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1 Introduction

Noncommutative gauge and field theories have been widely studied over more than twenty
years. Much has been written about physical motivations for considering space-time to be
“quantum” and physical models to be described in terms of noncommuting observables,
if one wants to go beyond the dichotomy between classical gravity and quantum physics.
There exist excellent reviews for that, see for instance [1-3]. Despite the large efforts made,
there is however no general consensus about the appropriate noncommutative generalisa-
tion of field theory, mainly because, except for very few models, all attempts proposed
present formal and/or interpretative problems, which render the results not fully satisfac-
tory. Nonetheless, the problems addressed with the promise of providing effective models
of space-time quantisation and compatible gauge theories maintain their validity.

One main motivation for confronting once again with noncommutative gauge theory
is a series of recent publications proposing the framework of L., algebras and a bootstrap
approach as appropriate for formulating gauge noncommutativity in a consistent way [4, 5].
Moreover, an interesting connection has been established between the L., bootstrap and
symplectic embeddings of non-commutative algebras [6, 7]. It is worth mentioning that the
role of Lo, algebras in gauge and field theory is already investigated in [8-10], see also [11—
16] for recent progresses in studies of the Lo, structures in the field theoretic context.

In the present paper, we shall take advantage of the constructive approach proposed
in [17] which, starting from the request that gauge theory be compatible with the desired
space-time noncommutativity and be equivalent to the standard one in the commutative
limit, yields recursive equations for field dependent gauge transformations and deformed
field strength. As we shall explicitly discuss, the procedure is closely related to the Lo,
bootstrap and symplectic embedding approaches.



The only exact (all orders in the non-commutativity parameter) nontrivial’ models,
which have been constructed so far along the lines of [17], and exhibiting the flat commu-
tative limit, are the three-dimensional U(1) theory with su(2) noncommutativity [17] and
the two-dimensional U(1) model with kappa-Minkowski? noncommutativity [19]. There-
fore, the construction of four-dimensional models of this kind seems to be a valuable and
timely problem.

In the present work we fill this gap: we construct exact noncommutative four-
dimensional deformations of U(1) gauge theory, implementing several three-dimensional
noncommutative structures within the general framework proposed in [17], and adding one
more commutative coordinate. As we shall see below, such an addition brings somewhat
more than a naive generalisation of the corresponding three-dimensional setup. For the
non-trivial sector of the algebra we shall consider explicitly the angular (or A-Minkowski)
noncommutativity [22-28],

[2%,2'] = —ia2?,  [2%,2%] =iAet, [21,2%] =0, (1.1)
and the su(2) noncommutativity [29-38],
[2F, 2! = —ixeMls 5, 2P (1.2)

The latter may be easily generalised to su(1, 1), while the time variable £° stays commuta-
tive for all cases considered. We shall use the Greek letters u, v, ..., and the Latin letters
a, b, ¢, ..., to denote the four-dimensional and the three-dimensional (i.e. the spatial)
coordinates respectively. The three-dimensional deformation® of U(1) gauge theory, based
on the su(2) noncommutativity (1.2) has already been studied in detail in [17]. We shall
see, however, that an addition of time as a fourth commutative coordinate extends the re-
sults of [17] in a nontrivial way. For a given starting space-time M, we shall indicate with
Ag = (F(M),*) the noncommutative algebra of functions representing noncommutative
space-time, equipped by some noncommutative star product

frxg#gxf, frg9 € Ae (1.3)

which, for coordinate functions, reproduces the linear algebras (1.1) and (1.2). Noncom-
mutativity is therefore specified by the z—dependent skew-symmetric matrix ©(x):

[zF, 2¥] = 10" (z), (1.4)

which we assume to be a Poisson bivector in order to maintain associativity of the star-
product. The symbol [, |, denotes the star commutator, defined as follows

[f,gls=fxg—g*f,  Vf,g€ Ae. (1.5)

T.e. with coordinate-dependent noncommutativity.
2The deformed gauge transformations and the deformed field strength for the kappa-Minkowski noncom-

mutativity have been constructed in [19] in arbitrary dimension d, however, the gauge invariant classical
action exhibits the flat commutative limit at d = 2 only.
30ur notations do not coincide with the ones of [17]: Aour = —29Ref [17]-



Standard U(1) gauge transformations, 5?14 = 0f, with f € F(M), close an Abelian
algebra, [50,52} = 0. For non-Abelian gauge theories where gauge parameters are valued
in a non-Abelian Lie algebra, f = f;7%, we have instead 6§ A = Of — i[A, f] so that

(07, 3g)A = OIf  g] — i[A, [f, g]] = 0t gy A.

Namely, the algebra of gauge transformations closes with respect to a non-Abelian Lie
bracket. Noncommutative U(1) gauge theory, with gauge parameters now belonging to Ag
behaves very much like non-Abelian theories. Therefore, according to [17], we shall require
that the algebra of gauge transformations closes with respect to the star commutator,
namely

[0, 0g]A = d_ij5,q, A

« .

(1.6)

However, if gauge transformations are defined as a natural generalisation of the non-Abelian

case,

A = A+0f —i[A, fl,, (1.7)

it is known that, by composing two such transformations, we get the result (1.6) only if
0 is a derivation of the star commutator, which in general is not the case. Hence, the
guiding principle in [17] was the definition of the infinitesimal gauge transformations,

Ay — Ay + 65 Ay, (1.8)

in such a way that they close the noncommutative algebra (1.6) and reduce to the standard
U(1) transformations in the commutative limit,

lim 674, = 9,./. (1.9)

The star commutator, which enters in (1.6) has the following structure:

[fogle =i{f 9} +- ., (1.10)
where {f, g} stands for the Poisson bracket of f and g,
{f,9y =0""0.f Oy, (1.11)

[43

while the remaining terms, denoted through “...“, contain higher derivatives. From now

on we neglect these terms, namely we consider the semi-classical limit [6, 7]. Therefore
our noncommutative gauge algebra becomes the Poisson gauge algebra:

[07,0g] = 15,9} (1.12)
We shall consider in what follows a two-parameter family of Poisson structures:
O =0=0" @k =_) g, (1.13)
where the 3 x 3 matrix & is defined as follows:

a:=diag{l, 1, a}, a€eR. (1.14)



At a = 0 we get the Poisson structure which corresponds to the angular noncommutativity,
{xsvxl} = _AxZ’ {333’332} = )‘xlv {1:1’12} = 07 {xjvxo} = 07 (115)

while at a = 1 the three-dimensional bivector ©7% is nothing but the Poisson structure of
the su(2) case,
{aF 2y = —AeMls 5 aP. (1.16)

Another interesting case is represented by a = —1 which corresponds to the Lie algebra
su(1,1). We emphasise however that the Jacobi identity,

PR+ A+ AR =0, [ =08,0%, (1.17)

is satisfied for any a, not just at @ = 0 and o = £1. Introducing the projector 4}, on the
three-dimensional space,

8 =0l — 0,08, (1.18)

we get an explicit formula for the structure constants:
i ==& 678, 7 g, (1.19)

yielding

{2, 2%} = —xeTks q g 2®, {a7,2°} = 0. (1.20)
The paper is organised as follows. Section 2 is devoted to deformed gauge transformations.
Moreover, a connection with the symplectic embedding approach is discussed. In section 3
we present relevant aspects of the L., bootstrap approach to gauge theories and establish

the L algebra, which corresponds to our gauge transformations. In section 4 we introduce
a deformed field strength and a suitable classical action.

2 Noncommutative gauge transformations

According to [17] the infinitesimal deformed gauge transformations, which close the al-
gebra (1.12), and reproduce the correct undeformed limit (1.9), can be constructed by
allowing for a field-dependent deformation as follows:

opAu = (A)0uf + {Au f} (2.1)

This variation satisfies the following derivation property [6]:

OpgAu = 905 Au+ fogAu. (2.2)
For (1.12) to be satisfied the 4 x 4 matrix + has to solve the master equation®
YOS, — V5SOUK + O 9,5 — O, — 748,07 =0, (2.3)
“We use the notation 0% = af‘ﬂ.




moreover, it has to reduce to the identity at the commutative limit,
lim v# = §~. 2.4
lim 5y, =4y (2.4)

The last requirement guarantees that the noncommutative transformations (2.1) reproduce
the standard Abelian gauge transformations (1.9) in the undeformed theory. A general
result has been established in [6] in the context of symplectic embeddings, that is valid for
any © which is linear in z. It suggests a solution of eq. (2.3) in the form?®

v ]' v v M v
W) =5+ 5 x (-5 ) (25)
n
where the matrix M is defined by
My, fEAfE¢AAA¢ (2.6)

and the function y reads

U U > (—=2)™ By, u™
x(u) = \/;COt\/g_ 1 :7;1()(2”)2' (2.7)

In the last equalities the quantities Bs, are the Bernoulli numbers, and x (%)V have to
o

be understood as the matrix elements of x(M/2).
By replacing the structure constants (1.19) in the definition (2.6) we obtain

v o 2 v
M, =-NZM,, (2.8)
where the matrix M, defined by
A . ALA,
M =4, O‘Z ) (2.9)

is a projector, i.e. M? = M, and hence

M"=DM, Vnel. (2.10)
From now on we shall make use of the notations:®
A, =6,A,,
Al = @A, o= diag{a, a, 1, 0},
Z = A AY = - (A1) +a- (A2) + (43)%. (2.11)
Using the identity (2.10) we can easily calculate the nontrivial term of eq. (2.5):
00 n n 00 n 2 "
() E R S ()

X (_9\n 2 " . 2 ~
:<n§::1( ?Q)n)?zn <A2Z> >'sz<A2Z>-M. (2.12)

®Note that our notations differ from the ones of [6]. In order to obtain our eq. (2.5) one has to set t = 1,

p = A and replace v by v — 1 in eq. (6.3) of [6].
Do not confuse & and ¢!



Substituting this result in the general formula (2.5), we arrive at the final expression for 7,

1 N (Z )N\ L
M) = —5 ZAAA+5Z+4X< 1 ><Z6M—AQAM), (2.13)

where we introduced another form factor,
1

v

(Vv coty/v — 1), (2.14)

in order to confront our results with the ones of [17]. Setting av = 1, one can easily see that

X(v)

the three-dimensional part of (2.13), viz 7;», coincides with the known three-dimensional
result (2.11) of [17] for the su(2)-case.

Interestingly, the field-dependent deformation of gauge transformations (2.1) has been
derived in [6] as the result of a symplectic embedding of the Poisson manifold (M, ©) into
the symplectic manifold (7% M, w), where T* M denotes the cotangent bundle and w an ap-
propriate symplectic form such that m,w™! = ©, 7 : T*M — M being the projection map.

Shortly, the idea of symplectic embeddings of Poisson manifolds is a generalization of
symplectic realizations [20, 21], which consist in the following. One considers the canonical
symplectic form wy on T%M, which is locally given by wy = dA\g = dp, A da* with Ag =
pudx* the Liouville one-form. The contraction of Ay with the Poisson tensor © defined on
M yields a vector field, X® = ©(\g, ) = OM (2)p, 0z whose flow we shall indicate with
cpt@ ,t € R. In terms of the latter, it is possible to endow, at least locally, the cotangent
space with a new symplectic form, w whose inverse naturally projects down to the Poisson
tensor © on M through the projection map 7 : T*M — M. According to [20, 21] such a
form is given by the integrated pull-back of the canonical symplectic form wy through the
flow associated with the vector field X©,

wi= /0 N (8) () dt (2.15)

which in coordinates reads w = dy* Adp, with y*(z,p) = fol ztopP dt. The Jacobian matrix

J = (0y*/0x") is formally invertible. On denoting its inverse by ~(z,p) the symplectic
1 _ 0

T oyr
matrix y(z,p), according to

Poisson tensor w™ A % is given in terms of the original variables (x,p) and the

0 0 0 0
-1 — [ — — Ak
w G} A v (z,p) e A o

2.16
Ozt Ox¥ ( )
Let’s pose w™! = A. A generalization of the previous procedure consists in defining A as
a deformation of O, according to eq. (2.16) and imposing that it satisfies Jacobi identity,
provided © does. This amounts to compute the Schouten bracket, [A, A], and impose that
it be zero. We obtain the following equation for the matrix -y,

v I3 v Vi 3 I
Y, — —7 + OVH — —
a 82% A ’y“ apu A oxH T

v

9
@’b\ - ’Yf@e ¢ = 0, (2-17)

where [©,0] = 0 has been used. The latter is exactly the master equation (2.3) after
replacing derivatives with respect to p,, by derivatives with respect to A, which is, how-
ever, a non-trivial difference, since A, is itself a function of z, while p, is obviously not.



The relation between the two approaches, which has been established in [6, 7], may be
summarised as follows.

Let us first consider the standard setting with © = 0. Then, the cotangent bundle
T*M is endowed with the canonical symplectic form wg. The gauge field A € Q'(U),
U C M is associated with a local section s4 : U — T*U, through a local trivialisation,
Vit (sa(z)) = (z, A(x)). The image of s, is a submanifold of T*U. Let

a=Xo—TA (2.18)
be a local one-form on T*U with A\g the Liouville form. We have

S4(6a) =0 (2.19)

it being s% (Ag) = A = (mos4)*(A). This means that {4 vanishes exactly on the submanifold
im(s4) C T*U. Therefore the latter is identified by the constraint (2.19), which in turn
amounts to fix the fibre coordinate at z, p to its value A(x) identified by the section
sA. Then, the infinitesimal gauge transformation of the gauge potential A, with gauge
parameter f, may be defined in terms of the canonical Poisson bracket w; ! as follows

_ Of %a, _
~ i B O, f. (2.20)

0p Ay () = sa{m" f,€a, } o

Now let us consider the case © # 0, namely, (M, ©) is a Poisson manifold. A symplectic
embedding is performed as described above, with symplectic form now given by the inverse
of (2.16), while the image of U C M through the local section s4 is still defined by the
constraint (2.18). Then, the infinitesimal gauge transformation of the gauge potential is
formally the same as in the previous case, (2.20), except for the fact that wy lis to be
replaced by the Poisson tensor w~! defined by (2.16). Therefore we have

.o » Of 0€a, of 9a of
SpAy = sy{m" f,§a, },1 = OF 9P Oze V5 (z, )w 8p: ={Au fle+ ’YZ(UC,A)@;
(2.21)

which is precisely the starting assumption (2.1). The master equation for 7, eq. (2.17),
yields therefore eq. (2.3) once the constraint (2.18) has been imposed. Notice that, in order
to compare with the results of [6] we have to pose t = 1 and substitute v by v — 1.

Let us remark that the solution of the master equation eq. (2.3) is not unique, i.e.
one may construct other deformed gauge transformations, which close the algebra (1.12).
In the approach just described, this is due to the freedom in choosing different symplectic
embeddings for the Poisson manifold (M, ©) [6, 7], and gives rise to a field redefinition,
which maps gauge orbits of the original fields onto gauge orbits of the new fields [39].

In the next section we will see that the present construction is closely related to the
Loo-bootstrap. In that setting, the ambiguity mentioned above corresponds to a quasi-
isomorphism of the underlying L, algebra, which is unique (up to quasi-isomorphisms) [39].



3 Relation to L., algebras and bootstrap

L algebras are homotopy generalisations of Lie algebras defined on a graded vector space
V =&, Vi, k € Z, with multi-linear n-brackets’

b (V1,0 0,) EVE" 5w e V. (3.1)

k € Z denotes the grading of the subspace Vi, so that deg(v) = k <= v € V} . By
definition

deg(ly(v1, -+ ,v0)) =n—2+ Zn: deg(v;). (3.2)
i=1

The brackets are graded anti-symmetric
Cafvn, g, 0540, +) = () HBEISOIDG (0y g),(33)
and satisfy the generalised Jacobi identities,

Z (_1)Z(J_1) Z(—l)UE(O', 7)) lj(li(va(l)a s avo(i))v Vo (it1)s -+ - 7va(n)) = 07 n €N
it j=n+1 o

(3.4)
where ) denotes the sum over permutations, o, of the variables vy,..., v, such that,
o(l) <--- < o(i), oi+1)<---<a(n), (3.5)

(—1)? takes care of the signature of the permutation and ¢(o,v) stands for the Koszul
sign, which takes into account the degree of the permuted entries (see [9] for details).
L algebras and gauge transformations are related in the following way [8, 9]. Consider
a graded space V such that the only nonempty subspaces are Vy and V_;. By construction
the former is identified with a space of the gauge parameters, f € Vj whilst the latter
contains the gauge fields, A = A,dz* € V_;. We shall look for the deformed gauge
transformation in the form of a series expansion, as follows:

n(n—2)

o
n=0
By setting

L(f) = df = (Ouf) da*,
l2<f7g):_{f7g}) vf,gev(h

and determining the remaining brackets, [i, from the requirement of closure of the Lgo-
algebra, one can build the gauge transformation (3.6). Such a “completion” is referred to
as the Lo, bootstrap [4, 5]. General properties of the Lo-construction automatically insure
that the condition (1.12) is satisfied, see e.g. [5, 18].

In the previous section we have constructed the deformed gauge transformations with-
out any reference to the Lo, algebras, however, Proposition 5.9 of [6] guarantees, that for

"We are considering the so called I-picture [9].



any symplectic embedding, related® to the deformed gauge transformation (2.1), the Lo
algebra is indeed there, and can be constructed as follows.

o Expanding the right hand side of the transformation (2.1), presented as
oA = (71 (A)0u f + { Ay, f}) dat, (3.9)

in powers of A, and comparing with the right-hand side of (3.6) one finds all the
brackets of the form [,,(f, A,---,A). All other brackets, which depend on a single
argument f and n — 1 arguments A can be, obviously, recovered from the mentioned
ones by the graded antisymmetry (3.3).

e The only nonzero bracket, which involves two arguments f,g € Vp, is given by
eq. (3.8).

o All other brackets are identically equal to zero.

The proposition, mentioned above, also asserts that L..-algebras which correspond to dif-
ferent choices of ~ (i.e. different symplectic embeddings), associated with the same Poisson
bivector O via eq. (2.3), are necessarily connected by Ls-quasi-isomorphisms. From this
point of view the Lo, structure, which underlies a given deformed gauge transformation of
the form (2.1) is “unique”.

Applying the prescription presented above to the matrix v, given by eq. (2.13), we get

g4 = (Ouf)da + Ay, S} Ao = 2 N0, ) Ay da
00 <—2)nB2n )\2nzn—1
1P T T

n=1

(z 67, — A%A,) (9,f) da". (3.10)

therefore the only non-zero brackets of the underlying L, algebra are given by

W(f) = (Buf) dat,
(. A) = {Ay, Fldat — 2 FiN0,f) da Ay,

iAo A) = G2 NP2 (28 - ALA,) @uf) da¥, e,
l2(f>g) = _{fag}7 Vf,g € Vb (311)

We remind that the structure constants are given by eq. (1.19), and the quantity Z is
defined by (2.11). This result is a direct generalisation of the L., algebra, presented in the
Example 6.4 of [6] for the three-dimensional su(2)-case.

8Here “related” means that both the deformed gauge transformation and the symplectic embedding are
defined via the same matrix -y, which is a solution of the master equation (2.3).



4 Deformed field strength

According to [17, 18] the deformed field strength, which transforms in a covariant way

under the noncommutative transformations (2.1),

5f]:;w = {]:uwf}7 (4'1)

may be searched by adapting the usual definition of the non-Abelian field strength to our
Poisson gauge algebra. This yields [17, 18]:

]:NV = RuupA (275 afA)\ + {Apa A)\}) ) (42)

with the unknown RW@‘ satisfying appropriate conditions. It would certainly be interesting
to derive this result from symplectic embeddings, as we did for the gauge potential, however,
such a connection is still missing. Therefore the field strength is here obtained, as in [17, 18],
in a more direct way.

By imposing that (4.1) be satisfied, one gets an equation for the coefficient function

R, £, which we name the second master equation,

(72722
WROAR,? + O O\R,,f“ + R, 0595 + R, 9575 = 0. (4.3)
The latter exhibits the following undeformed limit:
. 1
lim Ry, = 2 (002 — 6207) (4.4)

This requirement together with the relation (2.4) ensures that the noncommutative field
strength reduces to the commutative one in the undeformed theory:

lim Fuy = Fouy = 84y — 9, Ay (4.5)

A solution of eq. (4.3), which satisfies the condition (4.4), is known for arbitrary Poisson
bivector © up to O(©?) terms [17], see appendix A. Substituting our data (1.13) in these
formulae, and using the straightforward identities,
PP = N2(a85 - r62),
(PS5 = [P 1) AcAe = N2 (878 — 8067) Z
+A2 (AL A8 — AL AL — ALASY + ADALSY), (4.6)

we get:
R, (A) = % (556% — 58%) - (1 - 113 A22> (4.7)
+ (00665 — 806065 + 30673, — s op) - (1- 02
7 590) — 5900 + 15003 — 1570%) Ac
_gz (60A%A, — 60AZA, — 69ALA, + 52A0A,)
+ﬁ(AgAy(sgag — AL A0 — ALALSSE + AL ALSISE) + O(X%).

~10 -



This formula suggests to look for the complete solution of (4.3) in the form of the following
Ansatz

w ]' w w 1 w w w w
R, (4) = (8087 - 8380) - CNVZ) + 5 (50765 — 65085 + 00058, — 37,05 68) - AW Z)
1 w w w w ~
o (F90h = SR 00+ 500y — [5°6) Ae- (W Z)

)\2 w w w w
+5 (0L AGA, —00AZA, — 81 AL A, + 57 AGA,) PN\ Z)
2
+% (A5 AL0060 — AL A,LS000 — AL ALSSE + AL ALSYSE) - D(A\WZ),  (4.8)

where the form factors ¢, ¢, ¢, A and ® are unknown functions, which exhibit the following
asymptotic behaviour at small A:

((AWZ)=1- % NZ + 00\,
ANWZ) =1- é NZ+ 0N,

((W2Z) =1+ 0N,

HAVE) = — + O,

d(\WZ) = ; +O\). (4.9)

Substituting the ansatz (4.8) in the master equation (4.3) at u=1,v =2, p =3, w = 2,
& = 3 we get,

2 2 U U2 U U2 U2
a <(AZ3) u [d(u) 2o <4) —E )y <4)] - [C(U)x <4> - ¢<u>D -0,
(4.10)

where u = \V/Z, and, we remind, the function ¥ (v) is defined by eq. (2.14). This relation
is satisfied for all A; iff

u U2 u U2
¢'(u) — 5 o(u) X <4> 3 C(u) %' <4> =0,

u2

C(u) x <4> — ¢(u) = 0. (4.11)

The solution of this system of equations, which is compatible? with the asymptotics (4.9),
is given by

b(u) = 4(—2+2cos4u+u sin u) _2d¢ (4.12)

wdu

9 Actually, one has to use just the initial condition ¢(0) = —%, while the asymptotic behaviour of ¢ can
be checked a posteriori.

- 11 -



In order to determine the remaining three form factors we substitute the ansatz (4.8) in
eq. (43)atu=1,rvr=0,p=1w=0,&=2:
2

U 7 u? ~[U /
0= o (—\FZuQa lQuX <4> A(u) +u®(u) x (4) —49 (u)] (A1)? Ay

+u® Z lzﬂ % (f) Clu)+4% (f) f(u)—i—Zi)(u)] Ay Az

473

u? x
ux (4) Alu) —u(u) — 4A/(u)] A2>, (4.13)

what leads us to a system of three coupled equations for three undetermined functions
C(u), ®(u) and A(u):
2

u? u
2uy <4> A(u) +u®(u) X (4) — 4% (u) =0

u?\ : u?
u?{ <4> C(u) +4x <4> C(u) +2@(u) =0

u? ~
uy (4) Aw) —ul(u) — 4N (u) = 0, u=I2Z. (4.14)

Resolving these equations, and imposing the conditions (4.9), we obtain:

sin £\ 2
fu) = 1 (2 = c(w)
Aw) = 2,
B(u) = 4(“;?;“'1““). (4.15)

Summarising eq. (4.8), eq. (4.12) and eq. (4.15) we arrive at

R,f*(A) = % (8005~ 82082) - C(\WZ) +% (80050 — 89550 + 6555 80, — 890580) - A(MW Z)
7 5900~ I$00+ 15953 — I95%) Ae-COWE)
(A AL LA AL~ 5 AL AL 57 AL AL) O
+>;(A“;Ayégég—AgAﬂégég—AgA,,égég’ +ALAL0088) - 2(WZ),  (4.16)

with

o =1 (5

Aw) = 22,
dA
b) = >
B(u) = 4(“;351““) (4.17)
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One can check by direct substitution that our solution is valid for all other combinations
of the indexes u, v, p, w and &.

At a = 1 the three-dimensional restriction, R_,?, of (4.16) coincides'® with the known
three-dimensional solution for the su(2) case [17]. It is remarkable that the presence of the
fourth (commutative) coordinate 2° generalises the mentioned three-dimensional result in
a quite nontrivial way, introducing new contributions of the form factors A and ®.

The deformed field strength F, defined by eq. (4.2), allows for a natural definiton of
the classical action functional, which remains invariant upon the deformed noncommutative
gauge transformations (2.1), and which reproduces correctly the classical limit. Indeed, by

defining
S[A] == ” d*z L, L= —i]:w}"pg nHPnve, (4.18)
with
n = diag (+1,—-1,—1, 1), (4.19)
we can check that the classical limit is
lim S[A] = /[R ) d'z < — EFWFpg 77"”77”5>7 (4.20)

thanks to the property (4.5) of the deformed field strength. Moreover, since the deformed
field strength F transforms in a covariant way (eq. (4.1)), the deformed Lagrangian density,
being quadratic in F, transforms in a covariant way as well. We have indeed

def 1 .. 0 v
OpL = =7 lim o= (Fu o+ 2 (67 F ) (Foe + € (87 Fpe)) '

1 14
= = (B O Fpe) + (0 F i) Fo ) 1

1 1
= 7 (f;w {Foe: [} +{F s f }]:p§> s = = P o [} et
= {L. f} (4.21)

where we have first used the standard definition of first variation of £ upon the variation
of F; then we have substituted the explicit expression (4.1) for §¢F, and took into account
the derivation property of the Poisson bracket. By using eq. (1.11) we thus get

§iL = 0,(L D, f OM) — L 8, f 0,0M. (4.22)

Remark. In order to avoid confusions, we comment on the usage of partial derivatives
in this paper. On the one hand, in the master equations (2.3) and (4.3), in the terms
eV “3,/y§\ — @5“8,WK and O O\R,,,/”, the partial derivatives act on the explicit dependence
on x only, whilst A(x) is considered as an independent variable. On the other hand, in all
other places of this article, (e.g. in the definition of the Poisson bracket (1.11)), the partial
derivatives act on all z-dependent objects. In particular, in the last line of eq. (4.22) the
partial derivative acts on x, which is present in £ not just explicitly,!! but also via A(z)
and its first derivatives as well. This justifies the Leibnitz rule in the last step of (4.22).

10WWe use slightly different parametrisation of the form factors.
"T.e. via the Poisson bivector ©(x), which enters in the definition (4.2) of F through the Poisson bracket.
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Finally, noticing that the Poisson bivector (1.13) satisfies the identity
0,0" =0, (4.23)

we see that the variation 7L is a total derivative, therefore the action (4.18) is gauge
invariant:

5;S[A] = 0. (4.24)

5 Summary and outlook

In this article we constructed a family of four-dimensional noncommutative deformations
of the U(1) gauge theory, implementing a class of noncommutative spaces (1.13) in the
general framework of [17]. This class includes the angular (or A-Minkowski), the su(2)
and the su(1,1) cases at « = 0, @ = +1 and a = —1 respectively. We worked within the
semi-classical approximation, so our noncommutative gauge theories are actually Poisson
gauge theories.

The first result is the definition (2.1) of deformed gauge transformations, where the
matrix v is given by eq. (2.13). These transformations close the noncommutative alge-
bra (1.12). We also discussed the interpretation of the master equation eq. (2.3), which we
used to construct the deformed gauge transformations, as a Jacobi identity for symplectic
embeddings [6, 7].

The second result is an explicit Lo structure (3.11), which corresponds to our deformed
noncommutative gauge transformations in sense of the L., bootstrap.

The third result is an expression for the deformed field strength, eq. (4.2), where the
quantity R is given by eq. (4.16). This deformed field strength transforms in a covariant
way upon the deformed noncommutative gauge transformations, thereby allowing for a
definition of the gauge-invariant classical action (4.18). We stress that the presence of
the fourth (commutative) coordinate #° brings nontrivial contributions to the deformed
strength (via R), which do not look like a simple and intuitive addition to the corresponding
three-dimensional result. In particular, the components Fy; exhibit a highly nonlinear
dependence on the three-dimensional components of A. This behaviour is different from
the one of the matrix v, where the four-dimensionality does not change the corresponding
three-dimensional result that much, since 7% = §%. Let us illustrate the nontriviality on a
simple example where the gauge potential does not depend on spatial coordinates 7. In this
situation one may expect that the noncommutativity, being essentially three-dimensional,
does not affect the field strength, so Fo; = dpA;. Our analysis, instead, yields

Foj = 2Ry, oAy,
1 A2
= AWZ)dA; + 3 C(WZ) TR A, 90Ax + T DINZ)AEA; 00 A,,  (51)

which disproves the naive expectation. The nonlinearity which derives from spatial
noncommutativity manifests itself in the spatially-homogeneous situation as well, as far as
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the time-dependence is concerned. One can also check that, substituting an z7-independent
gauge potential A in the equations of motion derived from the classical action (4.18),
one gets a nonlinear dynamics, which governs the time-dependence. At the best of our
knowledge nothing similar takes place in noncommutative gauge theories which are based

on more conventional approaches.

The present research can be continued in various directions. On one hand, one may
study various physical consequences of noncommutativity such as the existence of Gribov
copies, which has already been established for the noncommutative QED with Moyal type
noncommutativity [40-42]. On the other hand, one may focus on purely mathematical
structures, which stand behind. In particular, one may wonder whether the field strength
F, obtained in this paper, is compatible with the L., bootstrap procedure, related to
the extended Lo, algebra [4], that contains one more nonempty subspace V_s of the ob-
jects which transform in a covariant way upon the deformed gauge transformations. In
particular, one has to check, whether

> 1 n(n—1)

Fop dat Adz” = E(_l)T In(A, - A), (5.2)

n=1
where the first bracket corresponds to the undeformed field strength (4.5),
li(A) = F,, dzt A da”, (5.3)

and all the brackets together fulfil the L, relations.

Finally, an interesting problem which we would like to investigate in the coming future
is to understand if it is possible to derive the deformed field strength proposed in this paper
within the symplectic embedding approach, and to clarify its geometric nature.
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A General solution for R, (x, A) up to 0(93) corrections

Ry (z,A) = RO (x, A) + R() ™ (2, A) + RQ) ™ (2, A) + O(6°), (A1)
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where

1
(0) pw I w Sp
R (w, A) = 5 (905 — 687) .
1
RO (2, A) =  (57,0,6% — 65 0,0% - 5,9,0% + 57 9,07 ) Ag,
1 1
2) pw = g w w Q0
RO (z,A) = <1250@ ?0,0,0% — 56, 077 9,0,0%

1
-1 255 07%9,050% + 0 079 9,050%

e w 1 w o
+ —5P 9,07% 9,05 — 301 0O 9,0
1
L e o Ew T sw op ép
125,/8 © 8¢® + 1261/ 8H@ 8¢®
1
+§au@€p 0,07 — 29,07 aV@@) AcA,. (A.2)
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