their derivatives, using
the relations given in section 3.5 and in appendix E.1. Since the harmonic and holomorphic
functions are independent it can be checked that the equation of motion is indeed satisfied
term by term (using Mathematica).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution Noncommercial License which permits any noncommercial use, distribution,
and reproduction in any medium, provided the original author(s) and source are credited.
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