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field theory, and is easily applicable to any particular choice of a conformal block beyond
those considered in this paper.
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1 Introduction

Conformal blocks are theory-independent building blocks of conformal field theories (CFTs)

which capture contributions to conformal correlators from entire conformal families of

representations appearing in the intermediate channels of correlation functions. Via the

AdS/CFT correspondence, they play an important role in the gravitational context as well;

for example they provide a basis for writing down any bulk Witten diagram.

Conformal blocks also play a crucial, central role in the revived conformal bootstrap

program [1-3] (see also the recent review [4] and references therein), which has led to sig-

nificant advances in understanding properties of d-dimensional CF'Ts as well as holography.

This has resulted in considerable interest in and a spate of new results for conformal blocks.



However, until recently, much of the focus has been restricted to four-point conformal
blocks [5-10]. A variety of techniques are now available for obtaining four-point global
conformal blocks for arbitrary external and exchanged representations in the intermediate
channels in various forms such as closed-form, integral or series representations. A partial
list of methods includes various recursive techniques, shadow formalism, use of differential
operators, dimensional reduction, integrability methods, and holographic geodesic diagram
techniques [8, 10-52].

The focus on four-point blocks is due in part to the fact that conformal bootstrap is
typically implemented at the level of four-point correlators. This is expected to be sufficient
for constraining the full CF'T data as long as one includes crossing-symmetry constraints
from all possible four-point correlators, including those with arbitrary representations at
external legs. This can be non-trivial and computationally very costly to implement. An
alternative to this approach may be an n-point bootstrap program restricted simply to
external scalars [53]. Implementing this approach would necessarily require the knowledge
of higher-point scalar conformal blocks in arbitrary channels.

Recently, bulk unitarity methods [54] have also clarified the role of higher-point tree-
level AdS diagrams in four-point results beyond the planar limit, i. e. in understanding
the properties of higher-loop corrections. Higher-point tree-level AdS diagrams in turn are
easily expressible via a conformal block decomposition or via a spectral representation in
terms of direct channel conformal blocks and leading OPE coefficients. Thus the knowl-
edge of higher-point conformal blocks in arbitrary channels would be particularly useful in
probing holography at higher-loops.

However, obtaining explicit representations for conformal blocks is a notoriously hard
problem, even though in principle the blocks are fixed entirely by conformal symmetry. The
challenges are particularly pronounced in the case of higher-point blocks in d spacetime
dimensions, where until recently hardly any results were available. The d-dimensional
five-point block was obtained using the shadow formalism in ref. [53] (see also refs. [55,
56]). A holographic representation for the five-point block was worked out in ref. [55],
and subsequently extended to the six-point block in the so-called “OPE channel” [57],
as well as to higher-point blocks in the comb channel [58]. Ref. [58] also worked out
an explicit power-series expansion for the n-point comb channel blocks. CFT embedding
space methods [28, 30] have also been fruitful in yielding higher-point blocks [59]; notably
providing a series expansion for the n-point comb channel block [60], and the six-point
block in the OPE channel, referred to as the “snowflake channel” [61].}

While the recent burst of activity and progress in studying higher-point functions and
conformal blocks is encouraging, the situation is far from settled. A particularly troubling
aspect of going to higher-point blocks is that the number of possible inequivalent channels
grows very rapidly with n, thus it seems highly inefficient and impractical to work out the
associated conformal blocks on a case by case basis. What would be desirable is a set of

See also ref. [62] for an application to two-dimensional six-point global blocks for stress tensor exchanges,
and ref. [63] for obtaining representations of (higher-point) diagrams in two and four spacetime dimensions
in terms of solutions to Lauricella systems for conformal groups SL(2,C) and SL(2,H). Recent progress in
higher-point diagrams has also come via momentum space techniques [64—67].



Feynman-like rules which could be determined once and for all, that enable writing down
any conformal block in any topology without having to do any computations.

Motivated by these considerations, in this paper we will present a simple, conjec-
tural prescription for writing down an arbitrary d-dimensional n-point scalar conformal
block with scalar exchanges in any given channel. Even though the blocks themselves are
non-perturbative objects, we call them “Feynman rules” because they are reminiscent of
Feynman rules for Mellin amplitudes [68-70]. This conjecture was motivated by carefully
studying the power-series expansions of all known examples of scalar conformal blocks in
the literature, particularly as presented in refs. [53, 55, 57, 58, 60, 61].

As a highly non-trivial check of these rules, we compare the predicted blocks belonging
to an infinite family of blocks previously unknown in the literature against a first-principles
derivation and find exact agreement. These are the n-point conformal blocks in the so-called
“OPE channel” for arbitrary even n. We also test the rules in the case of a seven-point
block in a topology different from the comb channel, which we simply refer to as the “mixed
channel,” and find perfect agreement.

The key idea which enables us to compute these new families of blocks from first
principles was previously utilized in refs. [55, 57, 58] to obtain the holographic duals of
higher-point blocks. To obtain a particular scalar conformal block, we start with a tree-
level Witten diagram in a cubic ¢? effective field theory whose direct channel conformal
block decomposition admits the desired block as its single-trace contribution. We call
such a Witten diagram the “canonical Witten diagram” for the block, and there is a
unique choice for each conformal block. Then the single-trace contribution to the canonical
Witten diagram is given by the desired block times a set of known mean field theory
OPE coefficients. Thus the key step is to obtain the single-trace projection of the Witten
diagram, as this will immediately yield the conformal block.

Here, we appeal to Mellin space technology [71-73], which serves a two-fold purpose.
Firstly, in a large N bulk theory, Mellin amplitudes are meromorphic functions with poles
corresponding precisely to the exchange of single-trace operators; this provides a convenient
route to single-trace projections. Secondly, Mellin amplitudes for all tree-level scalar Witten
diagrams in scalar effective field theories are known (thanks to the Mellin space Feynman
rules [68-70]); this enables us to obtain an explicit single-trace projection of any n-point
canonical Witten diagram. This method of projecting out the multi-trace exchanges to
obtain the conformal block is quite general, efficient and constructive, so it can be used to
work out any particular conformal block. The main, and often only, computationally chal-
lenging step of this procedure will be the actual evaluation of all residual Mellin integrals,
which is required to obtain an explicit power-series expansion for the block. However, in all
examples we attempted we were able to systematically work out all such integrals merely
by repeated, and often inductive, applications of the first Barnes lemma [74].

The outline for the rest of the paper is as follows: in section 2 we propose the Feynman
rules for conformal blocks, and in section 3 we illustrate how to apply them to obtain a
seven-point block in the “mixed channel,” the n-point comb channel block, and the n-point
OPE channel block. In section 4 we revisit all examples from section 3 and using the
Mellin-space single-trace projection technique, we prove the Feynman rules in each case.
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Figure 1. Graphical representation of conformal blocks: any n-point block admits a unique repre-
sentation as an unrooted binary tree with n leaves, and consequently n — 3 internal edges (colored
red to guide the eye) and n — 2 internal nodes/vertices (marked in blue). All edges are labeled
with conformal dimensions; the labels on external edges (edges attached to the leaves of the un-
rooted tree) are shown at the leaves for better presentation. (a): the graph shows an m-point
“comb channel” conformal block (for n > 4) for external scalar operators Oy (x1), ..., Op(z,) with
conformal dimensions A1, ..., A, and insertion coordinates x1,...,z, respectively, and exchanged
scalar operators Os,, ..., O;s, _, along the internal edges with conformal dimensions As,,...,As
respectively. (c): the graph shows an n-point block in the “OPE channel,” for even n > 6. One

n—37

can obtain the n-point OPE channel topology by starting with an $-point comb channel block and
attaching two external edges at every leaf. (b): the graph shows a 7-point example in a “mixed
channel” which is neither the comb nor the OPE channel.

We end with some discussion and future directions in section 5. Various technical details
and computations are provided in the appendices.

When this work was largely complete, we learned of parallel, independent work to ap-
pear by Fortin, Ma and Skiba [75], which has partial overlap with some results of this paper.

2 Feynman rules for conformal blocks

Given any n-point conformal block, let the dimensions and insertion coordinates of the
external operators be respectively, A; and x; for ¢ = 1,...,n. Let the dimensions of the
exchanged operators be enumerated As, for ¢ =1,...,n—3. See figure 1 for some examples
of graphical representation of blocks in different channels as unrooted binary trees with n
leaves (and correspondingly n— 2 internal vertices and n— 3 internal edges), which will play
a central role in the Feynman rules. Different inequivalent channels/topologies correspond
to different OPE structures which can contribute to a conformal correlation function.
The Feynman rules presented here give an expression for the desired conformal block in
the desired channel as an n(n — 3)/2-fold power series in powers of n(n — 3)/2 independent
cross-ratios built out of operator insertion positions z;.> The set of cross-ratios will be
treated as input data fed into the rules to obtain the conformal block. We will assume
the independent cross-ratios are enumerated by u; for ¢ = 1,...,n — 3 and v; for j =
1,..., (";2), such that under any OPE limit, one or more of only u;-type cross-ratios tend
to zero. On the other hand, under any OPE limit a subset of v;-type cross-ratios tend to
unity, while a subset simplifies to give duplicated v; cross-ratios. Upon repeatedly taking

2We assume sufficiently high d. Otherwise some of the cross-ratios will be dependent, but the prescription
still works. In this case, however, a more efficient power series with fewer overall sums also exists.



sufficiently many OPE limits, we can arrange for all u; ~ 0 and all v; ~ 1. In this limit
the leading contribution to the conformal block is given by

n—3
As. /2
w0 [ w4 (2.1)

vj~1 i=1

There is a choice in picking n(n — 3)/2 independent cross-ratios subject to the con-
straint (2.1). The Feynman rules described here, which treat the cross-ratios as input
data, work for any such choice. From here on, we fix a choice.

Away from the limit (2.1), the conformal block admits an expansion of the form

n—3
Wlw:) = Wi(:) (H u®! ) g(u,1-v), (22
i=1
where WY (z;), which will be referred to as the “leg factor,” depends only on position
coordinates x; and external dimensions A; and captures the overall scaling behavior of the
conformal block under conformal transformations. The function g(u,1 — v) is expressed
as a power series in u; and (1 — v;) for all 4, j, with the leading behaviour g(u,1 —v) =
14 O(u;,1 —vj;). This function sums all descendant contributions to the conformal block.
The Feynman rules provide a prescription for writing down this function in terms of “edge
factors” F; and “vertex factors” V; associated respectively with each internal edge and
internal vertex of the unique unrooted binary tree representation of the desired conformal

block (see e.g. figure 1):

00 n—3 ukZ (n;2) (1 — )jrs n—3 n—2
g1 —v)= > (H ,;,) II— (H E) (1‘[ V) . (23)
=1 =1

|
kigra=0 | \i=1 "’ (rs) Jrs:

The position-independent edge and vertex factors depend solely on the external and ex-
changed conformal dimensions, as well as the non-negative integral parameters being
summed over, k; and j.s, where i = 1,...,n — 3 and the (rs) index takes ("52) values.
(For convenience we have also re-enumerated the v; cross-ratios as v,s; the precise map-
ping will be explained shortly.) They are determined as follows:

e Label each internal edge with an index ¢ running from 1 to n — 3, such that the
conformal dimension of the exchanged operator running along the edge is twice the
exponent of the cross-ratio u; appearing in (2.1). Associate to each such edge an
integral parameter k; and a factor of

(B =+ Dy

E; =
' (A6i)2ki+zéi

, (2.4)
where Aj, is the conformal dimension of the exchanged operator running along the
edge, and /s, is an integral parameter associated with the conformal dimension Ay,
to be determined later. Here (a), = I'(a + b)/I'(a) is the Pochhammer symbol, and

we have defined
h:=d/2. (2.5)



)

We refer to the parameters k; as “single-trace parameters,” and the parameters /s,
as “post-Mellin parameters.” The single-trace parameter k; also appears in the series
expansion (2.3) as the exponent of the cross-ratio u;. The post-Mellin parameters are
specified entirely in terms of specific positive linear combinations of the parameters j,s
appearing in (2.3), which we call “Mellin parameters.” The precise relation between
the two will be discussed in section 2.1. In that section, we will also present an
alternate prescription for assigning the appropriate single-trace parameter to each

internal edge.

e Label each internal (i.e. cubic) vertex with an index i running from 1 to n — 2.3 Let
the number of incident internal edges on it be denoted M. It is clear that M can
only be 1,2, or 3. Let the conformal dimensions attached to the edges be Ag,, Ay,
and A.. Consider first a vertex with M = 3 (i.e. with all incident edges internal). To
this vertex, assign a factor of

‘/:L‘ = (Aab’c)kab,c'i'%eab,c (Aac’b)kac,b""%ﬁac,b (Abc’a)kbc,a+%ebc,a (26)
x FO[Ape, — hi {—ka, —kp, —ke}i {80 —h+ 1,0y —h+ 1, A, —h+1};1,1,1]

where Ff’) is the Lauricella function of three variables, defined in (A.1). Here kg, ks,
and k. are the respective single-trace parameters associated with each internal edge
above, and /4, ¢, and £, are the post-Mellin parameters associated with A, Ap and
A, respectively. Here and below, we are using the shorthand,

A (Ai1+"‘+Aim_Aim+1_"'_Ain) (27)

1
il...’im,’im+1...in = 5

for conformal dimensions A;, whereas for single-trace parameters and post-Mellin
parameters we are using

Kiy.cimyimatoin = kiy + ok, — ki, o— e — Ky,
iy ciimimsrocin =iy + o iy = iy — - — Ly (2.8)

For a vertex with M = 2 (respectively, M = 1), one (respectively, two) of the incident
edges is an external edge. So far, external edges have not been assigned a single-trace
parameter. It is convenient to view an external edge as an edge with its single-trace
parameter set to zero. Then the vertex factor continues to be given by (2.6), but
with the associated single-trace parameter(s) set to zero.

)

It is worth noting that the Lauricella function Ff in (2.6) with say, k, = 0 reduces

to the Lauricella function of two variables,
FO [Ape, — hi {—kp, —ke}; {Dp — b+ 1, A — b+ 1};1,1]. (2.9)

Likewise if two of the attached edges are external, with say, k, = k;, = 0, then the
Lauricella function reduces further to the Lauricella function of one variable,

F [Aape, = b {=ke}i {Ac — h+1};1]. (2.10)

3This indexing is not to be confused with the indexing of edges described above.



In appendix A we list some identities relating these Lauricella functions to other
known functions.

Modulo the relation between Mellin and post-Mellin parameters which will be ex-
plained in section 2.1, this concludes the complete set of Feynman rules for writing down
an explicit power series expansion of any scalar n-point conformal block with scalar ex-
changes in any channel.

Readers familiar with series expansions of conformal blocks may feel puzzled by the
apparent cross-ratio-basis independence of the series coefficients appearing in the expan-
sion (2.3). However, the explicit form of the edge and vertex factors does in fact depend
on the choice of basis of cross-ratios; this dependence is encoded in the correct pairing be-
tween the single-trace parameters and cross-ratios as discussed above, as well as the precise
relation between Mellin and post-Mellin parameters, which we discuss next. At the end,
as noted in (2.3), one sums over all single-trace and Mellin parameters.

2.1 Mellin and post-Mellin parameters

Recall that Mellin variables [71, 72] are complex-valued variables v;; (1 <4,j < n) which
are symmetric, v;; = 7;j; with v;; := —A,, satisfying the following n constraints:

=0 (i=1,...,n). (2.11)
j=1

This leads to n(n—3)/2 independent components. These variables play a central role in the
context of Mellin amplitudes of n-point bulk diagrams [68-70, 73], which will be reviewed in
section 4 in the proof of the proposed Feynman rules for conformal blocks. The constraints
above can be solved in terms of auxiliary momentum variables p; (for i = 1,...,n) such
that p; - pj := v;; (thus individual p; are “on-shell,” i.e. p; - p; = —A;), when “momentum
conservation,” Y% ; p; = 0 is imposed. In this auxiliary space, the role of the n(n — 3)/2
independent Mellin variables is played by a choice of n(n — 3)/2 independent Mandelstam
invariants s;, ;, defined via

i
Siy.ip = —(Di, + - +p¢k)2 = Z Aj—2 Z Yrs - (2.12)
Jj=t1 11 <r<s<ig

In section 4, for working out the Feynman rules, we will be interested in the following
object which we call the “Mellin product,”

1
11 2.13)
R (
1<icjen @5)7
where z; (for ¢ = 1,...,n) are boundary coordinates at which operators of conformal

dimension A; are inserted. The reason why such an object appears will be clear in section 4
where we obtain the conformal block Feynman rules starting from the Mellin representation
of certain bulk Witten diagrams. This product can be recast in terms of conformal cross-
ratios built out of x; coordinates, as we now describe.



For any given choice of independent cross-ratios and a given channel, there is a canon-
ical choice of n(n — 3)/2 independent Mellin variables,

{’Yij : (Z]) € Z/{channel} U {PYij : (ZJ) € Vchannel} 5 (214)

which makes the Mellin product expressed in terms of cross-ratios physically intuitive.
The sets Uchannel and Vehannel, of cardinalities n — 3 and (";2) respectively, will be defined
shortly. More precisely, given a particular channel and any choice of conformal cross-
ratios {u;, vy} consistent with the discussion around (2.1)—(2.2), there exists a choice of
independent Mellin variables 7;; (2.14) such that the Mellin product can be re-expressed

in terms of a product over powers of the given cross-ratios,*
1 0 = /2
54 —Vrs
1T COT W2 (z;) (H u; ) I v, (2.15)
1<i<j<n \ij i=1 (78)€Vchannel

where W) is the leg-factor for the given choice of cross-ratios in the particular channel.
The set {s;} is the set of (n — 3) independent Mandelstam invariants associated with the
(n — 3) internal legs of the binary graph representation of the block. In enumerating the
Mandelstam invariants, we labeled the internal edges with an index ¢ = 1,...,n — 3 such
that the Mandelstam invariant for the edge i, given by s;, appears in the exponent of the
cross-ratio u;. Accordingly, we can assign the single-trace parameter associated with this
internal edge, appearing in the summand of (2.3), the edge factor (2.4) and the vertex
factors (2.6) to be k;.

In the final product in (2.15), the set of Mellin variables appearing in the exponents
determines precisely the set {7;; : (ij) € Vchannel}- This will be taken to be the definition
of Vehannel- The set Uchannel is then defined to be the set of pairs of indices such that {;; :
(1) € Uchannel} gives the residual n—3 independent Mellin variables. It is worth noting that
dependence in (2.15) on the Mellin variables from this set is encoded in the Mandelstam
invariants s;. We will denote Dcpannel to be the set such that {vi; : (i) € Dechannel } produces
all dependent Mellin variables. Of course, the union of all these sets gives

Z/[chamnel U Vchannel U Dchannel = {(Z]) 1 < 1< ] < n} . (216)

We note that the sets Uchannels Vehannel, a0d Dehannel for a fixed topology are not unique
but depend on the choice of input cross-ratios. Even for a fixed set of input cross-ratios,
the choice of sets Uchannel and Dehannel is not unique.

We define the set of Mellin parameters to be the set

Techannel = {jrs : (TS) € Vchannel}a (217)

of cardinality (”52) Mellin parameters make a direct appearance in the summand of the
Feynman prescription for conformal blocks (2.3), where they appear in the exponents of cer-
tain cross-ratios, as well as in the edge and vertex factors (2.4) and (2.6) via the post-Mellin

4Without loss of generality, we are assuming the given cross-ratios have been enumerated such that the
subscripts match, i.e. u; goes with s; and v,s goes with 7,5 as shown in (2.15).



parameters ¢,. To obtain the full conformal block, one sums all Mellin parameters over all
integral values from 0 to co. We now give the prescription to compute the post-Mellin pa-
rameters £, associated with the conformal dimensions A, in terms of the Mellin parameters.

For an external operator with conformal dimension A; = —~;; inserted at position x;,
we define the associated post-Mellin parameter to be

Giz= > Ges= > s (2.18)

(Ts)evchannel stgjchanngl
r=1% Or §=1 T=% Or $=1

If the set {(rs) € Vehannel : 7 = @ or s = i} is empty, then ¢; = 0. Note that this definition
implies that the sum over all post-Mellin parameters associated to external conformal
dimensions evaluates to twice the sum over all Mellin parameters,

n
D=2 > s (2.19)
i=1 Jchannel

For exchanged operators of conformal dimensions As,, the prescription to compute the
post-Mellin parameters proceeds iteratively as follows:

1. First, at all internal vertices of the binary graph with precisely two external edges
and one internal edge incident, add the post-Mellin parameters associated with the
external dimensions, and then drop all terms which are multiples of two (i.e. terms
which are even for all integral values of the Mellin parameters). Assign this non-
negative sum to be the post-Mellin parameter of the internal (exchanged) operator.

A Ay

Y c Uy, L0y (2.20)

Aﬁ:}

where the symbol 27 means equality holds once one drops all terms which are even

for all integral values of Mellin parameters. For example, if {1 = ji12 + j13 + j16 and
. . . 27 L . . . .

Uy = j12 + j23 + joa, then L5, = (1 + £ implies £5, = j13 + j16 + j23 + Jjoa-

2. If all internal post-Mellin parameters have not already been determined, pick any
internal vertex where the post-Mellin parameters of precisely two of the edges are
already known. The post-Mellin parameter of the third edge is given by the sum of
the other two post-Mellin parameters, after dropping terms which are even multiples
of Mellin parameters, exactly as shown in (2.20). For example, if two of the post-
Mellin parameters are known at a vertex with three incident exchanged operators,
then the third is determined as follows:

A Ag,

Y o s, L 0y, 405, (2.21)



If there are multiple choices of vertices for fixing the unknown post-Mellin parameter
of an internal edge, pick any. The final assignment will be independent of this choice.

3. Repeat step 2 until all internal conformal dimensions have been assigned a post-Mellin
parameter.

Note that this prescription guarantees that all post-Mellin parameters are written as pos-
itive linear combinations of Mellin parameters. Furthermore, at any internal vertex, the
sum of any two of the post-Mellin parameters equals the third post-Mellin parameter up
to terms which are even multiples of Mellin parameters. That is, if ¢,, £, and £, are the
post-Mellin parameters for conformal dimensions incident at a common vertex, then

o+ 0¥+t 0.l 10 (2.22)

In the next section, we illustrate how to apply these rules to determine the n-point
conformal block in the comb channel, the n-point conformal block in the OPE channel,
and the seven-point block in the mixed channel (all depicted in figure 1). In section 4, we
will reproduce these blocks from first principles which serves as a highly non-trivial check
of the Feynman rules.

3 Examples

In this section, we illustrate how to apply the Feynman rules to three classes of examples:
the n-point conformal block in the comb channel and the OPE channel for arbitrary n,”
and the seven-point mized channel block (see figure 1 for their definitions). All known d-
dimensional scalar conformal blocks with scalar exchanges in the literature fall into one of
the classes above. This includes the well-known four-point block, and the recently obtained
five-point block [53], n-point comb channel blocks [58, 60] and the six-point OPE channel
block [61]. However, the seven-point example to be discussed next and the n-point OPE
channel examples for n > 8 are new results.

We invite the reader to test their understanding of section 2 by applying the Feynman
rules in the trivial case of the four-point block and rediscover the well-known series ex-
pansion, or the slightly less non-trivial though straightforward case of the five-point block.
These are special cases of the n-point comb channel block which is discussed in section 3.2.

3.1 Seven-point mixed channel block

In this section we work out the seven-point conformal block in the “mixed channel” shown
in figure 1b. We use the following independent cross-ratios as input data:

o 37%29337 o 95%395§7 o 95421537%7 o x§7x§5

Uy = 5 9 ug = 5 9 us = 2 9 Uyg ‘= 5 9
L1723 Lo5T37 Lo5Ty7 Lo7T56
2 .2 2.9
YA T:n 3

vi3 = 22T e = SO (1< <) (3.1)
T17T23 Li7T56
fE?jx%?x%? ..

Vij = 55 5 ((i5) € {(14),(15),(24), (34), (35)}) -
L7 X7 L5

SWe remind the reader that the OPE channel in this paper is only defined for even n.

~10 -



It is easily checked that they satisfy the conditions discussion around (2.1)—(2.2). Explicitly,
keeping track of which cross-ratios vanish and which tend to unity as we take the following
sequence of OPE limits in the given order, we note

o — L1 UL —)0,’1)13—) 1,’1)15 —1
To = x3:us — 0,v35 — 1
T4 — Ty . U3 —)0,’1)24 — 1,’1)34 — 1,’1)14 — 1,’1)46 —1

.’E6*>CL‘7:U4*>0,7)16*>1,’U26*>1,1)36%1, (32)

so that by the end all u; — 0 and all v,.s — 1.
A convenient choice of dependent Mellin variables which turns the Mellin prod-
uct (2.13) for the seven-point block in mixed channel into the form (2.15) is

{7ij : (iJ) € Drmix} where Drmix = {(17),(25),(27),(37), (47), (56), (57)} . (3.3)

This choice is not unique and can be obtained by trial and error using the given cross-ratios.
A different choice of set D7 mix will result in a different set Uz mix but it will not affect the
set V7 mix which is determined uniquely in terms of the input cross-ratios. In terms of the
independent Mellin variables, these can be expressed as

Y7 = A1 — Y12 — 713 — Y14 — V15 — V16

Y25 = A1234567 — Y12 — Y13 — V14 — V15 — Y23 — V24 — VY34 — V35 — V45 + V67

Yor = Ao67,1345 + Y13 + Y14 + Y15 — Y26 + V34 + V35 + Y45 — V67

Y37 = A3 — Y13 — Y23 — Y34 — V35 — V36

Yar = Ay — Y14 — V24 — Y34 — Va5 — V46

V56 = A6 — Y16 — V26 — V36 — V46 — V67

V57 = As7,12346 + Y12 + V13 + Y14 + Y16 + 723 + V24 + Y26 + V34 + 736 + Va6 - (3.4)

In terms of these, the Mellin product then takes the form

H @ 21)%] = W7mlx x;) (Hu 2/2> ( H U,Ts%"*), (3.5)
=1 (

1<i<j<7 75)EV7 mix

where the leg-factor turns can be expressed as

Ag

2 S 2 = 3 S
wo = Lo7 17 x27
,mix — 2 .2 2 .2
T1oT17 L12%27 95233737 37453547

Ag Ag Ay

22 =2 72 2 22 =

% 47 57 56 (3 6)
x2. 12 x2 .12 x2. 22 ’ '
15%57 5667 57L67

and the set associated to the Mellin parameters over which the (g)-dimensional product

runs in (3.5) is,

Vrmix = {(13), (14), (15), (16), (24), (26), (34), (35), (36), (46) } . (3.7)
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Figure 2. Auzxiliary momenta and Mandelstam variable assignments: graphical representation
of the 7-point conformal block in the mixed channel from figure 1b with auxiliary momenta and
Mandelstam variables shown.

The exponents s; in (3.5) are given by

s1= A1+ A2 — 2712 s2 = A1+ Do+ Az — 2712 — 2713 — 2723 (3.8)

53 =204+ A5 — 2745 s4=Ag+ A7 — 2767, '
which are indeed the Mandelstam invariants attached to the internal edges of the associated
binary graph, as we now describe. In the auxiliary momentum space, one assigns an
incoming momentum to each external edge of the unrooted binary tree representation of
the conformal block, such that the sum over all momenta is zero (see figure 2). Let p;
be the momentum attached to the external edge labelled with conformal dimension A;,
with the on-shell condition p? = —A; and momentum conservation. Then the Mandelstam
invariants associated to each internal leg are

s1=—(p1+p2)* s2=—(p1+p2+p3)° (3.9)
s3=—(pa+ps)? s1=—(ps+pr)°.
Using (2.12), it is easy to see this gives back (3.8).

With the cross-ratios and the set V7 ixed in place, the only computational task remain-
ing is determining the post-Mellin parameters. Recall that the Mellin parameters form the
set (2.17) and the post-Mellin parameters for the external conformal dimensions/edges are
given by (2.18). Explicitly, for the present choice of cross-ratios, this yields

01 = ji13 + j1a + Jis + Jie Uy = jou + jos
U3 = j13 + j34 + J35 + J3e Uy = j1a + joa + J3a + Jae
U5 = jis + Jss le = ji6 + Joo + J36 + Jue lz=0. (3.10)

Now one can solve for the post-Mellin parameters for the internal edges/exchanged dimen-
sions using the algorithm described around (2.20)-(2.21). For illustrative purposes, we
work it out explicitly for each internal leg below.

- 12 —



1. First we consider all vertices with precisely two incident external edges and one
incident internal edge:

A Ay

27 . . ) . . )
\( v s, =0+l = L5, = J13 + J1a + Jis + Jie + Joa + Jos
As,
Ay As

20T . . ) . . )
Y v Ay = Uy U5 = Ly, = Jra + Jis5 + Joa + J3a + J3s + Jae

27 ) ) ) .
\( s As, = lg+ U7 = U5, = Jie + Joe + J36 + Ja6 - (3.11)

2. Finally, to determine /5,, one can choose to look at one of two possible vertices. We
will work it out using both to demonstrate choice-independence. From one choice of
a vertex, we get

As A51
Y : L, 2 U3+Ls, = U5, = jra+J15+J16+J2a+ 26+ jsa+jzs +is6 - (3.12)
As,

On the other hand, the choosing the following vertex yields,

As, A,

Y v Ay = sy Hls, = Lsy = jratjist+iiet+i2atj26+i34+735+736 - (3.13)

As,
As promised, the assignments agree.

Now, using (2.4) and (2.6), we can write down the internal edge and vertex factors for
the conformal block. As described in section 2.1, to each internal edge associated with the
Mandelstam invariant s; (see figure 2 and equation (3.8)), assign the single-trace parameter
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k;. Then, the (7 — 3 = 4) edge factors are

ky (A5, —h+ 1),
: E1 ==
A(Sl (A51)le+j13+j14+j15+j16+j24+j26

]fg (A51 —h+ 1)k2
: E2 =
A62 (A52)2k2+j14+j15+j16+j24+j26+j34+j35+j36

ks (A51 —h—l—l)k3
: E3 ==
A&; (A53)2k3+j14+j15+j24+j34+j35+j46

k4 (A5, —h+ 1),
. By =
A64 (A(54)2/€4+j16+j26+j36+j46

(3.14)

)

and the (7 — 2 = 5) internal vertices of the unrooted binary tree, listed here:

Ar Ay Ay As A A7

(3.15)

give the following vertex factors:

Vi = (A, 51) ky (D251 ks +daa-+ias (A161,2) ks +j13+j1a+d15-+Hre
x FU [Avgs,, — by {—ka}; {As, — B +1}51]
Va = (Au5,65) —ks (A555,4) kst 15475 (D463,5) ks-+i1a+jza+isatias
x F [Aussy, — b {—ks}; {Dg, — b+ 1} 31]
Vs = (A67,64)—ka (A764,6 ) ks (D684,7) k-t r6-+26-+i36+i10
x F [Agzs,, — hi {—ka}; {Ag, — h+ 1} ;1]
Vi= (A351,62)k1—k2+j13(A362 51 ) ka—k1 +jsa-tgas-+ise (D8162,3) k1 +hatjratjrs-+ire-Hisa-tiss
F [Asssy, — by {—k1, —ka}: {5, —h+ 1,85 — h+1};1,1]
Vs = (A5354,52)k3+k4—k2+j46(A5254,63)k2+k4—k3+j16+j26+j36
X (Ab365,80 ) ka-tks—katjratiis+izatisatiss (3.16)
x PO [ Asyoyss, — hs {—ko, —ks, —ka}; {As, — h+ 1, A5, — h +1,Ag, — h+1};1,1,1].

The Lauricella functions appearing above can be simplified further into combinations of
Pochhammer symbols and generalized hypergeometric functions (see appendix A). The
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final expression for the conformal block is given by (2.2)—(2.3) with the cross-ratios, edge
and vertex factors as determined above.

In section 4.1 we will reproduce the seven-point mixed-channel conformal block of this
section using holographic techniques which will involve the Mellin amplitude of a particular
seven-point Witten diagram as the starting point.

3.2 mn-point comb channel block

In this section we will illustrate how to apply the Feynman rules to reproduce the n-point
comb channel conformal block (see figure la) of ref. [58]. The first step involves picking
the cross-ratios; in this section, we choose those from ref. [58],°

l‘%(i+1)x%i+2)n a3 2
U= 5y 1<i<n-3, U,«s:zéni;s 2<r<s<n-1.(3.17)
T1(i+2)T(i+1)n T1sTin

It turns out, the associated canonical choice of n dependent Mellin variables is given by
the set

{7ij : (ij) € Deomb} Where Deomp := {(jn):1<j<n—-1} [ {QAn—-1))}. (3.18)

Explicitly, the dependent variables take the form,”

n—2 n—2
T(n-1) = A12...(n—1),n - Z Yi(n—1) — Z Y15 — Z Yij
Jj=2 Jj=2

2<i<j<n—2
n—2

Yin = A1p23.. . (n—1) T Z Vj(n—1) T Z Vij
=2 2<i<j<n—2

n—1
Vin = — Y Yij (2<i<n-2)
j=1

n—2
Y-ty = Dn—tymiz.m—2) + D15+ D Vij (3.19)
j=2 2<i<j<n—2

which, along with ~;; = ~;;, and v;; = —A; for all 4, j explicitly solves (2.11) as required.
After substituting in (3.19), the Mellin product, expressed in terms of the cross-
ratios (3.17) becomes

1 n—3 N ~
H 7( 5 )’Yij =: W,,g7comb<xi) (H ui1/2> H ,UTS’YTS , (320)
=1

1<i<j<n \7ij 2<r<s<n—1

®In ref. [60] the authors obtained an alternate expression for the conformal block based on a different
choice of cross-ratios than the one used in ref. [58]. Nevertheless these different forms are expected to
be equivalent. As noted previously, one of the places the dependence on the choice of cross-ratios shows
up in the series expansion is in the precise post-Mellin parameters appearing in the Pochhammer symbol.
Moreover, in ref. [53] the author used a different set of cross-ratios for the five-point block. The proposed
Feynman rules applied to this choice of cross-ratios readily reproduces the block obtained there.

"For a different choice of basis of cross-ratios, there will accordingly be a different canonical basis of
independent Mellin variables.
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: n
S1 Sp—3

11,

Figure 3. Auxiliary momenta and Mandelstam variable assignments: graphical representation
of n-point conformal blocks in the comb and channel from figure la with auxiliary momenta and
Mandelstam variables shown.

where the leg-factor Wgcomb is given by

2 2 2 2 n-1 2 3
x 1(n—1) Lin

WO T:) = 2n 7 3.21

n,comb( z) <$%nm%2> <$%nx%n1)n> a1 (x%lngn> ) ( )
and the s; are expressible as,
i+1

si=Y Aj—2 Yy 1<i<n-—3. (3.22)

j=1 1<r<s<i+1

The set in (3.18) is the canonical choice of dependent Mellin variables precisely because it
leads directly to (3.20).

As desired, the s; are the n — 3 Mandelstam invariants associated with the n — 3
internal edges. To see this, pass again to the auxiliary momentum space, and assign an
incoming momentum to each external edge of the unrooted binary tree representation of
the conformal block, such that the sum over all momenta is zero. Let p; be the momentum
attached to the external edge labelled with conformal dimension A;, with the on-shell
condition p? = —A; and momentum conservation, with the identification Yij = Di " Dj-
Then the Mandelstam invariants associated to each internal leg are (see figure 3)

sii=—(p14-+pip1)? 1<i<n-3, (3.23)
which precisely evaluates to (3.22). Additionally, as described in section 2.1, to each internal
edge with Mandelstam invariant s;, we also assign the single-trace parameter k;.

Furthermore, from (3.20) we also identify the index set

Veomb := {(rs) :2<r<s<n-1}, (3.24)

which leads directly to the set of Mellin parameters (2.17). This, in turn, allows us to
determine the post-Mellin parameters in terms of Mellin parameters. First, let’s work out
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the post-Mellin parameters associated to external dimensions/external edges (2.18):®
61=0 ly, =0

k—1 n—1 (326)
=Y Jm+ Y jrs (2<k<n-—1).

r=2 s=k+1
Next, applying (2.20) to the internal vertices at either extremes of the comb channel, we
obtain the post-Mellin parameters ¢5, and /5, ,:

A Ag
n—1
Y : 551257514—52 =>€51=€2=Zj2s
s=3
Ag,
Anfl An
0 n—2
: eén_;; =lp1+ 10y = E(Sn_;; =lp1 = Z jr(n—l) : (327)
r=2
A[sn,73

Finally to determine the remaining post-Mellin parameters, we use (2.21) on vertices
with two internal edges and one external edge attached. For example, one can start with

the vertex:
A51 As
2 n—1 n—1
s Ay, = s, 4+ 03 =05, =Y Jas+ Y Jas, (3.28)
s=4 s=4
Ag,

and then proceed one vertex to the right:

A52 Ay
27 n—1 n—1 n—1
Do ley S lst by = lay =y Gas by sty s, (3.29)
5=5 s=H 5=5
As,
and so on. Proceeding iteratively, we find
i+1 n—1
ls, =Y > jrs (1<i<n-3), (3.30)
r=2s=i+2

where the results from (3.27) have been included in the formula above.

8For example, for n > 8
n—1 n—1 3 n—1
by = Zj2s U3 = ja3 + Zj:as by = ij + Zjéls
S43 n—1 5 ) 477,71 r62 Zj
45:er5+2j5s £6:er6+2j6s 5722]}74—2]'73-
r=2 s=6 r=2 s=T7 r=2 s=8

(3.25)
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This is the full extent of computations needed to write down the n-point comb channel
conformal block. The final step involves substituting the single-trace and post-Mellin
parameters into the edge (2.4) and vertex (2.6) factors, which immediately yields the
explicit conformal block via (2.3).

For the sake of completeness, we provide the explicit edge and vertex factors below.
The (n — 3) edge factors are:

i : E,:(A )(A‘s'h“)' (1<i<n-—3). (3.31)
2k; +Zl+l s—itp2drs

Similarly, for the vertex factors we simply substitute all the ingredients from above

into (2.6). To facilitate comparison with the result from ref. [58] (as well as the new
derivation in section 4.2) we will simplify the linear combination of post-Mellin parameters
appearing in the vertex factors. Rewriting,

i+1 n—1 1+1 i+1 n—1 1+1
55 = Z Z ]rs +er (i+2) £5L+1 Z Z ]Ts + Z 'L+2)s 'L+2 = er i+2) + Z z+2
r=2s=i+3 r=2s=i+3 s=i+3 s=i+3

for 0 < i < n — 3 where we used the identifications As, := Ay and As, , := A, simple
arithmetic leads to

1 i—+1 1 i+1 n—1 1 n—1
2 Z+2 51,51_‘_1 Z]T(Z+2 2£§ 514’_1, Z+2 Z Z jT‘S §€(Z+2)5l+1,61 = Z j(2+2)5

r=2s=i+3 s=i+3
(3.32)

for 0 <i <n — 3. Then the n — 2 internal vertices,
A Ag As, As, An1 A,
Vi Vigr: oy Vi , (3.33)
kl kn,—B
Aél Az+2 A(;nfii

for 1 <i < n — 4, are associated with the vertex factors

Vi = (D125 -k (B511.2)0 (B512,1) 5o

5= 3.728
FO A5, — hs {—k1}: {Ds, — b+ 1} ;1]

Vigr = (A5i6i+17i+2) (i41), +ZZ+1 (A(i+2)6i,51¢+1 )kzz+1+21+:12 Jrgis2)

"ol s
X (A(i+2)5i+175i)ki+1,¢+Z::;3 Ji+2)s
Fy [Aé siaGir2), = hid=kis =k b {As —h +1, Mgy —h 41351, 1}
Vo2 = (A(n—l)n,én_3)*/€n_3(Aén_g(n—l),n)kn_g_i_z::;;jr<n71>(Aén_gn,nfl)kn—s
FO [A(nfl)m_& — hy{—kn_s}; {As, , —h+1}; 1} . (3.34)

One can re-express the Lauricella functions of one and two variables above in terms
of Pochhammer symbols and the generalized hypergeometric function 3F5, respectively
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(see (A.2)—(A.3)). Upon doing so, the final conformal block given by substituting the edge
and vertex factors above into (2.2)—(2.3) finds precise agreement with the result of ref. [58].

Furthermore, one can check this reproduces the well-known four-point block upon
setting n = 4. Finally, ref. [53] worked out the n = 5 block for a different set of cross-
ratios. Starting with those cross-ratios as the input data, we checked that the Feynman
rules reproduced precisely the block of ref. [53]. Generally, blocks from different choices
of cross-ratios, though perhaps not manifestly identical, are still equivalent in the shared
domain of convergence. In particular it can be checked that the five-point blocks of ref. [58],
ref. [60] and ref. [53] are equivalent, even though they seem slightly different.

3.3 mn-point OPE channel block

In the OPE channel (see figure 1c), we choose to represent the n-point conformal block
(for even n > 6) in terms of the following cross-ratios:”

2 2
Uy = ‘T%?r?ln L ‘T(nfl)nx2(n72)
1'=—%5 5 Up—3: =5 2
T1nT24 Tn—-2)(n-1)"2n
1'22' 1)(25 255% n 5‘732'5’722' 2 n
n . .
Ugxj = éﬁ X ]—; ) <1§]§2—2> U2><j71::—2( 9) (Qﬁ n <2§]§2—2>
T(2j+1)n"2(2j+2) T(2j)n"2(2j+2)
Zi(n-1)%(n—2)
r(n— n—z)n .
in"(n—2)(n—1)
2.2 .2
o
v = L <2§t§n—1,with 1§i§2t—2,2t—1§j§2t>.
2 22 2
xlnwjan(Zt)

A convenient choice of dependent Mellin variables associated with the choice of cross-

ratios above is given by the following index set

Dopg = {(in) |1 <i<n -2} J{(n—2)(n—1)),(2(n—2))}. (3.36)

Note that for certain choices of (i5), the cross-ratio v;; in (3.35) identically evaluates to unity, in which
case it is not to be included as an independent cross-ratio. The counting leading to n(n — 3)/2 independent
cross-ratios accounts for such occurrences.
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Figure 4. Auziliary momenta and Mandelstam variable assignments: graphical representation of n-
point conformal blocks in the OPE channel from figure 1c¢ with auxiliary momenta and Mandelstam
variables shown.

The dependent Mellin variables take the form

Yin=—_ v (i=1,3,4,56,....,n—4,n—3)

n—2
Yon = Do(n—1)n,134...(n—2) — Vn-1)n — V2(n—1) + Z Y15 + Z Yij
j=3 3<i<j<(n—2)
n—3
Vin-2)n = Dn-2yn123..(n=3)(n-1) T D Vitn-1) + D Vij
j=1 1<i<j<n—3
Yn-2)(n-1) = — Z Yj(n—1)
=1
jEn—2
-3
Ya(n—2) = D12, . (n=2),(n=1)n T Vn—1)n Z Y1 — Z Y2j — Z Yij - (3.37)
j=3 3<i<j<n—2

Just like for the comb channel, it is useful to consider the auxiliary momentum space in
the OPE channel. We use the convention for momentum and Mandelstam invariant as-
signments as depicted in figure 4. In this convention, the Mandelstam invariants associated
with the internal legs take the following explicit form in terms of the independent Mellin
variables:

s1:= —(p1+p2)® = A1 + Ay — 271 (3.38)
Sn—3 = _(pn—l +pn)2 =Ap 1 +A, - 27(71—1)77,
_ 2)

n
2
2j "
s9j—1 = —(p1 +P2+p3+-..+p2j)2:ZAk—2 Z Vrs (2§j§ 2—2> .
= 1<r<s<2j

IN
IN

s2j 1= —(P2j1 + P2j2)” = Doji1 + Agjro — 292541y (2j42) (1 J

With this in hand, it is straightforward to re-express the Mellin product (2.13) in terms of
conformal cross-ratios (3.35):

1
(

1<i<j<n ) T‘S)GVQPE
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where the leg-factor WSDPE is defined to be

Ap_1 An
2

2 2 2
T (n—2)n T(n—2)(n—1
WS,OPE(%) = ( =2 ) <( )(2 ) )

2 2 2
L(n—2)(n—1)%(n—1)n L(n—2)nT(n—1)n
Ag; Dgi—1

271 72, 2 22, 2
(2i—1)n (24)n
X _eihn . (3.40)
z‘:l_[1 (5”%21‘1)(2@5”221)71) (x%2i1)(2i)x%2il)n>

and the (rs) index in the final product in (3.39) runs over the index set

VorE = {(ab) ‘ 1<a<b<n-1}\SopE, (3.41)

where we have defined!?

Sorsi={ (i + D@ +2) [0 < 5 -2} U {een 225 ) -1

U {((n=2)(n - 1))} (3.42)

It can be easily checked that the subscripts (rs) take |Vopg| = (n52) pairs of values. The
index set Vopg in turn allows us to compute the post-Mellin parameters for the external
conformal dimensions via (2.18) (it may be helpful here to consult figure 7 from section 4.3
for a visual representation of the set Vopg):

n—1 %_1
b= jis by =Y joit1) b, =0
s=3 =1
n—3 n—4 n—4
b1 = drin—1)  tn2=Jim-2) T > drin-2)  In=3 = Jn-3)(n-1) + D Jr(n-3)
r=1 r=3 r=1
n—1 2i n
lit2 = j12iv2) + D J@it2)s T O Jr@it2) (1 Sis g - 3)
s=214+3 r=3
n—1 21 n
boiv1 =Y Jeitnys + D drit1) (1 Sis g - 3) : (3.43)
s=214+3 r=1

Now we can use (2.20) and (2.21) to determine the post-Mellin parameters for internal
conformal dimensions iteratively. First, focusing on vertices with two incident external
legs, we can determine the post-Mellin parameters from previously determined data, as

OExplicitly, Sope = {(12), (34),..., ((n — 3)(n — 2)), (24),(26), ..., (2(n — 2)), ((n — 2)(n — 1)) }.
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shown:

A1 Ay
07 n—1 %*1
s, Z U +l=) " jis+ Y joit1)
s=3 i=1
Ag,
Anfl An
0 n—3
: E(Sn,g =lp1+Lly= Z jr(n—l)
r=1
A(;nfS
A77,—3 An—2
207 n—4 n—4
sy = 3+l 2=Jin-3)n-1) T Y Jr(n-3) Fd1n-2)+ D _ Jr(n—2)
r=1 r=3
A(§7174
Agi 11942
07 n—1 21 n—1
sy, = loip1+loiva =Y Jeirt)s+ D dritn) Fiiis T Y J@it2)s
s=2i+3 r=1 s§=2143
A521
21
+Y dr@it2) (3.44)
r=3

for 1 <i < % — 3. In fact, in all 27 equalities in (3.44), we can freely drop the 27 as the
post-Mellin parameters on the r.h.s. do not share common Mellin parameters.

The post-Mellin parameters for the remaining internal conformal dimensions satisfy
2J
e52i+1 = Ly, 1 + sy, (3.45)

for 1 <4 < § — 3, thus they need to be determined iteratively. Working out a few explicit
cases such as ls,, {5, and {5, allows us to conjecture, and subsequently prove by induction
in appendix B.1, the general form

n—1 2i+2 n—1 51
652141 - Z Jis + Z Z Jrs T Z j2(2z+1)a (346)
§=2i+3 r=3 s=2i+3 z=i+1

for1<i< g —3.
We now have all the ingredients to write down the full conformal block in the OPE
channel. The (n — 3) edge factors are given by (2.4) with the post-Mellin parameters as
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determined above. The (n —2) internal vertices of the binary graph, enumerated as follows

Ar A Agq—1 Agq A(;bel Aég;) Ap_q A,
kop— k
Vl(l) : ‘ Va(l) : Vb(g) 2b—1 2b rf}% : 7
k1 k2a—2 Fap+1 kn—3
A61 A(SQ(J,*Q A52b+1 A(S'nffi
(3.47)

for2 < a <n/2—1and1<b<n/2—2, correspond to the vertex factors (2.6). Explicitly!®

1
WY = @) -nBsnly, s, Boz), s,
= i=1 7

x FAvgs, — hi{—k1}: {As, — h+1};1]

1) ._
Vil = (A 1)@0),0a0-2) ka2 (Ao 1220y, o5 o 4357

X (A(2(l)62a7272a—1)kQa*2+j1(2a)+Z::_2la+l j<2a>s+2ii§2jr<2a)
1
X Fzg ) |:A(2a71)(2(1)(‘)‘2(1_27 - h, {—k2a_2}7 {A62a72 _ h + 1} : 1i|

V(3) (Asyy160p.00541) 22 2 2
26=1026:9204 1 k1) (20, (2641) F D ggp 1 T D lg Tr(2b ) F D, Ly Tr(2b+2)

X (A3 1820-1,02) 31
+102b—1,02b n—1 . .
k(2b+1)(26-1),(20)F D o—ap 43 915+Z D Dy abrsdrs D2y 2241)

k 2b+2 n—1
(2641)(26),(2b—1) T2 oyt 2 s—opysIrs

x F1513) [A52b—152b525+1, — h; {_ka—h —kap, —k2b+1};
{Aé%*l —h+1As, —h+1,As, , —h+ 1} 1,1, 1}

X (A52b+152b752b— 1 )

Vi = (Aamtyndus) ko s(Bb,s(n-1)0) . (A5, _an,n—1)kn_s

-1 .]'r(n 1)
1
% F [ Ay, o, — b {—knos}: {As,_, — B+ 1}:1]. (3.48)
where to work out the linear combination of post-Mellin parameters in Va(l) we used

1 1 1
56(2a71)(2a),62a_2 =0 56(2(171)5%_2,20, = loq—1 55(211)62,1_2,2(171 = {24, (3.49)

for2<a<mn/2-1, and in Vb(S) we used

1 2b+-2

§£52b—152b762b+1 = Z J1s + Z]T(Qb'i'l) + Z]T(2b+2)
s=2b+1

1 7—1

§£62b+162b_1,62b = Z jls + Z Z ]rs + Z .]2 2Z—|—1
s=2b+3 r=3 s=2b+3 z=b+1

1 2b+2 n—1

§£52b+152b162b—1: Z Z Jrs s (3.50)

r=2b+1 s=2b+3

1To write the vertex factors compactly, we made the additional stipulation that an ill-defined post-Mellin
parameter, j(,_2)(n—1), Which appears in the subscript of one of the Pochhammer symbols of V;/% Lasa
consequence of our compact rewriting, should be set to zero.

~ 93 -



for 1 <b < n/2—2, which can both be verified easily. Substituting all the edge and vertex
factors above into (2.2)—(2.3) gives the n-point OPE channel block.

In ref. [61], a power-series expansion was worked out for the special case of the n = 6
block.'? Notably, the same generalized hypergeometric function makes an appearance in
both their paper and the result above. For n = 6, it can be seen from (3.48) that in all
exactly one factor of the Lauricella function Ff(‘g) appears in the vertex factors, which is
directly related to the Kampé de Fériet function via (A.4). Precisely the same Kampé de
Fériet function appeared in the result of ref. [61]. The choice of cross-ratios in that paper
differs from the general choice made above in (3.35), so to make a precise comparison, we
can start with the cross-ratios of ref. [61] and apply to them the Feynman rules of section 2.
We confirmed that doing so exactly reproduces the conformal block of ref. [61].

This section generalizes this result to any even n > 6.'3 At higher n, precisely (n/2—2)
factors of the Lauricella function of three variables Ff’) (equivalently (n/2 — 2) factors of

the Kampé de Fériet function) will appear in the power series expansion. '

4 From Mellin amplitudes to conformal blocks

In this section we will prove the Feynman prescription for conformal blocks for the examples
considered in the previous section. As outlined in section 1, our starting point will be certain
canonical tree-level Witten diagrams in an effective ¢3 scalar field theory in AdS. We will
write down their Mellin amplitudes using the Feynman rules for Mellin amplitude [68-70],
from which we will be able to extract the desired conformal blocks via single-trace projec-
tions. A canonical Witten diagram is a tree-level Witten diagram of the same topology as
the conformal block we are interested in computing, with generic scalar dimensions running
along each edge. Since we will only be interested in the contribution coming from single-
trace exchanges, and not the full amplitude, we would like to project onto the single-trace
part of this Witten diagram. This is convenient to do in large IV theories, since the poles
of the meromorphic Mellin amplitude correspond precisely to the exchange of single-trace
primaries. Evaluating the residue at these poles furnishes the required projection.

Concretely, the Mellin amplitude M,,(;;) for an n-point Witten diagram, whose po-
sition space ampitude is denoted A,, is defined via a multi-dimensional inverse Mellin
transform,

dvys NG
(rs)eu|Jv GHeuyvyo ¥

where A, is an AdS integral over products of bulk-to-bulk and bulk-to-boundary propaga-

2The authors of ref. [61] referred to it as the “snowflake channel,” which is the same as the “OPE
channel” above.

13Recall that the “OPE channel” in this paper is well-defined only for even number of external operators.

"“The remaining vertex factors in (3.48) contribute one factor of the Lauricella function Ff;l) each, but
this function can be trivially expressed in terms of Gamma functions or Pochhammer symbols; see (A.2).
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tors which are normalized as follows: in Poincaré coordinates z = (zp, 2') € RT x R%,

A
éﬂma=<““”)zﬂﬂﬁA+%Aj+nama2

2 27 2
£(w, 2) 2%
w,z) = - -
’ w + 28 + (wt — 21)?
A . ZA
Ka(a',2) = — 0 . (4.2)

@+ —a)n

The contours of integration on the r.h.s. of (4.1) run parallel to the imaginary axis for
Re s > 0 such that they separate out the semi-infinite sequence of poles running to the left
or to the right. The overall normalization constant N will be fixed shortly. The set U [V is
the index set of n(n—3)/2 independent Mellin variables ;; and the set D is the index set of
the n dependent Mellin variables. We have chosen to decompose the independent variable
index set into a union of two disjoint subsets U and V. The precise prescription for this
choice of sets was explained in section 2.1 and illustrated in section 3. Briefly, this choice will
be dictated by the choice of cross-ratios and the channel (i.e. binary tree topology) for the
precise conformal block we wish to extract from A,,. To stress this dependence, we will call
the sets Uchan, Vehan and Denan. The choice of cross-ratios and the index sets served as the in-
put in section 3 for writing down the conformal block using the proposed Feynman rules. In
this section, this choice will serve as the input for deriving the block from Mellin amplitudes.

The union of all three sets Uehan, Vehan and Depan gives the full range of indices (2.16)
associated with the product over Gamma functions and powers of pairwise distances
in (4.1). This product over powers of pairwise distances was called the “Mellin product”;
see (2.13). For a canonical choice of index sets, the Mellin product admits a convenient
rewriting, to be substituted in (4.1), in terms of the chosen cross-ratios as shown in (2.15)
and repeated below:

1 ns si/2 _
(I‘Q )’Yz‘j - W??,chan(xi) <1:[1 U, / > H vrs’yrs ) (43)

i (T‘S) €Vehan

II

(ZJ) EZ/{chan U Vchan U Dchan

where s; are the Mandelstam invariants associated with the internal legs (and expressible
in terms of Mellin variables drawn from the index sets Uchan and Vepan), while W,?’Chan(mi)
is the leg-factor which depends solely on external conformal dimensions and position
coordinates. We note that we have indexed the Mandelstam invariants and the cross-ratios
in a manner that allows us to write (4.3) as displayed.

To evaluate the single-trace contribution to A,,, one needs the Mellin amplitude M (~;;)
for the Witten diagram. For tree-level scalar Witten diagrams, the Mellin amplitude is
readily available via the “Feynman rules for Mellin amplitudes” [68-70]. According to
these rules, in the normalization conventions we are following, the Mellin amplitude of a
scalar n-point tree-level Witten diagram in a ¢3 theory is constructed as follows:

e Label the internal lines of the Witten diagram with an index ¢ running from 1 to
n — 3, and to it associate an integer parameter k; (which will double as single-trace
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parameters) and a factor of

pMeliin . 1 (Bs = h+ D,
’ kil Lsiz_si + k;

(1<i<n-3), (4.4)

where s; is the Mandelstam invariant associated to that leg, and As, is the conformal
dimension of the dual operator running along the line.

e Label each internal vertex of the diagram with an index j running from 1 to n — 2
and assign a factor of

ST (B, ) (45)

X F [Aave, = hi {—kas—kp, —ke i {0 = h+ 1,80 —h+1,Ac=h+1}:1,1,1],

ijMelhn —

where A,, Ay and A, are the conformal dimensions incident at the vertex, and kg, kp
and k. are the respective integer parameters (or single-trace parameters) associated
with the internal exchanged dimensions. Set the integer parameter to zero if the
conformal dimension associated to it is an external dimension.

Then for the choice of normalization constant,

- n—3 1 n 1
N = g(n=2)h <ZH F(Agi)> (zHl F(AQ) 7 (4.6)

=1

where A; are the external conformal dimensions and Ags, are the internal exchanged di-
mensions, the Mellin amplitude is given by

n—3 oo n—3 n—2
Mn(%j) — (H Z) (H E}\/Iellin) <H V;Mellin) ) (4'7)
i=1k;=0/ \i=1 i=1

With the Mellin amplitude in hand, we can proceed to evaluate the single-trace pro-
jection of the position space amplitude A,, , by performing the contour integrals in (4.1).
The single-trace contribution comes from the poles of the Mellin amplitude. From the
point of view of the Feynman prescription for Mellin amplitudes, these arise from simple
poles occurring in the denominator of the Mellin amplitude edge factors (4.4). In terms of
Mandelstam invariants, these poles occur at

which correspond to putting the internal legs on-shell in the auxiliary momentum space.
These poles should be viewed as lying in the complex ~,s planes for (rs) € Uepan, and our
task is to evaluate the residue at these poles.

Before we do so, we point out that precisely the same Lauricella functions as those
in (4.5) appeared in (2.6) in the Feynman rules for conformal blocks. This is expected for
the simple reason that the vertex factors (4.5) are independent of Mellin variables ;;, so
they remain unaffected through the following computation of Mellin integrals.
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Turning to evaluating the residue at the “single-trace poles” (4.8) in the “Uchan-plane,”
we obtain the following single-trace projection of the AdS diagram, denoted AS*

As,
n—3 5 Tk

00 n—2
U, i
A= NW an (24) Do) I~ Qs = h+ 1), (H ViMeum> (4.9)

i=1

X H / Drrs H I'(7ij) H F(Vij)‘

[ o

(Y
27i N s.t. L
TS evchan ZJ Evchan (Z])Euchan UDChan (rs)evchan

where F(%J)’ stands for Gamma functions with arguments from the index sets Uchan
t.

and Depan evaluated at the poles (4.8).1° Equation (4.9) is proportional to the desired
conformal block. More precisely,

As.
174 n—3 oo n—3 - t+k; n—2 .
Wn,chan(xi) M& H Z H %(Aél—hﬁ- 1) <H ‘/iMelhn> (410)
(H fz) i=1k;=0) \ i=1 kil i=1
drs _
X H / 2’:‘_2 H F 'Yz] H F(’YU) ’ ot H Urs'yTS
(5)€Vchan (i§)€Vehan (i)€Uechan | Denan " J\(r$)€Venan

furnishes a mixed series-integral representation of the desired conformal block, where f; =
CAai Ay, A, AT€ the known (n—2) MFT OPE coefficients, one for each internal vertex of the
binary 1unrooted tree representing the AdS diagram with scalars of conformal dimensions
Ag,;, Ap, and A, on the incident edges.

To obtain an integral-free representation of the block, one must evaluate the residual

-2
"2)
new summations. Evaluating these integrals in general for an arbitrary n-point conformal

(", ?)-dimensional contour integrals in the second line of (4.10). This will introduce (

block in an arbitrary channel is not clear to us. Instead, in the remainder of this section,
we will focus on evaluating these integrals explicitly for the three classes of examples from
section 3. We will reproduce the blocks as prescribed by the Feynman rules of section 2,
which serves as a highly non-trivial check of the proposed Feynman rules.

Before specializing to specific examples, we can do further general manipulations. First,
isolating the integral in the second line of (4.10),

dry _
=\ 11 / 57 II TG II F(’Yij)’s . I v,
(TS 6Vchan TS)EVchan (ij)euchan UDchan o (TS)EVchan

(4.11)

5We note that the dependent Mellin variables 7;; with (ij) € Dchan in the Gamma functions are assumed
to have already been expressed in terms of the independent Mellin variables from the sets Uchan and Vehan-
Still, for brevity, we prefer to use the notation in the second line of (4.9). We also emphasize the obvious
fact that the Gamma functions with arguments from the index set Venan remain unaffected after taking the
single-trace residues.
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we rewrite each factor of v, )¢ above by introducing an additional contour integral, as

follows.16

,U*’Yrs — 1 d;?’l”s

_A ~ _ :;rs
rs ]-—\(,}/TS) 27_(_1 P( ’Y”"S)P(,’YTS —"_ ’YT'S)(UTS 1) b (4‘13)

where the 7, contour runs vertically such that it separates the semi-infinite sequence of
poles running to the left and to right of origin. Then we get

v d _ - ~
I= H / Trs [ Clrs L(=Frs)L (Frs +yrs) (vps — 1) 77 H F(%‘j)‘ )

271 211 B s.t.

(r8)E€Vehan (ij)€Dore | JUorE
(4.14)

where we switched the order of integrals. The rewriting in (4.13) makes it easier to obtain
a convergent series expansion of the conformal block in powers of (1 — v,,) as desired
(see (2.2)(2.3)). The overall strategy now will be to repeatedly use the first Barnes
lemma [74],

+ico g I'(a1 +01)I'(a1 +b2)'(a2 +b1)'(a2+b
/ % a1+ ) (az+ )T (b —5)D (b — 5) = 2 1)F((a11+52)+(bf+b;)) (240),

ico 271
(4.15)
to evaluate all ;4 integrals, which it turns out will leave us with trivial-to-evaluate 7,5
contour integrals.

4.1 Seven-point mixed channel

To obtain the 7-point “mixed-channel” conformal block (topology shown in figure 1b), we
start with the following “canonical” tree-level AdS diagram:

Ag A4

Ao
A7 iy = L A (4.16)
7

AN
As, As, Asg,

Here we have labeled the external scalar operators with their conformal dimensions but
suppressed the insertion coordinates (e.g. A; should be understood as a scalar operator
of conformal dimension A; inserted at boundary coordinate x1). By design, the operator
insertions and exchanged operator labels in the canonical Witten diagram above match with

16Use the Mellin-Barnes representation,

@ +y a) 2m T(s+a)z’y *"° (4.12)

with £ = v,s — 1,y = 1 and a = v,s. The contour of integration is chosen such that it separates the poles
of I'(s + a) from those of I'(—s); see e.g. the discussion around [53, eq. (B.11)].
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D 67

Figure 5. Color-coded matrix displaying the choice of Mellin variable index subsets Uz mix, V7 mix
and D7 mix.

the corresponding binary graph of the 7-point conformal block shown in figure 1b. Finally,
the green disks represent cubic interaction vertices to be integrated over all of AdSg1.
As previously noted, to express the conformal block, one must start by making a
choice of independent conformal cross-ratios. To reproduce the block obtained via the
Feynman rules of section 2, we will utilize the same choice of cross-ratios as in section 3.1,
which comes with associated index sets for the dependent and (a subset of) independent
Mellin variables, D7 mix and V7 mix respectively (see (3.3) and (3.7)). Using (2.16) we can
determine the remaining independent Mellin variables, associated with the index set Uz mix,

u?,mix = {(12)7 (23)7 (45)7 (67)} . (417)

With the help of a color-coded upper-triangular matrix, we can present these sets visually
as shown in figure 5. With these choices in place, the Mellin product admits a rewriting in
terms of the cross-ratios as shown in (3.5), which we substitute into (4.1).

The other ingredient which goes into (4.1) is the Mellin amplitude Mq(v;;) for the
seven-point AdS diagram above. According to the Feynman rules for Mellin amplitudes,
the Mellin amplitude in this case is given by (4.7) for n = 7 with the edge factors given
in (4.4) and the vertex factors taking the explicit form:

VMR = DA, — ) F (Bros,, — s (i} (A, — Aot 1):1]
yMellin — %NA%& — ) D [Dasy5y, — hi {—kr, —ko}i{Ag —h+1,A5,—h+1};1,1]
pMellin _ %P(A525354, —h)

X F [ Agyss, = hi{—kas—ks, —ka}i{Ds, —h+ 1,85 — ht 1,85, —h+1}31,1,1]

1
VM = ST (Dsgy, — ) FAY A, —hi{—ks}i{As, —h+1}:1]

2
Mellin __ 1 A _h (1) A Ch k- As B .
‘/5 = 2F( 6704, )FA [ 6764, a{ 4}a{ 04 +1}71] . (418)

The single-trace projection of the Witten diagram (4.16), described in general terms
in the discussion preceding this example, then leads to (4.9) which is proportional to the
desired conformal block. This projection involves evaluating the residue at the “single-trace
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poles,” occuring at

Y12 = Q125 — k1 723 =ADs5,5, T k12— 73 Va5 = Duss, — k3 ver = Ders, — ka
(4.19)

The block itself is given by (4.10) by projecting out the theory dependent OPE coefficients:

J1=Cainons,  f2=Cngngns, [3=Cngns,n,, J2=Crnsns, f5=Cnsarng,-

(4.20)
The MFT OPE coeflicients above take the well known form,
" L'(Agh,e) ' (Ape,a) ' (Acap)
S N _ ab,c C,a ca, 4.91
CAaAbAC 2 ( abC, h‘) F(AG)F(AI))F(AC) ( )

The precise form of these OPE coefficients will be utilized at the end of the computation.
The non-trivial computation which needs to be done is the contour integral on the
second line of (4.10), or equivalently the integral (4.14). The arguments of Gamma func-

tions in the product ([1j)ep; mittr i F(’yij)‘ are expressed entirely in terms of Mellin
,mixU7 mix s.t.

variables from the index set V7 mix. Four of them were shown in (4.19) which correspond to
the index set U7 mix; the other seven, corresponding to the index set D7 ik take the form

Y17 = Aus 2+ k1 — 713 — Y14 — Y15 — 16
25 = DNsy65,61 T k234 — Y14 — Y15 — Y24 — V34 — V35
Yor = Aos, 1355 + ka3 + 713 + Y1a + 15 — Y26 + V34 + V35
Y37 = Ass,.5, + k2,1 — Y34 — V35 — V36
Va1 = Aysy5 + k3 — Y14 — Vo4 — V34 — V46
V56 = Dgsy,7 + k4 — Y16 — V26 — V36 — V46
V57 = As7.466, — k2 + Y14 + Y16 + Y24 + Y26 + V34 + V36 + Va6 - (4.22)

These were obtained by substituting (4.19) into (3.4).
Explicitly, I in (4.14) then takes the form

d~rs d rs ~ "
" ( / . / : )T (Grs + yrs) (Vs — 1)%3) I' (A5, — k1)
EV'T mix

21 27rz

[ (Ass,,6, + k12 —713) ' (Aus 55 — k3) I (D75, — ka)
I' (As, 2 + k1 — 713 — 714 — Y15 — 7V16)
I' (Asy55,60 + k23,4 — Y14 — Y15 — Y24 — Y34 — 735)
[ (Ags,,1855 + ka3 + 713 + Y14 + 715 — Y26 + 734 + ¥35)
I' (Assy5, + k2,1 — 734 — 735 — 736)
I' (Assy 5 + k3 — 14 — 24 — 734 — Va6)
I' (A6sy 7+ ka — vi6 — Y26 — Y36 — YV46)
' (As7,465, — k2 + Y14 + Y16 + Y24 + Y26 + 734 + 36 + V46) - (4.23)
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We first evaluate the 10-dimensional contour integral over the 7, variables for (rs) € V7 mix.
We perform the contour integrations one at a time, in the following order:

Y16, V365 V265 V46, V35, V15, V24, V34, V13, V14-

With this choice of ordering, we are able to make direct use of the first Barnes lemma (4.15)
at every step.!” To keep the manuscript to a reasonable length, we refrain from including
the lengthy but straightforward computational details, and merely present the final result
of this 10-fold contour integral:

d%“s ~ ~,
I = rs rs — 1)7rs
( IO CE T )

(rs)EV7 mix

X (F(Am,al — k1)L (24 + Y26 + Aas, 1 + k)T (313 + 14 + 715 + Y16 + D15, 2 + kl))
X (F(’?M + Y15 + V16 + Vou4 + Vo6 + As160,3 + ki2,) T (V13 + Ass, 50 + F1,2)
X T'(934 + Y35 + Y36 + Assys, + k2,1))
X (F('NYM + Y15 + You + V34 + V35 + Asyo5.6, + k23.4)T (Fas + ADsys,.6, + K34.2)
x I'(Y16 + Y26 + 736 + D6y50,65 + 74?24,3))
X (F(A45,53 — k3)L' (Y14 + Y24 + V34 + Yas + Dusy 5 + k3)I' (Y15 + 735 + Assya + k3))

X (F(A67,54 — ka)T'(Avs, 6 + ka)T (V16 + Y26 + V36 + Va6 + Desy,7 + k‘4))
1
I'(Y13 + Y14 + Y15 + Y16 + Yoa + Y26 + A5, + 2k1)
1
I'(Y14 + Y15 + Y16 + Yoa + Vo6 + V34 + V35 + Y36 + As, + 2k2)
1

I'(Y14 + Y15 + Y24 + V34 + V35 + Ya6 + Asy + 2k3)

1
X —— — — — . 4.24
I'(Y16 + Y26 + V36 + Va6 + A5, + 2k4) (424)

X

X

X

Next, we evaluate the remaining integrals via the Cauchy residue theorem. We close all 7,4
contours to the right to be able to drop the contribution from the arc at infinity, picking the
lone semi-infinite sequence of poles starting at the origin, at 3,.s = jys for jrs € Z=0 for each
(75) € V7 mix-'® These poles come from the poles of I'(—7,5) in the first line of (4.24), and

17Notably7 after the v15 integral, we need to do a linear change of variables vy14 — Y14 — Y24 — 734.
18We recall that the contour for the 7, integrals was chosen such that it separates the semi-infinite series
of poles running to the left from those running to the right; see (4.12).
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the residues, which are elementary to compute, introduce ("52) additional infinite sums:

(R

78)EV7 mix Jrs=0 Jr
X (F(A12,61 — k)T (j2a + Jos + Dos, 1 + k1)L (Jiz + J1a + Jis + jis + Dis, 2 + k1))
X (F(j14 + J15 + Jie + Joa + Jos + Dsyss,3 + ki2,)T(J13 + Ass, 6, + K1,2)
X I'(jaa + Jas + Jae + Aszsys, + k2,1))
X (F(jm + J15 + Joa + Jaa + J3s + Dsyss.60 T k23,4) (Jas + Asys4.6, + k34,2)
X T'(j16 + Joo + 36 + Dsosas + k24,3))
X (F(A45,53 — k3)T'(J1a + Joa + 34 + Yae + Dasy 5 + k3)T'(F15 + Y35 + Assya + k3))

X (F(A67,64 — ka)T'(Avs, 6 + ka)T(J16 + Joe + Je + Jac + Desy,7 + k4)>
1
I'(j13 + jia + jis + jie + joa + jos + As, + 2k1)
1
L'(j1a + 15 + Ji6 + J2a + Joo + J3a + Jas + jze + As, + 2k2)
1
L'(j1a + J15 + Joa + J3a + Jas + jas + Asy + 2k3)
1

X - - - - . 4.25
I'(j16 + j26 + Jze + Jas + Ds, + 2ka) (425)

X

X

X

Now we are ready to put everything together into (4.10) to obtain the conformal block
W7 mix. There will be a host of simplifying cancellations between factors of Gamma func-
tions. For example, the factors of one-half times a Gamma function in the five Mellin
vertex factors (4.18) cancel against a factor of one-half times a Gamma function appear-
ing in each of the five OPE coefficients in (4.20) (after employing the explicit form of the
OPE coefficients (4.21)). The remaining triplet of factors of Gamma functions of the form
I'(Aap,e)T (Ape,a)T(Acap), in the numerators of each of the five OPE coefficients combine
with the five groups of a triplet of Gamma functions in the numerator of (4.25) separated
by parentheses, of the form I'(Agp . +p)I'(Ape,a + )T (Acap+ 1), to give rise to five groups of
triplets of Pochhammer symbols of the form (Agp c)p(Abe,a)q(Acap)r- These combine with
the Lauricella functions in the Mellin vertex factors to give what we call the “conformal
block vertex factors,” one associated to each vertex of the canonical AdS diagram. The
Gamma functions in the denominator of the five OPE coefficients with ezternal dimen-
sions in the argument cancel the same factors appearing in the normalization constant N
in (4.6). For Gamma functions in the denominator of the OPE coefficients with internal
dimensions in their arguments, there are precisely two copies for each internal dimension,
while there is only one such factor for each internal dimension in the normalization constant
N. Thus after cancellations, we are left with a product in the numerator of W7 mix over
factors of Gamma function, one each for every internal dimension. These combine with
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the Gamma functions in the denominator of (4.25) of the form I'(As, +t;) to give rise to
four Pochhammer symbols, (Ay, ), in the denominator. This together with the Pochhamer
symbols originally appearing in (4.10) combine to give what we call the “conformal block
edge factor,” one for each internal leg of the canonical AdS diagram. Finally, the factor of
7("=2h in N for n = 7 cancels with (n — 2) factors of ©" distributed over (n — 2) OPE
coefficients (4.20). Thus all explicit factors of 7 cancel.

This leads to the following final expression for the conformal block:

As,

Si 4k, Uy )ire 5
vttt [E) ) 155 () (i)
o (4.26)

where E; are precisely the conformal block edge factors (3.14) and V; are the conformal

block vertex factors (3.16) prescribed by the Feynman rules, thus confirming the Feynman
rules in this particular example.

4.2 Comb channel

To derive the comb channel conformal block obtained in section 3.2 via Feynman rules, we
start with the Mellin amplitude of the following tree-level n-point AdS diagram (n > 4):

A3 Ap_o
Az An—l

Ay comb 1= T 4.27
comb =\ A, (4.27)

where the external scalar operators of dimensions A; are inserted at coordinates x;. In
total (n — 3) single-particle bulk fields are exchanged in the interior, which are dual to
single-trace operators with conformal dimensions As, for 1 < i < n — 3. The ellipses in
the middle indicate a repeating pattern. This is the canonical AdS diagram for the comb
channel block shown in figure 1a.

To reproduce the block from section 3.2, we will utilize the same input data as before.
This data comprises of a set of n(n—3)/2 independent cross-ratios (3.17). Correspondingly,
we choose the dependent Mellin index set Deomp to be (3.18) which allows us to rewrite the
Mellin product (4.1) in terms of the cross-ratios and the Mandelstam invariants for internal
legs (3.22), as shown in (3.20). The choice of cross-ratios also determines the index set
Veomb (3.24), which represents a subset of independent Mellin variables. With Do and
Veomb in hand, one can use (2.16) to obtain the index set associated with the remaining
(n — 3) independent Mellin parameters,

Ueomp := {(1j) |2 < j <n—2}. (4.28)
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12]13]14]15|16]...] 1(n-3) 1(n — 2) 1(n—1) n
L‘23 24/25(26|...| 2(n-3) 2(n — 2) 2(n — 1) on
34/35(36]...] 3(n—3) 3(n —2) 3(n — 1) 3n
m—4)(n—-3) | (n—49)(n—-2)|(n—4)(n—1)|(n —4)n
U n=3)(n—2)|(n—3)(n—1)|(n—3)n
V (n—=2)(n—1)|(n—2)n
D (n—1)n

Figure 6. Color-coded matrix displaying the canonical choice of Mellin variable index subsets
Ucomb Veomb and Deomp-

For reference, we have collected all comb channel index sets together into a color-coded
upper-triangular matrix in figure 6.

Using the Feynman rules for Mellin amplitudes, it is trivial to write down Mellin
amplitude for the diagram (4.27),

n—3 oo n—3 ) ) n—4 .
Mn comb ,7” H Z (H E%\/[elhn) <V1Me111n <H V;l_\’_/[flhn> Vﬂl\{%lhn) 7 (429)
i=1 i=1
where each of the (n — 3) edge factors is given in terms of the Mandelstam invariants s;

and the associated single-trace parameters k; by (4.4), and the (n —2) vertex factors follow
directly from (4.5):

w1

VMR = ST (Auasy, = h) FA [Drsy, = i {—ki}i {25, — b+ 1)51] (4.30)
ellin 1

V;I\Jflll D) (A5'5i+l(i+2) —h)

x YY) {Aa s (ir2), — i {=ki, —kis1 b {As, — A+ 1,85, —h+1}51, 1}
an\geéllin - §F(A(n—1)n§n_37 —h) F1(4 : [A(n—l)nén_:s, = hi{—kn-s}; {Aén—3 —h+ 1} ; 1} ’

forl1 <i<n-—4.

One can now obtain the single-trace projection of the AdS diagram (4.27) by evaluating
the residue at the “single-trace poles” in the “Ucomp-plane.” The poles are situated at (4.8),
which in the U.omp-plane corresponds to

Y5 = Djoy s H 21 =D (2<j<n=2), (4.31)

which we obtained by inverting (3.22), where we made the identifications As, := A; and
ko := 0 to write (4.31) compactly.
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The residue at the poles (4.31) is given by (4.9) where the dependent variables inside
Gamma functions, written in (3.19), transform to

Y(n-1) = Aén 3(n—1), n+ kn—3— Z’Y]n 1)

n—2
Yn = ADings (1) + D Vi) T D Vi
=2 2<i<j<n—2
Yin = Dis, 1010 + kic1im2 — > Vij (2<i<n—-2)
j=it1
Yin-1)n = Dn—1)ns,_s — kn-3- (4.32)

The conformal block (4.10) is then obtained by projecting out the following OPE
coefficients:

fr=Cnrnong,  fir1 = Cngng, A fo2=Ca a0, s (4.33)

for 1 <i < mn — 4, whose general form was given in (4.21).

We will now evaluate the second line of (4.10), or more precisely, the equivalent form
n (4.14). Substituting (4.31) and (4.32) in (4.14), we get

d~ d - R i
I = / 2’)/7"8 / 277"8 F(—’YTs)F(ﬁyrs + PY?"S)(UTS _ 1)'Yrs
7’8 evcomb 7TZ e 2<7’<S<n 1

x I’ (Anl,QS...(n—l) + Z 'Yrs) (4.34)

2<r<s<n—1

n—1 i—1 n—1
X (H r (Awig,a“ + ki—2i-1 — Z%’z‘) r (Aiéil,éig thic1io— Y %’j)) :
i=2

=2 j=i+1

where we employed the additional identifications As, , := A, and k,_2 := 0 to write [
compactly.

To evaluate the (" 2) dimensional contour integral over -y,s variables, we will employ
a multi-dimensional variant of the first Barnes lemma

<H/d$r (A + 5, )I(B —sr> <C+Zs,,) <D_§:1ST> (4.35)

(I, (A, + B))T(C+ DT (S5, A, + D) T (SK, B, +C)
r (27{11(1‘% +B,)+C+ D)

)

which can be easily proven by a repeated application of the first Barnes lemma (4.15).
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Looking forward, our strategy will be to evaluate the contour integrals in the order
shown below (see figure 6 for color key):

T28E1 34 R SRR s
—eo oo oo oo ’n

(4.36)

Here, integrals over elements of the index Veomp (shown in blue) are indicated with black
dots. Integrals over all black dots connected via links are performed simultaneously by an
application of (4.35), while the dotted arrow shows the order in which the contour integrals
over the disconnected chains of dots are performed.

Concretely, for 2 < m <mn — 1, define

Im = ( II TG+ %s)> I (Andm_g,m(m+1)...(n—1) thkmoat D ’Yab)

mlr<s<n—1 m<a<b<n—1

n—1 m—1 i—1
X H r Z Vji + Dis; 08,1 + Ki—2,i-1 — Z Vi (4.37)
i=m  \ j=2 j=m

n—1 n—1
X H r Aiéi—175i72 + ki—Li—? - Z Yij :
i=m j=it+1

Then for 2 < m < n — 2 integrating J,,, over the elements in the m-th row of the index set

Veomb in (4.36) gives
dYm,
( 11 / J ]) = Andmi1 (4.38)

m+1<j<n—1
where
- L (Aps_o.6m-1) L (Dmso_16m_s) T (D6 _06m_1,m) 1
I (A5, (B )ot, ey, 50703
X (Ams,, 9.6 1)km 21+ "5 Fim (Amémfl’5m*2)km_17m_2+22;;+1:;wU'
X (A 26m1,m )k<m Dm0, F oy S T (4.39)
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which is proven in appendix B.2. Moreover, at m = n —1, J,, reduces to a ;;-independent

expression,
Jo1 =T (Ap-tsesn) T (Apennsns) T (Ans, i) (4.40)

X (A(n_n(sn,g,n) (A("—l)”v‘snfi”)_kn,

The careful reader may notice that both (4.39) and (4.40) can be written more compactly

3 (A"‘S”*&("_l))k

n—2~

73+Z —o Vi(n—1) nes

purely in terms of Gamma functions. We have chosen to express them in terms of
Pochhammer symbols to facilitate matching with the Feynman rules of section 2 at the
end of this section.

In terms of J,,, the original contour integral (4.34) can be written as

d’)’rs ~ _ s d’}’zg
H /2m ~rs)(vrs = 1) ( H /27r2)

(TS €Veomb 2<i<i<n—1

I =

d " ~
= H / PYTS ’Yrs Urs - 1)7TS

dry;;
A2 ( H / 2771)
3<i<j<n—1

(TS EVcomb 27”
dn. ~ x d
= H / Z'Yrs —Frs) (vps — 1) | AgAs H / 2%3
(7”5 6Vcomb m 4<z<]<n 1 m
d~. ~ o~ d
= H / 2’Yr5 7)7«5 — 1)7” )\2A3 - )\n—3 H / rYU
(TS eVcomb m n— 2<Z<j<n 1
— d’)’rs ~ 1 Yrs )\ 441
=| I [55TEe) s -1 H Jn1, (4.41)
(TS eVcomb

where in the second step onward, we made repeated use of (4.38) to perform all 7,4 integrals
in the manner indicated in (4.36).
Now we turn to the 7,.; integrals. For carrying out the contour integrals, it is convenient

to rewrite [ in terms of Gamma functions as

d B ~
I= ( I | / 2,%“8 '71“3 'Urs_l)’yrs)
T
Ts ev@omb

n—2 m—1 n—1
X ( IIT (Aém_Qam_l,m+/€(m_2)(m_1),+ > > %‘)

m=2 i=2 j=m-+1

(4.42)

y D(Ams 0,6, 1 TEm—2,m-1+>" gl?zm)T(Amam_l,ém_ﬁkm1,m2+2?:$+1’7mj)>

D(Agpy +2km— 1+ 300 41 5is)

n—2
><F<A(n1)5n_3,n+kn—3+2%(n1)>F(A(n1)n,5n_3—kn—3)F(An5n_3,(n1)+kn—3)-

=2

Examining the pole structure of the integrand (4.42), we notice that just like in the example
of the seven-point block in the previous subsection, we can evaluate the remaining 7.,
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contour integrals by closing the contours to the right. In the process, each integral picks
up a semi-infinite sequence of poles originating from I'(—75,5) at 7,5 = j,s for non-negative
integers j,s, for each (rs) € Veomp. All other poles lie to the left of the contour and the
contribution from the arc at infinity vanishes. This immediately leads to

Grs m—1 n—1
I= (( )H Z 1 rUTs )(HI‘(A&H 20m — 1,7n+k(m 2)(m—1), +Z Z .]rs)

EVcomb Jrs=0 r=2 s=m+1
F(Am6m 2,0m— 1+km 2,m— 1+ZT 2 ij)F(Am5171 1,0m— 2+km_1;m_2+zg ’:Vl+1-]ms)
(A5n 1+2km 1+Zr 225 m+1-77'5)
n—2
XF(A(n1)6V,L37n+kn—3+2jr(n1)>F(A(n1)7175”S—kn_g)F(Ang”&(n1)—|—k‘n_3). (443)

r=2

X

It is now suggestive to re-express I in terms of Pochhammer symbols, as shown here:

~
I

j n—2
— rs
H Z rs ( H (A6m_26m_17m>k(m—2)(mfl),+Z:n:721 nt ljrs

(r8)€Vcomb Jrs=0 m=2 s=m+

(Amém_g,ém_l) Femm—2.m— 1"’2:” 21 'Tm(Amém‘l’ém‘Q)km1,m2+22;+1jm3>
(A5, 1)op LS

X (Bn1)60-gn), 4520

X

s jr(n 1) (A(n_l)nyanf?))_knf?y (An5n737n_1)kn73

% (TLH2 F(A5m—26m—17m)F(Am6m—276m—1 )F(Amém—hém—Z) )

F(Aé‘mfl)
X F(A(n—l)énfg,n)F(A(n—l)n,5n73)F(An(Sn_gg,n—l) . (444)

m=2

Putting this I back into the expression for the full conformal block (4.10), it is clear that,
just like for the seven-point example above, all explicitly shown (n — 2) triplets of Gamma
functions in the numerator of (4.44) cancel against the same triplets appearing in the (n—2)
OPE coefficients (4.33). The remaining factor of the Gamma function in the numerator
of each OPE coeflicient cancels against the Gamma function in each of the Mellin vertex
factors (4.30). The explicit factor of Gamma function in the denominator in (4.44) cancels
against one of two such identical factors in the normalization constant A/ written in (4.6),
while the factors of Gamma functions in the denominators of the OPE coefficients cancel
out all factors of Gamma functions in N which carry external conformal dimensions in
their argument. All explicit factors of 7 cancel out too, leaving only the Pochhammer
symbols in (4.44), and powers of cross-ratios (as well as the expected factors of factorials).

It is now straightforward to check that the (n — 2) triplets of Pochhammer symbols
in (4.44) reproduce precisely the (n — 2) triplets of Pochhammer symbols appearing in the
vertex factors of the Feynman rules (3.34). Likewise the (n — 2) factors of Lauricella func-
tions in the Mellin space vertex factors (4.30) appearing inside (4.10) find precise term by
term agreement with the Lauricella functions in the conformal block vertex factors (3.34).
The remaining (n — 3) ratios of Pochhamer symbols, of the form (As, —h+ 1)k, /(As, )2k, +¢;
for an appropriately defined /5, agree perfectly with the edge factors in the conformal
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block Feynman rules (2.4), where (5, are identified as the post-Mellin parameters (3.30)
associated with the internal legs labeled with conformal dimensions Ag,.

Thus, starting from first principles (viz. using the Feynman rules for Mellin ampli-
tudes), we have reproduced the conformal block of section 3.2 which was obtained from an
application of the proposed Feynman rules (and also previously obtained in ref. [58] using
geodesic bulk diagram techniques).

4.3 OPE channel

To reproduce the OPE channel conformal block obtained previously via Feynman rules, we
start with the following canonical AdS diagram:

A3 A4 An—3 An72

Mgl Dol Do A,

Ap,0PE 1= > o < , (4.45)
Aq A51 A(SnfS ANS

where the ellipses represent a repeating pattern of “upright Y-shaped” interacting legs
attached to the central horizontal line. The vertical internal exchanges are labeled with

even-indexed scaling dimensions Ags,, As,, As,, ..., As while the horizontal internal ex-

n—47
changes are labeled with odd-indexed scaling dimensions As, , As,, Asy, ..., As, 4

Just like in the previous two examples, we will use the same cross-ratios (3.35) as
input data as used for Feynman rules. Let us recall the associated index sets which will
be important in the computations to follow. The associated choice of dependent and
independent Mellin index sets will also be identical. The dependent set Dopgr was given
in (3.36) which allowed a rewriting of the Mellin product as shown in (3.39), with the
Mandelstam invariants for each internal leg as defined in (3.38), and also determined the
set Vopg as shown in (3.41). The remaining independent Mellin variables are associated

with the set Uopg which can be found using (2.16):'
Uorr == { (27 +1)(2j +2)) [0<j<n/2—1} |J {(2(24) [2<j<n/2-2}. (4.46)

It is useful to represent the index sets visually as shown in figure 7.
According to the Feynman rules for Mellin amplitudes, the AdS diagram (4.45) has
the Mellin amplitude,

n—3 oo n—3 n/2 ) n/2—2
M,, OPE %J (H Z) <H EZMellin> (H Vi(l)Melhn) ( H V(3)Melhn) ' (4‘47)
=1

1=1 k;=0 i=1 i=1

Y Explicitly, Uorr = {(12), (34), (56), (78), ..., ((n — 1)n)} |J{(24), (26), (28), ..., (2(n — 4))}.

-39 —



1213 | 1m-3) 1(n —2) 1(n —1) in
23 2(n —3) 2(n —2) 2(n —1) 2n
3(n —3) 3(n —2) 3(n—1) 3n

m—4)(n—-3) | (n—4

m=2)|(n=4)(n—-1) | (n—4)n
n—=2)| (n=3)(n—1) | (n—3)n
m=2)(n—=1)|(n—2)n

(n—1)n

S < <

Figure 7. Color-coded matrix displaying the canonical choice of Mellin variable index subsets
Uopk, Vopk and Dopk.

Here each of the edge factors is given by (4.4) with the Mandelstam invariants s; given
in (3.38) and the associated legs assigned single-trace parameters k;, and the vertex factors
come directly from (4.5):

ellin 1

p Ml 3T (Disy, —h) FV Mgy, —hi {—k1 };:{Qs, —h+1}31] (4.48)
~ 1

v Nelin 3T (A@a-1)20)2 o, — 1) FY [A(za_n(za)aga,g, —hi{—kaa-2}:{Ass,_, —h+ 1};1]

ellin 1
E(I)M ! = ir(A(n—l)ndnfg,, - h) F,Exl) [A(n—l)ndnfg, - h; {_knf?)}; {A(Sn_g —h+ 1} ; 1}

2

3)Mellin __ 1 3
Vb( et = ir(A52b7152b52b+1a —h) F1(4 ) [A62b7152b52b+17 —hi{=kap—1,—kap, —kap11};

{As,  —h+1,85,—h+1,45,,, }i1,1,1],

for2<a<n/2—1land1<b<n/2-2.

Substituting (4.47) into (4.1), we proceed to obtain the single-trace projection of the
AdS diagram as described around (4.8). This leads to (4.9) which is the desired conformal
block times a set of known OPE coefficients,

Y =Ca 000, iV =CnoasrB20As,, f%l) =Cnn 1800, £ =Cns,y Aoy Doy

(4.49)
for 2 <a <n/2—-—1and 1 < b < n/2— 2, which can be factored out to obtain the
block (4.10). This single-trace projection is obtained by evaluating the residue at the
poles (4.8), which in the Uppg-plane occur at

Y12 = D125 — k1 Yn-1n = D—1nsn_s — Fn—3  Y(2i+1)2i+2) = D(2i+1)(2i42),60i — k2i

V2(25) = A52j7362j72’52j71 + k(2j73)(2j72),(2j71) - Z Yab (4.50)
(ab)EVorr
a<b,b=2j—1 or 2j

for 1 <i<n/2-2 and 2 < j < n/2— 2. Substituting these in the dependent Mellin
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variables 745 (3.37) for (ab) € Dopg, we get?"

n—1
Yn=A15,2Fk1— > 7

=3
n—2
Yo =025, _5 10060000 HK(n=3) 24 (i) —V2m-1)F D_Vi+ D, Vij
=3 3<i<j<(n—2)
(ij)€Vopr
Y(2it 1)n = D (2i41)82:,(2i42) Thoi— Z Y(2i+1)b
((2i+1)b)eVorr
7(2j+2)n:A(2j+2)52j+1,(2j+1)52j,1 +k2j+1,2j71+ Z Ya(2j+1) — Z Y(25+2)b
(a(2j+1))eVorE ((25+2)b)eVoprr
a<2j+1 b>25+2

n—3 n—4
Yin—-2)n = (m-2)n,(n—3)(n—1)5n_s — kn-5+ Z Vj(n—1)F Z Vj(n—3)
j=1 i=1

n—3
Vin-2)(n—1) =D(n-1)6,_snFkn-3— > _ Vj(n—1)
=1
Va(n—2) = Db, 56n—1,60—3F K(n—5)(n—1),(n—3) — > Vab (4.51)

(ab)EVopE
a<b,b=n—3 or n—2

for 1 <i<mn/2—2and 1< j<n/2-3, where we made use of

n_o

2

D Y2@25) = D51626456.-00—6.0n—5 + K1246...(n—6),(n—5) — > Yij » (4.52)
=2

(ij)€Vorr
1<j,j=3,4,...,n—4

and
29

D V@1 2542) = D3456...(n—3)(1—2) 626460 _s — K24...(n—1), - (4.53)
j=1

Substituting (4.50) and (4.51) back in (4.14), we turn to evaluating the remaining
contour integrals. Like in the seven-point and comb channel examples, we will first integrate
over the 7,4 variables for (rs) € Vopg. The order in which we will integrate is shown below

20 A notational remark: if (ab) € Vopg, then so is (ba) € Vopr. So if {(14), (24), (34), (45), (46), (47)} C
Vopg, whenever there is a restriction of the form (a4) € Vopg with a < 4, it only admits elements from the
set {(14), (24), (34)} and not elements from the set {(45), (46), (47),...}. Without the restriction a < 4, all
elements above will be admitted upon selecting (a4) € Vors.

— 41 —



(consult figure 7 for reference):

12 e 15 17 1n
24 |25 (26 |27 |28 2n
3n
56
73 (4.54)

The direction of the dotted arrow (right to left) indicates the order in which we integrate
over the connected elements of the set Vopg. Each connected chain corresponds to a sub-
set of contour integrals that will be evaluated with the help of the inductive first Barnes
lemma (4.35). While any ordering works, the precise ordering chosen here makes it pos-
sible to set up an inductive step. The strategy will be as follows: we will first evaluate
integrals (4.14) associated with the two (right-most) black-colored chains in (4.54). Using
the resulting expression from the black-colored chain integrals, we will establish a two-step
induction; the green and magenta colored chains above suggest how the induction will work.

In appendix B.3.1, we present the computation of the integrals marked as black-colored

chains above. The end result of this computation is given in (B.24). To set up induction,
we define a new contour integral I, _ox 1 such that

~

Tnagx—| =1 (4.55)

e
where I is given by (B.24), and I, ok 1 is defined to be

_ n—3
IAanKfl = ( H /(;ZTTZS irs (Urs - 1)%3) ( H VVJ) (4'56)

(rs)€Vorr j=n—2K—2

d n—2K-—-2 d"}’
X 11 Trs n2K1( 11 / M 2RD ) Lo

271
(rs)eVorr r=1,r#2
s#Fn—2K—1,....n—1
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for 1 < K <n/2— 2. Here W,,_3 which was defined in (B.19), is repeated below,

W (4.57)

F(A(n—l)n,én_g_knffi)F(Anén_g,(n—l)"'_knfS)F ( Z %i(n—l)+A(n—1)6n_3,n+kn3)
(i(n—1))EVore

)

(i(n—1))EVopre

r ( Z Vitn—1)+As, _, +2kn3)

and
i1~ i1~
T (S o)+ S0 i)+ B6j600500 HRG)G41).642))
41 1~ -1 -
N DYArIn Z?fj+4%‘b+zb2 e Yo(2b+1) T D6,5,12,6511 Jrk(j)(j+2),(j+1))

n—1

rl > At Z Vi+2)a T Bb14281.8 HE(G+2)(+1),6)
a=j+4 a=j+4

Jj+1 n—1 ~ %*1 -~ .
Wj L F( i=1,it2 2 b ]+2'Yzb+zb:j# Ya(2b+1) 05 +2K;

7 odd

(A G11)G+2).95 (Z(TQH»QVOPE Vr(+2) TAG+2)85,G+1) TR )

F( > gt ’7r<j+2>+A6j+2’fj)
(r

r(j+1))€Vorr (r(7+2))€Vore
XT (S0 41))evoms 41 T Ai105,6+2) + ki) j even
(4.58)

for n — 2K — 2 < j <n —4.2! Additionally, we define

M, _ox—1

K-
[(A26, — ( H A(2)41)(2j+2),60; — k2j)) 11 L' (Yrs + vrs)
=1 (rs)

€VoPE
s#En—2K—1,....n—1

n_K-2
2
X H U Ay 180580501 T K2j—1)(25),(241) — Z “Yab
j=1 (ab)eVopr
a<b,b=2j41 or 2542
x I’ Z ﬁ(n—?K)a + Z 5(n—2K—1)a + g ok 16n—2Kk-2,0n—2K—3
((n—2K)a)€Vork ((n—2K-1)a)EVopE
a>n—2K a>n—2K
+ k(nQKl)(n2K2),(n2K3)> : (4.59)

21We note that W; at j = n — 4 coincides with (B.25).
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and

Ly _or—1

n—2K-2
= H (3 (n—2k) + Vr(n—2K-1) + Vr(n—2K-1))
r=1,r#2

n—2K-—1
xT' Yij+ A5, 0+ k1 — Z V15
j=n— 2K+1 7j=3

n—2K-—2
XF(7 2(n—2K—1) F Do, _oxc_s0n_ox—26n_ax—1 T K(n—2K—3)(n—2K—2),(n—2K—-1) — %(nml))

a=1,a#2
5—K-2 n—1
<I I T > AeinetBeirvmeithi— D Yo
j=1 a=n—2K+1 ((24+1)b)eVorr
b#n—2K,....n—1
%_K_Q n—1
X r Z §(2j+2)‘1 +A(2j+2)52]‘+17(2j+1)62j—1 +kojt1,2j-1+ Z Vb(25+1)
7j=1 a=n—2K+1 (b(27+1))eVorr

b<2j+1

- Z Y(25+2)b

((25+2)b)eVorr
b>2j4+2,b#n—2K,....n—1

K-1 n—2K-—1
xI' Z Vo(n—2i—1) D26, sx 116264602 T K(n—2K—1),24...(n—2K —2) + Z M
=0 =3

+ Z Yij | - (460)
3<i<j<n—2K—1
(ij)€EVorr

It can be checked that (4.55) holds. This will serve as the base case for an inductive
argument which we develop next.

We would like to integrate Lp_okx—1 OVET Yi(n—2K-1),V3(n—2K—1)s Va(n—2K—1)s- - s
V(n—2K—-2)(n—2K—1)- LThis will turn out to be associated with integrating out a green-
colored chain in (4.54) in an intermediate step, where this computation is described in
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appendix B.3.2. Here we rewrite the result of this computation, given in (B.31) as follows:

~

In—2K—1
5K . N
=T(A126 — H D(A@2j11)(2j+2).6,; — K25) H / 2 Yrs) (Vps — 1)
_ i)
j=1 (rs)eVorr
n—3 n—2K—4
d dVr(n—2K-3
X H Wj H / ’}/Ts Vrs + fYTS H / T(n )
j:n—2K—3 (TS)GVOPE r= 17‘752
s#En—2K-3,..., -
d n—2K—4 d
X/ 72 (n—2K-3) H / ’Vr(n 2K—2) Ln72K72, (461)
r=1,r#2
where
Ln—2K—2 = H F(’Vrs + 'Yrs)
(rs)€Vopr
r<s,s=n—2K—-3n—2K-2
1_K-2
X H r A52j—152j752_;‘+1 + k(2j—1)(2j)7(21‘+1) - Z “Vab
=1 (ab)EVorE
a<b,b=2j+1 or 2j+2
n—1 n—2K-—2
U Fin2k) + Tin-2k-1)+ Y. Fu+Awme+ki— Y 7y
j=n—2K+1 ;

K-1
x T (Z Vo(n—2i-1) T V2(n—2K-1) T D26, _sx_5.16264...6,_2r—s T K(n—2K—3)24...(n—2K—4)
i=0

n—2K-2

D DL ITE D DR T
j=3

3<i<i<n—2K -2

(ij)€Vopr
%_K_Q n—1
X I Z Y(2j+1)a T A(2j+1)52j,(2j+2) + kgj — Z V(254+1)b
j=1 a=n—2K-1 ((2741)b)eVorr

b#n—2K—1,....n—1

% K=2 n—1
II ( D Aite T A2 i 061 T k2jr2i

=1 a=n—2K-1

<.

+ Z Tb(2j+1) — Z 7(2j+2)b> . (4.62)

(b(2j+1))EVorr ((24+2)b)eVoprr
b<2j+1 b>2j+2,b#An—2K—1,...;n—1

Now, we would like to integrate over Yo, 2K-3), V1(n—2K—2)s V3(n—2K—2), YVA(n—2K—2)s - - -»
V(n—2K—4)(n—2K—2)- This will be associated with integrating over the magenta-colored
chain in (4.54) immediately to the left of the green-colored chain we previously integrated
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out. This computation is described in appendix B.3.3 and the final result is presented
n (B.36). In fact, it is straightforward to show that (B.36) can be written as (4.56) upon
sending K — K + 1. That is, comparing (B.36) with (4.56), we conclude,

o~

fn—2K—1 = fn_2K_1’K%K+1 = Ipn—2K-3, (463)

where on the r.h.s., M,,_ox 3 and L, _ox_3 are given by (4.59) and (4.60) respectively, with
K — K +1, and the range of validity for W; in (4.58) now becomes n —2K —4 < j < n—4.
This establishes the inductive step, and together with the base case (4.55) furnishes the
following chain of equalities:

I=I3=I 5= =l og 1=-=1I3. (4.64)

As we move progressively to the right down the chain of equalities above, we account for
evaluations of more and more contour integrals from the set Vopg, until we are left with
just one integral. At the right-most equality at K = § — 2, the original contour integral [
(see (B.12)) reduces to

(rs)EVopr

T d’%‘s ~ d"}/13
1:13:< 11 /2m ) (ps — 1 %s) (H W) oLy, (465)

where the W; for 2 < j <n — 3 are given in (4.57)-(4.58), M3 is given by (4.59) which at
K = 5 — 2 simplifies to

Mz =T(A125, — k)T D Fsat Y Asa+ Dsyaper + ka2 | (4.66)
(4a)EVorr (3a)EVorr
a>4 a>4

and L3 is obtained by setting K = § — 2 in (4.60),

n—1

Li=T( 1a+Y13+m3)T (Z Y1+ Ars, 2+ E1 ’713) I (323 + As,55,65 + k12,3 —713)
=5

5_3
xI (Z Vo(n—2i—1) + Dasy 16, + K32 +’yl3> - (4.67)
i=0

The contour integral in (4.65), which corresponds to the lone black dot in (4.54) at the
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left-most extreme, can be evaluated using the first Barnes lemma (4.15), to give

() ()

(rs)EVoprE

r (Zj;g Y1j + A2 + 7{?1) (Y13 + F14 + Y23 + Ds165,65 + k12,3)
X

—_1 ~ £_2~
r (ZJ 3715+ S0 Ta(n—2i-1) + D + 2k:1>

n—1 33 52
x T (Z Y15 + Z Yo(n—2i—1) T Ds165,6, + k1372) r (Z Yo(n—2i—1) T Dagy 1 + k1)

=5 i=0 i=0
N ( H /d’)/rs ﬁrs ('Urs _ ’Yrs) (H )
(rs)eVorr 2mi =1
n—1 %*2
(A5 — k)T (Z Y15 + A1y 2 + kl) (Z Yo(n—2i—1) + Dagy 1 + k‘1) )
=3 i=0

where we identified a factor of W; above by comparing with (4.58) at j = 1, thus extending
the regime of validity of the W} coefficients in (4.57)—-(4.58) to 1 < j <n — 3.

The (” 2) dimensional contour integral over the 75,; variables is significantly less com-
plicated to evaluate. Just like in the seven-point and n-point comb channel examples, we
close the contour to the right, and using the fact that all Gamma functions in the inte-
grand contain positive linear combinations of %, variables in their arguments except for
the factors of I'(—7,s), the only poles picked are the ones at origin and the semi-infinite
sequence of poles at positive integral values of 7,¢ for each (rs) € Vopg. This introduces
(";2) new sums over the Mellin parameters j,s, and furnishes a series expansion represen-
tation of the conformal block where, effectively, all positive linear combinations of the 7,4
Mellin variables in the Gamma functions get replaced with positive linear combinations of
the corresponding Mellin parameters j,s.

Let us mention some salient points of comparison between the blocks of this section and
section 3.3. As shown in the previous two subsections, one can re-express all series coeffi-
cients in terms of Pochhammer symbols, such that all explicit factors of Gamma functions
cancel out. The Lauricella functions in (4.48) and (3.48) are identical, and the positive lin-
ear combinations of Mellin parameters appearing in the Pochhammer symbols find perfect
agreement as well. For instance, the arguments of the Gamma functions (or equivalently
the Pochhammer symbols) in the numerators of W; for even j = 2a — 2 match with those
of the Pochhammer symbols in Va(l) in (3.48) for 2 < a <n/2—1, and those of W; for odd
J = 2b—1 match with those of \/})(3) in (3.48) for 1 < b < n/2—2. Moreover, the numerators
of W,_3 are identified with the Pochhammer symbols in V( )2 in (3.48), while the triplet
of factors in the final line of (4.68) are matched with the vertex factor Vl(l) in (3.48). This
accounts for (n — 2) triplet of Pochhammer symbol combinations, one for each internal
vertex of the binary graph. There are, additionally, (n — 3) factors of Pochhammer sym-
bols in the denominators of the (n — 3) W; coefficients, and each of these is in one-to-one
correspondence with the denominators of the (n — 3) internal edge factors (2.4).
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A careful comparison between the block found using the Feynman rules for conformal
blocks, and the one found using the Mellin formalism in this section confirms that there
is full agreement between the n-point conformal block of this section and section 3.3, thus
confirming the Feynman rules for n-point blocks in the OPE channel.

5 Discussion

In this paper we proposed a simple set of rules for constructing any scalar conformal block
with scalar exchanges, given the appropriate cross-ratios as input data. The rules are
summarized in (2.2)—(2.6), and the prescription for obtaining the post-Mellin parameters
appearing in the Pochhammer symbols and summations is described in section 2.1.2? These
rules help bypass lengthy, often impossibly hard computations needed to obtain conformal
blocks. They are very similar and closely related to the Feynman rules for Mellin am-
plitudes, as in both methods we assign a factor for each edge and vertex appearing in
the unrooted binary graph representation of the conformal block or Witten diagram. In
fact, the same Lauricella functions appear in the Feynman rules for both conformal blocks
and Mellin amplitudes. This was exhibited to be a consequence of the derivation of the
Feynman rules in specific examples in section 4, where our starting point was the Mellin
amplitude of certain canonical Witten diagrams. One important difference was that the
type of Lauricella function which appears in a Mellin amplitude depends on the degree of
the interaction vertex appearing in the AdS diagram; one associates the Lauricella function
FX) for a bulk interaction vertex with £ incident internal edges. For conformal blocks ¢ < 3
because of the OPE structure of blocks; a related fact is that we needed to consider Mellin
amplitudes for canonical Witten diagrams in an effective ¢ scalar field theory in AdS.
The Lauricella functions were also expected from the point of view of previous work on the
holographic duals of higher-point conformal blocks [55, 57, 58], where the same functions
appeared in the context of three-propagator identities which were used in the derivation of
the geodesic diagram representation of blocks.

The Feynman rules provide an interesting, explicit and analytical representation for
arbitrary conformal blocks, which may help investigate hidden mathematical structure and
properties of conformal blocks, such as higher-point recursion relations, dimensional rela-
tions, and possible closed-form representations. The symmetric Lauricella functions in the
power series expansion of the blocks also facilitate the symmetry analysis of conformal
blocks; for instance permutation symmetries become manifest when the block is expressed
in terms of the Lauricella functions. It would be interesting to undertake a detailed sym-
metry analysis, along the lines of ref. [30], of arbitrary conformal blocks as prescribed by
the proposed Feynman rules. Recent work [63] on expressing higher-point functions in two
and four spacetime dimensions in terms of generalizations of Lauricella systems in the con-
figuration space of n points, generalized to complex and quaternionic settings respectively,
also provides an interesting mathematical connection and avenue of exploration.

The proposed Feynman rules were conjectured based on known results in the literature.
We applied the rules to obtain the nm-point block in the OPE channel which was not

221n section 4, we also obtained a mixed series-integral representation (4.10).
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previously known, and verified it independently via the Mellin space formalism. Likewise we
worked out a previously unknown seven-point block, both via Feynman rules and via Mellin
amplitudes, and obtained a precise equivalence. These checks serve as non-trivial evidence
in support of the proposed rules. The methodology in section 4 of proving the Feynman
rules in particular examples, is also expected to work in exactly the same manner for
any particular choice of conformal block beyond those considered in this paper. However,
proving it for an arbitrary choice of a conformal block will presumably require more work.
Nevertheless, it would be useful to prove these rules in generality for arbitrary blocks.
Finally, it should also be possible to generalize these rules to arbitrary-point conformal
blocks for external and/or exchanged operators in arbitrary representations of the Lorentz
group. This would be especially useful from the point of view of setting up an n-point
conformal bootstrap for external scalars where internal exchanges can still involve spinning
operators. Weight-shifting operators [25] and differential operators [32, 33] may be helpful
in determining such generalizations. In fact, Mellin amplitudes for representations other
than scalars (see e.g. refs. [69, 76-80]) may also inform the discussion on generalization
of the conformal block Feynman rules beyond scalars. Turning the logic around, it would
be interesting to investigate whether generalizations of the block Feynman rules to other
representations benefit the study of higher-point spinning (Mellin) amplitudes.
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A Lauricella functions

The Lauricella function F4 of ¢ variables is a generalized hypergeometric sum of ¢ vari-
ables [81-83] (see also ref. [69]) defined as

{ oo 4 (a) i
g Z] Do L 4D

i=1n;=0 =1 :

FQ [ (ar, ok o, bidion, ] =

One can always perform one of the sums in (A.1) to re-express F{Ef) in terms of functions
involving ¢ — 1 summations. For example, we present some identities for £ < 3:

(1) AR _ 11— (1 — Agpe)k,
FU [Ape, — hi {—ke}: {Ac —h+1}:1] = BhrDs (A.2)
F [Dabe, = i {—kp, —kc}; {A — B+ 1,Ac — h+1}51,1] (A.3)

(1= Dacp)iy, (1 — Aap ek,
- (Ab “h + 1)kb(A “h + l)k 3F2 [{_kba _kcy Aabc, - h}, {Aac,b - kb7 Aab,c - kc}; 1] )
b c c
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and

F [(Aabe, = hi {~ka, —kp, —ke}i {Dg —h+1,8g = h+ 1,Ac — b+ 1}51,1,1] (A.4)
(—1)kathothe
(Ag —h+ 1)k, (Ap — h+ 1), (Ac — h 4+ 1),
1
X
(Abcua)_k/‘a (7Ab =+ h)—kb (Aab,c)—kc
Aabc, - h;_kbaAabchbca;—kav_k
Aab,c_k'c»Abca kaaAb—h+1 —

]

where FJ' is the Kampé de Fériet function [82, 84] (see also ref. [61]), defined by the

»S,V
followmg hypergeometric series,

g | 46T
4,5,V - d-
b;d;g

where

(C)m = (Cl)m tee (Cr)m (d)m = (dl)m ce (ds)m (AG)

B Technical details

B.1 Proof of (3.46)

In this appendix we will compute /s,,, , which satisfies the recursion relation

27
£52i+3 = 652@41 + 652@42 (0 <1< 5 - 4) (B'l)

where the even-indexed /s,,,, and the smallest odd-indexed /s, are known from (3.44).
We will now prove by induction that /s, , takes the form

2i+2 n-—1
€62i+1 = Z Jis + Z Z Jrs + Z .72 (22+41) » (BQ)
s=21+3 r=3 s=2i+3 z=i+1

for 0 <i<n/2-3.
Let’s first establish the base case. For i =1,

e¥%+@

4 n—1
- Z]ls + Z Z]rs + Z ]21 (B3)
r=3 s=5 1=5,7,9,.

agrees with (B.2).
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For the inductive step, assume (B.2) is true for i = K, where 0 < K < n/2 —3. We
will now show that (B.2) holds for i = K + 1. That is, assuming the following:

2K+2 n—1
£5gK+1: Z ]1s+ Z Z ]rs+ Z ]2(2,2—1—1 (B4)
s=2K+3 r=3 s=2K+3 z=K+1
we can now compute
2J
£52K+3 = 652K+1 + 662K+27 (B.5)
where we can use
n—1 2K 42 n—1 2K 42
Coyrern = Z J2K+3)sT Z JreKk+3) T2k +4)+ Z J2K+4)sT Z Jr(2K+4) (B.6)
s=2K-+5 s=2K+5
and (B.4) to compute the Lh.s. of (B.5):
- 2K 42 n—1 2K +2
Copreys = Z J@K+3)s T Z Jr(2K+3) T J12K+4) T Z Jek+a)s t Z Jr(2K+4)
s= 2K+5 s=2K+5 r=3
2K4+2 n—1
+ Z Jis + Z Z Jrs + Z ]2(2z+1)
5= 2K+3 r=3 s=2K+3 = K+1
2K4+2 n—1 2K +4 2K+4 n—1
= Z Jis + Z Z Jrs + Z ]2(2z+1)_ Z J1s + Z Z Jrs
s=2K+3 r=3 s=2K+3 2=K+1 2K +3 2K+32K+5
2K42 2K-+4
- Z Z Jrs —J 2(2K+3)
r=3 s=2K+43
n—1 2K4+4 n—1 -1
= Z Jis + Z Z Jrs + Z j2(22+1)7 (B7)
s=2K+5 r=3 s=2K+5 z2=K+2

which is the same as (B.2) for i = K + 1, as needed.

B.2 Proof of (4.38)
We notice that the Lh.s. of (4.38) is of the form:
n—1 ds. n—1
Kn | TI [ 520(4; +5)0(B; —s)) C+ Z sj - Y 5], (B3
- 271
Jj=m+1 j=m+1 j=m+1

where the integration variables are s; = 7, and the coefficients are

A = '~Ymi
m—1 —

Bi == Z 37]2 + Ai5i_2,5i—1 + ki727i71 - Z ’7]7,
j=2 j=m+1

C= An(Sm_g,m(m«H).,.(nfl) + km—o + Z Yab

m+1<a<b<n—1
D = Amém_l,ém_z + k(m—1)7(m—2) ) (Bg)
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with the overall factor

m—1
Km = ( H r (’7’/’8 + ’Yrs)) r <Z ’77,m + Amém,gﬁm,l + km—?,m—l)

m+1<r<s<n-—1 =2
n—1 n—1
< | J] T{Aw_160+kictia— Y v | |- (B.10)
i=m+1 j=i+1

Using the inductive Mellin Barnes lemma (4.35), we can easily evaluate (B.8) to obtain

n—1 m—1 i—1
m H | Z Vji + Dis; 05,1 + Ki—2i-1 — Z Vi

i=m+1 j=2 j=m+1

ném 1,(m+1)...(n—1) +hkm-1+ Z Yab
m+1<a<b<n—1

1=m+1

r

x T ( Z Ymi + Amém 1,0m—2 + k(m—l),(m—2))

= m+1 j 2 7]1 + A57,L7157,L72,m + kmfz(mfl))
< i= m+1 Z] 2’7J1+A5m 1 + 2k, 1)

Substituting in the explicit form for K, and using the definitions (4.37) and (4.39), we
recognize (B.11) to be precisely the r.h.s. of (4.38).

x (B.11)

B.3 OPE channel calculations
B.3.1 Base case
Our starting point is the contour integral (4.14), which takes the explicit form

z2_2
I=T(A12,5, —k1)T(A(n-1)n6,_5 —kn—3) ( H (A (2j41)(2j42).62, —k‘2j))
j=1
d’yrs ~ ’:Yirs d’y”‘s
X ( H / 271_1 ’YT‘S Urs_l) ) ( H / 7TS+7TS)
(rs)€EVore (rs)€Vorr
n_2
H D Asy; 182500540 TR(25-1)(29),(254+1) — Z Yab
j=1 (ab)EVorE

a<b,b=2j4+1 or 2j+2

n—1 n—3
xT (Awl,z +k1— Z'Vlj) r (A(7L—1)5n3,n+kn3 - Z'Yj(n—l))

=3 j=1

9
X (H r (A(2j+1)52j,(2j+2)+k2j - Z 7(2j+1)b> )

Jj=1 ((2j+1)b)EVopr

n_3

H | A2j2)855 41,254+ 1)855 1 Hh2j+1,2j—1+ Z Ya(2j+1) ~ Z V(25+2)b
j=1 (a(2j+1))EVorr ((27+2)b)eVorr

a<2j+1 b>2542
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n—2
xI' A26n_3,16264...6n_4+k(n—3),24..4(n—4)7’)’2(n—1)+271j+ Z Vij
=3 3<i<j<n—2
(ij)€Vorr
xT’ A(n—2)n,(n—3)(n—1)an5—kn—5+27j(n—1)+Zvj(n—3)>~ (B.12)
=1 =1

Two straightforward applications of the first Barnes lemma (4.15) allow us to perform the

Yi(n—1) and Yo(,_1) integrals. The result is

g
=T'(Ar2s = k)D(AG-1)n,8,5 — kn-3) (H (A 2)41)2j42).85; — /f2j))
j=1

dYrs ~ 5 dyrs
X ( H / 2:;2 —Vrs ('Urs - 1)’%5) H / 7 Yrs T ’77‘5)

(TS)GVQPE (TS)EVOPE
s#n—1
22
dr)/r n—1 3
[(H/ ( )> ”—1] r A52j7152j752j+1 +k(2j*1)(2j)7(2j+1) - Z Yab
j:l (ab)EVOpE

a<b,b=2j+1 or 2j+2

n—2 n—4
x I (’71(711) + A161,2 + k1 — Z 71]) (A(n 2)8n—3,(n—3)0n—5 + ko 3n—5 + Z Yj(n— 3))

=1

n—2

X T Yo(n—1) + D25, 516264604 + K(n—3)24...(n—4) + Z Y15 + Z Yij
7=3 3<i<j<n—2
(ij)€VoprE

2
x T (Z Vitn—1) T A(n-2)61,(n-3)6_56264..6n—2 T K1,(n—5)24...0n—4) T Ds, 5 + 2kn_3
i=1
-1

+Z%(n SR DRl B (B.13)

3<i<g<n—2
(ij)€Vorr
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where the integrand for the integrals over ¥3(,,_1), .-, ¥(n—3)(n—1) above has been collected
into the following object,

Ln—l
n—3 32
= (Hfﬁr(nnﬂr(nl))) 1T A@iinm @i th— D e
r=3 j=1 ((27+1)b)eVorr
z_3
X HF A (2j42)50j41,(2j41)50; 1 T K2j+1,2j-1+ Z Ya(2j+1) — Z Y(2j+2)b
J=1 (a(2j+1))EVorr ((2j+2)b)€Vorr
a<2j+1 b>2j42
n—4
xT A(n—2)n§1Jn,_g,(n—f’))(n—1)67,,_56254...5”_4+k1(n—3),(n—5)24,..(n—4)+Z’7j(n—3)+ Z Vi
j=1 3<i<j<n—2
(ij)€Vorr
n—3 2 n—3
+Z’7j(n—1) r Z%(n—n+A(n—1)5n,3,n+kn—3*Z’Yj(n—n . (B.14)
=3 i—1 =3

To evaluate the integrals over L, 1, we can use the inductive first Barnes lemma (4.35)
with the identifications

Ar =Y (r42)(n—1)

A(r42)8, 51, (r+3) T Rr41 = Z Y(r+2)b (r odd)
((r+2)b)eVorr
B, = b#n—1
Ar42)5, 41, (r41)60—1 Thrt1r-1+ Z Ya(r+1) — Z Yr42 (7 even)
(a(r+1))EVorr ((r+2)b)eVorr
a<r+1 b>r+42,b#n—1
n—4
C=A(n—2)n6,6,_3,(n—3)(n—1)6n_56204...6n_a T K1(n—3),(n—5)24...(n—4) + Z%(n—g) + Z Yij
j=1 3<i<j<n—2
(ij)€Vorr
2
D:Z%(n—l)+A(n—1)5n-3,n+kn—3 (B.15)
i=1
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for 1 <7 < n —>5. Then the contour integrals evaluate to

n—3

[T/ ) s
21

r=3

n—4 2
r A(n—2)51,(n—s)sn,55254...a’n,4+/€1,(n_5>24...(n_4)+E Vi(n—3)+ E %‘jJrE Vitn—1)+As, _5+2kn_3
j=1 3<i<j<n—2 i=1
(iJ)EVOPE

2
E Va2 e+ Y Vitn—1)TAs, 5 +2kn_3
=1

5

n—o
X H FC(Y(rt2)(n—1) T A +2)8,41,(r4+3) Thrg1— E Y(r+2)b)

r=1,3,... (r+2)b)EVopE

b#En—1

n—=6
X H Y42y (n—1) FA@+2)5, 41, (r+ 18y Thrg1,r—1+ E Ya(r41) — E Y(r+2)b

r=24,... (a(r+1))EVopPE (r+2)b)EVopE

a<r+1 b>r+42,b#n—1
n—>5

><F(A715,L,3,(n,—1>+k(n—3) E ’Y(T+2)(n—1)+g %(n—1)+A(n—1)5 _gmnthkn-s (B16)

where we used

n
> By = A(1-3)526486...6n 6601605, (n—2)61 + K216, (n—6)(n—D)(n-5)1 — D Vij — D Vi(n—3) -

3<i<j<n—2
(ij)€Vorr
(B.17)
Putting this result back in I, we obtain
f d%‘s ~ Yrs
I=T(Arzg = k1) | [T T(Ajrn@ie.e, — k) II / 57 L () (ors = 1)7
Jj=1 (rs)eVorr
d 3 d
X H / ’Yrs Vrs + ’Yrs) H / 2’::; n73
(rs)eVorg (rs)€EVorr
s#n—1,n—2,n—3 s=n—3,r<s,r#2
n_3
X H U Ay 16262500 + K2j—1)25)2541) — Z Yab
j=1 (ab)eVorE

a<b,b=2j4+1 or 25+2

dyrs
x II [5 L, (B.18)

(rs)eVore m
s=n—2 or (rs)=(2(n—3))
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where we have defined

W3 (B.19)

F(A(n—l)n,ﬁn_g 7kn—3)r(Anén_g,(n—1)+kn—3)r Z Yitn-1) T A(m—1)s,_5,n +kn—3

- (i(n—1))EVopE

r Z Fitn—1) + D5, _5+2kn_3
(i(n—1))EVopPE

and

Ly

:( II G+

(rs)€VorE
r<s,s=n—2,n—3

n—2
xT' <§1<n_1) + A5, 2+ k1 — Zw) P Asy_s56n-4.60-3 T kn—5)(n—1),(n-3) — Z Yab
j=3 (ab)EVoPE
a<b,b=n—3 or n—2
n_3
x| TT TGt 0-1) +Acesinys.caea +has - > i)
j=1 ((27+1)b)EVopr
b#n—1
n_3
X H T | Yei42)(n-1) T A054+2)62511,(254+1)625 -1 +R2j1,25-1+ Z Ya(2j+1)
j=1 (a(27+1))EVorE
a<2j+1

n—2

- Z Y(2j+2)b r :?2(77,—1)+A25n,3,15254.u5n,4+k<n73),24...(n74)+2’ylj+ Z Vij
((27+2)b)EVorE

j=3 3<i<j<n—2
b>2j+2,b#n—1 (ij)EVoPE
n—4
xI <A<n—2>6ns,(n—3>6n5 +kn—3n-5 +Z’Yj(n—3)> . (B.20)
j=1

Now, we will integrate over Yo(,—3); V1(n—2)s ¥3(n—2)» Ya(n—2)» - - - » V(n—4)(n—2)- Lhe depen-
dence on all these variables has been packaged into L,_o above. We first integrate
over Y(,—3) using the first Barnes lemma (4.15), and then do a change of variables
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Yitn—3) = Yi(n—3) — Vi(n—2), for i =1,3,4,...,n — 4. Doing this, we obtain,
d’YQ(n 3)
/ 211 Ln-

n—3 %_3
=T <§1<n1) +A1sy,2+ k1 — Z%j) ( H L(Yzj+1)(n—1) T A@j1+1)855,(2+2) T K2

Jj=3 Jj=1

n—3

- Z Yei+1s) | T :y'2(n—l)+A2(5n_3,15264.4.5n_4+k(n—3),24A“(n—4)+Z’y1j+ Z Vij
((2j+1)b)eVopE j=3 3<i<j<n—3
b#n—1,n—2 (ij)EVoprE
n_3
X HF V(2i+2)(n-1) T A (2j4+2)50; 41,25+ 1)52; 1 T h2j41,2j-1+F Z Ya(2i+1)
Jj=1 (a(2J+1))€VOPE
a<2j+
- Z Y(2j+2)b r (:Yi(nffi)(nfl) AV DY NP S +k(n73)(n74),(n75))
((27+2)b)EVopPE
b>2j+2,b#n—1,n—2
T(Ya(n—3) + D656 _a,6n_5 T Kn—s5)(n—a),(n—3) — n:4 Ya(n—3)) ~
R GET) —50n—a.6n—s T R(n—5)(n—1),(n—3) = D0y arez Valn i . (B.21)

L(Ya(n-3) +V(n—3)(n-1) + D6, _4 +2kn—a— Zz;iaﬁ Ya(n—3))
where L,,_o is defined to be

n—4 n—4
Ly ::< H F(ﬁr(nQ)""%"(n?))) ( H F(?T(n3)+7r(n3)_7r(n2)))

r=1,r#2 r=1,r#2

n—4
xT (’72(n3)+’7(n3)(n1)+A(n3)5n_4,(n2)+kn—4— > (’Yb(ng)—’yb(nQ)))
b=T,b%2

n—4
XT(A(n2)5n_4,<n3)+kn—4— > ’Yj(M))- (B.22)
=172

L,y collects the Mellin variable-dependent integrand for the integrals over Yi(n—2) for
i=1,3,4,...,n—4. Using (4.35) we can easily evaluate these integrals in one go to obtain

il [Pea )
r=1,r#£2 2

n—4
= ( IT TG@in-2) + Fitn—s) + %(ns))) r (’72@3) + Vn—3)(n—1) + Ds,_, + 2kn—4
i=1,i%2

Til ) (Z? 1,042 71 (n—2) + A(n—?)ﬁn_47(n_3) + k‘n_4)
Ya(n—3 e — —
a=1,a#2 (Z 21 Vitn—=3) T Yn—-3)(n-1) Zizfiﬁ Vitn-2) T Dop_y + an_4)
n—4
r ( Z Yitn—3) T Vo(n=3) T Yn-3)(n—1) + D(n=3)6n_4,(n—2) T kn_4) ) (B.23)
i=1,i#£2
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Substituting these results back in I, we obtain

2-3
I = F(A12751*k1 (H ra (2j+1)(25+2),62; — k2j)> (

% H / d’Yrs

(rs)€Vopk
s#n—1n—2,n—3

53

XWi—3Win—4 HF Abyj 182,021 T K(2j-1)(29),(25+1) —

J=1

xI' (772(”_3) + A6n756n,4,5n,3 + k(n—S)(n—4),(n—3) -

n—3
xT’ (;?(nfS)(nfl) + A, _560_4,60_5 T k(n73)(nf4),(n75)) r (71(711) +A 2tk =) ’71j>

XT | Fa(no1) + 296, 516264604 T K(n—3)24..(n—t) + D _ Y15+

n_3

Jj=1

((27+2)b)eVopE
b>254+2,bEn—1,n—2

Y(25+2)b )

where we have defined

D

L(A(m=3)(n—2),6,_4 — kn-a)T (
Wn—4 = (it

n—4

dr)/r n—3 = ~
Vrs ""Yrs) ( H /#F( Z Vrb +’7r(n3)))
r=1,7r#2

n_3
2

< | T Ti@jrnm-1) +Dji)s,(2v2) Tk —
i=1

X | TI T Ais2ymn-1) + A2y (i) +k2j+1,2j-1+

i(n—2))EVorE

dry S P(_~
H / i 'Yrs

27rz
(rs)eVorr

Urs -1 ):Y/rs)

b=n—3

Yab

>

(ab)EVorE
a<b,b=2j+1 or 2542

n—4

Z 7a(n—3)>

a=1,a#2

=3

n—3

> i
3<i<j<n—3
(i5)€VorE

j=3

>

((27+1)b)eVorr
b#n—1,n—2

7(2j+1)b)

> Ta(2j+1)
(a(2j+1))€VopE
a<2j+1
(B.24)

Yitn—2) + An-2)6,_4,(n-3) + kn—4)

r ( Z Yi(n—3) T Z
(i(n—3))€VorE (i(n—

x T ( Z
(i(n—

3))EVork

— H8 —

2))€Vorr

Yitn—3) T An—3)5,_4,(n—2) + k‘n4) .

Vitn—2) + Ds,_, + 2kn—4)

(B.25)



B.3.2 Integrals over a green-colored chain

First, integrating L, 251, defined in (4.60), over v;(,_ax 1) we get

/d’h(n2K1) Lokt
4 n—2K—

271
n—1 n—2K-—2
=T | Yn-2K) + Vi(n-2K-1) + Z Y1j + Ais 2 + k1 — Z V15
j=n—2K+1 j=3

K-1
x T (Z Yo(n—2i—1) + Vo(n—2K—1) + D26, s 516264560211 T F(n—2K—3),24...(n—2K —4)
1=0

n—2K—-2

+ Z Y15+ Z Vij
=3

3<i<j<n—2K—2

(ij)€Vorr
K n—1
XD Fomenicy + D A1j + Dy ok 5018000 00—or—a T K(n2K—3)124...(n—2K—1)
i—0 j=n—2K—1
~1
+ > Yij | Ln-2k-1, (B.26)
3<i<j<n—2K-2
(ij)€VorE

n—2K—2
Ln-2K-1Z—< H Fﬁr(n2K)+:77r(n2K1)+’Yr(n2K1))>

r=3
%_K_Q n—1
x r Z Ve2i+1)a + D2j1)62;,25+2) +h2j = Z Y(2i+1)b
7j=1 a=n—2K+1

((2j+1)b)eVopE
b#n—2K,..., n—1

%71{72 n—1
X P( Z V(2j+2)a A (2j12)55541,(25+1)62; 1 T K2j41,25-1

a=n—2K+1

+ Z Yo(25+1) — Z Y(25+2)b

(b(2j+1))EVoPE ((2j+2)b)EVoprE
b<2j+1 b>2542,b#n—2K,...,n—1

K—1 n—1
xI § Yo(n—2i—1) + E Y15+ D6, or—161.6264. 502k —2 T R(n—2K-1)1,24...(n—2K—2)
i=0 Jj=n—2K+1

+ Z Vig

3<i<j<n—2K—1
(i)EVoPE

xI (F’yl(”?K) +:;1(”*2K*1) +§2(7l*2K*1) + A%, ok —30n—2K—2.5n—2K_1

n—2K-—-2

+Ehn-2K-3)(n—2K-2),(n—2K—-1) — Z ’Ya(n2K1)>- (B.27)

a=3
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Next, we will integrate En_Q K—1 over the Mellin variables

V3(n—2K—1)> Ya(n—2K—1)> - - - V(n—2K—2)(n—2K 1) USING the inductive Barnes lemma (4.35).
The integrand L,,_ox—1 matches the integrand of (4.35) with the coefficient assignments:

Ar = Y(r42)(n—2K) T V(r+2)(n—2K 1)

n—1
Z Yr+2)a T D@+2)8,41,(r+3) T Fre1 — Z Vr+2)b rodd
a=n—2K+1 ((r+2)b)eVorr
b#n—2K—-1,....n—1
n—1
B, = Z ’Ny(r+2)a + A(r+2)ér+1,(r+1)6r,1 + kr—i—l,r—l + Z Yo(r+1)
a=n—2K+1 (b(T+1))6VoPE
b<r+1
- Z Y(r+2)b T even
((r+2)b)EVorr
b>r+2,b#n—2K—-1,....n—1
K- n—1
C= Z (n—2i—1) Z V15 + Db ok 161,6200..0n 2k -2 T K(n—2K—1)1,24...(n—2K —2)
i=0 Jj=n—2K+1
+ > Yij
3<i<j<n—2K—2
(ij)€Voprr
D =Yin-2k) + Vi(n—2K-1) T Vo(n—2K-1) T A6, _sx 36025 —2.0n_25 1
(B.28)

+ K(n—2K-3)(n—2K—2),(n—2K—1) »

for 1 <r <n—2K — 4. Then applying (4.35), we obtain

n—2K-—4 d’y
< H / (r+2)(n—2K— 1)) Trons (B.29)
2mi

n—1

r (Z%(nzim D D (T o\ RN NP S S
i_

j=n—2K-1

n—2K—2 K -
r (Zi:uﬁ ZJ oK1 Vij D imo Va(n—2i-1) T Do, ap 5t an—2K—3>

Fh(n—2K—3)1,24...(n—2K—4) + D _3<i<j<n—2K -2 Vij
(ij)EVorr

n—2K-—-2 K ~
r (Z i Z] =n—2K—1 713 + Zi:o V2(n—2i—1) + Aén_zK—s + an*Zbe’)

i=1,i7#2
%—K—2 n—1
X r D Feirne + A, 22 + ke - > V(2j+1)b
j=1 a=n—2K-—1 ((27+1)b)eVore
b#n—2K—1,....n—1
5—K-2 n—1
x I( Z V(2i+2)a T A(2j+2)621+1,(2j+1)52j,1 + k2j41,2j-1
j=1 a=n—2K-1

+ Z To(25+1) T Z Y(2j+2)b)

(b(2j+1))EVorE ((2j+2)b)EVoprE
b<2j+1 b>2j42,bEn—2K —1,...,n—1
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n—2K-—-2 n—2K-2
XF( S A2t Y, Fitn—2k-1)

i=1,i#£2 i=1

+ A5n_2K_35n_2K_2,6n_2K_1 + k(n—2K—3)(n—2K—2),(n—QK—l)>

n—2K-—-2 n—1 K—1
X F( Z Z Yij + Z Y2(n—2i—1)

i=1,i#£2 j=n—2K+1 i=0

+ As, sk _50n_2k—1.6n_2—2 T k(n—QK—S)(n—2K—1)7(n—2K—2)>

where we used

n—2K—-4 n—2K-2 n—1
Z By = Z Z Vij + D536486..-6n -2k —10n—2x 3,01 T k;246...(n—2K—4)(n—2K—3),1
r=1 =3 j=n—2K+1

— > Vab - (B.30)

3<a<b<n—2K-2
(ab)eVorr

Substituting the results of these integrations back into fn_g k-1 in (4.56), we get

2_K-2
> s 1y~ Srs
In—ok—1 = I'(A12,5, — k1) F(A(2j+1)(2j+2),62]~ —k2j) H i L(—7rs)(vrs —1)™

j=1 (rs)eVorg
n—3 d
Yrs ~

X < H W]> H /TMF(’YTS_F’YTS‘)

j=n—2K-3 (rs)EVoOPE

s#n—2K—1,...n—1

n_K-2

X r A52j—162j752j+1 +k(2j-1)(23).(2541) — Z Yab
Jj=1 (ab)EVoPE

a<b,b=2j+1 or 2j+2

n—1 n—2K-—2
xI' <:?1(n2K)+:?1(n2K1)+ Z Y15+ D15y 2+ k1 — Z ’Ylj>

j=n—2K+1 j=3

K—1
xI’ <Z %(n*?i*l) Jr:;2<TL72K71) + AQ(Sn—ZK—Sa15254~-5n72K74 +k(n72K73),24...(n72K—4)
=0

.

n—2K-2

+ Z Y15+ Z VYij
j=3

3<i<j<n—2K—2

(ij)EVorr
%*K*2 n—1
X r Z V(2i+1)a + D(2j+1)625,(25+2) s — Z Y(2j+1)b
j=1 a=n—2K—1 ((27+1)b)EVopr
b#En—2K—1,...,n—1
%71{72 n—1
x I( Z 771(2.7+2)a +A(2j+2)52j+11(2j+1)62j—1 +Fk2j1,2j-1
Jj=1 a=n—2K-1

+ Z Yo(2j+1) — Z Yzi+2)n) | (Bgl)

(b(25+1))EVorE ((2j+2)b)EVorE
b<2j+1 b>2j42,b#En—2K—1,....n—1
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where

Wh—2K—3 (B32)
n—2K-—2 n—2K-—2

=T E Vi(n—2K)+ E Vin—2K—1) T8, _op_56n_ok_2.0n_oK_1TEn—2K-3)(n—2K—2),(n—2K—1)
i=1,i#2 i=1

n—2K-—2 n—1

K-—1
xT E E ’Wj'*'g Ya(n—2i—1) TA8, ok 36 oK —1:0n_2k_2 TEm—2K-3)(n—2K-1),(n—2K—2)
i=1,i#2 j=n—2K+1 i=0

n—1 n—1
r E Y(n—2K)at E V(n—2K—1)aTR6, og 16, _2K_2:6n_2k_3 TKn-—2K_1)(n—2K—2),(n—2K—3)
o a=n—2K+1 a=n—2K+1
n—2K-—2 n—1 ~ K ~ ’
r ( i=1,i%2 Z]’:nfzKil’Yij +Zi:072(n—2i—1) AV +2kn—2K73)

which agrees with W; in (4.58) after setting j = n — 2K — 3 (i.e. for odd j).

B.3.3 Integrals over a magenta-colored chain

Integrating (4.62) over ¥o(,_ox—3) using the first Barnes lemma (4.15), and shifting vari-
ables Yi(n_2K-3) = Vi(n—2K-3) — Vi(n—2Kk—2) for t =1,3,4,....,n — 2K — 4, we get

n_g_3
dya(n—2K-3) :
/TLn—QK—QI H r A52j7162ja62j+1 +k(2j-1)(2)),(254+1) — Z Yab
Jj=1 (ab)EVoOPE
a<b,b=2j+1 or 2j+2
n—1 n—2K—-3
XTI | Yin—2Kx) T V1 (n—2i—1) + Z Y1+ Avsy 2+ k1 — Z Y1j
j=n—2K+1 j=3
K—1 n—2K-3
xI' 2:7/2(77.—21'—1)+%72(n—2K—1)+A25n_2K_3,16254..46",_2;(_4 +Ek(n—2k—3),24...cn—2K—4) + Z Y1)
i=0 j=3

+ Z Yij Zn72K72

3<i<j<n—2K—3

(ij)EVoPE
%*K*3 n—1
X r Z 5(2341)& + A(2j+1>52j J(2j+2) T hoj — Z Y(25+1)b
j=1 a=n—2K-1 ((25+1)b)eVorr
b#n—2K—-2,..., n—1
%*K*3 n—1
X r Z ;\7'(2]'-"-2)0‘ +A(2j+2)52j+11(2j+1)52j—1 +k2j+1,2j—1 + Z Vo(2j+1)
j=1 a=n—2K-1 (b(2j+1))eVopr
b<2j+1
— > Vi +2p)
((274+2)b)EVopE
b>2j+2,bEn—2K—2,....n—1
n—2K—4

xI' :Y/2(n72K73)+Aén,_gK_55n_2K_4,57,,_2;(_3+k(n72K75)(n72K74),(n72K73)_ Z Ya(n—2K—3)

a=1,a#2
xI' E V(n—2K-2)a T E ’y(n_QK_:i)a+A‘sn72K—351z—2K—47§7172K—5
((n—2K—2)a)EVopPE ((n—2K—3)a)EVopE
a>n—2K-—-2 a>n—2K-—2

+E(n—2K—3)(n—2K—4),(n—2K —5)
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X' | Ya(n—2k-3)+ Z V(n—2K-2)a+ Z Vin—2K—-3)ya+ Do, i s +2kn—2K_24

((n—2K—2)a)EVopE ((n—2K—3)a)EVopPE
a>n—2K-—2 a>n—2K—-2
n—2K—4 -1
- Z 7a(n—2K—3)> ) (BS?))
a=1,a#2

where we have defined

Ln—2k—2 (B.34)
n—2K—4 n—2K—4
= H F(%r(n72K72) +,YT(7L72K72)> H F(ﬁr(n72K73) +’yr(n72K73) _’yr(n72K72))
r=1,r#2 r=1,r#2
n—1
xT (?2(7121{3) + Z V(n—2K-3)a T A(n—2K-3)6,_2x_a,(n—2K—2) T hkn—2K-1
a=n—2K-—1
n—2K—4 n—2K—4
- Z Ya(n—2K-3) T Z Ya(n—2K~2)
a=1,a#2 a=1,a#2
n—2K—4
xT Z Yin—2K-2)a T A(n—2K—2)8, _ox—1,(n—2K—3) T kn—2K -4 — Z Ya(n—2K—2)
((n—2K—-2)a)EVorr a=1,a#2
a>n—2K-—2

n—2K—4 d’Yr(n72K72))Ln 9K —2 to get
- —4)

Now using (4.35), we can evaluate the integral (Hrzl 2 o

n—2K—4
dYr(n—2K—2) 7 S
H 27i TR

r=1,r#2

—2K 4~ ~
(H:L:Lr;& L(Yr(n—2K-2) +VYr(n—2K—3) +’Yr(n72K73)))

r ( Z Vr(n—2K—2)+ Z Vr(n—2K—3) D6, opa+2kn_2K_4
(r(n—2

K-2))€VopE (r(n—2K-3))EVopE

xT' (%(nzks)-i- Z Vn—2K-2)a + Z Vin—2K—-3)ya+ D6, iyt 2kn—2K_4
((

n—2K—2)a)EVopE ((n—2K—-3)a)EVopE
2 2K -2

a>n—2K— a>n—

n—2K—4
- Z ’Ya(n—zK—:s))F Z Vr(n—2K-2) F A(n2K—2)5, sx_a,(n—2K—3)+kn_2K_4

a=1,a#2 (r(n—2K—-2))EVopr

xT Z Vr(n—2K-3) F A(n2K-3)5, sx_a,(n—2K—2)Fkn_2k_a | . (B.35)

(r(n—2K—-3))EVopPE
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Putting the results of these integrations back into fn 9k —1 in (4.61), we get

~

Lok (B.36)
n_K-3 5
'Yrs ~ Y
=T(A125, —k1) H LA 2j41)(2j42),60; — K25) H / 271'@ ~Yrs) (Vps —1)77e
j=1 (rs)€EVoprr
n—3 d"/ n—2K-—4 d’)/( 2K_3)
TS r(n— —
% I w 11 / L (Yrs +rs) 11 / omi
j=n—2K—4 (rs)evopE r=1,r#2
s#n—2K—3,.
2_K-3
X r A5217152j7521+1+k(2j—1)(2j)’(2j+1)_ Z Tab
j=1 (ab)EVorE
a<b,b=2j+1 or 2j+2
n—1 n—2K—-3
XTI Fin-2m) iz + Y. Fit+Aisethki— > my
j=n—2K+1

Jj=3
K-—1
(Z Vo(n—2i—1) T V2(n—2K—1) T D25, or3,162645...6n 24 T K(n—2K—3),24...(n—2K —4)
1=0
n—2K-3

+ ) >
j=3

Yij
3<i<j<n—2K—3

(ij)€Vorr
2-K-3 n—1
X r Z V(2i+1)a T A@2j4+1)62;.(25+2) T F2j — Z Y (2j+1)b
j=1 a=n—2K-—1 ((25+1)b)eVorr
b#An—2K—2,...n—1
5—K-3 n—1
X r Z 7(2]—&-2)&+A(2j+2)62j+1,(2j+1)62j_1+k2j+1,2j71+ Z Vo(25+1)
j=1 a=n—2K-1 (b(254+1))EVorE
b<2j+1

- Z Y(25+2)b

((2j+2)b)EVorr
b>2+2,bFEn—2K —2

n—2K -4
XTI Yon—2k—3) D6, ox_ 5602k —2.6n—2k—3 T K(n—2K—5)(n—2K—4),(n—2K—3)

Z Va(n—2K—3)

a=1,a#2

xT Z %(n72K72)a+ Z §(n72K73)a+A5n72K 30n—2K—4,0n—2K -5
((n—2K—-2)a)EVorr ((n—2K—-3)a)EVorr
a>n—2K—-2 a>n—2K—-2
n—2K—-4
+k‘(n2K3)(n2K4),(n2K5)>

H F(%’r(n72K72) +/:7{r(n72K73) +’7r(n72K d)) )
r=1,r#2
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where

W2k 4
_ D(A(m—2K—3)(n—2K—2),6,_ax—a — Kn—2K-4)
r > Vr(n—2K—2) T > Vr(n—2K—3) T A6, opc_s T 2kn—2K-4
(r(n—2K-2))€Vorr (r(n—2K-3))€VopE
xT Z Vr(n—2K—2) T A(n—2K-2)8, o 1,(n—2K—3) T kn—2K -1

(r(n—2K-2))eVopr

xT > Vr(n—2K—3) T A(n—2K-3)5, s 4,(n—2K-2) T hn—2r—a |,  (B.37)
(r(n—2K-3))eVopr

which agrees with W; in (4.58) if we set j =n — 2K — 4 (i.e. for even j).
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