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1 Introduction

Over the past years, the understanding of asymptotic symmetries in gravity and gauge theories
has been deepened due to several results that relate them to soft theorems in field theory.
The seminal works of Strominger and collaborators (e.g., [2-9]) showed that the well known
Weinberg’s soft theorem [10] can be understood as a Ward identity associated to an infinite
dimensional symmetry group. The group is constructed via large gauge transformations
(LGT) at null infinity. It implies infinite conservation laws in scattering processes from the
past to the future asymptotic regions.

In the case of Quantum Electrodynamics (QED), it was shown in [11] and [12] that
for tree-level amplitudes, there exist an infinite number of soft theorems, each of them
implying a conservation law for the tree level scattering process. Weinberg’s soft photon
theorem corresponds to the first level in the hierarchy, while Low’s subleading soft photon
theorem [13, 14] corresponds to the second level.

The conserved quantities found in [2] for the S-matrix constitute thus the first level in an
infinite hierarchy of soft theorems. Seraj made a first approach towards higher orders in [15],
where an infinite number of conserved quantities are shown at spatial infinity, proportional



to the multipole moments, and generated by specific large gauge transformations of order
O(r™). At null infinity, Campiglia and Laddha showed in [1] that (for tree-level scattering
and restricting the radiative data space to a suitable subset) exists an infinite tower of
conservation laws, such that at each level there is an infinite dimensional family of conserved
charges, 7, labeled by functions on the sphere. The authors also presented evidence that the
Ward identities associated with the level n of the charges are equivalent to sub-n soft photon
theorems, along with the conservation laws within the classical theory. The non-abelian
case is substantially harder since the charges up to level n of the hierarchy do not form
a closed algebra, as in the abelian case. In [16], a first step towards a classical derivation
of the charge hierarchy in the non-abelian case is suggested. Some recent developments
in celestial holography using Operator Product Expansion (OPE) tools [17-19] seem to be
promising avenues in the study of asymptotic symmetries and the role of CCFT in flat

holography for Yang-Mills and gravity.

Working in terms of retarded coordinates (u,r,x!,2?), the massless fields at the asymp-

totic region are determined by the limit ¢ := r + u — 400 at constant u, where ¢ is the
usual Minkowski time. This limit moves the Cauchy slices to a well-defined manifold, called
the future null infinity and denoted by Z+.! The topology of Z7 is that of R x S? and its
boundaries at u = oo are denoted by Z{ (they are diffeomorphic to S?).

The r-expansion of the LGTs at the bulk establishes a hierarchy of charges at the
asymptotic region. O(1) LGTs correspond to leading charges (for instance, by imposing
a constant LGT we obtain the total electric charge of the system, [20]), while O(r) LGT
corresponds to sub-leading charges, see [6, 21].

The canonical derivation of conserved quantities at null infinity in the context of the
classical theory at the leading and subleading imposes the following question: can the infinite
tower of charges, associated with sub”-leading soft theorems, be canonically derived within
the classical theory? One of the main problems that arise when studying O(r) LGT is the
divergent formulas for the charges when calculated from the usual phase space structure,
both at null (e.g., [21]) and spatial (e.g., [15]) infinities. In particular, the expressions for
the symplectic form evaluated on an LGT at level n (and therefore the charges) diverge
in the t - +o00 and u — —oo limits.

In this paper we provide a renormalization procedure that removes both divergences.
Following ideas from [22], we show that suitable boundary and corner terms exist for the
symplectic form that renormalize the divergences while not changing the dynamics of the
fields. This renormalization is minimal, in the sense that it cancels all the divergent terms
while keeping unchanged the finite ones. We define a subset of the radiative space and an
extended phase space that contains all LGTs up to arbitrary order. This extended space has
a symplectic structure, allowing us to calculate the electric-type charges. Finally, allowing
the duality symmetry to act and extending the phase space with extra boundary gauge
fields (e.g., [23-25]), the magnetic analog of the electric hierarchy is also presented, as well
as the full electromagnetic charge algebra.

!This convergence is point-wise equivalent to the limit r — 400 at u = ent, but taking t — 400 is more
natural since we are defining the charges in terms of Cauchy slices.



The paper is organized as follows. In section 2 we review the asymptotic structure of
Maxwell theory at null infinity. For simplicity, the charged matter consist of a massless
complex scalar field coupled to the U(1) gauge field. We also review the structure of the LGT
for arbitrary order. In section 3, we revisit the derivation of asymptotic charges associated
with leading and sub-leading soft photon theorems, defining an extended phase space and
calculating the leading and sub-leading charges. Our derivation is along the lines of [1], but
we place special emphasis on the symplectic structure, which will be used later. Section 4
contains the main result: we can renormalize the symplectic potential to have a finite value
for every O(r™) LGT. Section 5 contains the derivation of magnetic charges, and the algebra
of electromagnetic charges is presented. Finally, in section 6, we discuss the results and
possible future directions.

2 Preliminaries

This section reviews previous results on the asymptotic expansion of Maxwell fields at
null infinity.
2.1 Radiative phase space

Consider retarded coordinates (u,r,z®), in terms of which the Minkowski metric is
ds? = —du® — 2dudr + r*qudzda®. (2.1)

Indices a, b, ¢, . .. will indicate sphere coordinates, while Greek indices p, v, o, ... will indicate
spacetime coordinates. The metric g is the standard round metric with constant curvature
in the sphere S?, with connection D. The limit r +u =: t — 400 at fixed u defines Z, “scri
plus”, a null hypersurface with the topology of R x S2. Its boundaries are defined by the
limits u — 400, denoted by Z} respectively, and have the topology of a sphere.

We consider a massless charged scalar field ¢ coupled to the Maxwell field A, in
Minkowski spacetime, with lagrangian

1 .
L= _EFWFW + D,,¢DH, (2.2)
and satisfying the field equations,

VYFu, = jus (2.3)
D, D"¢ = 0, (2.4)
where j, = ie¢D,¢ + c.c., with D¢ := 0,¢ — ieA,¢, the gauge covariant derivative and V
the metric covariant derivative. In retarded coordinates, Maxwell equations are
szr = _87'(7'2Fru) + DaFrav
r2ju _8T(T2Fru) + 8u(T2Fru) + DaFua’
. 1
Ja = Or(Fua — Fra) 4+ 0y Fpq + r—szFab. (2.7)



Bianchi identities, 0 = 9|, F,), are the integrability conditions for the electromagnetic
strength tensor: there exists a one-form A, such that F),, = 9,A,). We will work in the
harmonic gauge, V*# A, = 0,2 which in this particular coordinates implies

20, Ay + 0,(r* A,) + r2D% A, = 0. (2.8)

We are interested in the symplectic structure and charges at Z, so we will need to take
the t — +oo limit, fixed u. Therefore, we need the 1/r-expansion of the fields. The usual
fall-offs for the electromagnetic tensor are (see [20] and [16]):

1

_ — - 0
Fru= 5 F 4007?), Fu=0("), Fu=0(), Fu=Fy +o(l)  (29)

where it is understood that all the coefficients in the expansions are functions of v and z®.
The fall-off for the scalar field is,

(1)
b= ¢ Tl +o(r™h). (2.10)

These expressions imply the following fall off’s on the charge current:
:(—2) (—2) (-2)

] - o - )
Ju = - +O(T 2)7 Ja = 1:2 +O(T 2)7 Jr =

o +o(r ). (2.11)

Fall off’s for A, compatible with the expansion above and the harmonic gauge con-
dition are:

Ay =AY 4 0(1), A, = Aﬁ;“n)ln% +o(r Y, A, =o(r ). (2.12)
The previous asymptotic behaviors are consistent with the field equations and the harmonic
gauge condition.

Using Maxwell equations, the scalar field equation, Bianchi identities and the harmonic
gauge condition, we can solve all the components of the electromagnetic tensor and the scalar
field in terms of AL and (=) (see appendix A of [16] for Yang-Mills case). These functions
are the free data for the gauge field and the scalar field, respectively. To simplify notation,
we will refer A,(lo) as A, and ¢~V as ¢, respectively.

The hypothesis of “tree-level” decays for A, in the limits u — +oo,

OuAa(u, . 2?) = O(1/|ul™), (2.13)

that is, its decay is faster than that of any power 1/|u|™, implies the following fall-offs for
the radiative data of a generic solution of Maxwell’s equations [1, 27],

E5D (u,at,a?) = F20 2%) + O(1/[ul). (2.14)

U

For the massless charged scalar field, we assume a consistent fall off with (2.14) and
the equations of motion, ((2.5), (2.6) and (2.7))

o(u, zt, x?) = O(1/|ul™). (2.15)

2We leave the study of the renormalization procedure in other gauges for future work. In particular, the
light-cone gauge in the self-dual sector of Yang-Mills theory seems a promising avenue to extend the present
results to non-abelian theories, [26].



This condition is of a technical nature, and it is imposed only for the sake of consistency of
the equations. Our radiative phase space is thus defined in terms of the functions A, and ¢,

Fo = {(Aalu,2), p(u,2%) : OuAa(u, 2, 2%), o(u, 2", 2%) = O(1/]ul™)}. (2.16)

2.2 u-expansions for fields

From Maxwell equations and Bianchi identities, we can obtain recursive formulas for the
coefficients in both F,., and ¢ F,; expansions in r and u, where € is the area form of the
sphere. By Bianchi identity 9|, F,,) = 0, contracting with D* and the first two Maxwell
equations, we have

AFyy 4 0,(0,(r*Fpy) — 2120, Fpy) = 120ujr — 0r(1254) (2.17)

where A denotes the Laplacian operator on the sphere, with metric q,,. We assume that Fi.,

(—2—k)
can be expanded in an r-series, F,, = r2 Y heo L mip—. By direct substitution in (2.17),

2k 4+ 1), F7 ) 1 (A + k(k+1)) F270 = 9,507270) 4 (7270, (2.18)

r

From the assumed fall off (2.14), and equation (2.18), it is clear that the behaviour of

r(u2 n) in the limit v — —oo is

Zi: —2710) (29) + 7 (u, %), (2.19)

where each of the Fr(u 2=, 0)( ®) is a function on the sphere, and 7, some function with an

O(1/u*°) decay (analogous expansion can be done in the limit u — +00). We can solve
order by order recursively in terms of the current and these free functions. As a reference,
the full expression for Fi., is

rQFm:Z Zu]F( 27k (£7) 4 .. (2.20)
k>0 7=0

The same analysis can be carried out for the function €*’F,;, obtaining the following
equation,
1
2™ Doy = 20,0, Fop — 0,0, Fypy — ﬁ(Ae“bFab + 4e®F ), (2.21)

and by performing the r- and u-expansions we obtain a recursive formula for the coefficients
in €?Fy, (see appendix A for details). In section 5, we will use these results.

2.3 Variation space

We now turn to the large gauge transformations (LGT) on the variation space. The usual
formulas for the gauge symmetries,

Ay A+ 0ue, ¢ e (2.22)
establish the following action for variations of the fields,

de Ay = Oue, e = —ieed. (2.23)



The variations allowed in our radiative phase space are tangent to Fy, i.e., that maintain
the fall-offs of the fields. By the definition of finite symmetry, given a gauge symmetry
generator € we see that J,e¢ must have the same fall offs as A,:

Dge = O(1), e =o0(1), Ore=o(r 1) (2.24)

We study the global symmetries as arising from the residual LGT, and by the choice
of harmonic gauge, are solutions to the wave equation,

Ce = 0. (2.25)
This equation can be solved up to order O(r~!) (see appendix A in [21]),
e(u,r,zt, 2%) = eo(xt, 2%) + O(In(r) /7). (2.26)

2.4 Higher order LGT

We are interested in relating the LGTs containing higher orders in = with the charges that
arise from sub™-leading soft photons theorems. The usual mode expansion reasoning in the
soft theorem derivation suggests that for a sub”-leading soft photon, we need to look for
an LGT A whose O(1) in the r-expansion behaves as u". This asymptotic behavior of the
gauge generator must be compatible with the harmonic gauge and, therefore, implies an
O(r™) leading behavior, as we show below by solving A = 0.

Consider the following r-expansion for a O(r™) large gauge parameter,

In
A(u, z%) = r"e™ + Z rke®) 4 Dl in 4 O(r™h), (2.27)
r
k=0
where () = ¢ (u, 2, 2%). We have A = 0, which in retarded coordinates reads,
19, 4 Z (Ae (k+2) _ 9(k 4 2), 1) + (k+2)(k+3)e(k+2))
k=—1

%(Ae@) — 0ue) 4 el g (2.28)

+1L7“A<>

The first term in (2.28) implies that €™ is a free function on the sphere. Next, we have a
recursive equation on the successive coefficients:

2(k 4 1)0,e™ = A 4 (k + 1) (k + 2)eF+D) (2.29)

Integrating (2.29) and fixing each integration constant to zero in each step gives an LGT
of order O(r™) generated by € = (™, which we will call A”. If the integration constants
are non-zero, each one of them will be a free S? function that contributes linearly with
an LGT of corresponding order:

Ag =A7 + A1 (2.30)

€(n— 1)

where o = {¢;}; is the sequence of integration constants €; in the equation (2.29), that
are free S2-functions, each one generating an O(r?) LGT. We will call an LGT “pure” if



only one free function generates it. When using the notation A", subscripts indicate the
generating function or sequence of functions, and superscripts indicate the leading term in
the r-expansion, if the generating function is not a sequence.

Some remarks are in order. First, one implication of equation (2.29) for a pure O(r")
LGT is the following property:

€D =0(), ..., ¥ =0w" (2.31)

This shows that the order O(r™) is necessary for a u™ asymptotic behavior at order O(r)
for the LGT, as was stated at the beginning of the section. Second, the term In(r)/r is
needed for the O(r") to be consistent; otherwise, we would get Ae® =0, and since we are in
a sphere, that would give a trivial function. Third, the non-trivial fact that equation (2.29)
resembles the form of equation (2.18), but it presents crucial differences in the constants
multiplying the functions. This similarity between the recursive expressions is useful when
showing the Ward identity equivalence with the sub™- soft theorems.

3 Leading and subleading charges

In this section, we review the phase space construction and the symplectic charges in the
case where the LGTs are O(r). We leave the renormalization procedure for the next section,
focusing exclusively on the first step of the phase space extension and the recovery of
the charges.

3.1 Extended phase space

The usual phase space, (2.16), contains the physical information regarding the leading order
charges, restricted to O(r?) LGT. Their usual expressions are ([2, 20]):

Qe = [, Vo [ 0. du. (3.1)

where € is a function on the sphere. The fall-offs (2.12) are not preserved by an O(r!) LGT as
soon as we allow higher order LGT (through its action (2.22)) and therefore, the variations are
no longer tangent to the radiative phase space JFy. We expand the phase space in these extra
directions by first extending the vector potential sector in (2.16). Consider the following space:

Fi=Fox {v(a!,2?) : p € C(5?)} (3.2)

We define the new vector potential as Au =A,+ 8“]\111}, where A,, is the vector potential
that has A, as initial data (from section 2) and Afp is the pure O(r) LGT generated by .
Observe that this definition is indeed consistent, since 9,0, Azlﬁ = 0 and thus a makes no
contribution to the electromagnetic tensor, i.e. F = F3 Observe also that the harmonic
gauge condition is trivially satisfied for the extended electromagnetic potential.

3This feature in the abelian case is in sharp contrast to the non-abelian case, where the linear extension
was studied in [16].

Tt is left for future works to study the phase space extension in more general gauges, and whether it
changes the structure.



Given a general O(r) LGT, Ay, ), the variations generated by it on F; are split in
terms of the S? free functions €; and ¢ corresponding to order O(r) and order O(1) in the
r-expansion respectively (see (2.30)):

1 1
Mooy = Té1 + (60 +uz(A+ 2)61> +0 (T) (3.3)
The action on the phase space F; comes from the identity 5/\{(1,60}“4# = aﬂA{EMO}’
which after the splitting reads:
OA(e) ey Aa = Daco, (3.4)

5A{61»€0}w = €

Allowing a O(r) LGT in the massless field sector also implies a change in the massless
field ¢. The equations of motion are invariant under the simultaneous change

Ay A=A+ 0,0L, ¢ =N, (3.6)

ieAl
Since the finite gauge symmetry involves a product e iehy ¢, we can define an extended

field ngS = eiiEAllbqﬁ, where v is the free S? function now generating a phase for the scalar
field, while ¢ is the massless field with the usual fall off, with ¢ € Fy as free data. The

covariant gauge derivative is given by
Dy, = 0, —ieA,, (3.7)
from where we have that the new current 3# maintain its original form,
I = ied(Dud)* + c.c. = ied(Dud)* + c.c., (3.8)

The consistency of the action of the O(r) LGT action on ¢ with the splitting of the extended
phase space implies

ON(e, )P = —l€EQYP- (3.9)

This type of extension of the phase space and the dressing of the fields is part of a more
general procedure, using “Goldstone modes” on the boundary, that has been introduced both
in the context of gauge theories and gravity (see [16, 24, 28, 29] and references therein).

3.2 Calculation of leading and subleading charges

This subsection reviews the covariant phase space procedure for calculating charges associated
with a gauge transformation generated by e. Consider the Lagrangian (2.2), in our extended
phase space we have the usual symplectic potential current,

0“(6) = /g (F6 A, + D'dsd+c.c.) | (3.10)
and the symplectic current by taking the exterior derivative in the phase space,

Wh(8,8") = 60(5") — 8'6(5) — 0([6, 8')). (3.11)



The symplectic form is obtained by integrating the symplectic current over ¥, €(4,d") =
Js;, wH(0,0")dS,,. We evaluate it on a variation generated by a general LGT (A, ,) and an
admissible variation (denoted by ¢), obtaining an expression for the charge,

5Qn. . = Q6,0h. ) = /E WH(3,6y,, . )dS, (3.12)

where the integrals are taken over a t = ent surface. As it was shown in [21], one could
find the leading and subleading charges (consistent with the Ward identities) by taking the
limit ¢ = r + v — +o0 at constant wu,

Qna., .. = lim | (8 — 0u)(r* Ay e Fru)dzdu, (3.13)

and considering the finite part in the limit. By counting orders in ¢, it is straightforward
to see that the expression (3.13) contains divergent terms; therefore, the definition of the
charge at the limit is ill-defined. In what follows, we drop the hat “in F}, since it is the
same field as in the radiative space.

As we previously mentioned, the main result of this paper is that we can define a
procedure to renormalize the symplectic potential and get rid of the divergent terms in (3.13)
for any arbitrary higher order O(r™). This will be the content of the next section, while
in the remainder of this section, we motivate the renormalization in the particular case
of the extension for n = 1.

Since we can trace back the divergences to the symplectic potential, due to varying with

) Aey o0 OUT starting point is to compute the symplectic potential on the hypersurfaces >,
0'(6) = v/a (r2Fru (04, — 5A,) + 4" Fud Ac) +/a(0r — 00)(r? FrudAL), (3.14)
0} o1

where we did not write the total derivative TQDC(\/quCFuchA}ﬂ), since it vanishes after
integration on ;. The first term can be regarded as the radiative phase space symplectic
potential, 8, while the second term is the new extended term, which we will call 6%.

The term 6}(8) will contribute to the symplectic form (by integrating by parts and using
the equations of motion) as usual,

wh(8,8") = \/qq"0Fup A &' Ae + \/qr20Fpy, AN (Ar — Ay, (3.15)

The term 6% (§) presents the divergence: the action of 9, on 5A11b leaves an O(r) term,
which in turns imply a ¢ factor when changing variables from (u,r,x!,z?) to (t,r,z!,22). In
the next section we show a systematic approach for renormalizing such terms while keeping
the finite ones unchanged (i.e., the minimal subtraction to make the expressions finite).
For now, we assume that we can drop the divergent term and that the expression we get
also has a finite limit © — —oco. Assuming the above, we find the following expression for
the renormalization of 6%(9),

oo 6) = i <Daj[(10) _ ;AauF,SJ”) 50, (3.16)



where ren stands for “renormalized”. The symplectic current is split then,

W8, 6') = wh(6,8") + i (8, 8), (3.17)

where the last term comes from the exterior derivative of 8;°™*(§), and the total symplectic

form on Z% is well defined (by taking ¢t — +o00) ,

6.8 = |

T

(5, 87) = /I wo(6,8) + /S VAGEO A8, (3.18)

The last term comes from the value of FT(J 3,0) in (2.19), which can be seen as the value of
the following limit (see [1] for details):

U—r—00

FG30 = lim FGY) — R 3D = / (Dajg)) —;‘AauF,E;?)) du, (3.19)
R

where the contribution from u = 400 in integral zero due to the absence of massive charges
(F,g) (u = 400, 2", 22) = 0). Since &JFr(u_z) decays faster than any polynomial in u, the above
integral is convergent. Observe that Fr(u_ 30) is the canonical conjugate to .

Next, we compute the leading and subleading charges. Taking ¢’ to be a large gauge
transformation, and ¢ any arbitrary admissible variation (compatible with F7), we calculate
the charge associated to any LGT Ay, .1 by equation (3.12). Since F},, is invariant under

5A{€1 ) and Ay, ¢ is not affected by 8,5 the calculation is straightforward,

QA{ELGO} - /52 va (EOFT(“_ZO) + ElFr(f;&O)) da? =: (6)0 + Qip (3.20)

where we also used (2.19) in the radiative space sector, and Qii, with ¢ = 0, 1, denotes the
leading and subleading charges, respectively.

The charge ng is the usual for a O(1) large gauge symmetry, while the second term
is the one obtained in [21] and [1]. In both cases, we obtained “corner” charges. They
depend on the values of the fields at the boundary of Z, which is by itself the boundary of
the domain we started with (as in [24, 28]).

4 Tower of asymptotic charges

In this section, we derive an infinite hierarchy of charges from a symplectic form in an extended
phase space that contains enough degrees of freedom to allow for O(r"™) LGTs for arbitrary n.
Certain difficulties in defining the symplectic potential arise, in particular, the appearance of
several divergent integrals, as shown in the previous section. The renormalization procedure
we apply is based on [22].

First, we define the extended phase space and show the type of divergences we have,
both in the ¢t — +00 and u — 400 limits inside the expression (3.13). Then, we proceed to
prescribe a renormalization on the symplectic potential that will lead to the correct expression
for the charges while the symplectic form remains finite.

5This again is in contrast with the non-abelian case, where the harmonic gauge condition implies a field
dependent LGT’s.

,10,



4.1 Extended phase space and charges
Let S be the space of sequences {1; }i>o of functions 1; : S — R such that only finitely many

are non-zero.% Given a sequence ¥ € S, we define the LGT associated to the sequence as
Ay =Y A (4.1)
i>0
where each Aﬁpi is a pure O(r?) LGT associated to v;, in the sense of section 2. Observe that
the sum is finite for every ¥ € S. We define the extended phase space as the following set,

Foo = .7:0 X S, (4.2)
with the extended electromagnetic potential and scalar field are defined as
Ay = A+ 0,0y, ¢=e vy, (4.3)

where A, and ¢ are the vector potential and the scalar field generated by the free data
A, and ¢ from the space Fy, respectively.

The admissible variations ¢ of this phase space are such that when acting on the degrees
of freedom parametrized by ¥, it satisfies 6 € S. This property is not restrictive regarding
the variations, as shown below.

Given a sequence ¢ = {eg,€1,...,€;,...} of free S? functions, such that {¢;}i~0 € S,
consider the LGT associated to it, A = A2 + 3,09 Al . The variation generated by this
LGT acts on Fo, by acting in A, with its O(r?) free function and by acting on « on each

sequence term,
On.Aa = O0aco, Oap = —iecop, 07T ={€}i0 (4.4)

This structure is the same as in the previous section, extended to contain any order in
the r-expansion.

We can write the full symplectic potential, equation (3.10), and proceed in the same
way as in the previous section, obtaining the expression (3.14). In this case, Ay is in place
of A}ﬁ and the split of the symplectic potential in the radiative phase space contribution
and the extended part is given by

0(8) = /40y — 0u)(r’ FrubAw), (4.5)

where the oo stands for the extension to all orders in r.
Given § and Ay, let us calculate the symplectic potential evaluated at §. Consider
the integral,

Oroo(0) = [ V(Or — 0)(* Frud ) dadu, (4.6)
t

and observe that the term inside the integral is divergent in the limit ¢ — +oo with the
same order as the highest power of r in §A,. Our aim in this section is to understand better
this integral. For brevity let us call,

+oo )
pr(8) = > FTH06AY) (4.7)
i=k

5Tn what follows we assume that the sequences of functions have this property unless stated otherwise.

— 11 —



where 5A$) is the coefficient corresponding to 7¢ in the r-expansion of §Ay. pg(8) is thus the
O(rk) coefficient in the expansion of the term inside the brackets. Upon direct computation,
we have,

Ot0(d) = / \/az (k:rkilpk(é) — rkaupk(é)) dx’du, (4.8)
=
which after we substitute r = ¢t — u, gives,

Oroo(8) = 3 17 / 0!(8)dadu, (4.9)
j=0 %

for some t—independent functions 9;(5). This gives us a t-expansion of the symplectic
potential. In the next subsection, we show that these divergences can be renormalized by
adding total variations and total derivatives (corner) terms to the symplectic potential.

Assuming such a procedure can be done, we are left with the O(t°) term, which satisfies
the identity,

t—-+o00

@fo(é) ;= lim @tpo(é) = / \/ai (k?(—u)k_lpk(5) _ (—U)kaupk((;)) da2du
I k=1

- / D <\/§ i(—u)kpk(5)> dx?du, (4.10)
I k=1

which gives us a boundary term. The charges associated with higher order LGT can be
directly computed using the identity 6Qx, = QL (8,64.),

o

Qe = /IC% (Z(—U)kpk(%s)) dud®z. (4.11)

k=1

When evaluating the term in the brackets in the last line of (4.10) at u = 400, we use
the hypothesis that F,, = 0 at ij. When evaluating at Z*, we run into divergences. Since
the general behavior of p;,(8) admitted by (2.13), (2.15) and (2.17)7 near spatial infinity is
polynomial in u plus a O(1/|u|*®) remainder, we have that the above expression for ©;(¢) is
not well defined. By the renormalization procedure of the next subsection, we will be able
to regularize the above expression, keeping only the O(u®) in po(d),

oL (5) = /S Va Y E 05 dr . (4.12)
=1

where F7(u_2_i’0) are the O(u®) of FT(JQ_Z‘).

The renormalization procedure of the next subsection has to address the previous two
divergences: the t divergence from the limit to Z, and the u divergences in the integrals over
Z. We leave it as a future work to understand the physical meaning of the boundary and
corner terms in the context of covariant phase space quantities.

"Remember that the fall off (2.14) is a consequence of these equations.
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We end this subsection with some remarks regarding previous works. The idea in [21] is
to relate the divergent terms to the conserved quantities, obtaining a “projected out” charge
equal to the t° term, while the discarded terms are proportional to lower order charges. While
this is the case for the O(r) subleading charge (the O(t!) part in the charge is proportional to
Qc,), there is, however, a remaining divergent term in the O(7?) that leads to an unresolved
tension, in particular the O(t!) term is not proportional to any lower order charge. This
tension is solved once we renormalize the symplectic potential.

Regarding the concrete expressions of the charges, the order O(u") of Q. in equa-
tion (4.11) is exactly what was presented in [1]. This is equivalent to prove that the O(u°)
coefficient of Q. is Y125 [q2 €xFry? *0d?z (we are considering €y = 0, only higher order
charges).

As it stands, (4.11) diverges, due to the orders of u™ that are involved in the integral.
If we want to write the charge as a corner integral on the sphere at © — —oo, we should
inspect the O(u’) term, corresponding to the finite limit term.

Here, we take the u-decay in the remainder functions r; in equation (2.19) as faster than
any polynomial decay. Therefore, inspecting the expressions for Agk and F 2k~ we see
that each py(ds.) has at least order u’, therefore the term in the sum contributes with at
least u*. The only term with a possible u® order is thus po(dys.),

po(On) = AR p(=2tk) (4.13)
=1

Again, a close inspection in the u-expansion of the functions shows that the order u° is

given by the sum of the products ekFT(Jz_k’O).

4.2 Regularization procedure

In this subsection, following [22], we will renormalize the symplectic potential for QED in

the extended phase space to eliminate the divergences. The idea is to write the higher order

terms in the ¢ component of the symplectic potential as boundary plus corner terms and to

subtract them from the original expression, thus obtaining a finite result in the limit ¢ — oo.
From the first variation of the Lagrangian (2.2), we have,

0L = EFSA, + Edp + 9,0"(5), (4.14)

where F* and E are the field equations for Au and the massless scalar, respectively. By
taking the retarded coordinates u,t,z', x> on Minkowski spacetime, we write the previous
equation on-shell and obtain an equation for 9;6%(9),

8:04(8) = 5L — 9,0"(5) — Do0%(5). (4.15)

We will assume that all the functions have ¢t and u expansions around ¢ = +oo and
u = +00, as is the case for Fr(g), A, and ¢ (cf. equations (2.14), (2.12) and (2.10)).

Consider the derivation of the divergent part of the symplectic potential done in the
previous section but now applied to our extended phase space, i.e., starting from,

0"(0) = \ar* (F"5.A,) + Drdod + c.c.) (4.16)
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the general form for the symplectic potential on Cauchy slices at constant ¢ is the following,®
0 .
0'(8) = Yo(8)(u,t, %) + Zt’)@(&)(u,xa). (4.17)
i=1

where Y((0)(u,t,x) is such that limy_ 1o Yp(9)(u,t,2%) = Yp(d)(u,xz?) is a well defined
function on Z*. We introduce the renormalized symplectic potential as 6%, := 6" — Hyep,

where H,e, satisfies the following equation,
040" (8) — Oy Hyen(0) = K (0)(u,t, 2%), (4.18)

where K is such that its limit when ¢ — 400 vanishes. In general, K and H,e, are not
uniquely determined by the previous equation. The natural prescription for Hye, to resolve
the divergences is the following,

+o00
Hien(0) = Y t'Y3(0)(u, 2) + C(8)(u, 2%), (4.19)
=1

where C(u, %) is a function to be determined. Observe that Hie, has the same order as 6 in

t

the t-expansion, and that the divergences in the ¢ parameter are canceled, so 0},

converges
in the limit ¢ — +o00. The coefficients Y; are obtained from the integration of the terms
in the variation of the lagrangian and the total derivative of the symplectic potential in
equation (4.15), on {t = cnt} surfaces, directly by the ¢ expansion.

Therefore, we can prescribe

¥;(8) = Finite part (t lim_ tl (5L — 9,0"(5) — Dab(5) )) , (4.20)

for each i. Observe that in (4.20) each Y; can be written as a total derivative plus a total
variation.

By taking the free function C as a total derivative, C' = 9, X" 4+ D, X%, we can add the
last term in (4.20) to obtain a new total derivative term. Then, the renormalized symplectic
potential has the form

0l (8) := 01(8) + B, T (8) + 6=t = P(5)(u, t, 27 (4.21)

where T and = are calculated from Y;, X# and X¢ directly, and P is at most O(t°) in the
t—expansion. This symplectic potential does not contain divergences in the t — oo limit.
The general form of the symplectic potential will be changing the upper index t by a 4d
index p. We have that TH = —T"* by definition of “corner terms” (see [22]). Without
any loss of generality, we can define Y7! = 0, for 4,/ running in the set {u,z?}, since these
terms are not uniquely defined and do not affect the renormalization of §*. Therefore, we
have a well-defined limit

Oin(é)(ujxa) = lim 6, (0)(t,u,2%) = Yy(8)(u, z*) — C(0)(u, z*) (4.22)

t——4o00

8In the following equations we write the explicit dependence of the functions on variations and coordinates.
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We still have at our disposal the function C(u, z!,2?) (the only condition we imposed
so far is that it is a total derivative), which can be determined by imposing a finite limit
when v — —oo for the symplectic potential, as we will show below.

Under a general LGT, the O(t°) of the symplectic potential has O(u’) terms. Therefore,
91& N (

ren

have an expansion in powers of u, starting in some u"* (corresponding to the highest
power in 0 or «), the coefficients of the expansion depending in general on which limit we are

computing, u — +00. We consider the following u-expansion for Y, (d) near u = +oo,

[e.9]
Yo(8)(u, 2%) "= Ry, (0)(u,2%) + 3 uF V55 (0) (2%), (4.23)

k=1
where 0, Ry, (u,z%) = O(1/|u|*). This condition comes from the tree-level assumption on the
soft theorems and implies in particular that the limits when u — 400 are in principle different,

info(é)(x“) = lim Ry, (0)(u,z%). (4.24)

u—rFo00

By inserting (4.23) in (4.22), we have

vA
eren

(8) = Ry, (8)(u, 2) + D> uFY5(6)(2) — 0. X"(5) (u, 2) — DeX(6)(u, 2%).  (4.25)
k=1

Observe that we can find functions X%, X such that their expansions around v = 400
renormalize the limits of the symplectic potential. For X" we find,

<1
XY(00)(u,z) = ——uFTYE () (29), 4.26
EO) e = 3 g RO (1.26)

Observe that the coefficient for u° vanishes to avoid ambiguities. For X we have,

Ry, (6)(2%) + O(1/|u[>*) when u — —o0

R;ﬁo(é)(gg“) + O(1/]ul®) when u — +00 (4.27)

D, X*(6)(u,z%) = {
Finally, the symplectic potential density gives a finite result upon integration on Z due
to the fall-offs of Ryj;.

Remark. It is a well-known fact that the equation,
D, V¢ =0, (4.28)

for a certain vector field V¢ on the sphere, has infinite solutions. In fact, it has as many
solutions as there are scalar functions on the sphere (since it is a simply connected manifold).
On the one hand, we have an ambiguity when solving X in (4.27). Since D,X* is the
object that enters in the definition of C, such ambiguity resolves trivially in the renormalized
symplectic potential, not affecting the outcome.

On the other hand, the contribution from C to the symplectic potential is computed
only at the boundary. Thus, it is important only for the limit value v — +oo for D, X?.
Then, any ambiguities in the prescription of X, are “washed away” by the limiting process.
More on this detail in the next subsection.
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As mentioned in the introduction, this renormalization is minimal because it cancels
all the divergent terms while keeping unchanged the finite ones. The linearity of the theory
played a central role in the previous derivation, and also in the definition of the extended
phase space. We leave for future works to delve into such a renormalization procedure in
the case of non-abelian theories.

4.3 Electric-like charge algebra

The previous renormalization procedure adjusts exactly all the divergences while maintaining
the same convergent terms discussed in subsection 4.1. The expression for the renormalized
symplectic potential is therefore:

Oren(0) = - 00(8)dudz? +/ Z ~2=00)§a;dx? (4.29)

where 6 is the usual symplectic potential in Fy. The symplectic form is the exterior derivative
(in the extended phase space) of the symplectic potential:

Qyen(6,8) = / wo(6,8')duda? + / zm 20 A § gyda® (4.30)

All three ingredients in the charge calculation are well defined and finite: the limit ¢ — +o0,
the integration on Z and the series.

We can now show the full hierarchy of charges for arbitrary O(r") LGT in QED. The
electric charges associated with an LGT A. can be calculated from (4.30), substituting the
sequence coordinates {¢;}. By the equation

6@& = Qren(éa 6A5)a (4.31)

we have
Qe = Z/ Ve Fr270da? (4.32)

where we are using that F,, is invariant under 6,_. This expression is the same as the
one obtained in [1].
Observe that the full algebra of charges is abelian:

{QEl?QEQ} = 07 V61,62 (433)

Remark. The expression we found for the renormalized symplectic potential gives a sym-
plectic form from which the electric charges (). can be obtained. Given the procedure shown
in this section, some ambiguities can, in principle, spoil the conservation of the charges from
Z~ to ZT in a scattering process. Nevertheless, observe that the charges we obtain here
are exactly the ones given in [1] for ZT, and it can also be shown, via the same arguments
and prescriptions, that the charges for 7 are,

o0
-y /S Ve FE 00, (4.34)
=0
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where v is now the advanced coordinate (suitable to describe Z7), with respect to which the
fall off’s (2.14), (2.10), etc., are written in analogy. Since the conservation of the charges
in the classical theory was proven by Campiglia and Laddha (cf. [1]), then any possible
ambiguities in the renormalization do not affect the scattering processes between Z~ and
Z7. It would be interesting to study if there is any impact of these ambiguities beyond the
tree-level, in the non-abelian case, or in the presence of other fields.

5 Duality extension of tower of asymptotic charges

In the previous sections, we treated only the electric part of Maxwell theory, renormalizing
the symplectic potential in the extended phase space to contain the sub™-leading charges in a
natural framework. In this section, we extend the phase space (again) in order to include
the magnetic freedom, d la Freidel-Pranzetti, as in [24]. This type of extension has been
thoroughly studied in recent years in several contexts: electromagnetic duality (e.g., [23, 30]),
BF theories ([25]) and under more general structures ([29]). Throughout this section, we
use differential form notation without explicitly writing the indexes to ease the notation.
Also, we are considering no extra fields.

Electromagnetism possesses a duality symmetry, which can be characterized as follows:
the Lagrangian for the theory is

C[F) :%*F/\F, (5.1)

where A is the wedge product in the space of p-forms on Minkowski space M and x* is the
Hodge dual operator, * : QP(M) — Q*P(M), in M. This operator satisfies

s = (—1)PEPH o e QP(M), (5.2)

where the extra 41 in the exponent comes from the signature of the metric in Minkowski
space. Therefore, taking p = 2 and applying * to F' in (5.1), we have

E[*F]:%*F/\F, (5.3)

which shows the duality symmetry.

The first step in including duality symmetry is to consider the duality extension in
the standard radiative phase space. On each X, we have the Freidel-Pranzetti extension
for the symplectic form, [24],

06,8) = [ 84nd < F+ /S Sag A §' Bo, (5.4)
t

where * is the Hodge dual in the hypersurface, ag & A + dwy is the electric boundary gauge
field, and By is the magnetic boundary gauge field. wq is the edge mode, which extends
the phase space, (A, ap), which now contains this boundary field. The symplectic form now
contains a corner term living in 03.

To make the connection with our past sections definition for A, we have

Apew + dw = A01d7 (55)
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where old refers to the A used in the previous sections, and new is the one in the present
section. In particular, the expressions for curvature tensor and the charges are still valid.
Observe that w can be thought of as a zero-order extension, using the same idea as the
previous sections: extending the vector potential with a large gauge symmetry.

We distinguish between symmetries that leave fixed the bulk variable A and symmetries
that act only on the boundary. In the previous sections, we use this difference when defining
the extension to higher order LGT, where d5_ only acts on A, through the first component.
In the present section, as it was done in [24], we are isolating the bulk from the boundary
action on the ¢y variation in order to have a well-defined canonical action that includes
the duality symmetry, and such that the symplectic potential is invariant under the gauge
transformation of the fields.

We are working in Z7, so in (5.4), we take ¢ — +00. The “bulk” part now is A along Z,
while the boundary is ZT, with topology S2. The values at the boundary are not independent
since the boundary symmetries act simultaneously on both Z{ (i.e., they are independent of w).
Under a gauge transformation generated by G, both the bulk and the corner fields transform,

5G(A7 ap, BO) = (dGa _de 0)’ (56)

so the variation ¢ is indeed gauge, in the sense that it has a vanishing charge Q(4,05) =0,
on-shell. The electric (magnetic) symmetry d,(dy,) acts only on the electric (magnetic)
boundary field,

560(_/4, ao,Bo) = (O,dE0,0), 6)\0(A,CL0,BQ) = (0,0,d)\o), (57)

where d\g is locally but not globally exact (such as in the standard examples of a charge in the
z-axis, see section V in [24]). Observe that on-shell, upon acting with G, we obtain the identity

dBy = +F, (5.8)

which on ZT gives us dBy = FT(U_2’O).

Our extended phase space of section 4.1 adapts well to the construction given above to
the duality extension. The gauge transformation A, is the “bulk” potential, generated by
the boundary fields in the sequence «, in a hierarchy graded by the correspondent power
of r. Therefore, we can extend directly as,

Qren(6,8") = / [BANGS «F], + / Sag A &' By + / Y Saxd'dBy, (5.9)
T 52 s2 i

where ay, are functions on the sphere, By, are 1-forms in the sphere locally (but not necessarily
globally) exact, ag is a 1-form,” and ren indicates that is the renormalized term, given
by (4.30). We define the action of a gauge transformations G (of order ™ arbitrary) as

(SG*A = dG, 5Ga0 = dG(), 6Gaj = Gj 5GB]' = 0,] > 1. (510)

Evaluating the symplectic form in dq,

Qren (6, 6¢:) = —6 < / [dG AF).,, + / 8dGo A\ 3By + / > Gk6d3k> : (5.11)
z S S2 =

%o is not generally a gradient.
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which on-shell and after integrating by parts, we obtain (after the renormalization, allowing
variations & such that §A has order higher than r° before taking the limit ¢ — +00)

dBy = F2R0 k>0, (5.12)

This equality establishes the value of the magnetic boundary gauge field as the field strength
functions.

Finally, we will denote the magnetic variations acting on By’s as A = {\; }i>0, in the
same fashion as we define the LGT generators. Electric (magnetic) variations act as follows
on the extended phase space variables,

5ekA = 0, (5€ka0 = 50kd€k; (5€kaj = 5kj6k7 5ekBj = 0, k > O,j Z 1 (5.13)

5>\kA = O, 5,\kaj = 0, 6>\kBj = 6kjd)‘k> k,] > O, (514)
where d)y, is locally but not globally defined, and 4;; is Kroenecker delta.

5.1 Charges and dual charges and their algebra

By computing en(d,04,.) and Qen(d, 65, ), we obtain the electric (denoted as @) and
magnetic (denoted as Q) charges,

Qe = 2/52 €rdBy; (5.15)
k=0

o N 2

Qx = ,;]/52 apd’ A, (5.16)

where the first integral gives directly (4.32), thanks to (5.12), and the last integral does not
vanish due to the failure of d\ to be globally exact.

Finally, we have can compute the charge algebra. As the electric charges, the magnetic
charges Q) are abelian,

{Qx. Qx} =6y Z/ apd A}, = 0. (5.17)
k=057

The mixed Poisson bracket gives a non-trivial component of the algebra,

{Qsa@)\} =0 Z/ akd2)\k = Z/ dezx\k =:cg (5.18)
k=075" k=0"5"

This term shows that the boundary duality symmetry algebra possesses a hierarchy of central
charges, {cx}r>. We leave it to future works to analyze in detail this fact in the context
of soft theorems and Ward identities.

6 Outlook

In this work, we obtain a well-defined symplectic form on Z* for the extended phase space
of classical QED through a renormalization procedure from the original symplectic form,
giving a derivation from first principles. With this symplectic form, the higher order LGT
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can be associated with the sub”-leading electric charges acting canonically on the phase
space. The expressions of the charges associated with the O(r") LGT are then obtained,
in agreement with the expressions previously proposed in [1] by means of the tree-level
sub™-leading formulas. We compute the full electromagnetic charge algebra using the duality
symmetry extension, showing a hierarchy of central extensions. Several future directions
are possible in the framework of our work.

First, within the abelian theory, it would be interesting to extend the analysis to include
loop corrections to the soft photon factorization formulas ([31, 32]). This could lead to some
new structure within the charge hierarchy and between electric and magnetic charges. One
of the main difficulties in this line of work is the appearance of infrared divergences. New
advances in celestial CFT methods (see [17, 19, 33—-35], and references therein) seem to be
well suited for the incorporation of these effects. It would also be interesting, given the recent
developments in the study of electromagnetic asymptotic charges at spatial infinity, such
as consistently accommodating In(r) terms ([36]) and the study in higher dimensions ([37]),
to establish a connection between the symplectic structure at null infinity with that at
spatial infinity.

Second, the extension to non-abelian gauge theories. In Yang-Mills theory, extending the
renormalization procedure would allow us to construct a well-defined symplectic structure on
an extended phase space to compute the subleading charges and their algebra. As shown
in [16], the first step towards this is to consider a linearized extension of the phase space and
restrict the charges up to O(r) terms. Some progress is being made in this direction, [26].

Finally, it would be interesting to study possible extensions of this renormalization
procedure in the context of gravity. As recent works suggest, the study of higher-order
diffeomorphisms seems to be a key ingredient in the extensions of the phase spaces for gravity.
In [38], higher-order multipole moments generated via specific diffeomorphisms were studied
and showed that they are Noether charges. In the null infinity sector it has been proposed
in [39, 40], and worked out more recently in [41, 42], that asymptotic diffeomorphisms
generated by certain O(r) sphere-vector fields are behind the sub-subleading soft graviton
factorization [5]. A similar idea as the one presented here could be used to identify an
extended space supporting these singular transformations.
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A Recursive formula for e®F,,

In this appendix we prove eq. (2.21). By writing the Bianchi identities

81“Fab + aanr + abFra = 0, (Al)
6uF1ab + aan’U, + 8bJ{Tua = 07 (AQ)
DcFab + Danc + Dcha = 0, (A3)

and taking the v and r derivative of the first equation, the r derivative of the second one,
the D, derivative of the third one and contracting with €, we obtain,

0u0y e Fopy = 20, D, Fy, (A.4)
0y 0r € Foy = 20, D, Fyy (A.5)
DuOre®Fyy = 20, Dy Fyypy (A.6)
D™D Fyy = —26DyD, F... (A7)

In equations (A.4), (A.5) and (A.6) we substituted 9; by D; for every ¢ = a,b, since we
are contracting with €.
Using identities
ef ef R
DaDyFea = DyDaFei = 4 RecapFra — 4™ RedapFep,  Rabea = 5 (dac@bd = dadgpe),  (A-8)

we have
DeDyFyq = DD Fyy + RF,. (A.9)
By contracting (A.7) with ¢° and u, and the previous equation,
AePFy = —2¢* D, D Fyq — 2R Fyy. (A.10)
Next, consider Maxwell equation (2.7), and take de Dy derivative and contract with eda,
D gja =~ Dy(Fua — Fra) + e DaFra + 5 DuD . (A1)
Substituting the previous equations, we arrive at
26 Dy iy = 2000y — 0,0y €™ Flyy — %(Ae“bFab +OREPE). (A.12)
where R = 2, is the scalar curvature of gg.
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