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1 Introduction

In a recent paper [1] an approximate background to model the gravitational field of a higher

dimensional rotating black hole with a brane confined abelian charge was constructed. This

background was coupled to massive, charged brane scalar and fermionic perturbations and

the corresponding wave equations were separated to allow for the study of the associated

Hawking radiation [2].

The detailed study of black hole perturbations is important in many different contexts

such as astrophysics [3–7], cosmology [8] or from the purely quantum field theoretical

point of view [9–11]. The particular construction in [1] was motivated by TeV gravity

scenarios which contain extra dimensions [12–17], and the Standard Model fields confined

to a 4-dimensional brane [18–20]. In such scenarios black holes may form [21–24] in the

high energy collision of charged brane degrees of freedom so the brane charge of the black

hole becomes important. In particular, recently, it has been shown numerically in four

dimensions that black holes indeed form in ultra-relativistic collisions between Schwarzchild

black holes [25–27] or between solitons [28]. These results support the early hoop conjecture

type arguments.
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In this paper we complete the study in [1] by performing a full numerical analysis

which is not constrained by the approximations of small energy, mass, charge and rotation

used in analytic approaches. This allows us to obtain exact numerical results in the full

range of energies which is important even if some of the parameters such as charge, mass

or rotation are small. We confirm all the low energy features found in the analytic study,

in particular the weakness of discharge for typical QED like charges. We also present plots

for larger masses which are relevant for typical TeV gravity scenarios at the LHC.

The structure of the paper is the following: In section 2 we briefly review the back-

ground fields and the wave equations for the scalar and fermionic perturbations with mass

and charge. We formulate the scalar equation in a new “spinor-like” form which is par-

ticularly convenient for numerical integration. In section 3 we provide a series expansions

for the fields near the horizon, an asymptotic expansion at infinity and re-formulate the

first order system in a more convenient form to extract the transmission factor. In sec-

tion 4 we present plots for transmission factors and the number flux spectra, confirm the

low energy results, extend them to the full energy range and point out the main features

with and without rotation. Finally in section 5 we summarize the results emphasising the

importance of implementing the new effects in black hole event generators [22, 29–32] to

perform phenomenological studies of TeV gravity with black hole production.

2 The fields

We want to study a charged rotating black hole background where the abelian (i.e. Maxwell)

field is confined to a four dimensional brane. As derived in [1] an approximate effective

background in 4 + n dimensions is characterized by the metric

ds2
(4) =

(

1 − µ̄r1−n − Q2

Σ

)

dt2 +
2a(µ̄r1−n − Q2) sin2 θ

Σ
dtdφ − Σ

∆
dr2 −

−Σdθ2 −
(

r2 + a2 +
a2(µ̄r1−n − Q2) sin2 θ

Σ

)

sin2 θdφ2 , (2.1)

where

∆ = r2 + a2 + Q2 − µ̄

rn−1
, Σ = r2 + a2 cos2 θ , (2.2)

µ̄ = 1 + a2 + Q2, if we take horizon radius units (rH = 1 — see section 4.1 of [1]); and the

Maxwell field is

Aadxa = −Q
r

Σ

(

dt − a sin2 θdφ
)

. (2.3)

Here Q is the electric charge of the black hole and a its oblateness parameter which is

directly related to the amount of angular momentum [33]. If now we consider coupling

other quantum fields of various spins, Hawking radiation is present [2, 34–38] and the

fields are thermally emitted from the hole which evaporates progressively [39–49]. The

various fluxes of particle number N , energy E, angular momentum J and charge Q, are

given by

d2 {N,E, J,Q}
dtdω

=
1

2π

∞
∑

j=|s|

j
∑

m=−j

{1, ω,m, q}
exp(ω̃/TH) ± 1

T
(4+n)
k (ω, µ, a, q,Q) , (2.4)
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where k = {j,m} are the angular momentum quantum numbers of the partial wave; ω, µ, q

are the energy, mass and charge of the particle respectively, ω̃ = ω−(ma+qQ)/(1+a2) and

TH =
(n + 1) + (n − 1)(a2 + Q2)

4π(1 + a2)rH
(2.5)

is the Hawking temperature. The term containing the exponential in (2.4) is the so called

Planckian factor. The transmission factor T
(4+n) is the fraction of a wave incident from

infinity which is transmitted down the horizon and is purely ingoing at the horizon. This

factor is obtained by solving the wave equations for the particular field with such ingoing

boundary conditions at the horizon. For the background (2.1), (2.3) separation of variables

yields the following radial and angular equations [1]:

• Massive charged scalars:

∆
d

dr

(

∆
dR

dr

)

+
(

K2 − ∆U
)

R = 0 , (2.6)

where

K = ω(r2 + a2) − am − qQr (2.7)

U = µ2r2 + Λc,j,m + ω2a2 − 2aωm . (2.8)

The boundary condition at the horizon is [1, 50]

R = x
−i K⋆

δ0 (1 + . . .) (2.9)

with x = r − 1, K⋆ = ω(1 + a2) − am − qQ, and δ0 = n + 1 + (n − 1)(1 + a2 + Q2)

is the leading order coefficient of the expansion of ∆ in powers of x. The angular

eigenvalue Λc,j,m is determined from the angular equation

1

sin θ

d

dθ

(

sin θ
dS

dθ

)

+

(

c2 cos2 θ − m2

sin2 θ
+ Λc,j,m

)

S = 0 (2.10)

with c2 = a2(ω2 − µ2), by imposing regularity of the solution at cos θ = ±1. For

a = 0 we have the closed form Λ0,j,m = j(j + 1).

Eq. (2.6), can be written as a first order system of differential equations. This will

be useful to perform the numerical integration using a method similar to that for

fermions. Since there is no unique way of reducing the second order equation to a

first order system, we take advantage of the extra freedom to construct a spinor-like

object with a conserved Wronskian and, simultaneously, an asymptotic behaviour at

infinity which gives the transmission factor straightforwardly. It is then possible to

show that a convenient choice is

P±0 =
∆

1

2

2

(

kR ∓ i
dR

dr

)

, (2.11)
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where in principle k can be an arbitrary constant but we set it to the momentum of

the partial wave k =
√

ω2 − µ2. So the second order equation (2.6) is replaced by

the first order coupled system1

dPs

dr
= Ms(r)Ps (2.12)

where

M0(r) =
∆′

2∆
σ̂1 −

1

2

(

V

k
− k

)

σ̂2 +
i

2

(

V

k
+ k

)

σ̂3 , (2.13)

V =
K2

∆2
− U

∆
, (2.14)

and σ̂i are the Pauli matrices. Now, using (2.12), conservation of the Wronskian is

easily checked:
d

dr

(

P†
sσ̂3Ps

)

=
d

dr

(

|P+|s||2 − |P−|s||2
)

= 0 . (2.15)

The choice k =
√

ω2 − µ2 ensures that P±0 picks respectively the outgoing/incoming

part of the wave at infinity (see section 3.2).

• Massive charged fermions: For fermions, the radial equation obtained in [1] is already

in the form (2.12) with

M 1

2

(r) =
λ

∆
1

2

σ̂1 −
µr

∆
1

2

σ̂2 + i
K

∆
σ̂3 . (2.16)

So P1/2 obeys the same Wronskian relation (2.15) as does (2.12). Again, the incoming

solution at the horizon takes the form

P 1

2

∼ x
−i K⋆

δ0 (a0 + . . . ) (2.17)

with a0 a constant spinor. The angular eigenvalue is obtained from the system of

angular equations

[

d

dθ
+ 2s

(

aω sin θ − m

sin θ

)

+
1

2
cot θ

]

S−s = (2sλ + aµ cos θ)Ss , (2.18)

where s = ±1/2. Once again, in general, the eigenvalues are obtained by imposing

regularity of the solution at cos θ = ±1. When a = 0, λ = j + 1/2 with j a positive

semi-integer.

• Electromagnetic and other perturbations: Regarding electromagnetic perturbations,

it is known in four dimensions that they couple to gravitational perturbations for the

Kerr-Newman black hole (see for example section 111, section 11 of [51] and refer-

ences therein). Similarly, in the higher dimensional case, we would expect them to

couple to gravitational modes on the brane. However, in the limit of small charge the

1Here s is the spin which we leave arbitrary since the same type of equation will hold for fermions.
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perturbations should approximately decouple. This is indeed the case and an approx-

imation scheme was developed by Dudley and Finley [52]. It amounts to considering

separately one perturbation (either electromagnetic or gravitational) while setting

the other to zero on the fixed background. This approximation was used for example

in [53] and [54] to compute quasinormal modes. In [54] this was compared to other

methods to confirm the validity of the approximation for small Q (the special case

J = 0 was used). The approximate second order wave equation for a perturbation of

spin s is [54]

∆1−s d

dr

[

∆1+s dR

dr

]

+

[

K2 − is
d∆

dr
K + ∆

(

2is
dK

dr
− λ

)]

R = 0 , (2.19)

where K is the same as in (2.7), but does not contain the particle charge q-term.

This correctly reduces to the exact result for scalars and fermions when a back-

ground charge is present (if K contains the q-term in (2.7)) and it describes the

electromagnetic or gravitational perturbations approximately, for small Q.

An important feature of electromagnetic and gravitational perturbations, compared

to scalars and fermions, is that they are electrically neutral. No electric coupling

means that qualitatively, not much will change compared to the case of no back-

ground charge. Specially for small charges we see from (2.19) that the charge of the

background only enters through the Q2 term in ∆. This affects mostly the Hawking

temperature which in the small Q limit will simply rescale the flux curves without

much difference in shape. In fact as noted in figure 2 of [1] for scalars and fermions,

the effect of a small background charge on neutral particles is indeed small on the

transmission factors and the flux curves are simply rescaled by the different Hawk-

ing temperature in the thermal factor. So qualitatively nothing changes for neutral

scalars and fermions which obey (2.19) so we would expect the same for higher spins.

Therefore we will not present numerical results for the electromagnetic or gravita-

tional field, since they reduce to well studied cases (see e.g. [40, 44, 47]) both quali-

tatively and in terms of implementation (the following constant shift a2 → a2 + Q2

in ∆ is sufficient).

Furthermore, if we assume electroweak symmetry is not restored outside the black

hole and that the electrically charged weak vector boson W and the neutral Z pro-

vide a good effective description of the weak degrees of freedom, it is tempting to

guess that (2.19) holds similarly for those perturbations (with K containing the elec-

tric q-coupling). This is because the black hole background can only be electrically

charged (or colour charged) so the backrgound values of the weak field perturba-

tions vanish. Then we would expect (2.19) to be exact since there is no reason for

the weak field perturbations to couple to the linearized gravitational perturbations.

This is in contrast with the equations for electromagnetic perturbations where terms

linear in the gravitational perturbations arise from linearising bilinears in the grav-

itational/electromagnetic fields around their background values. For weak W and

Z field perturbations (as for scalars and fermions) such gravitational terms can not
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be present because even if they exist before linearisation, when evaluated on the

background for the W and Z fields they are identically zero.

Furthermore, because the W and Z fields are massive, they are described by a complex

or a real Proca field respectively, which is an extra complication.

Alternatively, if electroweak symmetry is restored in the region outside the black

hole,2 then we have to use the fundamental weak gauge fields associated with the

SU(2)L × U(1)Y sector of the Standard Model (instead of the electromagnetic, the

W and the Z fields).

Due to these extra complications, the detailed study of other vector perturbations

will be treated elsewhere.

3 Numerical methods

In this section we present the methods used to reduce the linear systems of equations at

hand to initial value problems which are more convenient for numerical integration.

3.1 Near horizon expansions

The boundary condition at the horizon is most easily implemented through a series ex-

pansion. This allows for a high precision initialisation of the radial functions slightly away

from the horizon to avoid numerical difficulties associated with the coordinate singularity.

The expansions we need are

R = xα
+∞
∑

m=0

αmxm

P 1

2

= xα
+∞
∑

m=0

am

(√
x
)m

. (3.1)

Note that R can be used to initialise P0. By inserting into the wave equations (2.6)

and (2.12) respectively we obtain the following recurrence relations










































α = −i
K⋆

δ0

α0 = 1, αm =
−1

m(m+2α)δ2
0

[

(m+α)δ0γ̄m+

m−1
∑

k=0

(γk(k+α)δm−k +αkσm−k)

]

a0 =

(

0

1

)

, am = (N0 − δ0(m + 2α))−1



bm −
m−1
∑

j=0

Nm−jaj



 m ≥ 1.

(3.2)

where a choice of normalisation was made, when setting α0 and a0. The various coefficients

are defined in appendices A.1 and A.2. Using expansions (3.1) we have initialised Ps at

x = 0.1 by truncating the series at eighteenth order. A first estimate of the numerical error

can be made by modifying this choice (we have used x = 0.05 and x = 0.01 as a check).3

2This should be the case if the black hole size is smaller than the electroweak breaking scale which is

typically 1/mW , the inverse mass of the W .
3Throughout we have required an error ε < 10−4, for the transmission factors.
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3.2 Far field expansions

Once the radial function is initialised, numerical integration routines can be used to prop-

agate the solution away from the horizon according to (2.12). When sufficiently away from

the horizon, the transmission factor can be evaluated by comparing the numerically propa-

gated solution with its asymptotic form at large r. An asymptotic expansion can be found

in the form

Ps = eqrr−γ
+∞
∑

m=0

qs
mr−m , (3.3)

if we expand

Ms =

+∞
∑

m=0

Ms
mr−m (3.4)

and equate (2.12) order by order. The leading behaviour is

Ps = Y (out)
s eiyyiϕd+

s + Y (in)
s e−iyy−iϕd−

s , (3.5)

where y = kr, Y
(out)
s and Y

(in)
s are constants,

ϕ = ǫ
ω

k
− σ

µ

k
, (3.6)

ǫ = −qQ + ω(1 + a2 + Q2)δn,0 σ =
µ

2
(1 + a2 + Q2)δn,0 , (3.7)

and

d+
0 =

(

1

0

)

d−
0 =

(

0

1

)

d+
1

2

=

(

1

− µ
ω+k

)

d+
1

2

=

(

− µ
ω+k

1

)

. (3.8)

We can now factor out the dependence at infinity so that the leading asymptotic form

for the upper(lower) component of the spinor becomes Y
(out)
s (Y

(in)
s ) respectively. This is

achieved by performing a rotation on the spinor Ps such that it eliminates a fixed number

of subleading terms in the asymptotic expansion (3.4) (in practise we have eliminated the

first two subleading terms). Then the new spinor Qs is related to Ps through Qs = RsPs

and the the system to integrate becomes

dQs

dy
= AsQs . (3.9)

The explicit forms for As and Rs are given in appendix B.

Finally, the transmission factor is computed from the definition by taking the limit

Ts = lim
r→+∞

(

1 −
∣

∣

∣

∣

Q+s

Q−s

∣

∣

∣

∣

2
)

= 1 −
∣

∣

∣

∣

∣

Y
(out)
s

Y
(in)
s

∣

∣

∣

∣

∣

2

(3.10)

(±s for upper/lower component respectively) and an estimate of the error is obtained by

varying the large r used in the limit. Furthermore, with the normalisation chosen in (3.2)

we can evaluate the Wronskian (2.15) at the horizon and use its conservation to obtain a

second expression

Ts = lim
r→+∞

kWs

|Q−s|2
=

kWs

|Y (in)
s |2

, (3.11)
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where

W0 = K⋆ W 1

2

=
ω + k

2
. (3.12)

By comparing the results from (3.10) and (3.11), we obtain another estimate of the nu-

merical errors. Eq. (3.11) is particularly useful since it contains explicitly the zeros of the

transmission factor in the numerator.

To integrate (3.9), a code was written in C++ using the Gnu Standard Library (GSL)

numerical integration routines. This was checked against an independent code in Maple11.

3.3 Angular eigenvalues and angular functions

To determine the transmission factors when the rotation parameter a is non-zero, it is

necessary to solve the angular equations (2.10) and (2.18) numerically (no closed form is

known for the angular eigenvalue when a 6= 0).

Using (2.10) and (2.18), it is easy to show that all cases, except for massive fermions

in a rotating background, are described by the following second order equation:

1

sin θ

d

dθ

(

sin θ
dSs

dθ

)

+

(

c2 cos2 θ − 2sc cos θ − (m + s cos θ)2

sin2 θ
+ Λc,j,m + s

)

Ss = 0 (3.13)

where for fermions Λc,j,m = λ2 − a2ω2 + 2aωm − |s| − s. This equation, which describes

spheroidal harmonics, has been studied extensively in the literature. Whenever we eval-

uate the result with a 6= 0, we adopt the method in appendix D of [32] to obtain the

angular eigenvalues.

For massive fermions on a rotating background, eq. (3.13) will contain an extra term

linear in aµ dSs/dθ (see eq. (4.29) of [1]) so the method of [32] cannot be applied. Nev-

ertheless, since we are mostly interested in studying mass and charge effects, eq. (3.13)

allows us to obtain a representative set of cases.4

4 Numerical results

In this section, samples of numerical data of transmission factors were generated using the

method presented in section 3. From such data all interesting fluxes and distributions can

be computed quickly. Most of the samples were generated up to ω = 10, but some up to

ω = 5 to save computing time. We show plots with ω < 5 since the curves are very quickly

stabilised for large ω (either to a constant or a suppressed tail).

In sections 4.1 and 4.2 we focus mostly on results with the rotation parameter off

and describe the main features for different charges and masses in the full energy range.5

For illustration purposes, in section 4.2 we present some curves with typical rotation and

typical charges which may be relevant for TeV gravity scenarios.

4.1 Transmission factors

In this section we display transmission factors for individual modes, confirm the earlier

results obtained in [1] and extend them to the full energy range. We describe the main

4Note that except for some final plots (which are present for illustration purposes), all the results in

section 4 will have a = 0.
5The effect of rotation was studied previously in [39, 41–44, 47–49], and massive fermions without

rotation and at low energies in [55]. Here we are mainly interested in charge and particle mass.
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Figure 1. Scalar (left) and fermion (right) transmission factors for n = 2: The top plots are for

variable µ and the bottom plots are for variable q. The first three partial waves are presented (note

that a = 0, so waves with different m for the same j are degenerate).

features of the plots which are relevant to the discussion of the fluxes in the next sections.

We have checked that the approximate results based on the analytic approximations of [1]

reproduce well the exact numerical results obtained with our method even at intermediate

energies as claimed there.

In figure 1 we present plots for the n = 2 case and a range of charges and masses, with

ω ∈ [0, 2].6 The top plots show the first three partial waves for scalars and fermions and

µ = 0, 0.5 and 1. For scalars we confirm the strong suppression at the mass threshold for

the j = 0 partial waves, and the shift and suppression for higher partial waves [1]. For

fermions the behaviour is similar, except that the first partial waves are not so sharply

suppressed at threshold. The bottom plots show the same partial waves when the mass is

set to zero, the background charge is set to Q = 0.4 and the particle charge varies between

q = 1 and q = −1. Again we confirm, for both scalars and fermions, that negative charges

are favoured in the full range of energies (all curves split following the same pattern as

indicated for the first mode). This is because the transmission factor is the fraction of a

wave incident from infinity that is transmitted through the horizon, so we would expect

the Coulomb attraction to favour such negative charges as observed. This feature will be

important to understand the behaviour of the fluxes, in the next section.

Figure 2 shows the variation with n. The top plots are for µ = 0.5 and the bottom

plots for q = 1 and Q = 0.4. The general tendency is for the transmission factor to be

suppressed with n. The exception is in the low energy region, when the charge is non-zero,

where the tendency is inverted for fermions, whereas for scalars in the superradiant region

6The transmission factors asymptote to unity quickly, so this is the interesting region.
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Figure 2. Scalar (left) and fermion (right) transmission factors for variable n: The top plots are

for variable µ and the bottom plots are for variable q. Within partial waves with the same j, the

curves are ordered from n = 1 to n = 6 from top to bottom (e.g. j = 1 curves indicated in the plots).

the variation with n is small (this agrees with the results in [1]).

4.2 Fluxes

In this section we present plots for the particle number flux in the full energy range, summed

over partial waves (we have included the first ten j-partial waves). This quantity is sufficient

to illustrate the new effects, since for example the power flux curves are qualitatively similar

and the charge fluxes are proportional to the corresponding number flux. Furthermore, the

angular momentum flux (when rotation is present) has been studied in detail before [39, 41–

44, 47–49] and we will observe that even when the new effects are present, the contribution

from rotation affects the spectrum in a similar fashion as in those earlier studies.

In figure 3 we present examples of the number flux for non-zero mass, when the charge

and the rotation are set to zero. The top plots show n = 4 and µ = 0.5. Note that typical

values of µ, for Standard Model heavy particles such as the top quark in TeV gravity

scenarios,7 range from 0.1 to 0.5. We also indicate the contributions from the first few

j values to the total flux curve. Similarly to the transmission factors, the main feature

is a sharp suppression at threshold. The area under the curves is larger for scalars than

fermions, which agrees with earlier studies (see for example [43, 48]). The bottom plots

show three values of the mass and various n values. We confirm the conclusion of [1] that

the area under the curves is suppressed as µ increases and the suppression at threshold is

smooth both for scalars and fermions. The error from using the µ = 0 curve with a sharp

cut at the mass is therefore large (most notably for fermions). Regarding variation with

7µ is in horizon radius units and 1/rH is typically in the range 200 GeV − 1000 GeV for TeV gravity

scenarios at the LHC.
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Figure 3. Scalar (left) and fermion (right) number fluxes for n = 4 and zero charges : The top

plots show µ = 0.5 and the contributions from each partial wave to the total flux. The bottom

plots show variable µ and variable n = 5, . . . , 2. For each µ the curves are naturally order in n from

top to bottom, n = 5 and n = 4 are indicated for µ = 0.
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Figure 4. Scalar (left) and fermion (right) number fluxes for n = 4, variable q, and Q = 0.6:

The top plots show two opposite and large |q| = 1 cases to illustrate the charge splitting, together

with the first three partial wave contributions. The bottom plots show the variation of the curves

between these two large charges.

n, it is opposite to the tendency for the transmission factors so the n dependence of the

Planckian factor dominates the magnitude.

Figure 4 shows several cases of non-zero charges. We have kept Q = 0.6, which is a
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Figure 5. Scalar and fermion number flux asymmetries: Both plots show curves for the difference

in number fluxes between positively charged and negatively charged particles for two values of |q|Q.

The curves are naturally ordered in n (some cases are labelled) from n = 0 (curve with the lowest

maximum) to n = 6 (highest maximum).

large value (see section 3 of [1]) so that all effects can be seen easily. Similarly we show q

in the range [−1, 1]. We use n = 4 as a representative case. The top plots show the total

flux for the two extreme cases q = 1 and q = −1 together with the first few partial waves

contributing. The first striking observation is the confirmation that for all partial waves

there is a region at low energy where charging up is favoured (i.e. the curve corresponding to

negative charge is higher) and then another (dominant) region where discharge is favoured

(the curve with positive charge is higher). It is also clear that if we integrate over the curves

discharge is always favoured as expected. The bottom plots show a similar behaviour for

a range of intermediate charges. Another interesting point is that the splitting at low

energies is larger for fermions than for scalars.

The inverted splitting at low energies is a direct consequence of the extra dimensions.

In figure 5 we show the difference in number flux of positively and negatively charged

scalars and fermions when n = 0, . . . , 6. The left plot shows a typical QED coupling of

|q| = Q = 0.1 and the right plot a QCD like coupling of |q| = Q = 0.3. Note however that

we are dealing with an abelian theory so the latter is only indicative of the magnitude of the

effect for QCD. From this figure it is now clear that the splitting is controlled by an interplay

between the transmission factor (which prefers negative charges) and the Planckian factor

(which prefers positive charges). For n = 0 and n = 1, the splitting is always positive

so the Planckian factor dominates. However as n increases, the transmission factor starts

dominating at low energies and for all n ≥ 2 we have the observed inverted region (where

the curves are negative). Another interesting feature of figure 5 is that the plots on the

left have exactly the same shape as the ones on the right. This is not surprising if we note

that for qQ small we can expand the fluxes perturbatively around qQ = 0 and since |qQ|
is 0.01 and 0.09 respectively, we would expect the perturbation to be dominated by the

linear term so the difference is proportional to |qQ|.
Finally figure 6 shows some cases with a rotation parameter a = 0.9 (the typical order

of magnitude for a TeV gravity scenario rotating black hole) and the typical QCD charges

|q| = Q = 0.3. The left plot shows the split flux curves for the QCD case both for scalars

and fermions and the difference between the two. The right plot shows the difference
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Figure 6. Scalar and fermion asymmetries for a = 0.9: The left plot shows number fluxes for

scalars and fermions with positive and negative |q| = 0.3 for n = 4. The difference between positive

and negative |q| curves is also shown in the same plot. The right plot shows the difference for scalars

and a range of n’s.

curves for scalars and a range of n’s. Qualitatively, the splitting of the curves when a 6= 0

follows the same pattern as figure 5. The main differences are: the oscillations, which

are due to the contribution of higher partial waves when a 6= 0 (they are responsible for

shedding the angular momentum of the black hole [39, 41–44, 47–49]); and the shift of the

spectrum towards higher energies, which is again a well known effect of rotation related to

the contribution of partial waves with larger j. It is interesting to note that the oscillations

persist for large n in the right plot, which is not true for the flux plots where they tend to

be smoother [39, 41–44, 47–49].

5 Conclusions

In this paper we have performed a full numerical analysis of Hawking radiation for mas-

sive, charged scalars and fermions on an effective higher dimensional rotating black hole

background with charge.

In the first part we have re-formulated the problem in a convenient form and obtained:

i) a series expansion to implement the boundary condition at the horizon, eq. (3.1), and the

asymptotic form at infinity, eq. (3.3); and ii) a“spinor-like” first order system of differential

equations both for scalars and fermions, eq. (3.9).

In the second part we have shown a selection of plots to illustrate each effect. The

main results are:

• We confirm and extend all the conclusions in [1] regarding massive particles to the

full energy range, with all contributing partial waves. In particular we obtain the

case of massive brane fermions for n > 0, which was not studied before in the full

energy range. The main difference is that for fermions the suppression is not so sharp

at the threshold energy. Since the typical mass parameters of heavy Standard Model

particles for TeV black hole scenarios can go up to ∼ 0.5, this is an important effect.

• Regarding charges, we have confirmed the splitting of the fluxes between positive and

negative charges in the full energy range and showed that discharge is always favoured.

The most interesting feature we have found is the inverted charge splitting at low
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energies which, we have shown, is a new effect due to the extra dimensions for n ≥ 2.

So, even though electric discharge may be small in TeV gravity black hole events [1],

this splitting will still be present and it may be possible to reconstruct it if such

events occur in future experiments. For QCD charges, the splitting should be even

larger but a non-abelian analysis will be necessary to determine which observables

will display it.

These conclusions remain qualitatively the same with rotation, which affects the

fluxes in ways that were observed in earlier studies.

To summarize, the methods we have described can be used in the full energy range to

implement an improved model of the Hawking evaporation in black hole event generators

with non-zero masses and charge asymmetries.
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A Expansion coefficients

A.1 Scalars

The expansion coefficients we need are defined by

∆ = x

+∞
∑

m=0

δmxm

K2 − ∆U =

+∞
∑

m=0

σmxm

γ̄m =

m−1
∑

k=0

(k + α)αkδm−k

γm = (m + α)αmδ0 + γ̄m .

(A.1)

It can be shown then that

δ0 = n + 1 + (n − 1)
(

a2 + Q2
)

(A.2)

δ1 = 1 − n(n − 1)
(

1 + a2 + Q2
)

2
(A.3)

δ2 =
n(n2 − 1)

(

1 + a2 + Q2
)

6
(A.4)

δm+1 = −(1 + ρm+1)δm ,m ≥ 3 (A.5)
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where

ρ2 =
n − 2

3
(A.6)

ρm+1 =

(

1 − 1

m + 2

)

ρm (A.7)

and

σ0 = K2
⋆ (A.8)

σ1 = 2K⋆(2ω − qQ) − U0δ0 (A.9)

σ2 = 2K⋆ω + (2ω − qQ)2 − U0δ1 − U1δ0 (A.10)

σ3 = 2ω(2ω − qQ) − U0δ2 − U1δ1 − U2δ0 (A.11)

σ4 = ω2 − U0δ3 − U1δ2 − U2δ1 (A.12)

σm = −U0δm−1 − U1δm−2 − U2δm−3 ,m ≥ 5 (A.13)

where

U0 = Λ + ω2a2 − 2aωm + µ2 (A.14)

U1 = 2µ2 (A.15)

U2 = µ2 (A.16)

A.2 Fermions

Similarly to the scalar case define

2∆M 1

2

(r) =

+∞
∑

m=0

Nm

(√
x
)m

∆
1

2 =
√

x
+∞
∑

m=0

δ̄mxm

b2m =

m−1
∑

j=0

2δm−j(j + α)a2j

b2m+1 =

m−1
∑

j=0

δm−j(2j + 2α + 1)a2j+1 ,

(A.17)

The matrices we need are

N0 = 2iK⋆σ̂3 (A.18)

N1 = 2λδ̄0σ̂1 − 2µδ̄0σ̂2 (A.19)

N2 = 2i(2ω − qQ)σ̂3 (A.20)

N3 = 2λδ̄1σ̂1 − 2µ
(

δ̄1 + δ̄0

)

σ̂2 (A.21)

N4 = 2iωσ̂3 (A.22)

N2m = 0 ,m > 2 (A.23)

N2m+1 = 2λδ̄mσ̂1 − 2µ(δ̄m + δ̄m−1)σ̂2 ,m ≥ 1 (A.24)
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where δ̄i are obtained from the following expansion

∆
1

2 = =
√

xδ
1

2

0

(

1 +

+∞
∑

m=1

δm

δ0
xm

)
1

2

(A.25)

by fixing a certain order of truncation and expanding the square root in powers of x up to

the given order.

B Matrices

In the main text we have used the following matrices:

R0 =









eiyyiϕ 0

0 e−iyy−iϕ









(B.1)

R 1

2

=









eiyyiϕ 0

0 e−iyy−iϕ









1

k(ω + k)









ω + k −µ

−µ ω + k









(B.2)

As =









iBs (Xs + iYs) e−iΦ

(Xs − iYs) eiΦ −iBs









(B.3)

with

Φ = 2

(

y + ϕ log y −
j
∑

m=1

cm

mym

)

(B.4)

Bs =



























V

2k2
− 1

2
− ϕ

y
−

j
∑

m=2

cm

ym
, s = 0

ω

k2

K

∆
− µ

k2

µr

∆
1

2

− 1 − ϕ

y
−

j
∑

m=2

cm

ym
, s = 1/2

. (B.5)

cm are coefficients such that the corresponding powers in the asymptotic expansion of (B.5)

are cancelled;

Xs =



















1

∆

(

y +
(n − 1)

(

1 + a2 + Q2
)

kn+1

2yn

)

, s = 0

λ

∆
1

2

, s = 1/2

(B.6)

Ys =















V

2k2
− 1

2
, s = 0
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y − ∆
1

2

)
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and now

∆ = y2 + k2
(

a2 + Q2
)

−
(

1 + a2 + Q2
)

kn+1

yn−1
. (B.8)
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