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ABSTRACT: The extended-BMS algebra of asymptotically flat spacetime contains an
SO(3,1) subgroup that acts by conformal transformations on the celestial sphere. It is
of interest to study the representations of this subgroup associated with gravitons. To
reduce the equation of motion to a Schrodinger-like equation it is necessary to impose a
non-covariant gauge condition. Using these solutions, leading-order gauge invariant Weyl
scalars are then computed and decomposed into families of unitary principal series represen-
tations. An invertible holographic mapping is constructed between these unitary principal
series operators and massless spin-2 perturbations of flat spacetime.
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1 Introduction

In previous work [1], massive scalar fields in 4D Minkowski spacetime were decomposed
into modes on 3D de-Sitter spacetime slices where they form unitary principal series repre-
sentations of SO(3,1). This study was motivated by the program of [2] where the goal is to
formulate gravity in asymptotically flat spacetime as a theory on the celestial sphere with
conformal symmetry. In this paper we extend this construction to massless spin-2 particles,
or gravitons, in 4D Minkowski spacetime. To this end, we consider linearized gravitational
waves living in flat 4D background spacetime with the standard spherical coordinates. The
background metric is simply

g = diag(—1, 1, r?, 7% sin? 0)

Following the notations in [3], from now on indices a, b, c, . .. refer to the “orbit” spacetime
labeled by the coordinates (t,7), and 4,7, k, ... refer to the 2-sphere labeled by (6, ¢). In
other words, we write the background metric as

G dat'da” = ggp dy®dy® + 2 do?

where g, = diag(—1,1) and do? = ~;; dz'd2/ = df? + sin? 6 dp?.



For Minkowski spacetime in four dimensions, the gravitational perturbations can be
expanded in terms of both the scalar and the vector spherical harmonics defined on the
2-sphere. These are also known as the “even” and “odd” waves in [4], and will automati-
cally have the desired transformation properties under the rotation group SO(3). However,
as we shall see, the specific gauge conditions that we will choose in what follows are not
Lorentz covariant, and therefore these metric perturbations do not transform as tensors
under the full SO(3,1) group. To remedy this, we consider the Newman-Penrose formal-
ism [5] of general relativity and construct leading-order gauge-invariant scalars known as
the Weyl scalars. These scalars can then be mapped onto the celestial sphere through
a generalization of the method described in the previous work [1]. This generalization
involves performing a spectral decomposition into radial eigenvalues using the Meijer K-
transform [6, 7]. We therefore obtain an invertible holographic map between graviton
fields on the flat Minkowski background spacetime and conformal operators on the celes-
tial sphere. We stress that this procedure is defined for tree-level amplitudes and it remains
to be seen whether an interacting holographic theory can be defined independently of the
four-dimensional gravitational description.

2 Graviton wavefunctions

2.1 Scalar perturbations

Refs. [8, 9] present a general formalism which expresses the metric perturbation h,, in
terms of a master function ¢. For the scalar perturbation, a gauge choice allows us to
express the metric perturbation h,,, expanded in terms of the spherical harmonics Y,,, as

hao = faoYims  hai =0, hij = f’YinEm (21)

where f,; and f are functions that are related to a master function ¢(¢,7)

[= W +720,¢
fab = 0adh(r9) = %5L0(r9)
= 1004 + Our Oy + 047 B — T2 (109 + 20,) . (2:2)

Here 0,r0p¢ stands for (0,7)(0y¢) and [ is the d’Alembertian on the orbit spacetime. The
components of f,; are

ftt :frr :Taf(b‘i‘ar(b“" M(b

2r
Jtr =1010r¢ + 010 .
The master function ¢(t,r) satisfies the following master equation

l(ltl)quo

Oo — "



which can be solved to yield a basis of mode functions
Gu(t,r) = e*i”t\/F(clJH%(wr) + CQY}_,'_%(Wr))

for w # 0. Here J, is the Bessel function of first kind and Y;, is the Bessel function of
second kind. We demand that the mode functions be regular at the origin, and therefore
discard the second set of solutions. We therefore find the (unnormalized) modes for the
master function

Gu(t,r) = e_th\/;JH_% (wr).

For w # 0 this agrees with the master equation found in ref. [10].
For w = 0 we have the special time-independent solution of the master equation

doi(t,r) = crrtt + cort,
Discarding solutions that are divergent at » — oo we find the basis of functions for the
w = 0 modes

poult,r) =r".

Physically this represents a time-independent spacetime perturbation that is rotating at
a constant angular momentum (for [ # 0. For [ = 0 the metric perturbation is zero),
similar to the eternal Kerr black hole which appears to a distant observer as having a total
angular momentum. Substituting the master function into eq. (2.1) we find the scalar
metric perturbation for w =0

HWZly—t-1 0 0

Ly 0 Wol,—i-1 g 0

py — Lim 0 0 l(l;l) ,r,l—l 0
0 0 0 i-ign2g

2.2 Vector perturbations

We define the vector spherical harmonics as a vector field Yi(lm) on the unit 2-sphere
satisfying

Ay + (11 +1) - DYI™ =0

with DY (™M), = 0. Here Ay and D; are the Laplace operator and the covariant derivative
on the unit 2-sphere, respectively. In terms of the scalar spherical harmonics Y}, we find

Im €ij j
Y™ 0,6) = 5O Yim(6.9)

Here indices are raised and lowered using the metric «;; on the unit 2-sphere, and € is

the Levi-Civita tensor on the 2-sphere defined by €, = 4/| dety;;| = sinf. Given suitable

(Im)

gauge choice [4], the metric perturbation can then be expanded in terms of Y as follows

hay =0, hai = f2Y"™,  hij =0 (2.3)



where f“ is related to the master function ¢(t,r) above via
[ =e®0y(re).

Here €4 is the Levi-Civita tensor on the two-dimensional orbit spacetime defined by € =
+1. For w # 0 this agrees with the so-called odd waves in ref. [4]. For w = 0 substituting
the master function ¢ = r~ into eq. (2.3) we find the metric perturbation

0 2 0,Y, —sinf 8pYi,

0
T 0 0 0 0
h“”:\/z+1T 1 LaY, 0 0 0
sineﬁﬁlm
0

—sin 0 8pY, 0 0

3 Klein-Gordon inner product

The metric perturbation expressions constructed above are yet to be normalized. Follow-
ing [9] we define the inner product between two metric perturbations h, and hj, as

(h ) = =i [ A8 ma(hyup™ = by, ™)

where ¥ is a Cauchy surface and n?* is the future-directed unit vector field normal to X.
Here p™" is the conjugate momentum current

g V*h + gMVVh
2

p/\uy _ gAVthHV + g)\uvnhﬁu _ V)xhuu + guu(v)\h _ vmh)\n) _

Here all indices are raised and lowered with respect to the background metric g,, and V
is the covariant derivative of the background metric.
3.1 Scalar perturbations

For the scalar perturbation ref. [9] eq. 88 has shown that for h‘;j,ljm and h‘;jl/,l/m/, derived from
the master function ¢,,; and ¢, via eq. (2.1) respectively, the conserved inner product is

al / +OO
(petm petmty — / dr 8y Sy J°
0
where the orbit spacetime current J¢ is given by
4
Je — ;acr(f*abféc _ fabf/gc) _ (f*bcaafll)c _ f/bcaa,fgc)

Here fqp is related to the master function ¢,; and f/, is related to the master function
oy via eq. (2.2). Substituting eq. (2.2) and following the derivations in eqs. 90-100 and
appendix B of ref. [9] we find

-+ +2)

JO — 2 (¢:]lat¢w’l’ - ¢w’l’6t¢:d) :




For ¢ = e ™'\/rJ;, 1(wr) we have
2

(G501 Punt = dunOidly)li=0 = (w + w)rd 1 (rw)Jy 1 (rw).

Using
d(w — w')

/ rdo(wr)Jy(w'r)dr =
0 w

we find
(Rt Ty = (1= 1)1+ 1) (1 + 2)8(w — &) 80Oy -

We see that in order to normalize the metric perturbations to have
<hwlm’ hwlllm/> _ (5(&) . w’)5w5mm'

we will perform a change of variable h,,;, — [I(1—1)(1+1)(I+2)]~'/?h,,,. In the interest of
notational clarity we will assume this has been done and will continue to use h,, to denote

the normalized scalar metric perturbation.

3.2 Vector perturbations

For the vector perturbations ref. [9] eq. A10 has shown that for hXV and A/ X;j given by
master functions ¢, and ¢y (via eq. (2.3)) we have

+oo
(Y, WYY = =i 6 by (1= 1) (1 + 2)/0 dr (9510 bt — P Ory) -
Following the calculations of the previous section we find
(RY BV = 2(1 — 1)(1 4 2)6(w — ') Oy -

We see that a change of variable h/‘fl, — [2(1 = 1)(I + 2)]7*/2h,,, will allow us to normalize
the vector metric perturbations to have

<(hV)WZm, (hV)w/l/m/> _ 5(w . W/)511’5mm’ )

4 Gauge invariant observables

The solutions we have described above depend on the choice of gauge (2.1). Since our
graviton modes are expanded in terms of scalar or vector spherical harmonics, we expect
that they transform under the rotation group SO(3) in the usual way. Indeed, denoting
(hs)ﬁ,ljm by |wlm), we find that

L3 |wlm) = m |wlm)

and

(L1 +iLs) [wlm) = /(L F m)(l £ m + 1) |wl,m £ 1)

where the rotation operators L; act on the graviton modes as

Lihyy = =i leijra? 0 hyw + (wig) ™ hoaw + (i) ]



with
(wuu)ozﬁ = ”ua‘gg - 77V0455 :

However, since the gauge conditions (egs. (2.1), (2.3)) for either the scalar and vector
perturbations are not Lorentz covariant, we do not expect that these graviton modes
transform as representations of the full Lorentz group SO(3,1). Indeed, acting with the
boost operators

Ky = —i[(2°0° — 2'0%) b + (woi) uMorw + (woi)o i

does not produce the correct Lorentz algebra. In order to restore the correct Lorentz
algebra, one needs to perform additional gauge transformations after a boost to restore
the gauge conditions (egs. (2.1), (2.3)). The exact gauge transformations required are
non-trivial and do not have a closed expression as far as we know.

Alternatively, one could consider the transverse-traceless gauge that is indeed Lorentz
covariant and rewrite our graviton modes in this gauge, and attempt to quantize such
a theory with a procedure similar to the Gupta-Bleuler formalism of electromagnetism.
However this procedure does not provide a complete gauge fixing, and one is still left with
a Hilbert space containing zero-norm states. Neither of these approaches will be completely
satisfactory in producing a conformal description of the graviton modes as gauge invariant
operators on the celestial sphere.

In the context of AdS/CFT the usual procedure would be to adopt Fefferman-Graham
coordinates where one can simply identify components of the metric expansion around
spatial infinity with a boundary stress-energy tensor. The boundary stress-energy tensor
then provides a complete description of the boundary data for gravitational waves.

Finding an analogous set of variables in the case of asymptotically flat spacetime is a
somewhat more thorny problem. One approach is simply to choose a Bondi metric near
null infinity [11, 12] and describe the gravitational waves using the asymptotic variables
that appear there. Another approach, used in the numerical study of gravitational waves
from time-dependent collapsing/colliding objects, is to instead pick a distinguished tetrad
and compute the so-called Weyl scalars (see for example [13, 14]). An infinitesimal gauge
transformation of the Riemann tensor is

Ry, = LRy, 3
where § parameterizes the diffeomorphism and L is the Lie derivative. Since the Lie
derivative is linear in Rzuﬁ and linear in ¢ this will vanish at leading order in £ if the
Riemann tensor is computed at linear order in the perturbation around flat spacetime. So
the Weyl scalars, which amount to picking particular components of the Riemann tensor
in this context, will be a set of gauge invariant observables at leading order.

We are therefore led to the consideration of the so-called spin-coefficient formalism [15]
of general relativity, a special example of which is known as the Newman-Penrose formal-
ism [5]. Here one picks a null tetrad satisfying

I =nynt = mym" =m,m" =0



normalized so that

Lyt = -1, mymt =1

with other cross contractions between two vectors vanishing. For our specific purpose we
will pick the limit of the Kinnersley tetrad [16]

1 1
" =(1,1,0,0 F=1{-,-2,0,0
(777)a n (2’ 27a>7

1 7 1 7
P=—uo (0,01, — nt=—10,01,—— | . 4.1
m \/§r<’ ’ ’sin&)’ m \/57“(’ T sin@) (4.1)

The five Weyl scalars W4 for A =0, ..., 4 are built out of the Weyl tensor C,g+s of the full
spacetime as

Vo = Capys 1°mP1rm?
Uy = Copys 1“0 1Vm°
Uy = Capys 1*mPmin
U3 = Copys 1°nfmind

Uy = Capys n®mPnrm? . (4.2)

)

Here we expand Cqg,s to first order in hy,. Since the full spacetime satisfies the vacuum
Einstein equation, we find that the Weyl tensor C,p,s is equal to the Riemann tensor
R,p+5. The Weyl scalars, gauge invariant under infinitesimal gauge transformations, may
then be expressed in terms of the graviton wavefunctions of the previous section. Our
strategy will then be to decompose these gauge invariant scalars into representations of the
conformal group.

Note that for a particular value of [, m it would be possible to find modification of
the tetrad, at leading order in the perturbation, such as picking [ along a principal null
direction, that would make some of the Weyl scalars vanish. However if make pick the tetrad
independently of the perturbation, all the Weyl scalars will typically be non-vanishing, and
will provide a basis for gauge invariant observables (at leading order).

A straightforward calculation leads to the expressions for the Weyl scalars evaluated on
the scalar and vector perturbations in appendices A and B respectively. These expressions
involve radial derivations of the master function ¢(¢,r) and angular derivatives of the
spherical harmonics. For us, the main point is that the Weyl scalars do not satisfy a simple
wave equation in 4D spacetime. In order to use the methods of [1] we next must perform
a spectral decomposition in the radial direction to allow us to use that basis functions as
a complete basis for the Weyl scalars.

5 Holographic mapping to the celestial sphere

The Weyl scalars encode all the information of the gravitational perturbations. Our strat-
egy will be to proceed in two steps: first consider a fixed radius 3D de Sitter slice of flat
spacetime, and use the Plancherel (or completeness) theorem for the unitary principle series



representations to decompose a general function on such a slice into irreducible representa-
tions; next we allow for a general radial variation of such functions, effectively decomposing
a general solution into solutions of the 4D massive scalar wave equations with a continuous
spectrum of masses.

The starting point is the unitary principal series mode functions that we have computed

in [1]
Oprtim (1, 5 2, 2) = Gt () Ypar (p) Yo (2, 2)
where
¢pi(n) = sechn %TP;\/IT_l (tanhn) + Qf\/ﬁ (tanh )
and

K, ja—(Mp)
—

Here M is the 4D scalar mass, [, m are the usual angular momentum quantum numbers, and

pr(p) =

p labels the unitary principal series representation and also behaves as a radial quantum
number. K, (x) is the modified Bessel function of second kind, and (n,p,z,z) are the
hyperbolic coordinates on Minkowski spacetime with metric

4dzdz

ds? = —p?dn? + dp? + p?cosh?>n ———— .
pan P P 77(1_|_|z’2)2

We will apply the main result of ref. [1], which states that these modes ®,, form a
unitary principal series representation of SO(3,1). This allows us to apply the Plancherel
theorem [17] and map the Weyl scalars into sets of conformal operators defined on the
celestial sphere. We now discuss this procedure in detail.

To motivate the full 4D map, let us first consider the simpler case where one is to
construct a holographic map on the 3D de-Sitter slice (which we take to be the p = 1
hypersurface) of 4D Minkowski. On the 3D de-Sitter slice, the mode functions ®,am
above reduce to the mode functions ¢y, (1, 2, 2) = ¢pi(1)Yim (2, Z). We can then use these
modes as basis for the analogue of Fourier transform, and maps a scalar function f(n, z, )
into “Fourier” coefficients labeled by f (p,1,m)

» +oo dzdz S
Fotm) = [ cos®nan | 20 Gl V(2.2 f0.2.).

The Plancherel theorem [17] guarantees that this map is unitary. Using eq. 10.40 of ref. [17],
we find the inverse map

F.22) = [ 2ptant (552~ 1) dp Y (o) Yin (212 Flp,Lom).
im

In particular, the integral measure of the inverse map follows from setting v = y/p? — 1 in
vtanh(mv/2) dv of eq. 10.40 [17], and multiplying it by two, since both p € (1,400) and
p € (—o0,—1) map to v € (0,400).



In order to include the radial variation of the scalars, we note the fact that the following
Meijer K-transform of order v, defined for a function f(x) as

o= [ P @)K () (2y) V2 da

has the following inverse transform

A

1 c+ioo
fa) = — [ ) Ltay) ()2 dy
T Je—ioo

where ¢ is an arbitrary real number and I,(x) is the modified Bessel function of the first
kind. This is developed in a series of papers [6, 7, 18, 19] and summarized in Chapter X
of ref. [20], which we simply quote without going into further details of the proof. This
gives us a unitary transformation for the radial component, from which we obtain the full
4D forward and inverse map: given a scalar function W(n, p, z, Z), we define the following
analogue of the Fourier transform on four-dimensional Minkowski spacetime

+oo o0
& _ " 2 1/2
(. ML) = [ dnduln)cosh®y [ dpk, o (Mp)(Mp)

4dzdz -
ERFLE 2 g 1
x/(c<1+|z|2)2 lm(Z,z) (777,0,2,2) (5 )

that maps any scalar function ¥(n, p, z, z) to “Fourier” coefficients ¥ labeled by (p, M, 1, m),
where p > 1, M > 0,1 >0, and —I < m < [. We note this p integral is indeed convergent.
This transformation is invertible, with the inverse map given by

B 1 400 T +i00
V(n,p,z2,2) = E/l 2p tanh (2\/172 - 1) dp | Ii\/m(MP)(MP)l/z dm
oo l
X Z Z ¢pl(77) YZWL(Z’E)\I/(pv M,l,m) (52)
=0 m=—1

Here I,,(z) is the modified Bessel function of the first kind.

We are now in a position to apply the forward and inverse map described above to each
of the Weyl scalars of the gravitational modes computed earlier. This allows us to identify
two families of celestial sphere operators that encode the 5 complex Weyl scalars for each
variety of perturbation (scalar and vector) which we can label as \i/g]’\f[‘lm and \i/;/]’\?lm. Here
S,V refer to scalar and vector, and A = 0,---,4 labels the 5 Weyl scalars. The I, m
angular momentum space is conjugate to the 2-sphere coordinate space z, z so in this sense
we obtain a holographic mapping of the gravitational modes to the celestial sphere.

These celestial sphere operators will automatically have the desired conformal
transformation properties as shown in [1]. We therefore find that the procedure described
above allows us to build a celestial sphere description of the gravitational modes living
in the Minkowski bulk spacetime at leading order. The modes are expressed as linear
combinations of unitary irreducible representations of the conformal group acting on the
celestial sphere.



6 Discussion

We have constructed a holographic map between gravitational perturbations around a
Minkowski background and conformal operators in the 2D boundary known as the celestial
sphere. The forward map, going from a metric perturbation g,, = 7y, + hy in 4D to

A

conformal operators \I’;‘Mlm in 2D celestial sphere, is the following:

1. Compute the Riemann tensor R,gys to first order in hy,,. Since the full spacetime
satisfies the vacuum Einstein equation, the Weyl tensor C, 45 is equal to the Riemann
tensor R,p6

2. From the Weyl tensor, compute the five Weyl scalars ¥4 using (4.1) and (4.2).

3. Apply the forward map (5.1) to the five Weyl scalars, and obtain five conformal
operators @?Mlm on the celestial sphere, each labeled by four quantum numbers p,
M, [, and m.

Likewise, the inverse map, starting from the complete set of conformal operators @;‘Mlm, is
to apply (5.2) to obtain the five (complex) Weyl scalars U4(n, p, 2, Z). These five complex
Weyl scalars encode the ten independent components of the Weyl tensor, which fully specify
the metric perturbation h,,, up to coordinate (gauge) choices. In particular, one can apply
the holographic map above to the case of individual gravitational wave modes (there are two
types, scalar and vector perturbations, see (2.1)—(2.2) and (2.3)) and obtain 2D conformal
operators on the celestial sphere that describe 4D gravitational perturbations around flat
spacetime.

We stress that this procedure uses kinematic information to simply organize the modes
in a convenient way. With interactions included, one can still use this procedure to map
bulk dynamics to the celestial sphere. The important question then is whether the dynam-
ics has any useful description incorporating the conformal symmetry of the celestial sphere
as in the program advocated in [2]. In the case of AdS/CFT the analogous answer was
the holographic theory was simpler than the gravity theory, being a quantum field theory
with conformal symmetry. In the case of asymptotically flat spacetime it remains unclear
whether the celestial sphere theory is a quantum field theory. It remains a logical possibility
that the 4D gravitational description will be the simplest way to describe the full dynamics
of the theory. Another approach is to take AdS/CFT in the limit of vanishing cosmological
constant where shock waves can be included to encode nontrivial BMS charges, and the
holographic description involves a 3D CFT with boundary [21]. In any case, the work
presented here shows how to decompose any such description into the underlying operator
content living on the celestial sphere and transforming simply under conformal transfor-
mations. This is a necessary first step in constructing complete holographic descriptions
of asymptotically flat spacetime.
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A Weyl scalars for scalar perturbation

The Weyl scalars are evaluated at linear order for the scalar perturbation mode h;‘j,ljm
defined above. Here we use ¢/ = %qb.

1
43 /T(—m—1)/T(—m)/T(I+m+1)

x <\/F(l—m) <\/F(l—m+1)\/F(l+m+3)ei2‘Plflm+2
+(m—1)mtan2(g>\/F(l—m—l)\/F(l+m+1)1/lm>
—2me—wtan(g)\/F(Z—m—l)\/P(z—m+1)\/r(l+m+2)ylm+1>
1 ) / . 1
:4\@1"3\/F(l—m)\/f‘(l+m+l)e ‘p(T(<l2+l—2)¢ +2T(1—zrw)¢)
tig((P+H+2) rwt2il(141) -2 ~2ir%0?) )

x <\/F(l—m—|—1)\/F(l—i—m—|—2)ylm+1_mei9"tan<g) \/r(z_m)\/r(z+m+1)ylm>
1
83

(gf) (l2—|—l—2rw(rw—|—i)) +2r(1—irw)¢)'>

Vo=

Wy

Wy=— V" (r(r(1041)¢"+2r¢") —2(1P+1-1%w?) ¢ ) +1(1+1)¢ (r*w?+2))

1 -1 / . "
T 8v2r3T(—m) YT tmt 1) ?(r(- (P+1-2) ¢ +2r(-1-irw)e")
+¢ (1 (l2+l+2> rw+2l(l+1)—2ir3w3—2r2w2>)

X <\/F(l—m+1) \/F(l+m+2)Ylm+1+mei‘pco‘c (g) \/F(l—m) \/F(l+m+1)Ylm)
1
1613/ T(I—=m—1)/T(l—m) /T (I+m+1)

X <\/F(lm) \/F(lfmﬂ) \/F(l+m+3)Ylm+2
+me*cot (Z) \/F(l—m—l) (2\/F(l—m+1)\/r‘(l_|_m_|_2)ylm+l

+(m—1)e“cot (g) \/F(l—m)\/F(l+m+1)}’lm> ) .

W3

Uy=

e (¢(PH-2rw(rw—i)) +2r(1+irw))

B Weyl scalars for vector perturbation

The Weyl scalars are evaluated at linear order for the vector perturbation mode h‘lj,ljm

defined above. Here we use ¢/ = %d). For brevity of presentation we follow [4] and present
the m = 0 modes. The m # 0 modes can always be obtained by acting with an SO(3)

- 11 -



generator.

VI(+3)e™2Y2 (irg” +2(rw+i)¢' +wd(2 —irw))
2/1(l+1)r2/T(I—-1)
VT +2)e ¥y
N NIEDENAO)
y (i ((rPw?=2) ¢ +7r (r¢"” +(2—irw)¢”(r)) +wo(rw—+(—1414)) (rw+ (1 +1i)))
2v/2/1(1+1)r2/T(I)
ie= 2 (126" 4 ¢ (r?w? - 2)) (VT VT +3) Y2 + 26 cot(0) T~ 1)/ T +2)Y}})

Wy =

Y2=- IN(ES SN (EINAO)

T VI(+2)e Y (i ((r2w? =2) ¢/ +71 (ré™” + (2+irw) ")) + wp(2 + rw(—rw+2i)))
’ 1211+ 1)r2/T(0)

Uy — VI(I+3)e™22Y2 (irg” + (—2rw +2i) ¢’ + wo(—2 —irw)) '

8+ )r2yT—1)
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