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Notation. We use e(α) = e2πiα and uij = ui − uj . Whenever a log is used, it is some
appropriate branch of the logarithm. We write L↘ eiφr to denote the limit of L approach-
ing the point r on the real line from the upper-half complex plane along a ray at an angle
of approach φ measured with respect to the positive real line counter-clockwise, where for
shorthand we henceforth just refer to this whole set up as just having an angle of approach φ.

1 Introduction and summary

It is an expectation from the AdS/CFT correspondence [1–3], that in the large N limit, the
superconformal index IN counting (with sign) the BPS states of the CFT, should capture
the growth of states of supersymmetric (with the same amount of supersymmetry as the
index) black holes in the dual theory. The reason for focusing on supersymmetric theories
is because of the control that SUSY provides, making superconformal indices protected
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objects and thus enabling us to calculate them at zero couplings. We are thus motivated
to study appropriate asymptotics of superconformal indices to investigate the growth of
the number of states captured by those indices and interpret the results in the context of
AdS/CFT, and in particular as it pertains to the existence of supersymmetric black hole
solutions in the dual theory.

For AdS5, 1
16 -BPS supersymmetric black hole solutions have been explicitly ob-

tained [4, 5], providing an example with which the expectation from AdS/CFT that the
corresponding superconformal index should contain information about the dual supersym-
metric black holes, could now be tested. This type of analysis for the 1

16 -BPS index of
N = 4 super Yang-Mills was introduced in [6–8]. But, it was shown only in the last few
years that the 1

16 -BPS index of N = 4 super Yang-Mills, which is the corresponding index
that should contain the information of the supersymmetric black hole solutions found, did
exhibit the required growth in different asymptotic limits [9–34]. One of the limits with
which this was done, which is the one that will be done in this work, is the so called
Cardy-like limit, where the rank N is held fixed and the charge ` of the microstates goes
to infinity, which as we will discuss in 3, corresponds to the parameter q of the index ap-
proaching a root of unity (or equivalently, writing q = e(τ), corresponds to τ → Q). This
is a crucial subtlety in that analysis that was previously missed; that growth could come
from any root of unity and not just q approaching 1. In particular, in that example, if one
only considers q approaching 1 they would falsely conclude that the index doesn’t exhibit
the expected growth. This raises the question of whether this story could occur with other
superconformal indices, motivating our work here.

We are interested, in this work, in the Schur index [35], which counts (with sign) BPS
states that preserve 4 supercharges, and has been well-studied in the last few years, with
exact algebraic expressions obtained in [36–39], and modular properties studied in [40, 41].
The method we use to obtain its asymptotics doesn’t rely on any modular properties or
exact non-integral expressions for the indices and is thus more general, in the sense that it
can also be used for other superconformal indices. We will first study this index for N = 4
SYM with gauge group U(N) or SU(N) and then consider the more general N = 2 circular
quiver gauge theories with gauge group U(N)L or SU(N)L.

From the gravity side, no supersymmetric black hole solutions preserving 4 super-
charges have been found in the dual AdS theory, so there was no prior expectation in the
index capturing a growth of states corresponding to a black hole in this regard, although it
wasn’t known definitively that this is the case. As we will discuss, indeed our results here
show that the analysis of the Schur index also suggests that no such supersymmetric black
hole solutions exist.

The amount of growth of states that would indicate the existence of a supersymmetric
black hole in the dual theory is an exponential growth with the exponent being proportional
to N2. To see this, we start from the Bekenstein-Hawking formula [42, 43], which expresses
the entropy of a black hole in terms of the area of its event horizon Ahor, as follows

SBH = c3

~
Ahor
4GN

, (1.1)
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Gauge group c odd c even, N odd c even, N even
U(N) 0 −1 0

SU(N) 0 0 1

Table 1. Values of M as defined in (1.4), for N = 4 SYM.

where c is the speed of light, ~ is (the reduced) Planck’s constant and GN is Newton’s
gravitational constant. Moreover, in thermodynamics, Boltzmann’s entropy formula states

S = log (dmicro) , (1.2)

where dmicro is the number of microstates of the system. This suggests that a black hole
can be thought of being comprised of microstates that account for its entropy. In terms of
an equation, we have

log (dmicro) = c3

~
Ahor
4GN

+ · · · , (1.3)

with the dots representing deviations given from quantum corrections.
In the dictionary of the AdS5/CFT4 correspondence [44], we have the relation GN =

1/N2, where N is the rank of the gauge group of the conformal field theory. We will
focus our attention to black holes that have positive specific heat and thus can be in stable
thermal equilibrium. In AdS, these correspond to large black holes [45], in the sense that
they “fill up” AdS space. This is the limit where the gravitational constant GN is small,
i.e. N is large. Henceforth when referring to black holes this limit is implied. Therefore,
combining all the above formulas, we have that the number of microstates of a black hole
behave like dmicro ∼ O(eN2), as N →∞.

For our analysis in this work, we use the expressions of the indices in terms of matrix
integrals and consider their asymptotics in the Cardy-like limit. We first find the asymp-
totics of the integrands using the Euler-Maclaurin summation formula and then use these
to obtain the exponentially dominant part of the asymptotics of the integrals. We find
a formula for the dominant term in the asymptotics of the logarithm of the index as the
parameter q = e(τ) approaches a root of unity.

More precisely, writing t̃ = 2πe−iφ(cτ − d) in order to write the asymptotics τ ↘ eiφ dc
as t̃↘ 0, we find

log IN (τ) ∼M
π2 sinφ

c

1
t̃

+O
(

log 1
t̃

)
, (t̃↘ 0), (1.4)

where φ is the angle of approach, dc is any rational number in canonical form and M is a
real number that depends on c, the rank N of the gauge group and the number of nodes L.
Note that, since for each index we are interested in the point at which it grows the most,
we can simply choose φ = π

2 and c to be its smallest possible value (either 1 or 2 depending
on its parity).

The values of M in the different cases we consider, are summarized in tables 1 and 2.
Whenever we have a positive entry in the above tables 1 and 2, it means that the

corresponding Schur index has an exponential growth, otherwise when the entry is 0 or
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Gauge group c odd c even, N odd, L odd c even, N odd, L even c even, N even
U(N)L 0 −1 0 0

SU(N)L L
6 −L

3 −L
3

2L
3

Table 2. Values of M as defined in (1.4), for N = 2 circular quiver gauge theories with L nodes.

negative it doesn’t grow exponentially. The overall dominant growth of the index for a
given theory, given N and L, occurs at the corresponding entry of the table with the
largest corresponding value of M . Notice, however, that in none of the cases does the
growth depend on N in any way other than just its parity. Meaning, considering (3.1), the
coefficients counting the number of states also won’t grow in an N dependent way other
than its parity. Therefore, there is no way that after taking the Cardy-like limit, and then
taking the limit N →∞, we get growth ∼ O(eN2); implying that none of the above indices
capture the growth corresponding to the existence of a supersymmetric (with the same
amount of supersymmetry as the index) black hole.

Another interesting point about our results, is that near any rational point, the dom-
inant term in the asymptotics is very similar. As far as its dependence on the specific
rational point goes, it varies only based on the parity of the denominator c and also by
the factor 1

c in (1.4), which could suggest a relation to Zc orbifold solutions in the dual
gravitational theory, in a similar way as discussed in [46] and [30]. Furthermore, the kind of
gravitational solutions that are possible in view of our results here, are those with no black
hole horizons, as we already discussed above, but also those that don’t encode a brane,
since the energy of a brane scales as O(N). Therefore, we are left with smooth solitonic so-
lutions that exclude the above, of which a probable example is pure AdS5×S5/Zc with free
gravitons, because those have entropies that would agree with the O(N0) scaling we found.

2 Review of superconformal indices

In this section we review the basics with regards to superconformal indices, eventually
specialising to the Schur index for which we reproduce its matrix integral form for N = 4
SYM and N = 2 circular quiver gauge theories. We follow references [6–8, 35, 47–49].

2.1 Hamiltonian definition

The general form of a superconformal index is [8, 47, 49]

I(β, µi) := trH (−1)F e−βH e−µiOi , (2.1)

where F is the fermion number, H the Hamiltonian with H =
{
Q,Q†

}
, with Q being a

supercharge of the theory and Oi are generic operators with [Q,Oi] = 0 and [Q†,Oi] = 0.
The bosonic/fermionic pairing of states with positive H eigenvalue of a SUSY theory means
that only states with zero H eigenvalue contribute to the index, and thus the index doesn’t
depend on β.
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In this work, we will focus on superconformal indices for 4 dimensional theories with
(at least) N = 2 supersymmetry, and we will work in radial quantization S3 × S1.

The N = 2 superconformal algebra is su(2, 2|2) and the states are therefore labelled
by the quantum numbers (E, j1, j2, R, r), where E is the energy (or conformal dimension),
j1 and j2 are the Cartan generators of the SU(2)1 × SU(2)2 isometry group of S3 and R
and r are the Cartan generators of the SU(2)R ×U(1)r R-symmetry group [35]. We define
our index with respect to a supercharge which we will simply label as Q, and we choose it
such that it has the anti-commutation relation

2
{
Q,Q†

}
= E − 2j2 − 2R+ r. (2.2)

The commutant of Q is the subalgebra su(1, 1|2), which has rank 3, and its generators are
E + 2j1 − 2R− r, E − 2j1 − 2R− r and 2R+ 2r [35]. Therefore our most general index is

I(p, q, t) = trH (−1)F e−β{Q,Q†} p(E+2j1−2R−r) q(E−2j1−2R−r) t(2R+2r) . (2.3)

The Schur index, which we will be considering here, is a particular limit of this index where
we take t = q. With this, our index then takes the form

I(p, q) = trH (−1)F e−β{Q,Q†} p(E+2j1−2R−r) q(E−2j1+r) . (2.4)

A final simplification is obtained by noticing that for some other supercharge of the algebra,
say Q′, the exponent of p is also an anti-commutator of a supercharge and its adjoint, and
further, the exponent of q commutes with Q′ and Q′† too, meaning that the index doesn’t
depend on p either, in the same way as it doesn’t depend on β. Rewriting then the index,
explicitly imposing the conditions E− 2j2− 2R+ r = 0 and E+ 2j1− 2R− r = 0, we have

I(q) = trH′ (−1)F q2(E−R) , (2.5)

where now the trace is over H′, which is our notation for only the states that satisfy the
conditions E− 2j2− 2R+ r = 0 and E+ 2j1− 2R− r = 0. For convenience, we also define
n = 2 (E −R), and refer to it as the charge for our index.

2.2 Calculating the index

We call single operators or derivatives of single operators as single “letters”.
We define the single letter index as being the index with the trace restricted to be only

over the single letter Hilbert space, H′letters

i(q) := trH′letters
(−1)F qn. (2.6)

We also define the Plethystic Exponential map [48]:

PE [f(q, p, . . .)] := exp
( ∞∑
k=1

1
k
f(qk, pk, . . .)

)
. (2.7)

For a gauge theory we also define the augmented single letter index by attaching the
characters of the gauge group representation

iR(q, U) = i(q)χR(U). (2.8)
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Letter Multiplet (−1)F E j1 j2 R r n = 2(E −R)
λ1,− vector −1 3

2 −1
2 0 1

2 −1
2 2

λ1,+̇ vector −1 3
2 0 1

2
1
2

1
2 2

Φ hypermultiplet +1 1 0 0 1
2 0 1

∂−+̇ derivative +1 1 −1
2

1
2 0 0 2

Table 3. Letters satisfying E − 2j2 − 2R+ r = 0 and E + 2j1 − 2R− r = 0.

Then, the index counting BPS gauge invariant operators is given by the following formula
for a general gauge group G [6, 7]

IG(q) =
∫
dU PE

[
iR (q, U)

]
, (2.9)

where dU is the invariant (Haar) measure of the gauge group.
For the N = 2 vector multiplets and hypermultiplets that appear in our theories, their

contributing letters are listed in table 3.
The undotted/dotted ± indices correspond to Lorentz indices of SU(2)1/SU(2)2 respec-

tively and the numerical indices of the letters in the vector multiplet correspond to SU(2)R
R-symmetry indices. The contribution for the hypermultiplet in the table is just of one of
the two conjugate N = 1 chiral multiplets that contribute, the other one contributing in
the same way but transforming in the conjugate representation.

Using the above then, we have for the two types of multiplets, the following single letter
indices; noting that with the way we defined a single letter, we can attach an arbitrary
number of derivatives to form a different single letter, therefore

ivec(q) = (1 + q2 + q4 + · · · )(−q2 − q2) = −2q2

1− q2

i 1
2 hyp(q) = (1 + q2 + q4 + · · · )(q) = q

1− q2 .
(2.10)

The other components we will need are the characters of our gauge groups. We will
be dealing with the groups U(N) and SU(N) and products of them, in the adjoint and
bifundamental representations. We will parametrize the Cartans of these groups with the
eigenvalues e2πiui , where the subscript i runs from 1 to N . Then the characters of interest
are given in the appendix in (A.2), (A.3).

For a U (N) gauge group, the Haar measure is

∫
dU =

∫
[Du] ∆ (u) ∆ (−u) , (2.11)

where
∫

[Du] = 1
N !

∫ 1
0
∏N
i=1 dui and ∆ (u) =

∏N
i<j

(
e2πiui − e2πiuj

)
, the last quantity being
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called the Van der Monde determinant. It will be useful to note the identity

∆(u)∆(−u) =
N∏
i>j

(
e2πiui − e2πiuj

) (
e−2πiui − e−2πiuj

)

=
N∏
i>j

(1− e(uij)) (1− e(uji)) =
N∏
i>j

(1− e(uij))
N∏
i<j

(1− e(uij))

=
N∏
i 6=j

(1− e(uij)) .

(2.12)

For an SU(N) gauge group, the differences are that the adjoint character is different as
it was noted above, but also we need to impose a tracelessness condition in the form of
adding a δ

(∑N
i=1 ui

)
in the integrand.

We finally calculate the plethystic exponentials of the augmented single letter indices
that will appear in the theories we will consider. The calculations are done in appendix A
and the results are summarized in (A.12). In particular, the results are in terms of q-
Pochhammer symbols, which are given by

(w; q) :=
∞∏
k=0

(1− wqk). (2.13)

2.3 Schur indices for N = 4 SYM and N = 2 circular quiver gauge theories

For the 4 dimensional Lagrangian theories we will consider, the Schur index is given by a
matrix integral:

IG(N)(τ) =
∫
dU PE[iR(q, U)], (2.14)

where we have q := e(τ) with τ being in the upper-half complex plane.
We will now calculate the above matrix integrals for the theories of interest.

N = 4 super Yang-Mills. For the theory here we have one N = 2 vector multiplet
and one hypermultiplet both in the adjoint representation of the gauge group, and so
using (A.12), (2.11), (2.12), the index with U(N) gauge group can be written as follows:

IU(N)(τ) = 1
N !

(q2; q2)4N

(q; q)2N

∫ 1

0
dNu

N∏
i 6=j

(1− e(uij))
(q2e(uij); q2)4

(qe(uij); q)2 . (2.15)

Applying the differences when the gauge group is SU(N) we have

ISU(N)(τ) = 1
N !

(q2; q2)4(N−1)

(q; q)2(N−1)

∫ 1

0
dNu δ

(
N∑
i=1

ui

)
N∏
i 6=j

(1− e(uij))
(q2e(uij); q2)4

(qe(uij); q)2 . (2.16)

N = 2 circular quiver gauge theories. This theory takes its name by the diagram
that represents its gauge and matter content. It is a diagram of L nodes, each representing
a vector multiplet in the adjoint representation of the gauge group, and each node is
connected with a solid line representing a hypermultiplet transforming in the bifundamental
representation of the product of the two groups at each end of the line.
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For gauge group U(N)L = U(N)(1) × U(N)(2) × · · · × U(N)(L), us-
ing (A.12), (2.11), (2.12), the index can be written as follows

IU(N)L(τ) = 1
N !L

(
q2; q2

)2LN ∫ 1

0

L∏
a=1

dNu(a)
N∏
i 6=j

(
1− e

(
u

(a)
ij

)) (
q2e

(
u

(a)
ij

)
; q2
)2

×
N∏

i,j=1

(
q2e

(
u

(a)
i − u

(a+1)
j

)
; q2
) (
q2e

(
−
(
u

(a)
i − u

(a+1)
j

))
; q2
)

(
qe
(
u

(a)
i − u

(a+1)
j

)
; q
) (
qe
(
−
(
u

(a)
i − u

(a+1)
j

))
; q
) ,

(2.17)

where u(L+1)
i = u

(1)
i . The above is true for all positive integers L, but when it comes to

the asymptotics later we will restrict to L > 1 to avoid issues with u(a)
i = u

(a+1)
i .

Applying the differences when the gauge group is SU(N)L we have

ISU(N)L(τ) = 1
N !L

(
q2; q2

)2L(N−1) ∫ 1

0

L∏
a=1

dNu(a) δ

(
N∑
i=1

u
(a)
i

)

×
N∏
i 6=j

(
1− e

(
u

(a)
ij

)) (
q2e

(
u

(a)
ij

)
; q2
)2

×
N∏

i,j=1

(
q2e

(
u

(a)
i − u

(a+1)
j

)
; q2
) (
q2e

(
−
(
u

(a)
i − u

(a+1)
j

))
; q2
)

(
qe
(
u

(a)
i − u

(a+1)
j

)
; q
) (
qe
(
−
(
u

(a)
i − u

(a+1)
j

))
; q
) ,

(2.18)

where again u
(L+1)
i = u

(1)
i . The above is true for positive integer L > 1. For L =

1 the traceless condition also applies to the hypermultiplet which is now in the adjoint
representation as well (notice difference between the character of the adjoint of SU(N) and
the bifundamental), and therefore L = 1 doesn’t reduce to N = 4 super Yang-Mills in this
case; another factor needs to be included to account for the aforementioned difference in
the hypermultiplet.

3 Schur asymptotics for N = 4 super Yang-Mills

Consider the Schur index written as IN (τ) =
∑∞
`=0 dN (`) q`, where q = e(τ) := e2πiτ and

N is the rank of the gauge group. The coefficients dN (`) count the number of contributing
states of charge `, counting bosonic states positively and fermionic states negatively.

The Cardy-like limit, which we will be considering, is for dN (`) when N is fixed and
as `→∞. To find dN (`) we use

dN (`) =
∫
IN (τ) e−2πi`τ dτ. (3.1)

We see from the above expression that the ` → ∞ asymptotics correspond to τ tending
to any rational number, as to have e−2πi`τ tending to any root of unity. Therefore, the
Cardy-like limit is related to the asymptotics τ → Q for fixed N for the index, which is
what we will be calculating.

Rephrasing the above in the parameter q, we will investigate the asymptotics of the
indices when q tends to any root of unity. Our method to find the asymptotics of the
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indices is to work out the asymptotics of the integrand first. Therefore it will be useful to
extract the integrands on which we will perform the asymptotics.

We write for N = 4 super Yang-Mills

IU(N)(τ) = 1
N !

∫ 1

0
dNu exp

(
−SU(N)

eff (u, τ)
)
. (3.2)

Note that for gauge group SU(N) there will also be a delta function which we keep separate
to the Seff , and consider right at the end of the asymptotics analysis.

The explicit expression for the Seff are

−SU(N)
eff (u, τ) = 4N log

(
q2; q2

)
− 2N log (q; q)

+
N∑
i 6=j

[
2
(
log

(
q2e(uij); q2

)
+ log

(
q2e(uji); q2

))]
(3.3)

−
N∑
i 6=j

[(log (qe(uij); q) + log (qe(uji); q))] +
N∑
i 6=j

log (1− e(uij)),

−SSU(N)
eff (u, τ) = 4(N − 1) log

(
q2; q2

)
− 2(N − 1) log (q; q)

+
N∑
i 6=j

[
2
(
log

(
q2e(uij); q2

)
+ log

(
q2e(uji); q2

))]
(3.4)

−
N∑
i 6=j

[(log (qe(uij); q) + log (qe(uji); q))] +
N∑
i 6=j

log (1− e(uij)),

where we symmetrized some terms inside the sums over i and j.

3.1 τ → 0

We first consider the asymptotics as τ ↘ eiφ0, with φ ∈ (0, π), which we call the angle
of approach. Working with the variable t = 2πe−iφτ , and writing ζ := ei(φ+π

2 ), we have,
using the results (C.7), (C.8), (C.10), (C.11) from the appendix, that

−SU(N)
eff (u, τ) ∼ N log π

2t −
N

4 ζt−
N(N − 1)

4 ζt = N log π

2t −
N2

4 ζt, (t↘ 0), (3.5)

where we combined some terms using symmetrization of the indices of summation i and j,
as they appear in the results used from the appendix.

Changing our variable back to τ gives us

− SU(N)
eff (u, τ) ∼ N log eiφ

4τ − iπ
N2

2 τ, (τ ↘ eiφ0). (3.6)

Going back to the integral we thus have

IU(N)(τ) ∼ 1
N !

(
eiφ

4τ

)N
e−iπ

N2
2 τ , (τ ↘ eiφ0). (3.7)

We see therefore that there is no exponential growth of the index here.
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With a very similar analysis, for gauge group SU(N) we have

− SSU(N)
eff (u, τ) ∼ (N − 1) log π

2t −
(N2 − 1)

4 ζt, (t↘ 0). (3.8)

Plugging this into the integral expression for the index we get

ISU(N)(τ) ∼ 1
N !

(
π

2t

)(N−1)
e−

(N2−1)
4 ζt, (t↘ 0). (3.9)

Again, we can see that the index doesn’t have exponential growth here.
An asymptotic analysis of the Schur index of SU(N) N = 4 SYM in the particular

case as t↘ 0, using a different approach, also appears in [50], and has a result compatible
with the one above.

3.2 τ → Q

We represent any rational number uniquely in canonical form as d
c , where d ∈ Z, c ∈ Z+

and gcd(d, c) = 1, for example 0 is uniquely written in this form as 0
1 .

It is convenient to define τ̃ = cτ −d and study the asymptotics τ ↘ eiφ dc via τ̃ ↘ eiφ0.
We have

q = e(τ) = e
(
d

c

)
e
(
τ̃

c

)
= e

(
d

c

)
eζt̃/c, (3.10)

where we have introduced t̃ = 2πe−iφτ̃ , with the relevant asymptotics being t̃↘ 0.
Following the analysis done in the appendix, we study two cases separately, depending

on the parity of c.

c odd. For c odd, using the results (C.15), (C.19), (C.20), (C.21) from the corresponding
appendix, we have the following

−SU(N)
eff (u, τ) ∼ N log π

2t̃
− N2

4c ζt̃+ 2πi
N∑

i,j=1

c−1∑
µ=1

B1

(
uij + d

µ

c

)
B1

(
µ

c

)

− 4πi
N∑

i,j=1

c−1∑
µ=1

B1

(
uij + 2dµ

c

)
B1

(
µ

c

)
, (t̃↘ 0).

(3.11)

We will limit our asymptotic analysis from now on to focus only on terms that could lead to
an exponential growth of the index. In this case, we see that no term here would lead to the
index growing exponentially, and therefore the index doesn’t grow exponentially here either.

With a very similar analysis, for gauge group SU(N) we also get that there is no
exponential growth of the index.
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c even. For c even, using the results (C.15), (C.19), (C.22), (C.23) from the corresponding
appendix, we have the following

−SU(N)
eff (u, τ) ∼ −2π2

cζt̃

 N∑
i,j=1

(
B2(cuij)− 4B2

(
c

2uij
))+N log 2π

t̃
− N2

4c ζt̃

+ 2πi
N∑

i,j=1

c−1∑
µ=1

B1

(
uij + d

µ

c

)
B1

(
µ

c

)

− 4πi
N∑

i,j=1

c
2−1∑
µ=1

B1

(
uij + d

µ
c
2

)
B1

(
µ
c
2

)
, (t̃↘ 0).

(3.12)

We proceed by defining the expression

F
U(N)
2 (u; c) :=

N∑
i,j=1

f
U(N)
2 (uij ; c) :=

N∑
i,j=1

(
B2(cuij)− 4B2

(
c

2uij
))

. (3.13)

Thus, keeping only the real part of the leading dominant term in the asymptotics, we have

− SU(N)
eff (u, τ) ∼ 2π

2 sinφ
c

1
t̃
F

U(N)
2 (u; c), (t̃↘ 0). (3.14)

Let’s analyse the behaviour of the function fU(N)
2 (u; c). First we note its periodicity in u

with period 2
c :

f
U(N)
2

(
u+ 2

c
; c
)

= B2(cu+ 2)− 4B2

(
c

2u+ 1
)

= B2(cu)− 4B2

(
c

2u
)

= f
U(N)
2 (u; c) .

(3.15)
Also, we have from property (B.9) from the appendix that B2(x) is an even function and
therefore fU(N)

2 (u; c) is also even in the u variable. Thus, if we determine the structure of
f

U(N)
2 (u; c) for u ∈ [0, 1/c], we can extrapolate it for all real u.

First, for u = 1
c , we have

f
U(N)
2

(1
c

; c
)

= B2(1)− 4B2

(1
2

)
= B2(0)− 4B2

(1
2

)
= 1

2 = cu− 1
2 . (3.16)

Then for u ∈ [0, 1/c), we have cu ∈ [0, 1) and c
2u ∈ [0, 1/2), so

f
U(N)
2 (u; c) = B2(cu−bcuc)− 4B2

(
c

2u−
⌊
c

2u
⌋)

= B2(cu)− 4B2

(
c

2u
)

= cu− 1
2 . (3.17)

Therefore, fU(N)
2 (u; c) is a periodic, even, continuous, piecewise linear function of u with

the linear sections having gradients c and −c, and minima of −1
2 at even multiples of 1

c and
maxima of 1

2 at odd multiples of 1
c . It’s derivative with respect to u is a periodic, odd, piece-

wise constant function of u obtaining the values c and −c and being undefined and having
a jump discontinuity at multiples of 1

c . In summary, it has the form of a triangle wave.
We are interested in how the leading growth of the integral of the exponential of the

above behaves. For that, we are interested in the maximum value of 2 ∗ FU(N)
2 (u; c). This

– 11 –
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Figure 1. Plot of values of (3.20), for SU(2) and c = 2.

is because this will dominate over all other contributions since when we move away even
slightly from the maximum, the factor of 1

t̃
as t̃↘ 0, ensures that the contributions away

from the maximum are exponentially suppressed.
For a gauge group SU(N) the calculation is similar with the difference that

F
SU(N)
2 (u; c) = F

U(N)
2 (u; c) + 1

2 . (3.18)

But recall, that now we are not actually maximizing the above function unrestricted; we
need to first impose the condition of the delta function in the integral.

Therefore, the functions we want to maximize are explicitly written as

N∑
i,j=1

(
2B2(cuij)− 8B2

(
c

2uij
))

, (3.19)

for U(N) and
N∑

i,j=1

(
2B2(cuij)− 8B2

(
c

2uij
)

+ 1
)∣∣∣∣∣∣∑N

k=1 uk=0

, (3.20)

for SU(N).
We were unable to maximize these functions analytically, past the easiest cases where

N = 1 or 2, therefore we proceed computationally. Our strategy is to first plot the functions
to be maximized, up to the point where this is doable with 2d and 3d plots. For gauge
group SU(N) for example, we have the graphs 1 and 2.

We note from these graphs that for SU(2), c = 2, the maximum is 1 and it occurs
at u1 = 1

4 and 3
4 and for SU(3), c = 2, the maximum is 0 and it occurs over continuous

regions of points (the function plateaus), with one particular point being (u1, u2) = (1
4 ,

3
4).

These plots give us an intuition of where the functions might have maxima for larger N .
In particular, it seems that some points where the ui are all multiples of 1

2c maximize the
functions, and also for N > 2 the function seems to plateau and attain its maximum value
over a continuous region of points.

Based on these observations, we find the maximum value of the function for larger
N by evaluating the function at all points where the ui are all some multiples of 1

2c and
seeing which of these values are the largest ones and whether or not the function seems
to plateau near those points as expected. We then verify this initial value by evaluating

– 12 –
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Figure 2. Plot of values of (3.20), for SU(3) and c = 2.

the function at even more points, say for ui multiples of 1
10c , and checking that indeed the

largest value the function attains at these points is the same as what we found before, and
we also observe more clearly the plateau behaviour.

Therefore, we find using a computer, that, for gauge group SU(N), for N odd the
maximum value is 0 and for N even the maximum value is 1

2 ; i.e. a dichotomy based on
the parity of N . Therefore, we conclude that for N odd we have no exponential growth
but for N even we have exponential growth with the leading growth being

ISU(N)(τ) ∼ e
π2 sinφ

c
1
t̃ , (t̃↘ 0), (3.21)

when N is even, and φ as before being the angle of approach for the limit.
We find similarly with the aid of a computer, that for gauge group U(N), for N odd

the maximum value is −1
2 and for N even the maximum value is 0. Thus, we conclude

that in either case the index doesn’t grow exponentially.

3.3 Summary and checks

The results of this section are summarized by (1.4) and table 1. We briefly note a few
checks of consistency for our results of this section.

We begin by noting that from (2.15) we get

IU(1)(τ) = (q2; q2)4

(q; q)2 . (3.22)

We quickly calculate the dominant term in the τ ↘ eiφ dc asymptotics in this special case
with gauge group U(1). For c odd, we have using (C.15), (C.20), the following for the real
part of the leading asymptotics

log IU(1)(τ) ∼ 0 +O
(

log 1
t̃

)
, (t̃↘ 0). (3.23)

For c even, we have using (C.15), (C.22), the following for the real part of the leading
asymptotics

log IU(1)(τ) ∼ −π
2 sinφ
c

1
t̃

+O
(

log 1
t̃

)
, (t̃↘ 0). (3.24)
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First we note that our asymptotics are consistent with the following formula, which is
found e.g. in [30, 33]

IU(N) = ISU(N) × IU(1), (3.25)

where we see that in every subcase where we analysed the coefficient of 1
t̃
and its maximum,

all those maximum values obey the above relation.
Also, we mention that for N = 4 SYM, exact expressions for the Schur index, not in

terms of an integral, have been obtained in [36] and [38]. In their most convenient form
for our purposes, using also (3.25), we can write these indices as follows

ISU(N)(τ) =
[

(q; q)2

(q2; q2)4

](N−1) (mod 2)

PN (q) =
[

1
IU(1)(τ)

](N−1) (mod 2)

PN (q),

IU(N)(τ) =
[
IU(1)(τ)

](N) (mod 2)
PN (q),

(3.26)

where the term PN is made from products and sums of the following theta functions and
Eisenstein series

E2k(τ) = − B2k
(2k)! + 2

(2k − 1)!

∞∑
n=1

n2k−1q2n

1− q2n ,

θ2(τ) =
∞∑

n=−∞
q(n+ 1

2 )2
, θ3(τ) =

∞∑
n=−∞

qn
2
.

(3.27)

The above functions are known to grow polynomially when q approaches a root of unity [51,
52], and therefore, so does PN (q). The only exponential growth we can have is due to the
factors in front of PN (q), and looking back at (3.23) and (3.24), it is straightforward to
calculate this. The result of these calculations agrees with the asymptotics we obtained
before in this section from the integral expressions for the indices, and thus acts as a good
way of verifying our results.

4 Schur asymptotics for N = 2 circular quiver gauge theories

We perform the analogous analysis of the previous section for N = 2 circular quiver
gauge theories. We separated 0 in our previous analysis just to gradually develop our
general method, but in this section we just do the general rational points with odd/even
denominators, since 0 is covered as 0

1 . Also, as we briefly mentioned before we will be
assuming we have at least 2 nodes, i.e. L > 1, with the single node case being what we did
in the previous section.

We write for gauge group U(N)L

IU(N)L(τ) = 1
N !L

∫ 1

0

L∏
a=1

dNu(a) exp
(
−SU(N)L

eff (u, τ)
)
, (4.1)

where u = (u(1),u(2), . . . ,u(L)).
Note that for gauge group SU(N)L there will also be delta functions which we keep

separate to the Seff , and consider right at the end of the asymptotics analysis.
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The explicit expression for the Seff are

−SU(N)L
eff (u,τ)=2LN log

(
q2;q2

)
+

L∑
a=1

N∑
i 6=j

[
log
(
1−e

(
u

(a)
ij

))
+2log

(
q2e

(
u

(a)
ij

)
;q2
)]

+
L∑
a=1

N∑
i,j=1

[
log
(
q2e

(
u

(a)
i −u

(a+1)
j

)
;q2
)

+log
(
q2e

(
u

(a+1)
j −u(a)

i

)
;q2
)]

−
L∑
a=1

N∑
i,j=1

[
log
(
qe
(
u

(a)
i −u

(a+1)
j

)
;q
)

+log
(
qe
(
u

(a+1)
j −u(a)

i

)
;q
)]
, (4.2)

−SSU(N)L
eff (u,τ)=2L(N−1)log

(
q2;q2

)
+

L∑
a=1

N∑
i 6=j

[
log
(
1−e

(
u

(a)
ij

))
+2log

(
q2e

(
u

(a)
ij

)
;q2
)]

+
L∑
a=1

N∑
i,j=1

[
log
(
q2e

(
u

(a)
i −u

(a+1)
j

)
;q2
)

+log
(
q2e

(
u

(a+1)
j −u(a)

i

)
;q2
)]

−
L∑
a=1

N∑
i,j=1

[
log
(
qe
(
u

(a)
i −u

(a+1)
j

)
;q
)

+log
(
qe
(
u

(a+1)
j −u(a)

i

)
;q
)]
. (4.3)

4.1 τ → Q

The notation is the same as in the previous section, and the analysis splits into the same
two cases for the same reasons. Here we will immediately simply consider only the terms
of interest that are of order 1

t̃
.

c odd. For c odd, using the results (C.15), (C.19), (C.20), (C.21) from the corresponding
appendix, we have the following

− SU(N)L
eff (u, τ) ∼ π2

cζt̃

L∑
a=1

N∑
i,j=1

[
B2
(
cu

(a)
ij

)
−B2

(
c
(
u

(a)
i − u

(a+1)
j

))]
, (t̃↘ 0). (4.4)

For a gauge group SU(N)L we get similarly

− SSU(N)L
eff (u, τ) ∼ π2

cζt̃

L∑
a=1

 N∑
i,j=1

[
B2
(
cu

(a)
ij

)
−B2

(
c
(
u

(a)
i − u

(a+1)
j

))]
− 1

6

 , (t̃↘ 0),

(4.5)
for which recall we want to maximize the real part of the above, after imposing the condi-
tions from the delta functions in the integral.

As for N = 4 SYM, we proceed with a similar computational analysis, with the
functions to be maximized being

L∑
a=1

N∑
i,j=1

[
B2
(
c
(
u

(a)
i − u

(a+1)
j

))
−B2

(
cu

(a)
ij

)]
, (4.6)
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Figure 3. Plot of values of (4.7), for SU(2)2 and c = 1.

for U(N)L, and

L∑
a=1

1
6 +

N∑
i,j=1

[
B2
(
c
(
u

(a)
i − u

(a+1)
j

))
−B2

(
cu

(a)
ij

)]∣∣∣∣∣∣∑N

k=1 u
(a)
k

=0

, (4.7)

for SU(N)L.
We have for SU(N)L the graph 3.
Guessing and checking computationally similar patterns as before, we achieve the re-

quired maximization, to get the following leading growth estimation for the index

ISU(N)L(τ) ∼ e
L
6
π2 sinφ

c
1
t̃ , (t̃↘ 0). (4.8)

We work similarly for U(N)L with the help of a computer and we find the maximum value
of the real part of the above expression to get the leading growth estimation for the index.
In this case the maximum is 0, meaning that the index does not grow exponentially.

c even. For c even, using the results (C.15), (C.19), (C.22), (C.23) from the corresponding
appendix, we have the following

−SU(N)L
eff (u, τ) ∼ 2π2

cζt̃

L∑
a=1

N∑
i,j=1

[
2B2

(
c

2u
(a)
ij

)
+ 2B2

(
c

2
(
u

(a)
i − u

(a+1)
j

))]

− 2π2

cζt̃

L∑
a=1

N∑
i,j=1

B2
(
c
(
u

(a)
i − u

(a+1)
j

))
, (t̃↘ 0).

(4.9)

For a gauge group SU(N)L we get similarly

−SSU(N)L
eff (u, τ) ∼ 2π2

cζt̃

L∑
a=1

N∑
i,j=1

[
2B2

(
c

2u
(a)
ij

)
+ 2B2

(
c

2
(
u

(a)
i − u

(a+1)
j

))]

− 2π2

cζt̃

L∑
a=1

 N∑
i,j=1

B2
(
c
(
u

(a)
i − u

(a+1)
j

))
+ 1

3

 , (t̃↘ 0).

(4.10)
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Figure 4. Plot of values of (4.12), for SU(2)2 and c = 2.

We proceed with a similar computational analysis as before, with the functions to be
maximized being

L∑
a=1

N∑
i,j=1

[
2B2

(
c
(
u

(a)
i − u

(a+1)
j

))
− 4B2

(
c

2u
(a)
ij

)
− 4B2

(
c

2
(
u

(a)
i − u

(a+1)
j

))]
, (4.11)

for U(N)L, and

L∑
a=1

N∑
i,j=1

[
2B2

(
c
(
u

(a)
i − u

(a+1)
j

))
− 4B2

(
c

2u
(a)
ij

)
− 4B2

(
c

2
(
u

(a)
i − u

(a+1)
j

))]∣∣∣∣∣∣∑N

k=1 u
(a)
k

=0

+ 2L
3 , (4.12)

for SU(N)L.
We have for SU(N)L the graph 4.
We get that for N odd, the maximum value of the real part of the above is −Lπ2 sinφ

3ct̃ ,
and for N even it is 2Lπ2 sinφ

3ct̃ , therefore the index grows exponential only when N is even,
i.e. we have

ISU(N)L(τ) ∼ e
2L
3
π2 sinφ

c
1
t̃ , (t̃↘ 0), (4.13)

when N is even.
Similarly, using a computer, for U(N)L the maximum value of the real part of the

above is −π2 sinφ
ct̃

whenever LN is odd, and 0 whenever LN is even. So the index has no
exponential growth in this instance.

The results of this section are summarized by (1.4) and table 2.

5 Discussion

The Schur index can be considered as an unrefinement of the more general 1
8 -BPS Mac-

donald index, discussed in [35]. The Macdonald index depends on 3 parameters, which in
the convention of [11] are ∆1,∆2, ω1. The way this then relates to the Schur index is by
imposing ∆1 + ∆2 = ω1. In that paper, they consider the Cardy-like limit of this more
general index as ω1 approaches 0. They find that the Macdonald index has a leading term
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in the asymptotics proportional to N2

ω1
. This still leaves the possibility open for that index

to capture the growth of states that would correspond to a black hole. But, crucially, this
only happens if the coefficient of that leading term can be positive. In a certain scaling
limit of the Macdonald index, their result for the Cardy-like limit takes the form

log I ∼
N2∆1∆2

2ω1
. (5.1)

We can compare with our results, by taking (5.1) and plugging in the relation ∆2 = ω1−∆1
to reduce to the Schur index. This gives

log I ∼
N2∆1

2 − N2∆1
2

2ω1
, (5.2)

which clearly has a negative coefficient for N2

ω1
whenever ∆1 is real, meaning that there is

no growth of states that would correspond to a black hole in that case. More generally,
in that paper they proceed by studying the thermodynamics corresponding to (5.1) and
reach the conclusion that the entropy S of the corresponding black hole solutions in the
Macdonald limit vanishes, i.e. S → 0. Therefore, this analysis also doesn’t support the
existence of dual black hole solutions.

In terms of further work in the future, other Lagrangian theories could be readily anal-
ysed using similar techniques in order to try and find one that does capture the growth of a
black hole, thus providing a strong indication, according to the AdS/CFT correspondence,
that there is a black hole solution in the dual theory, perhaps one that wasn’t known before
that could then be confirmed by studying the AdS side. Additionally, some non-Lagrangian
theories could also be analysed with these techniques using the results of [53]. Finally, gen-
eral non-Lagrangian theories could also be studied for a similar goal, but not by completely
similar techniques as here, since everything we did assumed we had a Lagrangian theory.
One technique for analysing the Schur index of general non-Lagrangian theories proceeds
by exploiting the Vertex Operator Algebra (VOA)/N = 2 SCFT correspondence, where
the Schur index can be shown to satisfy a modular linear differential equation [54]. It
would be interesting to use this to obtain the asymptotics of the Schur index for this more
general set of theories.

A final remark, is that in [54], the Cardy-like limit of the Schur index as its parameter
q approaches 1 is related to c4d − a4d, with c4d and a4d being the four-dimensional Weyl
anomalies. In particular, they give the expression

log I ∼
4πi(c4d − a4d)

τ
. (5.3)

Comparing with our results here, by considering (1.4) with d
c = 0

1 , we see that this c4d−a4d
is given by c4d − a4d = M

8 , in terms of the corresponding values of M we obtained, given
in the columns where c is odd in tables 1 and 2. These corresponding values of M imply
that c4d − a4d = 0 for N = 4 SYM for both cases of gauge groups, either U(N) or SU(N).
For N = 2 circular quiver gauge theories, when the gauge group is U(N)L we also get
c4d − a4d = 0, but for gauge group SU(N)L we get c4d − a4d = L

48 .
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To check if these results are consistent, we turn to directly calculating c4d−a4d in each
case, using the formulas of appendix B of [24]. In particular we have

c4d − a4d = − 1
16 TrR = − 1

16

dim G +
∑

α∈{chirals}
dim Rα (rα − 1)

 , (5.4)

where G is the gauge group, Rα is the representation under which the fields transform, and
rα − 1 are the R-charges of the fermions in the chiral superfields. Separating the sum into
that of N = 2 vector multiplets and hypermultiplets, assuming we have L vector multiplets
transforming under RVM and L hypermultiplets transforming under RHM , we have∑

α∈{chirals}
dim Rα (rα − 1)

= L dim RVM
∑

α∈{VM chirals}
(rα − 1) + L dim RHM

∑
α∈{HM chirals}

(rα − 1)

= −2L
3 dim RVM −

L
3 dim RHM.

(5.5)

We also have
dim U(N)L = LN2, dim SU(N)L = L(N2 − 1),
dim Radj U(N)L = N2, dim Radj SU(N)L = N2 − 1,

dim Rbif U(N)L = N2, dim Rbif SU(N)L = N2.

(5.6)

Putting everything together in (5.4), we see that indeed we have agreement with the values
of c4d − a4d predicted by our asymptotics for N = 4 SYM and for N = 2 circular quiver
gauge theories.

Beyond checking for consistency, we can also look at the analysis of [54] in terms of what
the Cardy-like limit of the Schur index can tell us about the VOA associated to the N = 2
SCFT. In particular, they use the limit as q approaches 1 to gain information regarding hmin
and c2d, the Virasoro central charge of the VOA. It is not clear what further information
with regards to the VOA, if any, is gained by the results of this paper, where the Cardy-like
limit is found at any root of unity, instead of just at 1. Due to the fact that the behaviour of
the limit at any root of unity is not drastically different to that of the limit as q approaches
1 (in terms of growth), it is likely that no new information, with regards to the VOA, is
obtained. Nevertheless, it would be interesting for this to be explored in more detail.
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A Plethystic exponentials of augmented single letter indices

We calculate the contribution to the Schur index of various N = 2 multiplets. We will use
the q-Pochhammer symbol notation, which is given by

(w; q) :=
∞∏
k=0

(1− wqk). (A.1)

We will need the characters of the relevant gauge groups, which are the groups U(N)
and SU(N) and products of them, in the adjoint and bifundamental representations. We
parametrize the Cartans of these groups with the eigenvalues e2πiui , where the subscript i
runs from 1 to N . Then the characters of the adjoint representations are

χadj U(N)(U) = trU trU † =
N∑

i,j=1
e2πi(ui−uj)

χadj SU(N)(U) = trU trU † − 1 =
N∑

i,j=1
e2πi(ui−uj) − 1.

(A.2)

For the bifundamental representations of either U(N)(a)×U(N)(b) or SU(N)(a)×SU(N)(b),
the characters are

χbif
(
U (a), U (b)

)
=

N∑
i,j=1

e
2πi
(
u

(a)
i −u

(b)
j

)
. (A.3)

We also define the Plethystic Exponential map

PE [f(q, p, . . .)] := exp
( ∞∑
k=1

1
k
f(qk, pk, . . .)

)
. (A.4)

For the vector multiplet transforming in the adjoint representation of U(N), we have

PE
[
iadj U(N)
vec (q, U)

]
= PE

 −2q2

1− q2

N∑
i,j=1

e(uij)

 = exp

 ∞∑
k=1

1
k

(
−2q2k

)
(1− q2k)

N∑
i,j=1

e(kuij)


=

N∏
i,j=1

exp
[
−2

∞∑
k=1

q2ke(kuij)
k

∞∑
m=0

q2km
]

=
N∏

i,j=1

∞∏
m=0

exp
[
2 log

(
1− q2m+2e(uij)

)]
(A.5)

=
N∏

i,j=1

∞∏
m=0

(
1− q2m+2e(uij)

)2

=
N∏

i,j=1

(
q2e(uij); q2

)2
=
(
q2; q2

)2N N∏
i 6=j

(
q2e(uij); q2

)2
.
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For the vector multiplet transforming in the adjoint representation of SU(N), we have

PE
[
iadj SU(N)
vec (q, U)

]
=
(
PE

[
iadj U(N)
vec (q, U)

])
PE

[
−2q2

1− q2 (−1)
]

=
(
q2; q2

)−2 (
PE

[
iadj U(N)
vec (q, U)

])
=
(
q2; q2

)2(N−1) N∏
i 6=j

(
q2e(uij); q2

)2
.

(A.6)

For the (half-)hypermultiplet transforming in the adjoint representation of U(N), we have

PE
[
i
adj U(N)
1
2 hyp (q, U)

]
= PE

 q

1− q2

N∑
i,j=1

e(uij)

 = exp

 ∞∑
k=1

1
k

(
qk
)

(1− q2k)

N∑
i,j=1

e(kuij)


=

N∏
i,j=1

exp
[ ∞∑
k=1

qke(kuij)
k

∞∑
m=0

q2km
]

(A.7)

=
N∏

i,j=1

∞∏
m=0

exp
[
− log

(
1− q2m+1e(uij)

)]

=
N∏

i,j=1

∞∏
m=0

1
(1− q2m+1e(uij))

.

In order to write the above in terms of q-Pochhammer symbols, we multiply top and bottom
by terms involving even powers of q as follows

PE
[
i
adj U(N)
1
2 hyp (q, U)

]
=

N∏
i,j=1

∞∏
m=0

(
1− q2m+2e(uij)

)
(1− q2m+1e(uij)) (1− q2m+2e(uij))

=
N∏

i,j=1

(
q2e(uij); q2)
(qe(uij); q)

=
(
q2; q2)N
(q; q)N

N∏
i 6=j

(
q2e(uij); q2)
(qe(uij); q)

.

(A.8)

For the (half-)hypermultiplet transforming in the adjoint representation of SU(N), we have

PE
[
i
adj SU(N)
1
2 hyp (q, U)

]
=
(

PE
[
i
adj U(N)
1
2 hyp (q, U)

])
PE

[
q

1− q2 (−1)
]

=
(
q2; q2)−1

(q; q)−1

(
PE

[
i
adj U(N)
1
2 hyp (q, U)

])

=
(
q2; q2)(N−1)

(q; q)(N−1)

N∏
i 6=j

(
q2e(uij); q2)
(qe(uij); q)

.

(A.9)
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For the (half-)hypermultiplet transforming in the bifundamental representation of
U(N)(a) ×U(N)(b) or SU(N)(a) × SU(N)(b), we have

PE
[
ibif

1
2 hyp(q, U (a), U (b))

]
= PE

 q

1− q2

N∑
i,j=1

e(u(a)
i − u

(b)
j )


=

N∏
i,j=1

exp

 ∞∑
k=1

qke(ku(a)
i − ku

(b)
j )

k

∞∑
m=0

q2km


=

N∏
i,j=1

∞∏
m=0

exp
[
− log

(
1− q2m+1e(u(a)

i − u
(b)
j )
)]

=
N∏

i,j=1

∞∏
m=0

1(
1− q2m+1e(u(a)

i − u
(b)
j )
) .

(A.10)

Again, similarly to before, in order to write the above in terms of q-Pochhammer symbols,
we multiply top and bottom by terms involving even powers of q as follows

PE
[
ibif

1
2 hyp(q, U (a), U (b))

]
=

N∏
i,j=1

∞∏
m=0

(
1− q2m+2e(u(a)

i − u
(b)
j )
)

(
1− q2m+1e(u(a)

i − u
(b)
j )
) (

1− q2m+2e(u(a)
i − u

(b)
j )
)

=
N∏

i,j=1

(
q2e(u(a)

i − u
(b)
j ); q2

)
(
qe(u(a)

i − u
(b)
j ); q

) (A.11)

=
(
q2; q2)N
(q; q)N

N∏
i 6=j

(
q2e(u(a)

i − u
(b)
j ); q2

)
(
qe(u(a)

i − u
(b)
j ); q

) .

Below, we summarise the results of this appendix:

PE
[
iadj U(N)
vec (q, U)

]
=
(
q2; q2

)2N N∏
i 6=j

(
q2e(uij); q2

)2
,

PE
[
iadj SU(N)
vec (q, U)

]
=
(
q2; q2

)2(N−1) N∏
i 6=j

(
q2e(uij); q2

)2
,

PE
[
i
adj U(N)
1
2 hyp (q, U)

]
=
(
q2; q2)N
(q; q)N

N∏
i 6=j

(
q2e(uij); q2)
(qe(uij); q)

,

PE
[
i
adj SU(N)
1
2 hyp (q, U)

]
=
(
q2; q2)(N−1)

(q; q)(N−1)

N∏
i 6=j

(
q2e(uij); q2)
(qe(uij); q)

,

PE
[
ibif

1
2 hyp

(
q, U (a), U (b)

)]
=
(
q2; q2)N
(q; q)N

N∏
i 6=j

(
q2e

(
u

(a)
i − u

(b)
j

)
; q2
)

(
qe
(
u

(a)
i − u

(b)
j

)
; q
) .

(A.12)

B Bernoulli polynomials and polylogarithms

Throughout this section, whenever we use d and c we assume gcd(d, c) = 1, d ∈ Z, c ∈ Z+.
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We denote, as usual, Bn and Bn(x) as the nth Bernoulli number and nth degree
Bernoulli polynomial, respectively. The usual definition in terms of a generating function is

text

et − 1 =
∞∑
n=0

Bn(x) t
n

n! . (B.1)

We extend the usual definition to also include n being a negative integer, with the
convention that the negative degree Bernoulli polynomials are all identically 0.

For the Bernoulli numbers, we have the relations

Bn = Bn(0), (B.2)
B2n+1 = 0, whenn ≥ 1. (B.3)

The first few non-zero Bernoulli polynomials are

B0(x) = 1,

B1(x) = x− 1
2 ,

B2(x) = x2 − x+ 1
6 ,

B3(x) = x3 − 3
2x

2 + 1
2x.

(B.4)

From Bernoulli polynomials we can define the periodic Bernoulli functions, Bn(x), as fol-
lows

Bn(x) = Bn(x− bxc), (B.5)

with
Bn(x+ r) = Bn(x), (B.6)

for any r ∈ Z. For n ≥ 2, they have a Fourier expansion of the following form

Bn(x) = − n!
(2πi)n

∑
k 6=0

e(kx)
kn

, (B.7)

which is absolutely convergent.
A very useful identity that Bernoulli polynomials satisfy is

Bn(1− x) = (−1)nBn(x), (B.8)

from which we have for the periodic Bernoulli functions

Bn(−x) = (−1)nBn(x), (B.9)

but we note that this is true whenever n ∈ Z \ {1}.
Using the Fourier expansion and the identity

c∑
µ=1

e
(
d

c
rµ

)
= c

∞∑
s=−∞

δr,cs, (B.10)
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we get the following sum relation for periodic Bernoulli functions
c∑

µ=1
Bj

(
x+ d

µ

c

)
= c1−j Bj(cx), (B.11)

where we note that this derivation is valid only when j ≥ 2, and also that the above sum
relation is trivially true for j ≤ 0.

We now analyse what the result is for j = 1. We write {x} := x − bxc, where
{x+ r} = {x} for all r ∈ Z. Then for d

c , where d ∈ Z, c ∈ Z+ and gcd(d, c) = 1, we have

c−1∑
µ=1

{
x+ d

µ

c

}
=

c−1∑
µ=1

{
x+ µ

c

}
. (B.12)

In order to prove this, we write µd = qµc + rµ, where qµ, rµ ∈ Z and 0 ≤ rµ < c. Note,
that for µ = 1, . . . , c, the numbers µd are a complete residue system modulo c, meaning
that the rµ are all different. Therefore

c∑
µ=1

{
x+ d

µ

c

}
=

c∑
µ=1

{
x+ rµ

c
+ qµ

}
=

c∑
rµ=1

{
x+ rµ

c

}
=

c∑
µ=1

{
x+ µ

c

}
. (B.13)

Noting that the summands on both sides for µ = c are both equal to {x}, we then get the
required result.

Another useful identity is Hermite’s identity:
c−1∑
µ=0

⌊
x+ µ

c

⌋
= bcxc. (B.14)

We have then, using Hermite’s identity:

c−1∑
µ=1

{
x+ µ

c

}
=

c−1∑
µ=1

(
x+ µ

c
−
⌊
x+ µ

c

⌋)
= (c− 1)x+ (c− 1)

2 −

c−1∑
µ=0

⌊
x+ µ

c

⌋
− bxc


= cx− x− bcxc+ bxc+ (c− 1)

2 = {cx} − {x}+ (c− 1)
2 . (B.15)

Combining with what we had above we get
c−1∑
µ=1

{
x+ d

µ

c

}
= {cx} − {x}+ (c− 1)

2 . (B.16)

Therefore, we have
c−1∑
µ=1

B1

(
x+ d

µ

c

)
=

c−1∑
µ=1

({
x+ d

µ

c

}
− 1

2

)
= {cx} − {x}. (B.17)

From the above then we easily reach
c∑

µ=1
B1

(
x+ d

µ

c

)
= {cx} − 1

2 = B1(cx), (B.18)

thus showing that (B.11) is also true for j = 1.
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In terms of special functions we will also need the polylogarithms, defined as

Lis(z) =
∞∑
k=1

zk

ks
. (B.19)

The polylogarithm of order 1 is given simply by

Li1(z) = − log(1− z). (B.20)

A useful integral property relating polylogarithms of consecutive order, is

Lis+1(z) =
∫ z

0

Lis(t)
t

dt. (B.21)

A key formula relating polylogarithms with periodic Bernoulli functions is

Lin (e(x)) + (−1)nLin (e(−x)) = −(2πi)n

n! Bn(x), (B.22)

which is true for n ∈ Z, except when n = 1. When n = 1 it is only true for x ∈ R \ Z.

C Asymptotics of q-Pochhammer symbols

Here we find the asymptotics of the q-Pochhammer symbol in a few different cases. Similar
and more general asymptotic results are discussed in [55, 56].

Our main tool for finding asymptotics is the powerful Euler-Maclaurin summation
formula [57]. It states that for a smooth function f : (0,∞) → C, that is of sufficiently
rapid decay as t→∞, and has

f(t) ∼ b log 1
t

+
∞∑
p=0

bpt
p, (t↘ 0), (C.1)

the following holds

∞∑
k=0

f((k + β)t) ∼ If
t

+ b

(
log Γ(β)− 1

2 log(2π) +
(1

2 − β
)

log 1
t

)
−
∞∑
p=0

bp
Bp+1(β)
p+ 1 tp,

(t↘ 0), (C.2)

where If :=
∫∞

0 f(u) du and β > 0.
We begin by defining

fw(t) := log
(
1− weζt

)
, (C.3)

for t ∈ (0,∞), with w ∈ C, 0 < |w| ≤ 1 and with ζ := ei(φ+π
2 ), where φ ∈ (0, π), which we

call the angle of approach.
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C.1 τ → 0

We consider the asymptotics of this function as t ↘ 0 in two different cases, when w = 1
and otherwise, as analysed in [55].

We have, by first finding the asymptotics of the derivative, the following (also see [57])

f1(t) ∼ − log 1
t

+
∞∑
p=1

(−ζ)p Bp
p · p! t

p, (t↘ 0). (C.4)

When |w| < 1 we have

fw(t) ∼ −
∞∑
n=1

(
weζt

)n
n

= −
∞∑
n=1

wn

n

∞∑
p=0

ζpnp

p! tp

=
∞∑
p=0

(−ζp)
p! tp

∞∑
n=1

wn

n1−p =
∞∑
p=0

(−ζp) Li1−p(w)
p! tp, (t↘ 0),

(C.5)

where Li is the polylogarithm function. These same asymptotics also hold when |w| = 1,
as long as w 6= 1, as noted in [55].

We also need to calculate the following integral, which we can do using the integral
substitution u = weζt and using the integral property of polylogarithms to get∫ ∞

0
fw(t) dt = Li2(w)

ζ
. (C.6)

Remembering that q = e(τ), we make the substitution t = 2πe−iφτ , and with the above
expressions, we get using the Euler-Maclaurin summation formula

log (q; q) ∼ Li2(1)
ζt

−
(

log Γ(1)− 1
2 log(2π)− 1

2 log 1
t

)
−
∞∑
p=1

(−ζ)pBp ·Bp+1(1)
p · (p+ 1)! t

p

= π2

6ζt + 1
2 log 2π

t
−
∞∑
p=1

(−ζ)p(−1)p+1 Bp ·Bp+1
p · (p+ 1)! t

p

= π2

6ζt + 1
2 log 2π

t
− ζt

24 , (t↘ 0),

(C.7)

where we used (B.3) in the final step.
The corresponding asymptotics for

(
q2; q2) is given by simply substituting 2t in the

place of t

log
(
q2; q2

)
∼

π2

12ζt + 1
2 log π

t
− ζt

12 , (t↘ 0). (C.8)

We also have the following asymptotics for u ∈ R \ Z

log (qe(u); q) ∼ Li2(e(u))
ζt

−
∞∑
p=0

(−ζp) Li1−p(e(u))Bp+1(1)
(p+ 1)! t

p

= Li2(e(u))
ζt

− Li1(e(u))B1 +
∑

p∈2N0+1
(−1)1−pζp Li1−p(e(u)) Bp+1

(p+ 1)! t
p

= Li2(e(u))
ζt

− log(1− e(u))
2 +

∞∑
p=0

ζ2p+1 Li−2p(e(u))
B2(p+1)

(2(p+ 1))! t
2p+1,

(t↘ 0).

(C.9)
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We obtain a nicer result if we add a part to make the above symmetric, as follows

log (qe(u); q) + log (qe(−u); q) ∼ [Li2(e(u)) + Li2(e(−u))]
ζt

− [log(1− e(u)) + log(1− e(−u))]
2

+
∞∑
p=0

ζ2p+1 [Li−2p(e(u)) + Li−2p(e(−u))]
B2(p+1)

(2(p+ 1))! t
2p+1

= 2π2B2(u)
ζt

− [log(1− e(u)) + log(1− e(−u))]
2 − ζt

12 ,

(t↘ 0), (C.10)

where we used (B.22) in the final step.
The corresponding asymptotics involving

(
q2e(u); q2) is given again by simply substi-

tuting 2t in the place of t

log (q2e(u); q2) + log (q2e(−u); q2) ∼ π2B2(u)
ζt

− [log(1− e(u)) + log(1− e(−u))]
2 − ζt

6 ,

(t↘ 0). (C.11)

C.2 τ → Q

We now consider the asymptotics where q = e
(
d
c

)
eζt̃/c with t̃↘ 0, and with d ∈ Z, c ∈ Z+

and gcd(d, c) = 1.
The trick to finding the asymptotics of the q-Pochhammer symbol in this case is to

split the sum into parts corresponding to different conjugacy classes of c. Then we get

log (q; q) ∼ π2

6ζt̃
+ 1

2 log 2π
t̃
− ζt̃

24 +
c−1∑
µ=1

Li2
(
e
(
dµc
))

ζt̃
,

−
c−1∑
µ=1

∞∑
p=0

(−ζp) Li1−p
(
e
(
d
µ

c

))
Bp+1

(µ
c

)
(p+ 1)! t̃

p, (t̃↘ 0).
(C.12)

Using the substitution µ′ = c− µ we have

c−1∑
µ=1

Li2
(
e
(
dµc
))

ζt̃
−
∞∑
p=0

(−ζp) Li1−p
(
e
(
d
µ

c

))
Bp+1

(µ
c

)
(p+ 1)! t̃

p


=

c−1∑
µ′=1

Li2
(
e
(
−dµ

′

c

))
ζt̃

+
∞∑
p=0

ζp Li1−p
(
e
(
−dµ

′

c

)) Bp+1
(
1− µ′

c

)
(p+ 1)! t̃p


=

c−1∑
µ′=1

Li2
(
e
(
−dµ

′

c

))
ζt̃

+
∞∑
p=0

ζp(−1)1−p Li1−p
(
e
(
−dµ

′

c

)) Bp+1
(
µ′

c

)
(p+ 1)! t̃p

 .
(C.13)
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Therefore we have

c−1∑
µ=1

Li2
(
e
(
dµc
))

ζt̃
−
∞∑
p=0

(−ζp) Li1−p
(
e
(
d
µ

c

))
Bp+1

(µ
c

)
(p+1)! t̃

p


= 1

2

c−1∑
µ=1

([
Li2

(
e
(
dµc
))

+Li2
(
e
(
−dµc

))]
ζt̃

)

+ 1
2

c−1∑
µ=1

 ∞∑
p=0

ζp
[
Li1−p

(
e
(
d
µ

c

))
+(−1)1−pLi1−p

(
e
(
−dµ

c

))]
Bp+1

(µ
c

)
(p+1)! t̃

p


= 1

2

c−1∑
µ=1

(
2π2B2

(
dµc
)

ζt̃

)
+ 1

2

c−1∑
µ=1

(
−2πiB1

(
d
µ

c

)
B1

(
µ

c

)
−ζ

B2
(µ
c

)
2 t̃

)

= π2

ζt̃

 c∑
µ=1

B2

(
d
µ

c

)
−B2

− iπ c−1∑
µ=1

B1

(
d
µ

c

)
B1

(
µ

c

)
− ζt̃4

 c∑
µ=1

B2

(
µ

c

)
−B2


= π2(1−c)

6cζt̃
− iπ

c−1∑
µ=1

B1

(
d
µ

c

)
B1

(
µ

c

)
− (1−c)

24c ζt̃.

(C.14)

Now going back to the asymptotics we get

log (q; q) ∼ π2

6ζt̃
+ 1

2 log 2π
t̃
− ζt̃

24 + π2(1− c)
6cζt̃

− iπ
c−1∑
µ=1

B1

(
d
µ

c

)
B1

(
µ

c

)
− (1− c)

24c ζt̃

= π2

6cζt̃
+ 1

2 log 2π
t̃
− ζt̃

24c − iπ
c−1∑
µ=1

B1

(
d
µ

c

)
B1

(
µ

c

)
, (t̃↘ 0). (C.15)

We proceed by using the same trick for the following asymptotics

log (qe(u); q) ∼
c∑

µ=1

Li2
(
e
(
u+ dµc

))
ζt̃

−
∞∑
p=0

(−ζp) Li1−p
(
e
(
u+ d

µ

c

))
Bp+1

(µ
c

)
(p+ 1)! t̃

p


= Li2(e(u))

ζt̃
− log(1− e(u))

2 +
∞∑
p=0

ζ2p+1 Li−2p(e(u))
B2(p+1)

(2(p+ 1))! t̃
2p+1

+
c−1∑
µ=1

Li2
(
e
(
u+ dµc

))
ζt̃

+
∞∑
p=0

ζp Li1−p
(
e
(
u+ d

µ

c

))
Bp+1

(µ
c

)
(p+ 1)! t̃

p

 ,
(t̃↘ 0). (C.16)

Next we add a part to make it symmetric again as in the previous section, but this time
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also using the substitution µ′ = c− µ for the sum

log (qe(u); q) + log (qe(−u); q) ∼ 2π2B2(u)
ζt̃

− [log(1− e(u)) + log(1− e(−u))]
2 − ζt̃

12

+
c−1∑
µ=1

Li2
(
e
(
u+ dµc

))
ζt̃

+
∞∑
p=0

ζp Li1−p
(
e
(
u+ d

µ

c

))
Bp+1

(µ
c

)
(p+ 1)! t̃

p


+

c−1∑
µ′=1

Li2
(
e
(
−u− dµ

′

c

))
ζt̃

+
c−1∑
µ′=1

∞∑
p=0

ζp Li1−p
(
e
(
−u− dµ

′

c

)) Bp+1
(
1− µ′

c

)
(p+ 1)! t̃p, (t̃↘ 0). (C.17)

Collecting like terms together and using properties of Bernoulli polynomials we get

log (qe(u); q) + log (qe(−u); q) ∼ 2π2B2(u)
ζt̃

− [log(1− e(u)) + log(1− e(−u))]
2 − ζt̃

12

+
c−1∑
µ=1

([
Li2

(
e
(
u+ dµc

))
+ Li2

(
e
(
−u− dµc

))]
ζt̃

)

+
c−1∑
µ=1

 ∞∑
p=0

ζp
[
Li1−p

(
e
(
u+ d

µ

c

))
+ (−1)1−p Li1−p

(
e
(
−u− dµ

c

))]

×
Bp+1

(µ
c

)
(p+ 1)! t̃

p

)
, (t̃↘ 0). (C.18)

Finally, using properties of polylogarithms and Bernoulli polynomials, we get

log(qe(u);q)+log(qe(−u);q)∼ 2π2B2(u)
ζt̃

− [log(1−e(u))+log(1−e(−u))]
2 − ζt̃12

+
c−1∑
µ=1

(
2π2B2

(
u+dµc

)
ζt̃

−2πiB1

(
u+dµ

c

)
B1

(
µ

c

)
−ζ

B2
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c

)
2 t̃

)

= 2π2

cζt̃
B2(cu)− ζt̃

12c−
[log(1−e(u))+log(1−e(−u))]

2

−2πi
c−1∑
µ=1

B1

(
u+dµ

c

)
B1

(
µ

c

)
, (t̃↘0). (C.19)

In order to find the corresponding asymptotics when we have q2 = e
(

2d
c

)
eζ2t̃/c instead

of q, we need to split our analysis into two cases depending on the parity of c, essentially
stemming from whether or not c

2 is an integer and whether or not gcd(2d, c) = 1.

c odd. When c is odd we have that gcd(2d, c) = 1 so we can extrapolate the required re-
sults from the ones we have above by substituting 2d in the place of d and 2t̃ in the place of t̃.

This yields

log
(
q2; q2

)
∼

π2

12cζt̃
+ 1

2 log π
t̃
− ζt̃

12c − iπ
c−1∑
µ=1

B1

(
2dµ
c

)
B1

(
µ

c

)
, (t̃↘ 0), (C.20)
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and

log
(
q2e(u);q2

)
+log

(
q2e(−u);q2

)
∼
π2

cζt̃
B2(cu)− ζt̃6c−

[log(1−e(u))+log(1−e(−u))]
2

−2πi
c−1∑
µ=1

B1

(
u+2dµ

c

)
B1

(
µ

c

)
, (t̃↘ 0). (C.21)

c even. On the other hand, when c is even we have that c
2 is a positive integer and

gcd(d, c2) = 1 so we can extrapolate the required results from the ones we have above by
substituting c

2 in the place of c.
This yields

log
(
q2; q2

)
∼

π2

3cζt̃
+ 1

2 log 2π
t̃
− ζt̃

12c − iπ
c
2−1∑
µ=1

B1

(
2dµ
c

)
B1

(
2µ
c

)
, (t̃↘ 0), (C.22)

and

log
(
q2e(u); q2

)
+ log

(
q2e(−u); q2

)
∼

4π2

cζt̃
B2

(
c

2u
)
− ζt̃

6c

− [log(1− e(u)) + log(1− e(−u))]
2 (C.23)

− 2πi
c
2−1∑
µ=1

B1

(
u+ 2dµ

c

)
B1

(
2µ
c

)
, (t̃↘ 0).
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