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1 Introduction

The superconformal index [1, 2] of four-dimensional field theories is a powerful tool to study
the spectrum of superconformal field theories (SCFTs). It can be defined as a trace over
the Hilbert space on S® in the radial quantization. Alternatively, it can be defined from
the UV description as a partition function on S! x S3 up to the Casimir energy factor [3].
It is a meaningful quantity even for N' = 2 non-conformal field theories. While the generic
superconformal index of N/ = 2 supersymmetric field theories involving three conformal
fugacities enumerates the 1/8 BPS local operators, it admits a limit of the fugacities which
can count the 1/4 BPS local operators, which is referred to as the Schur index [4, 5]. For a
class S theory it can be interpreted as a correlation function of a 2d TQFT on a Riemann
surface [4, 6]. According to the correspondence [7] between N' = 2 SCFTs and vertex oper-
ator algebras (VOAs), the unflavored Schur index is equal to the vacuum character of the
associated VOA. Also it has a nice modular property [8] as a component of a vector valued
modular function as it can solve a modular linear differential equation (MLDE) [9, 10].

In this paper we study the flavored Schur indices of 4d N = 4 super Yang-Mills (SYM)
theories with unitary gauge groups. It can be also viewed as the Schur indices of N' = 2*
SYM theories as the flavor fugacity corresponds to the mass parameter for the adjoint
hypermultiplet in the AV = 4 vector multiplet. While an elementary evaluation of the
indices for several low ranks is presented by performing the contour integrals in [11], we
derive a complete closed-form expression of the indices for arbitrary ranks by applying the
Fermi-gas method in [12] which generalizes the result [13] for the unflavored Schur index
of N'=4 SYM theory.!

The flavored Schur indices are given as a sum over the Young diagrams in such a way
that the density matrix and its spectral zeta functions are given by the Kronecker theta
function [15-17] and the twisted Weierstrass functions [18, 19]. The twisted Weierstrass
function plays a role of a generating function for quasi-Jacobi forms [20]. The normalized
N = 2* Schur indices are shown to lie in the polynomial ring in the Kronecker theta function
and the Weierstrass functions which contains the polynomial ring of quasi-Jacobi forms.

! Closed-form expressions for the unflavored Schur indices of N = 4 SYM theories are also found in [14].



We also use the grand canonical ensemble to provide alternative closed-form expressions
of the N' = 2* Schur indices as infinite series. According to the observation in [21, 22], we
also obtain exact closed-form expressions for the unflavored indices of the N = 2 T'(SU(N))
SCFTs [23-27] where I is the simply laced Lie group of ADE type. While it is shown in [25]
that the unflavored Schur index of the Eg(SU(2)) SCFT is given by the vacuum character
of the A(6) algebra [28, 29], we find alternative expressions from our closed-form formulae.

In addition, we find that the unflavored Schur indices of N' = 4 SYM theory with
(special) unitary gauge groups are identified with MacMahon’s generating functions Ag(q)
and Cg(q) [30] for the generalized sums of divisors up to overall powers of ¢ and the
Ramanujan theta function. This generalizes the result in [22] for the case with odd rank
gauge groups. This also shows that the normalized unflavored Schur indices of NV = 4 SYM
theory with (special) unitary gauge groups lie in the ring of quasi-modular forms [31]. The
unflavored U(oo) and SU(co0) Schur indices which are equivalent to the generating functions
for overpartitions [32] and 3-colored partitions respectively.? We investigate the asymptotic
growth of the numbers of the BPS local operators by applying the Meinardus theorem [34].

1.1 Structure

The organization of the paper is as follows. In section 2 we introduce the flavored Schur
indices of N' = 4 SYM theories with unitary gauge group. In section 3 we formalize the
Fermi-gas method which allows for a closed-form expression of the N’ = 2* Schur indices
in terms of the twisted Weierstrass functions, the twisted Eisenstein series as well as the
Jacobi theta functions. In section 4 we take the grand canonical ensemble to get another
type of closed-form expressions as certain infinite series for the Schur indices of N/ = 2*
SYM theory. We also present a closed-form expression of the unflavored Schur indices
of T(SU(N)) SCFTs. In section 5 we show that the unflavored Schur indices of N = 4
SYM theory with unitary gauge groups can be written in terms of MacMahon’s generating
functions Ay and Cj for the generalized sums of divisors. The large N unflavored Schur
indices of N' = 4 U(N) and SU(N) SYM theories are identified with generating functions for
overpartitions and 3-colored partitions. The asymptotic growth of the numbers of the BPS
local operators in the large N limit are analyzed. In appendix A we summarize definitions
and notations of the g-factorial, the Jacobi theta functions, the (twisted) Eisenstein series,
and the (twisted) Weierstrass functions. In appendix B we present further examples of the
closed-from expressions of the Schur indices.

1.2 Future works

o The Schur indices can be decorated by the line operators [12, 35-37]. It is expected
that the Schur correlation functions of the line operators in N' = 2* U(N) SYM theory
enjoy a hidden triality symmetry as explicitly checked for some examples in [12], which
upon a twisted circle compactification can reduce to the triality symmetry [12, 38]
of the sphere correlators of the 3d N’ = 4 U(N) ADHM theory. We hope to report
more details of the Schur correlators in the upcoming work [39].

2The SU(co) index is also discussed in [33].



e The modular covariant combinations of the twisted Eisenstein series and derivatives
acting on the Jacobi forms are given in [40] and those acting on the quasi-Jacobi forms
are studies in [41]. It would be intriguing to study differential equations satisfied by
the N' = 2* Schur indices and to examine their transformation laws by using our
closed formulae.

e The coefficients of the supersymmetric indices can encode interesting combinatorial
statistics.® It would be interesting to extend discussions for the unflavored Schur
indices in section 5 on combinatorial interpretations to the flavored case.

It would be nice to investigate closed-form expressions of the Schur indices of NV = 2*
SYM theory as well as N' = 4 SYM theory with other gauge groups. The Fermi-
gas method may be useful by generalizing the Frobenius determinant identity [44] or
Fay’s trisecant identity [45].

o The high-temperature limit of the (grand) canonical flavored Schur indices may be
investigated by applying the generalization of the Euler-Maclaurin summation for-
mula [46].*

o In the presence of boundaries or/and corners the indices encode the BPS boundary
conditions with additional degrees of freedom as the half- and the quarter-indices [48].
It would be nice to find their closed-form expressions.

2 Canonical indices

In this section, we collect some basics on the flavored Schur index of N' =4 U(N) SYM
theory. We begin with a matrix integral that exactly computes the flavored Schur index,’

ZVWN) (4 q) 1 (93 ?{ = 4N do; [Tiz; (%;q)m (qg—;;q)oo (2.1)

:7! 54£2. N Yo 1,20, 100, ’
N(gzt22 )] 12M0 T (22 250) (a7 250q)

2Tl

where the integration contour for gauge fugacities o; = € ,t=1,---,N is taken as a

1/2 — ™7 and its coefficients are Laurent

unit torus TV. It is a formal Taylor series in ¢
polynomials in a fugacity t = e>™” with integer coefficients. 7 is a complex structure of the
torus on which the underlying VOA is supported [49-51] or the radius of S! relative to the
radius of S and the fugacity ¢t = e>™ couples to the difference of the Cartan generators
of SU(2)¢ and SU(2) g subgroups of the R-symmetry group SU(4)g.

The index (2.1) starts from 1+ --- so that one can count the number of the quarter-
BPS local operators as a protected quantity by reading off coefficients in its expansion.

The index (2.1) is manifestly invariant under the transformation

t—t71 (2.2)

3See [42, 43] for the combinatorial interpretations for supersymmetric indices of M2-brane SCFTs.
“See [47] for the analysis of the unflavored Schur indices.
®See [48] for the notation and definition of the flavored Schur index of A" = 4 SYM theory.



as there is a symmetry which exchanges the SU(2)y with the SU(2)c. When t = 1, the

index (2.1) reduces to the unflavored Schur index of N'=4 U(N) SYM theory.

2.1 Examples

For example, the flavored Schur index of N'=4 U(1) SYM theory is

10(t;q) =

12 [ 4 —4 6 —613/2
4 (L 2 (1
X2

Y2 X3 Y3

Y4 X5

Y5

(2.3)

The terms of the form ¢*/2¢t2F and ¢*/2t=2F with k = 1,2, - - enumerate the half-BPS local
operators X* and Y* where X and Y are the adjoint scalar fields X and Y transforming
as (1,3) and (3,1) under the SU(2)¢ x SU(2)x respectively. For other terms there are
implicit cancellations between bosonic and fermionic contributions. For example, we have

terms|coefficients| bosonic operators fermionic operators
q —1 XY A A
22 0 X2Y,0X AX, X
q? 0 OXY,X0Y, X2Y2, A\| O\, O\ AXY, AXY
>t 0 X3Y, X0X AX2 X2
q°/? 0 X1y, 0x3 AX3 X3
22 -1 X3Y2 X29Y, X0XY, AX2Y, A X?Y,
02X, \\X AOX,0AX, A\0X, 0NX

where A denotes the 4d gauginos transforming as (2, 2) under the SU(2)¢ x SU(2)g.

The flavored Schur index of N' =4 U(2) SYM theory has an expansion

IY3(t; q)

St (g (2 et or( 2

+( 3+

Tr(X4)
Tr(X)3TrX
'I\I,(X2)2

Tr(X?), Tr(Y?), Tr(X?) Tr(Y?)
(TrX)2 (TrY)? Tr(X?)TrX  Tr(X2)TrY
-8 2 10 2 -2 -10 5/2 ..
35 )P+ (3t 24124 3t )¢*? +
Tr(Y4) Tr(X5) Tr(Y'®)
Tr(Y)3TrY Tr(X4)TrX Tr(Y4)TrY
Tr(Y?)?2 Tr(X3)Tr(X?) Tr(Y3)Tr(Y2)

-6 3/2
+ 2t )q

(2.4)

(2.5)

The terms with ¢~/2¢2k (resp. qk/Qt*%), k =1,2,--- count the number of the half-BPS
local operators. It includes single and double trace operators consisting of the adjoint

scalar field X (resp. Y). Again cancellations of several bosonic and fermionic operators

occur in the other terms.



2.2 Half-BPS indices

N =4 U(N) SYM theory has the half-BPS local operators of a fixed scaling dimension A
consisting of the adjoint scalar fields. For example, those operators consisting of X take
the form [52]

Tr(X )M Tr(X )P . Tr(X )k (2.6)
obeying the condition
A =1k (2.7)
i=1

They can be labeled by the Young diagram of A boxes whose length is no greater than N.
We can demonstrate this by deriving from the flavored index (2.1) the half-BPS index that
enumerates the half-BPS local operators consisting of X by taking the following scaling

limit:
Iyh@ = lim  TVM(q) = ﬂ S — (2.8)
7BP q=q/%t: fixed ne1 (1 - q”)
q—0

where we have set ¢ to zero while keeping q := ¢'/4t being constant. In fact, the half-BPS
index (2.8) is identified with a generating function for partitions with rows being no greater
than N.

2.3 Large N limit

The ratio of the index to the large N index can admit a giant graviton expansion [53]°
where each term in the expansion is identified with the index of giant gravitons in the
holographic dual AdS space [59-61].

Let us consider the large N limit of the half-BPS index (2.8). It is identified with a
generating function for partitions of n [62]

o0
I%BP (q) = H 1—q") = Zp(”)qn
n=1 n=0
=1+q+29°+3¢° +5¢" + 79° + 11q° + 159" + 22¢° + - -- (2.9)

where p(n) is the number of partitions of n. The asymptotic growth of the number of the
half-BPS local operators is equivalent to that of p(n). As n — oo we have [63]

1 m2l/2

6See also [54-58] for the study of giant graviton expansion of the Schur indices.



The exact numbers p(n) of the operators and the values pasymp(n) evaluated from (2.10)

are given by

n

p(n)

Pasymp (1)

10
100
1000
5000
10000

30
1.69230 x 108
2.31278 x 103!
1.66801 x 10™
3.57099 x 10106

48.1043

1.99281 x 108
2.44020 x 103!
1.70889 x 10™
3.63281 x 10106

The flavored index (2.1) in the large N limit can be evaluated as

IV (tq) = 1+ (8 + %) +

(2t 42t ) g+ (30 + 12 +t72 + 3t76) g2

(2.11)

+ @2+ 4+t 4+t 5P+ GO+ 1+ 2+ 172 4176 4 51710) %2

+ @+t a1 P (2.12)
We find that the large N flavored index (2.12) is given by
79691 lo_o[ 1+k+1t:|:2(lc+1) D)oo (213
AL k), @)oo
and that it coincides with
[ (1 —q") (2.14)

2 (1 —t2ng3) (1 —t2ng2)’

which is obtained from the gravitational index in [2].

We will discuss a combinatorial interpretation of the large N indices in section 5.

3 Fermi-gas formulation

In this section, we explore closed-form expressions for the flavored Schur index of N = 4
U(N) SYM theory. To do so, we rewrite the matrix model (2.1) as the canonical partition
function of an ideal Fermi-gas system. For this purpose, it is more convenient to use
another fugacity & = ¢~ 1/2t2 = €27 rather than ¢ itself. With this choice of the fugacity,
the flavored index (2.1) reads

M (g q) :% - (qgfgév ‘ N% ﬁ d?’i [Liz (g;’_;‘q)oo (qg;'_;g)oo (3.1)
ST A\ ey e e
The invariance under ¢t — ¢! is now translated into
€ g e, (32)
We note that the g-expansion of the index (3.1) does not start from 1+ ---. In fact, the

index (3.1) can be interpreted as the Schur index of 4d N' = 2* U(N) SYM theory which is a
non-conformal supersymmetric theory due to the introduction of a mass parameter for the
adjoint hypermultiplet in A/ = 4 SYM theory corresponding to the chemical potential (.



3.1 Kronecker theta function

We rewrite the index (3.1) as

? . \N i o5
N (esq) = Ngzv /2% . lﬁ do; 0'(1;0)" [lic; 055 9)0(5E5 0)

2mio; IL; 9(%5_1; q)
where we define a new function

1 n2+n
0(x;q) :== Z(—l)"w"+§q 2

It is equal to the first Jacobi theta function (A.2) up to a pre-factor ig=1/8

0(627riz; 627rz'7-) — ,L-q—%,lgl(z; T).
It has properties

6(€2m'(n+m‘r+z) (_ 1)n+m€—7rim2‘r—27rimz0(€27riz

1q) = 1q),
0z~ q) = —0(z;q),
9(1,, 627ri(7-+1)) _ 9(:6, 627rz'7—)

and satisfies a differential equation

0 1/ 9)\? 1
qaqu(x, q) — 3 (96(%) 0(x;q) + §9(x, q) =0.
Also we have

0
0'(1;q) == P4t

To proceed, let us introduce the Kronecker theta function [15-17, 20],”

. .7 G(xya Q)(Q)go o _iﬁl(z -+ w;T)ﬁg(T)
F(z,y:q) = 0(z;q)0(y;q)  1(z;7)01(w;T)

and y = €™ _ Tt satisfies the following relations

F(y’ 'r‘ q)
—F(x i q),

r=1

where x = e27i%

(wy,
F(77 5

F(x,z~

)) =
Q) =
=

F(AmHmr2) ) = —2mmwF< ),
) =
Q) =
d

F(I 62m(n+m7—+w —271'1sz( 2w, q)
)

F(gz™ ' y;q9) = —y ' F(z,y Y 9).

"The Kronecker theta function F(e*,e”;e?™ ) defined here is the same as the F, (u,v) in [17].

)

(3.4)

(3.5)

(3.9)

(3.10)



It is a Jacobi form of weight 1 which has the transformation laws

2 2 — 274 4t +b 2miczw . .
F< T ra ,ecMertd e m”+d> (er + d)e er+d F( 2z 2mw§€2m‘r)7 (3.18)

I )

F (62m(z+nr+s 27ri(w+m7'+7"); 627ri7') _ e—27ri(mn7'+mz+nw)F(627riz. eQm’w. 627ri7) (3'19)

for (2%) € I' = SL(2,Z) and (m,7), (n,s) € Z2. It obeys a differential equation

0 0?
—F 1q) = F ;1 q). 3.20
99, (2,93 9) ™Y 5oy (z,939) (3.20)
It can be expressed as a double series
xy—1 .- —-m, —n\ . mn
F(z,y;q) = y > @™y —a "y )™ (3.21)

@-Dy-1) 2,

For |¢| < |z| <1 it has the Fourier expansion:

Flz,yq) =~ —

oo L yg"

n

(3.22)
Notice that

F( 27rzz7y’q — 627rz7') _ Pl ,

91] (2,7) (3.23)

where Py [g] (z,7) is the twisted Weierstrass function defined by (A.83).
This results from Ramanujan’s 17/ summation formula [64]

1 -1

3 (@00 o _ (Doo(ba™; @)oo (023 @)o(90™ 2715 ¢)oo
= (b:q)n (03 @)oo (a0 @)oo (23 @)oo (ba™ 12715 q) oo

by setting b = aq.

(3.24)

3.2 Fermi-gas canonical partition function

We are ready to go to the Fermi-gas formulation. We make use of the Frobenius determinant
formula [44]8

BN T 0(vio: )0 (w w0 _
(05 M oty Pl 30 _ 0050 ot pu ), (3.2
[1; ; 0(viw; "5 q) O(ullviw; Liq) g

2miv

where u = ¢ is an auxiliary fugacity. Then we can finally express the N' = 2* Schur
index (3.3) as [12]

—D)NEN2 9 (us q) oi
IU(N) : _ ( ) 7{ dN det F [ =% 1’ :
(5 q> N! H(Ué._NQQ) loi|=1 7 ZS Ujg A

_ (—1)NEN2G(u; q)
0N )

8This is also obtained from the determinant formula [19] which generalizes Fay’s trisecant identity [45].

Z(N;u; &5 q), (3.26)




where

1 Oj .
Z(N;u;&q) = 7% d"o det F (5 I,U;q> : (3.27)
N Jio;1=1 o

27]

Note that the function Z(N;u;&;q) depends on wu, but the Schur index ZVIN)(¢:¢) does
not. This means that we can choose u freely to compute ZUV(V) (&;9). In fact, we will see
that some specific choices of u simplify exact expressions of ZU(Y) (& q).

The function Z(N;u;&;q) can be identified with a canonical partition function of
Fermi-gas with N particles on a circle. The one-particle density matrix which characterizes
the Fermi-gas is given by

pole, o' us & q) = F(eX™ ¢! u;q)
2mip(a—a’) ¢—p
= — Z A. (3.28)
poer’ 1 — ugP

In the Fermi-gas system « and p can be thought of as the position and momentum operators.

It is interesting to note that the canonical partition function satisfies a differential
equation

u S (N &) + [Piv,7) — Py~ NG Z(Vsui€q) =0 (329

where Pj(z,7) is the Weierstrass function defined by (A.57).

3.3 Spectral zeta functions

Our next strategy is to evaluate the canonical partition function Z(NV;u;¢;q) exactly. It
is known that Z(NV;u;&;q) is given by so-called spectral zeta functions. The spectral zeta
functions for the inverse of the density matrix of the Fermi-gas” are defined by

Zi(u; & q) = Tr(p, / Hdal polan, az) -+ polou, 1)

—z<1_qu>

_ (DR e uig)
(-1 Jul—1 '

(3.30)

9Let A, be eigenvalues of the inverse of the density matrix of the Fermi-gas. The spectral zeta functions
are given by Z, =) A;°.



Plugging the double series (3.21) into (3.30), we get an explicit formula

5171 1
(-6 (u=1)

i Z ( B ) mnH=1) gmly —n—l+14 (1))l (l_l)q (n=l+1) g=ml, z+1]

m,n=1
51 1
(1-6)  (u—1)

e n+l—2 n+l—1 lu—n—H—l n n—I+1 —lun—H—l
Z 1— fwrllgl +(=1)f ! 1— n£l+1€l : (3.31)
o q -1 q
We note that the spectral zeta function for [ = 1 is identified with the Kronecker theta
function (3.11) or equivalently with the twisted Weierstrass function

Zy(ws&sq)=

(9)2.0(6 u; q)

216 4) = 5ot s g)

FE g =P (v, 7). (3.32)

From (3.30) and (3.32) the spectral zeta functions for [ > 1 can be simply obtained by
differentiating 7 (u; &; q) with respect to u

(71)l—1 3l_1Z1(u; ql—lfl; q)

Using a relation
on 3 n Nk 8k
=" 3w sl b (3:39)

where u = €>™ and s(n, k) are the Stirling numbers of the first kind, we can also write
the spectral zeta functions for [ > 2 in terms of the twisted Weierstrass function (A.84)

(llll

Zi(u;€;q) = Zk| k)| Pyt

I—1¢l
1 . f] (v, 7). (3.35)

where we have used a relation
s(n, k) = (—1)"F]s(n, k)| (3.36)
For our purpose, the following representation of the twisted Weierstrass function is useful:

6 0 (—1)k

(ZyT)Z 5k1+( )Ll1 k()

o8] kelnn Or—"ra"™

P s r i
1—6-1¢gn 1—0qn

Py

(3.37)

where 0 # 1, z = €?™% and ¢ = >™".

~10 -



For small [, we have

Za(u;&;q) = qgQ (v, 7), (3.38)
Z3(u; € ) ( __q21§3- (v,7) +2P; —qug_ (I/,T)) : (3.39)
Z4(u: €:q) ig (P2 :q3154: (v,7) + 3P :q3f4: (v,7) + 3P qgﬂ (v, 7)) . (3.40)
Zs(u; € q) % <3P2_ _ ] (v,7) + 111;3 q;ﬂ (v, 7)

+ 18Py 415 ] (v, 7) + 12P; q41§1 (y,7)>. (3.41)

3.4 Closed-form formula

Now we are ready to give a first closed-form expression of the canonical Schur index by
using the spectral zeta functions as building blocks. Let

A= (XA Ly (3.42)
with
1=1
AM>A> > >N =0 (3.44)

be a partition of integer N, i.e. the Young diagram of N boxes. In terms of the spectral
zeta functions Z;(u;&; q), we can express the canonical partition function as a sum over the
Young diagrams

L _ § _1\N—-r - 1 RPSPAY %
and the N = 2* U(N) Schur index
_1\N¢N?/2 .
TV gyq) = V& 000 7y 1. (3.46)

O(us:q)
As we have seen in (3.35), the spectral zeta functions (3.35) are given by polynomials in the
twisted Weierstrass functions. Thus the formula (3.46) presents a systematic evaluation of
the exact index.

The Schur indices of N' =4 SU(N) SYM theory can be similarly written as a closed-
fom according to a relation

VM (& q)
(&9 = Totm e, ) (3.47)

(&q)
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Note that the r.h.s. of (3.46) involves the auxiliary fugacity u. This u disappears in the
final result of the index. The cancellation of the u-dependence happens quite non-trivially.
Instead, in this paper, we use the u-independence of the index, and fix v to simplify the
results. There are several possibilities to do so. These possibilities lead to apparently
different closed-form expressions.

3.5 Quasi-Jacobi forms

While the formulae (3.45) and (3.46) state that the spectral zeta functions can be viewed as
building blocks of the N/ = 2* U(N) Schur index, they can also play a role of a generating
function for quasi-Jacobi forms [20].

A meromorphic quasi-Jacobi form of weight k € Z, index m € Z and depth (s,t) is a
meromorphic function ¢(z,7) : CxH — C obeying the following transformation laws [20]:'°

z ar +b e L
——— | = d)F—i=i U 3.48
SD(m—i—d’w—i—d) i<§<t(m+ ) v j(z 7—) = ( )
oz + AT+ p,7) = Z viol(z, T))\i (3.49)
1<s

for (2%) € SL(2,Z) and (A, u) € Z* where ¢; j(2,7) and ¢;0(z,7) are meromorphic func-
tions.

Alternatively, the meromorphic quasi-Jacobi form is defined by introducing an almost
meromorphic Jacobi form [20]. An almost meromorphic Jacobi form of weight k € Z, index
m € Z and depth (s,t) is a (real) meromorphic function with the form

)= > ij(z7) (1)1 (Z2>J (3.50)

$.j20 2/ AT
where 7 = 7 +iT9, 2 = 214129 and 9; (2, T) are complex meromorphic functions, satisfying
the transformation laws
b
" < z 7 at +
ct+d et+d
U(z+ AT +p,7) = e_Q“im(/\2+2’\Z)\I/(z, ). (3.52)

‘CmZQ
> — (er + d)F TRz, 1), (3.51)

Then a quasi-Jacobi form arises as a constant term g o(z,7) = ¢(z,7) with respect to
1/19 and z3/75 of the almost meromorphic form.

The algebra of quasi-Jacobi forms which is bigger than the algebra of Jacobi forms
is the algebra of functions on C x H generated by the Eisenstein series Ga(7) and the
Weierstrass functions Py (z,7) [20]. Alternatively, it is generated by the coefficients of the
Kronecker theta function [20].

We note that the basic spectral zeta function Z;(u;&; q) is equivalent to the Kronecker
theta function so that it can be expanded as

Z1(u;&5q) — ZGk ¢, 7)(2miv)F (3.53)

271'2

19 Another definition of a quasi-Jacobi form is found in [65] and a definition of quasi-Jacobi form for higher
rank is found in [66, 67].
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where Gg(z,7) is the twisted Eisenstein series (A.35). Also the logarithm of the spectral
zeta function has an expansion [68]

log (2mivZ1(u; §; q)) = log(2miv) + Po(v, 7) + Po(¢, 7) — Po(C + v, 7)

= > Fi(¢, ) @2miv), (3.54)
k=1
where Pj(z,7) is the Weierstrass function (A.58) and the function Fi(z,7) is given by
(-1t
Fi(z,7) = — (Px(z,7) — Gg(1)) (3.55)

where Gi(7) is the Eisenstein series (A.17). As Fi(z;7) and Ga(7) form the ring of quasi-
Jacobi forms [20], the spectral zeta function Z;(u;&; q) plays a role of a generating function
for quasi-Jacobi forms.

Similarly, when one expands the other spectral zeta functions Z;(u;&;q) with [ > 1
with respect to v, each coefficient appears as a quasi-Jacobi form since the Z;(u;¢;q) can
be obtained from (3.30) by differentiating Z; (u;&; q) with respect to u so that it can be
expressed as a polynomial in the Z;(u;¢;q) and the Weierstrass functions Py (v, 7) which
belong to the algebra of the quasi-Jacobi forms [20].

Since the canonical partition functions Z(N;u;&;q) are given by polynomials in the
spectral zeta functions Z;(u;&; q), each coefficient in the Taylor expansion of the canonical
partition function in v appears as a quasi-Jacobi form.

Furthermore, it can be shown from (3.35), (3.45) and (3.46) that the normalized N' = 2*
U(N) Schur index

TN (g5 q) := €N 2TV (g5 ) (3.56)

is the meromorphic function on C x H which lies in the polynomial ring generated by the
Kronecker theta function and the Weierstrass functions. It contains the ring of quasi-Jacobi
forms of weight £k < N generated by the Weierstrass functions as well as the Eisenstein
series Ga(T).

3.6 Examples
3.6.1 N=1

For N =1 the canonical partition function is simply

Z(Lus&q) = Z1(w;§59) = P || (v, 7). (3.57)

The N = 2* U(1) Schur index then reads

(0% (3.58)

0(u; q)
UL) (. ) — _¢1/2

cape £ ) — £1/2
(uf—l;q)Z(Lu’g’ Q> _g

~13 -



In this case, one can easily check the cancellation of the u-dependence. We can also express
it in terms of the Dedekind n-function,

U ey 12 (T
75 (&5q) 3 I(CT) (3.59)
where
n(r) = q= [[(1—q"). (3.60)
n=1

We observe that the normalized index

~ 3 3(r
TV (g q) == 7127V (g5 q) = 9(((15).0;) = _iﬁ?(é-z)’ (3.61)

can be written as

70 (€)= exp [ A mic?] o~ (¢.7)

1 s G2k<7’) . k
= g P Lz::l o7 (2mi¢)? ] , (3.62)

where G (7) is the Eisenstein series (A.17) and o(z, 7) is the Weierstrass o-function (A.77).
This is the inverse of the elliptic prime form (A.76) on the elliptic curve with modulus 7 [69].
The normalized index (3.61) is a Jacobi form of weight 1 and index —% obeying the

transformation laws

2
TUO) (2mica, 2T ) = (o7 4 d)e a7V (627iC | (27T, (3.63)
iU(l)(€27ri(C+)\T+,u)’ 2T = (_1)>\+u§>\q%2fU(1)(e2mC’ e¥mim). (3.64)

One can also write it as
YW (gq) = F(E%¢7 Y 9) (3.65)
in terms of the Kronecker theta function.

3.62 N=2

For N > 2, it is particularly convenient to set u = £ at the beginning because Z1(&;&;q)
vanishes in this choice. The relation between the canonical partition function and the
spectral zeta functions is drastically simplified.

We first see the formula for generic values of u. For N = 2 the canonical partition
function has two contributions from two partitions H and [T], which correspond to the

— 14 —



partitions A = (12), (2!), respectively. Therefore we have

2@ &) = 3 A6 - 3 260

- 22
2
:% P (V,T)—%Pg qf (v,7)
1 ]2 '52' 2
=5 P, (v,7) — Py . (v,7)+ P (v, T)
o, o
1 &2
=3 P, (v,7) — P ) (v,7)(Pi(v,7) — Pi(v —2(,7) — 1)

(3.66)

The Schur index can be written in terms of the twisted Weierstrass function (A.84).
While the canonical partition function in (3.66) has two contributions, it is simplified by

choosing u = ¢,

Z(2:6:&q) = —%Zz(ﬁ;f;q}

Then the Schur index is simply given by

2
T (q) = 5 | 7 (¢.)
_ g |8 1
=P ) (C,T)<P1(C,T)—2)-

The invariance under the transformation (3.2) follows from the transformations

of the twisted Weierstrass function.

The normalized U(2) index can be rewritten as

7Y (&q) = €21V@) (& 9)
,2 1
=F(&€E%59) (Pl(Cﬂ')_Q)

in terms of the Kronecker theta function and the Weierstrass function.

~15 —
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363 N=3

When N = 3, the canonical partition function has three contributions corresponding to
three Young diagrams @, Hj and [T

1

5 (Zl(us &9) — 371 (u; & q) Z2(u; € q) + 2Z3(u; &; Q)) : (3.72)

Z(3u365q) =

In terms of the twisted Weierstrass functions, it is given by

2(3;u;59)
:é(ﬂ_i(mﬂ—iPlf(mrﬁaqf @mmﬁ%& fﬁ]@”*ﬂiﬂ fflwﬁo
:élpli iu7}<ﬂ Swnm f (v, 7) (Py(v,7) — Py (v —2¢,7) — 1)
+P1i%(unygpgmfy_Pﬂy_3gT»2_3ua@ﬂq—Puu—ggr»
+(Py(v,7) = Po(v—3¢,7)) +2) | (3.73)
As a specialized canonical partition function at u = ¢ is simply given by
2(3;6:6q) = %23(6;5; a), (3.74)

we can express the N/ = 2* U(3) Schur index as

5/2 2¢3
VO (g ) = £ ) (P2 {q S ] (€.7) + 2P,

6 0(&2) 1

2¢3
qf](gTO (3.75)

in terms of the twisted Weierstrass functions.

We can write the normalized U(3) index as
906 q) = €T (g ) (3.76)

= éF(§2/3;£73;Q) ((Pl(gvT) + P1(2C77_) - 2)2
+ (Pl(gvT) + P1(2€77-) - 2) + (PZ(QT) - P2(2€77))>

in terms of the Kronecker theta function and the Weierstrass functions.
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3.64 N =14

For N = 4, the canonical partition function has five contributions corresponding to five

Young diagrams E, Ej, Bjj, Bﬂ and [TTT]. We get

Z(4u; &5 q) = % <Z1 (u; & 9)* — 621 (u; & q)2 Zo(u; €5 q) (3.77)

+821(u; & 9) Z3(u; & q) + 3Z2(w; &5 q) — 6Z4(ws & q))-

It is given by

4 2
2
3(4;U;€;q)=21[P1 on-2n 5 wom | e
2
2¢3 2¢3 2
LN (P2 qf]<m>+2ps qf](m>)+u12p2 “| v

3¢4
(V,T)+3P4

3 ¢4
qf ] (v,7)+3P; |

3¢4
qf ] (V,T))]. (3.78)

Z(4;6:65q) = —i&(&f;q) + éZz(f;ﬁ;q)Q- (3.79)

Making use of the twisted Weierstrass functions, we can express the Schur index in terms

3¢4
qg]«w)

Now we have

of the twisted Weierstrass function:

2
5 2
TV (g q) = — & 0O (3§P2 [qf] (¢,7) — 2P,

246(£3) 1

3¢4
qf ] (g,ﬂ). (3.80)

The normalized U(4) Schur index is given by a polynomial in the Kronecker theta

— 6P

34
qf ] (¢, ) — 6Py

function and Weierstrass functions

TV0(&q) = €1V (& )

= i [3F(£;§‘2;q)F(€3;£_2;q) (2P1(¢,7) - 1)2
+ F(§2;£_4;Q){(P1(C>T) + P1(3C>T))3 - 6(P1(<,T) + P1(3<a7—))2

+3(PiCm) + P3¢ m)) (Pa(Com) = Pa(3¢, 7))

+ 11(P1(g, 7) + Pi(3¢, 7’)) - 6(P2(<, 7) — P»(3C¢, T))

+ 2(P3(g, ) + Ps(3¢, 7)) - GH . (3.81)
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3.6.5 N=5

When N = 5, there are seven Young diagrams [, Ej, ] | ‘, LU X @EL u L and (171713

which contribute to the canonical partition function. It is given by

Z(55us&q) = % <Z1(U;£; q)® — 10Zy (u; & q)* Zo(u; € q) (3.82)

+ 2021 (u; & 9)* Zs(w; & q) — 20Z2(u; € q) Z3(us € q)

+ 1521 (u; & q) Z2(us; € q) — 3021 (u; &5 9) Za(us & q) + 2475 (us &; Q)>-

From (3.32) and (3.38)—(3.41) we find

5 713

1 ¢l 10 |¢€ q&?
Z(5;u89) = = | P -—h Py
( ) 120[ L U 1 1
12 2
1 2 2¢3 2¢3
AN S R N N A A A
u 1 1 1
1 2 2¢3 2¢3
+7;—Hﬁbq5 Py |15 £ap, |16
u 1 1
3¢4 [ 3¢4 3¢4
10, § PQQf +3P3q£ +P4q€
1 1 1
1 4 ¢5 4 ¢5 4 ¢5 4 ¢5
+ (6P2 T L oop [T8] 1 36, qf +24P; qf . (3.83)

where P [{] is an abbreviation for Py [¢] (v, 7).

When we set u to £, the canonical partition function is drastically simplified as

Z(5;&;&:q) = —éZ2(§§§;Q)Z3(§§§;Q) + %25(5;5;61)- (3.84)

&
o

4 ¢5
s } (C,T)] (3.85)

Thus we can write the U(5) Schur index as

ZUG) (€:q) = _517/2 0(¢) [10§P2 [qul ¢, 1) (PQ

q*¢

1

120 0(&4) 1

3
](C,T)-l—?Pg

q*¢

1

q*¢

1

q*¢

1

— 6P
1

5
] (C,T)—22P3

5
] ((,7)—36P,

5
] (C,T)—24P5

in terms of the twisted Weierstrass functions.
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We can write the normalized U(5) index as polynomial in the Kronecker theta function
and the Weierstrass functions

~ 1 B B
76) = 120 —10F (€% 674 q)F(€% 673 q) (2P1(C,T) - 1)(10%,2 +p22 — 3p12 +2)
+ F(E/%,675q)(pl 4, — 10p3 4 + 6pF 4poa + 35p3 4 + 3p3 4 — 10p1 4pas + 8p1aps.

— 90p1,4 + 35p2,4 — 20p3.4 + Opaa + 24)] (3.86)

where
Py = Pi((,7) + (=1)F B¢, 7). (3.87)

There are many other exact expressions. We will present some of them in appendix B.

4 Grand canonical indices

For the purpose of obtaining the closed-form expressions of the Schur indices, the Fermi-gas
formulation naturally suggests us to consider the grand canonical ensemble.
4.1 Fermi-gas grand partition function
Let us define a grand canonical partition function by
(0.9}
Bl us&q) =14+ Y Z(N;u; &)™, (4.1)
N=1

where p = 2™ is the fugacity and 7 plays a role of the chemical potential. According to
the Fredholm determinant, we can express the grand canonical partition function in terms
of the spectral zeta functions [12]

SR/
s us &5q) = exp [_Z( ;L) ZZ(U;&Q)]
=1

10 <1 pE? ) . Loug =™ (4.2)

1 uaP — uagP
i’ 1 —uq i’ 1 —uq

where we have plugged the infinite sum (3.30) into the spectral zeta functions.
The Schur index is equal to the canonical partition function up to the quotient of the
theta functions

TYMN)(&q) = A(N;u; &) Z(N;us €5 q). (4.3)
where
) e (NN 0w v enze 91(BT)
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We have

A(N;EN2 € q) = ()N TN, (4.5)
AN;u™ g7 q) = (—u) VAN us €5 q).

Since the N' = 2* Schur index is invariant under the transformation (3.2) and the func-
tion (4.4) obeys the equation (4.6), the canonical partition function satisfies

Z(N;u g7 q) = (—u)VZ(N5u 65 9). (4.7)

The grand canonical partition function (4.2) is not invariant under the transforma-
tion (3.2). Instead, it is shown to be invariant under the following extended transforma-
tions:

—1e—1
E—=q ¢,
u—>u_1,

p— —pu L (4.8)

Note that this is consistent with the transformation laws (4.7) of the canonical partition
function.

4.2 Closed-form formula

Making use of Cauchy’s integral theorem, the canonical partition function is recovered from
the grand canonical partition function as

dp  _

Z(N;u; & q) = WZ(MU;E;Q)
N —p:

£pi

UMD P

p1,pNEL i=1
p1<-<pN

(4.9)

If we set u = €N/2, then the prefactor A(N;EN/2;€;q) in (4.3) becomes (—1)N+1eN?/2 1
this choice, the expression (4.9) leads to another closed-form expression of the canonical
N = 2* Schur index

N g—p+N72
WG == > Tl (4.10)

03
p1pneZ i=1 1 — £2 gP
p1<---<pnN

In other words, the matrix integral (3.1) is equal to the infinite series (4.10).
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For example, we have

gfp%
70 (&) ==Y =——, )
pGZl_fiqp
—p1—p2+2
T =- : ’ 4.12
0 p%ez(l—gqm)g_gqu) (4.12)
p1<p2
—p1—p2—p3+3
ARIGIESEDY S : (4.13)
P1,p27p3€Z(1_f%qp1)(l—fgqm)(l—fgqm)
p1<p2<p3
—p1—p2—p3—pa+8
0 PLP%PZB;]MEZ(1_£2qp1)(1_‘£2qp2)(1—§2qp3)(1—§2q174) (4.14)
P1<p2<p3<p4
—p1—p2—p3—pa—p5+2
IU(5)(§;q):_ Z 3 5 s

peprpipsez (1=6307) (1622 (1-£3 ) (1-E2 ) (1-E3g77).
P1<p2<p3<p4<p5
We have confirmed that the g-series of these results agree with the expansions of the matrix
integral (3.1) as well as those of our previous results in (3.68)—(3.85), as expected.
We can also obtain several closed formulae for the unflavored indices. For N = 4
U(2k 4 6) SYM theory with 6 = 0,1, the unflavored Schur index is given by

okt Pi_ (2k+8)(2k+6-1)

V) = (-f Y [ (4.16)
P1, Pok+6 €L =1 1-— qu 1
P1<-<P2k+4s

Note that from (3.47) the unflavored Schur indices of N' =4 SU(2k + §) SYM theory are
simply given by Z5V(NV)(g) = IU(N)(q)%.

Other formulae for the unflavored Schur indices can be derived by observing the
fact [21, 22] that the unflavored Schur indices of 4d N = 2 I'(SU(N)) SCFTs [23-27]
can be realized by specializing the fugacities of the flavored Schur indices of N' = 4 SU(NV)
SYM theories.

The 4d N = 2 SCFTs f(G) are labeled by two simply laced Lie groups I' and G of
ADE type. For I' = Dy, Fg, E7 or Eg and ged(hg, my ,,,) = 1 where b, is the dual
Coxeter number of G and m{max is the largest comark for the associated affine Dynkin
diagram f‘, the SCFTs have equal central charges a = ¢ and their unflavored Schur indices
can be obtained from those of N'=4 SYM theory as [21, 22]!

-~ 1—mv
IF(G) (q) — IG (g =q 1; ;qml\{,max> . (417)
The largest comarks for I' = Dy, Eg, E7 and Eg are

V _ \ _ Vv _ V _
mD4,max - 2’ mEG,max - 37 mE‘7,rnax - 47 mEg,maX = 6. (418)

"The fugacity t* here is the fugacity = in [21, 22].
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The unflavored Schur indices of Dy(SU(N)) SCFTs are Iﬁ‘*(SU(N))(q) = TVIN)(¢?) (((](12;,":2))%
as argued in [22]. In addition, we can get from (4.9) the closed-form expressions for the

unflavored Schur indices of the Ej(SU(N)) SCFTs

3

TEe(SUWN)) (g) = — 0(q; q3)9(q:'q3) 5 H g @ (4.19)
(qg;q ) 9( 2t ’qg) p1, PN EZ i=1 1- q3pl+
p1<---<pN
4 N2_1
TESUM)) () = — 0(q;4")0(q5;4") 5 H ¢ (4.20)
(a4 q")300a5 N5 qY) ez im 1 — g5
p1<---<pnN
6 N2—1
TEs(SUW)) (g) = — 0(q; q6)9(q65;q6) 3 H ¢ @ (4.21)
(¢5;6%)3,0(q5 ;%) ez izi 1 — ¢T3
p1<---<pN

We have checked that the equations (4.19), (4.20) and (4.21) precisely agree with the
g-expansion evaluated in [22, 25].

We note that one can find identities of g-series by extracting other closed-form expres-
sions from our formulae. For the Eg(SU(2)) SCFT it is argued in [25] that the unflavored
Schur index is given by

TFSU@) () = A0 (- 1;q)

© 1 3n2-—n—2 3n2+n72
= Z(—l)”_n(q T —q 2 > (4.22)

n=1

—_

where

1 e 2 ‘nz—n— ’n2 n— .
=———> > (q3 = 2)22] (4.23)

is the vacuum character of the A(6) algebra [28, 29] and A is an s[(2) charge. From (4.19)
we can write it as

3 o3
TEe(SU@) () — 0(q:¢*)0(q2; °) g e (4.20)
= 7 3 NG :
(@)@ ) s (1— g 3) (1 — ¢T3
pP1<p2
On the other hand, from the canonical partition function we also find
7B6(SU) () = _ (4% 600 (¢; *) oo 3 g e ‘ (4.25)
P2, (=g 21— g )
p1<p2
These expressions are equal to
7 _ 1
7ESU@) () = ¢! (Gl(T, 37) — 2), (4.26)
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which results from the formulae (3.58) and (3.68). This reduces to a rather simple expres-
sion

—1
TEs(SU(2) 4.27
Z 1 + T+q+ ¢ (4.27)

It would be nice to rederive our formulae (4.19)—(4.21) from the vacuum characters of the
assoicated VOAs and to address them from their holographic duals.

4.3 Unflavored Schur index
Let us define the grand canonical unflavored Schur index by

= IV (g) w2
Upsa) = Y g ad s 1 (4.28)
= TV (q)

It is proposed in [54] that the factor ZV() (q)/ZV(*)(g) can be interpreted as the contri-
butions from the D3-branes wrapping supersymmetric cycles. We find that

2
Qu; )_1+2ZTN< >qNs (4.29)
2
N=1
where T,,(x) are the n-th Chebyshev polynomials of the first kind which are defined by the
relation

T, (cosx) = cos(nx). (4.30)

The expression turns out to be consistent with the result in [70] and the expressions of the
canonical unflavored Schur indices in terms of MacMahon’s generating functions from the
generalized sums of divisors discussed in section 5.

Note that the grand canonical unflavored Schur index (4.29) is simply the Jacobi theta
function

) =0n (25002, (@3)

by definition and that the large N index is given by (5.44). Thus the full grand canonical
unflavored Schur index is given by

ZIU DS iV

s <COS 217(ru/2); £>

- o . (4.32)

Making use of the identity [71]
V3(z;7) = U3(22,47) + V2(22, 47), (4.33)

the expression (4.32) is shown to agree with the result in [13].
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4.4 Half-BPS index

Also we can consider the grand canonical half-BPS index. It is given by

—_—
—
—

> U(N
ps(ia) =1+ > I%épé(q)u]v
N=1

s 1

=@y (e

(4.34)

where we have used the identity

(4.35)

1 <z
(T3 ¢)00 nz::o (¢;9)n

When the resulting function (4.34) is expanded as

p(n, N)q"u, (4.36)
(,an o ZNXZ:

then the coefficient p(n, N) is the number of partitions of n with N parts [72]. It implies
the correspondence between the 1/2 BPS local operators of dimension n in N' =4 U(N)
SYM theory and partitions of n with N parts.

5 Combinatorics

5.1 TUnflavored Schur indices

When t — 1, the flavored Schur index (2.1) reduces to the unflavored Schur index of N' = 4
U(N) SYM theory

oo - TIPS o
i,J

It can be expressed as a closed-form [13]

1 & N +n N+n-1 n24+Nn
70 =5, 21 ( N )+< N )]q ;
= Nig; 2=V ol ¢ (5:2)

In the following we discuss that there is another expression of the unflavored Schur indices
of 4d N’ = 4 SYM theory with unitary gauge groups in terms of several generating functions
for partitions.
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5.2 Sum of triangular numbers

The unflavored Schur index of 4d N’ =4 U(1) SYM theory is

Uy
=1+42¢"2 4+ q+2¢*2 +2¢* +3¢> + 2472 +2¢°2 4. (5.3)

The equality in the second line follows from the identity (A.13).
We can also write the U(1) index (5.3) as

7V0(q) = 9(q"/?)?, (5.4)
where
s n(n+1) n(n+1)
(g) = fla.4*) = q qu 2
n=0 nGZ
(q q ) -1/8
= (-9 (759 7—*(1 o (T
(00l 0%)oe = 5 = 070
:1+q+q3+q6+q10+q15+q21+q28_|_q36_|_'_.’ (5.5)
and

n(n+1) ﬂ(n 1)

=Y a 2z b oz, (5.6)

neL

is the Ramanujan theta function [73]. The function (5.5) is a generating function for the
triangular numbers, the number of solution of

x(x+1)

5 =n, (5.7)

where x is a non-negative integer. More generally, a function

(q"/%)* Z tr(n)q?, (5.8)

is known as a generating function for the representations tx(n) of n as a sum of the k
triangular numbers, the number of solutions of

:Ul(x12—i—1) N I2($22+ 1) P xk(x;;—i— 1)7

(5.9)

— 95—



where x; are non-negative integers. For k = 2 we have

z1(x14+1) x2(x2+1)
121 +222 ¢

040
04+1,1+0
1+1
043,340
1+33+1

g

k

(5.10)

046,6+0,3+3
1+46,6+1
3+6,6+3
04 10,10 + 0

© 0 N O Ut e W N = O3
NN O N WO NN = NN

—
=]

Thus we have the following correspondence between the BPS local operators of dimension
n/2 in N =4 U(1) SYM theory counted by the unflavored Schur index and the represen-
tations of integer n as a sum of two triangular numbers.

We also note that the U(1) index can be expanded as

nq%n(nJrl)

I“”mrzijtiLj;f*

neZ 1- q
2
= qin#’ (5.11)
ne”L 1- q 4
where the first expansion is obtained from the identity [74] involving the generating function
for the sums of triangular numbers. The second expression follows from the closed-form
expression (4.16).

5.3 Generalized sum of divisors

Next consider the unflavored Schur index of U(2) SYM theory. From the formula (3.68) it
reads

LIRS SRR s (:12)

neZl_q n>01_q

Noticing that

00 o mz™
Z: ;%g%m g;Tjap (5.13)
the index (5.12) can be rewritten as
U(2) gt 1y 1
9(q) = Y ———— = Cila?)q 2, (5.14)

m>0 (1 - qm—§)2
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where

2m—1

Cilq) = Z ui}m = ch,nqn7 (5.15)

m>0

is MacMahon’s generating function [30] for the sum
Cln =Y, (5.16)
A

over all partitions A of n into
n=s(2m —1), (5.17)

where s and m are positive integers.
For U(2k) with k£ > 1 we find that

12

TUCH (¢) = Chl(q2)q 7, (5.18)

where

q2m1+-~~+2mk—kz
Cr(q) = Z (1—g2m—1)2... (1 — g2m—1)2" (5.19)

0<my <---<my,

is known as a generating function for the generalized sum of divisors functions or parti-
tions [30]. If one expands the function (5.19) as

o0
Ci(q) =) crnd", (5.20)
n=1
then the coefficients ¢, ;, are given by

Chon = Zsl et Sk (5.21)
A

where the sum is taken over partitions A of n into
n=s1(2m1 —1)+s2(2mg — 1) + -+ + sp(2my — 1), (5.22)

with the restriction 0 < m; < mg < --- < my and s; > 0. For example, for N’ = 4 U(2)
SYM theory each coefficient in the expansion of Schur index is the sum over all divisors
whose conjugate is an odd number.

For N =2k + 1, k> 1 we find that

U(2k+1) (403, (—47;4%)oc (kD)
z (q) = T 1 Ar(9)q 2
(42;97)oo

_k(k+1)
(

__(@s An(q)g "2, (5.23)
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where

qm1+--~+mk
Ak(Q) = Z (1 — qm1)2 . (1 — qu)gﬂ (5‘24)

O<m<--<my,

is also a generating function for the generalized sum of divisors functions or partitions [30].
When we write

o
9) =Y arnq", (5.25)
n=1
then the coefficients a,, ;, are
T (5.26)
where the sum is taken over partitions of n into
n = S$1M1 + Somsg + -+ -+ Sp.Mp, (5.27)
with the condition 0 < m; < --- < mg and s; > 0. For example, when £k = 1 it is a

generating function for the sum of divisors function

=Y "d, (5.28)

dln

in that
=Y o1 (5.29)
m:l 1 —q" n=1
Making use of the relation (3.47) we have'?
L \2
9%:9)% 1. K

ARROE (@Q)Ck(qz)q 7, (5.30)
VK (g) = A(q)g™ 7. (5.31)

We see that the relation (5.31) for odd ranks of gauge groups which was found in [22] can
be generalized to arbitrary ranks of unitary gauge groups.
It follows from (5.11) that the unflavored U(1) index satisfies a differential equation

1 10570 () = ~341(q) + Ca(a?), (5.32)

Also the functions Az (g) and Cx(q) obey [70]
Ak(q) = %(Q;Jrl) [(GAl(q) + k(k —1))Ax-1(q) — QQCZJAkl(Q)] ; (5.33)
Cula) = 5=y |(2C1(0)+ (k= D2)Cis(a) = a5 Cir ()] (5.34)

20ur result for the unflavored N = 4 SU(2k) Schur indices differs from the result in [75] by the extra
powers of ¢ and the Ramanujan theta function.
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From relations

Ai(q) = 1_542(7), (5.35)
Ci(q) = EZ(QTZ Ba), (5.36)

where Ej(7) is the FEisenstein series (A.20), together with the recurrence rela-
tions (5.33), (5.34), it is shown [70] that the functions A(q) and Cy(g) are the quasi-
modular forms since the ring of the quasi-modular forms is generated by the Eisenstein
series Ea(7), E4(7) and Eg(7) of weights 2, 4 and 6 or by qd% and Fy(7) [31]. This shows
that the normalized unflavored Schur indices of N' = 4 SYM theory of (special) unitary
gauge groups belong to the algebra of quasi-modular forms.

For example, we have

-3

T5V6) () = 5‘17% [27+5(Ea(1) —6) Ea(1) — 2E4(7)], (5.37)
-2
1V () = [~ Ba(r)? +2B4(7) —2B5(7) (Ex(7/2) —6)
+2B5(r/2)(Bx(7/2) ~6) - Ea(7/2)], (5:38)

—6

q
VO () = s (2025 210E4(7)

+7E(7) (=333~ 5(~15+ By (7)) B (7) + 6 Ex(7) ) — 16 Eg(7) |, (5.39)

-9

1V (q) = Ty [~6E3(7/2) — 4Bo(r/2)+ 6B (r/2)? 20+ Ex(r)

—3E4(7/2)(20+ Ba(r)) +3Ex(r/2) (192~ 20 Ex(7) + Ea(7)? ~ 6 Eu() )

+120E4(7) +3E5(7/2) (3E4(T /2)+ (—40+ Es(7)) Eo(7)

—2(96+ Ea(r))) +16Eg(7)], (5.40)
—10

TV () = o [33075 — 980Es (1) + 35 B (r)'*

+ Fo(7)2(9870 — 84E4 (7)) — 12E4(7) (3294 E4(7)) — 448 Eg(7)

+ 4B (7) (—9687 + 294B4(7) + 16 Eg (7)) (5.41)

—16

U ()= —L_____ 4_ 4_
TV (q) = oeimmmas |24 (7/2)" — 15Ex(r/2)* — 672E(7/2)

+ 62208 Fy () — 16 Eg(7/2) Ea (1) — 7056 Eo (1) + 504 E5 (7)?
—15E (1) — 24E5(7/2)%(42+ Fo (7)) + 14112 E4(1/2)
—3024F5(7)E4(1) + 180 E2(7)* E4(1) + 156 E4(1)?

+6E4(7/2)((~84+ Ba(r)) Ba(r) — 2(588+ Ea(7)) )
+4E(7/2){16Eg(7/2) + 9Ea(r/2)(42+ By (7))
—3(5184+ Ep(7) (1176 — 425 (r) + Ea(r)? — 6Ea(r)) + 84B4(r) ) — 16 () }

+64(42 — 5E2(T))E6(T)]. (5.42)
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5.4 Overpartitions

In the large N limit, the unflavored Schur index (5.1) of N' =4 U(N) SYM theory is given
by

TV (q) = 14 2¢"? + 4q 4 8¢%/% + 14¢% + 24¢°/% + 40¢° + 64¢"/> + - - - . (5.43)

We observe that the large N index (5.43) is identified with a generating function for the

overpartition [32]

20 = 5, - <q>oo<q1%,q>ao
_ ﬁ 1+q% _ ﬁ 1
a n=1 - q% B n=1 (1 - q%)(l - qn72)
= Op(n)q% (5.44)

Here p(n) is the number of overpartitions where an overpartition of n is a partition of
n in which the first occurrence of a number may be overlined. By convention we define
p(0) = 1. The overpartition of n is equivalent to the (2,1)-colored partition of n [76]. It
is also given by [77]

p(n) => (14 s1)(1+s3) - (1 + Sgpn/9-1), (5.45)
where the sum is taken over partitions of n into
n==s8+8 -24+--5, n. (5.46)

The asymptotic growth of the number of operators or equivalently that of overpartitions
is evaluated from the Meinardus Theorem [34, 72]. It is given by

p(n) ~ i exp [7”?,1/2] . (5.47)

where the sum The exact numbers p(n) of the operators and the values Posymp(n) evaluated
from (5.47) are listed as follows:

n p(n) Pasymp (1)

10 232 257.8973
100 |5.32874 x 100 | 5.50394 x 10'°
1000 | 1.72936 x 1039 | 1.74694 x 103
5000 | 7.4466 x 1071 |7.480269 x 107!
10000(3.41319 x 10'31]3.42409 x 103!

(5.48)

Here we propose a refined formula of the asymptotic growth of overpartitions

- 1 1 1/2
p(n) ~ . (1 — 7rn1/2> exp {wn } , (5.49)
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which gives rise to a more accurate answer.

the formulae (5.47) are 231.9..

For n = 10 and 100 numerical values of
. and 5.328742437341...
the exact numbers 232 and 5.32874243734 x 10'°.
asymptotic formula (5.47) is exact up to 34, 63 and 109 digits!

Similarly, in the large N limit the Schur index of N’ = 4 SU(N

x 10'°, which are enough to get

For n = 1000, 5000 and 10000 the
S|13

) SYM theory is given by

75V (g) = 1+ 3¢ + 9¢% 4 22¢° + 51¢* + 108¢° + - - - . (5.51)
This is simply given by (also see [33])
75V (¢) Z (5.52)

_<

where p3(n) is the number of the 3-colored partitions of n [72], i.e. partitions of n in which

each part has one of 3 colors.

The asymptotic growth is evaluated from the Meinardus Theorem [34, 72] as

1 1/2 1/2
pg(n)NWeXp[Z/Wn/]

(5.53)

We show the exact numbers p3(n) of the operators and the values p3 asymp(n) evaluated

from (5.53)

n

p3(n)

D3 asymp (n)

10
100
1000
5000
10000

2640

1.58733 x 10%°
2.81917 x 10°°
6.75666 x 1012
7.83819 x 10185

3532.4
1.74418 x 10%°
2.90510 x 10
6.84818 x 10'%9
7.91314 x 10185

(5.54)

Unlike the U(oo) index, corrections to the asymptotic growth (5.53) of the SU(c0) index
does not seem to terminate by simply adding the next leading term.

The leading exponential growth of the numbers of BPS local operators counted by the
Schur indices in N/ = 4 SYM theory is the same as the growth (2.10) for the partitions and
that of operator degeneracy in two-dimensional CFTs [79].
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inh 1/2

_ 1 . 1/2
p(n) ~ ym (cosh T =
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A Definitions and notations

A.1 g-shifted factorial

We have introduced the following notation by defining g-shifted factorial

— n
(a;q)0 =1, H 1—ag"), (@n:=][A-¢"), n>1,
k=0 k=1
o o
(a; @)oo := [ ] (1 — ag") (@)oo =[] (1 = "),
k=0 k=1
(03 9)oo == (45 0)oo (a5 )oos (A1)
where a and g are complex variables.
A.2 Jacobi theta functions
The Jacobi theta functions are defined by
V1(z;7) = Z(q)n—%q%(%%)%%% = miT(n+5)2 4 2mi(z43) (n+3) (A.2)
neL nez
— Z q%(n+%)2xn+% _ Z e7‘ri7’(n+%)2+27riz(n+%)7 (A.3)
neL nez
2 . A
I3(z;7) = Z gz 2" = Z e’”m2+2mm, (A.4)
neL nez
Da(zm) = S (~1)igTan = 3 erint+amile+in (A5)
nez nez

with ¢ = €?™7, = €?™* 1 ¢ H and z € C. The Jacobi theta function ¥;(z;7) is a

holomorphic Jacobi form of weight % and index %

1 . miz?
Al (T _7') = —z\/;e = O1(z; 1), (A.6)

791(2 + ]-’ T) = _191(2)7—)) (A?)
91(z+7,7) = —e TETTITY (2, 7). (A.8)

We define 9; = ¥;(0;7) to be the Jacobi theta functions with argument z = 0. Then
one can write

Y1 =0, (A.9)
2
02 =20 (i) = (A.10)
1 T 5
s = @ol-abi = - (A1)
9= (e = 2 (A12)
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where 9; = ¥;(0; 7). We have [71]

Vo394 = 2n(7)?, (A.13)
W = 03 — 93, (A.14)
1
Po(1)03(T) = 5192(7'/2)2, (A.15)
V3(7)04(T) = 03(27). (A.16)
A.3 Eisenstein series
A.3.1 Classical Eisenstein series
For k > 2 even the Eisenstein series is defined by
B, 9 0 nkflqn
G =——
K== F (k—1)!n§ —q
By 2 >
—_Zr L2 _ n Al
ol + = 1)!;% 1(n)q", (A.17)

where By, are the k-th Bernoulli numbers and o (n) is the divisor function (5.28). We also
define Gg = —1.

We have

1
SRl v D DI LS

( (A.18)
(m.m)€Z2\{(0.0)}

For k > 4 even the Eisenstein series is a holomorphic modular form of weight k£ on
SL(2,Z) whereas for k = 2 it is a quasi-modular form [31] of weight 2

ar +b & c(er +d)
_ _ P A.19
Gy, (CT n d) (CT + d) Gk(T) 5]@2 i ( )
Alternatively we introduce
k! 2k &
= —— =1-— _ ", A2
Ey(7) Bka(T) By n§:10k 1(n)q (A.20)

4The G (7) defined here are rescaled by (27i)~*. They the same as the G (7) in [68], the (2m3) " * Gy (1)
in [18, 80], the Ex(r) in [19].
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It follows that

Ba(r) = Pla) = 21 _logn(7), (A.21)
T 20 T 8
2E5(1) — Ea(7/2) = 77(7/772&8)77(27)8 + 16737((27))4 = 93 + 934, (A.22)
T 16 T 16
Bir) = Qo) = B + 200 S 0D, (A
T 24
Es(1) = R(q) = 7777((22)12 —2°.3.5n(2r)1?
~99.3. 1177(22227%47)8 + 213283?; (A.24)
Fy(r) = Q¥a) = 501" + 93 +019) (4.25)
E1o(7) = Q(q)R(q), (A.26)
Fus(r) = o= (Q(a)® +250R(q)%) (A.27)
Eu(r) = Q(q)*R(q), (A.28)

where P(q), Q(q) and R(q) are the functions introduced by Ramanujan [81] (also see [82]).
We have differential equations

dEy(1) 1

A E(E2(T)2 — Ey(71)), (A.29)
dE;;T) . é(Eg(T)E4(T) — Ey(7)), (A.30)
0“0 = (B () Eo(r) - Balr)). (A31)

The modular invariants of an elliptic curve are given the Eisenstein series [80]

1

g92(1) = 60 (m,n)e%\{@,o} e 60(2mi)*Ga(7), (A.32)
g3(T) = 140 (m,n)e;\{(0,0} W = 140(271)5Gg (7). (A.33)
A.3.2 Twisted Eisenstein series
The twisted Eisenstein series is defined by'®
G Z () = _B’;g(ﬁ) (A.34)

oo ! — -1 n )
N 1 Z (n—f—)\)k 1p 1q +A N (_1)k Z
(k== 1-0"tgnt (k—1)! 1—6gn>

where ¢ = ¢?™* and the sum Y’ implies that it omits n = 0 if (6, ¢) = (1,1).

5The Gy [Z} (7) defined here are the same as the Ej [g] (1) in [19], Qr(4,67*,7) in [18].
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In particular, for ¢ = 1, we define'6

1
Gk(sz) Gk 1 (T)
B, 1 ! pk=lygn g o= nFlpTign
TR DD s A.
k!+(k—l)! LZ% 1—xq"+( );1—36_1(1” J (A.35)

where = €2™* and },,_, indicates that n = 0 is excluded in the sum when z = 1.
We also define Go(z,7) = —1. The twisted Eisenstein series is related to the ordinary

Eisenstein series by

G for k
o M (7) = Gu(0, 7y = § CH(7) Tor K even (A.36)
1 %617143 for k odd
We have
0 o
(m,n)#(0,0)
for ¢ # 1 and
a |’ S| > o (A.38)
’ d) 27” (2mi)® nez meEZ (mT + n)k , ‘
(m,n)#(0,0)
for 6 # 1.
The twisted Eisenstein has properties
Gr(—z,7) = (=1)*Gy(z,7), (A.39)
k
1 m
Gr(z+ AT+ p,7) = z_:() m(—)\) Gr—m(z,T), for \,p € Z, (A.40)
z ar+b )k | m
G (Ma or + d) Tnz:oﬁ (CT T d> Gk_m(Z,T), (A41)
0 10

aGk(z,T) = %EGk(Z,T). (A.42)

The twisted Eisenstein series can be written in terms of the Weierstrass func-
tions (A.58) as well as the Eisenstein series (A.17).
For k =1 it is equivalent to the Weierstrass function (A.57)

Gi(z,7) = —Pi(z, 7). (A.43)

A

16The Gy (z,7) defined here are the same as the (2mi) "Gy (e*™7,e*™*) = Gi(e®™7,e?™**) in [40], the
(=)L, /k! in [83], the Gy (z,7) in [68].
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It is a quasi-Jacobi form of weight 1, index 0

1 at +b _
1 <CT+d’ p— d) = (et + d)G1(z,7T) + 2micz. (A.44)
For k = 2 we have
1
Ga(z,7) = 5 (Polz,7) = Pi27)” = Ga(7)) (A.45)

Also the twisted Eisenstein series can be expressed in terms of the Eisenstein series
and the theta function (3.4)

Gr(z,7) (A.46)
[%] [e's) G;np (7_) 1 k—2m 0(1) (.CC Q)

== > ogm | o 2o St=2mal ==,
m=0 {mp} pzl( p)m - mpl | (k= 2m)! =1 (3 9)

sz 1 (2p) 'mp:Qm

where S(k — 2m,[) are the Stirling numbers of the second kind.
For example,

Gi(z,7) = —w%/((j)) ; (A.47)
Galz,7) = —% (xeal((;”)) +a? 9;5’;) - %GQ(T), (A.48)
_ L 0@) g 007()  507(@)\ 1. ¢(z)
Gg(Z,T) =75 ( 9($) +3 0(1’) + 9(1‘) > 2G2( ) Q(I)’ (A.49)
B 1 9/ fL‘) 0//(1,) 9///(1,) 9”//(56)
Gy(z, 1) = 9 (a: e + 72? e + 62° e + 2t 00) )
1 1/ 0(x) 0" (z) 1 1
- 5Ga(r) (2 (m R )) -3 (G4(T) + 2G2(T)2) C(A50)
B 1 el(x) 9//(:1:) 6///(.%,) 9////(.%,) 6/////(.%,)
Gs(z,7) = —120<x 50r) + 1522 o) + 2523 ) + 102 e + 20 50) )
L (1,00 08 0
%05 (73 * %50 7 >>
-1 (6um + 5630 x(’e((j; (A.51)
1 o' () 0" () 0" (x)
Ge(z,7) = —72O<x e + 3122 o) + 9023 e

+65x49(4)(m)+15 59(5)(9ﬁ)+ 6‘9(6)(37)>

o) " e T o)

Lo (1 (8 0 ) |0 )
- 5620 (5 ( o) T o T 0w T e )
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-1 (G4(7) + ;G3(7)> (; (“799((5)) ”209”(%)»
_ é (G’ﬁ(T) + ZG4(T)G2(T) + éG%(ﬂ) ‘ As2)

Conversely, ratios of the theta functions and their derivatives are given by the twisted
Eisenstein series

9/(( )) —G1(z,7), (A.53)

90//(( )) = —2Ga(z,7) — G1(2,7) — Ga(71), (A.54)

z3 99(($$)) = —6G3(z,7) + 6G2(z,7) + (2 — 3Ga(7))G1(2, T) + 3Ga(T), (A.55)
zt 9;/(,3(5)6) = —24G4(z,7) + 36G3(2, T) + 2G2(z, 7)(—11 + 6G2(T))

+6G1(2,7) (=1 + 3Ga(7)) + Ga(1)? — 11G2(7) — 6G4(T). (A.56)

A.4 Weierstrass functions

A.4.1 Classical Weierstrass functions

We define the Weierstrass functions!”
n 1
Pi(z,7):=— Z z Y (A.57)
neznfoy - 4
and
' (_1)k—1 1 ak—l
Pelasm) = = et gt 15 7)
(_1)k Z nk_la:”
(k=D oy 174
We have [16]

P — )(2 A.
1(z,7) 2mz Z G (1) (2miz)* L, (A.59)
Py +§j -l (7)(2miz)" " (A.60)

(2, T) = o——7 miz) ", )

(2miz) =

Pzt = —— ¥ —1 (A.61)

,T) = - )

F (2mi)k ez (z+m7+n)k
The Pi(z,7) is a quasi-Jacobi form of weight 1, index 0 and depth (1,0) [20]
z at +b .

1 (cr—i—d’ p— d) = (et +d)Pi(z,T) — 2micz, (A.62)
Pi(z+ A+ p,7) = Pi(z,7). (A.63)

"The Py(z,7) is the same as the Py(z,7) in [68], the (—27i) " P, (e*™**, ¢) in [84] and the (271) "% Ex (2, 7)
in [16, 20].
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It can be also expressed as

Pz, 7) = %g(m) — 2mizGa(7),

U

=it B (g et )

() CZN(0.0)) z—(mT+mn) mr+n

is the Weierstrass (-function [85].
The P5(z,7) is expressed as

Pozr)= Y
2 névioy T4
_ (xe'm L2l @0 - e’<x>2>
0(x) 0%(x) '
We have
Py(z,7) rio) +Z 7)(2miz)F 2.

The P5(z,7) is a quasi-Jacobi form of weight 2, index 0 and depth (0,1) [20]

cler +d)

omi

z ar+b 9
L P —
2(07+d’c¢+d> (er +d)"Py(z,7)

Py(z+ AT+ p,7) = Pa(z,7),

for A\, 4 € Z. Tt can be written as

Py(z,7) = z,7) + Ga(T),

1
ri2®

where

1 1 1
plz,7) = 22 + Z ((z — (m71+n))? B (mt +n)2)

(m.n)eZ>\{(0,0)}

_ (77192193194(2;7—))2 -

7T—2(194 + 03)
91(2;7) 2 30

3

(A.64)

(A.65)

(A.66)

(A.67)

(A.68)

(A.69)

(A.70)

(A.71)

is the Weierstrass p-function with period 1 and 7 [85, 86]. The p(z,7) is a meromorphic

Jacobi form of weight 2 and index 0. We have

0
p(Z,T) = _%C(zﬂ—)‘
One has [16]

(9)S.0(22a";9)0(a'; q)

Poem) = Palz - 2om) = g 0t 0)?

— 38 —

(A.72)

(A.73)



We also define

00 9z )k
Py(z;7) = —log(2miz) + Z Gk(T)( w]zz) , (A.74)
k=0
which satisfies
Pi(e,m) = 52 Po(z,7) (A7)
IZ’T_QWiazOZ’T' .
The exponential is given by [16]'8
(2 7)
exp|—Fy(z,7)| = ——===
RG] ==
= exp [— G22(T) (2m’z)2] o(z,7)
= 2miz - exp l— 3 G’f) (27riz)k] : (A.76)
k=1
where
2
z _z 4 2=
o(z, 7)==z H (1 - ) emTn l2(mrin)? (A.TT)
(mmezyfoo) N TN
is the Weierstrass o-function [85] which obeys
0
—logo(z,7) =((z,71). (A.78)

0z

For k > 3 the Weierstrass function Py(z,7) is a weak meromorphic Jacobi form of
weight k& and index 0 [20]. One has the following identities [16]

Py(z,7) = (Po(z,7) — Go(7))? — 5G4(7), (A.79)
P3(z,7)? = (Pa(z,7) — Go(7))® — 15G4(7)(P2(2,7) — Go(7)) — 35G¢(7). (A.80)

We have differential equations

qaaqu(z,T) = P3(z,7) — Pi(2,7)Pa(z,7T), (A.81)
qaang(z,T) = 3Py(z,7) — 2Py (2,7)P3(2,7) — Po(2,7)% (A.82)

A.4.2 Twisted Weierstrass functions
We define the twisted Weierstrass function by'?

n+\

/ T
2, T) = — —_— A .83
( ) 7%32 1— 9—1qn+>\ ( )

1874 is also known as the elliptic prime form [69] on the elliptic curve with modulus 7 and as Hirzebruch’s
function [87-91]. It is expressed as ¢(z) in [16].
9The Py [35] (2, 7) defined here is the same as Py [3)] (2miz, 7) in [19].
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and

9 (—1)F 1 okt 0
P 2, T) = - P 2, T
k ¢ (z,7) (k —1)! (2mi)k—1 9zk—1 ! ) (z:7)
( n+)\)k 1 n+)\
_(k—l)‘z T (A.84)
where ¢ = 2™,
We have
P [ P L e (A55)
1 5 5T) =5 2 k 5 T)(2miz) ", .
0] 1 < (1-1 0
P 2T : k G 7)(27iz)! 7k, A.86
o] (47 = i ¢ >;<k_1) (|| @em (A86)
1] 1
Py 1 (Z, T) = Pk(zaT) =+ i(sk,l' (A87)
It follows that [19]
P 9( )—LZQW ZL (A.88)
k é “T = (2mi)k v =, (z—m7 — n)k |’ '
for |¢| < |z| <1 and ¢ # 1 and that
P b " o A .89
k b ( 27m Z¢ mXG:Z( —m7r —n)k|’ (A.89)
for 6§ # 1.
The twisted Weierstrass functions obey [18, 19]
61 i 6
Pk ¢_1 (72)7) = (71) P/c ¢) (277—)’ (AQO)
0 i 0
Py . (z+71,7)=(=1)"0F . (2, 7). (A.91)
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The twisted Weierstrass functions are expressible in terms of the theta functions as
well as the ordinary Weierstrass functions. For example, we have

x 3 0(xlu;

P | )= é?lﬁ;(qw(u;?)’ (A.92)
] B x 0@ ) 0(wg)

Py | (v,7) = —uP; (v,7) (x 0 1u) 9<u;q)>

_ (@30 uq) <u9’(U; Q) 1 0 q))
0(z=15q)0(u;q) \ O(u;q) 0(z~1u; )

X

=P (v,7) (P(v,7) — Pi(v—2,7)), (A.93)

ANIE P [ [P - P - 27

+ (P (v, 1) — P (v — 2, T))}, (A.94)
P, T (v,7) = épl :16 (v,7) [(Pl(u, )= Py — 2,7

+3(Pi(v,7) — Pi(v—2,7)) (Pa(v,7) — Pa(v — 2,7))

+2(Ps(v,7) — P3(v — 2, 7'))] , (A.95)
P |*| v r) = ipl | w.7) [(le, )= Py — 2 7))

+6(P(v,7) — Pi(v—2,7))? (Po(v,7) — Po(v — 2,7))
+8(Pi(v,7) — Pi(v—2z,7)) (P3s(v,7) — P3(v — 2,7))

+3(Py(v,7) — Po(v — 2,7))* + 6 (Pu(v,7) — Py(v — z,7))|,  (A.96)

where u = 27,

B Other analytic expressions

Here we show various closed-form expression of the N/ = 2* Schur index. The derivation is
based on the Fermi-gas formulation.
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B1 N=2
We can write the N' = 2* U(2) Schur index as

V(g g) = €t 2 uigia)
& (0)5.0(¢ u; ) o 1 (g ) 0'(€%q "u;q)
B (9(61;q)29(u;q)9(£2u;q)+€ T2 0(E 2 )
(93,062 us q)0' (us )
9(52611;q)9(U;q)9(£2u;Q)>' (B.1)

The r.h.s. of (B.1) is expressed in terms of the u-dependent theta functions (3.4). Never-
theless, the index ZU®?) has no dependence on u. So we can simplify the expression (B.1)
by specializing u. Setting u = &, we find

2 1 -1 /(¢—1,,—1. /(¢
IU(Q)(f;q) 52 (9()€ ;_17q)9(7§)) ( —2q—19 (§ ;] '7 Q) N 4 (57 Q)> ) (B.Q)

Using the identity

)
oE7a AE) ) 3
N (A e 0'(€)
e e ~ e 1 e ) B
we get
U@2) (¢, ) — fj (Q)go . 0'(€)
&0 =y (125 ) )
It can be also expressed in terms of the twisted Eisenstein series
U@ e (@3
S (NI (B.6)
2 91(2¢;7) s ‘
B2 N=3
Using the theta function (3.4) we can write the N = 2* U(3) Schur index as
UB) ey 2 0w _—
(§;Q)_ 5 9 — 7q)2(3au7£aq)

63
G o WEAE 0

(
_Wl (a)%.6° %)
6 B3 1o (w) B N)0(E g DOEPu)0(u)

LA 1u> 0'(u) o(e? q o f (e _29'5 ) W)
(5 062 Tu) e<u>>+ 0(E-22)0 {(5 C e ) 9<u>>
6_40"@ 30 2u)(¢ g 2u) 0’(& 2?8 (w)0(u) — 0/ (u)?

e 62(¢ 3¢ 2u) 6% (u) H (B.7)
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where 0(z) = 0(z;q), 0'(z) = 20(z;q) and " (z) = *0(x; q). Since the index is indepen-

- 8x2
dent of u, one can get expressions by fixing u. When we set u = £3/2, we get

193 (&)
_59/2[ (@36%62) . (@)SAEN0(E g )
6 [63(e-1)0(E)02(€2)  O(E~1)O(E 2~ 1)0(E )0(E2)
y (5_%_19'(5—%(11) - e'os%)) L (@32 { <§_3q_29’(§‘3q2) - 9’(5%)2
(e 2q7Y)  0(€2))  0(3q )¢ 2) 0(¢2q72)  0(E7)
Lol E PRI 0 0 EED) 0P )] g
! 02(6 3q2) 02(c3) o

There are other specializations of fugacity u for which the expression gets simplified. When
we take u = &, the expression (B.7) becomes

ey Y2 (@)% K 20 (%07 e’<s>>2
SO e [\ ey o ()
6 —a0"(E2q7H0(E 2 —0'(E2q 2 0"(€)0() —0'(€)?
e P70 7) o
where we have used the identity
0> &
AP IE ) 0] (10
We can also express the U(3) Schur index (B.9) as
S0
IU(3)(§; q) = >— W )l (G2(2C+27 T) — GQ(C,T)) (B.11)

+ (G2 +27,7) + Gl m) (Gl = mm) + Ga ¢, ﬂ)] ,

in terms of the twisted Eisenstein series.

B3 N=4

When we express the N' = 2* U(4) Schur index in terms of the theta function (3.4), it can
be simplified by specializing the auxiliary fugacity u. When we set u = &£, the non-trivial
terms only appear from the Young diagrams which has no row of length 1, that is BE{ and
[TTT1]. We find that

10
Sl p—— [MA%”(M? (B12)
2
& (2 5 (60 +340 60D G0 + AP 6 q))] :
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where we have defined

D e v 11 18 (€ ‘g7 9/(

(& q) =M Y RrIIGE (B.13)
() e\ g2 20" (€O T —0'(ET T 0(€)0(E) —0'(€)°

AP (&;q) == €72(67272)! 0E1g-1)? 20 , (B.14)

1

W 9///(£—lq—l)9(§—lq—l)3

A (&5 q) == €733

—30"(¢lgHe' (g g + 20/ (¢l Th)P0(¢ T

_0"(©)0(8) — 30"(£)0'(£)0%(6) + 260(£)°0(8)
04(€) '

(B.15)

B4 N=5

While one can write the N' = 2* U(5) Schur index in terms of the twisted Weierstrass
functions from the expression (3.83), it can be also expressed in terms of the theta func-
tions (3.4) or the twisted Eisenstein series with fewer terms. When we specialize the
fugacity as u = £, only two Young diagrams H}j and [T 1T contribute to the N' = 2* U(5)
Schur index. We obtain

25/2 6
1Y0(&5q) = 5120 [109(;3?)) oen Vg a) (45 (&0 + A9 (&)
3
+¢ ((25) ( AP & o)t + 648 (69240 (¢ q>>
+ 440 (69 AP (€5 9) + 347 (¢ 9)° Af’(aq)], (B.16)

where

AV (E:q) = 5‘4(5_4q_4)l0(§_}q_l)8 [6>””(§‘lq_l)G(é*_’q‘l)7 —30"(& g h)20(¢ g h®
— 40" (g (o g + 1207 (¢ g (g0 TP
- 69’<5—lq—l)49<5—lq—’>4] - [9””(5)0(@7 —30"(£)%0(6)°

0(&q)8

—49"(€)0'(£)8()° + 126" (£)8'(£)26(€)° — 69’(5)49(6)4] : (B.17)
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B.5 Higher ranks

It is straihgtforward to extend to higher rank. Setting u = &, we display the N' = 2* U(N)
Schur indices for N =6,7,8,9, and 10

18 0
49/2
PO — 5840 0( )) (352325~ 702524~ 842> 25 +12077) (B-19)
£ 6(¢)
(9= 5260 516 (—15251 +18023 Z4+16025(Z3 — 37Z) (B.20)

~12 (1523 1327375 — 6028)> :

. B 581/2 9( )
(&)= 15360 8 (")

(31525’23 — 28073 — 189022257, (B.21)

— 1134Z§Z5 + 22682425+ 25202326 + 324022 Z7 — 504029) ,

008
U0 (¢, ) = 103200 5(69) 10575 — 280075 Z3 — 210023 Z4 + 5600723 Z,4 (B.22)

163002223 + 1344025 Z3 Z5 — 806422 + 840023 Zs — 168002, Z

—192002327 — 2520029 Zg + 4032021(]) ,

where Z; are abbreviations for the specialized spectral zeta functions Z;(;¢; ¢) which are
obtained from (3.38)—(3.41) and

5¢6
qf ] (v,7)+105P5

5¢6
2o €)= o (12132 qf](zm

5¢6
7 ] (v,7)+50P;

q°¢°
—|—120P5 (v,7)+60Ps ) (1/,7‘)), (B.23)
6¢7 6¢7
Z7(u;§;q)— { } v, T)+274Ps qf ] (v, 7)+675P, qf ] (v,7)
7 q6£7 q6§7
—|—102()P5 ) (v,7)+900P . (v,7)+360P; . (1/,7')), (B.24)

7¢8
¢ ] (v,7)+406P
1

748 748
ZS(U;§SQ):21O1u7<3OP2 [q f } (v,7)+147P3 q1§ ] (v,7)
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+735P; (v,7)+875 P

7¢8
qf](%ﬂ+ﬁmp7

q7§8
) ] (v,7)
7¢8
Lotop |16 (u,7)>, (B.25)
¢*¢’
) ] (v,7)

¢*¢?
) ](Vﬂ?

¢8¢’ ¢8¢’
15880 P (v,7)+1680P, (v, 7)), (B.26)

B¢

1

q8 9
) (v,7)+ 1089 P

9
] (v,7)+3283P,

1
ZQ(U;f;Q) = 16808 (210P2

+6769Ps (v,7)+9800Ps (v,7)+9660P;

q9§10
1680, (v, 7)+9132P;

Z10(u;€;q) (v,7)

B 1 q9§10
1512000

+29531 P,

g2£10
) ] (v,7)

9¢10
(v,7)467284P;
1

9¢10
) (v,7) 4112245 P;

+136080F; (v,7)+ 114660 Ps
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qf](mﬂ>. (B.27)
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