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1 Introduction

Inelastic collision of high energy bodies is expected to result in production of black holes.
Moreover, at large impact parameters (compared to the Schwarzschild radius), the collapse
is expected to be described by classical physics, dominated by eikonalised single graviton
exchange [1, 2]. Of course, Hawking famously claimed that semi-classical physics results
in information loss in the final state [3]. This may be seen as a thermalisation of the
initial states among the large number of degrees of freedom associated to the intermediate
macroscopic black hole. Smaller impact parameters and presumably complicated quantum
corrections are often accused of hiding the mysteries of information loss in all aspects of
scattering after collapse, in the evaporation process [4].

Interestingly enough, the cross-section of the inelastic collisions producing black holes
resembles scattering of the initial states on an existing, already formed Schwarzschild back-
ground [5]. This is owed to the fact that, during the collapse of a spherical shell for in-
stance, the (apparent) horizon forms long before the shell has fallen past the Schwarzschild
radius (RS) of the eventual black hole. Therefore, one expects to capture a part of the
physics associated with scattering in flat space with impact parameter of the order of the
Schwarzschild radius by studying scattering on the intermediate black hole state (already
at a perturbative level). The conventional eikonal approximation [6] has been used to study
physics (at impact parameters larger than RS) in flat space gravitational scattering [7–9].
In that case, the scattering energies are necessarily Planckian

√
s � MPl and the impact

parameter larger than the Schwarzschild radius b� RS .
In the present article, we consider scattering near the Schwarzschild horizon in a partial

wave basis. Therefore, the impact parameter is necessarily of the order of the Schwarzschild
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radius or less: b ≤ RS . We work in an approximation where transverse momentum transfer
on the sphere is small, implying b � LPl. There are three scales left in the game: the
centre of mass energy of the scattering (say

√
s), the mass of the intermediate black hole

state MBH, and the Planck mass MPl. From these, two dimensionless parameters arise,
say γ :=

√
8πGN/RS ∼ MPl/MBH and s/(γ2M2

Pl). Remarkably we find a result that is
non-perturbative in γ, by summing over an infinite number of graviton-exchanging ladder
diagrams. This implies that the result is also non-perturbatively resummed in ~ because
the ladder diagrams include infinitely many loop contributions. At every order in γ in the
ladder diagrams, we work to leading order in s� γ2M2

Pl. However, unlike the conventional
eikonal approximation, this is far easier to satisfy for black holes much bigger than Planck
size. For a solar mass black hole, for instance, the center of mass energy required for this
approximation is

√
s � 10−38MPl; this is already satisfied for all the massive particles in

the standard model with their rest mass alone. Moreover, the energy of particles diverges
near the horizon, validating this approximation further. Therefore, this is indeed the
strong gravity regime where the mysteries of black hole information loss must necessarily
be resolved.

We compute a four-point correlation function of matter fields on the Schwarzschild
horizon. This includes multi-particle states owing to the fact that we work with fields in a
partial wave basis. The correlator captures scattering processes in two different channels
(much like in familiar nucleon-nucleon scattering), both exchanging virtual gravitons. The
result is surprisingly simple and lends support to the S-matrix approach for quantum black
holes and generalises earlier results in [10–13]. Furthermore, this work naturally provides a
completely second-quantised description of the earlier quantum mechanical results. Since
the black hole geometry is locally weakly curved, one may naively expect that this cal-
culation to not be very instructive. However, as the scattering matrix maps asymptotic
states, very rich physics emerges that is characteristically different to that of flat space.
For instance, we find that the amplitude is entirely dominated by low angular momentum
modes; in contrast, the flat space amplitude is dominated by very large angular momen-
tum modes. While certain numerical factors require detailed calculations which we leave
to a companion article [14], the conceptual idea and the results (up to explicit numerical
factors) can be obtained from symmetry principles as we show in this article. The theory
under consideration is in section 2, the ladder diagrams to be computed in section 3, and
a discussion on the results in section 4.

2 The action

We consider the Einstein-Hilbert action coupled minimally to matter, say a massless scalar
field for simplicity:

S = 1
2

∫ √
−g d4x

(
R

8πGN
− ∇µφ∇µφ

)
.

We focus on the fluctuations about a spherically symmetric background
(
gµν → g0

µν+κhµν
)

and a vanishing scalar profile, where

g0
µν = −2A (x, y) dxdy + r (x, y) dΩ2

2 ,
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where dΩ2
2 is the round metric on the two-sphere, and κ =

√
8πGN . For the Schwarzschild

background, we have that A = exp (1− r/RS)RS/r and r is defined via

xy = 2R2
S (1− r/RS) exp (r/RS − 1) (2.1)

in the familiar Kruskal-Szekeres coordinates. While we will later focus on the vacuum
Schwarzschild solution in this note, we present a method that applies to generic spherically
symmetric solutions supported by matter. Of course, the fluctuations hµν are not all
physical and the field needs to be gauge-fixed, an issue we now turn to.

2.1 Gauge fixing

The gauge that best exploits the spherical symmetry of the problem at hand is that of Regge
and Wheeler [15]. The metric fluctuations are first expanded in spherical harmonics and
split into odd and even parity modes hµν =

∑
l,m h

+
lm,µν +

∑
l,m h

−
lm,µν where a symmetric

two dimensional field Hab with indices a, b ∈ {x, y} and a scalar field K are introduced.
Both Hab and K are only functions of x, y (and of course depend on the suppressed l,m

indices) since the angular dependence is extracted out in the spherical harmonic expansion;
we label the angular coordinates by capitalised indices A,B. In the Regge-Wheeler gauge,
the even mode is then given by

h+
lm,µν =

(
HabYlm 0

0 r2gABKYlm

)
,

and the explicit form of the odd mode will turn out to be irrelevant (as we will describe
below). Of the six physical degrees of freedom in the metric fluctuations, four sit in the
even mode above, and two in the odd-parity mode h−lm,µν . Conveniently, the choice of gauge
results in a decoupling of the odd and even parity modes in the quadratic action. Moreover,
spherical symmetry of the background ensures a decoupling between the different partial
waves at quadratic order.

Finally, a comment on Faddeev-Popov ghosts is in order. We will assume that they
contribute to the scattering to be considered only at sub-leading order in the s � γ2M2

Pl
limit; this is familiar from [9]. A further comment on this matter is due in section 2.2.1.

2.2 An effective two-dimensional theory

The spherical symmetry of the background and the decoupling between the different parity
modes allows for the theory to be reduced on the sphere to arrive at an effective two-
dimensional one [16]. Since the two-dimensional metric is conformally flat, a Weyl rescaling
of the form gab → A (x, y) ηab allows for a trade of the curvature for additional potential
terms. Furthermore, the field re-definitions hab = rA (x, y)Hab, K = rK allow us to finally
write the resulting effective two-dimensional action where the space-time indices are raised
and lowered by the flat metric ηab owing to the Weyl rescaling:

S2d =
∑
l,m

1
4

∫
d2x

(
hablm∆−1

abcdh
cd
lm + hablm∆−1

L,abKlm +Klm∆−1
R,abh

ab
lm +Klm∆−1Klm

+ 2φlm
(
∂2 − ∂2r

r

)
φlm − 2φlm

(
A` (`+ 1)

r2

)
φlm + γ hablm∂aφ0∂bφlm

)
, (2.2)
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The operators appearing in this action are explicitly defined in appendix A. The interaction
vertex a priori contains two terms with the even-parity graviton of the form KηABTAB
and habTab, and a similar term containing the odd-parity graviton. However, we first note
that the four point function of interest is always built out of two three-point vertices in
this theory. We consider in-going particles in the collision to carry momentum along the
coordinate x while the out-going ones along y. The odd-parity graviton only couples to
transverse matter momenta. That transverse momentum (along the angular coordinates)
effects are sub-leading implies that the interaction term contains no odd-parity graviton
modes [14, 17]. Furthermore, the assumptions that s � γ2M2

Pl and b � LPl have two
important consequences: the first is that all diagrams containing the field K, and those
with momentum exchange are all sub-leading at every order in γ, while the second is that
the off-diagonal components of hab do not contribute. Moreover, in the scattering process
φ`1m1φ`2m2 → φ`3m3φ`4m4 being considered, spherical symmetry of the background implies
that the angular momentum is either transferred across the vertex (the transfer channel)
or conserved along the vertex (the conserved channel) but not distributed across the fields
with Clebsch-Gordon coefficients; so, we label one of the fields in the interaction vertex as
φ0 and require it to be with some fixed angular momentum. Those diagrams that distribute
angular momentum will introduce interactions between the various partial waves and are
consequently sub-leading [17]. These facts have the consequence that the interaction vertex
simplifies to be of the form displayed in (2.2). It is worth noting that this form ignores
virtual graviton exchanges with hab`=0 in the transfer channel unless the external particles
are all in the ` = 0 state. Including these interactions will also introduce interactions
between the various partial waves and are therefore expected to be sub-leading.

The propagators arising from the above action are defined by(
∆−1
abcd ∆−1

L,ab

∆−1
R,cd ∆−1

)(
Pcdef PcdR
PefL P

)
=
(
δefab 0
0 1

)
δ2 (x− x′) ,

with ∆−1
abcd∆cdef = δefab δ

(2)(x − x′) and ∆−1∆ = δ(2)(x − x′). These operators are difficult
to invert in full generality. In what follows, we will discuss the special case of the two-
dimensional surface being the horizon of the Schwarzschild black hole.

2.2.1 Physics near the black hole horizon

As discussed in the Introduction, scattering processes in a black hole background naturally
capture quantum gravity effects perturbatively in γ. Hawking’s free-field theory result
shows that the modes of quantum fields on past and future null infinities are related by
Bogoliubov coefficients which have thermal pre-factors. Gravitational interactions, gov-
erned by γ, alter this picture. In this article, we will be able to obtain results for 2 → 2
scattering non-perturbatively in γ. In figure 1, we show a schematic representation of the
2 → 2 scattering of interest. When two particles fall into a black hole from past infinity,
we will compute the amplitude of two particles escaping to future infinity; this amplitude
is mediated by the metric fluctuations of the horizon.

When thought of in Eddington-Finkelstein coordinates, the asymptotic future of all
in-going wave fronts from past null infinity I − coincides with the asymptotic past of the
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Figure 1. Two particles fall in to the black hole from the asymptotic past and two particles emerge
and escape to future infinity. This scattering amplitude is mediated by graviton fluctuations of the
horizon, which are ignored in Hawking’s calculation. Because the interactions take place near the
horizon, the impact parameter is at best of the order of RS

wave fronts emanating from future null infinity I +. In a collapsing problem, near this
region, an apparent horizon forms well before the collapsing shell cross the Schwarzschild
radius. Therefore, strong quantum gravitational physics which is expected in scattering
with impact parameter b ≤ RS is evidently captured by this region.

Alternatively, in Kruskal-Szekeres coordinates, this may be seen as the region where the
lightcone coordinates x, y < RS . In this approximation, we see that the A(x, y) ∼ 1+O(xy)
and r(x, y) ∼ RS + O(xy), to linear order. As one moves ever closer to the diamond at
Planckian distances, precise methods may be possible but this is beyond the present paper.
We focus on LPl � b ≤ RS .

The fact that the two-dimensional theory is conformally flat implies that the tensorial
propagator is of the form

Pabcd = 1
4f`

(
k2
) (
ηacηbd + ηadηbc

)
. (2.3)

The factor of a quarter is merely chosen for convenience, and is arbitrary. A very lengthy
calculation shows that the above form factor for the Schwarzschild space-time is given
by [14]

f`
(
k2
)

= − 4R2
S

(λ+ 1) −
2R4

Sk
4

(λ+ 1) (λ− 3)
(
k2 +R−2

S λ
) , (2.4)

where we defined the constant λ = `2 + ` + 1. The explicit form of this function f`(k2)
is largely unimportant for the present paper; it will turn out that only f`(0) will turn out
to play a role. Neverttheless, this propagator deserves attention. First, we observe that it
displays the familiar ultraviolet divergences in the k → ∞ limit. In the soft-limit, which
is of interest because the s � γ2M2

Pl limit is dominated by diagrams with no momentum
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exchange, it is finite; the horizon ensures infrared regularity. This may be interpreted as
an effective two-dimensional mass for the graviton mode hab on the horizon; it is worth
noting that the four-dimensional graviton remains massless and this is merely a curvature
artefact on the horizon. Although irrelevant for the rest of this article, the momentum
dependent term is rather curious. The ` = 0 mode causes a change in sign in the term.
This mode is very interesting as it corresponds to change in black hole mass [18]. Worse
still, the ` = 1 mode has a pole; indeed, equations of motion cannot be inverted for this
mode and it can be reduced to terms containing only the odd-parity graviton [18, 19] and
might be considered to affect the centre of mass motion of the black hole. Both of these
modes suggest additional gauge redundancy. Although we have fixed the Regge-Wheeler
gauge, resulting ghosts have not been accounted for, as mentioned earlier. At sub-leading
order in the s� γ2M2

Pl limit, where momentum exchange diagrams will be of importance,
these additional gauge redundancies must be addressed.

Bringing together all the notes discussed so far, we will now focus on a given partial
wave `,m and suppress these indices. The action (2.2) near the horizon now reduces to

Shor = 1
4

∫
d2k hab P−1

abcd h
cd − 1

2

∫
d2p φ

(
p2 + λ

R2

)
φ

+ γ

∫
d2k d2p1 d2p2 δ

(2) (k + p1 + p2) hab (k) pa1pb2φ0 (p1)φ (p2) (2.5)

for each partial wave, in momentum space. The absence of the K field is owed to the fact
that it is a transverse field on the sphere, which gives a sub-dominant effect as expected
from [17]. The Feynman rules for the contributing propagators are as follows:

φ`m(p)
= −i

p2 + λ
R2
S
− iε

φ0(p)
= −i

p2 + 1
R2
S
− iε

h`m(k)
hab`m hcd`m

= 2iPabcd ,

and the vertex is given by

p2

hab`m

p1 .

iγ p1
a p

2
b

Here, we included a symmetry factor of 2 for the scalar propagators (owing to an exchange
of external scalar legs) and a factor of 8 for the graviton propagator to account for the
a ↔ b and c ↔ d symmetry. The vertex drawn here contributes to the transfer channel,
where the angular momentum is transferred across the virtual graviton. A similar vertex
with two solid scalar lines contributes to the conserved channel.
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3 The non-perturbative amplitude

The tree-level transfer channel ladder diagram is

k = 0

p2

p1

p2

p1

The amplitude is straight forward to calculate and is given by iM = 4is2γ2R2
S/ (λ+ 1) =

4is2κ2/ (λ+ 1), where we defined the Mandelstam variable that gives the center of mass
energy of the collision: s = −1

2 (p1 + p2)2 = p1
xp

2
y; this is owed to the fact that p1

y = 0 = p2
x

as discussed in section 2.2. Moving on to loop diagrams, a two loop diagram in the transfer
channel is of the following form:

There are six such diagrams with all possible attachments for the virtual gravitons. It is
also evident that a one-loop diagram contributes to the conserved channel and not to the
transfer channel. The solid line is not transferred across to the bottom; it stays on top
instead. This is true of all odd-loop diagrams. Therefore, the transfer channel contributes
only to the even loop diagrams and the conserved channel only to the odd ones. In a
manner similar to that of [6], the general order-n amplitude can be written as

iMn = (isγ)2n
∫ n∏

j=1

(
d2kj

(2π)2 if` (kj)
)
× I × (2π)2 δ(2)

 n∑
j=1

kj

 ,

where I contains all possible matter propagators; these can be derived following the tech-
niques of [6]. Noticeably, we have inserted a factor of isγ for each vertex following the
assumption of section 2.2 that internal vertices contributing to additional virtual graviton
momenta are sub-leading at each order in perturbation theory. After some algebra [6, 14],
the amplitude simplifies remarkably

iMn = i
γ2s2 (iχ)n−1

n! f` (0) = 4s(iχ)n

n! , (3.1)

where we have defined χ = −1
4γ

2sf` (0). These expressions are, at a technical level, iden-
tical 2d analogs of those in [6] and hold for arbitrary f`(0). The nonperturbative transfer
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channel amplitude is now straightforward to write down:

iMtransfer = 4s
∞∑

n odd

(iχ)n

n! = 4is sin (χ) . (3.2)

A similar calculation returns an analogous result for the conserved channel:

iMconserved = 4s (cos (χ)− 1) . (3.3)

The complete amplitude is therefore a sum of these two channels:

iM = 4s
(
eiχ − 1

)
. (3.4)

This result may also be seen as the four-point amplitude 〈φ`m (p2)φ0φ`m (p1)φ0〉. Note
that the only non-vanishing component of p1 is along the x direction, which is in-going
into the black hole; similarly p2 is only non-vanishing along y, which is out-going from the
black hole. Therefore, the amplitude can be written as

〈φ`m (pout)φ0φ`m (pin)φ0〉 ∼
(
ei
γ2R2

S
λ+1 pinpout − 1

)
.

Fourier transforming the out-going field, we find that the amplitude is only non-
vanishing when

yout = λ̃ pin with λ̃ = 8πGN
`2 + `+ 2 , (3.5)

implying that 〈φ`m (yout)φ0φ`m (pin)φ0〉 is given by

〈φ`m(λ̃pin)φ0φ`m (pin)φ0〉 .

This result is remarkably similar to those obtained from a first quantised formalism in [10–
12], with an important difference in the pre-factor. At first sight, this may appear to
be an inconsistency. However, it can be checked that both results are indeed correct.
Moreover, a detailed analysis shows [14] that restricting the graviton fluctuations to be of
the form hxx (x, y) = hxx (y) δ (x) on the past horizon and hyy (x, y) = hyy (x) δ (y) on the
future horizon results in the factor (`2 + ` + 1) found in the previous literature [10–12],
for the Dray-’t Hooft shockwave metric. The result of the present article is therefore a
generalisation that includes arbitrary off-shell graviton fluctuations.

4 Discussion

In this article, we studied scattering processes with an impact parameter less than RS but
greater than Planck scale. This is the regime where quantum gravity effects are important.
Remarkably, the amplitude can be computed non-perturbatively in ~ and γ ∼ MPl/MBH,
provided that the centre of mass energy of the collision satisfies s � γ2M2

Pl; this relation
is easily satisfied for large black holes. The non-perturbative amplitude captures many-
particle scattering states as it is obtained for second quantised fields in a partial wave basis.
It results in a remarkable relation between the in-going and out-going fields (3.5) that is
a generalisation of the analogous result in a first quantised formalism [10–12]. This lends
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further support to the scattering matrix approach to quantum black holes as a resolution
to the information paradox for the external observer. Despite the expected large collision
energies, information transfer is carried out by soft gravitons at all orders in perturbation
theory. This implies that no momentum is transferred to or from the infalling observer. In
itself, the 2− 2 amplitude is expected to be suppressed. But the black hole eikonal phase
we develop allows for 2 − N amplitudes with particle production to be calculated; such
high point functions are expected to resolve the information problem.

4.1 Shortcomings

We now list the limitations of this work. First, we have focussed on the Schwarzschild
horizon as depicted in figure 1. However, physics further away may be incorporated by
studying the classical Regge-Wheeler potential [20]. We have assumed that diagrams sub-
leading in the s � γ2M2

Pl approximation can consistently be dropped at every loop order
in γ; this has been proved to be consistent for quantum field theory in flat space [6]. While
the scalar φ3 theory violates this consistency [21], interacting vector theories have been
shown to respect it [22]. A formal proof of consistency for the present case would be an
interesting technical addition to the literature. We have assumed that contributions of
ghosts are sub-leading in the s� γ2M2

Pl approximation. For eikonal graviton fluctuations
around flat space, this has been shown to be true [9]. In the case at hand, the non-
perturbative resummation to arrive at (3.4) enforces a soft limit k = 0 for all exchanged
virtual particles. This fact, combined with the discussion below the form factor (2.4) lends
support to this assumption. We have also neglected higher order terms in the graviton
fluctuations. Some of these are presumably responsible for non-renormalisability of the
theory in the UV and therefore expected to be sub-leading in the soft limit; we hope to
analyse the others in the future. Finally, we have also assumed that all contributions arising
from any interaction between the various partial waves are sub-leading; this is natural given
the spherical symmetry of the Schwarzschild solution. An important consequence of this is
that certain spherically symmetric graviton fluctuations hab`=0 drop out of the calculations
in some loop diagrams; incorporating these would shed light on the dynamical change in
mass of the black hole.

4.2 Future directions

The tools proposed in this article can be generalised to include various other standard
model fields. Owing to the fact that the results are governed by the near horizon physics,
they are agnostic of the asymptotic nature of the solution. Therefore, it may be of interest
to understand the CFT calculation of the non-perturbative amplitude (3.4) for small black
holes in AdS/CFT. It is also interesting to repeat the analysis for charged and rotating
black holes. The amplitude (3.4) may provide an additional window into understanding
the quantum chaotic nature of the spectrum of black hole microstates; it would be very
interesting to adapt the boundary condition proposed in [13] to the present second quan-
tised description. Including transverse momentum transfer may be tractable by including a
B-field that is familiar from string theory [17, 23–26]. Finally, implications for the infalling
observer would be interesting to address.
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A Quadratic operators

The operators appearing in (2.2) are

∆−1 = −∂2 + F aa , (A.1)

∆−1
R,ab = −ηab

(
∂2 + 1

2 (U c − V c) ∂c + 1
2η

cd
(
WA
cd −Wr

cd

)
−A (r) `(`+ 1)

2r2

)
+ ∂a∂b + U(a∂b) +WA

ab − Fab , (A.2)

∆−1
L,ab = −ηab

(
∂2 − 1

2 (U c − V c) ∂c −A (r) `(`+ 1)
2r2

)
+ ∂a∂b − U(a∂b) − Fab , (A.3)

∆−1
abcd = 1

2ηacV[b∂d] + 1
2ηbdV[a∂c] + 1

2ηab
(
V(c∂d) +Wr

cd + 1
2VcVd

)
+ 1

2ηcd
(
−V(a∂b) + 1

2VaVb
)

+ ηabηcd

(1
4A (r)R2d −

1
4V

eUe +A (r) `(`+ 1)
2r2

)
− ηacηbd

(1
2A (r)R2d −

1
2V

eUe +A (r) `(`+ 1)
2r2

)
, (A.4)

where we defined the following fields

Va := 2∂a log r , (A.5)

Fab := 1
r
∇̃a∇̃br = 1

2∇̃(aVb) + 1
4VaVb , (A.6)

R2d := − 1
A
�̃ logA , (A.7)

Wr
ab := ∂(aVb) , (A.8)

WA
ab := ∂(aUb) . (A.9)
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