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ABSTRACT: We investigate 2n-dimensional axion electrodynamics for the purpose of ex-
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transformation of the background gauge fields that couple minimally to the conserved cur-
rents. The n = 3 case is studied most intensively. We derive the identities of correlation
functions among the global symmetry generators by using a gauge transformation that
maps two correlation functions with each other. A key ingredient in this computation is
given by the Green-Schwarz transformation and the 't Hooft anomalies associated with the
gauge transformation. The algebraic structure of these results and its physical interpre-
tations are discussed in detail. In particular, we find that the higher-group structure for
n = 3 is endowed with a multi-ary operation among the symmetry generators.
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1 Introduction

Recent developments in studies of global symmetries have led to a deeper understanding
of nonperturbartive aspects of quantum field theories(QFTs).

One of the most important results in this line is the use of higher-form symmetries [1]
(see also refs. [2-12]). p-form symmetry is characterized by a symmetry generator whose
support is given by a manifold of codimension p + 1, and which measures a charge carried
by p-dimensional extended objects. Such symmetries have been applied to many contexts
of quantum field theories, see e.g. [13-29]. It may occur that transformation of a certain
rank induces that of a different rank in a nontrivial manner. Such a mathematical struc-
ture is referred to as higher-group structure. For instance, 2-group structure [30] involves
0-form and 1-form symmetries, where the action of the 0-form symmetry generator on the
1-form symmetry generator gives rise to another 1-form symmetry generator. For a recent
development of higher-group structure in the QFT context, see e.g. [11, 31-52]. Mathe-
matical formulation of higher-group structure is made by means of an extension of group
to higher-category, see [53] for a review.

It has become clear that axion systems in four dimensions serve as a QFT model
that encodes the physical and mathematical structures of higher-group in a simple but
nontrivial manner. In particular, the papers [54, 55] show that the massless axion and
Maxwell system exhibits a 3-group structure. When the axion and photon is massive,



it enhances to a 4-group structure [56]. The higher-group structure in axion-Yang-Mills
theories is discussed in [57]. The physical interpretation of the higher-group structures
can be given via the Witten effect [58] and the anomalous Hall effect for the axion. Here,
the Witten effect for the axion means that an axionic domain wall enclosing a magnetic
monopole has an electric charge [59], and the anomalous Hall effect implies that there is
an induced current when we add an electric field around an axionic string [60-62]. The
purpose of this paper is to explore the higher-group structures of axion electrodynamics
by extending it to a generic 2n-dimensional spacetime.

Higher-group structures can be efficiently described in the presence of the background
gauge fields coupled with the higher-form symmetry currents [38]. In [55], the 3-group
structure is realized as a Green-Schwarz(GS)-type transformation [63] of the background
gauge fields that are associated with Chern-Weil(CW) symmetry [48, 50]. The CW cur-
rent is trivial in that the current conservation is satisfied by Bianchi identities, but plays
a key role in understanding the 3-group structure. In fact, the background gauging of
the symmetries associated with equations of motion(EoMs) for the axion and photon must
require the simultaneous background gauging of CW symmetries with GS transformations
enforced in order to preserve the gauge invariance of the axion and photon. It is then nat-
ural to expect that higher-dimensional axion electrodynamics exhibits enhanced algebraic
structure compared to four dimensions, because it admits a larger number of CW currents.

In this paper, we study the higher-group structure of axion electrodynamics in 2n
dimensions. The higher group is organized by the CW symmetries and the higher-form
symmetries associated to the equation of motion. The 1-, 2-, - -+ | (2n—2)-form CW symme-
tries in the 2n-dimensional axion electrodynamics must be gauged with the corresponding
background gauge fields required to make a GS-type transformation in order to remove a
quantum inconsistency due to operator-valued ambiguities when we gauge the higher-form
symmetries based on the equations of motion. In particular, the 2n = 6 case is analyzed
most intensively. It is found that a new algebraic structure emerges such that it contains
the 3-group structure of the 2n = 4 case as a substructure with a trinary operation among
three symmetry generators encoded in it.

The organization of this paper is as follows. Section 2 gives the action of the 2n-
dimensional axion and Maxwell theory and then derives the global symmetries of the sys-
tem. It is found they are divided into two classes, one containing the symmetries whose
current is conserved by the equations of motion(EoMs) and the other composed of the CW
symmetry. In section 2.2, we introduce the background gauge fields for the global sym-
metries, and derive the GS-type transformation laws for the CW symmetry gauge fields.
They are the manifestation of higher-group structure that contains the 3-group as a sub-
structure. Section 3 focuses on the 2n = 6 case. Using the GS transformation laws derived
in section 2.2, we compute some correlation functions among the symmetry generators of
the 6-dimensional axion electrodynamics. Section 5 is devoted to a conclusion and discus-
sion. In appendix A, we review a method developed in [54] for computing the correlation
functions of the symmetry generators.



2 2n-dimensional axion electrodynamics

The action of axion electrodynamics in 2n dimensions is given by

— Uz 2 1 2 N "
o= _/M% <2|d¢’ + 5ealdal” = Wéb(da) ) : (2.1)

Here, ¢ is an axion field with the 27 periodicity ¢ ~ ¢ + 27 and a = a,dz* an U(1)
1-form gauge field with the Dirac quantization [gqda € 2nZ for a closed 2-dimensional
subspace §. N is quantized to be integer when Ms, is a spin manifold. We use the
notation of differential forms. The symbol d denotes the exterior derivative, and A is the
wedge product. The kinetic term of a p-form field X' is written in terms of |[X|? = X' A
*X = I%X‘““‘“? Xm_._upd%:c with % being the Hodge star. We sometimes abbreviate wedge
products da A --- Ada to (da)”. v is a dimensionful parameter of mass dimension n — 1

n
and e the U(1) gauge coupling constant. For simplicity, we set v = 1 and e = 1 hereafter.

2.1 Symmetries

In this subsection, we find out the global symmetries of the action (2.1). As shown below, it
possesses higher-form symmetries of any integer ranks, which are divided into two classes.
One contains EoM-based discrete symmetries and the other consists of CW symmetries.

EoM-based global symmetries. The EoMs of ¢ and a read

dxdp = — (da)", d*da= Lﬁw A (da)" L. (2.2)

(2m)*(n—1)
The EoM of ¢ leads to the 0-form symmetry current

o _ N
Jeom =~ *d9 (277)”71!&

(2m)"n!

A (da)™ ' (2.3)

This defines the discrete 0-form symmetry ZE?,]. To see this, we note that the symmetry gen-
erator, which is given by exponentiating the current integrated over a (2n — 1)-dimensional
manifold, is gauge invariant if the rotation angle is Zy-valued:

2 2imm (0]
Ut (Do, 2 ) = o 2

with m € Z. Here, Dg,_1 is a (2n — 1)-dimensional closed subspace.
The EoM of the photon gives the current
1] N

Jrom = *da — mqf)(da)"_l ) (2.5)

The Noether charge is obtained by integrating the current over a (2n—2)-dimensional man-
ifold Ds,,_9 and generates the discrete 1-form symmetry ZE%,] with the symmetry generator
given by

9 2imm (1]
Uk (Pna, 5 ) = o oo, (26)



Chern-Weil symmetries. The Chern-Weil symmetry currents are conserved because
of the Bianchi identities. The model (2.1) has 2n CW currents, which generate (—1)-, 0-,
-+, (2n — 2)-form U(1) symmetries. For an integer r with 0 < r < n — 1, the 2r-form
symmetry current is given by

.[27] 1
Jow = -
2m)r(n—r—1)!

do A (da)" "1, (2.7)

Also the (2r — 1)-form symmetry current is given by

][02\7;\7_1] = (QW)n—rl(n _ 7”)' (da)n—r : (28)

These yield the higher-form U(1) symmetry generator of rank k¥ =0,1,2,--- ,2n — 2

(k]

Ut (Dan ik 1,7) =€ Jos i (2.9)
with v € R/27Z.

2.2 Background gauging and ’t Hooft anomaly

Here, we gauge the higher-form symmetries by coupling the currents found in the previous
subsection to background gauge fields. As found in [55], gauging ZE?[] and Zg\lf] causes
an operator-valued ambiguity, which states that the gauged action depends on how it is
extended to an extra dimension in order to make it gauge invariant. This problem is
resolved by requiring that the background gauge fields for the CW symmetries transform
under the ZE?,] and Zg\l,} transformations in an appropriate manner. The cancellation of the
operator-valued ambiguity in the presence of background gauge fields results in a 't Hooft
anomaly. This is an anomalous phase of the partition function that depends only on the
background gauge fields so that no cancellation of the 't Hooft anomaly is required.
We first gauge Zm, which acts on the photon field as

a—a+A;. (2.10)

with Ay being a 1-form gauge transformation function. We consider a background Zy
gauge field given by a set of 2- and 1-forms (B3, By) with N By = dBj, which transform as

By — By +dAy, By — B+ NA;. (2.11)

Here, B; is normalized as [¢dB; € 2nZ for a 2-dimensional closed surface S. Then, da
in the action (2.1) should be replaced with da — Bz in order to ensure that the action is
gauge invariant. The gauged action is in conflict with the periodicity of the axion field
¢ — ¢ + 27, however. This problem can be rephrased as an ambiguity of how to extend
the action in the partition function defined on My, to the action defined on an artificial
(2n + 1)-dimensional manifold Qu,, with 02, = Map:

N N

W Mo, ¢(da — BQ)” — W ‘/QM% d(]5 A (da _ Bg)n mod 2. (2‘12)



Hereafter, we omit writing “mod 2x” for simplicity. For the purpose of computing the
difference of the actions that arises from two choices of (2n+1)-manifolds Qy,, and 'y, ,
we define a closed manifold Zs,4+1 = Qaq,, U Q- ‘M., and evaluate the gauged topological
action on it. Here, Q’Mz” is Q’M% with an opposite orientation. By expanding it as

n _1\n—k
(275\[)"”' /Q dg A (da = By)" = (2]7\:)” > k‘('(nl) K)! /Q d A (da)® A (B2)"™* (2.13)
. Moy, k=0 : Mo,

only the Oth and 1st order terms in Bs take values in 277Z because of the normalization
condition N [ By € 277Z. The operator-valued ambiguities originate from the rest of the
terms that are nonlinear in Bs.

We now show that the quantum ambiguities can be eliminated by adding the local
counterterms

[27]
Z/M Jc(z“v da—sda—By |\ Y2r+2 (2.14)
2n

g n—k—r
E Z (1) i
= d /\ d B n—r /\YT‘ .
k— /M2n (b CL 27.(. n— rkl(n_k_,r._l)'( 2) 242

The replacement da — da — By should be made in order to keep the counterterm term
invariant under the Zg\lf] gauge transformation. It is interesting to note that no replacement
is necessary for the four-dimensional axion-Maxwell system because the quantum ambigui-
ties for the 2n = 4 case that involve the axion field are independent of da. This is manifest
also upon setting n = 2 in (2.14). Ya,49 is a (2r + 2)-form field strength of the form
Yorio = dXopy1 + agrgo. Xopyq is the background CW gauge field that couples minimally
with the current ][02\7;\]/ with the normalization condition given by [ dXo, 41 € 27Z. qgryo is
fixed by requiring that the local counter terms cancel the operator-valued ambiguities from
the gauged topological term. To see this, we note that adding (2.14) to the topological

term (2.12) gives the integrand

:i) M do A (da)*
A [27N (QW)(__?(:]i (52
":k:l e k(T_ll)’an_Tk 1_ — (Bo)" * "1 A Va1
v (2]:)“ kz::_l lmczqﬁ A (da)* A (Ba)" . (2.15)

The operator-valued ambiguities can be cancelled by requiring

2N (—l)n—k nz 1 (— 1)n—k—r—1 B )nfkfrfl oy
@)k (n — k) L @mnkrT(n —k —r — 1) 2 242
= —dXo(m—k)-1, (2.16)



for kK = 0,1,2,--- ,n — 2. This allows us to fix ag,+2 completely. We start examining
the cancellation condition from the & = n — 2 case to obtain ay = %(32)2. The rest of
aor+2 can be worked out by solving the cancellation conditions for kK =n—3,n—4,---,0
recursively. As clear from the sample computation of ay, all ag, 49 are written in terms of
By. Naively, this implies that Y2, yo is not ZE\I,} gauge invariant so that the local counter
terms break the Zg\l,} gauge invariance. It is restored by requiring that Xs,41 transform
under ZR,] in such a manner that Y, is kept gauge invariant. This is the reason for why
the GS-type transformation rm]lst be imposed for Xo.1.

Furthermore, we gauge Ay , which acts on the axion as a shift:

¢ — ¢+ Ao (2.17)

The ZE(\),} background gauge field is defined by a pair of 1- and 0-form fields (A;, Ag) with

NA{ = dAyp, and the ZE?,] gauge transformation acts as

A1 — A1 +dANy, Ag— Ao+ NAg. (218)

Here, Ag is normalized as [, dAg € 2nZ for a closed 1-dimensional subspace C. The ZE(\),]

gauge invariant action is obtained by replacing d¢ with the covariant derivative d¢ — A;.
Then, (2.15) together with (2.16) leads to the linear term in Aj:

1 =2 N
% Ay NdXop_1 + ];1 m A A (da) N dXQ(n—k)—l

N
o A A (da)" T A By —

(2m)"™ (n —1) Lnn, A1 A (da)". (2.19)

(2m)

It is clear that the second and the third terms are responsible for another quantum am-
biguity. The first term is written only by the background field, resulting in an 't Hooft
anomaly. This ambiguity can be canceled by further adding the counterterms

n—1 [2 1]

.[2r—
Z Jow |da%dafB2 AYorp1
r=1

n—1 (_1)n—r
(2m)"=" (n—r)!

(B2)"™ " AN Yariq

r=1
- ol (da)* A nf (- (Bo)" k" A Y (2.20)
k n—k—r — — 2 2r+1 .
= (2m)F k! = (2m) (n—k—r)!

where Ya,11 = dXo, + aor+1 with the normalization condition given by [ dXa,41 € 27Z.
Adding it to (2.19) cancels the ambiguity by requiring that ag,41 obey

N
dXy = ?Al A By + Y3, (2.21)
m

1 n—k (_1)n—k—r
dXo(n—k) = 5 AL N dX o gy—1+ Y (
r=1

Bo)"FTT A Y, 2.22
2 yn—k—r (n—k—r)!( 2) a1y (2:22)



for k =1,2,--- ;n —2. Eq. (2.21) determines a3 and (2.22) can be solved recursively as
before to fix the rest of ag,41. For instance, the condition for kK = n — 2 is solved by setting

1 1 N
a5_—A1AdX3+BQA<dX2—Al/\BQ) . (2.23)
2w 27 2

It is found that a4 is not gauge invariant either. The counterterm (2.20) is left gauge
invariant by requiring that Xo, make a GS-type transformation under ZE(\),} and Zg\lf} in such
a manner that Ys,,1 becomes a gauge invariant field strength.

To summarize, the gauge invariant action with no operator-valued ambiguity is given by

1 1
s':_/M (2|d¢—A1|2+2\da—B2\2) (2.24)
2n

N 2n—2
N dé— A1) A (da— Bs) / NS
+ (27)"n! /QM2 (dg— A1) A(da—By)" + Z jCW dbsdé—Ar,dasda—By T2

This might depend on the choice of Quy,,, which is used to rewrite Chern-Simons(CS)
terms in a gauge invariant manner. The difference of the actions for two choices of Qq,,
is manifested as a 't Hooft anomaly. More concretely, we define the compact (2n + 1)-
. . . 1 2 1 2
dimensional manifold 29,11 such that Zy,41 = Qg\/%% U Qs\,t)%, where QS\A)% and QS\A)% are

glued together at the common boundary 895\14)2” = 8@5\2/2271 = My,. Then, the 't Hooft
anomaly is given by a phase

n—1 ( 1)nfr
] A /\ dX B n—r /\ Y ) 2‘25
expz/zm+1 [277 1 2n—1 1 Z 2m)= (n —r)! (B2) 241 ( )

Here, the integrand comes from the terms in (2.24) that depend only on the background
gauge field. If 25,7 is taken to be a mapping torus that interpolates between two May,,
each of which is endowed with background gauge fields related to each other via a gauge
transformation, the phase (2.25) leads to an anomalous phase associated with the gauge
transformation.

The explicit form of the 't Hooft anomaly for the n = 3 case is given in the next
section.

3 The n = 3 case

In this section, we make a detailed analysis of axion electrodynamics in six dimensions.
This is in parallel with that made in [54, 55] for the 2n = 4 case.
The action in the absence of the background gauge field reads

_ Lo 1o
Soa == [ (5100 + 5 ldal* = 550 (0" (31)

Here, we briefly discuss the Witten effect induced on an axionic domain wall and the
anomalous Hall effect by an axionic vortex. A more rigorous analysis will be given later.



The EoMs for ¢ and a are given in component by

N
2 o
0°¢ = —go ="’ PE 0 FosFog (3.2)
N
O FM = mevpafaﬁ(a,)(p)FMFaﬁ. (3.3)

Assuming that F),, is static, the EoM (3.3) for v = 0 gives

O = s O (9,0) Fy Fi,
with 4,7, k,--- being the indices for the spatial directions. By turning on a domain wall
configuration for ¢ together with a magnetic flux over the spatial direction of the domain
wall, the r.h.s. serves as an electric charge density induced on the domain wall. This is the
Witten effect.

The EoM (3.3) for v = m becomes

N

an —_
On 6472

VIR (9, ) Foj F -
We give a vortex configuration to ¢, which appears as an axionic 3-brane. In addition, we
turn on an electric field and a magnetic flux on the 3-brane world volume so that the r.h.s.
is nonvanishing. Then, the resultant source term serves as an electric current that flows
towards the 3-brane, which is normal to the electric field direction.

The symmetries and the corresponding currents coupled minimally with the back-
ground gauge fields are listed as

Generator | Group | Current Gauge field
U, Zn | iy = —#dé— Lsandanda A
Ul Zn | iy = *da — 126 Ada A da By
US| U() | 5 = &=dan da BSW
US| U | 45 = tde Ada Cy
3 3
Usw | U() | jcw = seda D
4 T4
Uy | U | 5y = sdo Es
Here, the gauge invariant field strengths Y3, Yy, Y5, Ys are renamed as Gs, Hy, I5, Jg respec-
tively:
CW N
G3 = d32 — %Al A Bo, (34)
N
Hy=dCs + ZBQ A Bs, (3.5)
m
Is = dDy — —= Ay AdCs + - By A dBSY N A AByAB (3.6)
5= ade— oA 3+ 5 b2 2 12 2 2, .
1 N
=dFs+ —Bsy Ad ——ByANBys ANB .
Jo 5+ 5-B2 NdCs + 755 B2 A By A\ By, (3.7)



As seen before, the gauge fields make a GS transformation in such a manner that these are

left invariant under the ZE(\],} and Zg\l,] gauge transformations:

N N
BQCW*)BQCW+dA?W*%(AlerAo)/\AlJr%Bg/\Ao, (3.8)
N N
C3—>C3+dA2—7(BQ+dA1)/\A1—7B2/\A1, (3.9)
4 4
1 1
Dy — Dy + dAg — fdAo/\Cg—fdAl/\BgW
27 27
N N
— ——AgANBy ANdA1 + — (A1 + dA()) AN AdA, (310)
472 82
N N
E5—)E5+dA4—7B2/\(BQ+dA1)/\A1— dA1 AN dA N Aq
82 1272
1 N
— —dA; ANC3+ —(Ba +dA)* A A . 3.11
5-AA A Cs + 87r2( o+ dAq) 1 (3.11)

We remark that there are two non-trivial structures which are specific in the 6d axion-
Maxwell system in contrast to the 4d axion-Maxwell system [54, 55]. One is that fusion of
EoM-based global symmetries and CW global symmetries lead to another CW symmetry
of higher rank. This is manifested as the terms Ay A dC3, By A ngW and By A dCjs
appearing in the gauge invariant field strengths I5 and Jg, or dAg A C3, dA; A BSW and
dAj A C3 in the gauge transformation laws for Dy and E5. The other is that the CW field
strengths and gauge transformation laws contain cubic terms of the gauge fields or the gauge
transformation parameters. More explicitly, see the terms A1 A B A By and Bs A Bo A Bo
in I5 and Jg respectively, or the gauge transformation laws in (3.10) and (3.11).

The partition function of the 6d axion-Maxwell system, which is a functional of the
background gauge fields, is given by

Z[Al,BQ,BgW7C3’D4,E5] :/qu)Da expt S6d+5min+/ £7] , (3.12)
Qg
with
SminZ/M (JEJJ)MAAl+jl[~:1<])MABz+jg]wABQCW+j£;2\]sz03+jg]vaD4+jg]vaE5)» (3.13)
6
Lo AA(BL) = (Bo)2AdBSY - A AByAdCs— - ByndD
T 16ms ! 2 g2 R 2 42 IR T or R 4
1
— Ay NdEs. 14
+27T 1AdEs (3.14)

Here, the 't Hooft anomaly for n = 3 is determined by the difference of (3.14) due to two
choices of Qaq,, see (2.25). The seagull terms proportional to |Ba|? and |A1|? are omitted
for simplicity because these are irrelevant to the rest of the discussions in this paper.

3.1 Charged objects

Here, we discuss what are objects charged under the global symmetries we found before,
and then compute the charges explicitly. In [54, 55], these are obtained by computing
correlation functions involving charged objects and symmetry generators. This method is



reviewed in the appendix A. In this paper, we give an alternative prescription based on
a systematic use of the background gauge fields. It is found that the global charges are
worked out from the 't Hooft anomaly.

3.1.1 EoM-based symmetries

We first identify charged objects under the EoM-based global symmetries ZE(\),] and ZE\I,}.

ZE?,] acts on ¢ as a shift so that the associated charged object is given by a local operator
[(Pdefect, q) = 9 (Pactect) . Here, Pefect 1S & point in the spacetime Mg on which the local
operator is localized with g € Z being the ZE?,] charge. Using

eiqd)(pdefect) — 627Tiqugl\]7v/\65 (deefect) ,

the local operator arises by turning on E5 = 2mqd5(2p). Here, the delta function §,(Dp—p)
with the support Dp_, being a submanifold of codimension p is defined to satisfy

JP=P) A 6,(Dp_,) = / Jo-p)

Mp Dp_p

for any (D — p)-form J(P7P).  Use of the Stokes theorem yields &,(Dp_,) =
(—=1)PP=1d6,_1(Qp,,_,) with Qp,, = Dp_,.

We now argue that the O-form symmetry generator UEOQM(V, 27mn/N), which is sup-
ported on a codimension-one manifold V, acts on I(Pgefect, q¢) nontrivially. This is done
by defining the correlation functions <U£M (V, %T”) | (Paefect q)> and (I (Pgefect, q)) from
the partition function (3.12) in the presence of the appropriate background gauge fields
and then relating them with each other via the t Hooft anomaly. We define the corre-
lator <U]£3(£M (V, ZWT") I (Pdefect,q)> by inserting A; = 2”7"51(1)) and Es = 2mq05(Qp, et )
into (3.12):

2mn 2mn
<UE[](:2M (Vﬂ N) I (Pdefecta Q)> =7 I:Nél(v)707070707 27rq65(QPdefect>:| . (315)
Note that A; = %Tndl(V) leads to a codimension-1 defect, which is referred to as an

axionic domain wall. The relation between the axionic domain wall and UIEDOC])M (V, 2%")

will be important later. We next make a gauge transformation to gauge away Ap, which
amounts to eliminating U]E%M (V, 2%”) It follows from (3.8)—(3.11) that this induces no
CW gauge fields. Then, there remains only FEjs, in the presence of which the partition
function defines (I (Pefect, q)):

(I (Paetect> 4)) = Z[0,0,0,0,0,2mq85 (Q2pyeecy )] - (3.16)

Finally, we evaluate the 't Hooft anomaly associated with the gauge transformation. As
discussed in (2.25) and (3.14), it is obtained by integrating L7 over a mapping 7-torus 77
of topology Mg x S, where S” denotes a n-dimensional sphere. Let 4; and &5 be an lift
of the background gauge field A; and E5 respectively to 77 such that

Ay =(1-1)4,, & =FEs, (3.17)

~10 -



with 7 € [0, 1] being the coordinate of S'. It is easy to find that

. o
exp (Z/ £7> = exp <z Ai A d<95> = exp ( T sV A 55(Q7>defect)) - (3.18)
T 21 JT7 N Ime

The resultant phase factor measures the linking number between V and Pgefect- We thus
find that

27Tn 2migny ;
<U1£30c]>M (V’ N) I(Pdefect,q)> = e N HkVPactect) (1 (ot 9)) - (3.19)

The EoM-based 1-form symmetry Zg\l,] acts on a as a shift and gives rise to a nontrivial

transformation for the Wilson loop W(Lgefect, ¢) = e J Caefoct . By noting
eiq ‘/‘ﬁdefect 4 = e27riqf‘j([§%)v/\64(9£defect) s (320)

the Wilson loop operator is realized by turning on Dy = 2mqds(Qz,... ). The par-
tition function with By = 2%26;(W) and Dy = 2mqds(Qz,.,,.,) defines the correlator
<U]£31§M (W, %Tm) W(ﬁdefect,q)>. By gauging away Bs and evaluating the associated ’t
Hooft anomaly, we obtain

27Tm 2migmy -
(08 (9. 27 ) W () ) = OV ) (W (g} - (321

3.1.2 Chern-Weil symmetries

Here, we argue that the charged objects for the Chern-Weil symmetries are composed of
axionic vortices and monopoles.

We first consider the 4-form symmetry generator U([él\],v(ﬁ, a) with £ being a 1-
dimensional support. As the corresponding CW current is given by d¢/(27), the charged

operator is realized by an axionic vortex, which is equivalent to turning on A; such that

721 Al,defect =2nq. (322)

This defines the surface operator V(Wgefect, ¢) With Weetect being a codimension-2 sup-
port. This is also interpreted as an axionic 3-brane. We verify that the U([;l\],v charge of
V (Wieteet, ¢) is computed by evaluating the 't Hooft anomaly in (3.14). The correlator
<U([§1\]7V (L, @) VWaefect q)> is defined from the partition function with A = Aj gefect and
E5 = a55(£):

Z[Al,defect7 07 07 07 07 a55(£)] = <U[C4\])V (£7 a) V(Wdefec‘m Q)> . (323)
By making a gauge transformation to turn off A; gefect, we find
Z[ A1 defect; 0,0, 0,0, ad5(L)] = el@dtinkWacteet:£) 700,0, 0,0, ad5(L)] - (3.24)

Here, the phase factor in the r.h.s. follows from the 't Hooft anomaly, which is computed
by constructing a mapping 7-torus associated with the gauge transformation under consid-
eration. As the partition function in the r.h.s. gives the one-point function of V(Wiefect, q),
we obtain

<U([;l\}zv (‘Cv a) V(Wdefectu Q)> = eiaqLink(WdEfeCt’E) <V(Wdefecta Q)> . (325)
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axionic 3-brane

j‘

Figure 1. V(Wqefect, ¢) as an axionic 3-brane carrying the U[C4\]N charge.

R2

1

’t Hooft surface

Figure 2. 't Hooft surface operator T(Cdefect, ¢) carrying the U([;\]N charge.

R3

2

Next, we discuss the 3-form symmetry generator Ug’\],V(S ,3), which is supported on

a codimension-4 manifold S. As the corresponding CW current is da/(27), the charged
object is a monopole. This is realized by turning on the background gauge field

f;Q B2,defect =2mq, (326)

and defines a codimension-3 surface operator T(Cqefect,q) With Cgetect being the worldvol-
ume. We call it an ’t Hooft surface. The U(1)B! charge of the ’t Hooft surface is computed
from the 't Hooft anomaly. For this purpose, we define the correlator of Ug\];v(S , ) and
T(Cdefect; q) as the partition function in the presence of B gefect and Dy = $4(S):

Z[0, Ba,defect 0,0, Da = B64(8), 0] = (U (S, 8) T(Catctect 0)) - (3.27)
By gauging away D, and evaluating the associated 't Hooft anomaly, we obtain

(UBL (S, 8) T(Cactect, 0)) = Pk CoctectS) 710, By gegect, 0, 0,0, 0]
— eiﬁqLink(cdefect:S) <T(Cdefect7 q)> . (328)

The charged operator for the 2-form symmetry U(l)[Q] has a 2-dimensional worldvol-
ume and is composed of an 't Hooft surface and an axionic 3-brane wrapped around it,
because the corresponding CW current is given by d¢ A da/(2m)2. A typical configuration

- 12 —



axionic 3-brane
tz

R2

’t Hooft surface

Figure 3. VT (Sqefect,q) carrying the U([jz\],v charge.

of the charged operator is listed below. Here, r and 1 are the polar coordinates of the
2-dimensional plane transverse to the axionic 3-brane.

tlxz|lylz|r]|d

\ (Wdefect 5 (M)) c|lojoj]o

T (Cdefecta Qa) © © ©

This is realized by turning on the background gauge fields A; and Bs as
Al,defect = %dﬁ, B2,defect = 2”Qa5(x)5(y)0(7a - G)d.f(} A dy7 (329)

where € > 0 is a regulator that is sent to zero eventually. It then follows that

/Al,defect A B2,defect = 4ﬂ2(]7 q = 4¢4a - (330)

We define this configuration as an operator VT (Sqefect,q) with a 2-dimensional support
Sdefect given by R? 3 (¢, z) and ¢ being the U(1)[?) charge. Eq. (3.30) is generalized to cases
where 't Hooft surfaces and axionic 3-branes are linked with each other on a slice with
constant values of (t, z).

The symmetry generator Ug ] (L,7) that measures the charge of VT (Sdefect,q) is ob-
tained by setting C3 = vd3(L), where L is a 3-dimensional surface that surrounds Sgefect-
This is verified by computing the correlation function of Ug\]}v(ﬁ, v) and VT (Sgefect, q) fol-

lowing the same procedure as before:
<U([32\]zv (L£,7) VT (Saefect q)> = VLK (Saetect L) (VT (Syofects 7)) - (3.31)

Finally, we consider the CW 1-form symmetry U(l)[l] and charged operators for it. By
definition, these have a 1-dimensional support, and are composed of two 't Hooft surfaces
because the CW 1-form symmetry current is given by (da)?/(27)?. A typical configuration
for the charged operator is shown below:

T (Cdefectv Q) SIS o
T (C(/iefec‘w q/) o ° ©

~13 -



t ’t Hooft surface
I i
=

R3

’t Hooft surface

Figure 4. TT(L{Y. ., q) carrying the Ug\];v charge.

Here, (r,9,¢) are the spherical coordinates of R3, which is transverse to Ciefect. This
configuration is realized by

B3 defect = g sin 9dide + 27q'6(x)d(y)0(r — €)dzdy , (3.32)

and define the operator TT(LSW ., q”) with the 1-dimensional support LW . equal to
R >t and ¢” being the U(1)!!l charge evaluated from

/BQ,defect A B2,defect = 8772(]” ) q// = qq/ . (333)

The symmetry generator U([J\])v (W, €) for measuring TT(L{W.,., ¢") is realized by turning on
BSW = £5,(W) with € being the U(1)[ rotation angle and W a 4-dimensional support that
surrounds L’gs?éct. As before, the charge of TT(Ege\gct, q) results from a 't Hooft anomaly
associated with a gauge transformation for removing BEW:

(U8 V.0 TT(ULG Y 0)) = S ERE (T (LG 0)) (3.34)

3.2 Correlation functions of symmetry generators

In this subsection, we work out the identities among correlation function of the symmetry
generators for the purpose of understanding the higher-group structures and their physical
interpretation in the 6d axion-Maxwell system. A key ingredient in this analysis is the GS
transformation laws for the CW gauge fields (3.8), (3.9), (3.10), (3.11). Part of the results
given below is an extension of those obtained in [54, 55] for the 4d axion-Maxwell system.

3.2.1 Correlation functions of two EoM-based symmetry generators
We start discussing
2mn 27Tm

0 27rn 1 27Tm

with A1 = %T”(sl(V) and By = %Tmég (W). We make a gauge transformation to gauge away

BQI
2
Bo— By+dAy =0, A= ”Tmal(ﬁw) (3.36)
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Note that this gauge transformation induces the CW gauge field BSW

N 2mn
BSW — BSW S AT A AL = —= V) Aa(@w), (3.37)

because of (3.8). It is easy to show that no 't Hooft anomaly arises from the gauge
transformation so that

2mn 2mm 2mn 2mmn
Z{Nél(V),N62(W),O,0,0,0]_Z{N61(1/),0,— i 51(V)A61(QW),0,0,0}.
(3.38)
Therefore,
0 2mn 1 2mm 0 2mn 1 2mmn
(e (%) i (957 ) = (08 (v 57 e (V000 7))
(3.39)

The physical meaning of this relation becomes clearer by inserting the operator
TT(LEY.., q) into (3.39). Using (3.34), we obtain

0 2mn 1 2mm
<UI[Ec}>M (V’ N) U]éc])M <W’ N) TT(‘CSQ?(ZCU Q)>
L 2Tmn . 2
— IR V) (Gl (v, ) T ) ) (3.40)

As discussed in [54, 55], this can be interpreted as the Witten effect [58] induced on an
axion domain wall. As a typical realization of (3.40), we consider

tlax|y|r|d]|e
T (Cdefect1,q1) | o] o | o
T (Caefect2, q2) | © S?
Upng (V. B2) |o|o|o| &2
Uy (W, B2) | |o|o| ¢

Here, TT(Eg,yf\éCt,q) with ¢ = ¢1q2 is composed of the two 't Hooft surfaces as seen in
figure 4. A plot of this configuration at ¢ = 0, where UEQM (W, 2%") is localized, is
shown in figure 5. A magnetic field emanating from magnetic monopoles on the 't Hooft
surfaces goes through U]E%M (V, %T"), which is regarded as an axionic domain wall with the
worldvolume given by V. The phase factor appearing in (3.40) implies the existence of an
electric source induced on V, because UEJM (W, %Tm> is designed to measure an electric
flux emanating from V.

As a second example, we focus on  the correlation  function
(UB(])M(WM%%)UEJM(WQ,%%». This is obtained by turning on By =
2”%52(1/\/1) + 2”%52(1/\/2). Gauging away the second term in By to remove

UEQM (Wg, 2”%) and then using the GS transformation law (3.9) gives

1 2mmy 1 2mme
(vt (e 55 ) U (255

2 2
= < o (Wh 7;3“) USly (m N . —7”"]\;”’2» . (3.41)
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T(Caetect1, q1)

N T

)\
S

, 27r_m> / i T(Caefect2, 42)

1]
ot (. 5

0 2mn
Ul ( N

Figure 5. Witten effect on an axionic domain wall.

We now argue that this can be interpreted as an anomalous Hall effect in 6 dimensions.
For this purpose, it is more convenient to insert the operator VT (Sgefect, ¢) into (3.41). By
noting that VT (Sgefect, ¢) is charged under Ug\];v, we find

2mm 2mm
<U]£)10]M (W17 N 1) U]ETEM (W27 N 2) VT(Sdefecta Q)>

L 2T M . 2
— R S W) (G (W1, T VT S ) - (342

N

A typical configuration for realizing the Lh.s. of (3.42) is given below:

tlx|y|lz|r|v

\Y (Wdefect 5 Q(i)) o]0 SIS

T (Cdefect7 Qa) o o Sl
Upont (W1, 252 o|o| T
CE () [+ o] [

with a section with t = 2 = y = 0 plotted in figure 6. Here, (r,¢) is the polar coordinates of
the 2-dimensional plane transverse to the z-direction. W5 is depicted as concentric circles
that sandwich Wj.

With this setup, the phase factor appearing in the r.h.s. of (3.42) is identified with a
magnetic flux along the ¥-direction that is measured by UE&M (Wg, %Tm) The magnetic
flux is interpreted to emanate from an electric current induced along the a-cycle of the
2-torus Wj. This is a manifestation of the anomalous Hall effect in 6 dimensions. In fact,
we note that UIQQM (Wl, 2”%) is realized by turning on a background electric field along
the normal direction to W, which is perpendicular to that of the induced current.

As found in [54, 55], the correlation function (3.41) is regarded as the Peiffer lifting of
a 3-group. This implies that the 6d axion electrodynamics possesses the 3-group structure
as in d = 4. In the next subsubsection, we make a further computation of correlation
functions to gain a stringent support that the 6d axion electrodynamics encodes a higher-
group structure with the 3-group realized as a substructure.

~16 -



V(Wdefect » 4o )

T(Cdefect ) QG) I

27mmy
ot (. 5

tha (2,
Figure 6. Anomalous Hall effect in 6d.

3.2.2 Correlation functions of symmetry generators of higher ranks

Here, we discuss correlation functions involving the symmetry generators that are absent
for d = 4.

We first turn on A1 = 2261 (V), C3 = ad3(C), which leads to the correlation function

9
<U]£%M <v, ;”) vl (c, a)> . (3.43)

By gauging away A; and using the GS transformation law (3.10), we find

<U§QM (v, 2;”) Usy (C,a)> = <U§$V (C.a) US, (V ne, ‘}‘\’;)> . (3.44)

As another example where the action of a symmetry generator of a lower rank gives rise
to Ug’\]}v, we find

(0l (.22 ol (. 5) ) = (0l (e, 8) 08, (e, 2 )
(3.45)
Here, the lh.s. is defined by the partition function in the presence of By =
27rTmél()/\/), BSW = 36, (WCW), while the r.h.s. is obtained by gauging away By and then
using the GS transformation law in (3.10). It is verified that the action of UIEJIJM on Ug\}zv
gives rise to the 4-form symmetry generator:

2mm n
<U}[31(1M (W, N) Uy (C,'y)> = <U([32\],V (C.7) Uy <W ne, 3v>> , (3.46)

which is obtained by using the GS gauge transformation law in (3.11).

We next discuss correlation functions of three symmetry generators of lower ranks.
As a first example, we turn on A; = 2’#"61 (V), By = 2”]\7,”1 Jo(Wh) + 2“](,"2 d2(Ws) to define
the 3-point function of UgﬂM and UIEZIQM. By gauging away both A; and Bs, the 3-point

17 -



. . L . 3
function becomes a correlation function involving U([j\},v:

0 2mn 1 2mmay 1 2mme
(b (v 57 ) v (255 ) s (92552 )
2mnm 2mnm

2 4
x U <W1 N Qw,, —7””]\}7”2> vl <W1 AWy N Qy, —W) > . (3.47)

Furthermore, turning on By = 2”%52 (W1) + 2”%52(1/\/2) + Q”Nm3 02(Ws) and then gauging

it away gives a correlation function involving U([Sl\],vz

1 2mmq 1 2mmo 1 2mms
<U1£:(1M(W1= N )UEQM<WQ7 N )U}[EJM<W37 N >>

2 2 2

_ <U([§\],v (ngm ,—7”";”” ) vl (WQHng ,—L";\?m?’ ) v, (ngszm ,—Lﬂ;\;’ml )
4rmimom

<UL (W10W209W3 ,—7;2 2 3) > (3.48)

These results are regarded as a manifestation of the algebraic structures that are pecu-
liar to the 6d axion-Maxwell theory. In particular, it follows from the last two computations
that the higher-group structure in this theory should be equipped with a trinary operation
among three symmetry generators. It is worthwhile to emphaze that no analogous result is
found for the d = 4 case, which contains up to the binary operation among the symmetry
generators.

4 Conclusion and discussion

In this paper, we discuss higher-dimensional axion electrodynamics for the purpose of
exploring a higher-group structure encoded in it by generalizing the results in [54, 55].

We first discuss how the operator-valued ambiguities that arise from gauging EoM-
based global symmetries are canceled. This is achieved by gauging (2n — 2) Chern-Weil
symmetries simultaneously. It is crucial that the CW gauge fields make a Green-Schwarz
transformation under the EoM-based symmetry transformation in order to guarantee gauge
invariance of the resultant theory.

The main focus of this paper is on the 6d axion-Maxwell system. We give the explicit
form of the GS transformation of the four CW gauge fields. We also determine the ’t
Hooft anomaly due to an ambiguity of how to extend the system to a 7d spacetime. We
next compute correlation functions of the symmetry generators by employing the fact that
any configuration of the symmetry generators and charged operators is constructed by
turning on the background gauge fields appropriately. The correlation functions of two
configurations are equal to each other up to a ’t Hooft anomaly if they are mapped to each
another by a gauge transformation. On top of correlation functions that have been obtained
already in [54, 55], we work out a new class of correlation functions that are peculiar to the
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d = 6 case. These results suggest that the 6d axion-Maxwell system possesses a higher-
group structure such that the 3-group structure found in the 4d axion-Maxwell system is
encoded as a substructure. Furthermore, it is natural to expect that the possible higher-
group structure should admit a trinary operation, an algebraic structure involving three
symmetry generators, as discussed in section 3.2.2.

More generally, the axion-Maxwell system in d = 2n dimensions is expected to possess
a higher-group structure with a substructure identical to that of the d = 2n — 2 axion-
Maxwell system. This is because all the CW gauge field strengths for the d = 2n — 2 case
are included in those for the d = 2n case. Furthermore, the higher-group structure for the
d = 2n case, if exists, should admit an n-ary operation among n symmetry generators. To
see this, we note that the d = 2n axion-Maxwell system has the (2n — 2)-form symmetry
with the CW current d¢/(27), and it couples to a (2n—1)-form CW gauge field. The gauge
invariant 2n-form field strength contains a term proportional to (Bg)™. This implies that
two correlation functions, one with a single insertion of the symmetry generator Ué\?v 2 and
the other with n insertions of UIE](})M, are related with each other as found in (3.48) for n = 3.

In this paper, we have not attempted to formulate rigorously the mathematical struc-
ture of the higher-group symmetry that underlies the higher-dimensional axion-Maxwell
systems. We leave it for future work.
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A Alternative method of computing correlation functions

In section 3.2, correlation functions are computed using a network of background gauge
fields and gauge transformations acting on it. Here, we review an alternative way that is
developed in [54] for the 4d axion-Maxwell system.

Let S[¢,a] be the action (2.1). Shifting the axion and the Maxwell field by the back-
ground gauge fields ®g and II;, respectively, we find

1
¢7 +/ dJEOM/\q)O:S[gb_@Ova]—i—i/ d@o/\*d¢0’ (Al)
2n
Slé.a +/ djEOM/\Hl* Slg,a+1] + Z n—r) lrl d(da)™ ™" A (dTT;)" " ATT
1
+—/ AT, AxdIl; . (A.2)
2 MZn

These results play a key role in the computations made below.

As a sample computation, we discuss the correlation function of U]E%M(V, 2Ty and

U([Jl\],v()/\/7 2m) for the n = 3 case. Noting that Uéoc])

0 2mn 27 10
U (V» N) = exp <N /VJ[E})M) = eXP( / oot A 0o Qv)) ; (A.3)

(V. Z5) is rewritten as
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it follows from (A.1) with &g = (27/N) do(Qy) that

27‘(’n 27’[’m ’L _27Tn .a 2mim
o () 0 ) e

By shifting ¢ — ¢' = ¢ — %Tn%(gv), we obtain
<U§§M (v 2””) UQQM( 27””) > N / DI a]iSI el 25 [ —imm [ dandase(y)

2 2
<Ug0M(w m)U[” (WHQV,— ”sz» (A.5)

because J[EliM gets shifted under the shift. This coincides with (3.39).
The rest of the correlations computed in this paper can be reproduced following the

same way as discussed in this appendix.
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