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1 Overview

Chiral perturbation theory (ChPT) is the effective field theory of quantum chromodynamics
(QCD) at low energies [1–3]. The degrees of freedom are the N2

f − 1 lightest pseudoscalar
mesons for QCD with Nf light-quark flavours, which are the pseudo-Nambu-Goldstone
bosons of the spontaneous chiral symmetry breaking SU(Nf )L × SU(Nf )R → SU(Nf )V.
For Nf = 3 these are the pions, kaons and the eta meson, whereas for Nf = 2 only the
pions. The power counting in ChPT is done in terms of a generic low-energy momentum
transfer p, and the systematic ordering through n-loop order is p2n. For a pedagogical
introduction to ChPT, see e.g. ref. [4].
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The effective construction of ChPT allows for systematically improvable predictions,
order by order in the chiral counting. In the even intrinsic parity1 sector, current state-of-
the art calculations are performed at order p8 [5–7]. The effective Lagrangians at orders
p2 and p4 were first derived in refs. [2, 3], order p6 in refs. [8–10] and order p8 in ref. [6].
At each order there are new low-energy constants (LECs), whose renormalized values are
needed for ChPT predictions. Renormalization of the LECs is known through order p6,
see refs. [2, 3, 11].

The Lagrangian for odd intrinsic parity processes starts at order p4, governed by the
Wess-Zumino-Witten anomaly [12, 13], and allows processes such as π0 → γγ. Although
the anomaly itself is captured by the Wess-Zumino-Witten term, there are higher-order
anomalous terms in the ChPT Lagrangian. In refs. [14, 15], the order p6 anomalous La-
grangian was determined. The associated renormalization of LECs was determined in
refs. [14, 16–18]. Reviews of this sector are refs. [10, 19].

Effective Lagrangians are in general constructed from a set of building blocks combined
in all possible ways into so-called monomials that satisfy the underlying symmetries of the
theory. With ChPT as an effective field theory of QCD, the relevant ones are chiral symme-
try (from QCD with Nf massless quarks), parity (P), charge (C) and hermitian conjugation
(h.c.) [2, 3]. Monomials are often related through certain relations, e.g. integration-by-parts
identities. A naive construction of a monomial basis satisfying the imposed symmetries will
thus be over-complete, and it is of interest to minimise the number of monomials. The
minimal number of terms can be found in several ways, either by the Hilbert series ap-
proach [20–22] or by a systematic use of the monomial relations [6, 9, 10, 14, 22]. Only the
latter method gives an explicit expression for the Lagrangian. For a comparison between
the two approaches for the O(N) non-linear sigma model, see ref. [22]. For the construction
of a monomial basis, one can use the systematic approach mentioned above or one based
on the Adler zero, see refs. [23, 24] and references therein.

In this paper we derive the order p8 chiral Lagrangian in the odd intrinsic parity sector,
by systematically enumerating all monomials allowed by symmetry and using relations to
minimise the corresponding set of terms. The minimal number of terms was obtained
already in ref. [21], but using an independent method based on the Hilbert series. We
confirm and extend their results, and in addition construct for the first time an explicit
basis of the effective Lagrangian. Due to the length of the expression, the basis is presented
in the supplementary material.2

The calculation, as outlined in the paper, has been independently implemented in two
software platforms: Form [25, 26] and Mathematica [27]. The Mathematica version
of the code is publicly accessible as part of the MINIBAR package [28], which offers a range
of tools to help the extraction of minimal operator bases in a time-efficient way.

The structure of this manuscript is as follows. In section 2 we introduce the chiral
building blocks and the operator basis we use for the Lagrangian. The various types of

1Intrinsic parity is parity without the space reflection, i.e. the (defined later) fields ϕ, aµ and p go to
minus themselves, s and vµ to themselves.

2This can be downloaded either on the journal webpage in the section Electronic supplementary material,
or from the arXiv by downloading the source file.
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relations between monomials constructed from the operators are presented in section 3,
and in section 4 we present our result. Conclusions and an outlook are given in section 5.

2 The chiral Lagrangian

In this section, we present the context of our work, chiral perturbation theory, and outline
the systematic organization of the chiral Lagrangian. In preparation to construct this
Lagrangian, the definition of the building blocks to compose chiral-invariant operators is
provided, as well as the method to combine these into symmetric monomials.3 It is the
monomials that enter the effective Lagrangian, each multiplied by a LEC.

2.1 A brief introduction to chiral perturbation theory

ChPT is the effective field theory of QCD at low energies [1–3], constructed from the ap-
proximate chiral symmetry G = SU(Nf )L×SU(Nf )R for Nf light quarks. The spontaneous
breaking of the chiral symmetry SU(Nf )L × SU(Nf )R → SU(Nf )V is due to a non-zero
quark condensate ⟨qq⟩ ̸= 0, where q is a column-vector of the Nf light-quark fields. The
pseudo-Nambu-Goldstone bosons, i.e. the N2

f − 1 lightest pseudoscalar mesons contained
in the matrix ϕ, live in the coset space G/H where H = SU(Nf )V.

To account for quark masses and interactions beyond pseudoscalars, external fields
can be added to the underlying QCD Lagrangian L0

QCD [2, 3]. Denoting the scalar, pseu-
doscalar, vector and axial vector external fields by Nf × Nf flavour matrices s, p, vµ and
aµ, respectively, the modified QCD Lagrangian can be written

L = L0
QCD + qγµ (vµ + aµγ5) q − q (s − ipγ5) q . (2.1)

The external fields transform such that the chiral symmetry G can be promoted to a local
symmetry of L, and consequently ChPT is constructed with G local and external fields
included. For later use we introduce the combinations

χ ≡ 2B (s + ip) , (2.2)
ℓµ ≡ vµ − aµ , (2.3)
rµ ≡ vµ + aµ . (2.4)

The definition of χ traditionally includes a LEC B [2, 3] which is related to ⟨qq⟩.
The building blocks in the chiral Lagrangian depend on the meson fields ϕ as well as

external fields χ, ℓµ and rµ. In the CCWZ formalism [29, 30], the meson fields can be
collected into the unitary Nf × Nf matrix u(ϕ). Under chiral transformations in terms of

3Throughout this manuscript, we use the term “operator” to refer to a basic field interaction term
invariant under chiral symmetry and composed of the building blocks, while the term “monomial” denotes
linear combinations of operators that are either even or odd under P, C and hermitian conjugation.
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group element (gL, gR) ∈ G the fields transform according to

u(ϕ) −→ gRu(ϕ)h(gL, gR, u(ϕ))† = h(gL, gR, u(ϕ))u(ϕ)g†L ,

χ −→ gRχg†L ,

ℓµ −→ gLℓµg†L − i∂µgLg†L ,

rµ −→ gRℓµg†R − i∂µgRg†R . (2.5)

Here we see the group element h(gL, gR, u(ϕ)) ∈ H, the so-called compensator field, which
depends in particular on ϕ. For convenience we will not write the arguments of u and h.

Anomalies arise when the symmetries of the Lagrangian at the classical level are not
respected in the quantized theory. This is the case of QCD, whose Lagrangian features
a general axial symmetry that is nevertheless violated after cancelling the divergences in
processes with fermion-loop triangle diagrams [31, 32]. The effective theory of QCD, ChPT,
captures the anomaly in the WZW interaction term [12, 13], which is not invariant under G

already at the classical level. This is also the leading interaction involving an odd number
of Goldstone bosons. This feature is commonly referred to as odd intrinsic parity, as it
is equivalent to normal P transformations but ignoring the space-time coordinates, e.g.
ϕ(x⃗, t) → −ϕ(x⃗, t) for pseudoscalar meson fields.

The effective mesonic chiral Lagrangian is constructed systematically in powers of p2,
where p is the typical momentum scale in a low-energy process. To this end we may write

Lχ = Leven + Lodd . (2.6)

The Lagrangian Leven only contains terms of even intrinsic parity, and starts at order p2.
It is currently known through order p8 [2, 3, 6, 8–10] and it is not the subject of this paper.
Instead, we are interested in the so-called anomalous Lagrangian Lodd, of odd intrinsic
parity, which starts at order p4 and, previous to this publication, was known up to order
p6 [12–15].

2.2 The anomalous chiral Lagrangian

Unlike the non-anomalous sector, Lodd starts at order p4. We may thus write

Lodd = Lodd
4 + Lodd

6 + Lodd
8 + . . . . (2.7)

The leading order Lodd
4 is given by the Wess-Zumino-Witten term [12, 13] and it is com-

pletely fixed by one parameter that can be identified with the number of colours Nc in
QCD. This is also the only term containing non-invariant structures under chiral symme-
try. Beyond Lodd

4 , new effective operators are needed to renormalize the singularities arising
in loop diagrams with Lodd

4 vertices, as well as to provide improved effective descriptions
of higher order interactions from QCD. The next-to-leading order Lagrangian Lodd

6 was
derived in refs. [14, 15] and contains several additional parameters. The purpose of this
work is to provide the next-to-next-to-leading order Lagrangian Lodd

8 . Starting from order
p6, the effective Lagrangians take the form

Lodd
2n =

N2n∑
i=1

O(2n)
i a

(2n)
i , (2.8)

– 4 –
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where O(2n)
i is a Lorentz-invariant monomial of chiral order p2n invariant under chiral

symmetry, parity, charge and hermitian conjugation. The monomials consist of (products
of) flavour traces of building blocks, containing the meson and external fields, which are
Nf × Nf -matrices in flavour space [2, 3]. The a

(2n)
i in eq. (2.8) are LECs and N2n is the

number of monomials in a minimal basis depending on the number of light-quark flavours,
Nf . To preserve the overall parity of the odd-intrinsic-parity monomials in Lodd, every
monomial contains a Levi-Civita tensor ϵµνρσ such that

O(2n)
i = O(2n)

i, µνρσϵµνρσ . (2.9)

Among these monomials, those that do not contain Goldstone bosons are not measur-
able and we identify them separately in our Lagrangian basis. They can be constructed
purely in terms of the external fields s, p, ℓµ, rµ and are called contact operators. To make
these external-field contact operators explicit in the final Lagrangian, they are constructed
separately. In the following sections we introduce the two field parametrizations that form
the building blocks for the monomials in the Lagrangian, the first one more appropriate
for the contact operators, the second for all operators.

2.3 The left-right basis

In ChPT, the meson and external fields are parametrized through matrices in flavour
space that transform linearly under chiral transformations. The left-right (LR) basis is a
broadly used parametrization in which both left and right matrices of the chiral group,
gL, gR ∈ SU(3)L × SU(3)R, appear in the transformation of the fields as

U ≡ u2 −→ gRUg†L ,

χ −→ gRχg†L ,

F µν
L ≡ ∂µℓν − ∂νℓµ − i [ℓµ, ℓν ] −→ gLF µν

L g†L ,

F µν
R ≡ ∂µrν − ∂νrµ − i [rµ, rν ] −→ gRF µν

R g†R . (2.10)

In this basis, the U matrix contains the Goldstone bosons, χ the external scalar and pseu-
doscalar fields, and F µν

L(R) is the field-strength tensor of the left (right) external sources
cf. eq. (2.5). Depending on the chiral transformation properties of the matrix O, its co-
variant derivative is defined as

DµO =



∂µO − irµO + iOℓµ, O −→ gR O g†L ,

∂µO − iℓµO + iOrµ, O −→ gL O g†R ,

∂µO − irµO + iOrµ, O −→ gR O g†R ,

∂µO − iℓµO + iOℓµ, O −→ gL O g†L .

(2.11)

The transformation properties of these building blocks under the discrete symmetries parity,
charge conjugation and hermitian conjugation are given in table 1. In the chiral counting
the building blocks scale as U ∼ 1, Dµ ∼ p, χ ∼ p2 and F µν

L,R ∼ p2.

– 5 –
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P C h.c.
U U † UT U †

χ χ† χT χ†

F µν
L ε(µ)ε(ν)F µν

R −
(
F µν

R

)T
F µν

L

F µν
R ε(µ)ε(ν)F µν

L −
(
F µν

L

)T
F µν

R

Table 1. Discrete transformation properties of the chiral building blocks in the LR basis. Here we
use the convention ε(0) = −ε(i = 1, 2, 3) = 1.

To construct all possible operators invariant under the symmetries of the theory, the
building blocks in eq. (2.10) must be combined in all possible ways, including all per-
mutations of indices, and distributed over different traces. Nevertheless, chiral-invariant
structures proportional to detχ cannot be generated using only combinations of building
blocks. To integrate these additional invariant structures in the method, the building block
χ̃ of chiral order p2Nf is introduced, which transforms as χ [2, 6, 33],

χ̃ ≡
(
det(χ)χ−1

)†
−→ gRχ̃g†L . (2.12)

The operators with χ̃(†) are clearly not independent of those with χ(†). To systematically
verify these dependencies when employing the LR basis, the traces with χ̃ can be written
in terms of the matrix elements of χ, with the explicit expression for χ̃ given in ref. [6] and
below in eq. (4.5).

2.4 The u basis

While the LR basis is broadly used in phenomenology due to its relatively direct connection
to meson fields, introducing an additional step in the parametrization of these fields offers
distinct advantages. In particular, it simplifies certain calculations and facilitates a more
straightforward connection to group-theoretical methods.

In the u basis, introduced in ref. [34], each building block X transforms only under
the vector subgroup H as X → hXh†, automatically keeping the chiral invariance under
permutations of the building blocks. This basis is particularly convenient for building
effective Lagrangians as it puts the building blocks on equal footing and simplifies the
extraction of operator relations, described in section 3. The new building blocks are related
to the LR-basis through

uµ = i
[
u†(∂µ − irµ)u − u(∂µ − iℓµ)u†

]
,

χ± = u†χu† ± uχ†u ,

fµν
± = uF µν

L u† ± u†F µν
R u . (2.13)

Another advantage of the u basis is that all buildings blocks share the same covariant
derivative, unlike in eq. (2.11). This is defined as

∇µX = ∂µX + [Γµ, X] , (2.14)

– 6 –
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P C h.c.

uµ −ε(µ)uµ uT
µ uµ

χ± ±χ± χT
± ±χ±

f±µν ±ε(µ)ε(ν)f±µν ∓fT
±µν f±µν

Table 2. Discrete transformation properties of the chiral building blocks in our basis. Here we
have the convention ε(0) = −ε(i = 1, 2, 3) = 1.

in which Γµ is the chiral connection

Γµ = 1
2
[
u† (∂µ − irµ)u + u (∂µ − iℓµ)u†

]
. (2.15)

The transformation properties of this basis under the discrete symmetries is given in
table 2. Note that in the LR basis the meson fields are contained solely in the U matrices
whereas in our basis both uµ, f±µν and χ± all contribute to processes with Goldstone
bosons. Intrinsic parity is easier in the u-basis since uµ, f−µν and χ− only change sign. So
odd intrinsic parity implies an odd number of these fields in the operators.

2.5 Translation between bases

To include the contact terms, written in the LR basis, as part of the main Lagrangian,
in the u basis, their independence to other operators must be ensured. The external field
matrices can be translated using

χ = 1
2u (χ+ + χ−)u ,

χ† = 1
2u† (χ+ − χ−)u† ,

F µν
L = 1

2u† (fµν
+ + fµν

−
)

u ,

F µν
R = 1

2u
(
fµν

+ − fµν
−
)

u† . (2.16)

The translation of χ̃(†), only needed here for Nf = 2, can be derived from the definition in
eq. (2.12) and the relation between determinant and trace of 2× 2 matrices. It reads

⟨Aχ̃⟩ = ⟨uAu⟩
〈
uχ†u

〉
−
〈
uAuuχ†u

〉
, (2.17)

where A is any matrix transforming as A −→ gLAgR. The analoguous formula for χ̃† is
the hermitian conjugate of eq. (2.17).

As seen in eq. (2.11), the covariant derivative in the LR basis is defined differently
depending on the transformation properties of the matrix on which it acts. Consequently,
the relation between the LR covariant derivatives Dµ and the ∇µ derivative of the u basis,

– 7 –
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defined in eq. (2.14), also depends on these transformation properties and is given by

u†DµOu† = ∇µ(u†Ou†)− i

2
{

uµ, u†Ou†
}

for O −→ gROg†L ,

uDµOu = ∇µ(uOu) + i

2 {uµ, uOu} for O −→ gLOg†R ,

u†DµOu = ∇µ(u†Ou)− i

2
[
uµ, u†Ou

]
for O −→ gROg†R ,

uDµOu† = ∇µ(uOu†) + i

2
[
uµ, uOu†

]
for O −→ gLOg†L . (2.18)

2.6 Enforcing the symmetries

Besides being chirally invariant, the ChPT Lagrangian must also be symmetric under Her-
mitian conjugation, parity and charge conjugation. The simplest way to make sure that
the discrete symmetries of the Lagrangian are respected is to symmetrize each monomial
individually in the over-complete basis. By writing each operator as a linear combina-
tion with its transformed counterpart, the resulting monomials become eigenvectors of the
symmetry. To enforce hermiticity, the operators in the initial basis {Oi} are transformed as

Õi = Oi + iO†
i , Õ′

i = Oi − iO†
i . (2.19)

It may seem that this method doubles the number of monomials in the {Õi} basis, but
because both Oi and O†

i exist in the original {Oi} basis, the monomials generated by O†
i are

always proportional to those generated by Oi, and then they can be identified as redundant
and be removed. In the case of hermitian conjugation, the resulting odd terms can be made
even by simply adding an overall i factor. The resulting basis is then symmetrized under
parity and, subsequently, under charge conjugation. In these cases, the transformations are

Õi = Oi + P(Oi) , Õ′
i = Oi − P(Oi) ,

Õi = Oi + C(Oi) , Õ′
i = Oi − C(Oi) ,

where the transformation properties of the chiral matrices were given in tables 1–2. Note
that in the u basis all building blocks transform under P to themselves up to a possible
sign, which means that in the initial construction of the monomials in the over-complete
basis one can very easily isolate those that are even under parity. Once these are chosen in
the u basis, we thus only need to symmetrize under C explicitly. This does not, however,
work in the LR basis since the building blocks transform in a non-trivial way. For the
contact terms which are generated in the LR basis, we therefore have to symmetrize under
both P and C. The main advantage of this approach to symmetrize the basis lies in its
systematic and uniform application to all elements. An equivalent but technically more
complex approach was used in ref. [6].

3 Relations to obtain a minimal basis

When systematically constructing all possible monomials for effective Lagrangians such as
that in eq. (2.8), one generally gets an over-complete basis with N0

2n > N2n monomials

– 8 –
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O(2n)
j . In order to minimise the basis one must list all possible relations between O(2n)

j

following from a set of identities, namely

• Partial integration or invariance of the action from total derivatives,

• Equations of motion or, equivalently, field redefinitions,

• Commuting of derivatives,

• The Bianchi identity,

• The Schouten identity,

• Additional relation with fµν
− ,

• The Cayley-Hamilton theorem.

In the following subsections we introduce each of the above classes of relations/identities.
Since the difference between monomials and operators is only coming from the linear com-
binations under parity, charge and hermitian conjugation described in section 2.6, relations
also hold at the operator level. For this reason we only consider operator relations below.

3.1 Partial integration relations

The action is invariant under the addition of a total derivative in the Lagrangian. To
include all such possibilities in the construction of the operators, we first construct all
possible anomalous combinations of the building blocks at chiral order p2n−1. Taking the
derivative of these combinations thus produces a relation between operators at order p2n.
As an example, one obtains the relation4

0 = ∂α ⟨χ−f+αµf−νρuσ⟩ ϵµνρσ . (3.1)

By bringing the derivative inside the trace we obtain

0 =
[
⟨∇αχ−f+αµf−νρuσ⟩+ ⟨χ−∇αf+αµf−νρuσ⟩

+ ⟨χ−f+αµ∇αf−νρuσ⟩+ ⟨χ−f+αµf−νρ∇αuσ⟩
]

ϵµνρσ . (3.2)

Here one may now recognise each of the four terms as an operator in the over-complete
basis.

3.2 Equation of motion relations

The leading-order equation of motion of the chiral Lagrangian takes the form

∇µuµ − i

2

(
χ− − 1

Nf
⟨χ−⟩

)
= 0 . (3.3)

This equation can be used to generate relations between the operators in the over-complete
basis, since combinations of operators that vanish using the leading-order equations of

4The = 0 is to be understood as not contributing to the action.

– 9 –
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motion can be removed using field redefinitions of the building blocks [9, 35]. We can
systematically generate all possible relations from the equation of motion by substituting
the left-hand side of eq. (3.3) into the instances of ∇µuµ within each operator, addressing
one occurrence at a time. An equivalent approach to finding operator relations involves
reconstructing all invariant structures, including an additional building block of order p2,
and then replacing this with eq. (3.3). An example relation is

0 =
[ 〈

∇βuβ∇µ∇νuρ

〉
− i

2 ⟨χ−∇µ∇νuρ⟩

+ i

2Nf
⟨χ−⟩ ⟨∇µ∇νuρ⟩

]
⟨uαuαuσ⟩ ϵµνρσ . (3.4)

3.3 The commutation of derivatives and the Bianchi identity

The field-strength tensor Γµν is given by

Γµν = ∂µΓν − ∂νΓµ + [Γµ,Γν ] =
1
4 [uµ, uν ]−

i

2f+µν . (3.5)

This enters the relation

[∇µ,∇ν ]X = [Γµν , X] , (3.6)

which we refer to as the commuting derivative relation. We generate all possible relations
by once replacing each occurence of ∇µ∇νX in each O(8)

i in the over-complete basis.
The field-strength tensor Γµν further satisfies the so-called Bianchi identity

Bµνρ ≡ ∇µΓνρ +∇νΓρµ +∇ρΓµν = 0 . (3.7)

From the definition in eq. (3.5) we immediately obtain the Bianchi relation

Bµνρ = 1
4
([

uρ, f−µν
]
+
[
uµ, f−νρ

]
+
[
uν , f−ρµ

])
− i

2
(
∇ρf+µν+∇µf+νρ+∇νf+ρµ

)
= 0 . (3.8)

Note that the combination Bµνρ is of chiral order p3, and has positive intrinsic parity. To
generate all possible operator relations from the Bianchi identity we can again follow two
different approaches: inserting the relation in the operators of the over-complete basis or
generating a new list of anomalous combinations of building blocks at order p8 using Bµνρ

as an additional building block, which is allowed to occur only once per term.

3.4 The Schouten identity

The Schouten identity [36] asserts that in d dimensions there can be no completely anti-
symmetric tensors with more than d Lorentz indices. For N > d, the identity can be
written

0 =
∑

{σ(ρ1...ρN )}
±Oσ(ρ1...ρN ) , (3.9)
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for an operator5 Oρ1...ρN and σ(ρ1 . . . ρN ) a permutation of the Lorentz-indices ρ1 . . . ρN

with the sign ± for an even or odd permutation. The sum runs over all permutations of the
N indices. To simplify notation, we have here only written out the N indices of interest
in Oρ1...ρN . For the intrinsic-parity-even Lagrangian at order p8 [6] it was shown that
this relation does not contribute, since any monomial at most has 4 independent Lorentz
indices. For the intrinsic-parity-odd Lagrangian, the Schouten identity does contribute
already from order p6 [14, 15].

In d = 4 it is sufficient to consider 5 indices in a certain operator at a time to apply
eq. (3.9). We thus need to consider Oρ1ρ2ρ3ρ4ρ5 . With an overall Levi-Civita tensor ϵµiµjµkµl

in each operator and since there at most are two different internal indices ν1 and ν2 in a
given operator, there are two distinct cases:

Case 4+1: Oµiµjµkµlνm , (3.10)
Case 3+2: Oµiµjµkνlνm . (3.11)

These two classes of operators give two sets of relations in eq. (3.9). The 4+1 type reduces
eq. (3.9) from 120 to 5 terms using the symmetry of the Levita-Civita tensor and similarly
the 3+2 type reduces to 20 terms. It turns out that the 20 terms of the 3+2 cases can be
written in terms of six different combinations of the 4+1 terms. The 3+2 case thus does
not lead to any new relations. It is sufficient to consider the five term relation

0 =
∑

{σ(µ1µ2µ3µ4νi)}
±Oσ(µ1µ2µ3µ4νi) , (3.12)

where νi can be either ν1 or ν2. To generate these relations, we take each operator in the
over-complete basis and anti-symmetrize over µ1, µ2, µ3, µ4 and νi according to eq. (3.12).

3.5 Additional relation with fµν
−

There is an additional relation at general Nf . In the absence of external fields it states
that ∇µuν is symmetric in the two indices µ and ν, but the general relation is

∇µuν −∇νuµ + f−µν = 0 . (3.13)

This relation is implemented by looking for all occurrences of ∇µuν in the operators and
replacing each with the relation in eq. (3.13).

3.6 Cayley-Hamilton relations at fixed Nf

The Cayley-Hamilton theorem states that any Nf × Nf matrix A satisfies its own charac-
teristic equation, p(A) = 0 [6]. Since the characteristic equation is a polynomial equation
of order Nf , the relations are of varying complexity and lead to very different numbers of
monomials in the final Lagrangians. Here we quote the results as given in ref. [6]. For two
flavours and 2× 2 matrices A, B and C such that A = B + C, one has the relation

Nf = 2 : {B, C} − B⟨C⟩ − C⟨B⟩ − ⟨BC⟩+ ⟨B⟩⟨C⟩ = 0 . (3.14)
5We emphasise again that the identity has to be applied to any set of 5 indices in a given operator.
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For three flavours and 3×3 matrices A, B, C and D such that A = B+C+D, the relation
is instead

Nf = 3 : BCD + DBC + CBD + DCB + CDB + BDC − DB⟨C⟩
− BD⟨C⟩ − BC⟨D⟩ − CB⟨D⟩ − DC⟨B⟩ − CD⟨B⟩ − D⟨BC⟩
− B⟨CD⟩ − C⟨BD⟩ − ⟨BCD⟩ − ⟨CBD⟩+ D⟨B⟩⟨C⟩+ B⟨C⟩⟨D⟩
+ C⟨B⟩⟨D⟩+ ⟨D⟩⟨BC⟩+ ⟨B⟩⟨CD⟩+ ⟨C⟩⟨BD⟩ − ⟨B⟩⟨C⟩⟨D⟩ = 0 . (3.15)

It is important to take into account that the matrices B, C and D can be any combi-
nations of building blocks in a given operator. For example, let us consider the two-flavour
case and the operator

O = ⟨χ−uµuν∇αuρ∇αuσ⟩ ϵµνρσ . (3.16)

Inside the trace there are 5 different building blocks that could be identified as either B or
C in eq. (3.14). These could be B = χ−, C = uµ, or B = uµuν and C = ∇αuρ∇αuσ and so
on. For three active flavours one would need B, C and D in eq. (3.15). We generate Cayley-
Hamilton relations by identifying all such possible matrix clusterings in the operators of
the over-complete basis.

We have also used the Cayley-Hamilton relation for Nf = 4, 5 but they are too long to
reproduce here. Instead we simply provide the number of terms also for these cases. For
Nf = 6, there are no Cayley-Hamilton relations at all for our operators.

4 The anomalous chiral Lagrangian at order p8

Having obtained all operator relations in the over-complete basis, a minimal Lagrangian
basis can be determined. In this section we outline our approach to obtain the basis. The
main idea is to construct a matrix of the Nrel relations found in section 3, which can be
solved to remove redundant monomials in the over-complete set with N0

8 . If we collect the
N0

8 monomials into a vector with components O(8)
i and the coefficients in the linear relations

in a relation matrix, R, of size Nrel×N0
8 , we may write the set of relations on the simple form

0 =
N0

8∑
j=1

Rij O(8)
j . (4.1)

Many of the relations are linearly dependent, which means that the operator basis can be
reduced to N8 < N0

8 monomials (cf. eq. (2.8)). The number of linearly independent rows
of the relation matrix is the rank of the matrix, rnk R, from which we immediately find

N8 = N0
8 − rnk R . (4.2)

4.1 Reduction to a minimal basis

To save computational resources and time, some trivial relations between monomials are
employed at the beginning of the calculation to obtain the initial basis. In particular,
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redundant terms resulting from the cyclicity of traces and (anti)symmetry of indices were
removed, as well as vanishing terms due to ⟨uµ⟩ = 0 and ⟨f±µν⟩ = 0. The latter requirement
is relaxed to just ⟨f−µν⟩ = 0 for Nf = 2 since, in the anomalous sector, one must include
a (non-invariant) singlet-vector source [14]. Nevertheless, below we present the size of the
minimal basis for both scenarios across all studied Nf . All bases are presented in the
supplementary material due to their length.

At order p8, this initially over-complete basis contains N0
8 = 31, 568 monomials for

⟨f±µν⟩ = 0, and 36,196 including the singlet trace. By employing the identities outlined in
section 3 we find about Nrel ≈ 140, 000 linear combinations of monomials that vanish for
Nf = 2, 75,000 for Nf = 3 and 65, 000 for general Nf . The generated relations are obviously
not linearly independent among themselves. The minimal number of linearly-independent
relations is determined via a process of Gaussian elimination. Each of these relations will
eliminate one monomial until all connections between the terms are exhausted, resulting
in a minimal Lagrangian basis.

There are, however, multiple equivalent choices of minimal bases. The preference
for retaining specific operators can be configured by reordering them before the Gaussian
elimination process, with those appearing earlier in the basis being removed before other
equivalent choices.

To facilitate the reproduction of our results, the criteria to reorder the operators are
enumerated in the following, by order of importance. By type of field in the monomial, the
following criteria are enforced:

1. First, we remove terms with only uµ such that they are as few as possible in the
final basis. This criterion allows to compare the number of operators to other ap-
proaches [24, 37] that do not consider the external fields.

2. Then, terms with χ± and no f±µν are preferentially removed.

3. Then, terms with f±µν and no χ± are preferentially removed.

Within each category, the preference for retention of monomials for the final basis is
as follows:

5. Operators with fewer flavour traces are prioritized to explicitly account for large-Nc

counting, where each trace introduces a factor 1/Nc,

6. Operators with larger number of χ±,

7. Operators with larger number of f±µν ,

8. Operators with larger number of uµ,

9. Operators with a smaller number of derivatives,

10. Operators with a smaller number of sequential derivatives, on the same object.

– 13 –



J
H
E
P
0
1
(
2
0
2
4
)
0
0
9

Technically, operators are assigned a score and reordered according to it. In this score,
every digit represents one of the specified criteria, arranged in order of importance. The
score of each term is nevertheless not unique as there are operators with the same building
blocks that differ in their order, or in the position of indices, or have the derivatives acting
on different objects. Consequently, it is not possible to entirely reproduce the final basis
from these criteria. It is possible, however, to reproduce the number of terms in each
block of the Lagrangian with a specific combination of fields and derivatives and, in any
case, the equivalence of two bases can always be verified through a process of Gaussian
elimination. For reference, only 205 of the 999 monomials in the final basis for general
Nf and ⟨f±µν⟩ = 0 are identical in our two independent calculations. They are, however,
equivalent bases and do agree on the numbers in tables 3 and 4.

In the code of the calculation, time efficiency is crucial for managing these large systems
of equations. Therefore, the decomposition of the operator-relation matrix is implemented
using C++ code. In the Form version of our calculation, we use a private implementa-
tion of Gaussian elimination with exact arithmetic via the GNU multiple precision library
(GMP) [38]. In the Mathematica version of our code, MINIBAR [28] includes an interface
to the matrix decomposition methods of SuiteSparseQR [39], based on C++, which are
optimized for sparse matrices.

4.2 Contact terms

The contact terms, i.e. those only involving external fields, are considered separately in our
calculation. To make the presence of these operators explicit in our Lagrangian, the LR
basis of building blocks in eq. (2.10) is employed to find all invariant structures and an anal-
ogous procedure is followed to find a minimal set of linearly independent monomials. In this
case, the relevant identities to find operator relations are the partial integration relations,
the Schouten identity, the Cayley-Hamilton identities, the Bianchi identity and the commu-
tation of derivatives. Some of these take a different shape in the LR basis, as the different
chiral transformation properties of the involved building blocks must be taken into account.

The Bianchi identities are written in this case as

DµFLνρ + DνFLρµ + DρFLµν = 0 ,

DµFRνρ + DνFRρµ + DρFRµν = 0 . (4.3)

The commutation of covariant derivatives depends on the chiral transformation of the
matrix O on which they act and reads

DµDνO − DνDµO + iFRµνO − iOFLµν = 0, O −→ gROg†L ,

DµDνO − DνDµO + iFLµνO − iOFRµν = 0, O −→ gLOg†R ,

DµDνO − DνDµO + iFRµνO − iOFRµν = 0, O −→ gROg†R ,

DµDνO − DνDµO + iFLµνO − iOFLµν = 0, O −→ gLOg†L . (4.4)

For the Cayley-Hamilton relations, as written in eq. (3.14) and (3.15), one must ensure
that the matrices B, C and D share the same chiral transformation properties in order to
permute them.
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It is important to remember that χ and χ̃ by definition are not independent, namely
χ̃ =

(
det(χ)χ−1)†. This in particular implies that χχ̃† = det(χ) which is proportional to the

unit matrix. Similarly,
〈
χχ†

〉
=
〈
χ̃χ̃†

〉
. These relations also have to be considered in addi-

tion to the ones above. As a final remark, this can be explicitly checked if we write the ele-
ment of the matrix χ as χij = xij . The definition of χ̃ then gives in the two-flavour case that

Nf = 2 : χ̃ =
(

x∗
22 −x∗

21
−x∗

12 x∗
11

)
, (4.5)

For three flavours the same procedure can be followed, but we only need it for Nf = 2 here.
The reason is that χ̃ for Nf ≥ 3 is at least order p3, and it must come together with χ† or
χ̃† which is at least order p2. At order p8 this leaves at most order p3 and thus no room
for derivatives or field-strengths to match the number of indices with the overall ϵµνρσ.

Finally, we obtain the minimal basis of monomials with only external fields. In the case
of ⟨f±µν⟩ = 0, which in the LR basis reads ⟨FL µν⟩ = ⟨FR µν⟩ = 0, we find no contact terms
for the cases Nf = 3 and general Nf , and two monomials are obtained for Nf = 2. These are

Nf = 2 :


i
〈
χFLµν χ̃†FRρσ

〉
− i

〈
χ†FRµν χ̃FLρσ

〉
,

i
[〈

χχ̃†
〉
−
〈
χ†χ̃

〉]
[⟨FLµνFLρσ⟩+ ⟨FRµνFRρσ⟩] .

(4.6)

Including the singlet vector source, the relations ⟨f−µν⟩ = 0 and ⟨f+ µν⟩ ̸= 0 imply
that, in general, ⟨FL µν⟩ = ⟨FR µν⟩ ̸= 0. In this case, the monomials are

Nf , and Nf = 3 :


〈
DβFLρσ + DβFRρσ

〉 [〈
F α

L µDαFLβν

〉
−
〈
F α

R µDαFRβν

〉]
,

〈
DβFLρσ + DβFRρσ

〉 [〈
F α

L βDαFLµν

〉
−
〈
F α

R βDαFRµν

〉]
,

(4.7)

Nf = 2 :



i
〈
χFLµν χ̃†FRρσ

〉
− i

〈
χ†FRµν χ̃FLρσ

〉
,

i
[〈

χχ̃†
〉
−
〈
χ†χ̃

〉]
[⟨FLµνFLρσ⟩+ ⟨FRµνFRρσ⟩] ,

i ⟨FLµσ + FRµσ⟩ ⟨FLνρ + FRνρ⟩
[〈

χχ̃†
〉
−
〈
χ†χ̃

〉]
,

〈
DβFLρσ + DβFRρσ

〉 [〈
F α

L µDαFLβν

〉
−
〈
F α

R µDαFRβν

〉]
,

〈
DβFLρσ + DβFRρσ

〉 [〈
F α

L βDαFLµν

〉
−
〈
F α

R βDαFRµν

〉]
.

(4.8)

Therefore, in the physical cases for the anomalous chiral Lagrangian at order p8 we found
no contact terms for Nf and Nf = 3, and 5 monomials for Nf = 2, given in eq. (4.8). For
comparison, at order p6 there were no contact terms for any Nf , regardless of the inclusion
of the singlet vector source for Nf = 2 [14].

Once the minimal basis of contact terms is obtained, they must be added to the main
Lagrangian, written in the u basis. However, to keep a genuinely minimal Lagrangian basis,
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〈
fµν

+
〉
= 0 Nf Nf = 5 Nf = 4 Nf = 3 Nf = 2

Full 999 998 950 705 92
No χ± 565 564 525 369 0
No fµν

± 79 79 73 45 2
Only uµ 36 36 31 16 0

Table 3. Number of monomials in the obtained minimal basis. We here also include the cases where
only a subset of the external field building blocks contribute. For these numbers we used

〈
fµν

+
〉
= 0,

which means that the singlet non-zero trace physically relevant for Nf = 2 is not included.

the same number of monomials must be removed from the general Lagrangian. Technically,
we achieve this by repeating the Gaussian elimination procedure for the over-complete basis
of N0

8 monomials, this time extended with the contact terms at the end. Accordingly, the
relation matrix Rij in eq. (4.1), is expanded with one relation per contact term, in which
this is set equal to its translation into the u basis, following section 2.5. This procedure
also serves as a consistency test, confirming that the basis of contact operators, derived in
the LR parametrization of the fields, remains minimal under the set of operator relations
obtained using the u parametrization for the general Lagrangian.

4.3 The Lagrangian

We now present our results in tables 3–4, where we give the number of monomials for
varying numbers of flavours and with certain combinations of building blocks. The La-
grangian bases for Nf , Nf = 3 and Nf = 2 are presented in the supplementary material.
Table 3 corresponds to the case ⟨fµν

+ ⟩ = 0. Note that for two flavours this excludes the
singlet vector source, which corresponds to the case studied in ref. [21]. The numbers on
the first row where all fields are included agree with table 10 of ref. [21]. At order p6 when
all fields are included, there are 24 monomials for a general Nf , 23 for Nf = 3 and 5 for
Nf = 2 [14, 15]. Comparing to table 3 we see a sizeable increase in the numbers, and a
bigger difference between Nf and Nf = 3.

In table 4 we include the singlet vector source ⟨fµν
+ ⟩ ̸= 0, which has not been considered

before in the literature. We have for completeness included it for all Nf , even though it in
reality only matters for Nf = 2. We observe a mild increase in the number of monomials
compared to table 3. The two last rows are identical for the two tables since the field fµν

+
is not included there. The number of monomials for order p6 when all fields including the
singlet source is 13 [14, 15].

We may next use our derived bases to connect to the literature. In ref. [37], the
non-linear sigma model was studied at higher orders. A particular case in this reference
corresponds to the anomalous Lagrangian derived here with Nf flavours, without external
fields and for monomials with only one flavour trace (i.e. in the large-Nc limit, with Nc

colours). This means that we can fill in the missing numbers in table 6 of ref. [37], corre-
sponding to the number of monomials with either 5 or 7 mesons in our ChPT Lagrangian.
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〈
fµν

+
〉
̸= 0 Nf Nf = 5 Nf = 4 Nf = 3 Nf = 2

Full 1210 1209 1161 892 211
No χ± 702 701 662 486 77
No fµν

± 79 79 73 45 2
Only uµ 36 36 31 16 0

Table 4. Number of monomials in the obtained minimal basis when
〈
fµν

+
〉
̸= 0. Again we include

the cases where only a subset of the external field building blocks contribute.

We obtain 3 terms contributing with 5 meson interactions and 15 with 7 meson interactions
agreeing with the amplitude results derived in ref. [37].

5 Conclusions

In this paper we have derived an explicit basis for the mesonic chiral Lagrangian of odd in-
trinsic parity at order p8. This completes the knowledge of the effective Lagrangian at order
p8 together with previous work in the even intrinsic parity sector by two of the authors [6].

We have considered 2, 3 as well as a general number of light quark flavours Nf . The
number of monomials in the minimal basis for the respective cases are

Nf : 999 ,

Nf = 3 : 705 ,

Nf = 2 : 211 . (5.1)

We emphasise that for Nf = 2 the number includes the singlet non-zero trace
〈
fµν

+
〉
̸= 0.

The corresponding numbers at order p6 are 24, 23 and 13 [14, 15]. For completeness, we
have also derived the numbers with

〈
fµν

+
〉
̸= 0 for Nf = 3 and a general Nf , given in

section 4. Our procedure is based on an explicit enumeration of all possible monomials
that can be built from the underlying chiral building blocks, with possible referring to
invariance under the chiral symmetry as well as Lorentz, parity, charge and hermitian
conjugation transformations. Our results confirm and also extend those of ref. [21] using
an independent Hilbert series method to determine the numbers.

Some of the monomials in the bases in eq. (5.1) are unmeasurable as they only depend
on external fields. The number of contact terms for different values of Nf are

Nf : 0 ,

Nf = 3 : 0 ,

Nf = 2 : 5 . (5.2)

At order p6 there are no contact terms [14, 15].
In the supplementary material we provide explicit bases for all the studied Lagrangians,

explicitly including also the contact terms for the general Nf and Nf = 2, 3 cases both in
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pdf and machine readable format. These bases correspond to the ones obtained with the
Mathematica version of the calculation.

The phenomenological impact of the derived Lagrangian is at present still rather lim-
ited, mainly due to large number of low-energy constants multiplying the monomials in the
minimal basis. For phenomenological applicability one would also need to renormalize the
low-energy constants. So far only one full calculation to order p8 exists, π0 → γγ [40, 41]
and work on leading logarithms [42]. The situation is the same for the Lagrangian of even
intrinsic parity [6, 7]. Despite this practical limitation for phenomenology, the results are
of interest in the amplitude community, e.g. as the Lagrangian here can be used to study
the non-linear sigma model in the limit of a large number of colours [37].
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