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1 Introduction and summary

Strongly coupled quantum field theories have been a subject of intense interest in theoretical

physics because they help us to understand fundamental aspects of nature such as, for

example, confinement in gauge theories. However, these theories pose a formidable theoretical

challenge since traditional perturbative tools become ineffective. Over the last 25 years,

holography has offered an alternative method to explore this elusive regime. This duality



establishes a connection between certain supersymmetric quantum field theories and higher-
dimensional gravity theories and gives valuable insights into the strongly coupled dynamics
of the quantum field theories by investigating their dual gravitational descriptions. This
remarkable development has opened up various new avenues of research, revealing profound
connections between quantum gravity and supersymmetric quantum field theories. As a
result, it has become an indispensable tool in understanding some of the most enigmatic
aspects of theoretical physics.

A particularly significant set of examples of such strongly coupled field theories are the
four-dimensional N' = 2 (generalised) Argyres-Douglas theories [1, 2]. A large subset of these
theories appear at singular points on the moduli space of N' = 2 gauge theories, far away
from weak coupling, where non-local dyons become simultaneously massless [3, 4]. For this
reason, these theories are intrinsically strongly coupled and evade a conventional Lagrangian
approach. Although notoriously hard to access, their existence has been firmly established
using both field theoretical and string theoretical arguments.

A particularly notable construction of these theories involves the compactification of
the six-dimensional N' = (2,0) theory on a sphere with two punctures — one regular and
one irregular [2, 5-7]. Specifically, within the framework of (2,0) theories of type Ay_1
this set-up corresponds to Mb-branes wrapping this punctured sphere. This M-theory
construction introduces a new avenue for investigating these theories via holography. Indeed,
the works [8, 9] (see also [10, 11] for the generalisation to generic regular punctures) argued
that these theories can be effectively studied through dual supergravity solutions of the form
AdSs5 xD, where D topologically is a two-dimensional disc.

These supergravity backgrounds in question, are similar in nature to those corresponding
to M5-branes wrapped on a (possibly punctured) higher genus Riemann surface, [12-15]
which preserve supersymmetry via a topological twist. One crucial difference arises from
the type of metrics that exist on the wrapped two-dimensional surface D, which necessitates
a different way of preserving supersymmetry. The metric on the higher genus Riemann
surfaces considered in [12-15] have constant curvature, whereas the metric on the disc and its
closely related cousin, the spindle, do not admit constant curvature metrics. Consequently,
supersymmetry cannot be preserved via a topological twist, but rather using an altogether
different mechanism.

For spindles [16-40] supersymmetry can be preserved in two ways, the twist or the
anti-twist [26]. The twist is topologically a topological twist, with the total R-symmetry
flux threading through the spindle precisely cancelling the integrated curvature (Euler
characteristic). The anti-twist on the other hand, is even more novel, the total R-symmetry
flux through the spindle is not equal to the Euler characteristic, yet supersymmetry is still
preserved. Both twists have one crucial ingredient in common, namely that the R-symmetry
vector mixes with the isometry of the spindle. In a similar vein, supersymmetry is preserved
on the disc by mixing the R-symmetry with the isometry of the disc. The situation on
the disc is similar to the anti-twist in that the total R-symmetry flux threading through
the disc [24, 41-46] is not equal to the Euler characteristic. We emphasise, however, that
the mechanism differs from the anti-twist and should be seen as a separate mechanism to
preserve supersymmetry. One can interpret this mechanism as the twist required to preserve
supersymmetry in the presence of an irregular puncture which necessitates the mixing of
the sphere isometry with the R-symmetry [2].
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Following the success of the spindle and disc solutions, a natural question is whether one
can generalise such wrapped brane solutions to higher-dimensional orbifolds. Generalisations
of this type have indeed been studied in [47-49] and through our work we will be able to
further extend these results.

Summary of results. In this paper, we study particular aspects of the holographic duals
of (generalised) Argyres-Douglas theories. In the first part of the paper, we comment on
a puzzle raised in [9] regarding the global symmetries of the holographic duals. In the
second part of the paper, we construct a consistent truncation of seven-dimensional maximal
gauged supergravity on the disc down to five dimensional supergravity allowing us to probe
more general states and observables of the dual SCFTs as well as construct new solutions
corresponding to M5-branes wrapped on higher-dimensional orbifolds.

Argyres-Douglas SCFTs generically possess a single U(1) global symmetry corresponding
to the superconformal R-symmetry.! However, in the holographic duals constructed in [8-11]
the supergravity background always contains two U(1) isometries. The second isometry can
be seen as a remnant of the smearing of the M5-branes over a circle in the internal space. This
smearing is in line with the expectation from the Seiberg-Witten geometry which indicates
that near the irregular puncture the M5-branes should be intrinsically separated [7]. This
smeared set-up is however merely a remnant of the supergravity description and subleading
contributions in 1/N are expected to lift the smearing resulting in a localised distribution
of (stacks of) Mb-branes along the smeared directions. Localising the branes along the
smearing circle breaks the additional U(1) symmetry, resulting in the correct number of
global symmetries. In [9] the absence of this second U(1) was argued for by considering
anomaly inflow and the equivariant completion of the four-form flux. They showed that global
properties of the solution require the presence of an axion, which through the Stiickelberg
mechanism, gives a mass to one of the gauge fields, breaking the unwanted U(1).

Given that this additional U(1) is not an essential ingredient and, stronger even, is
supposed to be broken in a bona fide holographic dual it should be possible to explicitly
break it and thus give a direct realisation of the proposed Stiickelberg mechanism. In the
first sections of this work we set out to accomplish exactly this. The solutions we will
discuss can be obtained by adding a scalar Y7, analogous to the axion in the Stiickelberg
mechanism, parameterising an SL(2)/SO(2) coset.? Similar to the original spindle and
disc the local solution we consider can be obtained as an analytic continuation of the BPS
bubbling solutions constructed in [50] and further discussed in [51]. Our solutions, however,
are markedly different when we consider global aspects. Indeed, the straightforward analytic
continuation of these bubbling solutions results in a non-compact two-dimensional surface.
Such solutions interpolate between a geometry of the form AdSs times a conical defect and
an asymptotic AdS; geometry. Instead of describing a four-dimensional SCFT, they can be

!Strictly speaking, this is only true when ged(N,k) = 1, where N and k are parameters defining the
Argyres-Douglas theory (For more details see [2]), since for non co-prime N and k the field theory possesses
additional global symmetries, however, these additional symmetries are realised holographically in a different
way, distinguishing them from the ‘unwanted’ U(1) symmetry discussed henceforth.

20ne can parameterise this coset with one complex scalar. However, one degree of freedom can be absorbed
in the gauge field, which ultimately becomes massive. After fixing the gauge, the scalar therefore carries one
real degree of freedom.



interpreted as defects in the six-dimensional NV = (2, 0) theory. This situation is very similar to
the set-up considered in [52, 53] and indeed, using our local solution one can straightforwardly
proceed to analyse more general defects within the six-dimensional N' = (2,0) theory.

Moving from the local solution to a global completion corresponding holographically
to a genuine 4d SCFT, i.e. with a compact two-dimensional internal space D, proves to be
somewhat subtle. Indeed, as we will show it is impossible to find N' = 1 backgrounds of
this kind with the additional scalars turned on.? The local solutions depend crucially on
one function f(w), whose roots determine the boundaries of the range of the coordinate w
of the two-dimensional internal space.* The (non-)compactness of the internal space D is
then fully determined by whether this range is (non-)compact. The outcome of our analysis
is that compact solutions with an extra scalar only exist when one of the end-points of the
line interval is at w = 0. For the case where this is a root of f(w) the solution simplifies
and undergoes supersymmetry enhancement, preserving N/ = 2 supersymmetry. When the
scalar is turned off these backgrounds are exactly the ones described in [8, 9] conjectured
to be dual to a class of generalised Argyres-Douglas theories. The effect of turning on the
scalar Y] is precisely to break one of the two U(1) isometries by providing a mass term for
the corresponding gauge field. As such we provide an explicit realisation of the breaking
of the unwanted U(1) symmetry of the original background.

In order to support our claims and further analyse our solutions, we uplift them to
eleven-dimensional supergravity and embed them into the most general form of N'= 2 AdS;
solutions [50]. This allows us to compute a range of holographic observables, including
central charges, R-symmetry anomalies, and a set of conformal dimensions of operators
corresponding to wrapped M2-branes. These observables can be computed on both sides
of the duality, and we show that they match exactly in the large N limit. In addition, this
allows us to further scrutinise the local internal geometry corresponding to the (ir)regular
puncture on the sphere. In particular, we note that near the regular puncture, the scalar
field Y7 tends to zero, locally restoring the additional U(1) global symmetry. Therefore, close
to the puncture, we can use this symmetry to transform the system into an electrostatics
problem using a Bécklund transform [54] and find local solutions for a more general type
of regular punctures. However, unlike the case without the additional scalar field Y7, when
moving away from this locus, the second U(1) is broken, which implies that we may not
perform a global Bécklund transformation as was used in [10, 11] in order to construct a
global solution with generic regular punctures.

In the second part of the paper, we shift our focus to a different facet of the Argyres-
Douglas theories. In particular, we set out to explore more general solutions of seven-
dimensional supergravity by allowing for more general five-dimensional manifolds. Such
solutions come in different flavours, some describing more general states in the Argyres-
Douglas theories, whereas other describe the compactification of the Argyres-Douglas theory
on a generic Riemann surface as well as the compactification of the N' = (2,0) theory on
four-dimensional orbifolds.

3Preserving only N/ = 1 supersymmetry, one can in principle turn on two scalars Y3 2. However, both of
them are prohibited when one demands the internal space to be compact.

4There is also another possibility that the space ends at w = 0 without this necessarily being a root of
f(w). We will not comment further on this possibility here.



The main tool we use to construct these solutions is the development of a consistent
truncation of the seven-dimensional maximal SO(5) gauged supergravity to five-dimensional
Romans’ SU(2) x U(1) gauged supergravity [55]. We construct this truncation by considering
the truncation of the LLM geometry to Romans’ supergravity considered in [56] and subse-
quently specialising their results to our case of interest, namely M5-branes wrapped on a disc
both with and without the additional scalar Y;. Similar truncations for M5-branes wrapped
on smooth (higher genus) Riemann surfaces and spindles to minimal supergravity have been
studied in [47, 57, 58] as well [59] to maximal gauged supergravity in five dimensions.® With
this truncation at hand we are now free to take any solution of five-dimensional Romans’ su-
pergravity and automatically obtain a corresponding solution of seven-dimensional maximally
gauged supergravity. Constructing solutions in the five-dimensional gauged supergravity
theory is often much easier than constructing the corresponding wrapped brane solutions
directly in seven or eleven dimensions and hence this method gives us access to a wealth
of new information.

As a first application one could consider more general asymptotically locally AdSs solu-
tions of Romans’ supergravity. Through our novel consistent truncation such backgrounds
holographically probe more general states in the dual Argyres-Douglas theories, the prime
example of this being black hole backgrounds. These backgrounds correspond to the chaotic
high energy regime of the dual SCFT dominating the high energy physics. As such, the
Bekenstein-Hawking entropy of these supersymmetric black holes reproduces the supercon-
formal index of the dual Argyres-Douglas theories. Indeed, recently there has been a lot of
activity studying the thermodynamic and microscopic properties of supersymmetric AdS black
holes and their dual SCFT description, see for example [60] and references therein. Follow-
ing [58], one can compute the black hole entropy and match it to the large N index of the dual
Argyres-Douglas theories. We leave this kind of exploration to a future research endeavour.

A second application of our consistent truncations consists in finding new solutions
corresponding to M5-branes wrapped on more general (higher-dimensional) orbifolds. Starting
with [16] and subsequent generalisations, it has been appreciated that there are more general
ways of preserving supersymmetry on two-dimensional spaces with conical defects. A natural
generalisation of this line of thought is to consider higher-dimensional orbifolds. This option
has been explored in [25, 47, 48] for M5-branes and D4-branes wrapped on four-dimensional
orbifolds. In these works the four-dimensional orbifold has been obtained as a warped
products of two spindles. In particular in these cases the lower dimensional theory was always
the minimal supergravity theory which only allows for spindle solutions but not discs.

In this work, we generalise this set-up and instead consider five-dimensional solutions
of the form AdS3 xD and AdSs x¥, where ¥ denotes the spindle, and uplift them to seven
dimensions to obtain the corresponding AdS3 xD x D and AdS3g x% x D solutions. We discuss
in detail the parameter space of such local solutions and show that at generic loci in the
parameter space, the disc originating from the seven-dimensional solution is non-trivially
fibred over the second disc or spindle. Therefore, the resulting seven-dimensional solutions
describe a stack of M5-branes wrapped on a genuine four-dimensional orbifold. On the other
hand, for a specific class of D x D solutions, the fibration becomes trivial. In this case, the

5Considering the (singular) limit to H?, we recover the truncation of [59].



uplifted solution represents a stack of M5-branes wrapped on a factorised four-dimensional
space, consisting of two discs D x D. Finally, our truncation enables the straightforward
construction of AdS3 x¥, x D solutions, where 3, denotes Riemann surface of genus ¢.% This,
in turn, permits us to employ holography as a means to probe the physics of Argyres-Douglas
theories compactified on a generic Riemann surface.

Structure of this paper. The remainder of this paper is organised as follows. In section 2,
we present the relevant supergravity solutions in seven dimensions. Subsequently, in section 3,
we discuss their uplift to eleven-dimensional supergravity and analyse the novel aspects of
our solutions and their impact on the symmetries and anomalies of the dual SCFTs. In
section 4, we explore a consistent truncation on the disc and study a selection of novel disc
solutions and their implications through the holographic correspondence. We finish with a
discussion of future directions in section 5. Further technical details and a demonstration
of the absence of analogous solution for backgrounds corresponding to M5-branes wrapping
a spindle are expounded upon in appendices A-D.

2 Supergravity solutions

We begin by introducing the supergravity solutions of interest and analyse their properties.
Generating explicit solutions directly in the context of eleven dimensional supergravity is
known to be a difficult task. Therefore, we adopt a two-step strategy: initially constructing
these solutions in seven-dimensional gauged supergravity, and subsequently uplifting them
to eleven dimensions.

2.1 Seven-dimensional background

The seven-dimensional theory of interest is maximal SO(5) gauged supergravity [61] which
can be obtained by compactifying eleven-dimensional supergravity on a four-sphere. In order
to construct our solutions we will restrict ourselves to a further truncation to U(1)? gauged
supergravity. This truncation contains the metric a three-form C, two gauge fields A®,
two real neutral scalars X; and two additional complex scalars Y;, each charged under one
of the U(1)’s.” For more details on these truncations, as well as the BPS equations and
equations of motion see appendix A.

We are interested in AdSs solutions corresponding to M5-branes wrapped on the spindle
or disc, as such we choose the following ansatz for the metric,

f(w)

ds? = (wH(w))5 <ds§1d55 + %duﬁ + H(w)dz2> (2.1)

where

1 X (2.2)

5These solutions can be obtained through various (singular) scaling limits of the local solutions presented
in section 4.4.

"The phase of the complex scalars can be removed by a gauge transformation. However, doing so fixes a
choice of gauge such that the value of the gauge field at infinity becomes physical.



The gauge fields and scalars in turn are given by

w? wH (w))?/?
dz, Xi(w)zi( ZZ((UJ))) ,

cosh Y;(w) = ih;(w), (2.3)

where the prime indicates a derivative with respect to w. The three-form necessarily vanishes
as a non-zero value is incompatible with the symmetries of our ansatz. One can check that
this ansatz indeed solves all equations of motion and BPS equations, provided that the
functions h;(w) solve the following system of non-linear ODEs,?

H(w) (1
) (i) = () = w2 (GG = ?) (2:4)
The coordinate z is periodic with period z ~ z + 2w Az, while the coordinate w takes value
on the interval bounded by two roots of the function f.

Solving the above system of ODEs is prohibitively hard, and we are not able to find a
general solution. One particular solution is provided by the functions

hi(w) = g; +w?. (2.5)

Note that in this case the additional scalars vanish and in fact the whole solution reduces to
the standard spindle/disc solution as described for example in [8, 9, 21]. To find additional
non-trivial solutions we proceed by noting that we are looking for functions h;(w) such that
f(w) has at least two real roots and is positive in between. In appendix B we prove that
given our ansatz it is not possible to find A/ = 1 solutions with spindle topology.

All hope is not lost however, it is possible to find N' = 2 solutions. In this case the
solution simplifies significantly as the enhanced supersymmetry forces the function hs to be

hy(w) = w?. (2.6)

In addition, the gauge fields and scalars reduce to

win

A® =0, Xo(w) = X1 (w)7 5, Ya(w) =0. (2.7)

After these simplifications, the ODE (2.4) for ¢ = 2 is automatically solved, while the
remaining non-trivial ODE takes the form,

(P (W) = aW ) RY(W) + (R (W)? = 1) =0, (2.8)

where we changed coordinates, W = w?, and a prime is now understood as a derivative
with respect to W. Unfortunately, the nature of this equation prevents us from finding
a general analytic solution, but we can make progress using numerics, by expanding the
solution around the boundaries of the range of W; W = 0 and W = W, and shooting
between the two expansions.

8These solutions can alternatively be obtained as a double analytic continuation of the two-charge black
hole solutions of [51].



Around the root, W = W}, we expand the function hq as follows,

(W) = /T + (W — Wo) + (W — Wo)® 3 ar(W — W) (2.9
k=1

where the first two coefficients are fixed by demanding that f(Wj) = 0 and A} (W) =1 and
the exponents & € N+. Substituting this expansion in the ODE (2.8), we can solve it order
by order to obtain a perturbative solution around W = Wj. Fixing « to a particular value,
the first order determines the position of Wy as’
402
2+a)?

This expression indicates that it is not possible to find solutions satisfying the boundary

Wy = (2.10)

conditions for any value of Wy, in particular we find that the maximal possible value of
the second root is Wy = 4. At first this might seem a severe restriction on the possible
set of solutions. However, as we will show momentarily, this discrete set includes all of the
possibilities allowed by the quantisation of the magnetic flux through the disc. Going to
higher order, we find at each order a linear equation determining the coefficients a; with
k > 2 in terms of the free parameter a;.

Next, we expand the ODE around W = 0 at which point an appropriate expansion
for the function h is given by,

hi(W) = ibkwg. (2.11)
k=0

The first order of the expansion fixes the coefficients b; = b3 = 0. Going to higher orders
we find that all the coefficients b, with k > 2 are determined as a function of the two free
parameters by and by. Note that in this expansion we seemingly have one parameter more
then in the expansions around Wjy. However, only one combination of the two coefficients
should be fixed in terms of the value of W, while the other one can be matched with the
degree of freedom appearing in the expansion around Wy. The value of Wy cannot be directly
inferred from the expansion at W = 0. Instead, we can solve the ODE (2.8) numerically and
match the two expansions. From the point of view of the expansion at W = 0 any value
of Wy appears on equal footing. It is only when matching to the expansion at Wy that the
condition (2.10) enters. We do not have an analytic expression for the map between the
parameters of the two expressions. In order to find the map numerically we proceed in two
steps. First we find a numerical solution with an allowed value of Wy imposing the boundary
conditions at W = 0. By construction this numerical solution matches the expansion at
W = 0. The second step then consists of numerically minimizing the difference between the
expansion at W = Wy and the numerical solution. This procedure then returns the optimal
match for the parameter a;. In figure 1 below we demonstrate this matching for o = 2. The
two expansions agree with excellent accuracy with the numerical solution in a large domain.
In fact, combining the two expansions completely covers the numerical solution.

9In order to generalise our ansatz and find a continuous range for the possible values of Wy, one could
contemplate letting « range over all the positive real numbers. Although this seems to be a sensible option
at first, and indeed at first order gives rise to the same condition (2.10) for Wy, at higher orders this leads
to inconsistencies.



A f(W) Numerical solution
Expansion around W =0

—— Expansion around W = W,

,_.
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Figure 1. The function f(W) plotted for a = 2, i.e. Wy = 1. The parameters in this example are
given by by = 2.5, by ~ 2.4748 for the expansions around W = 0 and a; ~ 0.63 for the expansion
at WO =1.

2.2 Regularity analysis

The range of the coordinate w is constrained by the requirement that the scalars X1, Y7 be
real and the metric be positive definite. Analogous to the disc solutions without the additional
scalar we analyse the conditions on the parameters in order to find solutions with orbifold
singularities and appropriately quantised magnetic flux [9, 26]. We can study this in general
without explicitly solving the ODE as the analysis solely depends on the boundary conditions.

The seven-dimensional metric, (2.1), takes the form!°

ds} = (wH(w))5 (dsgs, +dsp) - (2.12)

When approaching w = wy, the internal metric on the disc becomes,

2 2w2
dsd ~ — 0 | d4p? 4 2 22 =70 2.1
SD f/(wO) Y + n2 < ’ n Az fl(wO) ) ( 3)

where we changed coordinates p = 2(w — wp)/? and used the two relations h;(wg) = 4wy
and h}(wg) = 2wy which follow from general properties of the root. Locally around the
root wo the metric therefore takes the form of a R?/Z,, orbifold provided that the period
of the z coordinate satisfies,

4
Az=———. (2.14)
n(wy — 2)
It is useful for later to also introduce the coordinate z = (Az)Z, so that 2 is 2m-periodic.
On the other side of the interval, at w = 0, we expand the metric using the expan-

sion (2.11), resulting in

1/5
r6/5b0/
4

16

ds? b

12

4dsids5 +dr? + —d2?] r— 0, (2.15)

YFor the regularity analysis we go back to the original coordinate w. As a reminder, the coordinate

transformation to the coordinate W above is given by W = w?.



where we performed the coordinate transformation w = 2. The space D has the topology of
a disc with a conical defect at w = wg and a boundary at w = 0. Indeed, at w = 0 the z
circle does not shrink. The Euler characteristic of the internal space, D, is given by

x(D) = 417T/[DRV01([D) + % /E)Dmvol(ﬁﬂ))

_ AAz P (3f (w) —wf!(w))
o H(w)3/2

(2.16)

1
n
which is indeed the expected Euler characteristic for a disc with a conical deficit. Note
that there is no contribution from the boundary of the disc to the Euler character since
the intrinsic curvature s vanishes there.

Next, we consider the quantisation of the magnetic flux through the disc. Due to the
presence of the conical defect the flux should be quantised in integer multiples of % We
therefore impose

p 1 / (1) wo 1
T _ FY) - 7 7. 2.1
n 27 Jp n(2 — wo) ) (2.17)

Hence, the parameter p should be integer quantised. We can express the (quantised) position
of the root as,

2

= 2.18
St (218)

Wo
with p a positive integer. Finally, the holonomy of the gauge field along the boundary remains
unchanged from the case without additional scalar and is given by

A o p
hol AU:f'—f:— —— == 2.19
© BID( ) oD 2T D 27 n ( )
where we assigned positive orientation to dw A dz.
In the analysis of the ODE above we noticed that the expansion (2.9) around w = wy
is well-behaved only for certain quantised values of the root,

2cy

—_— N.o. 2.2
()5—{—27 [ RS >0 ( 0)

wy =
Comparing this with (2.18) we find that only even values of o € 2N+ are consistent with an
appropriately quantised flux. As the value of the magnetic flux increases the power of the
leading order term in the expansion of hi(w) around the solution without the additional scalar
similarly increases. In particular, all the allowed values of p are included in our expansions
and (numerical) solutions. We conclude that for each of the solutions without the additional
scalar turned on there is a corresponding family of solutions with the scalar turned on and
one additional free parameter given by the value of Y;(0).

,10,



3 Uplift and analysis

In order to analyse the A/ = 2 disc solutions with an extra scalar turned on we proceed to
uplift the solution constructed in the previous section to eleven-dimensional supergravity. As
we emphasised above, the nature of the ODE (2.8) implies that the solutions only exist for
discrete set of parameters. Luckily, this set can be mapped precisely to the set of appropriately
quantised solutions where the scalar is trivial and thus for each solution without the additional
scalar there exists a deformed solution with the extra scalar. The main goal of this section is
to compare and contrast the these two cases by analysing the internal geometry in eleven
dimensions and computing a range of holographic observables.

3.1 Eleven-dimensional background

The uplift formulae for general solutions of seven-dimensional SO(5) gauged supergravity to
eleven-dimensional supergravity [62, 63| are given in appendix C. Here we restrict ourselves to
presenting the final form of the expressions and refer the reader to said appendix for further
details. In order to keep the expressions as compact as possible we define the functions,

Z =sin® ¢ "1 (®) 4 cos? e V1 (W) |

~ (3.1)
A= w4/5h?/5A = u?hy(w) + w?(1 — )7,
in terms of which the metric takes the following form,
2 (WA wooy Af(w) o Aptw
ds® = 4 4dSAdS5 + md’w + mdz + A dSSQ (32)
4 hl(w)(l—,uz)Z< 2 sin ¢ cos ¢ sinh (Y7 (w)) )2 A 2)}
- D d ——=d
+A( w - (1-u?)Zz H) e =z )
where
D¢ =dg— AW (3.3)
The four-form flux supporting this solution takes the compact form
3 ) 3,,2 o inh(Y;
Gy = d{— K hi(w)qu + v SID¢COZ¢ sinh( l(w»du} A dvolgz . (3.4)

Note that the second term vanishes when the scalar becomes trivial. One can contrast the
solution here with the one in [10] where the solution without this additional scalar was
presented.!! The most immediate difference is the presence of the function Z which depends
on the coordinate ¢. The explicit dependence of the metric on ¢ results in the vector field
04 no longer being a Killing vector field of the solution. It is not hard to see that the Lie
derivative of the metric along this direction takes the schematic form,

Lo, gy o sinh(Y1(w))Upy (3.5)

with U, a smooth non-vanishing symmetric tensor whose explicit form is not relevant for
our discussion. Therefore, on sub-manifolds where sinh(Y;(w)) = 0, we observe an emergent

"Djifferent coordinates were used in the two solutions, however the coordinates transformations are straight-
forward.
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Figure 2. The internal space of the 11d solution is an S? x S! fibration over the cuboid depicted in
this figure. At non-zero ¢ the metric is regular. At ¢ = p = 0, the S? smoothly shrinks. At ¢ = 0,
© =1 and w = wy we find a monopole.

U(1) symmetry. From the boundary conditions imposed in the previous section we have
that at the location of the regular puncture sinh(Y;(wp)) = 0 and thus we find that such
enhancement of the symmetry occurs along the surface w = wy.

3.2 Regularity analysis

Next, let us proceed by analysing the regularity of the uplifted metric. One can view the
internal space as an S2 x S! fibration over a cuboid with the edges defined by the coordinates
(w, p, ). Despite the metric depending on the coordinate ¢ it needs to be taken to be
2m-periodic, we will see a consistency check of this fact momentarily. This means that the
cuboid should have one face 27 periodically identified with the mirror face, and is thus
[0, wp] x [0,1] x [0,27). Moreover, for all values of ¢ € [0,27) the metric is smooth and
therefore we need only consider the degeneration of the internal space along the edges of
the rectangle in (w, ) coordinates at some fixed value of ¢.

Let us first consider the degeneration at the end-points of the p interval. For p = 0 we see
that the S? shrinks smoothly, combining with the du? term to give R? around this point. For
the p = 1 degeneration the limit is a bit more subtle. We see that the circle with coordinate
¢ shrinks at this point. To see this one should change coordinate as 1 — pu? = r2U(w, ¢) with
U(w, ¢) a rather complicated function which is nonetheless easily definable as a PDE. Taking
the 7 — 0 limit one finds that around g = 1 the circle shrinks smoothly giving R?2.

We have now studied two of the four edges of the front rectangle in figure 2, it remains to
study the metric around w = 0 and w = wy. First, let us consider the metric around w = wy.
Recall that at w = wy we have f(wg) = 0 and Y7 (wp) = 0. One finds that the vector

V =nd; — p8¢ , (3.6)
shrinks smoothly along w = wqg. At first sight, the conical singularity of the disc at w = wy

seems to have been resolved in the uplifted metric, however this is not fully correct. Indeed,
at w = wo,u = 1 we find a remnant singularity. To see this more clearly we rewrite the
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metric slightly before changing coordinates adapted to the singular point:

2 _ (UJA)US 2 w 2 4 2 4p*w 2
e e (T LA S
+ R2(dz + Lyde + Ldp)? + R3(de + L,dp)?|
where
»2_ A(f(w)A+ (1 - w2 Z) o 160 —p*)f(w)Z
: w2hy (w)A ’ T dw(f(w)A + (1 — p)2wsZ’
w1 = ) (w)Z _ 2sinh(Y1(w))w3p cos ¢ sin gphy (w) (3.8)
T Fw)A+ (1 - 2wz’ " Fw)A+ (1 — 2)yuwsz ’ '
i 2sinh (Y7 (w))u cos ¢ sin ¢
o (1—-p?)Z '

This rewriting shows that the circle with ¢-coordinate shrinks for both 4 =1 and w = wy
whilst the circle with z coordinate only shrinks at the intersection of the two lines at w = wg
and p = 1. Moreover, observe that L is piecewise constant along the two edges with!?

Ly|

_ w=wo _
0, =

n
L - _r
¢ p=1 Az p

(3.9)
indicating the presence of a monopole at this point. To see this more clearly let us change
coordinates as

2f' N
2%’ w = wo + f(;U(J)TQSinQ%7 b=b—
wo

p=1—7r2cos , (3.10)

[\CHIRN

and consider the part of the internal metric excluding the round S?. Taking the limit » — 0
the four-dimensional metric becomes
2
ds? — ﬁ [dr2 + TZ ((nildé — 2 cos? %d$)2 + d¢? + sin? Cd$2>} , (3.11)
which is precisely the metric on R*/Z,,. Not that this is analogous with the behaviour of
the solution without the scalar turned on, indeed this is to be expected since at this point
the scalar necessarily vanishes.

Finally, we have a single remaining degeneration to consider at w = 0. This locus located
on the left face in figure 2 gives rise to a genuine singularity of the solution. However, as in the
case without the extra scalar turned on it arises due to the presence of smeared branes [8-10].
Carefully taking the w — 0 limit the metric becomes

1/3,,2/3p, 1/3
ds? —» 2 F 10) 4dsids5+d22+2[/ﬁ(dwz—szds%g)
4 wp?hy(0) (3.12)
2p1sinh (Y1 (0)) cos ¢ sin ¢ >2 112h1(0) 2” '
1—p*)h1(0)Z (d d o d
+ (1= ) (0)2 (g HERLEREROTE ) S

12The expression here differs slightly with that in [10], this is not an effect of the non-trivial scalar but
rather a different choice of the gauge of the gauge field which manifests itself in a different definition of the
coordinate ¢.
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with
Zo = e Ogin? ¢ 4+ e V10 co5? ¢ . (3.13)

This is the metric of a stack of M5-branes with world-volume AdSs xS}, smeared along two
directions. Thus, despite the metric being singular at this point, it degenerates in such a way
that is physically sensible. Furthermore, expanding the flux around w = 0 we find

G4 — vol(S?) Ade Ady, (3.14)
which is indeed the expected form of the flux for an M5-brane wrapping AdSs xS..

3.3 Flux quantisation and observables

Having studied the regularity of the metric we now proceed to appropriately quantise the
fluxes and subsequently compute various observables of the dual theory. As a first step, we
need to identify all the compact four-cycles in the geometry. The first four-cycle is the S4
from the uplift and may be obtained by fixing w, z to constant values, let us denote this cycle
by §. The second four-cycle arises from considering the circle shrinking at w = wg, p =1
and the S? shrinking along p = 0, we denote this one by C. The final four-cycle consists
of the same shrinking circle at w = wp, © = 1 together with the shrinking S? along w = 0.
we denote this final four-cycle as D.
Considering the first four-cycle S we have,

1 1
Ne— — ez 1
(27lp)3 /3G4 3 5 (3.15)

with N the number of Mb5-branes wrapped on the disc. The two remaining flux quanta
are slightly more delicate to compute. Recall that in our analysis of the degeneration at
w = wg,u = 1 we were required to perform a coordinate transformation of the angular
coordinates, see equation (3.10). Taking this into account we find

1 N
(27ly)3 /CG4 T

1 _ Np
(27, )3 /DG“ T

In order for the solution to be well defined, we immediately see that we have to require

(3.16)

that % to be integer, while the quantisation of p resulting from the 7d solutions ensures
that the other flux is appropriately quantised.

3.3.1 Central charge

Having determined the appropriate quantisation conditions, We proceed by computing the
central charge of the dual field theory. For an AdSs solution of the form

dst = e [ddsigs, + s}, (3.17)
the central charge is given by [64],

2573
(2mly,)?

a =

/ e?vol(Mg) . (3.18)
Mg
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Explicit computation results in,

N3p2

a= 2D (3.19)

Note that result precisely matches the central charge computed for the solution without
the scalar turned on. This indeed matches our intuition from the earlier discussion as we
conjecture that the sole purpose of this scalar is to break the unwanted isometry, without
changing the dual SCFT.

3.3.2 Conformal dimension of operators

An additional set of holographic observables that we may compute observables are the
dimensions of a set of BPS operators dual to M2-branes wrapped on calibrated two-cycles.
The calibrated two-form X is given in appendix D, in terms of which the calibration condition

on a 2d sub-manifold ¥, reads,
Xy, = vol(Mg)(22) (3.20)

where the right hand side denotes the restriction of X to the world-volume of the probe
M2-brane. For such calibrated two-cycles, we can find the dimension of the dual operator to be

A(S,) = 4”/E A (3.21)

(2mey)?
where A is a function in the most general N’ = 2 AdS; background as defined in [50] and
is given explicitly in the section below. The calibration form X is given in appendix D.
For an M2-brane wrapping the round S? the calibration condition becomes 3 = ¢~3* which
is precisely the location where the R-symmetry vector shrinks. At this locus we find the
dimension of the corresponding BPS operator O

wWo p
A(O)=N—=N—. 3.22
() =N =N L (3:22)
The other choice of calibrated sub-manifold is obtained by considering the y and R-symmetry
coordinate located at the north pole of the S?. We find

A(Oy) = N% (3.23)
Similar to the central charges above, we note that there is no modification of these observables
in comparison to the solution with the scalar turned off. Similarly, one can show that the
entire analysis of symmetries and anomalies of [9-11] can be reproduced identically with the
only modification being that in this case there is no subtleties in completing the four-form
flux into a equivariant form with respect to the isometry corresponding to 0y since in our
background this isometry is explicitly broken.
One can even show that the subleading contributions to the flavour levels, central charges
and R-symmetry current algebra levels are also not modified with the inclusion of the
additional scalar. We will present results in this direction in [65].
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4 Consistent truncation on the disc

In the previous sections we have studied a family of disc solutions with a novel scalar turned
on. We constructed the eleven-dimensional solutions using the uplift of solutions in a sub-
truncation of 7d maximal gauged supergravity. In this section we will show how to perform
a consistent truncation of the 7d solution down to 5d Romans’ gauged supergravity on the
disc. Our consistent truncation has multiple uses, with a key one being that it facilitates
the construction of the holographic duals of the Argyres-Douglas theories on an arbitrary
Riemann surface. We start this section with a detailed description of the truncation after
which we consider a selection of applications.

4.1 Embedding 5d supergravity in LLM

Our method for constructing the consistent truncation from seven to five dimensions by
reducing on the disc utilises a number of results in the literature. Rather than explicitly
constructing the consistent truncation using (well motivated) trial and error, as in [47-49],
we will go through a different route. Our construction uses that there is a known truncation
of the Lin-Lunin-Maldacena (LLM) geometries [50] down to 5d Romans’ gauged supergravity.
By rewriting our disc solution in the classification of LLM and then reinterpreting the solution
as arising from uplifting a 7d solution on the round S* we may obtain a truncation of the
7d theory on a disc down to 5d Romans’ gauged supergravity. Below we present the most
important steps of the derivation while referring much of the technical material to appendix D.

As a first step we briefly review the consistent truncation of the eleven-dimensional LLM
geometry to five-dimensional Romans’ SU(2)xU(1) gauged supergravity as worked out in [56].
The bosonic field content of the five-dimensional gauged supergravity consists of the metric,
a real dilatonic scalar field X, a U(1) gauge field B, a triplet of SU(2) gauge fields A’ and
a complex two-form C which is charged under the U(1) gauge group.

. A 1 A i
= = T T e AT k _ -
Go = dB, Fy=dA 2\/56”1“"4 ANAY, F3=dC + 28 ANC. (4.1)

In terms or these fields, the eleven-dimensional metric takes the following form

4t <§2(> 1/3 o2\ [4(13% + % (dy2 + P (da? + d:z:%)) o
N 4X2(1 —Qyze_&) (dy +v+1B)° + yi?;z&ﬁﬂaﬁﬂa] 7 '
where we defined the function
Q= Xy?e 5 £ X721 — y2e ), (4.3)
and the gauged one-forms ﬁﬂ are given by,
Bii® = di® + ——capeiP A (4.4)

V2

The expression for the associated four-form flux as well as more details on how to obtain
this truncation can be found in appendix D.3.
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4.2 Embedding 7d supergravity in LLM

Having defined the truncation from LLM to five dimensional gauged supergravity we proceed
to rewrite the seven-dimensional solutions obtained above into the general form of a N/ = 2
AdSs solution, as classified in [50], and reviewed in appendix D.2. We can immediately read
off both the warp factor and the coordinate y,

. 1 w
6N __
—wA, =—. 4.
e = wh, v=- (4.5)

In order to make the R-symmetry vector manifest we define z = 2y in terms of which we find

! 5 (4wu sin ¢ cos ¢ sinh(Y7)dp + 2w(1 — u2)Zd¢>> . (4.6)

V=
A —dwp

At this point we need to distinguish between Y;(w) = 0 and Yj(w) # 0 to extract out the
potential and z;-coordinates.

Non-trivial scalar: Y;(w) 7% 0. Taking Y;(w) to be non-zero the x; coordinates are
found to be!?

Yi(w)/2 e~ Yi(w)/
1 = cos py/1 2 smh To = singy/1 281nh Vi (w (4.7)

The Toda potential in this case is given by

p__w sinh?(Y; (w))

Y7 (w) (4.8)

This expression is clearly ill-defined if we take Y;(w) = 0.

Trivial scalar: Y7 (w) = 0. When Y;(w) = 0 on the other hand we can explicitly solve
the ODE (2.8), finding as solution

hi(w) = w? 4+ 4(1 — a?). (4.9)

In this case, the coordinates x; are then given by

. a+1 a—1
21 +izg = \/1 — p2fy (w) 20 f_(w) 20 , (4.10)
where we have defined
w?
Flw) =" w)fo(w),  felw) =w—20-a), (411)
and the associated Toda potential is
1 (f—(w))l/“
D
el = — . 4.12
16 \ f4(w) (.12)

130f course these coordinates are not unique. We are free to perform any SO(2) transformation on the
coordinates as well as perform a constant scaling transformation. The constant rescaling requires that one
modifies the Toda potential by an inverse squared power of the scaling parameter.

,17,



Note that there is an additional symmetry transformation that may be performed on the
coordinates and Toda potential which gives the same metric, Indeed, we can consider the
following form of the coordinates and Toda potential
. atl a—11k
w1 +izy = e[\ 1 p2fy (w) 2 fo(w) 2|,

r@—k) (4.13)

oD — <f—(w))1/a {Wﬁ(w)cg“lf—(w)%
f+(w) 16

Given that we accompany the above symmetry transformation with the following shift of
the z = 2x coordinate,

x = x+ (1 —k)do, (4.14)
the eleven-dimensional metric remains invariant.

4.3 Embedding 5d supergravity in 7d supergravity on a disc

So far we have shown how to embed solutions of both five-dimensional Romans’ supergravity
as well as seven-dimensional maximal SO(5) gauged supergravity into the LLM classification.
With both these embeddings at hand we are now ready to show how to embed a solution
of 5d Romans’ theory into the 7d theory on a disc.

Starting from a generic solution of the 5d theory, we can rewrite its embedding into
the LLM geometry as an S* fibration over a 7d space. Doing so we can extract a solution
of 7d gauged supergravity from this background following the rules for the embedding of a
seven-dimensional solution into the LLM geometry. After some rather tedious manipulations
the eleven-dimensional metric as written in (4.2) takes the form

o _o1/3|q.2 ., WX oo AX f(w) I 4X 2
dsy; = Q77 [ds: + Fw) dw” + Flw) + 0P X3 Dx* + 16XQQDMG + w(l = uQ)Zd’u (4.15)
N (f(w) + w3X3)(~1 —u2)Z <d¢+ 2sinh(Y7) co2s¢sin (;S,udu B X3w43 3 DX>2 |
4w2X2Q) (1—-p2)Z 2(f(w) + w3X3)
where the gauged one-form Dy is given by
1 1
DXde+§B:§(dz+B), (4.16)
and we defined the function
5 0 4 2 3X3 4 1— 2 7
o P2 () + 0 XP) + (1= )2 wan

Xe 6% 64w X3
This metric takes a form very similar to the one we obtained from uplifting a 7d solution to
eleven dimensions in (3.2). Indeed, the last step of our derivation consists of interpreting the
final four directions of the metric to be those of a squashed 5%, so that the 11d metric can be
precisely interpreted as the uplift of a 5d solution to 7d maximal SO(5) gauged supergravity on
an S*. At this point it is not hard to see that the fields of 7d maximal gauged supergravity can
be extracted as follows. The metric can be written in the canonical form for an uplift from 7d,
1

2 1/3 2
=A +
dSH d57

T;'Du'Dy | (4.18)
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with the seven-dimensional metric being

X 4x4
<ds§ b2 qu? f(“’)DX?> . (4.19)

2 _
ds7 = F@) ™ ) 1 wi X

AxX X3

The scalar matrix Tj; can be read of to be

T;y = diag(X1e™1™), X1 X, X5, X) (4.20)
where
N 4 3/5 . 4 + w3 X3)12/°
X = = L Ry [A) T X (4.21)
4(f(w) + w3X3) w

With a bit more work we can also extract the non-trivial gauge fields from this metric as

wtX?
o= _2(f(w) + w3X3) (dx +38).

1 1
‘434:7‘/437 A45: Al, A53:7A2?
V2 V2

where the second line gives rise to a triplet of SU(2) gauge fields.

(4.22)

Finally, to complete our background of 7d gauged supergravity, it remains to extract
out the three-form fields S*. These fields do not appear in the metric and hence we need
to carefully compare the four-form flux of the five- and seven-dimensional uplift to LLM.
This last step is rather technical and the details are referred to appendix D.4. A tedious
computation shows that the three-form gauge fields are given by

St = 2eM1(0)/2 x2 [J;Ew) x5 Im[e "X T3] A Dy — x5 Re[e "X 3] A dw]

v
2y f(w)

Flw)e¥r(w)/2
_ N

§2 = — \/2e V1(w)/2x2 [\/W x5 Re[e "X F3] A Dy +

Im[efix}—g] ,

21;(10) x5 Tm[e "X F3) A dw}
Flw)e Y1 (w)/2

+ \/§w Re[e_ix}"g] 5
a+2 __ wf(w) a w a
SeTE = V([ (w) T w2X3)]: N Dx + ax? *5 F, (4.23)

where in the last expression a € {1,2,3}. This completes our uplift formulae and as such
we have found a complete uplift for any solutions of Romans’ supergravity to maximal 7d
gauged supergravity.'

14Observe that by truncating to minimal gauged supergravity, see appendix D.1, we recover (a subset) of
the truncation performed in [47]. Note that the gauge choice for the gauge field is uniquely picked for us
by our embedding process: the gauge is such that it is the unique R-symmetry vector which is gauged with
respect to the U(1) graviphoton. This confirms the intuition for why such a gauge choice is important, it is
precisely the gauge in which 9. is dual to the R-symmetry, see [47, 48].

,19,



So S9

/ = —I——I;\\ 0.1}

op L . . - _ . | "2k . :
T2 0 2 4 6 8 10 0.3 0.2 01

S1 S1

0.1

Figure 3. The coloured regions indicate the various allowed regions of the parameter space (s, $2).
In each coloured region, the polynomial f has three real roots, the signs of which are indicated in the
figure. Along the red and green curve the 2d space has the topology of a disc. Along the red curve
supersymmetry is enhanced. Along the yellow curve the 2d space contains a cusp-like singurity where
the metric locally becomes H?. At the intersection of the red and green line the 5d space is given
by AdSs.

4.4 Applications

With the consistent truncation at hand we are now ready to study a variety of new solutions
by uplifting solutions from 5d gauged supergravity to seven dimensions. The main examples
we consider here are five-dimensional AdSs xD and AdS3 x¥ solutions [18, 19]. The local
form of the metric is given by

ds? = h(z)'/3|dsdag, + 4fgx)dx2 + ;((Z )) dy?|, (4.24)

where we defined the functions,
h(z) = (xz — s1)%(z — s2) and f(x) = b(z) — 22 (4.25)
The remaining non-vanishing fields in this background are given by,

/
T qy, A= _ay, x = h@)'?

B = .
Xr — 82 r — 81 Tr — 81

(4.26)

Before uplifting this solution to seven dimensions, let us briefly investigate what the global
completion of the two-dimensional space represents, depending on the parameters (s, s2).
The situation is summarised below and illustrated in figure 3.

In the uncoloured region the function f only has a single real root and therefore the
two-dimensional space is necessarily non-compact. In the coloured regions, § has three real
roots thus allowing for compact topologies. At a generic point the three roots are distinct
and non-zero. The different coloured regions are distinguished by the signs of the roots. As
f is a cubic monic polynomial, it is positive in between its first two roots. Taking this as
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the domain of the coordinate x the global solution is given by a compact two-dimensional
surface. At such generic points in the allowed region the compact surface has the topology
of a spindle and the background preserves N' = (2,0) supersymmetry. There are however
various special loci in the parameter space, at which the global completion has a different
topology and/or supersymmetry is enhanced:

o s1 = 0: this locus, indicated by the red line in figure 3, is characterised by trivial SU(2)
gauge fields. In this case, two roots merge to form a double root located at = 0. To
properly discuss these solutions we need to further divide it into two cases.

— On the sub-locus where 0 > s3 > —1 the bottom two roots merge, and hence
compact solutions cease to exist. This is indicated in the figure by the dashed
segment of the red line.

— For s5 < —1, the two largest roots merge and we find a solution with the topology
of a disc, analogous to the seven-dimensional backgrounds studied in the first part
of this work.

Irrespective of the value of sa, we observe supersymmetry enhancement to (at least)
N = (4,2) supersymmetry.

e s9 = 0: on this locus, indicated by the green line, the U(1) gauge field is trivial. It is
distinguished by the smallest root lying at = 0. Although at every point where s1 # 0
this is a single root, the global completion has the topology of a disc. At this locus we
observe an enhancement to A = (2,2) supersymmetry.

e Left boundary segment with so > —1: along this segment, indicated by the yellow
curve, the two largest roots coincide at a value xg > 0. Along this edge, sy # 0, the
two-dimensional space becomes a “black bottle”. This geometry has a conical defect
at one end-point and a cusp at the other which locally looks like H2. Despite the
appearance of a seemingly non-compact end-point the space still has finite volume.

e Along the other boundary segments the first two roots coincide hence such solutions
cannot give rise to compact surfaces.

o (—i, 0): at the intersection of the yellow and green line we have a single root at z =0
and a double root at g > 0. The geometry at this point is dubbed a “black goblet”
and can be obtained as a limit of the disc where the conical defect becomes a cusp, i.e.

locally H2.
o (s1,82) = (—2%, 2—17) at this intersection of the two boundary segments, f has a triple
.

4

root at = 5-. This point does not represent a compact two-dimensional space.

e (s1,82) = (0,—1): at this point we find a triple root at z = 0. This point does not
represent a compact two-dimensional space.

e (s1,82) = (0,0): at this point the five dimensional space reduces to the maximally

supersymmetric AdSs vacuum of Romans’ supergravity with AdS radius Laqgs, = %—0 .

At this point supersymmetry is enhanced to N' = (4,4) or, in 4d language, N = 2.
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Having analysed the various possible global completions of the metric resulting from the local
solution (4.24) we still have to make sure all fields in the background are well defined. In
particular, we have to impose that the scalar has to be positive in the full range of the solution.
This restriction, together with the positivity of the metric, imposes the following condition,

xr > max(sy, s2), (4.27)

between the two smallest roots of the solution. Imposing this constraint rules out the blue,
orange and light green regions in figure 3 and leaves us with only the dark green and purple
region, including the AdSs point and the yellow edge but excluding all other edges.

We refrain from giving a complete discussion of the flux quantisation in these solutions
but rather point out the most important characteristics and leave an in depth discussion of
all the different cases for future work. As discussed in [26], the spindle solutions above can
realise the twist or anti-twist in order to preserve supersymmetry.'®> Which mechanism is
realised depends on the sign of the roots, where two roots of the same sign give rise to a twist,
while roots with different signs give rise to the anti-twist. In terms of the colours in figure 3
we see that the purple region gives rise to anti-twist solutions, while the dark green region
produces twist solutions. Along the green line we find topological disc solutions preserving
enhanced N' = (2,2) supersymmetry. Similar to the 7d case discussed in section 2 these
solutions realise a distinct yet similar mechanism to the anti-twist to preserve supersymmetry
(see for example [41, 42| for a discussion of the ' = (2,2) case). The red line is completely
excluded except at the point where it intersects with the green line and the geometry reduces
to AdSs. Finally, at the yellow boundary one of the endpoints reduces to a cusp where the
metric locally becomes H2. In addition, through various (singular) scaling limits, similar to
those in appendix C of [48] one can obtain any smooth compact Riemann surface.!

Using our newly constructed consistent truncation, we can uplift the solution (4.24)
— (4.26) to seven dimensions. One can understand these solutions as the holographic duals
of the Argyres-Douglas theories wrapped on the surface X, with metric given in (4.24).
Inspecting the uplifted metric (4.19) and (4.16) we notice that whenever the U(1) gauge
field is non-trivial, the disc originating from the 7d solution is non-trivially fibred over the
second surface. Such solutions therefore describe novel backgrounds corresponding to a stack
of M5-branes wrapping honest four-dimensional orbifolds. The exception are the solutions
corresponding to the green line in figure 3. In this case, the surface has the topology of a
disc and supersymmetry is enhanced to N' = (2,2). For this class of solutions, including
the AdSs vacuum at (s1,s2) = (0,0), the fibration is trivial and the four-dimensional space
wrapped by the Mb-branes takes a factorised form Dj x Ds.

5Tn [26], as well as in [41, 42], the compactification of &' =4 SYM on a topological disc is studied. These
solutions are therefore constructed in 5d U(l)3 gauged supergravity. Romans’ supergravity can be obtained by
identifying two of the charges in this theory and therefore all their results carry over to our set-up through

this specialisation.

8 1
T 27 27
edge gives rise to compact Riemann surfaces of genus g > 1. Finally, a scaling limit at the top boundary can

6 A scaling limit around the point (s1,s2) = ( ) gives rise to T2, while a scaling limit at the yellow
give rise to S? geometries. Observe that in the original solution on which we performed our truncation we
may also take a scaling limit to obtain the metric on a constant curvature Riemann surface, in this case only
H?, and necessarily with Y3 = 0. We therefore obtain solutions of the form ¥, x H?, with g arbitrary. These
are a subset of the solutions studied in [66—68].
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We will leave a detailed analysis of the various cases to future work but will finish by
making some preliminary comments about the factorised D; x D2 background. To understand
in more detail what this solution represents in terms of a brane set-up it proves instructive
to analyse it around its various singular points. First, fixing a generic z € (0, z¢), we see that
the solution behaves exactly as the eleven-dimensional solutions described before. Indeed,
zooming in around w — 0 and (w, u) — (wp, 1) we find the same singular behaviour as in
section 3.2, corresponding to a stack of smeared Mbs and a KK-monopole respectively. On
the other hand, fixing a generic point w € (0, wq), near xg the solution again behaves as a
KK-monopole, but with the roles of the two discs interchanged. Near x — 0, however, the
behaviour is rather different. For generic w the metric at this locus is completely regular.
This is in contrast with the result obtained by uplifting the five-dimensional solutions to IIB
supergravity where the analogous limit was seen to correspond to D3-branes smeared over
three directions [41]. It is only in the simultaneous limit (x,w, ) — (0, wp, 1) that the metric
becomes singular. At this point the metric takes the form of a intersection of a KK-monopole
with a stack of (smeared) M5-branes. In addition, one can compute the anomalies of the
dual theories using the same tools as in [66, 67]. While a comprehensive analysis of this
singularity is beyond the scope of this project, delving deeper into the intricacies of these
singularities would undoubtedly yield intriguing insights.

5 Discussion

The objectives of this work are two-fold. We discussed new solutions obtained by adding
a scalar Y] to the existing disc solutions. These solutions explicitly realise the breaking
of the unwanted U(1) symmetry present in the dual supergravity backgrounds originally
presented in [8, 9]. The second aim of this paper was to initiate a study of novel solutions
corresponding to more general states in general Argyres-Douglas theories as well as solutions
corresponding to Mb5-branes wrapping four-dimensional spaces. These four-dimensional spaces
are obtained as the fibration of a disc over a disc or spindle. Obtaining these solutions was
made possible through the construction of a consistent truncation of the 7d maximal gauged
supergravity on the disc.

The results presented in this work unfold a plethora of potential avenues for future
investigation. To begin with, there is a natural extension of this programme by adapting our
results to M2, D3 or D4, wrapping discs or spindles. The local solutions can immediately
be established through analytic continuations of the solutions presented in [51]. It would
be interesting to investigate which solutions allow for a global completion as disc or spindle
solutions. Of specific interest is the case of D3-branes where the ODEs analogous to (2.8)
allow for analytic solutions in a certain limit. In this context, identifying the precise dual
SCF'Ts is an open question. Incorporating an additional set of parameters can provide more
refined information aiding this goal.

Related to the above, in appendix B we discuss the impossibility of adding extra scalars
to the solutions corresponding to wrapping Mb5-branes on a spindle. This indicates that
in contrast to the Argyres-Douglas theories, the dual SCFTs have a genuine U(1)? global
symmetry which cannot be broken through a Stiickelberg mechanism. Since in this case the
dual SCFT is at present unknown it would be very interesting to further investigate the
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symmetries in order to make a more informed attempt towards identifying a precise dual
SCFT. We are eager to present progress in this direction in the upcoming [69].

In addition, the solutions presented in this work provide novel ways of solving the Toda
equation defining an A/ = 2 AdS;5 background. This example therefore provides a window
into obtaining a whole new set of solutions. A key point characterising the solutions in
this work is that they break the additional U(1) symmetry which was previously present.
For this reason, one can no longer globally perform a Béacklund transform to rewrite the
problem as a simpler electrostatics problem. Locally around the regular puncture one is still
allowed to do so but finding a consistent way of gluing such local solutions into a global
solution remains a outstanding challenge. However, the addition of the novel scalar only
mildly affects the structure resulting from the Toda equation. Therefore, it might prove
useful to proceed, guided by this example and the strategy of [11], by transforming the
Toda equation into a separable form. Doing so successfully could result in a plethora of
new solutions without a global axial symmetry.

Another generalisation of this work is to lift the restriction to compactifications of
the six-dimensional theory of type Any_1 on a twice punctured sphere. Indeed, the 6d
N = (2,0) theory comes in different flavours, classifies by a simply laced Lie algebra
g € {An_1,Dn, Es78}. The holographic duals for the Argyres-Douglas theories obtained
from six-dimensional type Dy theories as well as the Argyres-Douglas theories obtained by
wrapping the Any_1 or Dy theories on a sphere with twisted punctures will be presented
in [46]. Starting from their solutions, it becomes a straightforward task to extend our results
to encompass this particular case.

Moving away from compact two-dimensional surfaces, one can consider BPS surface
defects in the N = (2,0) theory — or any lower dimensional SCFT for that matter. Such
defect operators can be represented by exactly the same local solutions. However, to capture
the physics of such objects the w coordinate on the disc has to be unbounded such that
asymptotically, far away from the defect we find an ambient higher dimensional AdS region.
Such solutions were described in for example [52, 53, 70, 71] in various dimensions. For each
of these solutions one can add the scalar described in this work, resulting in more general
conformal surface defects. In particular, in N’ = 4 a well-known class of surface defects is
described by Gukov-Witten surface defects [72], which are parameterised by four elements of
a maximal torus of the gauge algebra. It is tempting to conjecture that adding additional
scalars gives access to a more generic set of these parameters. It would be very interesting
to make this proposal more precise.

Finally, in [73, 74], the authors outlined a method for harnessing the potential of
equivariant localisation in supergravity. This was achieved by carefully defining the equivariant
action with respect to the U(1)r symmetry present in almost any supersymmetric field theory.
When applied to the set-up of LLM geometries, one can utilise their techniques to compute
various subleading contributions to the observables computed in this work. Additionally, it
offers an elegant and streamlined approach for deriving the anomaly inflow from M-theory [75—
78]. Progress made in this direction will be documented in an upcoming publication [65].
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A 7d gauged supergravity

In this appendix we clarify our conventions and collect the 7d equations of motion and BPS
equations. The relevant supergravity theory is the maximal seven-dimensional SO(5) gauged
supergravity [61]. We follow the conventions of [79]. This theory contains 14 scalars, contained
in the SL(5,R)/SO(5) coset V7', gauge fields F7” in the adjoint of SO(5) and three-form
gauge fields S7 in the fundamental of SO(5). The bosonic Lagrangian of this theory is given by

2

g DR | o 2 2
o2 L = R+ %(TQ — 20, TY) — P,UPMY — (Vi'V/ B +m? (v hish,,)

+ el x (Z; 5[JSI AdS” + GIJKLMSI A FTE A pEM +mlCS7(A)) ,

(A.1)
where C'S7(A) denotes the seven-dimensional Chern-Simons functional for the SO(5) principal

1
16+/3

bundle. For all situations of interest in this paper C'S7(A) vanishes and hence we will ignore
this term from here on. The tensor T;; is defined as T;; = V‘liIV_ljjéu and T = TrT.
Both I,J=1,...5and 7,5 = 1,...5 indices are raised and lowered with the Kronecker delta.
The scalar kinetic term is defined in terms of Pﬁj, which is given as the symmetric part of
V=1ID, V7 where D,Vit = 8,Vi' + Al V).

In this paper we consider a U(1)? truncation of this theory where the only non-vanishing
gauge fields are given by F(!) = F12 and F(®) = F34, The scalar manifold in our truncation
take is given by

SL(2,R)\?
SO(2)? (’) A2
@ (67 (A2)
Where the SO(2) factors parameterise two scalars X; neutral under the U(1)? gauge symmetry

and the Sls“g(’g){ ) cosets parameterise two charged scalars Y;. In terms of the coset VIJ the

scalars in our truncation are given by
Vi = diag [X;2eN/2 X722 X202 X2 XX (A3)

Although the presence of an external three-form is incompatible with the symmetries of our
ansatz in section 2, they will be needed when we consider more general solutions obtained
from our novel consistent truncation.
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Substituting the above truncation in (A.1), we obtain the following Lagrangian

1 1
2% 'L =R~V =50\ + X2)? — (A1 — Xa)? — iaylz — §8Y22

— 2 (sinh? Yy AV? 4 sinh? v A7) - %e%pw - %e"“‘?F@)Q (A4)

+ mZe T2 62 4 o1y <ZLS AdS + — 5 A FD A F(z)) ,

2V3

where the potential V is given by

2
V= m?e*B(/\ﬁAQ) (2 + 41221822 0661 2V 4 4e3MH12A2 ¢ogh 2V,
(A.5)
2
- (1 + 268N 42 g Y + 2e4M1+6X2 oo YQ) ) .
and the length scale of the AdS; vacuum of this theory is given by Laqs = 2.'7 For future

m
convenience, we redefined X; = e2.

The equations of motion derived from this Lagrangian are as follows. The scalar
equations are given by

1 1
VZ(3A1 + 2\) = —16_4)‘1F(1)2 +mle M2 62 4 OV
1 1
2 — _leep(2)2 2 —dM—4ha g2 | *
V (2)\1 + 3)\2) 46 + m-e S + 48)\2‘/ 9 (AG)
V(Y1) = 2sinh? Yy AM? 4 9y V|
V2(Ys) = 2sinh? Yy A2 4+ 9y, V|

The gauge field equations of motion are given by

fuv)\mmvu(FA(? Saﬁv)7

1
Vi(e M F()) = 4sinh? Y AV + e
(A7)

1
Vi (e M F?) = 4sinh? Y, AP + ; \/gewmﬂwv“(Fg’Sam),
The three-form S satisfies the following self-duality equation
1 1
—4X1—4\ _ s 6 (1) (2)
e—4M QSIWP — GmEMVpaB’Y 8(15,876 — S3m? elwpaﬂ'y Faﬁ F75 . (A.8)

Finally, the (trace subtracted) Einstein equation is given by
1
Ry, = ggWV + 50, (A1 + A2)0u (A1 + A2) + 9u(A1 — A2)0y (A1 — A2)
1 1
+ 5010,Y1 + 50,Y20,Ya + 2sinh? Y1 AV A + 2sinh? vy AP A
L n2 1 1)2 L 4 2)2 2)2
+§e 1<F,EV) _EgHVF() +§e 2 F;Sy) F®

o 3m26—4)\1—4/\2 (SZ o 252) )

(A.9)
SE"

15

1"Tn the main text we set m = 1 but it can be reinstated straightforwardly.
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The supersymmetry variations are given by

_ v 9 ol J
Sty = {Dﬁ 50T~ 5 (7" = 88277) TUVVI Y, (A.10)
m
+ VAo *(5” AU) V IISI a]
10\/§ <’Y}L VA
m 1 i 1o, i b (ki Lipkl (kA oKL
N = | = (T = =65T ) T9 4 =4 By T9 4 —y# (T — 7T ) VEVEFEL (A1)
2 5 2 32 5
m ;WA i 4sij 1J qJ
* 2005 (07— 457) V=5 e,

They simplify considerably when we consider the following linear combinations,

. 1

D= + ?mr% , (A.12)
A = (TN +T2)0) + %(F3)\3 +T%N\,), AG) = (TTA; = T2\y), (A.13)
A2 = g(rlxl +120) + (T3A3 +T%0y) | A = (T3x —T\y) . (A.14)

For the truncation under consideration the supersymmetry variations reduce to the set
following equations,

ro_ g 1)12 2) 34 M _4(A1+X
5¢M_[vu+2(A§L>r + AT )+Ze (Ai+da)y (A.15)

1, . 1
+ 17 (e 2)‘1Fﬁ)f‘12 +e 2’\2F$)F34) + 57 Oy(AM + A2)

3
. mél/»’}/y/\e_Q)\l_2>\QSp,V)\F5:| €

1 1
AR :[Zl (62’\1 coshY] — e_4(’\1+)‘2)> - 57“(9“(3)\1 +2A2) — g’YWe_Q/\lF,EII,)FIQ (A.16)

+ ,u,l/)\672)\172)\2 Suy)\r5:| €

_m
/37
1 1
oA® = [7;1 (62/\2 cosh Yy — e_4()‘1+)‘2)) — 57“('9“(2)\1 +3X2) — gfy“”e_Q)‘QFﬁ)FM (A.17)
MV/\ —2A1— 2)\28 w F5:|
4[ A
1
oG = [me”‘1 sinh Y7 — 57"8”)/1 + sinh Yly’*Al(})Fu] € (A.18)

1
oW — [me”‘2 sinh Y5 — 57"8#}/2 + sinh Yg'y“Al(f)FM] €. (A.19)

As usual, supersymmetry fixes the gauge coupling in terms of the AdS length as g = 2m.
Having introduced the general equations of motion and BPS equations, in the following
we will restrict ourselves to the AdSs solutions introduced in section 2. As already noted
before, the three-form necessarily has to vanish for this type of solution. The metric and

— 27 —



gauge fields take the form
ds® = f(w)ds%ds5 + g1 (w)dw? 4 go(w)d2?, AD = A (w)dz, (A.20)

and all scalars solely depend on the coordinate w.

With this ansatz at hand we can now proceed to further simplify the BPS equations fol-
lowing a similar approach as in [9]. To do so it is useful to introduce an explicit representation
of the 7d gamma matrices,

,Yoz:poc®0_3’ '76:14@017 ’77:14®0—27 (A21>
where a = 1,...,5 runs along the AdSs directions. The five dimensional gamma matrices
p™ are given by

pl=ict @1y, PP =02®1,, pP=03®aot,
4 3 2 5 3 3 (A.22)

In line with the 5 4 2 split of the gamma matrices we write the supersymmetry parameter
as a tensor product,

d=nlocn, (A.23)
where 60 is a conformal Killing spinor on AdSs satisfying,
1
Védsw = 551,0,19, s1 = %1, (A.24)

where the sign s; is arbitrary. For concreteness we fix it to be s; = 1 in the remainder of the
analysis. The constants n! are the components of an object in the 4 of SO(5) transforming
under the SO(5) I'-matrices. The 2-component spinor 7 depends only on w and z and
moreover, since d, is a Killing vector we can assume that the spinor has a definite charge
under the U(1), isometry. In other words we have

n(w,z) = e n(w). (A.25)
Depending on the solution, we have to impose either one or two projection conditions
corresponding to respectively a 4d NV = 2 or N/ = 1 dual SCFT. In this appendix we
analyse the more general case with N’ = 1 supersymmetry. When a solution preserves N' = 2
supersymmetry one of the projectors (or a linear combination thereof) will be redundant
and does not need to be imposed. For minimally supersymmetric solutions, the projection
conditions are as follows,

(P12)1JnJ — inI, (F34)IJTLJ _ ian 7 (A26>

in principle we should allow for arbitrary signs in these equations but these can always
be absorbed in the gauge fields.
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Substituting the explicit form of the gamma matrices and factorised spinors in the BPS
equations (A.15)—(A.19) we find six algebraic equations,

_ 5 L f AV M _4(A1+A2) /-3
0= f1/2n+gi/2 (2f+>\ +/\2> (io"n)+ 5 ¢ (o°n), (A.27)
]. _ _ g 2q
0=—— (e A =22 4/(2) +(A9)+A§1)+> ol
2(g192)1/? ( )?7 291 7 (o'n)
1 . m
+1/2< +X+X> (i) + 5 e~ (o), (A.28)
1 1
0= 5 e 2 Ay — o (83 +2X)) (i0”n) +m (€2 cosh Vi —e~ M1 A2) (o)
2(9192) / gl/
(A.29)
_ 1 —2X2 A/(2) / IN(s 2 22 —4(A14+X2) 3
0= We A’ U_F(2A1+3)\2)(w n)+m (e coshYs—e ) (c°n),
1
(A.30)
1 1
0= 7 sth1A( )(0'177) 1/2Y1 (w n)— me?M sinhYl(agn) (A.31)
92 29
1 1
0= 12 SthQA( )(‘7177) i Yy (“7 n)— A2 SinhY2(0377), (A.32)
92 29
In addition, the w component of (A.15) gives rise to one ODE which determines the Killing
spinor.
1 1
0= D+ (N +Xp) 7+ e g 2 () 4 = (7 AL e A1) (i) (A.33)

In order to solve these equations, note that the general form of the algebraic equations
is given by,

Min = (XP1+ XVl + X7 io? + XPo?)n = 0. (A.34)

We can then collectively write all the equations as,

n

M 0
0 (A.35)
0

. 2

A necessary condition to solve this system of equations is to impose that all 2 x 2 minors
have to vanish. Defining

(2 (2

vi= (X0 +x® x0 4 xP), wi= (xV-x? x0 - x) (A.36)

we therefore impose

Aij = det < ) =0, By =det (”) =0,  Cy=det (“’) ~0. (A.37)
w vj w;
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These equations are clearly not all independent but a maximal set of independent equations
is given for example by

0=An=Ap=A13=A14 = Ai5 = Ais = B12 = C13. (A.38)

Our reparameterisation of the solutions is redundant and we are free to fix go. Rearranging
and taking linear combinations allows us to find all the other fields by solving six algebraic
equations and two non-linear differential equations. We checked that any solution to these
equations is also a solution to the equations of motion.

It is straightforward to check that these equations are indeed solved by the background
given in (2.1), (2.3) provided the functions h;(w) satisfy the system of non-linear ODEs (2.4).
Having showed that this background indeed solves the BPS equations and equations of
motion we can proceed to solve the ODE (A.33) and find the following explicit expression
for the two-dimensional spinor,

\/H(w)l/Q 4 2w3/2
\/H(w)1/2 —owd/2|

wl/20

: \@H(w)l/s

iq

n=e (A.39)

Note that, as a function of h;(w), this spinor is identical to the case without the additional
scalar, see e.g. [26]. The functions h;(w), however, are much more intricate when one adds
the extra scalar.

B Absence of spindle solutions with extra scalars

In this appendix, we give a proof for the absence of spindle solutions with additional scalars,
analogous to the disc solutions presented in the main text. The general solution with the
scalars Y; turned, (2.1)-(2.3), is completely determined in terms of the two functions h;(w)
and hg(w). In order for these fields to solve the equations of motion and BPS equations, the
functions h;(w) have to solve the system of ODEs (2.4), which we repeat here for convenience,

£(w) (Hw) - wh! (w)) = wg EZ; (ih;(w)Q - w2> | (B.1)

Solving this system of ODEs is prohibitively hard, and we cannot find a general solution. To
go beyond the standard spindle/disc solution (2.5), note that we are looking for functions
h; such that f has at least two real roots and is positive in the interval bounded by them.
Therefore, we can make progress by solving the ODEs perturbatively around a root wq
of f. To analyse these equations it will be useful to change coordinates to W = w? such
that the ODEs take the form,

H(W)

AV + 4

hy(W)? —1) =0, (B.2)
( )

where f(w) = f(W) and the prime is now understood as a derivative with respect to W.
Around a root W = Wy of f the ODEs reduce to h/>(W) = 1, where only the positive
sign makes sense given the expressions for the scalars Y;, (2.3). We expand the functions
h; as follows

hi(W) = ¢; + (W — Wo) + (W — W)™ i al) (W — Wo)*, (B.3)
k=1
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where the leading exponents a; € Nsg. Demanding h,(Wp) = 1 fixes the linear term, while
requiring that f(Wy) = 0 fixes ¢ = —4Wg’/2/01. Substituting these expansions in (B.2),
for each pair of integers «;, the leading order determines the coefficients ¢; as well as the
position of the root Wy to be

54aq 03 8la2a2
CcCl1 = T ~a W - . B4
! (2+041 +()¢2)3 0 (2+O¢1 —|—a2)4 ( )
At the root the derivative of f is given by
27
F(Wo) = — o2 <0, (B.5)

(2 + a1 + 042)2

and therefore we see that when for both functions h;(w) contain higher order terms it is
impossible to find solutions where the function f has multiple roots and is positive in between.

In the above we demanded both functions to have higher order terms, however, we can
still find spindle solutions when one of the functions, say he, is linear, with co # Wy,

hQ(W) = cCc9 + (W — Wo) . (BG)
Proceeding analogously as above we find that ¢; are completely fixed in terms of a; and Wy,

AW3/? 1/2
B (AL
0 1/2
C1 0‘1

1/2
(901 — 4Wy"? (24 a1)) . (B.7)

In order to find real solutions we need to constrain the allowed range of Wy to be

8la?
Woe |0, ———— B.8
0 [ 16(2+a1)2] (B.8)
Substituting the expansion in the derivative of f at Wy gives,
2W,
F'(Wo) = — . <0. (B.9)

1/2 —
3on £ y/” (901 — AW (2 + an)) !

Within the allowed range for Wy this function is always negative, see figure 4, meaning that
again we cannot find a solution with two nonzero roots with this ansatz for the expansion.
Indeed, this is reflected in the observation that when we find numerical solutions to the system
of ODEs, we always encounter a singularity when approaching a second root, indicating
that at this point the ODEs cannot be solved.

The only way to avoid this is to set go = 0, which in turn fixes one root to lie at W = 0.
This case is described in detail in the main text. The observation that for the spindle
solutions the U(1)? isometry of the internal space cannot be explicitly broken by adding such
scalars suggests that, in this case, the isometries do correspond to honest symmetries of their
holographically dual SCFTs. This is in line with the analysis of [69].
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f'(Wo)

Figure 4. A plot of the derivative of f at a root Wy for generic values of «y. The red (blue) line
corresponds to the plus (minus) sign in the expression for f/(Wp). Varying the value of oy simply
rescales the plot.

C Uplift formulae

In this work, we constructed various solutions of maximal SO(5) gauged supergravity. In order
to uplift these solutions to eleven-dimensional supergravity solutions, we use the uplift formulae
of [62, 63]. In terms of the seven-dimensional fields, the eleven-dimensional metric is given by,

ds?, = A/3 [ds% + A_lTi;lD,uiD,uj} , (C.1)
where pf, i = 1,...,5 are embedding coordinates on S* satisfying
5 .
Yo ()P=1 (C2)
i=1

For our purposes a convenient parameterisation of the embedding coordinates is,

pt=\/1—p2cos¢, p’=\/1-p’sing,
ud =pcosf, pt =psind cos 1y, (C.3)
5

u’ =psinfsiny .
The function A is defined in terms of the scalar matrix T;; as,
A =Tyl (C4)
whilst the one-forms Dy’ are defined to be,
Dy’ =dp’ + gAY p; (C.5)
where A% are the SO(5) gauge fields and g the gauged supergravity coupling constant. This

completely fixes the uplift of the metric and all that remains is to specify the form of the
four-form flux of eleven-dimensional supergravity. This in turn is given by

1

= QIgAz Ci-is | ~ Uk D A D' ADp't A Dy

Gy
+ 4p 0t R THIDT 252 A D' A Dyt A Dy

— Tz’j *7 SZ,U,J + ESZ /\D,ul,
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where x7 is the seven-dimensional Hodge star operator, and we defined

When considering seven-dimensional AdSs solutions, it is sufficient to restrict to a further
U(1)? sub-truncation of the full seven-dimensional SO(5) gauged supergravity. In this
sub-truncation, the only non-trivial SO(5) gauge fields are,

A2 =AW 43 = A (C.8)

Demanding N = 2 supersymmetry furthermore fixes A to be zero. Furthermore, as the
presence of a three-form is incompatible with the isometries of an AdSs background all
three-form gauge fields necessarily vanish in this sub-truncation.

When considering the more general solutions obtained through our consistent truncation
to 5d we should relax some of these restrictions. Indeed, in this case we are forced to
turn on a set of non-vanishing SU(2) gauge fields on top of the U(1) gauge field A(),
Additionally, generically the three-form gauge fields S’ will also be turned on. Indeed, from
the branching rule,

SO(5) — SU(?) X U(l) 582308181 _9,, (09)

we see that in the 5d theory these three-forms decompose as a neutral SU(2) triplet and
two charged three-forms in line with the expected field content from 5d gauged supergravity
where the 3 gives rise to the SU(2) gauge fields while the 115 gives rise to the charged
two form gauge fields.

D Consistent truncations for N/ = 2 AdSj; solutions

In this appendix we spell out additional details regarding general N’ = 2 preserving AdSs
solutions. In this paper we consider such solutions form various vantage points, we construct
seven-dimensional AdSs solutions, consider a truncation to five dimensions and along the
way embed both types of solutions in the most general eleven-dimensional set-up [50]. The
seven-dimensional solutions were constructed in maximal SO(5) gauged supergravity as
discussed in detail in appendix A. The five-dimensional solutions on the other hand are be
constructed in 5d SU(2) x U(1) Romans’ gauged supergravity. We start this appendix by
reviewing and introducing the most important aspects of both Romans’ supergravity as well
as the general eleven-dimension solution of [50]. After that we provide details omitted in
the main text regarding the consistent truncation from LLM to Romans supergravity as
constructed in [56] as well as technical details for obtaining our novel consistent truncation
from seven to five dimensions.

D.1 Romans’ 5d SU(2) x U(1) gauged supergravity

We start by giving some details on Romans’ supergravity. The goal of this subsection is
merely to set our conventions in order to resolve possible confusion. We therefore content
ourselves with giving the field content and Lagrangian and refrain from giving explicitly the
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equations of motion and BPS equations. All the solutions constructed in this work can be
embedded in seven- or eleven-dimensional supergravity and we checked that indeed they solve
the five-, seven- and eleven-dimensional equations of motion and BPS equations.

The bosonic field content of Romans’ SU(2) x U(1) gauged supergravity [55] consists of
the metric, a real scalar field X, a collection of U(1) x SU(2) gauge fields B and A%, with
a € {1,2,3} and a complex two-form C whose real and imaginary part form a charged doublet
with respect to the U(1) gauge field. The Lagrangian for this theory is given by

3 X4 1
LZR*l_ﬁdX/\*dX_TgZA*QZ_ﬁ

_ 1
—iCAfg—5}3A}§AB+%XQ+2X—U*L

FiN*Fa+CNA*C
( )

where with respect to [55] we set g = —1 and go = —+/2. The field strengths appearing
above are defined as

. 1 i
=dB, =DA% = dA® — ——eupe AP A A, Fa=dC+-BAC. D.1
g2 2 2\/5617 3 +2 ( )

The kinetic term for the scalar field may be written in the canonical form by introducing

1
a dilaton field ¢ defined through X =e V6 ¢. One can further truncated this theory to 5d
Einstein-Maxwell, a.k.a. minimal, supergravity by letting ¢ = F3 = F3 = F3 = 0 vanish and
identifying Fy = v2Gy = \/g}" and B = \/;4. The resulting Lagrangian is

1 1
L=R-=3)x1—--FAxF—-—FANFANA. D.2
(R=3)%1-3 NG (D2)

D.2 N = 2 AdSjs solutions of 11d supergravity

Having discussed the 5d Romans’ supergravity we move on to discussing the most general
N = 2 preserving AdS5 background of eleven-dimensional supergravity as introduced in [50].
The metric and four-form flux for this background are given by

ds? = e (4dsid35 + yzefﬁ)‘dsgz + dsi) )

e—6)\

—6X 2
dsi:4(1—y26 6 )(dx+v) +m

(dy2 +eP(da? + dx%)) ,
G4 = F Avol(S?),
06N — _ 0y D
y(1 —yoyD)’
1 .
v = ieij(?dea:Z s
F =d(4y%e 5 (dx +v)) + dB,
dB = 4dydv — 28yeDd3:1 Adxg.

Note that this solution is completely determined by a single potential D which satisfies
the SU(o0) Toda equation,

0D + 02e? = (9% +0%) D+ 02e” = 0. (D.4)
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In this way any solution of the above Toda equations can be mapped to a A/ = 2 preserving
AdSs solutions in eleven-dimensional supergravity.

In section 3, in order to compute the conformal dimensions of the BPS particles corre-
sponding to wrapped probe M2-branes we need to formulate a calibration condition in order
to ensure supersymmetry of said operators. In [80] a generalised calibration was described for
the most general N' =1 AdSj solution of M-theory [64]. Specifying to the LLM system, the
calibration 2-form X was given in [9]. We refer the reader to the above mentioned references
for more details on its construction. In terms of the LLM fields it takes the form,

X =P " vol(S?) + ye M1 — y2e M) dr A (dy +v)

~9xD (D.5)
TYe EG)\ dzy ANdxy,

—3A
- d Ady + ———
Te "(dx +v) Rl

where the metric on the round two-sphere is given by

d 2
ds%s = : —TTQ + (1 — 73)de?, where 7€ [—1,1]. (D.6)

D.3 Consistent truncation of LLM to 5d gauged supergravity

Having introduced both Romans’ supergravity in five dimensions as well as the eleven-
dimensional LLM geometry we are ready to discuss the consistent truncation of the latter
to the former [56].!® Here we give all the necessary formulae needed in the main text, for
more details we refer the reader to the original reference.

In order to truncate the LLM geometry to five dimension, we rewrite the metric as follows,

0\1/3 Xo—6X
ds?, = () e [4ds§ SR LI (dy2 +eP (da? + dx%))

X 1 —y2e62
N 4X2(1 —Qer‘GA) (dx+ v+ LB) + yiiﬁﬁﬂa@ﬂa} , (D.7)
where we defined the function
Q= Xy2e 5 4 X721 — y2e 5. (D.8)

The sphere is defined in terms of the embedding coordinates fi* which satisfy 3, (u%)? = 1
The gauged one-forms appearing in the metric are defined as

~ 1
Di® = dp® + 7€abc/1b-’40 . (D.9)

V2

'8 Note that our notation differs slightly from that in [56]. The coordinates and functions here are related to

theirs as follows,

2 —6A 2 o —2x _
Zgv =Yy e s GV =€ , PGV =Y.

In addition, we fixed the overall constant m = %
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Rewriting the four-form flux in terms of the five-dimensional fields is slightly more complicated,
with the resulting expression for G4 being

Gi=Gu+GoABo+FENBG+x5FENBE+(CAag+ Fa Aoy +c.c.), (D.10)
- 1 ~ ~ e (-9, D) 1

Gi= — —eapeii®Di® A D A |d Y A &3

4 2€bM 12 12 < A1X20) QeAme

(D.11)

e (-9, D) 1 5 2 . a4
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In these expressions, x5 denotes the Hodge dual with respect to the five-dimensional metric
ds2 and c.c. denotes the complex conjugated expression. The internal components of the

four-form flux are in turn given by

X 36X L
B2 = yZTEabc ,Ua Dﬂb A D,UC )
1 1 — y2e—6A -
pe = ﬁ [yv Xz%e oA Di® A &3 _ i (ye—2/\ 2 4t é34>1 7
1 _ ~
fi=-"7x (A" dy +yDi") | (D.12)

a1 = \}562)\ /1 —y2e 62 (el - ie2) ,

Qa9 = 2\1@ (el - i62> A (y e et 4 et é3) .

In the expression above, we defined e® = e A e’ (and similarly ¢3¢ = &3 A e?) where the

vielbein e® are

) o~2AoD/2
e = m(sm xdz1 + cos xdza) ,
—2)\,D/2
e? = L( — cos xdz + sin ydz2) ,

V1= ye A (D.13)
e =2eM/1 — y2e=A(dy + ),

A e—QAdy

GZW'

Finally &3 denotes the gauging of the e? vielbein by the gauge field B via dxy — dx + %B.

1
53 _ 9a 2,—6
=2e™\/1— dy +v+ =B D.14
€ € y-e (X v 2> ( )

This concludes all the necessary expressions specifying the consistent truncation of the LLM
geometry to five-dimensional Romans’ supergravity.

D.4 Consistent truncation of 7d to 5d gauged supergravity

Finally, all the ingredients are in place to discuss the truncation of seven-dimensional
maximal SO(5) gauged supergravity to five-dimensional Romans’ supergravity. In the main
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text we discuss how to extract the metric, scalars and one-form gauge fields as these can
straightforwardly be extracted from the eleven-dimensional metric. In order complete the
truncation of the 7d theory we are left with determining the correct form of the three-forms
S?. This, however, is more subtle, since they appear only in the flux G4 and therefore we
need to carefully study the flux to extract these fields.

To do so let us start by defining the gauged volume,

1 o
vol(S$?)9 = iezjk,&zDﬂ] A Dk (D.15)

which reduces to the volume of the unit radius two-sphere when the SU(2) gauge fields

are set to vanish. Next, in order to efficiently compare the flux we rewrite it to take the
form (D.10). The [-forms appearing in (D.12) are

y3
ﬁZ = 6‘]01(52)97

1 (D.16)
a __ a+2 a+2
Bl = 1a WK dw),
while the a’s are
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a; =e X [;\i’;J (leYl( )/QD,ul +e Yi( )/QD/,LQ)
I .y w? A f(w)
+ 1(w)/2 1+ Yi(w)/2,,2 - dw- 71412 ,
2 T o
A7
1 . iw VI (w)
_ ix Yl(w)/ZD 1 Yl(’w)/2D 2 A ——duw — D
Qs —2\/§e [(e o — ie 1 ) <2 ) w ” X
iw?/f (w) Yiw)/2 1 . v
s =Y (w (w)/2,,2 d D )
“L4(f(w)+w3X3)(le e #)dw 1 Dx
Similarly, we can extract the external part of the four-form flux to find,
~ 2\g y2 y2
Gy =—2vol(S*)Y A |d |2y 1—6 (Dx +v) + 2y 1—6 dv
—2dy A (Dx +v) — 9, D da' A da? (D.18)

Note that € was given in (4.17) and we have refrained from giving the explicit form of 3¢ since
it is complicated and we have extracted this term out of the flux from the 7d uplift below.

With these expressions at hand we can now compare these terms with the flux arising from
uplifting a seven-dimensional solution of maximal gauge supergravity, see (C.6). Carefully
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rewriting the uplifted G4 for our 7d truncation results in the following terms

2

GV — %] ol(S%)7 A dpu A (dg — A,
2(1 — 2 ZXQ

Gf) = — (Zz)'ulvol(SQ)g Adp A (Cosquin »dY;

+ sinh (Y7 (w)) (e_Yl(w) cos? ¢ — 1) gjn? ¢)A12> ,

b (xg (1 d(e ™%, %57 A D? - p2d( )%, X57) A Dyt
(D.19)

+ 2sinh (Y3 (w)) X1 X242 A (u?Dp® — ,ulD,uQ)> A vol(52)9

G = — By AdB— B A F°

>5/3 3
- % (Buwf(w)dX + X (w’X? +4f(w) —wf'(w))dw) A Dx
wf(w) a a 1 at2 .
- F*NDXADp" 42+ —=p**2dw A Dy A F*.
2v/2(f(w) + w3X3) XAER N AR

The labels in superscript indicate the origin of the respective term in the uplift of 7d maximal
gauged supergravity and corresponds to the line number in equation (C.6). After all this
preparatory work we can now simply compare the terms of the two truncations to obtain the
resulting expressions for the three-forms (4.23) presented in the main text. By construction,
the truncation of the 7d theory on the disc is consistent.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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