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1 Introduction

In this paper, we seek to address a basic question about quantum gravity in asymptotically
de Sitter space: what is the space of states in such a theory?

This question has received surprisingly little attention. Considerable attention has
been devoted to the Hartle-Hawking state, or the Euclidean vacuum, which is obtained by
performing the path integral on a Euclidean space with only one boundary [1] and can be
obtained by analytic continuation from AdS [2]. It is sometimes erroneously believed that
other states in the Hilbert space can be obtained, as in a nongravitational quantum field
theory, by simply acting with arbitrary field operators on the vacuum.

Higuchi [3, 4] pointed out that a naive Fock-space construction does not lead to the
correct Hilbert space, even for weakly-coupled gravity. Even as the gravitational coupling is
taken to zero, it is necessary to impose the constraints of the gravitational Gauss law on the
Fock space. Since the Cauchy slices in de Sitter space are compact, the Gauss law implies
that states must have zero charges under the de Sitter isometries [5-7]. At first sight, it
would appear that this constraint excludes all states except for the Euclidean vacuum.

Higuchi proposed an ingenious construction, where one starts with a “seed state” and
then averages it over the de Sitter-isometry group so as to produce invariant states. These
states are not normalizable in the original norm, but Higuchi also proposed a modified norm,
which amounts to dividing the QFT norm of these states by the infinite volume of the de
Sitter-isometry group. It was later checked, that in some examples, the above prescription
leads to a well-defined norm [8, 9].

In this paper, we will systematically investigate the form of the Hilbert space by studying
solutions to the Wheeler-DeWitt (WDW) equation [10] in a theory of gravity coupled to
matter. The WDW equation always constrains the set of allowed states in any theory of
gravity, but it is often impossible to solve it and obtain the structure of the Hilbert space.
However, here we show that the equation simplifies in the limit where the cosmological
constant dominates over the intrinsic curvature of the Cauchy slices and other terms in the
local “energy density”. We will study the case where this condition holds at every point
on the Cauchy slice and we refer to this as the “large-volume limit”. This large-volume
limit is different from the perturbative limit that we studied in [11], and we will argue in
section 3 that the key structural properties of the solutions we find are valid at all orders
in perturbation theory.

Physically, this limit is very easy to understand. An asymptotically de Sitter spacetime
attains the large-volume limit at asymptotically late times or early times. Therefore our
solution to the WDW equation can be thought of as a form of “asymptotic quantization” —
a program [12—-14] that can be applied to the full nonlinear theory and has been fruitful in
understanding the structure of the Hilbert space in asymptotically flat spacetimes.

We will show below that the solutions to the WDW equation in this limit can be
characterized by diffeomorphism invariant wavefunctionals that have a simple specified
behaviour under Weyl transformations. The Euclidean vacuum is also described by such
a wavefunctional and is known to have these properties. But the new result in this paper
is that all valid wavefunctionals have the same simple behaviour under diffeomorphisms
and Weyl transformations.



These wavefunctionals can be expanded in terms of the fluctuations of the metric and
other degrees of freedom. The coefficient functions that appear in this expansion obey the
same Ward identities as CF'T correlators. So, one way to understand our result is that the
space of solutions to the WDW equation in asymptotically-de Sitter space is described as
“theory space” i.e. if one is given a set of correlation functions that obey the Ward identities
imposed by conformal invariance (but not necessarily the constraints of unitarity or locality)
then they can be used to construct a solution to the constraints.

Moreover, we will show that Higuchi’s prescription for group averaging emerges naturally
as the weak-coupling limit of such solutions. Therefore our analysis validates Higuchi’s
ansatz in the limit of weak coupling but also explains how it must be generalized in the
interacting theory.

While we provide a complete basis for the vector space of allowed states in the theory
in this paper, it is necessary to define a norm on this space to complete the Hilbert-space
structure. We define the norm in a companion paper [15]. There, we also discuss the meaning
of cosmological correlators when quantum-gravity effects are taken into account, and establish
the principle of holography of information in asymptotically de Sitter space.

Relation to previous work. Our results are entirely consistent with the observation
that the wavefunctional of the Euclidean vacuum can be computed in terms of the partition
function of an appropriate CFT after dressing it with an appropriate phase factor [2, 16—
21]; and that the functional derivatives of the wavefunctional obey the conformal Ward
identities [22]. This is a useful observation. However, the Euclidean vacuum is a single
wavefunctional.! It does satisfy the WDW equation but it is not the unique wavefunctional
that does so [23]. Our objective in this paper is to systematically consider the space of
all solutions to the constraints.

An interesting proposal for the Hilbert space was made from a top-down perspective
n [24] (building on [25]) for a specific theory with a low-energy description as Vasiliev
gravity [26]. Our approach is complementary since it is “bottom up” and starts from the
bulk. Since the answer in [24] is provided in terms of an auxiliary set of scalars on the
late-time boundary, we cannot immediately compare our proposed answer with [24] but it
is an interesting open problem to perform this comparison.

The WDW equation was also recently studied in AdS [27, 28]. It would be interesting to
apply these techniques to dS. See [17, 21, 29] for earlier analyses of the constraints, [30, 31]
for recent progress in this direction and [32] for related discussion.

There have also been suggestions [33-40] that the Hilbert space in de Sitter space should
be finite dimensional. This might happen due to nonperturbative effects that constrain the
allowed form of states, but our analysis does not shed light on this issue.

2 Summary of results

We study the WDW equation (reviewed below) in the regime where the cosmological constant
dominates pointwise over the Ricci scalar and over the matter potential. In this limit the

1As we discuss in [15], naively, this state does not appear to be normalizable therefore it might not even be
part of the Hilbert space.



Figure 1. We are considering a late time slice (in red) with topology S? in an asymptotically de
Sitter spacetime. In the late time expansion, the Wheeler-DeWitt equation can be solved and, up to a
universal phase factor, the space of solutions is the space of functionals that transform under diff x
Weyl in the same way as CFT, partition functions.

Cauchy slices, which are topologically S¢, grow to a very large volume. This can be thought
of as a late time slice in an asymptotically dSg.1 spacetime, see figure 1.

It is convenient to work in a coordinate system where this limit corresponds to a large
conformal factor Q(z) = det(g)'/?? for the metric. In section 3, we find the solutions to
the WDW equation take the following form when expressed as functionals of the metric
fluctuations and matter field, y.

Wlgx] s €PN Z[g,x, (2.1)

where S[g, x| is a universal phase factor obtained by integrating local densities. Z]g, x| is, in
general, a nonlocal functional of g and x that is diffeomorphism invariant and transforms
in a simple way under Weyl transformations

QW = Aal9]Z[g,x], (2.2)

where the anomaly polynomial .4,4[g] can be computed explicitly. The anomaly polynomial
vanishes for d odd and is imaginary for d even and therefore |Z[g, x]|? is a diff x Weyl
invariant functional. The explicit form of A4 depends on a choice of normal ordering and
may be corrected at higher orders in k. However, we argue that the structural form (2.1)
is valid at all orders in perturbation theory.

At the cost of a possible phase, we can perform a Weyl transformation to study Z|g, x|
in the vicinity of the flat metric g;; = d;; + £hy;. Then, provided log Z]g, x] is well behaved
in the limit g;; — d;5,x — 0, we can expand it as

log Z[.ga X] = Z Kfngn,m s (23)



where G, ,,, are multilinear functionals of the metric fluctuation, h;; and matter fluctuations
of order n and m respectively. In section 4 we derive a set of Ward identities that constrain
the form of G, ,,. If one writes

/d JAZ G (F, iy (1) - i ()X (1) - X(m) (2.4)

then the coefficient functions Gf{m

obey the same Ward identities as those obeyed by a
connected correlator of n stress tensors and m operators of dimension d — A, where A is
related to the mass of the scalar field by (3.50).

The Euclidean vacuum is a particular state of the form above. Our new result is that
all solutions are spanned by functionals of this form and related in a simple manner to
diff x Weyl invariant functionals.

Since these identities relate functions with different values of n, the different coefficient
functions szm are not independent of each other. A complete set of such correlation functions
satisfying a set of mutually consistent identities can be said to define a “theory”. Therefore
our space of solutions can be thought of as “theory space”. Of course, we emphasize that
this theory is not a unitary, or even a local, CFT.

If we represent the Euclidean vacuum by e19:X] Z, [g, x] then we show in section 5 that a
convenient basis for the space of states is given by wavefunctionals of the form

Vg, x] = XN 565G, 1 Zolg, 1], (2.5)

n,m

where G, ., is the difference of two sets of multilinear functionals, each of which is of
the form (2.4).

The differences 6G,, ,, also obey Ward identities that relate dG, 1., to G, and therefore
the series in (2.5) is infinite. However, in the limit x — 0, it is possible to focus on a single
term in (2.5). We show that the nongravitational states so obtained correspond precisely
to the group-averaged states found by Higuchi. For each state, we also explicitly find the
corresponding “seed state”.

Therefore our analysis justifies Higuchi’s proposal in the nongravitational limit. However,
it also reveals how Higuchi’s prescription must be generalized away from zero coupling. At
nonzero k, one must add the terms required by the Ward identities to complete the series (2.5).

3 Asymptotic solutions to the Wheeler-DeWitt equation

In this section, we will show that solutions to the Wheeler-DeWitt equation take on the
asymptotic form displayed in (2.1).

We consider Einstein gravity in d + 1 dimensions with a positive cosmological constant
in units where

d(d—1
A dd=D) (3.1)
2
In a d + 1 split, the spacetime metric can be written in the form
ds® = —N2dt? + g;j(dz" + N'dt)(dz? + N7dt), (3.2)



where N and N°* are the lapse and shift functions [41, 42]. The spatial slices are taken to
be compact with metric g;;. In addition, we might have matter degrees of freedom in the
theory. As an illustration, we consider a massive scalar y although we do not expect that
our results will depend on the choice of matter.

In the canonical formalism, a state in such a theory is represented by a wavefunctional
U[gi;, x] that assigns an amplitude to a particular configuration of the metric and the matter
fields on a spatial slice. This wavefunctional must obey the Hamiltonian and momentum
constraints that arise simply by imposing diffeomorphism invariance on the theory [10]

H¥[gij,x] =0,  H; ¥[gij,x] =0. (3.3)
The Hamiltonian constraint is
B 1 . 1
2 —1 kl 2
H =2kr"g (gikgjlﬂ m = o (gym) ) ~ 52
and the equation in (3.3) setting it to annihilate the wavefunctional is called the Wheeler-

DeWitt (WDW) equation. The momentum constraint is

7Tjk
H; = —2giij7 + Hi,matter . (3'5)

V9

= 8rGy. The momentum operator acts on the wave-

(R - 2A) + Hmattcr + Hint ) (34)

The gravitational coupling is x?

functional as
)

= e (3.6)
ij
We take the matter energy density to be of the form
1 _ 1 .. 1
Hmatter = 59 177)2( + Vinatter; Vinatter = 59”61')(3]‘)( + §m2X2 , (37>

and H; matter = ﬁﬂx&x is the matter momentum density.

The self-interactions of matter, its interaction with gravity and also potentially higher-
order interactions have all been included in H;yt. The analysis that follows will be largely
insensitive to the details of Hipnt.

3.1 Asymptotic expansion

The Hamiltonian constraint (3.4) has terms that involve functional derivatives, which we can
call “kinetic terms”, and terms without functional derivatives that we can call “potential
terms”. Here, we will study the equation in the regime where the cosmological constant
dominates over all other potential terms everywhere on the Cauchy slice. In particular,
this means that the Ricci scalar and the matter potential are very small compared to the
cosmological constant,

R < A, Vmatter < A . (38)

In some cases below, we will encounter higher curvature invariants and we will work in
the regime where these are also small in cosmological units. We will find that the WDW
equation simplifies in this regime. Since these conditions must apply everywhere on the
spatial slice, our analysis does not apply to geometries that have singularities on the Cauchy
slice under consideration.



An intrinsic notion of time. We will present solutions to (3.3), which are valid when the
assumption (3.8) is met. Our physical interpretation is that these solutions describe “late
times” in an asymptotically de Sitter universe. This includes states that might have very
complicated features at finite times but settle down asymptotically to de Sitter space.

However, the equations (3.3) do not make any reference to time. Nor, in the case of de
Sitter space, do we have an asymptotic boundary that can be used to set up an external
clock. It was pointed out long ago by DeWitt [10], that this problem can be addressed by
using an intrinsic observable as a clock. Correlators of other observables with this intrinsic
clock then provide a notion of how the state varies with “time”.

Here, we note that the assumption that the curvature is small everywhere on the Cauchy
slice suggests that the volume of the Cauchy slice

log /dd:c\/§

becomes large.? So we can use the logarithm of the volume, which is a dimensionless quantity
in the units chosen above, as a clock. This provides an operational meaning to the phrase
“late time”. Our discussion is similar in spirit to [44], where dynamical variables were used to
define a clock, although we note that the measure used above is distinct from the “York time.”

If one studies a spacetime that contracts from an infinitely large volume in the asymptotic
past, then our analysis also applies to asymptotically early times when (3.8) is met. But
to ask questions about “finite times”, one must necessarily go beyond the assumption (3.8)

somewhere on the slice. We will not address this regime here.

Intermediate variables. To facilitate our analysis, we will introduce intermediate variables,
2 and 7;; and write the metric on the spatial slice as

gij = L5, (3.9)
where det(;;) = 1. In terms of the original degrees of freedom, we define
1 _1
Q = (det(gij))22;  ij = gij det(gij) 4. (3.10)

Subject to the assumption (3.8) and the assumption that the volume of the Cauchy slice
is large, it is possible to find a coordinate system where 2 is everywhere large and we will
assume that such coordinates have been chosen.

It is also expected on physical grounds that the density of matter fields will get “diluted”
as the scale factor increases. This leads us to define a set of intermediate variables O for
the matter fields according to

x=0Q720. (3.11)

In the analysis below, we will fix A in terms of the mass of the field and the cosmological scale.

*For instance, in d = 2 combining the Gauss-Bonnet theorem, [ \/gRd’z = 8, with (3.1) and (3.8) implies
f \/§d2x > 1. However, strictly speaking, it is an independent physical assumption that the volume is large
since a small Ricci scalar is insufficient to guarantee this for d > 3 (see theorem 3 of [43]).



We emphasize that (3.9) and (3.11) correspond to an exact change of variables, and so
the content of the equations (3.3) is preserved. Second, we note that the split of the original
metric into a Weyl factor and a Weyl-invariant part is coordinate dependent. Nonetheless,
we will be careful to write all our final answers in a diffeomorphism-invariant form in terms
of the original variables g and x. So the reader should think of the change of variables
simply as an intermediate technical trick.

3.2 Solution algorithm

In this subsection we outline and implement an algorithm to find solutions to the constraints
in the limit (3.8). This subsection is somewhat technical and the reader who is interested
just in the results can jump ahead to subsection (3.3).

Our procedure to find a solution to the constraints has three steps.

1. We rewrite the Hamiltonian constraint in terms of the conformal variables, 2 and ~.

2. We then seek a solution where the wavefunctional can be represented as the exponential
of a functional, F, that can be expanded in a series of terms that have a distinct
scaling at large (2. With suitable assumptions about normal ordering, the Hamiltonian
constraint can be written in terms of F.

3. The functional F involves two distinct series expansions — one that is present even
for pure gravity and another that involves the matter fields. We first solve for the
gravitational part and then for the matter part.

The solution that we present below can be thought of as an elaboration of the solution to
the radial WDW equation given in AdS by Freidel [45].

Rewriting the constraints. It is shown in appendix A.l that, in terms of these new
variables, the Hamiltonian constraint can be rewritten as

212 1 ) 5 \?2 1 5 0
H= l4d(d— ) ( sa T+ 050) (%k’m dww) 5 5%[] (3.12)
A 1 2 Looacay 92 1 o0 ono Lo iio o Anva (o-A ,
= = 55 RI0%] - 50 S5 + 3RO + S0, (Q720)0; (7R 0) + Hi

We do not seek to rewrite the momentum constraint. This is because the momentum constraint
simply imposes that the wavefunctional is invariant under d-dimensional diffeomorphisms.
This can be seen more easily in terms of the original variables ¢ and y that transform as
tensors rather than tensor densities.

Series expansion. We expand the solution to (3.3) as

A @ s 1
U = e, F = Z Xa-n+ Z Yg_m + O(Q> . (3.13)

n=0 m=0

Here, the functionals X and Y}, are undetermined functionals that grow as QF at large
Q). More precisely we have

X3, Y, ~ QF, Q — +oo, (3.14)



except for k = 0 in even d where we find an anomalous term that can be thought of as scaling
with log(2). For now, we keep v and /8 as undetermined parameters. It will turn out below
that the solution to the WDW equation will require a series that grows with integer powers
of 2, corresponding to o = d, and a series that grows with non-integer powers, 8 = d — 2A.
The maximum value of m is mg = |Ref].

It is justified to separate the two series since 8 can be varied by varying parameters in the
theory, and therefore, the two kinds of terms can be distinguished at a generic point in param-
eter space. The entire expression (3.13) has an undetermined remainder denoted by O é
which corresponds to terms that decay at large 2. We will not work out the specific form of this
remainder in this paper. It is the term that is necessary to understand “finite-time” physics.

We do not assume that the functionals X,_,, and Ys_,, are local functionals of g;;
and y. It will turn out however that the leading terms in the series X,_, will depend
on local functionals of the metric. These correspond to the “gravitational part” of the
solution. However, Xy will be, in general, a nonlocal functional that depends both on g;;
and x. The series Y3_,, corresponds to the “matter part” of the solution and will comprise
local functions of g;; and .

Normal ordering and simplification. Acting with the rewritten constraint (3.12) on
the ansatz (3.13) we find that the WDW equation can be written as

1 1 6F SF\? 1 6F OF
— 92~ | = hadl i A i

A L Rig+ Lo2e-a <5]:)2+1m2Q2A02+1§227ij8i(QAO)E)j(QAO)+Hint,
K 2 60 2 2

Here, we have substituted the form (3.13) into the Hamiltonian constraint (3.12). We have
explicitly displayed bilinear combinations of terms where a single functional derivative acts
on F. Indices are still raised and lowered using g;; and g% and therefore ¢ = Q%4%. We
have used Dr to indicate the action of second-order functional derivatives on F and the
form of Dr can be read off from (3.12).

The action of the second-order functional derivatives is subtle. This is because the action
of a double functional derivative on a local term in F can generate a divergent 6(0) term.
The precise form of these terms depends on the normal ordering prescription used to define
the Hamiltonian constraint and it is reasonable to believe that the 6(0) terms can be removed
by a judicious choice of normal ordering. (See appendix A.2 for more discussion.)

Fortuitously these terms do not enter the leading-order analysis. This is because the
terms in Dr are linear in F whereas the first-order functional derivative terms displayed
in (3.15) are quadratic. Since all the terms in (3.13) (except for Xg) grow with €2 the terms in
Dr always contribute with a lower power of ). We will see below that the leading contribution
from Dr can, at most, change the form of the anomaly polynomial at subleading order in
Gn but does not change any of the structural features of the answer.

The expression above involves the Ricci scalar of the metric g. In terms of the variables,
Q and +, this can be written as

1

Rlg] = 02

[R[] = 2(d = 1)O?V'V; log(Q) + (d — 1)(d — 202V log(2) Vi log(©2)| . (3.16)



Note that since indices are raised by g%, the terms inside the bracket involving derivatives
of log(£2) are O(1). Therefore we expect that R is of order Q2. In fact, the magnitude of
R in cosmological units can be used as an estimate of Q72 that does not rely on a specific
choice of coordinate system.

3.2.1 Gravitational part

We now solve the WDW equation order by order in the large-{) expansion, focusing first
on the gravitational part.

Leading term. The largest term that appears without a derivative in (3.15) is the cosmo-
logical constant term. This immediately leads to the conclusion that

a=d

since any larger term in the expansion cannot be cancelled in (3.15). The leading term
in the WDW equation gives

2k2 1 5X\? A
26" 0 _ A 1
024 4d(d — 1) ( 50 > K2 (3.17)
Using (3.1), this leads to the equation
0Xg dd—1)
Q =+ Q. 1
o0 K2 (3.18)
This yields
d—1
Xa=- / &z, /5, (3.19)

where we have chosen the negative sign for physical reasons explained below, and rewritten the
expression in terms of the original variables to make manifest its diffeomorphism invariant form.

We would like to make a few comments.

1. We neglected a possible contribution from terms that involve %ij in going from (3.15)
to (3.17). It may be checked that no diffeomorphism invariant «-dependent term can
be added to (3.19) while keeping the right hand side of (3.17), which is independent of

7, unchanged.

2. The choice of negative sign in (3.19) corresponds to the fact that we wish to study an
expanding de Sitter universe at late times [46]. With this sign, the leading part of the
wavefunctional satisfies

oiXa —

. -1 L
L d Vagi eiXa, (3.20)

Q—o00 592‘]‘ 2K2

This is precisely the relation between the canonical momentum and the metric at late
times in an expanding universe. A choice of positive sign in (3.19) is allowed but would
correspond to the part of the wavefunctional that describes a contracting universe.

,10,



3. As advertised, Xy is local. This property arises because the right hand side of (3.18) is
a number, which does not allow any nonlocal contributions.

4. X, is real, which corresponds to an oscillatory phase in the wavefunctional. So although
X4 has the highest scaling with €2, it does not contribute when the wavefunctional is
squared to study expectation values [15].

At the next order, matching orders in {2 we now find that

0Xq1
00

=0 = X4, =0. (3.21)

Beyond the universal terms, Xy and X;_1, the form of the solution varies slightly in
different dimensions. We explain the different cases for low dimensions and the general
pattern below. In each case, we will use the following observation. We ignore any term that
decays when Q — +oo in (3.13). When combined with the contribution from X, such a
term can yield a contribution that decays like Q4~! in (3.15). Therefore any term in (3.13)
that yields a contribution of the same order when inserted in (3.15) will be undetermined
in our procedure since we expect that its contribution to (3.15) can be cancelled by an
appropriate choice of the remainder term.

d=2. Ind=2, we find that X;_s = Xy must obey the equation

0= =53PR  (d=2). (3.22)

When rewritten in terms of the original variables, this takes on the familiar form

) ) . .
201 — Ay— | ¢iXo = iXo =2 2
(gu(sgij X5X>e Age (d=2), (3.23)
with '
(2

We note that (3.23) is analogous to the trace anomaly equation for the partition function of

a 2d CFT except that the central charge is imaginary with ¢ = 1272”. This can be thought
of as the Brown-Henneaux [47] central charge in AdS but analytically continued to dS as
proposed in [2].

We note some interesting features of (3.23) that will carry over to other dimensions.

1. Note that (3.23) does not have a unique solution. The addition of any term that is
independent of €2 to an existing solution of (3.22) yields another solution. (In terms of
partition functions, this is simply the observation that the trace anomaly equation does
not uniquely fix the CFT partition function but only the central charge.) The reader
might wonder why this freedom appears for Xy but not for Xy 1. In fact, it is possible to
add a nontrivial functional independent of €2 to the solution in (3.21) and obtain another
solution, but such a functional is ruled out by the asymptotic scaling requirement (3.14).

— 11 —



2. The form of Hiy does not place any constraints on X, through (3.15). This is for the
following reason. The O(Q2!) remainder in F yields a contribution to (3.15) that is
O(Q_d_l) (Such a contribution arises when one 6% derivative acts on X4 and the other
acts on the remainder.) Since we are not keeping track of this remainder, we can consis-
tently neglect terms that decay O(Q_(d‘H)) in (3.15). But in d = 2, higher-derivative

terms decay at least as fast as #

3. The anomaly may receive a possible correction through the action of double derivative
terms on X,4. After accounting for the leading ﬁ factor in (3.15), such terms contribute
at the same order as Xy. The correction is O(k") and so it is subleading compared
to (3.24) and its precise value depends on the choice of normal ordering. In appendix A.2,
we show how this term can be made to vanish by a specific choice of normal ordering.

d =3. Ford > 3, X4_o is determined from the subleading term in the WDW equation,
which takes the form

2k2 2 50X, X o 1
T2 4d(d - 1) (Q 50 ) (Q 50 ) Tget=0 (3:25)

This gives the equation

5X,- 1
5;‘2 2 = 5.2 VIR (3.26)

For d > 3, this can be integrated to give
1

Xg9 = [ do/gR 3.27

d-2 2(d—2)f<a2/ Vol (3.27)

which can be checked to be a solution using that Qg% = 2917%”.

The next term X is unconstrained and can be any function of v that is independent of €).
The action of the differential operators in (3.15) on such a function does yield non-zero terms.
However such terms can be cancelled by an appropriate choice of the remainder term in F. In
terms of the original variables, this means that X is a Weyl invariant function and we have

5
Qs5Xo=0 (d=3), (3.28)

or, in terms of the original variables,

(292‘1651-]- - Af;;) €0 =0 (d=3). (3.29)

Once again, it is not necessary to keep track of interactions since they do not contribute to
the non-decaying parts of F by the same power-counting argument that was given for d = 2.

d > 3. The procedure outlined above can be continued to any dimension. The pattern is
that higher order terms are determined by the recursive equation coming from

2k2 1 SF\?2
oo [ (750) —mean P = (3.30
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where the power-counting argument above tells us that i, can contribute to higher-order
terms. Here we have rewritten the metric variations in terms of the traceless metric variation

) 1 . 0

5 = 0 Cgiig, O 31

using the identity (A.17). The term of order d — 2n is determined from this equation as
0

Qde72n
2/<;2 n—1 . » 1 6Xd—2k 5Xd72(nfk)
T d ,; (gikgﬂ(%]Xdzk)(% Xa2tn—4) = 72013 (Q 39 ) (Q 39 >)
" Qd%int ' (3.32)

This recursive structure determines all the higher order terms from the first two X, and X4_o.3
As we have pointed out in d = 2 and d = 3, since the equation involves functional
derivatives with respect to €2, it never fixes Xy uniquely. Given one solution, there is always
the freedom to add an Q-independent functional to Xj.
We illustrate the procedure with the next term X;_ 4 in pure Einstein gravity where
Hint = 0. The above equation gives

6X 4 4 1 y d 2)
[¢) - _ CRY )
60 2(d — 2)2k2 V9 (R”R 4(d — 1)R ’ (3.33)

as derived in appendix A.3.

In d = 4, we obtain the equation

0 Xg 1 1
0— = - i RY — — 2 34

L)
which leads to

2g; o Axi e X0 = Ay o (3.35)

Y 6gi % ’ '
where we have defined
_ i ij | .

We recognize the trace anomaly equation for a four-dimensional CFT partition function
7 = €X0. The anomaly can be written as

1
_ —aE W, ”rabcd )
A4 1672 \/g( atiy + cWaped ) ) (3 37)

using the Euler density and Weyl squared curvature given in (A.31) with the coefficients

im? i
a=C= ———— =

k2 8GN

(3.38)

3Note that a similar recursive structure was also observed in [48] in the context of holographic renormaliza-
tion.
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This is, up to the factor of —i, the anomaly of a holographic CFT,4 obtained using holographic
renormalization in AdSs [49]. It may be checked that this anomaly polynomial receives
corrections at subleading order in x from higher-derivative terms and also from a choice
of normal ordering in the WDW equation.

In d > 5, this equation can be integrated to give

1 L
Xas =~ 5= /dd:c\/g (RUR” - 4<d_1)32> . (3.39)

For d = 5 , the formula above completes the gravitational part of the series. Xy can be any

functional independent of 2. For higher d, one must continue the expansion above until Xj.

3.2.2 Matter part

We now solve for the matter part.

Leading term. The leading term Y} is determined from the equation

2 2
2k 2 (Q(SXd) (Q(SYB + A06Y5> + %QQ(A—d) (‘Syﬁ> + 1m2Q_2AO2 =0.

02 4d(d—1) " 69 60 50 50 2
(3.40)
A solution is only possible if these terms compete which requires
B=d-2A | (3.41)

and leads to the equation

2 0y 1 51@)2 1 5,
gL 4+ = =2 - =0 3.42
Vil 759, " 2 ( ) T2 (3.42)

which we have written in terms of the original variables. The solution takes the form

Y5 =bs / A’z \/9x*, (3.43)
where bg satisfies

4b% + 2dbg + m* = 0. (3.44)

Mass formula. We can determine the relation between bg and A by examining the classical
limit. In the classical theory, in an asymptotically de Sitter spacetime we have
0S d(d—1) 0SS 1

L F P INR2 X T ey TN X (345)

where N is the lapse function, and S is the Einstein-Hilbert action with possible interactions.
From the definition of A we expect that

' Q
Xo A

F=-Ag, (3.46)

up to terms that vanish at large ). Here we have not used the equations of motion but
simply the kinematic definition of A in (3.11) which determines the scaling behaviour of
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the field at large volume. In terms of the corresponding canonical momenta, this equation
can be written as

1 2Kk2A

gﬂx — mw, (classical expectation) . (3.47)

We can compare this classical expectation with the relation obtained from our wavefunctional.
Using the leading order solution for the matter and metric sector, and the relations m =

—igij% and 7, = —i% on the wavefunctional, we find

1
—m ¥ = 20507 0,
X

(3.48)
d(d — 1)Qd v,
2K2

¥ = —

up to subleading terms in the 2 — 400 limit. By matching this with (3.47), we see that
we must have

A

bg = ——. 3.49
8="3 (3.49)

Substituting this in (3.44) we find that A must be related to the mass through
A(d— A) =m?. (3.50)

With these substitutions, the leading term in the matter series becomes
A d 2

Y = —E/d T\/gX" . (3.51)

Our derivation involved a correspondence with the classical limit, and the choice of specific
orderings, such as the ordering of iﬂ'x in (3.48). Therefore the result (3.50) can be thought
of as being valid to leading order in k.

There is a class of solutions to (3.50) corresponding to m > % of the form

d d?
A= — +iv, v=1/m?— —

. T (3.52)

If one studies a nongravitational quantum field theory with this mass, then the single-particle
states in such a theory lie in the principal series of representations of the conformal group
SO(1,d + 1) that is the isometry group of dS; [50]. The complementary series correspond
to masses in the range 0 < m < % and we can restrict to the range 0 < A < d/2. For a

nice recent review, we refer the reader to [51].

Subleading term. In the principal series, the leading matter term is the only term we
have since Re 8 = 0 so that the subleading term decays as ) — 4o00.
In the complementary series, the subleading term Yjz_o contributes when

d—2
< —-.

A< (3.53)
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It is determined by the equation

2
L ) [2 <Q6Xd> (Q‘SYB‘Q - A05Y5_2> +2 (Q(SXd2> (Q‘% - Ao‘syﬁﬂ

02 4d(d —1 00 00 00 082 o2 00
) CAWE) CEPA NN B A A
— 30 - . - =
+ 29%2(50) ( 50 ) + 2Q Y1 0;(2770)0;(2770) = 0. (3.54)

Restoring the variables x and g;; and substituting in the known higher order functionals
gives the simpler looking form

Y. _ Z9A. ) .
7 (.9115 -+ bgX ) 52 2(d—1)RX +5970x05x =0 (3.55)

The solution (derived in appendix A.4) is

1 y A
Vo= [ d% 990X + =R 2) 3.56
52 2(d_2_2A)/ xﬁ(g XX+ 5 l9]x” ) (3.56)
where we have substituted bs from (3.49).
When A < 44 additional terms appear in the matter series and these terms can be
worked out recurswely using the WDW equation.

3.3 Asymptotic solution

We now give the general form of the asymptotic solution in the limit 2 — co. What we
showed is that the constraints imply that it takes the form

iS[g,x]
v 0T e’ Zg, x| - (3.57)

Here, S is a universal phase factor that comprises integrals of local densities. It takes the form

[Re ]
S = Zan+ Zyﬁ m s (3.58)

where f = d — 2A and A is related to the mass of the field by (3.50). Terms corresponding
to odd values of m and n vanish in (3.58). Explicit expressions for n = 0,2,4 are given
n (3.19), (3.27) and (3.39) respectively and for m = 0,2 in (3.51) and (3.56) respectively.
All terms in S are subject to the momentum constraint and so they are invariant under
d-dimensional diffeomorphisms.

The factor Z[g, x] = ¢"X° is a diffeomorphism invariant functional involving possibly
nonlocal terms in g and y and it has simple Weyl transformation properties.

J

sz[g,x] = Aal9]Z]g, x] - (3.59)

The anomaly A,4[g] vanishes for d odd. For even d, it can be expressed in terms of curvature
invariants and explicit expressions for d = 2 and d = 4 are provided in (3.24) and (3.36)
respectively. Since S is real and the anomaly is imaginary, the absolute value of the
2

wavefunctional |U[g, x]|* is always diffeomorphism and Weyl invariant.
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Z|g, x] is not uniquely fixed by the WDW equation. Structurally, this is because the
WDW, at large €2, relates functional derivatives of a term with a given scaling in €) to a source
term that arises from terms with higher scaling in 2. Therefore an existing solution for Xg
can be modified by the addition of an Q-independent term (i.e. a Weyl invariant term) to yield
another solution. This can also be seen from the fact that the solution to (3.59) is not unique.

Once Z[g, x| has been chosen it is possible to use the equation (3.3) to continue the series
expansion in 2. The choice made for Z[g, x| then controls the terms in the wavefunctional
that decay with €. Physically, this can be thought of as follows. We specify a state at late
times (€2 — oo) by specifying the arbitrary functional in Z|g, x]. If we wish to ask questions
about finite-time physics, then we must determine the full dependence of the wavefunctional
on 2. This dependence is sensitive to the interaction terms that appear in the Hamiltonian
constraint, and we do not investigate it in this paper.

The precise numerical values that we have found for the anomaly polynomials, and for
X4—pn and Yg_,, rely on a choice of normal ordering and, in some cases, can be affected
by higher-order terms in the interactions. However, the structural properties of the WDW
equation at large 2 — which are that the higher-order terms are fixed by a recursive set
of functional equations, e**° is left undetermined up to its Weyl transformation properties,
and the momentum constraint imposes diffeomorphism invariance on each term — are
robust. Therefore we conjecture that the form of the solution (3.57) is valid to all orders
in the k-expansion.

Discussion and comparison to AdS/CFT. The phase factor S[g, x| is closely related
to the counterterm-action that arises in holographic renormalization [49, 52-56]. The reason
for this can be understood as follows.

In Euclidean AdS, it is possible to study the action of the bulk theory, with boundary
conditions imposed on radial slices of the spacetime. The procedure of holographic renor-
malization identifies the divergences in this on-shell action. The wavefunctional in dS in
the Euclidean vacuum can be obtained by analytically continuing this action [2]. Since
the phase factor is universal, it is sufficient to determine it in a single state, as can be
done using this procedure.

However, the analytic continuation introduces factors of i in the anomaly. Also, it makes
the phase factor oscillatory in the dS case, whereas the counterterm action is real in AdS. The
terms that appear in the matter sector are also slightly different in dS. This is because the
dimension of operators dual to matter fields is always real in AdS but it can be complex in dS.

Second, the on-shell action on radial slices also obeys the constraints of diffeomorphism-
invariance that lead to a WDW-type equation. As one approaches the boundary of AdS,
it is possible to solve this equation asymptotically [45] (See also [57]) and this procedure
also yields the correct divergent terms.

However, there is an important conceptual difference between the “radial WDW” equation
and the one that we are studying. The radial wavefunctional is subject to regularity at
r = 0. This fixes its asymptotic form at r = co to be a phase factor times the partition
function of a specific CFT — the CFT that is dual to the bulk AdS theory by the AdS/CFT
correspondence [58—-60]. These constraints cannot be seen from the asymptotic analysis in AdS.
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The rules of quantum mechanics suggest that such constraints should not apply to our
solutions. The specification of Z[g, x] is equivalent to the specification of a state on a late-time
spatial slice. But, in quantum mechanics, states can be specified on any time slice. Moreover,
this specification is not subject to constraints that come from the time evolution of the state.

A comparison with asymptotically flat space might help to clarify this point. The “in” and
“out” states that appear in the flat-space S-matrix are specified on Cauchy slices that are taken
to be in the infinite past and infinite future, respectively. We do not restrict the set of “in”
or “out” states by placing constraints on how these states evolve at finite times. In contrast,
“radial wavefunctionals” in AdS specify data on a timelike boundary. They do not correspond
to states, and no principle of quantum mechanics tells us that such data can be specified freely.

Some forms of Z[g, x| are ruled out by normalizability [15] and it is possible that there
are additional constraints that restrict the allowed set of Z[g, x| [61] but they are not evident
in our analysis.

4 Solution space as theory space

In the previous section, we have argued that, in the large-volume limit, all solutions of the
WDW equation take the form given in (3.57) — a universal phase factor multiplied with a
diffeomorphism invariant function, Z[g, x| with simple Weyl transformation properties.

Since the phase factor is universal, each distinct choice of Z[g, x| leads to a distinct
solution of the WDW equation. Second, in quantum mechanics, states can be read off from
any time slice — even if that time slice is at arbitrarily late times. So, we expect that
the large-volume behaviour of the wavefunctional completely specifies its form everywhere.
Therefore each distinct state leads to a distinct choice of Z[g,x]. The two observations
above lead to the conclusion that there is a one-to-one map between the space of allowed
Zlg,x] and the space of states in the theory.

We now investigate the properties of Z[g, x] more carefully and argue that the space
of allowed functionals can be thought of as “theory space”.

4.1 Z as a CFT partition function

Now, let us examine the equation (3.59) together with the momentum constraint as written
in terms of the original variables, g and .
The relations that we find on Z are the following

s
o —g" 8z'X5X> Zlg,x] = 0; (diffeomorphism invariance)
4.1
S | (1)
292‘]‘5 - AX*X Zlg,x] = AaZlg, x]- (Weyl transformation)
ij

The first equation comes from the momentum constraint and expresses diffeomorphism
invariance while the second equation comes from the Hamiltonian constraint and expresses
the anomalous Weyl transformation.

This can be made more explicit by writing the action of an infinitesimal diff x Weyl
transformation on the metric and the scalar field

O(¢,0)9i5 = LeGi + 2095, SepyX = E'0ix — Apx. (4.2)
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Then the equations (4.1) are equivalent to

Oep) l0g Z]g,X] = / Az p(z) Ad(x), (4.3)

which can be proven by taking the functional derivatives with respect to ¢(x) and & ().

The equations (4.1) are also obeyed by the partition function of d-dimensional CFT
with a source y turned on for an operator ¢ of dimension A = d — A on a Euclidean
spacetime with metric g;;

Zerrlg, x] = (e~ 1#x0), (4.4)

which obeys (4.1) with an appropriate choice of Ag.
However, several cautionary remarks are in order.

1. First, the anomaly polynomial that appears for even d in (4.1) is imaginary. Second,
the dimension of ¢ can be complex for sufficiently large mass. This can be seen from
the mass-dimension relation (3.50).

2. Second, it is possible to obtain correlation function of the stress-tensor and of the opera-
tor ¢ by differentiating Zcpr. In a local CFT, such correlators obey various constraints,
including the constraints of cluster decomposition that follow from locality. Our anal-
ysis does not provide any reason to believe that the quantities obtained by functional
differentiation of Z with respect to the metric or y should obey such constraints.

3. Relatedly, the space of allowed Z’s has a natural vector-space structure since this space
is the space of states for a quantum-mechanical system. But a vector-space structure
is unnatural in the space of CFT partition functions since the linear combinations of
two partition functions of local CFTs does not, in general, correspond to the partition
function of any other local CFT.

Therefore, although Z[g, x] obeys the same equations that are obeyed by a CFT partition
function, it does not necessarily correspond to the partition function of a unitary or local CFT.

4.2 Coefficient functions as CFT correlators

We will now expand log Z[g, x| in the metric and matter fluctuations. This will give a basis
of functionals for the solution space, comprising those Z[g, x] that do not vanish in the
limit where g;; — &;; and y — 0.

4.2.1 Weyl transformation of the variables

So far we have considered the wavefunctional in the limit where the volume of the spatial
slice becomes arbitrarily large. Physically, we are interested in studying fluctuations about
an asymptotically de Sitter spacetime, where the metric on a spatial slice takes on the form

4uw?
phys _ S R 4
g@] (1 + ’$|2)2( 1) + Y Zj) 9 ( 5)

“When we introduce a norm on solutions [15], it will turn out that such solutions do not yield normalizable

states. For the present analysis, this issue is not relevant. In the next section, we will study a different
basis corresponding to functionals that vanish in the limit g;; — d;; and x — 0. Those functionals are linear
combinations of the functionals studied here, and provide a normalizable basis for the Hilbert space.
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which is a perturbation of the round metric on S¢ in coordinates z’ rescaled with a large
Weyl factor w.

It may be seen from (4.1) that |¥[g,x]|* = |Z[g,x]|* is diffeomorphism and Weyl
invariant. The Weyl anomaly is imaginary so we have

o o
29@'3’@ — Ax—

5x (Zlg: X129, X]") = (AaZ[g: x]) Z[g: X]" + c.c =0, (4.6)

using that A} = —Aq.

Therefore, at the cost of an additional phase in the wavefunctional in even dimensions,
we can make a Weyl transformation of the physical fields and study the behaviour of Z[g, x]
in the regime where

Gij = 05 + khij . (4.7)

In converting the physical metric (4.5) to the form above, we have not only removed the
large factor w(z) but also made use of the fact that the round metric is related by a Weyl
transformation to the flat metric. This does not change the fact that the spatial slices are
topologically S? and in [15], we will utilize this when we place boundary conditions at || — oc.

The Weyl transformation that takes the physical metric g%hys to gi; also rescales the
matter fields according to

2w a
_ phys 4.8
X (1 n ‘$|2> X (4.8)

We will now study an expansion of Z[g, x| in powers of x and h as it appears in (4.7). This is
a convenient regime in which to study Z. If the value of Z is required in the physical regime,
the phase factor in the wavefunctional can always be worked out using the anomaly equation
and undoing the transformation from (4.7) to the original physical metric (4.5).

4.2.2 Expansion of Z

In what follows, we will assume that the perturbation in (4.7) is small enough that it makes
sense to study a series expansion of Z about h;; = 0. This focuses us on states whose
wavefunctionals are concentrated on metrics that are close to the round sphere up to a
Weyl transformation. The assumption in the analysis below is that these are the states of
physical interest. Note that the analysis in the previous sections remains valid even if the
wavefunctional does not have a good series expansion in h;;.

it is convenient to introduce some notation. We write

Z[g,x] = exp lz K'Gnmlh, .. by, X, (4.9)

where we have defined multi-linear functionals, G, ,, that take n tensor fields and m scalar
fields as input and return a c-number.

DI " (4.10)
= [z G AR, () b X D) X z).
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The “coefficient functions” Gﬁm(g’, Z) depend on § = (y1,...,Yn),Z = (21,...,2m) and are
tensors with multi-indices i = (i1,...,in),7 = (j1,...,jn) that are symmetric in the (iq, jo)
indices. Here & = (¥, 2) is a collective symbol for all the coordinates in the equation. We
demand that these functionals G, ,, be symmetric v under the interchange of any two of the
%) or any two of the x(*), which means that G

+ m are symmetric under interchange of

any two z coordinates and the simultaneous interchange of any two y-coordinates and the
associated tensor indices.

We will now use the relations (4.1) to derive constraints on the functions G, . A
similar analysis was performed in [22] for the Euclidean vacuum. (See also [29].) The
general strategy that we adopt will be the following. Under an infinitesimal diff x Weyl
transformation (4.2), h;; transforms as

1
5§,<phij = Hi]’ + ;Il] , (411)

where H;; = L¢h;j + 2¢h;j is a piece linear in h;; and I;; = 8i§k(5jk + 8j§k5ik + 2pd;; is an
inhomogeneous piece that comes from the transformation of the background metric.
We then have the variation

Seplog Z = K" (8¢, 108 Z)nm, (4.12)

n,m

where we have collected terms according to the expansion in k:

(0,010 Z)pm = (n 4+ 1)GpyrmlL, hy oo By X, oo X +0Gnm[H, by Ry X, X]

(4.13)
+mGpmlh,...h,0x,...X].

The constraint (4.3) then leads to identities that relate Gn11., to Gy m. These identities
are derived in appendix B. As a consequence of the anomalous Weyl transformation, we
obtain a “trace identity”

2%fo1 m (U, ( 2 Z SD(u—y,)+A 3 5 (u — zb)> Gf{m(g, 7) + 5m,0,4§7(u, 7
b=1
(4.14)
where = ) -
AZJ (u, ) = Ag(u), (4.15)

P Shiyji (Y1) - - - Ohi i, (Un)

is an ultra-local term obtained from the expansion of the anomaly A4 in the fluctuation,
which only appears for even d.
The invariance under diffeomorphisms leads to a “divergence identity”.

m

20,40,G95, | (u,7,%) == oz 5o [ (=) G (7,2)] (4.16)
b=1

- i (o 7 - 1 i 0
3 [ o 0w 0) Gl (5 20)+ GE (5.2 (35 oy + 55 5y )6 =)
a=1 a

yJa k oy

where in the bracketed expression, we use i’ and j" to denote the multi-index where (i4, jq)
has been replaced by (i, j.) for the current a in the sum. (See (B.27).)
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4.2.3 Conformal symmetry of the coefficient functions

A special role is played by the combinations of diffeomorphism and Weyl transformations
that leave the background flat metric invariant. These are conformal transformations. Under
these transformations, the inhomogeneous piece in (4.11) vanishes:

2
Iij = 0;€"6, + 0;6" 6,1, — g(sijakfk =0, (4.17)

and corresponds to taking £ to be a conformal Killing vector.
This imposes conformal invariance on the functions G. More specifically under a conformal
transformation § — ¢, 7 — 2, we have

n m

Gin(7.2) = ( T B B o)A ) (TT A" 2 )GI 2. (a1
a=1 b=1
where oy
Ry(@) = Ma)Jj(@),  Ji@)= 5, Alw)=|det @) /" (419)

see appendix B.3 for the derivation.
This shows that the coefficient functions Gﬁ{m obey the same identities as connected

CFT correlators. We can write
G (7, 2) ~ (T (y1) .. T () d(21) - - B2m) )R (4.20)

where T% is an operator of spin 2 and dimension d and ¢ is an operator of dimension d — A.%
The reason we put the subscript “connected” is because G, ,, are obtained by functional
differentiation of the logarithm of Z. The reason we write ~ rather than equality is to
indicate that the similarity between the two sides of (4.20) is only restricted to the fact that
both sides obey the same Ward identities. We reiterate that (4.20) should be interpreted
cautiously beyond this shared property.

4.3 Solution space and theory space

We have therefore reached the following conclusion. Say that we are given a set of functions,

{GT,.(7.9)}, (4.21)

for all values of n and m, which satisfy the Ward identities (4.14) and (4.16) and transform
under conformal transformations as (4.18). Such a list of functions uniquely specifies a valid
solution to the WDW equation when assembled together through (4.9).

Such a list can also be thought of as defining a “theory” with the caveats mentioned above:
this theory is a CFT but need not be unitary or local. Moreover, the list of correlators (4.21)
does not make reference to other operators in the theory beyond those that correspond
to fields in the physical spacetime. In this generalized sense, the space of solutions to the
WDW equation is like “theory space”.

SFrom (4.9) and (4.10) it may be seen that the “correlators” differ from the conventional correlators,
(..T9 ... h. Deonv = ... % 59‘11_ . %% ...]log(Z), since they are defined without a factor of %. So the
contact terms that appear in our Ward identities are slightly different even when g;; = ;5.
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4.3.1 Relation to the set of Hartle-Hawking wavefunctionals

The Hartle-Hawking no boundary proposal [1] provides a recipe of computing the wavefunc-
tionals that constitute the solution space. Hartle and Hawking proposed that the vacuum
wavefunctional should be computed by performing the Euclidean path integral on a manifold
with a single boundary. An alternative technique is to compute the path-integral with
boundary sources turned on for the same bulk theory in AdS and then continue the answer
to dS [2]. The latter technique allows for the easy inclusion of perturbative corrections to
the wavefunctional through the computation of AdS correlators.’

This computation produces a wavefunctional that we can denote by Wy[g, x| and which
satisfies the Wheeler-DeWitt equation. It explicitly has the general form we have deduced
above; the phase S is the analytic continuation of the divergent part of the on-shell action
in AdS and the wavefunctional is obtained by multiplying the phase factor with Zy[g, x] —
the analytic continuation of the partition function of the boundary CE'T. Since the details of
the coefficient functions that enter the partition function depend on the bulk Lagrangian,
Ly, we can represent this entire process schematically as

Lyux — Yolg, x] - (4.22)

The prescription (4.22) leads to an interesting observation. Consider a different bulk
Lagrangian, Ly but one which gives rise to the same phase factor and therefore has the same
holographic anomaly. It is possible to compute a second wavefunctional using this Lagrangian:

Ebulk — @0[97 X] - (4.23)

But since the coefficient functions inside ¥y[g, x| and \io[g, x| satisfy the same Ward
identities, both wavefunctionals are valid states in either bulk theory. The Hartle-Hawking
wavefunctional computed for the Lagrangian Ebulk can be thought of as an “excited state” in
the theory where the bulk interactions are specified by L. Conversely, if one thinks of the
bulk theory with the Lagrangian L then it is \i'o[g, x| that is the vacuum wavefunctional
and Wylg, x| that is an excited state.

Therefore the space of states contains the set of Hartle-Hawking wavefunctionals for all
possible bulk interactions that give rise to the same holographic anomaly. If one considers a
specific bulk theory, then this picks out a specific vector in this space as the one corresponding
to the vacuum. But the wavefunctionals for other bulk interactions are still in the state
space; they just correspond to non-vacuum states.

5 The “small fluctuations” basis for the Hilbert space

In this section, we describe an alternate basis for solutions to the WDW equation at late times
that is particularly convenient in the limit where Gy — 0. Although we use the adjective
“small fluctuations”, this basis spans the entire Hilbert space. We show, using this basis,

6As emphasized in [62], AdS correlators continue to the coefficient functions G?:m in (4.10) and not to
correlators on the late-time boundary of dS. These latter correlators are called cosmological correlators and
are discussed further in [15]. They must be computed by further squaring and integrating the wavefunctional
(see [63] for an example) or by means of the in-in formalism [64].
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that as Gy — 0, the space of states we have constructed coincides precisely with the Hilbert
space constructed by Higuchi [4, 8, 9]. However, our construction also provides a procedure
to systematically correct Higuchi’s construction at nonzero Gy.

The basis we introduce in this section has the additional advantage that it will yield
normalizable states in the Hilbert space [15].

5.1 Basis of “small fluctuations”

In section 3 and 4 it has been shown that a general solution to the WDW equation is spanned
by wavefunctionals of the form

Ylg,x] = eisexp[z ﬁ:”gn,m] : (5.1)

n,m

where, as above, each G, ,, takes the form of a conformally invariant “coefficient function”
integrated with the fluctuations of the metric and the matter fields. The coefficient functions
must obey a set of Ward identities and can be identified as correlation functions of n-
insertions of the “stress tensor” and m-insertions of a scalar operator with dimension d — A
in a non-unitary conformal-field theory.

Here, and in what follows, we do not display the arguments of G, ,, to condense the
notation. It is understood that all n tensor arguments correspond to the metric fluctuation
hi; and all m scalar arguments correspond to the matter fluctuation x.

Consider a state with a specific choice of functionals, G, ,,. Now consider another set of
functionals G}L,m, which also satisfy the Ward identities of section 3. Then the combination

g?i\,m = (1 - )‘)gmm + )\g~n,m , (52)

also satisfies the identities of section 3. The linear combination chosen above ensures that Q;}m
satisfies the Ward identities with the same trace anomaly term. Therefore, the wavefunctional

Uy[g.x] =€ exp[z H”gﬁ,m} : (5.3)

n,m

also satisfies the WDW equation asymptotically. Since the solution space is linear this
means that

8\11/\[97 X]

B\ =>_ " (Gum = Gum) W19, X] (5.4)

A=0 n,m

is also a valid state. The combination above will appear frequently and so we define the
notation

5gn,m = gn,m - gn,m (55)

1 - -
= m/dydzéG#,m(yvz)hiljl (1) -+ i (Yn)x(21) - - - X(2m) -

We can think of the states (5.4) as corresponding to “small fluctuations” about the base
state WU[g, x]. Nevertheless, states of the form (5.4) provide a complete basis for the Hilbert
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space provided we consider all possible changes 0G,, ,,. We can refer to this as the “small
fluctuations” basis for the Hilbert space.

The construction above can be performed about any base state but to make contact
with the existing literature we will, henceforth, choose the base state in (5.1) to be the
Hartle-Hawking state, ¥q[g, x]. The basis above then naturally corresponds to the basis
of fluctuations about the Euclidean vacuum.

A few comments are in order.

1. Naively, it might appear possible to take the functionals G, ,, and QNnm to coincide
for all value of n,m except for some particular values of n = ng, m = mg. However,
this is not possible as both sets of functionals must satisfy the Ward identities. This
relates the longitudinal components and the trace of Q),,H,m to Qvnm for each n,m by
equations (4.14) and (4.16). Therefore

0Gum £0 = 6Gpi1m £ 0. (5.6)

2. Nevertheless, note that the right hand side of (5.6), dGy41,m is not completely fixed by
the left hand side, 0G,, ,, This is because the Ward identities only fix the longitudinal
components and the trace in QNnH,m. Except for n+m < 2 there are an infinite number
of possible ways to satisfy the Ward identities.

3. On the other hand, the Ward identities do not prevent the possibility that G, ,, =0
for n < mg, m < mg for some choice of ng, mg but that 6G, ,, # 0 for other values of
n, m. This might appear slightly puzzling since, in a CFT, all higher-point functions
are fixed by three-point functions. However, the coefficient functions can be thought
of as correlators of “stress-tensor” and the operators dual to the matter fields. The
wavefunctional does not directly contain terms that correspond to correlators of other
primary operators. Within this restricted class of correlators, it is usually possible
to change higher-point correlation functions without changing lower-point functions
although some correlators such as the three-point function of a stress-tensor and two
scalars are completely fixed in terms of lower-point functions [65].

5.2 The nongravitational limit

The basis above is particularly convenient in the nongravitational limit. When x — 0, the
constraints imposed by the Ward identities become trivial. As we show below, this allows us
to obtain a precise correspondence with Higuchi’s basis [4] of dS-invariant states.

Consider two sets of functionals 0G,, ,,, and énm which differ for some particular m = mg
at n = ng but coincides for all lower-point correlators:

5gn,m =0, Vn <nog; 6gn0,m =0, vm 7& mo, 5gn0,m0 7& 0. (57)

The Ward identities imply that the higher-point functionals cannot coincide. However, all
of these come with a higher power of k. Therefore we can consider the state

L 8\If>\[g,x]

Ko a)\ A0 = (5gn07m0 + O(ﬁ)) \I}[g, X] y (58)
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which clearly has a good limit as k — 0. The notable feature above is that all the higher-order
terms in (5.4) have disappeared.

It is useful to recast this in slightly different notation. Representing the Euclidean
vacuum by |0), and choosing the wavefunctional ¥[g, x| to correspond to this state, we see
that the set of states that satisfy the constraints in the x — 0 limit can be written as

|Wng) = /d§d55Gf¥§,mO(ﬂa Dhiyis (Y1)« i g Yno )X (21) -+ - X (2m,)|0) - (5.9)
Our conclusion can be summarized in the following two points.

1. The set of valid states in the nongravitational limit can be obtained by studying grav-
itational and matter fluctuations at late times, integrating them with a conformally
invariant function on the late-time slice and acting on the Euclidean vacuum. This func-
tion is the difference of any two functions that obey the Ward identities of section 4.2.2.
So it also obeys the Ward identities but without an inhomogeneous term.

2. The smearing function in (5.9) is not arbitrary and is constrained by conformal invariance.
This means that, even in the nongravitational limit, the effect of the constraints does
not trivialize. This is consistent with the idea that when one takes the zero-coupling
limit of a gauge theory, it is still necessary to impose the Gauss law on the Hilbert space.

Examples of states in the nongravitational limit. We now provide a few examples
to help elucidate the idea above. To lighten the notation, we provide examples of states
obtained by the action of matter-sector operators. It is simple to generalize this to consider
states of gravitons, which exist for d > 2.

Conformal symmetry sharply constrains the Hilbert space at small “particle number.”
Here, by particle number, we refer to the number of fields that must act on the Euclidean
vacuum to produce the state. There is a unique two-particle state with gravitons or with
matter excitations corresponding to the fact that the two-point coefficient function is fixed up
to an overall constant. Similarly, there is a unique three-particle state with scalar excitations
and two possible three-particle states with graviton excitations. There exist an infinite number
of four-particle states parameterized by functions of conformally invariant cross ratios.

1. Two-particle states. The unique two-particle matter state has the form

1

Ixx) = /ddﬂﬁldd@ ol
|21 — 2|

iy X(x1)x(22)]0) - (5.10)

Similarly, for d > 2, one can construct nontrivial two-particle states of free gravitons.

2. Three-particle states. The three-point function of scalar operators is also fixed
uniquely by conformal invariance up to an overall normalization. Therefore, we find
the unique three-particle state

1

0).
|21 — @o|d= B |xy — x3|4 A2y — x3|d*AX(x1)X(m2)X(x3)| )

(5.11)

IXxX) = /ddﬂclddmddm
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3. Four-particle states. Four-point functions that satisfy the Ward identities are
undetermined up to a function of the conformal cross ratios. There is an infinite number
of four-particle states that can be written in the form

L12734 T12T34 Q(d A)
oo = [ diar... e )l 5 xanxta @) (@ 0).
IE13$24 T23%14 i<j

(5.12)
where @) is an arbitrary function.

Apart from graviton excitations, it is also possible to consider states with both graviton and
matter excitations. These can be constructed using a procedure similar to the one above.
There is no state with one graviton and two matter particles. This is because, as noted above,
the corresponding correlation function, including its normalization, is completely fixed by
the Ward identities and the two-point matter correlation function [65].

5.3 Correspondence with Higuchi’s construction

We now show that the x — 0 limit of our construction described above corresponds precisely
to Higuchi’s construction of the Fock space for weakly-coupled gravity in de Sitter space.
For simplicity, we discuss Higuchi’s construction for a scalar field.

5.3.1 Review of Higuchi’s proposal

So far, we have been careful to discuss the metric and fields only on a single Cauchy slice.
To make contact with Higuchi’s construction we will briefly discuss the properties of fields
in spacetime.

Consider a quantum field theory with a scalar field of mass m, x, propagating in a
background de Sitter geometry with spacetime metric

Adz?

ds® = —dt? h2t dQ32; a0? = ——— .
S + cos ; a (1+ ’$|2)2

(5.13)
Then x can be expanded in terms of solutions to the equations of motion that, at late
times, have the asymptotic behaviour [50, 66]

L) 2 e (L 1)
Xt a) o e <2> X(@) + e (2> @), (614

where A and A are the two solutions of the equation (3.50). We are interested in the operator

—-A
1 2
x(z) = lim <+|x|> P (t, ) (5.15)

t—o00 2

which is well defined even when A has an imaginary part since even in that case the expression
n 2\ A—A

et (%) X(x) can be neglected by the Riemann-Lebesgue lemma. These rescaled

late-time operators are precisely the ones that we have been studying in the previous sections.

This can be seen by comparing (5.15) with (4.8).
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Starting with the Euclidean vacuum we see that states of the form

Wseed) = [ dT (@) - x(@)]0) (5.16)

span the Hilbert space in a nongravitational QFT where 1 is a square-integrable smearing
function. More details and an oscillator construction can be found in [8, 9, 50].

When the theory is coupled to gravity, it is necessary to impose the gravitational Gauss
law even in the limit of arbitrarily weak coupling. The Gauss law requires that states be
invariant under the de Sitter-isometry group SO(1,d + 1) [3, 6, 7]. This constraint can also
be derived by integrating the Hamiltonian constraint (3.4) with the Killing vectors of dS.
But, except for the vacuum, no state of the form (5.16) satisfies this constraint.

Higuchi’s proposal [4] was to consider the space of states obtained by “averaging” such
seed states over the de Sitter isometry group

) = /dUU!\I'seed> ; (5.17)

where U is the unitary operator that implements the action of the de Sitter isometries in the
quantum field theory and dU is the Haar measure on this unitary group. By construction
we now have

U0 = W) (5.18)

for the action of any unitary element of the symmetry group.
The states |¥) are not normalizable in the original Hilbert space but Higuchi proposed

a modified norm

1
vol(SO(1,d + 1))

(U, 0) = (| W) = / AU (Wit | U Wecont)- (5.19)
In [67], it was shown that this procedure can be understood in terms of imposing the
equivalence relation |Wgeeq) ~ U|Wgeeq) on the original Hilbert space. The final Hilbert space
of equivalence classes is the same as the Hilbert space obtained by Higuchi’s construction.

5.3.2 Invariance of states under SO(1,d + 1)

We now show that the states (5.9) that we have found in the nongravitational limit are
invariant under the de Sitter isometries. To simplify the notation, we restrict to scalar
states of the form

) — /dféGom(m, ) x (@) - x(@m)]0) (5.20)

The inclusion of graviton states is simple but just requires us to keep track of some additional
rotation matrices below.

The de Sitter isometries map the late-time boundary back to itself and act as conformal
Killing vectors on it. (See [68] for a pedagogical explanation.) Their finite action at late
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times can be read off from (5.13) and is

, S i g - (1+2)
translations : ' = z' + ¢, t=t+log —%;
(1+|zf?)
rotations : ' = R;-xj, t=t; (5.21)
L iy : - (1 +[2)
dilatations : Z' = Ax’, t=t+log ——=;
SA+[P)
i Qi2 =12
) — - 1
SCTs: 7' z' — Bl t=1t+log (L+[2[%)

T 1-2(8-2) + 8PP (14 [z) (1 =2(8 - ) + [BI]*)’

where ¢! and 47 are constant vectors, R; is a constant rotation matrix and A is a real number.
Here we have neglected terms that vanish exponentially in ¢ since such terms are unimportant
on the late-time boundary. We note that the transformations above satisfy

—t _ 1+ |5~C|2
e "= Ax) TFop (5.22)
where 1/d
0T\ |
A(z) = |det( M.) (5.23)

Using (5.15), we see that the unitary operator that implements this transformation on the
fields acts as

Ux(@)UT = Az)®x(z). (5.24)

Therefore, using the transformation of G under conformal transformations as given in (4.18),
the state above transforms as

U|w) = /dd:il A4 5G(E, . B ) UX(EOUT . Ux (@) UT0)

_ /dd;zl A%, ( 11 A(xi)d‘A> 5G (1, am)( ] M) ®)x(@1) . x(m)[0)
=1

i=1
_ /ddxl o dB2 8G (w1, )X (@) . x () |0) = D), (5.25)
and is therefore invariant. In the equalities above, we have used that d?z = A(z)~?d%x which

ensures that the eventual expression has no factor of A.

5.3.3 Lifting seed states

It is also possible to obtain the seed states corresponding to (5.9). The intuition is that
the expression (5.9) has an implicit integral over the conformal group that can be pulled
out to yield the seed state. This relies on the geometric observation that, in any number of
dimensions, the conformal group can be used to fix three points leaving behind an unfixed
SO(d — 1) that leaves those three points invariant.

This can be made precise by considering the quantity

f= dy 6D (21 — y21)6 D (29 — y22)6D (23 — ya3) . (5.26)
SO(1,d+1)
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f must be invariant under an arbitrary conformal transformation x; — vx (as &y are kept
unchanged) by invariance of the Haar measure dvy. Since the only conformally invariant
function of three points is a constant, f cannot depend on zp. Under transformations
2 — yik, we have f — (A(ﬁcl)A(ﬁ:g)A(ﬁ:g))df. This fixes the dependence of f on & and,
by normalizing the measure appropriately, we can set

£ =vol(SO(d — 1)) (|1 — do||#2 — &3]3 — #1]) ° (5.27)

From this we obtain the identity

1
~ [ Jsoqasy
X (A(21)A(z2) A23))?, (5.28)

1 dry 5@ (1 — 7_1:%1)5(61) (zg — 7_13?2)(5(60 (x3 — 7_1:1?3)

using 6(D(z — yx) = 6D (x — 4~ 12)A(x)%
Inserting this in the expression (5.20) removes the integrals over x1,x2, 3 and gives
_ 1
[ Jsoq,d+1)
X (MY ')A B2 A(y T 2) X (v R )X (v B2)x (v ) x () - X () [0)
1 m
_1 dfy/ddm i, (HA(zi)_d> SCon (i1, s 3, Tt Tn) (5.29)
f Jso@,d+1) bl
X Ux(281)U Ux(82)U ' Ux(83) U 'Ux(3)U " ... Ux(&m)U0)

1
== dry/dd@...dda}m 6G (21, Zo, &3, 4, - . ., Tn)
[ Jsoq,d+1)

X Ux(21)x(Z2)x(£3)x(ZLa) - .- X(Zm)|0) ,

’\I/> dFY/ddxll v ddxm 6Gm(7_1-ﬁla 7_1£‘277_1£’37 T4, ,[L'm)

where in the second step we have applied v to all the variables and used the conformal
transformation properties of dG,, and x to simplify the answer.
We recognize that this takes the form of a group average

) = [ U U|Weea) (5.30)

where the seed state is given by
1
Treet) = 7 / Q... dembCon (81, B2, B3, 24, ., Tm) (5.31)
xx(21)x(Z2)x(23)Xx(24) - - . X (2m)]0) .

As a result, up to normalization, we obtain a valid seed state by simply dropping the integral
over three points in (5.9) and fixing those points to arbitrary positions.

6 Discussion

In this paper, we studied solutions to the WDW equation in asymptotically de Sitter space. A
natural clock in de Sitter space is provided by the volume of the Cauchy slices. We found that,

— 30 —



in the limit of large volume, all solutions could be written as the product of a universal phase
factor multiplied by a diffeomorphism-invariant functional with simple Weyl transformation
properties. This result is derived in section 3 and we argued that the structural form of the
solution is valid at all orders in perturbation theory. The Euclidean vacuum is well known to
have these properties but the new result is that all states in the theory have these properties.

In section 4, we showed that a solution could be specified by providing a list of coefficient
functions that obey the same constraints as correlation functions of a CFT. These functions
are related to one another by Ward identities. A specification of these functions provides a
complete description of the state but it can also be said to specify a “theory”. In this sense,
the space of solutions to the WDW equation is similar to theory space.

In section 5, we rewrote these solutions in a basis of “excitations” about the Euclidean
vacuum. Here, each solution is written as a series of multilinear functionals of the metric and
other fields multiplied with the wavefunctional for the Euclidean vacuum. These excitations
must again obey the constraints of conformal invariance and the Ward identities. It is shown
in section 5 that, in the nongravitational limit, these states reduce to those constructed by
Higuchi through “group averaging”. Therefore, our procedure not only provides a systematic
justification for Higuchi’s result, it specifies how the result should be generalized away from
zero gravitational coupling.

In our analysis, we have assumed that the Cauchy slice has the topology of the sphere
S?. From a technical perspective, there does not appear to be any immediate obstruction
to generalizing our asymptotic solution to alternate topologies but some of the interesting
physics might require us to go beyond perturbation theory. It would be interesting to examine
the effects of change in topology and to understand whether a nonperturbative analysis
reveals additional restrictions on the Hilbert space.

In an accompanying paper [15], we describe a norm on the space of solutions to the
WDW equation. The norm we propose is to simply average the square of the absolute value
of the wavefunctional over the space of all possible metrics and matter fluctuations. In [15],
we show that the states examined in section 5 yield a normalizable basis for the Hilbert space.
We also show that this prescription for the norm reduces, in the nongravitational limit, to
the group-averaged norm proposed by Higuchi but differs at finite x.

In [15], we define and study “cosmological correlators” in a gravitational theory. We find
that these correlators display a remarkable property: knowledge of cosmological correlators
in an arbitrary small region of the late-time spatial slice suffices to fix them everywhere, even
in an arbitrary state. This result relies on the observation that all states, and not just the
Euclidean vacuum, are covariant under scale transformations and translations. This provides
a generalization of the principle of “holography of information” — previously explored in
AdS and in flat space [11, 69-74] — to asymptotically de Sitter space.

One interesting implication of our analysis is that all states in the Hilbert space share
the symmetries of the Hartle-Hawking state. The inflationary era was presumably described
by a state from this Hilbert space. On the one hand, this strengthens arguments like [75]
that are based only on symmetries. But it makes the effort to extract early-universe physics
from inflationary correlators [76] more interesting since one must contend not only with
inflationary physics but also the possible states of the system.
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A Wheeler-DeWitt expansion

In this appendix we include technical details about the asymptotic expansion of the WDW
equation and its solutions described in section 3.

A.1 Rewriting the constraints

We first explain how to rewrite the constraints in terms of intermediate variables to make the

asymptotic expansion manifest. The original Hamiltonian constraint is

2r2 y 1, 1
H = 7 7Tij7T — HTF — 27/432(R — 2A) =+ Hmatter + Hint . (Al)

We define new variables €2,+;; and x by the relations
2 —0A P
gi; = 5, x =070, detv;; =1, (A.2)

and they can be written in terms of the original variables as

1

_ 1/2d o . _ A/2d
Q = det(g) /=, Vij det(g)l/dg”’ O = det(g) X - (A.3)
Their variations are then given by
_ 1
vy = Q7 (5%‘ - dgz'jgkefsgkz) (A.5)
1 .
00 = -A0g"3g; + 020y . (A.6)
From the identification
o o ow o o
0oV =—40g;; + —dx=—=00+ —v;; + —30, A7
590 T S N T 5 T 5,0 T o (A7)
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we obtain the differential operators

g 0 1 . ) ) ) 1 .. 0
it = =—gY | Q—=+AO0— 02 — =Yy — A.
T Sy 2dY ( o 050) + (5%]- a! 7’“‘557,%) (A8
0 16 1 )
T = gii— = -Q—+ ~AO— , A9
L P N TR R 10 (4.9)
0 A0
Ty, = — = —. Al
iy ox 50 (A.10)
We see that what appears is the traceless differential
y ) 1 .. o
60 =072 — Y ype— | . A1l
g (5%]' d’ %55%15) (A-11)
A useful fact is that it can be written in terms of the original metric g as
. ) 1 .. 0
5 — — g9 qg— . A12
o e L vy (A.12)
The momentum then takes the form
1 5 5 g
it = —g¥ | Q— + AO— oY Al
i 577 ( 5Q+ 050>+g, (A.13)
and so the kinetic piece is
iy 1 1 5 §\2 g
i — 1772 abrirEy <Q<SQ + AO&O) — 9ikgje6 54" (A.14)

using the tracelessness condition gij(s;j = 0 to cancel off-diagonal terms.

Now note that the Hamiltonian constraint, (A.1), involves a composition of two such
differential operators. This yields terms where the second differential operator acts on the
variable coefficients that appear in (A.8) and produces the divergent expression, 6(0). Such
terms can also arise if the second-order functional derivative acts on a local expression. We
discuss these terms further in appendix A.2 but we drop these terms for now. As explained
in subsection 3.2, this issue does not affect our leading-order analysis.

The Hamiltonian constraint is then

H=2i2 (0l yr0l L, 0% 5ke —L(R—QA) H Hi
02 | 4d(d —1) ( 30 50) Jikdit% %5 | T 92  Mmatter  Thing
(A.15)
and for a scalar field we have
H AN 99, x0; 2 A.16
matter 29 <5X) +2(g iX JX+mX ) ( . )

We obtain the form given in (3.15) after rewriting the second term in the bracket in terms
of 7;; using that

iy 0 1 . 0 ) 1 )
; .61]5k€: iKY Y ¥ | A (_ kL . >
9ikgjedg 0g” = Yirvje (M- 77 ab ) g7 Nedg

1 6 O
= (ivie — Svimee ) —— . Al
(%k%e i J’W) 57 59me (A.17)
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A.2 Normal ordering prescription

We describe a natural choice of normal ordering prescription that gets rid of the §(0) terms
appearing at leading order when acting with the Hamiltonian constraint on an asymptotic
wavefunctional

V=oF,  F= /dd ( D ) (A.18)

where ... corresponds to subleading pieces in our asymptotic expansion.
The leading contributions come from the derivatives with respect to the Weyl factor.
We can choose the normal ordering prescription

2k 1 5 0 1 5 0
Hi=— (02 tA0% )= (02 1A 0% Al
" 4d(d—1)Qd< 5ot %0 )Qd< a0 " 050> (4.19)

A

+/<,2 Sl ( )72 —I— —m>Q O —I—Hsub,

where Hgyp corresponds to terms that are subleading when acting on W. For the matter
we choose the normal ordering

5 5 5
0= 2(050+500) 055+ L50). (A.20)

Recalling that /g = Q4, it is clear that the choice of ordering cancels the §(0) appearing in
the leading gravity piece. At leading order in the matter sector, we have

CH W 2k2 2 (. 6Xg\ A g ~—d
= — [ 1Q— | — — Q A21
v 4d(d— 1) Qd ( 39 ) 2(0) — #5870 (0) (A.21)
1 A ibg
= —@55(0) Qd5(0),
which vanishes since bg = —%.

The contribution of second order derivatives on subleading terms in the gravitational
and matter part of the solution produces terms that compete with the remainder term
n (3.13). Therefore, these terms are important for understanding finite-time physics but
not for the asymptotic form of the solution. This is to be expected since finite-time physics
should depend on the details of the UV-completion whereas the form of the Hilbert space
can be determined more easily.

A.3 Anomaly ind =4

For pure Einstein gravity, the term X;_4 satisfies the equation

0Xi—a 287 y ke 1 0Xap)*
Q _ (S X, X o) — 0 . A.22
0 - ol (g”“gﬂ(ég a-2)(0g Xa-2) 4d(d—1)( 50 ) (4.22)

Using that 6}{ it the traceless part of the variation with respect to g;;, we see that

- 1 1
1] - _ ) a4
07 X2 2(d—2);@2\/§(R 9 R> , (A.23)
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so that we have

. 02d o1
(55 X 63 Xaot) = 51—y (R = 31) A2

The second contribution takes the form

1 (Qéxd_g)"’ B 1
4d(d — 1) 6Q © 16d(d — 1)

p Q¥R?, (A.25)

and so the equation becomes

5Xd_4_ 1 opij d 2)
Qo= = 2(d_2)2’€2\/§(RwR 74@_1)3 : (A.26)

In d # 4, this equation can be integrated to give

1 g d
Xg4= o 22(d D /d%\/g (Ri]-R” - 4(d_1)R2) , (A.27)

which matches with the holographic renormalization results, see e.g. (B.4) in [55].

In d = 4, we obtain the equation

6X 1 a1
QTQO =—g2Vi (RURJ — 3R2> : (A.28)
which leads to
02 6% %o A= g <R--Rij -~ 1R2) (A.29)
50 e 1T T2 “ 37 ) '

We recognize the trace anomaly equation for the CFT partition function Z = e*X0. The
anomaly can be written as

1
As = 15 VI(—aEs + WapeaW ™) (A.30)
using the Euler density and Weyl squared curvature

Ey = Rapeg R — 4R, R™ + R?,

1 (A.31)
Wabchade _ RabcdRade _ 2RabRab + §R2 ,
with the anomaly coefficients
im? s (A.32)
a=c=——F5 = — . .
IQQ 8GN

This is, up to the factor of —i, the anomaly of a holographic CFT,4 obtained using holographic
renormalization in AdSs [49].
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A.4 Subleading matter term
The subleading matter term Ys_5 is determined by the equation

i b Yg_o — o —g"9;x0,;x = 0. A.
f(gjégz + ﬂX5X> B2 2(d_1)Rx +5970ix05x =0 (A.33)

An ansatz for the solution is to take the local and diffeomorphism invariant functional
Yoo =01 /dda: \/§RX2 +02/ddx @gijaixﬁjx, (A.34)

I II

where ¢ 2 are undetermined coefficients. These functionals I and II have been chosen due
to their Q72 = Q% 24-2 gcaling. Defining

gij O X 0
0 = == , 09 = “——, A.35
LT Vg © T aox (4:59)
we have the formulae
51= 94 / d?x \/gRX* = <d 1) Rx?—2(d—1) ((vx)2 - XDX) , (A.36)
V999 zy
— gj d ij — @ _ )

01l = \[5 o /d /997 0;x0;x = <2 1) (Vx)?, (A.37)
5ol = X 20 / dz \[GRY? = 2RX?, (A.38)
ool I— = /ddz fgjﬁlxﬁjx = —2x0Oy. (A.39)

Our equation now becomes
bg

me2 . (A.40)

1
(61 + bgda)(c1l + coll) = _Z(VX)2 +

Requiring that the xOy term cancels out from the left side gives

—2(d—1)e; —2bger =0 = o= (db_ﬁ Do, (A.41)
Matching the coefficients of Rx? on both sides then gives
¢ (d; + 2bﬁ) 4(;@1) . (A.42)
Solution to above equation gives ¢; and the proportionality gives ¢y as
45— 1)(55— 21 by 2T _2(d—21+4bﬁ)' (A.43)

We can see that this choice also matches the coefficient of (Vx)? on both sides, meaning the
system of equations was overdetermined, albeit with a solution. Substituting bg = —A/2
from (3.44) we have,

I S T I 2)
Yoo = Q(d_2_2A)/dx\/§<g IO+ gy ) (A.44)
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B Derivation of the Ward identities

In this appendix, we derive the Ward identities for the coefficient functions. We have

Zlg, x| =exp | Y K "Gnmlh, . hox, - X]]| (B.1)
m,n
where we remind the reader of the definition of the multi-linear functionals, G, ,, that take n
tensor fields and m scalar fields as input and return a c-number. They are defined as

G RV, A )\ ()] (B.2)
1 A n m
=i /ddyl o dYynd®z L dYy, G (Y, z)hgllj).l (y1) - .. hEn;n )XV (z1) ... x™ (zm)

so that

— §n sm
Glm(y,7) =
m{#7) Ohiyjy (Y1) - - - 6hiy g, (yn) 6x(21) - - - X(2m)

Under a diffeomorphism and Weyl transformation, we have

Grnmlhs - by, x]- (B.3)

Se.p)9ij = Vi&i + V& + 2005, O = E0ix — Apy (B.4)

so that h;; transforms as

kbhij = kHyj + 1, (B.5)
where
Hyj = Lehij + 20hij,  Tij = 0;6° 60 + 0;6%0i + 200045, (B.6)
and the definition of the Lie derivative gives
Lehi; = E°0Lhij + 0,6 hyj + 065 hyy, . (B.7)
We then have the variation
S 108 Z =D K" (O¢ ) 108 Z)nm (B.8)

where we have collected terms according to the expansion in k:

(Oep) 108 Z)nm = (n+ 1)Gnraml[l by by X X+ 1Gnm[H by by X, - x] (BL9)
+mGpm[h, .. h,0x, ... x].

The Weyl and diffeomorphism invariance can be summarized by the identity
e,y log Z = /ddx o(x)Aq(z). (B.10)

That this is equivalent to the equations (4.1) can be proven by taking the functional derivatives
with respect to ¢(x) and & (x) . This follows from the fact that

5 5 5
—0 logZ = [2¢;i— — Ax— | log Z, B.11
5o(z) (€) 108 (9 i5gy ~AX 5><> g (B.11)

)
—0 logZ = [ —2./9V;
8¢ () (&) 108 ( N

1 4 g )
— +gY0;x— |log Z .
V9 99ij g X5X>
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B.1 Trace identity

The trace identity is obtained by considering only a Weyl transformation. Under this we have
Hij = 290hij7 Iij = 2(,05Z‘j, 590)( = —A(,DX . (B12)

As a result, we get

(0,108 Z)nm = 2(n+ 1)Gnyimled, by Ry X oo X] 420G 0 moh, by o Ry X X
—mAGy mh, .. hyox X, X - (B.13)

We can expand the anomaly in the k to get

Ag(z) =3 %/ddyl oAy A (2, §) iy (1) - - P (Un) - (B.14)

-

This defines the coefficients Agj (x,y) which can be recovered as the functional derivative

noA (.
KA (x,7) = S (o) .. 5hinjn(yn)Ad($) ) (B.15)

As Agy(x) is local, these coefficients are ultralocal, in the sense that

A (2,5) = AT () f[ 0D (ya — ), (B.16)

a=1

where Azj (x) are the coefficients appearing in expanding A4(z) in the metric.
The Weyl transformation equation then becomes

1 P
(55108 Z)n = - / dladby, . .. dby () AT (@, iy () - hig (). (B.1T)

To obtain the relations satisfied by the coefficient functions Gijm(gj’, Z), we take n functional
derivatives with respect to the metric and m functional derivatives with respect to the matter.
For the lh.s., we get

sn 5m
5loan_2/ddx 205G (3,5, 7
5hi1j1(y1)...6hinjn(yn)5x(zl)...x(2m)( &) P(2)0 Gy m (2,9, 2)

+[20p() + -+ o) — Alp(21) + -+ 9(2m))] G (7, 2) (B.18)

The equality with the r.h.s. implies that
o om
Ohiyj (Y1) ... 0hi,j, (Yn) 6x(21) - .- X(2m)

Equating these two expressions and taking the functional derivative with respect to ¢(z)

(3,108 Z)nm = b0 [ d'a @) AT (w.7) . (B.19)

gives the trace identity

m

2523(}3521 m(z, ( 2 Z 8Dz —yo) + A 6D (z - zb)> Gﬁm(g, 7) + 5m,0A§7(x, 7).
b=1
(B.20)
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B.2 Divergence identity

Under a diffeomorphism we have

Hyj = Lehij = € 0phij + 0i6" hyj + 0;¢ hay, (B.21)
Lij = Lebij = i 05 + 0;6%01, (B.22)
55)( = 'CEX = §k8kx . (B.23)
The Ward identity is
d¢log Z =0, (B.24)

which we expand as

0= (6¢log Z)nm = (n+ 1)Gni1ml[Led by hy X, oo x] + nGum[Lehy by oo Ry X -- X
+mGnmlh, o R LeXo X -5 X] - (B.25)

As above we take functional derivatives and obtain

om sm
0= o¢log Z B.26
5hi1j1(y1) 6hzn3n(yn) 6X(Zl) X(Zm)( ¢ 108 ) ( )

_9 / A2 ;40,6 ()G, (2, 5,2) = 3 @ (€5 (20) Gl 1 (37, 2)
b

S
—

37 [ € )G 9) + (0187 () + 80, )G 7]

where in the bracketed expression, we use the notation

-,

(7.7/) = (ilajl Q) ia—hja—la i;7j;7ia+17ja+1 s inujn) (B27)

for the current a in the sum. We now take the functional derivative with respect to £¥(x) which
can be done by simply replacing £¢(z') by 6£5(d) (x —a'). This leads to the divergence identity

2040,GIY, | (2,7,7) ==Y 5% 5oF [ (2= 2)G (5, 2)] (B.28)

b=1
n
3|5,
a=1

B.3 Conformal symmetry

i7 — T = 1, a a Sla 8
D= 0) G5 2))+ Gii 5.9 G508 5z + 8308 5 )60 =)

The conformal symmetry is obtained by combining a diffeomorphism ¢ and a Weyl trans-
formation with ¢ = —0,¢¥/d so that

2
Lij = 0:€" 65y, + 8;€" 0y, — géijakgk =0. (B.29)
This is achieved by taking £ to be a conformal Killing vector on the sphere. We then have

2 ; A
Ohij = Hij = € Ohij + 0i€"hyj + ;€ hix — S0k hig,  ox = E'0x + k& X (B.30)
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The variation of log Z doesn’t mix different terms in the expansion as I = 0. So we get
(0log Z)nm = nGpm[H, h,...h,X,...xX] + MGy mlh,...h,0x,...x], (B.31)

and the constraint gives

1 G
(6log Z)pm = —5m,0%/ddl’ddy1 oo dyy " () A (2, )iy (1) - i (yn) - (B.32)
Taking successive functional derivatives gives

on om
6hi1j1 (yl) .- 6hznjn (yn) 5X(Z1) "'X(Zm)

(610gZ)n.m

n ) ) . ) o - 2 -
=> [(625@;53& (ya) + 0% 01, € () G2, (7,7) — oy & )Gl (7:2)] —dakg’“(ya)G;z,m(w)}
- 0 (.1 G o o A, L G oo
+Z _672’1]:[5 (zb)Gn,m(:%Z)]—’—Eakg (Zb)Gn,m(y7z) ;
b=1
_n k 9 i (2 2+d k i (5 iq Ja Ja ia iy (=
=) |-¢ (va) gy Gt (9:2) = == 00" )G (F,2)+ (85 3, €7 (ya) +075 0, €7 (ya) ) GL T, (.2)
a=1 a
30| € ) g G 7.9+ ST O ()G (515 (.33)
b=1 b

Under a finite conformal transformation x — z’, the Jacobian is

8x/i

Jo(@) =55 (B.35)

and the scale factor is defined as
A(z) = |det J ()22, (B.36)

The rotation matrix is defined as
Rii(x) = M) Ji(2), (B.37)

so that it satisfies det R = 1.
The finite conformal transformation takes the form

GI,.(7,7) = (H R (ya) % (Ya) A(ya) )(H A(zp)® A)GZ{;@, 7). (B.38)

a=1

We can check that this is the integrated version of the conformal Ward identity by expanding
infinitesimally. Under an infinitesimal conformal transformation, we have

o) = za+E(xy)+...,  Jh(x)=6L+0pE(x)+..., Alx)= 1—$a,€gk(a;)+... , (B.39)
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so that we get

-

i o i ja j 2+d
G (7. 7) = TL Ok + 0.6 () (6% + 05,8 (3)) (1 -

ak§k<ya>) (B.40)

2
Il
—

i A—d =%
<1 (1+ 2 0k =) 6i 6.,
b=1
which reproduces at linear order the conformal Ward identity (B.34). This shows that (B.38)
is the finite conformal transformation properties of the coefficient functions.
We note that the coefficient functions have the same symmetries of a CFT correlator:

Gl (7, 2) ~ (T (1) .. T (yn)p(21) - - G(zm)) CFT (B.41)
where ¢ is an operator of dimension d — A and T% is an operator of spin 2 and dimension d.
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