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1 Introduction

Theories with a density of states which grows exponentially with the energy are well de-
fined below a certain temperature, called the Hagedorn temperature TH . The latter is
defined as the temperature above which the partition function Z diverges [1]. Examples of
theories with this behavior include string theories but also ordinary gauge theories, as pure
Yang-Mills (YM), where the spectrum of hadrons (glueballs) indeed is believed to grow
exponentially.

The computation of the Hagedorn temperature for generic confining theories is not
an easy task, even on the lattice, since TH is larger than the critical temperature for
deconfinement (but see e.g. [2] for an estimate in pure YM and [3] for a discussion). In this
paper we consider confining theories having a dual holographic description with a reliable
supergravity regime. In this case the Hagedorn temperature of the gauge theory is given
by the one of the dual string theory on a curved background.

The problem of calculating TH is well understood for string theories in flat space. The
starting point is the asymptotic formula for the number of all partitions of a large-integer N
given by Hardy and Ramanujan [4]. In fact, it can be interpreted as the degeneracy of the
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N -th level in the spectrum of a one-dimensional bosonic string theory (e.g., see [5]). This
result has been first generalized in whatever dimension by Huang and Weinberg [6] and
then extended to the superstring case in several works [7–10]. The exponential behavior
of the resulting density of states is such that Z converges only below a particular limiting
temperature, that is TH .

Unfortunately, it is not known how to compute Z for a string theory on a generic curved
background. What we can always do is to expand the string action around a classical
configuration. The divergence in Z we are looking for seems to originate from temporal
winding modes which become tachyonic above TH [11–13]. In this direction, Atick and
Witten proposed a genus-zero method for computing TH in flat space [14]. Their results
reproduce the known values of TH exploiting just the mass-shell condition of the theory,
instead of well-known expressions of Z in flat space.

In this paper, we provide an estimate for the Hagedorn temperature of confining theo-
ries with a gravity dual, by applying the Atick-Witten genus-zero method to curved back-
grounds, in the Green-Schwarz (GS) formalism.

The estimate of TH is derived from the semi-classical quantization of the string around
the (classical) temporal winding configuration. The string is placed in the region of the
geometry corresponding to the deep infra-red regime of the dual field theory. The wind-
ing mode is supposed to be the lightest state becoming tachyonic as the temperature is
increased, providing the value of TH . The latter is an estimate, rather than the precise
value, of the Hagedorn temperature for at least three reasons: because we extrapolate the
validity of the semi-classical quantization down to zero mass of the classical configuration;
because we cannot completely exclude the (unlikely) possibility that a different configura-
tion becomes tachyonic at a smaller temperature; and because, not being able to fully solve
the string theory on curved backgrounds, the result is correct only at leading order in α′.

The mode we consider is the simplest classical configuration (i.e. it solves the equations
of motion and the Virasoro constraints) winding the temporal direction. It is basically (the
Euclidean counter-part of) the configuration providing the field theory string tension Ts in
holography or on the lattice. This elementary observation explains the direct link of TH
to Ts.

In this paper we work out the explicit example of the Type IIA string on Witten’s
background dual to a YM theory coupled to adjoint Kaluza-Klein modes [15]. Nevertheless,
it will be clear from the computation that the result is completely general in Type II
theories dual to confining theories. The semi-classical quantization of the string provides
eight free bosonic modes and their superpartners.1 We calculate the masses of these modes
consistently with the absence of conformal anomaly. Their values are directly connected
to the ones found in the Wilson loop calculation [17].

With this spectrum at hand, we derive in the standard way the mass-shell condition,
which provides the temperature dependence of the mass of the (quantized) configuration.
The condition of zero mass, giving the Hagedorn temperature, will correspond to vanishing
values of the stringy mode masses. Thus, the calculation reduces to the one in flat space,
up to the value of the string tension.

1See [16] for a geometrical approach to this problem.
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The resulting estimate for the Hagedorn temperature reads

TH =
√
Ts

√
1

4π , (1.1)

where Ts is the string tension in the dual field theory. We will also extract a subset of the
leading α′ corrections to this result.

For Type II strings in flat space the result is the same as (1.1) with Ts = 1/2πα′. In
general, for stringy models the expectation is that TH/

√
Ts ∼ 1/√ceff , where ceff is some

effective central charge (see e.g. [18, 19]). Clearly the point is to understand in each case
what are the correct values of Ts, ceff . Our explicit computation provides evidence to the
intuitive expectation that, in Type II theories dual to confining models and at leading order
in α′, Ts is the dual field theory string tension and ceff is the same as in flat space.

The rest of the paper is organized as follows. In section 2 we describe the classical
configuration winding the temporal direction, which will be the base of our calculation.
Section 3 describes the semi-classical quantization of this configuration and the mass spec-
tra of world-sheet bosonic and fermionic modes. These data are employed to derive the
mass-shell condition and, imposing vanishing mass of the quantized mode, the estimate for
the Hagedorn temperature in section 4. We conclude with a few comments in section 5.
The appendices contain further technical details of the computations.

2 The classical string configuration

In this section, we aim to describe the string background dual to the so-called Witten-
Yang-Mills (WYM) theory and the classical configuration that will be quantized in the
following.

WYM is the theory on the world-volume of a stack of N D4-branes wrapped on a circle
with anti-periodic boundary conditions for fermions [15]. At low energies, it reduces to
four-dimensional SU(N) Yang-Mills coupled to massive adjoint Kaluza-Klein (KK) modes.
In the regime where the theory has a reliable supergravity dual, i.e. the strongly coupled
planar (large N) limit, the KK modes are at the same mass scale as the glueballs. The
theory displays linear confinement and a mass gap and it is believed to be in the same
universality class of pure YM.

The Type IIA supergravity background dual to the WYM theory in the confining phase
at finite temperature T is given by

ds2 = 1
m2

0

(
u

R

)3/2 (
δµνdx

µdxν + 4
9f(u)dθ2

)
+
(
R

u

)3/2 du2

f(u) +R
3/2u

1/2dΩ2
4 ,

m2
0 = u0

R3 , f(u) = 1− u3
0
u3 , eφ = gs

u
3/4

R3/4
, R = (πNgs)

1/3 α′
1/2 , F4 = 3R3ω4 ,

(2.1)

where µ, ν = 0, 1, 2, 3 and ω4 is the volume form of the transverse S4. Notice that, with this
notation, the coordinates xµ are dimensionless. The above ten-dimensional string frame
metric, the dilaton φ and the constant Ramond-Ramond field strength F4 make up the
so-called Witten background, taken with Euclidean signature and a time direction which is
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compactified on a circle of length 1/T . Here, u ∈ [u0,+∞) is the holographic coordinate
and θ is an angular coordinate θ ' θ+2π which parametrizes a shrinking circle along the u-
direction. Its radius is asymptotically fixed by the inverse of the glueball and KK mass scale

MKK = 3
2 m0 (2.2)

and vanishes at u = u0. The value u = u0 corresponds to the position of the tip of the
cigar in the (u, θ)-plane. The region u ∼ u0 is dual to the IR regime of the WYM theory.

In the following, we will find a classical configuration containing winding modes in the
temporal direction and around which we will expand the world-sheet action for type IIA
closed strings localized at the tip of the cigar. The latter requirement comes from the fact
that we search for the lighter winding mode which solves the equations of motion. In order
to compute a generalized mass-shell condition, we just need to know the field content of
the action and so we have to expand it up to quadratic order in quantum fluctuations. TH
will be deduced fixing to zero the mass of the physical ground state.

The discussion of fermions in a Euclidean background is often problematic. So we will
adopt the strategy of Wick-rotating the x1-direction in (2.1) and work with a Lorentzian
background given by

ds2 = 1
m2

0

(
u

R

)3/2 (
η̃µνdx

µdxν + 4
9f(u)dθ2

)
+
(
R

u

)3/2 du2

f(u) +R
3/2u

1/2dΩ2
4 ,

m2
0 = u0

R3 , f(u) = 1− u3
0
u3 , eφ = gs

u
3/4

R3/4
, R = (πNgs)

1/3 α′
1/2 , F4 = 3R3ω4 ,

(2.3)

where
η̃ = diag {1,−1, 1, 1} . (2.4)

The rotation makes it possible to choose real conjugate momenta. In particular, the one
related to x1 will be related to the energy of physical string states living in the nine-
dimensional subspace orthogonal to the compact temporal direction.

The spectrum of bosonic excitations does not depend on the Wick rotation, and it can
be reliably calculated on the background (2.1). Moreover, absence of conformal anomaly
links the fermionic mode masses to the bosonic ones. Thus, we do not expect a direct
calculation of the fermionic masses on (2.1) to give a different result with respect to the
one on (2.3). In any case, the final result for the Hagedorn temperature at leading order
will not depend on this issue.

In the literature, changing coordinate system as r2 ∼ u−u0 is a very common strategy.
Then, one usually introduces locally flat coordinates y1 and y2 such that r2 = y2

1+y2
2, that is

u = u0 (1 + y2
1 + y2

2) ,

θ = 2 arctan

 y1√
y2

1 + y2
2 + y2

 .

(2.5a)

(2.5b)
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The background metric (2.3) expanded around y1 = y2 = 0 (⇒ u = u0) reads

ds2≈R3/2u
1/2
0

{[
1+ 3

2
(
y2

1 +y2
2

)]
η̃µνdx

µdxν + 4
3
(
dy2

1 +dy2
2

)
+
[
1+ 1

2
(
y2

1 +y2
2

)]
dΩ2

4

}
.

(2.6)
In this coordinates, it is quite easy to obtain the bosonic mass spectrum (e.g., see [17]). Nev-
ertheless, we prefer to work with the coordinates (u, θ), since, as we will see, this allows us
to derive the standard expression for the Hamiltonian of the string in a straightforward way.

2.1 The reference classical configuration

So, let us consider a closed string with Lorentzian flat world-sheet embedded in the
Lorentzian background (2.3). Let us fix the world-sheet metric as

ds̃2 = ηαβ dσ
αdσβ = −dτ2 + dσ2 , (2.7)

where −∞ < τ < +∞ and 0 ≤ σ < 2π.
In general, the world-sheet bosonic action in its Polyakov form reads

SB = − 1
4πα′

∫
dτdσ ηαβ ∂αρ

p ∂βρ
q gpq (ρ) , α, β = τ, σ , p, q = 0, . . . , 9 , (2.8)

where gpq are the components of the background metric in (2.3) and ρ is the set of coordi-
nates

ρ =
{
x0, x1, x2, x3, u, θ,Ω4

}
. (2.9)

Let us denote the reference classical configuration as P . The latter has to be a solution
of the equations of motion related to (2.8) for ρ = P , that is

ηαβ [∂kgpq(P ) ∂αP p ∂βP q − 2∂α(gkq(P ) ∂βP q)] = 0 , k = 0, 1, . . . , 9 . (2.10)

Moreover, let us stress that (2.8) is classically equivalent to the Nambu-Goto formulation
of the bosonic action if the equations of motion for the world-sheet metric are satisfied. In
other words, our classical configuration is subject to the Virasoro constraints

TBαβ = ∂αP
p ∂βP

q gpq(P )− 1
2 ηαβ η

ρσ ∂ρP
p ∂σP

q gpq(P ) = 0 . (2.11)

The above conditions turn out to be equivalent to

A2 hαβ = ηαβ , (2.12)

where A = A(τ, σ) is an arbitrary function of the world-sheet coordinates and hαβ =
∂αP

p ∂βP
q gpq(P ) is the induced metric on the world-sheet.

Finally, dealing with closed strings at finite temperature, we have to require appropriate
periodic boundary conditions in the spatial directions, that is

P q(τ, σ + 2π) = P q(τ, σ) , q = 1, . . . , 9 . (2.13)

For the temporal direction this will be true up to the length of the circle.
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So, let us try to find the minimal classical configuration which contains a temporal
winding mode localized at the tip of the cigar, solves the equations of motion (2.10),
satisfies the constraints (2.12) and respects the periodic boundary conditions (2.13). In the
most general case, we have to start from2

P =
{
X0, X i, U,Θ, 0, 0, 0, 0

}
, i = 1, . . . , d ≤ 3 , (2.14)

for X0, Xi, U and Θ generic functions of τ , σ. With this notation, the constraints (2.12)
read 

∂τX
µ∂τX

ν gµν(U) + (∂τU)2 guu(U) + (∂τΘ)2 gθθ(U) = − 1
A2 ,

∂τX
µ ∂σX

ν gµν(U) + ∂τU ∂σU guu(U) + ∂τΘ ∂σΘ gθθ(U) = 0 ,

∂σX
µ∂σX

ν gµν(U) + (∂σU)2 guu(U) + (∂σΘ)2 gθθ(U) = 1
A2 ,

(2.15a)

(2.15b)

(2.15c)

and the equations of motion (2.10) become
ηαβ ∂αU ∂βX

µ ∂ug00(U) + g00(U) ηαβ ∂α∂βXµ = 0 , µ = 0, 1, . . . , d ,

ηαβ ∂αU ∂βΘ ∂ugθθ(U) + gθθ(U) ηαβ ∂α∂βΘ = 0 ,

ηαβ [∂αXµ ∂βX
ν∂ugµν(U) + ∂αU ∂βU∂uguu(U) + ∂αΘ ∂βΘ∂ugθθ(U)− 2∂α(guu(U)∂βU)] = 0 .

(2.16a)
(2.16b)
(2.16c)

Let us make some observations. First of all, if we want to include a temporal winding
mode in the ansatz, we have to require

X0 = m0
β

2πσ , X0 ' X0 +m0β (β ≡ 1/T ) . (2.17)

Then, if we want to put the string at the tip of the cigar, the first derivatives of U have
to vanish in U = u0. Since guu(U) and its derivatives diverge in U = u0, we have to pay
attention in order to avoid indeterminate expressions in (2.15) and (2.16). A reasonable
ansatz for U is thus

∂αU = cα
(guu(U))h → 0 , U → u0 , cτ , cσ ∈ R , h ∈ I , (2.18)

where
I =

{
h ∈ R : h = 1

2 ∨ h ≥ 1 ∨
(1

2 < h < 1 ∧ ηαβcαcβ = 0
)}

. (2.19)

The conditions on h ensure that the constraints (2.15) and (2.16c) are well defined in
U = u0, since

∂αU ∂βU ∂uguu(U)− 2 ∂α(guu(U)∂βU) = (2h− 1) ∂αU ∂βU ∂uguu(U) (2.20)

and

ηαβ∂αU ∂βU∂uguu(U) = −ηαβcαcβ
3

2U

(
U

R

)3h− 3
2
(

1 + u3
0

U3

)(
1− u3

0
U3

)2(h−1)

. (2.21)

2Strings orbiting in the internal space correspond to a spectrum of hadronic-like states charged under
global flavor symmetries. So, we exclude the coordinate of the S4 from the ansatz.
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Furthermore, since g00(u0), ∂ug00(u0) 6= 0, (2.16a) implies

ηαβ∂α∂βX
µ = 0 , µ = 0, 1, . . . , d . (2.22)

This is a set of necessary conditions if we want to include U = u0 as a part of the ansatz.
So, let us choose

Xi = α′pim0τ , pi ∈ R : η̃ij p
i pj = −M2 , i, j = 1, . . . , d . (2.23)

Notice that M2 is the nine-dimensional squared mass of the stringy states under examina-
tion. M2 > 0 for pi ∈ R is possible thanks to the Lorentzian signature of η̃. Moreover, by
construction, (2.17) and (2.23) satisfy (2.13).

On the other hand, (2.16b) does not give any similar information about Θ, since
gθθ(u0) = 0. Besides, the tip of the cigar corresponds to the origin of the “polar” coordinate
system and so, in principle, Θ can take on any possible value. For the sake of simplicity,
we assume Θ to be constant, compatibly with (2.13).3

Finally, let us note that (2.16) reduces to

(1− 2h) lim
U→u0

ηαβ∂αU ∂βU ∂uguu(U) = m2
0

[
β2

4π2 + α′2M2
]
∂ug00(u0) . (2.24)

The r.h.s. of the above equation is the sum of non-negative quantities. So, it cannot be
satisfied ∀M2 > 0 if the l.h.s. is exactly zero. Given (2.21), this excludes all the cases
specified in I except h = 1.

All in all, let us consider the classical configuration4

X0 = m0
β

2πσ , X0 ' X0 +m0β ,

Xi = α′pim0τ , pi ∈ R : η̃ij p
i pj = −M2 , i, j = 1, . . . , d ,

U = u0 : guu(U) ∂αU |U=u0
= cα , cτ , cσ ∈ R ,

Θ = constant .

(2.25a)

(2.25b)
(2.25c)
(2.25d)

A similar genus-one version of this configuration has been considered in [20]. We can now
summarize the classical Virasoro constraint in (2.15) and the equations of motion (2.16),
using (2.21) and (2.24), as5 

α′2M2 = β2

4π2 = 1
m2

0 g00(u0)A2 ,

ηαβcαcβ = 1
2

[
β2

4π2 + α′2M2
]
.

(2.26a)

(2.26b)

3In general, introducing a non-trivial Θ = Θ(τ, σ) would make the string modes heavier. So, it is
reasonable to focus on constant Θ from the beginning.

4Let us stress that 1/guu(U) goes to zero as U → u0. Therefore, the partial derivatives of U are zero on
the classical configuration, as required by the ansatz U = u0 = constant.

5Notice that from (2.15) one can read off the coefficients of the induced metric hαβ on the world-sheet
(cfr. with (2.12)). In particular, on the classical solution (2.25), they are constant. This means that the
world-sheet has the topology of a cylinder.
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En passant, let us stress that (2.26b) selects specific values for the cα-coefficients in (2.25c)
at pure classical level.

Taking the M2 → 0 limit of the above equations, we then find
βclass
H = 0 ,

ηαβcαcβ
∣∣∣
β=βclass

H

= 0 ,

(2.27a)

(2.27b)

where βclass
H is the value of the inverse Hagedorn temperature in the classical limit (let

us say, superstring theory in curved space neglecting quantum fluctuations), while (2.27b)
represents a constraint which cτ and cσ have to satisfy as functions of β in this regime.

3 Semi-classical quantization

Having fixed the reference classical configuration, we can return to the action (2.8) expand-
ing it around (2.25) up to quadratic order in quantum fluctuations. First of all, notice that
the classical leading term of such an expansion is expected to be

SclB = − 1
4πα′

∫
dτdσ ηαβ ∂αP

p ∂βP
q gpq(P ) , α, β = τ, σ , p, q = 0, . . . , 9 . (3.1)

P still satisfies the equations of motion in (2.16) by construction. On the other hand, the
Virasoro constraints have to be written for the whole configuration

ρ = P + ξ , (3.2)

including the quantum fluctuations ξ.
At leading order in the low energy, weak coupling limit, strings appear point-like and

all points of the four-sphere are equivalent to each other. Therefore, we can choose to
expand the metric around one of these points where the four-sphere looks flat. Introducing
proper Cartesian coordinate

{
z6, z7, z8, z9}, we thus have

dΩ2
4 ≈ δabdzadzb , a, b = 6, 7, 8, 9. (3.3)

Now, let us focus on each terms of the sum over p, q in (2.8) separately, expanding
them around (2.25) up to quadratic order in the quantum fluctuations

ξ =
{
ξµ, ξu, ξθ, ξa

}
, µ = 0, 1, . . . , 3 , a = 6, 7, 8, 9 . (3.4)

Adopting a symbolic but hopefully clear notation, let us start from∫
∂αu∂βuguu(u)=

∫
∂α(U+ξu)∂β(U+ξu)

[
guu(U)+∂uguu(U)ξu+ 1

2∂
2
uguu(U)(ξu)2

]
+o(ξ2).

(3.5)
Notice that α and β are actually contracted with the inverse world-sheet metric tensor,
which is symmetric. So, for the sake of simplicity, let us resume the mixed terms as
∂αU∂βξ

u + ∂αξ
u∂βU ∼ 2∂αU∂βξu. In this way, we get∫

∂αu∂βuguu(u)=
∫
∂αU∂βUguu(U)+∂αξu∂βξuguu(U)+1

2∂αU∂βU∂
2
uguu(U)(ξu)2 (3.6)

+[∂αU∂βU∂uguu(U)+2∂αU∂βξu∂uguu(U)]ξu+2∂αU∂βξuguu(U)+o(ξ2).
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Integrating by parts the last two terms (setting to zero the boundary terms), we obtain∫
∂αu ∂βu guu(u) =

∫
∂αU∂βUguu(U) + ∂αξ

u∂βξ
uguu(U)+

− [∂αU∂βU∂uguu(U) + 2 ∂α∂βUguu(U)] ξu+

− 1
2
[
∂αU∂βU ∂

2
uguu(U) + 2 ∂α∂βU∂uguu(U)

]
(ξu)2 + o(ξ2) .

(3.7)

Then, let us evaluate∫
∂αθ∂βθgθθ(u)=

∫
∂α(Θ+ξθ)∂β(Θ+ξθ)

[
gθθ(U)+∂ugθθ(U)ξu+ 1

2∂
2
ugθθ(U)(ξu)2

]
+o(ξ2).

(3.8)
that is ∫

∂αθ ∂βθ gθθ(u) =
∫
∂αξ

θ∂βξ
θgθθ(U) + o(ξ2) . (3.9)

Finally, let us consider∫
∂αx

κ∂βx
γgκγ(u)=

∫
∂α(Xκ+ξκ)∂β(Xγ+ξγ)

[
gκγ(U)+∂ugκγ(U)ξu+1

2∂
2
ugκγ(U)(ξu)2

]
+o(ξ2)

=
∫
∂αX

κ∂βX
γgκγ(U)+∂αξκ∂βξγgκγ(U)+1

2∂αX
κ∂βX

γ∂2
ugκγ(U)(ξu)2 (3.10)

+[∂αXκ∂βX
γ∂ugκγ(U)+2∂αXκ∂βξ

γ∂ugκγ(U)]ξu+2∂αXκ∂βξ
γgκγ(U)+o(ξ2).

Integrating by parts the last two terms, we get∫
∂αx

µ∂βx
ν gµν(u)=

∫
∂αX

κ∂βX
γgκγ(U)+∂αξµ∂βξνgµν(U)

−2[∂αXκ∂βU∂ugκγ(U)+∂α∂βXκgκγ(U)]ξγ+∂αXκ∂βX
γ∂ugκγ(U)ξu

+2∂αXκ∂ugκγ(U)Juγβ + 1
2∂αX

κ∂βX
γ∂2

ugκγ(U)(ξu)2+o(ξ2), (3.11)

where µ, ν = 0, 1, . . . , 3, κ, γ = 0, 1, . . . , d, and

Juγβ = ξu∂βξ
γ . (3.12)

Collecting each contribution in (3.7), (3.9) and (3.11), the coefficients of the o(ξ)-terms
reproduce the left hand sides of the equations of motion (2.16) and then they can be set
to zero. Therefore, the bosonic quadratic action reads

S
(2)
B = SclB −

1
4πα′

∫
dτdσ ηαβ

[
∂αξ

p∂βξ
qgpq(U) + 2 ∂αXκJuγβ ∂ugκγ(U) +m2

αβ(ξu)2
]
, (3.13)

where SclB is defined in (3.1), p, q = 0, 1, . . . , 9, κ, γ = 0, 1, . . . , d and

m2
αβ = 1

2
[
∂αX

κ∂βX
γ∂2

ugκγ(U)− ∂αU∂βU∂2
uguu(U)− 2∂α∂βU∂uguu(U)

]
. (3.14)

In order to interpret the quantum fluctuations as physical matter fields and read off
the related mass terms, we have to rescale them in such a way that the kinetic terms are
canonically normalized. So, let us introduce the physical fluctuations

ξ̃p =
√
gpp(U) ξp , p = 0, 1, . . . , 9 . (3.15)
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In this way,
∂αξ

p = 1√
gpp(U)

[
−1

2 ∂αU ∂u ln gpp(U) ξ̃p + ∂αξ̃
p
]
, (3.16)

from which6∫
∂αξ

p∂βξ
pgpp(U) =

∫
∂αξ̃

p∂β ξ̃
p+ 1

4∂αU∂βU(∂u ln gpp(U))2(ξ̃p)2−∂αU∂u ln gpp(U)ξ̃p∂β ξ̃p .
(3.17)

Integrating by parts the last term, we get∫
dτdσ ηαβ ∂αξ

p ∂βξ
p gpp(U) =

∫
dτdσ

{
ηαβ ∂αξ̃

p ∂β ξ̃
p +M2

p (ξ̃p)2
}
, ∀p = 0, 1, . . . , 9 ,

(3.18)
where

M2
p = 1

2η
αβ
[
∂α∂βU∂u ln gpp(U) + 1

2∂αU∂βU(∂u ln gpp(U))2 + ∂αU∂βU∂
2
u ln gpp(U)

]
.

(3.19)
All in all, the quadratic bosonic action written in terms of physical fluctuations reads

S
(2)
B =SclB−

1
4πα′

∫
dτdσ

{
ηαβ(∂αξ̃p∂β ξ̃qδpq+2∂αXκ∂ugκγ(U)Juγβ

+M2
µ ξ̃

µ ξ̃νδµν +M2
u (ξ̃u)2 +M2

θ (ξ̃θ)2 +M2
z ξ̃

a ξ̃b δab
}
,

(3.20)

where p, q = 0, 1, . . . , 9, κ, γ = 0, 1, . . . , d, µ, ν = 0, 1, . . . , 3, a, b = 6, . . . , 9 and

Juγβ = 1√
guu(U)g00(U)

[
−1

2∂βU∂u ln g00(U) ξ̃u ξ̃γ + ξ̃u ∂β ξ̃
γ
]
, (3.21a)

M2
µ = M2

µ , M2
θ = M2

θ , M2
z = M2

z , (3.21b)

M2
u = M2

u +
ηαβm2

αβ

guu(U) . (3.21c)

Plugging the ansatz (2.25) for generic U in the above masses, we would get

M2
µ = 3

16U2 η
αβcαcβ

(
U

R

)3
(

1− u3
0

U3

)(
5 + 7 u

3
0

U3

)
, (3.22a)

M2
u = 9

16U2 η
αβcαcβ

(
U

R

)3
(

1 + u3
0

U3

)2

+ 3
8m

2
0

[
β2

4π2 + α′2M2
]
U

u0

(
1− u3

0
U3

)
, (3.22b)

M2
θ = 3

16U2 η
αβcαcβ

(
U

R

)3
(

5− 6 u
3
0

U3 + 13 u
6
0

U6

)
, (3.22c)

M2
z = 3

16U2 η
αβcαcβ

(
U

R

)3
(

1− u3
0

U3

)(
1 + 3 u

3
0

U3

)
. (3.22d)

So, the quadratic bosonic action would describe the dynamics of interacting massive scalar
fields. Nevertheless, we are interested in closed strings located at the tip of the cigar, such
that

Juγβ → 0 , U → u0 , ∀γ = 0, 1, . . . , d . (3.23)
6As usual, the contraction with ηαβ is understood and so we can sum the mixed terms of the product

together.
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Therefore ξ̃u and ξ̃γ decouple in a straightforward way and we get a theory of free scalar
fields on a two-dimensional flat world-sheet.

In the U → u0 limit, the masses in (3.22) become

M2
µ,M2

z → 0 , M2
u,M2

θ →
9
4m

2
0 η

αβcαcβ ≡M2
B . (3.24)

As mentioned above, we can use (2.26b) to express the cα-coefficients in terms of β. In
particular, it follows that

M2
B = 9

8m
2
0

[
β2

4π2 + α′2M2
]
. (3.25)

Let us now remember that we have read off M2
B as the tip limit of the coefficient of the

fluctuations
(
ξ̃u
)2

or
(
ξ̃θ
)2

in the bosonic quadratic action (3.20). Thus, by construction,
MB has to be a zero-order coefficient in the expansion. This implies that we have to
evaluate it using the classical Virasoro constraint (2.26a). Hence

M2
B = 9

4m
2
0
β2

4π2 = M2
KK

4π2 β2 . (3.26)

Light-Cone Gauge quantization teaches us that the physical string degrees of freedom
correspond to the transverse oscillators w.r.t. the two spacetime light-cone coordinates.
Therefore, the field content of (3.20) in the tip limit is reduced to six massless propagating
modes plus two massive propagating modes of mass MB. Moreover, a consistent theory
without conformal anomaly has to satisfy the mass matching condition7

∑
B

bosons

M2
B =

∑
F

fermions

M2
F , (3.27)

that is the sum of the squared masses of the bosonic propagating modes has to be equal to
the sum of the squared masses of the fermionic propagating modes (see [17] and references
therein). Let us now turn our attention to the fermionic sector.

3.1 Fermionic modes

To fix the notations, we use greek indices as two-dimensional world-sheet indices, underlined
latin indices to denote ten-dimensional flat indices and latin indices for the generic curved
ones. The last two are related by a proper set of vielbein ea such that

eap e
b
q η̃ab = gpq(u) , η̃ = diag {1,−1, 1, 1, 1, 1, 1, 1, 1, 1} . (3.28)

The Type IIA GS action on a Lorentzian background expanded up to the second order in
the ten dimensional Majorana spinor ψ = ψ(τ, σ) reads [22]

S
(2)
F = i

4πα′
∫
dτ dσ ψ̄

[(
ηαβ + εαβΓ11

)
ΓαDβ

]
ψ , (3.29)

7In general, this condition may not ensure the absence of conformal anomaly. If the world-sheet has a
non-trivial topology, then other curvature-dependent terms arise (e.g., see [21]).
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where Γα is the pull-back on the world-sheet of the Minkowskian gamma matrix Γp =
e
a
. p Γa, that is

Γα = ∂αρ
p Γp = ∂αρ

p ea. p Γa ; (3.30)

Γ11 = Γ0 · . . . · Γ9 is the ten-dimensional chirality operator; εαβ is the two-dimensional
Levi-Civita symbol such that ετσ = +1; ψ̄ = ψ† Γ1 as usual;8 Dβ is the pull-back on the
world-sheet of the generalized covariant derivative

Dp = ∂p + 1
4ωab, pΓ

ab − 1
8 · 4! gs

eφF
(4)
abcdΓ

abcdΓp , (3.31)

where the spin-connection ω is defined as9

ω
c
. b, p = ec. q ∂pe

. q
b + e . qb ec. r Γrpq , (3.32)

and we have adopted the notation

Γs1,...,sn = 1
n!
∑
π

sgn (π) Γsπ(1) · . . . · Γsπ(n) , (3.33)

where the sum runs over all the possible permutations π of the set {1, . . . , n}.
Now we have to compute (3.30) and the pull-back on the world-sheet of (3.31). Note

that (3.29) is already quadratic in the fermionic fields. So, we have to make explicit these
quantities without introducing further field dependence. Basically, every function of the
coordinates has to be evaluated exactly at classical level, that is at leading order in the
expansion around (2.25).

We collect some technical details of the computation in appendix A. In particular,
given the set of vielbein reported in (A.1), (3.30) reduces to10

Γtip
α =

√
|g00(u0)| ∂αXµ Γµ =

√
m0R3 ∂αX

µ Γµ , (3.34)

while in appendix A.3 we derive that

Dtip
α = ∂α −

3
8 ∂αX

µ Γ̃ Γµ , Γ̃ = Γ6789 , (3.35)

where Xµ are the classical µ-components of ρ, for µ = 0, 1, . . . , d.
All in all, the quadratic fermionic action reads11

S
(2)
F = i

4πα′
∫
dτ dσ ψ̄

[(
ηαβ + εαβΓ11

)
∂αX

µ Γµ
(
∂β −

3
8∂βX

ν Γ̃ Γν
)]

ψ . (3.36)

Notice that Γa, a = 0, . . . , 9, form a set of Lorentzian gamma matrices such that [23]{
Γa ,Γb

}
= 2 η̃ab I32 ,

{
Γa ,Γ11

}
= 0 , a , b = 0, . . . , 9 , (3.37)

Γ†0 = Γ0 , Γ†1 = −Γ1 , Γ†c = Γc , c = 2, . . . , 9 , Γ11 † = Γ11 .

8Notice that, in our conventions, Γ1 is the only time-like gamma matrix.
9As a remark, let us stress that here Γvpq, v, p, q = 0, . . . , 9, denote the Christoffel symbols related to

the metric (2.3).
10We adopt a synthetic notation denoting ∂αXµδ

µ
. µΓµ as ∂αXµ Γµ.

11We have also rescaled the Majorana spinor as ψ 7→
(
m0R

3)−1/4
ψ.
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Now, we can decompose ψ as

ψ = ψ1 + ψ2 , ψI = 1
2
(
I32 + (−1)I Γ11

)
ψ . (3.38)

Exploiting only the defining properties in (3.37), ψ1 and ψ2 turn out to be orthogonal to
each other and to be eigenvector of Γ11, that is

ψ†1ψ2 = ψ†2ψ1 = 0 , Γ11 ψI = (−1)I ψI . (3.39)

Then, the GS action has an additional local fermionic symmetry, the so-called kappa-
symmetry. As a consequence, half of the components of ψ are actually decoupled from the
theory [24]. Let us fix such a symmetry asΓ−ψ1 = 0

Γ+ψ2 = 0
, (3.40)

where Γ± are two different linear combinations of Γ0 and Γ1, for instance Γ± = Γ0 ± Γ1.
The above conditions can be multiplied by Γ0 and rewritten as

Γ0Γ1 ψI = (−1)I ψI . (3.41)

To fix the ideas, a particular representation of the Lorentzian gamma matrices which
satisfies both (3.37) and the gauge fixing (3.41) is

Γ0 = σ1 ⊗ I16 , Γ1 = i σ2 ⊗ I16 , ΓA = σ3 ⊗ γA , A = 2, . . . , 9 , (3.42)

where σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
and σ3 =

(
1 0
0 −1

)
are the Pauli matrices and γA

are Euclidean Dirac matrices in eight dimensions, such that
{
γA, γB

}
= 2 I16 δAB, A,

B = 2, . . . , 9. They can be expressed as

γA =
(

0 ΛA
ΛTA 0

)
, ΛAΛTB + ΛBΛTA = 2 I8 δAB , A,B = 2, . . . , 9 , (3.43)

where [24]

Λ2 = σ1 ⊗ iσ2 ⊗ I2 , Λ6 = iσ2 ⊗ iσ2 ⊗ iσ2 ,

Λ3 = σ3 ⊗ iσ2 ⊗ I2 , Λ7 = I2 ⊗ σ1 ⊗ iσ2 ,

Λ4 = iσ2 ⊗ I2 ⊗ σ3 , Λ8 = I2 ⊗ σ3 ⊗ iσ2 ,

Λ5 = I2 ⊗ I2 ⊗ I2 , Λ8 = iσ2 ⊗ I2 ⊗ σ1 . (3.44)

With this choice we have

Γ0Γ1 =
(
−I16 0

0 +I16

)
, Γ11 = −

(
−I16 0

0 +I16

)(
γ11 0
0 γ11

)
, (3.45)

where
γ11 = γ2 · . . . · γ9 =

(
+ I8 0

0 − I8

)
(3.46)
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is the eight-dimensional chirality operator. Therefore, we have to express ψ1 and ψ2 as

ψ1 =
(

Ψ1
0

)
, ψ2 =

(
0

Ψ2

)
s.t. γ11ΨI = −ΨI , I = 1, 2 , (3.47)

in order to simultaneously satisfy the defining property (3.39) and the gauge-fixing condi-
tion (3.41). In other words, Ψ1 and Ψ2 have to be two eight-dimensional Majorana-Weyl
spinors of the same (negative) chirality w.r.t. γ11. Looking at (3.46), it follows that

ΨI =
(

0
ζI

)
, I = 1, 2, (3.48)

being ζ1 and ζ2 two six-dimensional Majorana spinors. Therefore, the non-vanishing com-
ponents of ψ correspond to the 8+8=16 real components of ζ1 and ζ2. This shows how the
gauge-fixing of the kappa-symmetry halves the total fermionic degrees of freedom.

Let us stress that we have used Γ̃ to denote the antisymmetrization of the product
Γ6 Γ7 Γ8 Γ9. Nevertheless, the anticommutation relations in (3.37) tell us that such a prod-
uct is already antisymmetric in 6 ↔ 7 ↔ 8 ↔ 9. So, it follows that Γ̃ = Γ6 Γ7 Γ8 Γ9.
Moreover, given the representation (3.42), (3.43), (3.44), one can check that

ψ† Γ1 Γi Γ11 Γψ = 0 , i = 1, . . . , d , ∀ψT =
(
0 ζ1 0 ζ2

)
, (3.49a)

ψ† Γ1 Γi ∂αψ = 0 , i = 2, . . . , d , α = τ, σ , ∀ψT =
(
0 ζ1 0 ζ2

)
, (3.49b)

ψ† Γ1 Γi Γ11 ∂αψ = 0 , i = 2, . . . , d , α = τ, σ , ∀ψT =
(
0 ζ1 0 ζ2

)
, (3.49c)

where
Γ ≡ Γ1 Γ̃ = i σ2 ⊗ γ̃ , (γ̃)ij = (−1)i+1δij , i, j = 1, . . . , 16 . (3.50)

So, (3.36) reduces to

S
(2)
F = − i

4πα′
∫
dτ dσ ψ†

{
−m0

β

2π Γ0Γ1G(p1) (Γ11 ∂τ + ∂σ)ψ − 1
3M

2
BH(p1) Γψ

}
,

(3.51)
where

G(p1) = I32 −
2π
β
α′ p1 Γ0 Γ1 Γ11 , H(p1) = I32 −

4π
β α
′p1

1 + 4π2

β2 α′2M2
Γ0 Γ1 Γ11 . (3.52)

Now, exploiting (3.39), (3.41) and (3.50) we can write the fermionic action in terms of
the (Grassmann) real components ζκI , I = 1, 2, κ = 1, . . . , 8, as

S
(2)
F = i

4πα′

∫
dτ dσ

8∑
κ=1

{
m0

β

2π G̃(p1)[−ζκ1 (−∂τ +∂σ)ζκ1 +ζκ2 (∂τ +∂σ)ζκ2 ]+ 2
3M

2
B H̃(p1)(−1)κζk2 ζk1

}
,

(3.53)
where

G̃(p1) = 1− 2π
β
α′ p1 , H̃(p1) = 1−

4π
β α
′p1

1 + 4π2

β2 α′2M2
. (3.54)
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The equations of motion related to the above action are(−∂τ + ∂σ) ζκ1 = (−1)κ+1MF ζ
κ
2

( ∂τ + ∂σ) ζκ2 = (−1)κ+1MF ζ
κ
1

, κ = 1, . . . , 8 , (3.55)

where

MF = MB

2
√

2
K(p1) , K(p1) = 4π

√
2MB

3m0 β

H̃(p1)
G̃(p1)

=
1 + 4π2

β2 α
′2M2 − 4π

β α
′p1(

1− 2π
β α
′p1
)√

1 + 4π2

β2 α′2M2
.

(3.56)
Plugging the first of (3.55) in the second one, and vice-versa, we can summarize them as(

−ηαβ∂α∂β +M2
F

)
ζκI = 0 , I = 1, 2 , κ = 1, . . . , 8 , (3.57)

from which

(
−ηαβ∂α∂β +M2

F

)
ψ = 0 , ψ =


0
ζ1
0
ζ2

 . (3.58)

The above equation can be interpreted as a free Klein-Gordon equation for a massive
field ψ of mass MF . But how many propagating fermionic degrees of freedom does it
describe? To sum up, we have introduced ψ as a ten-dimensional Majorana spinor, so it is
in principle composed by 32 real components. Then, we halve them imposing the gauge-
fixing (3.41). Finally, we can use the system of partial differential equations in (3.55) to
constraint the general solution of (3.57). So, if one knows the solution for ζ1, the one for ζ2
is automatically fixed and vice-versa. This halves further the degrees of freedom contained
in ψ. We conclude that (3.58) describes eight fermionic degrees of freedom each with mass
MF . So, the number of fermionic propagating modes corresponds to the number of bosonic
propagating modes, as required by supersymmetry.

Now, let us return to the mass-matching condition (3.27). Notice that the fermionic
mass in (3.56) is in general non-zero and depends on p1, as well as on β. Nevertheless,
making computations up to quadratic order in quantum fluctuations, we can not introduce
further field dependence in (3.36). So, the momentum p1 appearing in the fermionic action
is fixed by the classical version of the Virasoro constraints in (2.26a), that is12

(p1)2 =
d∑
i=2

(pi)2 + β2

4π2α′2
. (3.59)

Since, to this order, K(p1) =
√

2, we conclude that

MF = MB

2 . (3.60)

Therefore, the mass-matching condition (3.27) is satisfied.13 This is a consistency check
that the calculated masses are correct.

12We will see how to generalize this relation to its quantum version. In particular, from (4.2), it follows
that (p1)2 =

∑d

i=2(pi)2 + β2

4π2α′2 + o(ξ2). Therefore, (3.59) is exactly what we need at the current level of
approximation.

13In [20], the mass-matching condition does not hold. This leads to somewhat different conclusions.
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3.2 Summary

Let us recapitulate the results of this section. We have concluded that

X0 = m0
β

2πσ , X0 ' X0 +m0β ,

Xi = α′pim0τ , pi ∈ R : η̃ij p
i pj = −M2 , i, j = 1, . . . , d ,

U = u0 : guu(U) ∂αU |U=u0
= cα , ηαβcαcβ = 4

9
1
m2

0
M2
B , cτ , cσ ∈ R ,

Θ = constant ,

(3.61a)

(3.61b)

(3.61c)

(3.61d)

is a classical configuration around which we can semi-classically quantize in a consistent
way a closed string embedded in the Witten background (2.3) and localized at the tip of the
cigar. Indeed, one can expand the bosonic and fermionic action around it up to quadratic
order in quantum fluctuations getting14

S
(2)
B =SclB−

1
4πα′

∫
dτdσ

{
ηαβ∂αξ̃

p∂β ξ̃
qδpq+M2

B

[
(ξ̃u)2+(ξ̃θ)2

]}
, p,q=0,1,...,9, (3.62a)

S
(2)
F = i

4πα′
∫
dτ dσ

8∑
κ=1
{−ζκ1 (−∂τ+∂σ)ζκ1 +ζκ2 (∂τ+∂σ)ζκ2 +2(−1)κMF ζ

κ
2 ζ

κ
1 } , (3.62b)

where SclB is defined in (3.1) and

M2
B = 9

4m
2
0
β2

4π2 , MF = MB

2 . (3.63)

The equations of motion for the (physical) quantum fluctuations are thus(
−ηαβ∂α∂β+M2

B

)
ξ̃p=0, p=u,θ, −ηαβ∂α∂β ξ̃q=0, q=0,1,2,3,6,7, (3.64a)

(
−ηαβ∂α∂β+M2

F

)
ζκI =0, I=1,2 :

(−∂τ+∂σ)ζκ1 =(−1)κ+1MF ζ
κ
2

(∂τ+∂σ)ζκ2 =(−1)κ+1MF ζ
κ
1

, κ=1,...,8. (3.64b)

So, the field content of these actions includes six massless bosons, two massive bosons of
mass MB and eight massive fermions of mass MF . As noted above, the spectrum displays
the same number of bosonic and fermionic degrees of freedoms and satisfies the mass-
matching condition (3.27). For completeness, the conditions (2.13) are trivial. Also the
equations of motion (2.10) for k = 0, 1, . . . , d and θ are satisfied in a straightforward way
in U = u0, since Xµ, µ = 0, 1, . . . , d, is linear w.r.t. τ , σ and gθθ(u0) = 0 (see (2.16a)
and (2.16b)). Furthermore, the fall-off of ∂αU in the tip limit and the condition for cα
specified in (3.61c) correspond to the equation of motion (2.10) for k = u, that is (2.16c).
Let us stress again that the latter is formally valid regardless of whether quantum fluctua-
tions are considered or not. See appendix B for more details about cτ and cσ. Finally, the
Virasoro constraints (2.12) are satisfied ∀M at classical level.

14Remember that the net effect of the diffeomorphism ghosts is to cancel out the contribution of
two bosonic massless fluctuations. Moreover, we have rescaled the fermionic fluctuations as ζκI 7→(
m0

β
2π G̃(p1)

)−1/2
ζκI .
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A final comment is in order. The masses (3.63) are essentially the same ones appearing
in the quantum corrections to the string tension as derived from the Wilson loop in [17].
This is not a coincidence. In fact, the classical winding configuration (3.61) that, as we
have argued, should be the lighter one and so the one becoming tachyonic at smaller
temperature, giving the value of the Hagedorn temperature TH , is essentially the same as
the one describing the Wilson loop. As a consequence, one expects a direct link of TH
to the field theory string tension Ts. Although we have computed these observables in a
specific case, their link is true in all the confining cases with a Type II gravity dual, since
the only crucial ingredients are the existence of a Minkowskian part of the geometry and
the fact that the string tension is non-vanishing in the IR (at the tip of the cigar in our
case), which is the basic requirement for confinement.

4 Mass-shell condition and TH

Having fixed the classical reference configuration and its semi-classical quantization, we
can dive in the computation of the Hagedorn temperature. As we have outlined in the
introduction, the next step is trying to write a generalized mass-shell condition for closed
strings localized at the tip of the cigar. Focusing only on the bosonic sector (for the
moment), this can be achieved imposing the quantum version of (2.11). In particular, let
us consider the combination∫

dτ dσ
(
TBττ + TBσσ

)
=
∫
dτ dσ δαβ∂αρ

p∂βρ
qgpq(u) . (4.1)

The above expression can be computed up to quadratic order in quantum fluctuations
exploiting again the expansions in (3.7), (3.9) and (3.11). Nevertheless, we have to keep
in mind that the indices α and β are now implicitly contracted with δαβ , instead of ηαβ .
The result can be thus deduced by analogy from the tip limit of (3.20), that is (omitting
the o(ξ2) terms for the sake of simplicity)

∫
dτdσ

(
TBττ + TBσσ

)
= (4.2)

=
∫
dτdσ

{
δαβ∂αX

µ∂βX
νgµν(u0) + δαβ ∂αξ̃

p∂β ξ̃
q δpq + 9

4 m
2
0 δ

αβcαcβ
[
(ξ̃u)2 + (ξ̃θ)2

]}
,

where µ, ν = 0, 1, . . . , d, p, q = 0, 1, . . . , 9 and, from (3.61),

δαβ∂αX
µ∂βX

νgµν(u0) =
[
β2

4π2 − α
′2M2

](
u0
R

)3/2

(4.3)

and
9
4 m

2
0 δ

αβcαcβ = M2
B + 9

2 m
2
0 c

2
τ . (4.4)
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The on-shell bosonic fluctuations are given by the solutions of (3.64a), that is

ξ̃p = ξ̃p0 + Ξ̃p , p = u, θ , ωn = sgn(n)
√
n2 +M2

B ,

ξ̃p0 = i

√
α′

2

√
1
MB

(
ape−iMB τ − ap†e+iMB τ

)
,

Ξ̃p = i

√
α′

2
∑
n 6=0

1
ωn

(
αpn e

−i n σ + α̃pn e
+i n σ

)
e−i ωn τ , (4.5a)

ξ̃q = i

√
α′

2
∑
n 6=0

1
n

(
αqn e

−i n σ + α̃qn e
+i n σ

)
e−i n τ , q = 0, 1, 2, 3, 6, 7 , (4.5b)

where

[αpn, αpm] = [α̃pn, α̃pm] = δm+n,0 ωn ,
[
ap, ap†

]
= 1 p = u, θ , (4.6a)

[αqn, αqm] = [α̃qn, α̃qm] = δm+n,0 n , q = 0, 1, 2, 3, 6, 7 . (4.6b)

Given these conventions, the bosonic quantum fluctuations respect the canonical commu-
tation relations [

ξ̃l(τ, σ), ∂τ ξ̃l
′(τ, σ′)

]
= 2πα′iδll′δ

(
σ − σ′

)
, ∀l, l′ . (4.7)

Let us notice that∫ 2π

0
dσ ξ̃p0 Ξ̃p ∼

∑
n 6=0

∫ 2π

0
dσe±i n σ = 2π

∑
n 6=0

δ(n) = 0 . (4.8)

So, what we have to compute is∫ 2π

0
dσ

{(
∂τ ξ̃

p
0

)2
+
[
M2
B + 9

2 m
2
0 c

2
τ

] (
ξ̃p0

)2
}

= 2πα′
[(

1 + 9
4
m2

0 c
2
τ

M2
B

)
Ap0 −

9
4
m2

0 c
2
τ

M2
B

Bp
0

]
,

(4.9)
for p = u, θ and

Ap0 = MB

(
ap ap† + ap† ap

)
, Bp

0 = MB

(
ap ape−2 iMB τ + ap† ap†e+2 iMB τ

)
. (4.10)

Moreover,15∫ 2π

0
dσ
(
Ξ̃p
)2

=
∫ 2π

0
dσ

∑
n,m 6=0

−α′/2

ωnωm

(
αpne

−inσ+α̃pne+inσ
)(
αpme

−imσ+α̃pme+imσ
)
e−i(ωn+ωm)τ

=
∫ 2π

0
dσ

∑
n,m 6=0

−α′/2

ωnωm

(
αpne

−iωnτ−α̃p−ne+iωnτ
)(
αpme

−iωmτ−α̃p−me+iωmτ
)
e−i(n+m)σ

=πα′
∑
n 6=0

1
ω2
n

(
αpne

−iωnτ−α̃p−ne+iωnτ
)(
αp−ne

+iωnτ−α̃pne−iωnτ
)

=πα′
∑
n 6=0

1
ω2
n

(Apn−Bp
n) , (4.11)

15We have used that ω−n = −ωn and
∫ 2π

0 dσe
−i (n+m) τ = 2πδn+m,0.
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for p = u, θ and

Apn = αpn α
p
−n + α̃p−n α̃

p
n , Bp

n = αpn α̃
p
ne
−2 i ωn τ + α̃p−n α

p
−ne

+2 i ωn τ . (4.12)

Similarly, we get∫ 2π

0
dσ
(
∂τ Ξ̃p

)2
=πα′

∑
n 6=0

(Apn+Bp
n) ,

∫ 2π

0
dσ
(
∂σΞ̃p

)2
=πα′

∑
n 6=0

n2

ω2
n

(Apn−Bp
n) , p=u,θ .

(4.13)
The results for q = 0, 1, 2, 3, 6, 7 can be deduced from the above ones taking the MB → 0
limit. So we obtain

∑
p=u,θ
α=τ,σ

∂αΞ̃p∂αΞ̃p+
∑

q=0,1,2,3,6,7
α=τ,σ

∂αξ̃
q∂αξ̃

q=πα′
∑
n 6=0

 ∑
p=u,θ

[(
1+ n2

ω2
n

)
Apn+

(
1− n

2

ω2
n

)
Bp
n

]
+
∑

q=0,1,2,3,6,7
2Aqn

 .
(4.14)

Finally, let us note that the holographic dictionary states that(
u0
R

)3/2

= α′
λ

6m
2
0 , λ = 4πgsMKK

√
α′N , (4.15)

where λ is the ’t Hooft coupling of the WYM theory. All in all,
1

2πα′
∫
dτ dσ

(
TBττ +TBσσ

)
= (4.16)

=
∫
dτ

∑
n∈Z

 ∑
p=u,θ

[(
1+ 9

4
m2

0c
2
τ

ω2
n

)
Apn−

9
4
m2

0c
2
τ

ω2
n

Bp
n

]
+

∑
q=0,1,2,3,6,7

Aqn

+ λ

6m
2
0

[
β2

4π2 −α
′2M2

] .

Notice that so far we have met no constraints on cτ alone. Nevertheless, in appendix B we
see that

cτ = 0 (4.17)

is a necessary condition in order not to have tachyons in the spectrum. En passant, thanks
to (3.61c), this fixes also

cσ = ±2
3

1
m0

MB = ± MB

MKK
. (4.18)

Basically, we are dealing with the Hamiltonian HB which describes the dynamics of the
bosonic excitations in a closed string theory, since

HB = 1
4πα′

∫
dσ
(
TBττ + TBσσ

)
. (4.19)

This choice puts the Hamiltonian in a standard diagonal form and we can rewrite (4.16) as
∫
dτ HB = 1

2

∫
dτ

∑
n∈Z

 ∑
p=u,θ

Apn +
∑

q=0,1,2,3,6,7
Aqn

+ λ

6m
2
0

[
β2

4π2 − α
′2M2

] . (4.20)

Since the integrand does not depend on τ , we have

HB = 1
2
∑
n∈Z

 ∑
p=u,θ

Apn +
∑

q=0,1,2,3,6,7
Aqn

+ λ

12m
2
0

[
β2

4π2 − α
′2M2

]
. (4.21)
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At this point, we just have to manipulate

Ap0 = MB

(
2ap†ap + [ap, ap†]

)
, p = u, θ , (4.22)

and ∑
n 6=0

Arn =
∑
n>0

(
αrn α

r
−n + α̃r−n α̃

r
n

)
+
∑
n<0

(
αrn α

r
−n + α̃r−n α̃

r
n

)
=
∑
n>0

(
αrn α

r
−n + αr−n α

r
n + α̃r−n α̃

r
n + α̃rn α̃

r
−n
)

=
∑
n>0

([
αrn, α

r
−n
]

+ 2αr−n αrn +
[
α̃rn, α̃

r
−n
]

+ 2 α̃r−n α̃rn
) . (4.23)

Exploiting (4.6), we conclude that

HB = N
(0)
B +NB + ÑB + λ

12m
2
0

[
β2

4π2 + α′2η̃ijp
ipj
]

+
∑
n∈Z
|ωn|+ 3

∑
n∈Z
|n| , (4.24)

where

N
(0)
B = MB

∑
p=u,θ

ap†ap , (4.25a)

NB =
+∞∑
n=1

 ∑
p=u,θ

αp−nα
p
n +

∑
q=0,1,2,3,6,7

αq−nα
q
n

 , (4.25b)

ÑB =
+∞∑
n=1

 ∑
p=u,θ

α̃p−nα̃
p
n +

∑
q=0,1,2,3,6,7̃

αq−nα̃
q
n

 . (4.25c)

Now we should compute the fermionic contribution to the total string stress-energy ten-
sor and add it to the bosonic one. Nevertheless, let us infer the result quickly. From (3.62b),
we define the Lagrangian of the fermionic sector as

LF = i

4πα′
∫
dσ

8∑
κ=1
{−ζκ1 (−∂τ + ∂σ) ζκ1 + ζκ2 (∂τ + ∂σ) ζκ2 + 2 (−1)κMF ζ

κ
2 ζ

κ
1 } . (4.26)

Given (3.64b), it is straightforward to see that the on-shell fermionic Lagrangian is zero.
Therefore, with

Πκ
I = − ∂ LF

∂ (∂τζκI ) = + i

4πα′ ζ
κ
I , (4.27)

the on-shell fermionic Hamiltonian simply reads

HF =
∫
dσ

8∑
κ=1

2∑
I=1

Πκ
I ∂τζ

κ
I = + i

4πα′
∫
dσ

8∑
κ=1

2∑
I=1

ζκI ∂τζ
κ
I . (4.28)

So, we have just to specify the mode expansion of ζκI . Let us stress that, in field theory,
spacetime fermions at finite temperature are taken with anti-periodic boundary conditions
along the thermal circle.16 In our conventions, this means that ζkI is anti-periodic under

16For example, see appendix A of [25] for a nice argument. Atick and Witten emphasize this point in [14].
In particular, working in the RNS formalism, they deform the standard GSO projections in order to preserve
and implement this principle in string theory.
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X0 7→ X0 + m0 β for all I = 1, 2, k = 1, . . . , 8. Given the ansatz for X0 in (3.61a), the
anti-periodic boundary condition corresponds to

ζkI (τ, σ + 2π) = −ζκI (τ, σ) , ∀ I = 1, 2 , κ = 1, . . . , 8 . (4.29)

A solution of (3.64b) compatible with (4.29) is

ζκ1 =
∑

r∈Z+ 1
2

cr

[
Sκr e

−i r σ + i

MF
(ωr − r) S̃κr e+i r σ

]
e−i ωr τ ,

ζκ2 = (−1)κ
∑

r∈Z+ 1
2

cr

[
S̃κr e

+i r σ − i

MF
(ωr − r)Sκr e−i r σ

]
e−i ωr τ ,

(4.30a)

(4.30b)

where κ = 1, . . . 8,

ωr = sgn(r)
√
r2 +M2

F , cr =
√

α′M2
F

M2
F + (ωr − r)2 (4.31)

and {
Sκr , S

κ′
s

}
=
{
S̃κr , S̃

κ′
s

}
= δκκ

′
δr+s,0 . (4.32)

With this conventions {
ζκI (τ, σ), ζκ′J (τ, σ′)

}
= 2πα′δκκ′δIJδ(σ − σ′) . (4.33)

So, let us start computing∫ 2π

0
dσζκ1 ∂τζ

κ
1 = (4.34)

=2πi
∑

r∈Z+ 1
2

c2
rωr

[
Sκr S

κ
−r−

1
M2
F

(ωr−r)2S̃κ−rS̃
κ
r −

i

MF
(ωr−r)(Sκr S̃κr e−2iωrτ+S̃κ−rSκ−re+2iωrτ )

]
.

Similarly,∫ 2π

0
dσζκ2 ∂τζ

κ
2 = (4.35)

=2πi
∑

r∈Z+ 1
2

c2
rωr

[
−S̃κ−rS̃κr + 1

M2
F

(ωr−r)2Sκr S
κ
−r+

i

MF
(ωr−r)(Sκr S̃κr e−2iωrτ+S̃κ−rSκ−re+2iωrτ )

]
.

Therefore,

HF = + i

4πα′
8∑

κ=1
2πi

∑
r∈Z+ 1

2

c2
r ωr

(
1 + 1

M2
F

(ωr − r)2
)[

Sκr S
κ
−r − S̃κ−rS̃κr

]

= −1
2
∑

r∈Z+ 1
2

ωr
[
Sκr S

κ
−r − S̃κ−rS̃κr

]

=
+∞∑
r= 1

2

ωr
[
Sκ−rS

κ
r + S̃κ−rS̃

κ
r −

{
Sκr , S

κ
−r
}]
.

(4.36)
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We conclude that
HF = NF + ÑF − 4

∑
r∈Z+ 1

2

|ωr| , (4.37)

where

NF =
+∞∑
r= 1

2

Sκ−rS
κ
r , (4.38a)

ÑF =
+∞∑
r= 1

2

S̃κ−rS̃
κ
r . (4.38b)

All in all, the total Hamiltonian H = HB +HF is thus

H=N
(0)
B +NB+ÑB+NF +ÑF + λ

12m
2
0

[
β2

4π2 +α′2η̃ijpipj
]

+
∑
n∈Z
|ωn|+3

∑
n∈Z
|n|−4

∑
r∈Z+ 1

2

|ωr|.

(4.39)
Now, let us introduce

∆a(M)= 1
2
∑
n∈Z

√
M2+(n+a)2− 1

2

∫ +∞

−∞
dk
√
M2+(k+a)2 =−M

π

+∞∑
p=1

cos(2πap)
p

K1(2πMp),

(4.40)
as the regularized form of the zero point (or Casimir) energy for two-dimensional massive
boson (a = 0) or fermion (a = 1/2) fields. Therefore, the regularization procedure realizes
in ∑

n∈Z
|ωn| 7→ 2 ∆0(MB) ,

∑
n∈Z
|n| 7→ 2 ∆0(0) ,

∑
r∈Z+ 1

2

|ωr| 7→ 2 ∆1/2(MF ) . (4.41)

More explicitly, (4.40) can be expressed in terms of a power series as [26]

∆a(M) =


− 1

12 +M2 +M2

4

[
logM2

4 +2γE−1
]
+

+∞∑
k=2

Bk ζ(2k−1)M2k (a= 0)

1
24 +M2

4

[
logM2

4 +2γE−1+4 log2
]
+

+∞∑
k=2

Bk
(
22k−1−1

)
ζ(2k−1)M2k (a= 1

2)
,

(4.42)
where γE is the Euler constant, ζ is the Riemann zeta function and Bk = (−1)kΓ(k− 1

2 )
Γ(− 1

2 )Γ(k+1) .
In this way, the constraint H = 0 reads

N
(0)
B +NB+ÑB+NF +ÑF + λ

12m
2
0

[
β2

4π2 − α
′2M2

]
+2 ∆0 (MB)+6 ∆0 (0)−8∆1/2 (MF ) = 0 ,

(4.43)
and represents the desired generalized mass-shell condition for closed strings embedded
in the finite temperature Witten background at the tip of the cigar. Basically, it is the
quantum version of (2.26a). Let us stress that (4.43) holds ∀M2.
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4.1 The Hagedorn temperature

Since we are looking for the lighter state going massless, we focus on the N (0)
B = NB =

ÑB = NF = ÑF = 0 level. Taking the M2 → 0 limit and considering that βclass
H = 0,

the Hagedorn temperature of the WYM theory, to first order in the worldsheet quantum
corrections, is thus given by

λ

12m
2
0
β2
H

4π2 + 2 ∆0 (0) + 6 ∆0 (0)− 8 ∆1/2 (0) = 0 . (4.44)

This formula can be checked in the flat limit (i.e. superstring theory in flat space taking
into account quantum corrections). Exploiting (4.15), the latter corresponds to

α′
λ

6m
2
0 = m2

0 g00(u0)→ 1 . (4.45)

In this regime, (4.44) reduces to(
βflat
H

)2

8π2α′
= −8

(
∆0 (0)−∆1/2 (0)

)
= −8

(
− 1

12 −
1
24

)
= 1 , (4.46)

from which

T flat
H = 1

π
√

8α′
=

√
Ts
4π , Ts = 1

2πα′ . (4.47)

This is exactly the outcome of flat space reported in [7–14]. In particular, it is the same
result found by Atick and Witten in the context of Type II RNS superstring theory and de-
forming the GSO projections in order to include periodic bosons and anti-periodic fermions
in the spectrum.

In the general case, the final result from (4.44) is

TH =

√
Ts
4π ⇒ TH = TH

Tc
=

√
λ

27 , (4.48)

where
Ts = m2

0 g00(u0)
2πα′ = m2

0λ

12π (4.49)

is the gauge theory string tension in the WYM theory17 and

Tc = MKK

2π (4.50)

is the critical temperature for deconfinement. Let us observe that (4.48) corresponds
to (4.47) once the flat space string tension Ts = 1/2πα′ has been replaced with the effective
one defined in (4.49).

Note that in deriving (4.44) from (4.43) we have discarded O(λ−1/2) corrections for
consistency, since our quadratic-order calculation does not automatically include all of

17Given (4.45), the effective string tension (4.49) goes to 1/2πα′ in the flat limit.
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102 103 104
λ

100

101

TH

Figure 1. Log-log plot of the Hagedorn temperature TH from (4.48) (solid blue line) as the ‘t
Hooft coupling λ varies. The dashed line reports the result for TH in (4.52), which includes a subset
of 1/λ corrections. These results are obtained keeping only the three hundred leading terms in the
expansion (4.52).

these contributions. Nevertheless, MB encodes a subset of these corrections, which can be
included in TH via

λ

12m
2
0
β2
H

4π2 + 2 ∆0

(3
2m0

βH
2π

)
+ 6 ∆0 (0)− 8 ∆1/2

(3
4m0

βH
2π

)
= 0 . (4.51)

In order to get a suitable expression for numerical computations, we can plug (4.42) into
the above expression getting18

λ

54T 2
H

− 1
2

(
1− 1

TH
+ log 2

T
2
H

)
+

+∞∑
k=2

Bk
(
41−k − 1

)
ζ(2k − 1) 1

T
2k
H

= 0 . (4.52)

The comparison between (4.48) and the outcome of (4.52) is resumed in figure 1. The
corrections due to the mass of the world-sheet modes are obviously important for not too
large values of λ and increase the value of TH . In the λ → +∞ limit the two results
coincide.

5 Conclusions

In general, we do not know how to quantize exactly a string embedded in a curved space.
This means that every genus-one computation of TH is in principle precluded and we can
not proceed as usual in flat space or e.g. in pp-wave backgrounds. Nevertheless, Atick
and Witten proposed in [14] an alternative genus-zero approach which can be extended
to superstring theories in curved space. Employing and generalizing this method, we
have provided an estimate of the Hagedorn temperature for the WYM theory making

18Notice that (4.52) has the same structure of the results one can find in the pp-wave literature. The
thermodynamics of Type IIA GS superstring on the ten dimensional pp-wave geometry has been studied
in [26–28]. Similar results have been also found in the Type IIB case in [29–31].
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computations in the dual Type IIA superstring theory on the Witten background, at leading
order in quantum corrections.

This derivation requires the knowledge of the mass-shell condition of the theory. In this
way, following the winding interpretation of the problem, TH has been deduced in (4.48)
fixing to zero the mass of the physical ground state. Notice that the mass-shell condition
in (4.43) has been derived given the field content of the string action expanded around a
reference classical configuration up to quadratic order in quantum fluctuations, as in (3.62).
The classical configuration has been found in section 2.1 and resumed in section 3.2. Its
final version is given in appendix B.

Despite the limits of this computation, let us stress again that our proposal is in
agreement with the widespread expectation in the literature and fixes its ambiguities in
an analytical way. Moreover, it crucially depends only on the presence of a Minkowskian
sector in the background metric and on the non-vanishing limit of the string tension in the
low energy regime. These proprieties are shared with every confining theory having a Type
II holographic counterpart. So, at leading order in α′ and supported by a consistent full
computation, we claim that the Hagedorn temperature of whatever Type II stringy model
dual to a confining theory can be estimated as (1.1), where the flat space string tension
has been replaced with the effective one in curved space.

In the future, it would be interesting to estimate the density of states in the theories we
have considered. Knowledge of the Hagedorn temperature and the density of states would
allow, among other applications, to evaluate the reheating temperature in very supercooled
confining transitions. In line of principles, the latter could source detectable gravitational
waves, in the case that dark matter has a component described by a confining gauge theory
(e.g., see [32]). Indeed, this scenario, which we have started exploring in [33–35] within a
top-down holographic context, has been part of the motivation for the present work.

Acknowledgments

We thank Domenico Seminara, Luca Martucci and especially Valentina Giangreco Puletti
and Wolfgang Mueck for comments and very helpful discussions.

A About the spin-connection and the Ramond-Ramond field strength
of the Witten background

A.1 The spin-connection

In this section we aim to compute every component of the spin-connection ωab, p as a
function of the components of the Witten background metric taken with Lorentzian sig-
nature (2.3) and given the approximation (3.3). In general, the following computation for
ωab, p is valid for all diagonal metrics gpq whose components depend only on one of the
coordinates describing the background spacetime, in our case u.
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Let us start introducing the set of vielbein19

ei =
√
|gii(u)| d%i , e

i
. j = δ

i
. j

√
|gii(u)| , gii(u) = (gii(u))−1 , (A.1)

such that ds2 = δpqe
peq. The raising/lowering rules for the indices are

ea. p = ηab e. qb gpq(u) , ea(eb) = ea. pe
. p
b = δ

a
. b . (A.2)

For the sake of simplicity, let us omit the dependence on u. From the above properties, we
have

ec. q ∂pe
. q
b = ∂p(ec. q e

. q
b )− e . qb ∂pe

c
. q = ����∂p(δc. b)− ηbd g

qred. r ∂pe
c
. q = −ηbd gqred. r ∂pec. q . (A.3)

Therefore, we can use the definition (3.32) to write

ωab, p = ηac ω
c
. b, p = ηac ηbd

(
−gqred. r ∂pec. q + gqred. r e

c
. s Γspq

)
, (A.4)

where, recalling that gpq = gpq(u),20

Γspq = 1
2g

st (∂pgtq + ∂qgtp − ∂tgpq) = 1
2g

st
(
δu. p∂ugtq + δu. q∂ugtp

)
− 1

2g
su∂ugpq . (A.5)

Exploiting the diagonality of the metric and properties (A.1), we get

ωab, p =
∑
i,k

ηak ηbi
(
−δk. i giie

i
. i ∂pe

i
. i + giie

i
. i e

k
. k Γkpi

)

=
∑
i,k

ηak ηbi
sgn(gii)

(
−1

2δ
k
. i∂p ln gii +

√
|gkk|
|gii|

Γkpi

)
. (A.6)

Let us stress that in the above equation and in the following there are no understood
summations. Now, if p = u

Γkui = 1
2 δ

k
. i g

ii∂ugii = 1
2 δ

k
. i ∂u ln gii , if i 6= u ,

Γkuu = δk. u g
uu∂uguu −

1
2 δ

k
. u g

uu∂uguu = 1
2 δ

k
. u ∂u ln guu , if i = u .

(A.7a)

(A.7b)

All in all,
Γkui = 1

2 δ
k
. i ∂u ln gii , ∀i, k . (A.8)

So, from (A.6), it follows that
ωab, u = 0 . (A.9)

On the other hand, if p 6= u, then

∂p ln gii = ∂p ln gii(u) = 0 , ∀i , (A.10)
19Here there is no understood summation over repeated indices.
20Here u is a fixed index related to the u-direction of the background spacetime.
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and 
Γkpi = −1

2 δ
k
. u δ

i
. p g

uu∂ugii , if i 6= u,

Γkpu = 1
2 δ

k
. p ∂u ln gpp , if i = u .

(A.11a)

(A.11b)

Therefore, plugging the above results in (A.6), we get

ωab, p =
∑
i 6=u,k

ηak ηbi
sgn(gii)

√
|gkk|
|gii|

(
−1

2 δ
k
. u δ

i
. p g

uu∂ugii

)
+
∑
k

ηak ηbu
sgn(guu)

√
|gkk|
|guu|

(1
2 δ

k
. p ∂u ln gpp

)
,

(A.12)
that is

ωab, p = 1
2 sgn(guu) sgn(gpp)

∂ugpp√
|guu||gpp|

(
ηap ηbu − ηau ηbp

)
, ∀p 6= u . (A.13)

To sum up, given the set of vielbein in (A.1) and for all diagonal metrics whose compo-
nents gpq depend only on a coordinate u, the components of the related spin-connection are

ωab, p = 1
2 sgn(guu) sgn(gpp)

∂ugpp(u)√
|guu(u)||gpp(u)|

(
ηap ηbu − ηau ηbp

)
, ∀p . (A.14)

In particular, this formula is valid for the Lorentzian Witten background given the ap-
proximation (3.3). Notice that this result agrees with the antisymmetric nature of ωab, p in
a↔ b and reproduces (A.9) for p = u.

A.2 The Ramond-Ramond field strength

Now, let us turn our attention on the Ramond-Ramond field strength F4. Given the
approximation (3.3), from the definition in (2.3) we have

F4 = 3R3ωa ≈ 3R3dz6 ∧ dz7 ∧ dz8 ∧ dz9 . (A.15)

Making use of the vielbein in (A.1), we get

F4 = 3R3

(gzz(u))2 e
6 ∧ e7 ∧ e8 ∧ e9 = 3

u
εabcd e

a ∧ eb ∧ ec ∧ ed , ε6789 = +1 . (A.16)

Therefore,
F

(4)
abcd = 3

u
εabcd . (A.17)

A.3 The pull-back on the world-sheet of Dp at the tip of the cigar

The results of sections A.1 and A.2 can be exploited in order to compute the pull-back
of (3.31) at the tip of the cigar of the Lorentzian Witten background. In particular,
from (A.14) and (A.17) it follows that

ωab, pΓab = sgn(gpp)
∂ugpp(u)√

guu(u)|gpp(u)|
Γpu , (A.18)
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and
F

(4)
abcdΓ

abcd = 3
u

4! Γ̃ , Γ̃ = Γ6789 . (A.19)

All in all, using also the expression for the dilaton in (2.3), we get

Dα = ∂αρ
pDp = ∂α +

∑
p

1
4 sgn(gpp)

∂αρ
p∂ugpp(u)√

guu(u)|gpp(u)|
Γpu −

3
8
∂αρ

p
√
|gpp(u)|

(R3u)1/4
Γ̃Γp

 .
(A.20)

So, expanding around (2.25), the above equation reduces to

Dtip
α = ∂α + 1

4
∂αΘ∂ugθθ(u0)√
guu(u0)gθθ(u0)

Γθu −
3
8
∂αX

µ
√
g00(u0)

(R3u0)1/4
Γ̃Γµ , µ = 0, 1, . . . , d , (A.21)

where Xµ are the classical µ-components of ρ, for µ = 0, 1, . . . , d. It follows that

Dtip
α = ∂α + 1

2∂αΘΓθu −
3
8∂αX

µΓ̃Γµ . (A.22)

B The generalized level-matching condition

In section 4, we extended the Virasoro constraints (2.26a) to the quantum word as (4.2).
Basically, (2.26a) is a combination of (2.15a) and (2.15c). So, we have not reported the de-
tails about the discussion of (2.15b). In this appendix, we show how to extract information
from the quantum version of the latter condition.

Let us start from the bosonic sector and consider∫
dτdσ TBτσ =

∫
dτdσ ∂τρ

p∂σρ
q gpq(u) =

∫
dτdσ

1
2 (σ1)αβ ∂αρp∂βρq gpq(u) . (B.1)

As usual, the above equation can be expanded around (3.61) up to quadratic order in
quantum fluctuations. The result can be deduced by analogy from (4.2) through δαβ 7→
1
2 (σ1)αβ . Since (σ1)αβ ∂αXµ∂βX

νgµν(u0) = 0, we get∫
dτdσ TBτσ =

∫
dτdσ

{
∂τ ξ̃

p∂σ ξ̃
q δpq + 9

4 m
2
0 cτ cσ

[
(ξ̃u)2 + (ξ̃θ)2

]}
. (B.2)

Given (4.5), let us compute explicitly every term of this expression. Starting from the first
one for p = u, θ, we have∫ 2π

0
dσ ∂τ ξ̃

p∂σ ξ̃
p = πα′

∑
n 6=0

n

ωn

(
αpn α

p
−n − α̃

p
−n α̃

p
n − αpn α̃pne−2 i ωn τ + α̃p−n α

p
−ne

+2 i ωn τ
)
.

(B.3)
Then, exploiting (4.6), we get∫ 2π

0
dσ ∂τ ξ̃

p∂σ ξ̃
p = 2πα′

∑
n>0

n

ωn

(
αp−n α

p
n − α̃

p
−n α̃

p
n

)
, p = u , θ , (B.4)

and analogously∫ 2π

0
dσ ∂τ ξ̃

q∂σ ξ̃
q = 2πα′

∑
n>0

(
αq−n α

q
n − α̃

q
−n α̃

q
n

)
, q = 0, 1, 2, 3, 6, 7 . (B.5)

– 28 –



J
H
E
P
0
1
(
2
0
2
3
)
0
3
4

Let us stress that, given (4.7),

PB = 1
2πα′

∫ 2π

0
dσ TBτσ (B.6)

generates translations along the σ-direction in the bosonic sector, that is[
PB, ξ̃

q
]

= −i ∂σ ξ̃q . (B.7)

Going forward, one can check that translations along the σ-direction in the fermionic
sector are generated by

PF = + i

4πα′
∫ 2π

0
dσ ζκI ∂σζ

κ′
I′ δκκ′δ

II′ , (B.8)

that is
[PF , ζκJ ] = −i ∂σζκJ . (B.9)

So, by analogy, we can extend the constraint in (2.15b) as

P = PB + PF = 0 . (B.10)

A similar computation to (4.34), (4.35) and (4.36) leads to

PF =
+∞∑
r= 1

2

r
(
Sκ−rS

κ
r − S̃κ−rS̃κr

)
. (B.11)

Notice that in (B.4), (B.5) and (B.11) all the creation operators are on the left and the
annihilation ones on the right. This means that

〈0|
∫ 2π

0
dσ ∂τ ξ̃

p∂σ ξ̃
p|0〉 = 0 , p = 0, 1, . . . , 9 , 〈0|PF |0〉 = 0 . (B.12)

On the other hand, from (4.11), it follows that

〈0|
∫ 2π

0
dσ
(
ξ̃p
)2
|0〉 6= 0 . (B.13)

All in all, we conclude that

P = 0 ⇒ 〈0|P|0〉 = 0 ⇒ cτ cσ = 0 . (B.14)

Notice that the ansatz in (3.61) is written for real cτ and cσ which can not be simultaneously
equal to zero. Indeed, if so, MB would be zero and the mass-matching condition (3.27)
would not be satisfied for sure. Moreover, if cτ 6= 0, cσ = 0, then M2

B = −9
4m

2
0c

2
τ < 0 and

the spectrum would contain tachyons. The only possibility is thus

cτ = 0 , cσ = ±2
3

1
m0

MB = ± MB

MKK
. (B.15)

Notice that, exploiting the above ansatz, the quantum version of the off-diagonal Virasoro
constraint P reads

+∞∑
n=1

 ∑
p=u,θ

n

ωn

(
αp−nα

p
n−α̃

p
−n α̃

p
n

)
+

∑
q=0,1,2,3,6,7

(
αq−nα

q
n−α̃

q
−n α̃

q
n

)+
+∞∑
r= 1

2

r
(
Sκ−rS

κ
r −S̃κ−rS̃κr

)
=0.

(B.16)

– 29 –



J
H
E
P
0
1
(
2
0
2
3
)
0
3
4

Let us make a couple of observations. First of all, notice that the flat space limit (i.e.,
ωn → n) of the above relation reproduces the usual level-matching condition NB + NF =
ÑB + ÑF for a closed string in flat space with winding modes but no quantized momentum
in the X0 direction.21 In other words, (B.16) is the generalized level-matching condition for
closed strings embedded in the Witten background (2.3) and localized at the tip of the cigar.
Moreover, the left hand side of (B.16) is exactly the world-sheet momentum in (2.5) of [26].

This discussion leads to the final proposal for the classical configuration adopted in
this work, that is

X0 =m0
β

2πσ , X0'X0 +m0β ,

Xi =α′pim0τ , pi ∈R : η̃ij p
i pj =−M2 , i, j= 1, . . . ,d ,

U =u0 : guu(U)∂αU |U=u0
= cα , cτ = 0 , cσ =±2

3
1
m0

MB =± MB

MKK
,

Θ = constant .

(B.17)

Every parameter which initially appears in (2.25) has been fixed through an interplay be-
tween equations of motion, periodic boundary conditions for closed strings and the quantum
version of the Virasoro constraints. The latter correspond to the generalized mass-shell con-
dition (4.43) and the generalized level-matching condition discussed in this appendix, that
is (B.16).
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