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1 Introduction and summary

We now have a consistent formulation of closed superstring field theory (see [1] for a
review). Our goal in this paper is to extend this construction to interacting theory of open
and closed strings. Such systems arise naturally in the presence of D-branes.

As has been described in [1], full quantum string field theory can be studied at different
levels. The basic formulation involves the quantum master action satisfying quantum
BV master equation [2-4]. However, without giving up any information, one can have
various equivalent formulations that are useful for specific studies. Omne of them is the
1PI effective action, suitable for studying the problem of mass renormalization, vacuum
shift and computing S-matrix in the shifted vacuum. Another is the Wilsonian effective
action, suitable for studying the dynamics of string states below certain mass scale, but
without making any low energy approximation. On the other hand the quantum master
action is useful for studying problems that require making all loop momenta integration
manifest, e.g. study of unitarity [6] and analyticity [7] properties of the amplitudes. Of
these the 1PI effective action has the simplest gauge transformation properties, in that
it should be invariant under suitable gauge transformation. As a consequence of this, it
satisfies the classical BV master equation [2]. In contrast the quantum BV master action
and the Wilsonian effective action are not invariant under any gauge transformation, since
the gauge non-invariance of the action needs to compensate for the gauge non-invariance of
the path integral measure [2-4]. What remains invariant is the combination du e?® where
dp is the integration measure in the space of fields and anti-fields and S is the action [5].
This is ensured by the fact that the action satisfies quantum BV master equation.



For this reason we begin our study by first constructing the 1PI effective action. To
experts in quantum field theory, it may appear strange that we construct the 1PI effective
action before writing down the actual action whose off-shell 1PI amplitudes would give the
interaction terms of the 1PI effective action. However as explained in [1], since in string
theory we already know the formal expressions for on-shell amplitudes (ignoring effects
of vacuum shift and mass renormalization), we can first generalize this to construct off-
shell amplitudes, given as integrals over moduli spaces of punctured Riemann surfaces. By
appropriately restricting the region of integration over the moduli spaces, we can construct
either 1PI amplitudes or amplitudes corresponding to elementary vertices of the quantum
master action. The former requires us to remove certain regions of integration around
separating type degenerations in the moduli space, whereas the latter requires us to remove
certain regions of integration around all degenerations.

After constructing the 1PI effective action and checking its desired properties, namely
gauge invariance and validity of classical BV master equation, we also describe the con-
struction of quantum master action satisfying the quantum BV master equation. This
construction only requires a few changes from its 1PI counterpart. We also generalize our
results to unoriented string theory, required to describe the interacting theory of closed and
open strings in the presence of orientifold planes. Throughout our work, we shall follow the
general strategy that has been used in the formulation of bosonic string field theory [8-10],
but extending this to superstring field theory requires a few additional ingredients that we
shall explain.

We now give a summary of our result for the 1PI effective action of superstring field
theory of open and closed strings. We define H,,, to be the vector space of GSO even
closed string states |s), carrying (left, right) picture numbers (m,n) and satisfying the

constraints [8]:!

1

byls) =0, Lgls)=0, LT=Ly+Ly, bF=by=bo, cgtzQ(coiao). (1.1)

We also denote by H,, the vector space of GSO even open string states of picture number
m. We now introduce two subspaces in the closed string Hilbert space and two subspaces
in open string Hilbert space as follows:

H=H 1 1OH 101 OH_1 12D H_1/2-1/2,
H=H 1 1DH 32 1DH_1_3/2DH _3/2_3/2,
He = H_16 /Hfl/g,

HO = H_l D 7‘[_3/2 . (12)

For Af € H¢ and A? € H°, we define {Af--- AS; Af--- A3} to be the off-shell 1PI am-
plitude, summed over all genera and all number of boundaries, with external closed string

IThese restrictions on the off-shell closed string states are needed to get well-defined off-shell amplitudes,
which require us to choose local coordinates at the punctures that are used to insert the vertex operators
of the off-shell string states into the correlation function. Such choice of local coordinates at the punctures
are possible globally only if we ignore the phase of the local coordinate. The requirement that the vertex
operators must be invariant under such phase rotations leads to (1.1).



states A{,---, AS and external open string states A{,--- A9, excluding the one point func-
tion of closed string states on the disc from the definition of {A%}. In computing this
amplitude, we also need to insert in the correlation function appropriate combination of
picture changing operators (PCO) and ghosts. For A° € H¢, we also define {ﬁc} D to be
the disc one point function of A¢ with appropriate insertion of PCOs and ¢-ghosts. More
detailed definitions of {Af--- AS; A7 --- A9, } and {A°}p have been given in section 2.

Note the exclusion of the one point function on the disc from the definition of {A€; }.
If A€ is in the RR sector, then the contribution to {A¢} from the disc does not exist,
since the RR vertex operators carry total picture number —1, and therefore it is impossible
to satisfy picture number conservation on the disc, requiring total picture number —2, by
inserting PCOs which carry positive picture number. For A€ belonging to the NSNS sector
the disc one point function is non-vanishing, but we shall still exclude its contribution from
the definition of {A¢;} for uniformity and define {A¢}p to contain contributions from one
point function on the disc both for NSNS and RR sector A°. As we shall comment at
the end of this section, whether to include the contribution to the disc one point function
of NSNS sector closed string states into the definition of {A%} or {A°}p is a matter of
convention, but for RR states there is no such option. For one point function of closed
string states in H¢ on surfaces with more boundaries/genera, there is no problem with
picture number conservation, and we include their contribution in the definition of {A€; }.

We shall take the closed string states A{’s and A° to be even elements of the grassmann
algebra and the open string states A¢’s and Zf’s to be odd elements of the grassmann
algebra. This means that if ¢ is an odd c-number element of the grassmann algebra, then
we have

CAS = ASC, CA®= A°C, CA? =A%, CA?=-A%, (1.3)

where in (1.3), A, Ec, A? and A° refer to the vertex operators corresponding to the states.?
Unless mentioned otherwise, all our subsequent equations will assume this assignment of
grassmann parities. In this case, {A§--- A%; A7 --- A} and {A°}p can be shown to be
even elements of the grassmann algebra. Furthermore it follows from the definition given
in section 2 that {A7--- A% A7 -+ A/} is invariant under arbitrary exchanges Af <> A
and A7 <> Aj. Note that there is no additional sign even for the grassmann odd vertex
operators Aj. More discussion on this can be found in comment 1 at the end of this section.
We also define

[Af - AR AT A€ HT, AT AR AT AP e HO, [Ipe XS, (14)
via
(Aleg [[AT - Al AT -+ AR ]%) = {AGAT - AR AT - Ay}, VIAG) € 1S,
(AQI[AT - - Af; AT - - AJ]%) = {AT - ARy AGAT -~ Ay}, VI[AG) € HO,
(Al [ 1p) = {A%p - (1.5)

2Ref. [10] assigned even grassmann parity to the open string field by taking the open string vacuum |0) to

have odd grassmann parity and identified the grassmann parity of the string field as that of the corresponding
ket state. In contrast we take the grassmann parity of the string field to that of the corresponding vertex
operator.



Here (A| denotes the BPZ conjugate of |A), generated by z — 1/z for closed strings and
z — —1/z for open strings. We shall see in (2.3) that [ |p is related to the boundary state
of the D-brane system via appropriate picture changing operation and rescaling. It follows
from (1.5), and the fact that {A§--- AS; A7 --- A9} is grassmann even, that [A]--- A9,]°

o

is grassmann odd and [Af--- A9,]° is grassmann even. Similarly one can show that |[ |p)

is grassmann odd. Other useful identities involving {---}, [---], {A}p and [ ]p are:

{Ai...Aig[Bf...Bg;Ci’...C%]C;DT...DZ}

={Bi{- B{GlA]--- A}; DY --- D7) C7 - ,CP (1.6)
{Af - AL GBS - BE; CF - o) DS -+ D2}
={Bi{- B[ G[A] -+, A}; DY - Dp]°CY -+ - CpL (1.7)
and
{AT - AN[Ips AT - Ay} = {[AT - AR AT - Ay} D - (1.8)

In (1.6), (1.7), G is given by:

s°) if |89y e H_
Gls) — {|1 ) i l57) € Mo |
§(X0 + XQ) |SO> if |80> S H_g/g

|Sc> if |Sc> € 7‘[71,71
X ’80> if ’SC> S 'H_L_g/g

gls) =1 - , ; (1.9)
Xo [s) if [s) € H 30,1
XoXo |s¢) if [s€) € H_g/9 32
with J .
Xo = f X(z), X= EZ X(2), (1.10)

X and X being holomorphic and anti-holomorphic PCOs. ¢ includes multiplicative factors
of +(2mi)~ L.

In the following we shall also need to deal with states of wrong grassmann parity —
closed string states which are grassmann odd and open string states which are grassmann
even. To derive the relevant relations, we multiply each grassmann odd closed string state
and grassmann even open string state by grassmann odd c-numbers so that they acquire
standard grassmann parities and therefore obey the standard symmetry properties and
other identities described above. We can now bring the grassmann odd c-numbers to the
extreme left in both sides of the equations keeping track of the signs picked up during this
process. In doing this we follow the convention that a grassmann odd c-number can be
passed through { and ( without any extra sign, — the physical origin of these rules will be
described above (2.6). Once this is done, we can remove these c-numbers from both sides
of the equations and derive the relevant identities. To avoid confusion, we shall use the

[

convention that string states labelled by roman letters, like Af, Ec, A? and A , carry the

correct grassmann parity — even for A, A€ and odd for A?, A°. When we need to use
states of general grassmann parity, we shall use caligraphic letters A$, A¢, A? and A°. In



this convention, in an expression like QpAS, it will be understood that Af is grassmann
even and therefore QpAf is grassmann odd.

It can be shown that with this prescription, the generalizations of (1.5) remain rela-
tively simple even for states of wrong grassmann parity, provided we use the prescription
that [ for [- - -]¢ behaves as a grassmann odd object and [ for [- - -]° behaves as a grassmann
even object. In that case, when we replace Af, ZC, A¢ and A by Af¢, VZC, A9 and .ZO,
the first and the third equations of (1.5) remain the same, and the second equation also
remains the same if either Af or the product A - -- A% is grassmann even. In case both of
these are grassmann odd, we have an extra minus sign on the right hand side of the second
equation. To see the necessity of assigning odd grassmann parity for [ in [---]¢, let us use
the generalization of the first equation of (1.5) to get

{AGC- -} = (Al l[C---19, (1.11)

for a grassmann odd c-number . Now on the left hand side we can bring ( to the extreme
left by picking up a multiplicative factor given by the grassmann parity of Aj. On the right
hand side we shall get an additional minus sign while moving ¢ through ¢, . Therefore to
compensate for this we need the rule:

(¢ )0 =—=C[---]°. (1.12)

There is no such factor for [---]° due to the absence of ¢y factor in the second line of (1.5).

Another rule we need to follow is to never move a grassmann odd variable through
1% or }. To see this consider {; AJAJA3} and move a grassmann odd c-number ¢ through
this from left to right. We may conclude that this operation will pick up a minus sign
due to three grassmann odd open string vertex operators inserted in between {---}. But
this may not be the correct result, e.g. the correlation function of three grassmann odd
operators on a disc is a grassmann even number. Furthermore, this cannot be compensated
by simply assigning an odd grassmann parity to } since the result depends on the number
of boundaries. The same rule will be followed for matrix elements like (A°|O|B®) for any
operator O acting on the open string states. Any grassmann odd c-number from inside
the matrix element will be taken outside the matrix element from the left. However in this
case we could allow grassmann odd c-numbers to be taken out from the right by picking
an extra minus sign, i.e. by treating the ket vacuum as grassmann odd.

We are now ready to describe the form of the action. We introduce two sets of grass-
mann even closed string fields U¢ € H¢ and V¢ € H¢ and two sets of grassmann odd open
string fields ¥° € H° and U° € H°. The 1PI effective action is given by:

L o= - Jc L= - c I =5 J° L= 0
Sipr = —ng@I’c’Co QpG|¥) + g—§<\II ’Co QBlY°) — 295<‘Ij |QBG|Y°) + ;Nj |QB|Y)
~ 1
+HU%p + Z Z NI {(w)N; (w)My, (1.13)
N>0M>0

where ) g represents the closed string BRST operator on H¢ and He and open string BRST
operator on H° and H°. We show in section 3 that the action is invariant under the gauge



transformation:

[69¢) = Qp[A%) + g2 Z N,M,Q[AC(‘I’C) ()M + g2 Z GIw)N; A (W) M,

N'M'

REEERICE S Wgw(ww; g Y N,lM,g[(\IfﬂN;A%er,

NM™ 77 N,M
60°) = Qp|A°) + g2 Z ~i M, (A I+ g? Z ~i M, NoAe(wo)Mye,
~ 1
09°) = QplA°) - Z S AN ()M g, 2 Sl A )M,
N,M NM™ T

(1.14)

where |A€) € HE, [A%) € H, |A¢) € He, |A°) € H°, are gauge transformation parameters.
A¢ and A€ are grassmann odd while A° and A° are grassmann even. We also check in
section 4 that this form of the gauge transformation is consistent with what we obtain
from the BV formalism.

Besides the various identities mentioned earlier, we need another set of identities,
known as the ‘main identities’ [8], to prove gauge invariance of the action. For grassmann
even gc, A¢ and grassmann odd Af, these identities take the form:

{(QBA9)}p =0, (1.15)
and,
N
D AL AL (QBAD AL - AR AT - A3y)
=1
M .
+ D AT AR AT AT (QBA AT - A (1)
j=1
1 N M
:_52 Z Z Z (gg{Afl---AngC;A?I---AJQZ}
k=0 iy i} {1, ,N} €=0 {j1, - ey {1, , M}
g {AG, - A5 BOAG, - A5 })
—ga{lAc - Ajs AT A YD
B g[AC AzCN K’ A; o 'A%)Mfe]c’ B = Q[Afl N ._A%ka;_A;gl o 'A?Mfz]o’
{Zla' : '7216} U {217"'77/]\/*]?} = {17 : '7N}7 {jh'"v.j@} U {jla"'v.jMff} - {lvaM}
(1.16)

The term proportional to {[AL--- AS; AS - -+ A9,]} b is not present in bosonic open-closed
string field theory. There we include the contribution of the disc one point function in the
definition of {B¢ }. As mentioned below (1.2), this is not an option for RR sector B¢ in
superstring theory due to an obstruction associated with the picture number conservation.



Note that on the left hand side of (1.16), QpAS and QgAY are string states of ‘wrong
grassmann parity’, while on the right hand side B¢ and B° are also of wrong grassmann
parity. Therefore the corresponding objects {---} will have to be defined by multiplying
these wrong parity objects by grassmann odd c-number (. It is useful to include this
grassmann odd c-number ( explicitly in the identity so that each term in the identity has
only states of correct grassmann parity. This takes the form:

N

D AT AT (CQBAD AT, - AR AT - A3y}

=1

M
+Z{A§”' NiAT- - AT (CRBAG) AT - Ay}

1N M
*52 )OREED DR DN - CREEV (V- LV RNV 5
k=0

77/k}C{1= 7N} £=0 {jlv'“ 7JF}C{17 7M}

+s {Ag - AS S BPAY - -A?Z})

(%

—ga{C[Ag - AR AT A %Y

)

B¢ = QC[Af Ach K’ A.(;l A;_?MJ]C’ B = gC[Af AZCN K’ Ajol A?M—é]o’

{ir, i} U{in, - iv—e} ={1,-- N}, {j1,--dep Ui, dm—et = {1,-- -, M}.
(1.17)

The (—1)7~! factor on the left hand side of (1.16) will be generated when we pull ¢ through
the open string vertex operators A{ to the extreme left.
The equations of motion following from the 1PI effective action are given by

) 2 Qp(1¥) —G1¥%) + g2l 1p) = 0, (1.18)
c TC - - 1 c\N—1, o c
U9 Qpl¥) +g] Z Z m[(‘l’ VL ()M = o, (1.19)
N=1M=0
) o Qp(|v°) - Gl¥) = 0, (1.20)
o T,0 . . 1 c . o —170
W%+ QB[Y°) +gs Z Z m[(‘l’ )Nv(‘l’ )M 1] = 0. (1.21)
N=0 M=0
Now, multiplying the second equation by G and adding to the first equation gives
Q61¥) + 030 3 gl @M £ o) = 0. (122)
N=1 M:O

Similarly, multiplying the 4th equation by G and adding to the 3rd equation gives

Qpl¥°) + gsz Z NIGE =T [(xyC) S(W)M—1e = 9, (1.23)

=0 M=1



Egs. (1.22) and (1.23) give the interacting equations of motion for the physical string fields
V¢ and U° Once we pick a solution to these equations and fix |¥¢) and |¥°), we can
determine U¢ and W° using (1.19) and (1.21) respectively. The only freedom in obtaining
solution to (1.19) is to add solutions to Qp|¥¢) = 0 to an existing solution. Similarly
the only freedom in obtaining solution to (1.21) is to add solutions to Q5|¥°) = 0 to an
existing solution. These represent free field degrees of freedom. Furthermore the choice
of solutions to these free field equations of motion does not affect the interacting field
equations (1.22) and (1.23) since they do not involve ¥¢ and W°. Therefore the degrees of
freedom associated with W€ and U° represent free fields that completely decouple from the
interacting part of the theory, and they have no observable signature.
Besides the results reviewed above, this paper also contains the following results:

1. We show in section 4 that the action (1.13) satisfies the classical BV master equation
(S,5) = 0 where (F,G) denotes the anti-bracket between two functions F' and G of
the string field, as defined in (4.7), (4.8).

2. We construct in section 5 the quantum BV master action of superstring field theory
of open and closed strings. This action has the same form as (1.13), but with the
interaction vertices {- - - } replaced by slightly modified vertices {{-- - }. Also the main
identity satisfied by the new vertices now has additional terms given by the last two
terms in (5.5). Due to these additional terms in the vertices the action now satisfies
the quantum BV master equation (5.2), with A defined in (5.3).

3. In section 6 we describe how to generalize the construction of the 1PI action and the
BV master action to unoriented open closed string field theory. The structure of the
action remains the same but the definitions of the interaction terms change. In par-
ticular {A§--- AS; A7 - A, } now gets additional contribution from non-orientable
surfaces, {A“c} p gets additional contribution from the projective sphere and there are
additional normalization factors in the definitions of these quantities.

We end this section with a few comments.

1. In most formulation of classical open string field theory an associative x-product and
its generalization known as the Ao, algebra plays a significant role [11-22]. This
is not manifest in the formulation of the quantum action described above. Instead
what plays a central role here is the associated Lie algebra and its infinite dimensional
generalization — the L, algebra. For example, if we consider Witten’s open bosonic
string field theory [11], then our definition of [; A°B°]° at the tree level corresponds
to A° x B° — (—1)4BB° x A° in the language of *-product. The price we pay in
giving up the Ay structure is that we can no longer extract color ordered amplitudes
from the theory without digging into the detailed definition of {---}.? If we want to
make manifest the information on color ordering, we need to follow a more elaborate
approach described in [10, 23, 24].

3We thank Theodore Erler for pointing this out to us.



2. A special feature of the 1PI effective action (1.13) is the linear term {\T/C} p that
involves a closed string field from He. Physically this is related to the fact that W€
contains RR field strengths while U° contains the RR potential. Since D-branes carry
RR charge; we need the RR potential, hidden inside \Ilc, to describe the coupling of
closed string fields to D-branes.

3. As has already been alluded to before, we can set {/TC} Db to zero if A¢ belongs to the
NSNS sector, provided we include this contribution into the definition of { A% }. This
corresponds to removing part of [ |p that belongs to the NSNS sector and absorbing
this into the definition of [ ; ]°. Under this (1.22) remains unchanged. This describes
a superstring field theory that is equivalent to the original superstring field theory.

4. Using the open-closed superstring field theory one can construct gauge invariant
1PI effective actions for theories that are apparently anomalous. For example if
we consider type IIB string theory with certain number of space-filling D9-branes,
its spectrum will contain, besides the usual closed string fields, additional chiral
fermions from the gauge supermultiplet on the D9-branes. This theory is known to
suffer from gravitational anomaly [25]. However there is no difficulty in writing down
a gauge invariant 1PI effective action for this theory. In the latter description, the
inconsistency shows up due to the presence of a term in the action that is linear in the
RR 10-form field, encoded in the {U¢}p term in (1.13). Due to the presence of this
term, the theory does not have a vacuum solution to the equations of motion [27].
However in some cases we may be able to cancel the effect of the {\TJC} p term, leading
to the last term on the left hand side of (1.22), by switching on other background
fields contributing to the second term on the left hand side of (1.22). Examples of
this kind can be found in compactification of type IIB string theory on Calabi-Yau
manifolds where the space-filling D3-brane charge can be cancelled by flux of 3-form
fields along the internal 3-cycles of the Calabi-Yau manifold.

5. The action (1.13) contains insertion of ¢, in several places — in the kinetic term as
well as in the definition of {U¢}p given in (2.2). This can be traced to the presence
of conformal Killing vectors on the associated Riemann surfaces — a sphere with
two punctures and a line integral of the BRST current, and a disk with one bulk
puncture. We can avoid this by including ¢, in the definition of \TJC, declaring HE to
be the subspace of states annihilated by ¢, instead of b,. This will introduce a b, in
the Ue-WC kinetic term, but this is a more natural operator since the anti-commutator
of Qp with b, generates L; . It has in fact been argued in [26] that in this formalism
we can take W¢ and U° to be unconstrained elements in the Hilbert space of closed
string states except for the restriction on the picture numbers. This introduces some
additional free field degrees of freedom which decouple from the interacting part of
the theory.

6. As has been mentioned already, (1.22) and (1.23) can be regarded as the equations
of motion of the physical string fields ¥¢ and ¥°. One important question is: given



a solution to these equations, can we always find a solution to the equations of mo-
tion (1.19) and (1.21) for the additional fields U¢ and W°? If the answer is in the
negative, this may impose further constraints on the physical fields ¥¢ and ¥°. Now,
using (1.16) it is straightforward to show that once (1.22) and (1.23) are satisfied,
the second terms in (1.19) and (1.21) are BRST invariant. Therefore the question re-
duces to whether they describe non-trivial elements of the BRST cohomology, since
as long as they are BRST trivial one can always find ¥¢ and U° satisfying (1.19)
and (1.21). This can be studied separately in the zero momentum sector and the
non-zero momentum sector. We shall analyze this question for (1.19), — the analysis
of (1.21) will be similar and in fact simpler. In the sector carrying non-zero momen-
tum along the non-compact space-time directions, the contribution from [ |p can be
expressed as Qpbl (L{) [ ]p, and therefore the second term in (1.22), being equal
to —Qp|V°) — Qpby (L§) ™ [ |p, is BRST trivial. It follows from the analysis of [27]
that the second term in (1.19) is also BRST trivial, — one can use the inverse pic-
ture changing operator introduced in [27] to map elements of the BRST cohomology
from H¢ to H¢ in the non-zero momentum sector. On the other hand, it was shown
in [27] that in 7—~lc, the BRST cohomology in the zero momentum sector is trivial.*
Therefore the BRST invariance of the second term in (1.19) implies BRST exactness
of this term. This, in turn, implies that (1.19) always has a solution when (1.22)
and (1.23) are satisfied. A similar conclusion follows for (1.21). Therefore (1.19)
and (1.21) do not impose any additional constraint on ¥¢ and W° besides the ones
implied by (1.22) and (1.23).

7. Once a consistent superstring field theory for open and closed strings has been formu-
lated, it can be used to systematically study various aspects of string theory that are
not easily amenable to the standard world-sheet approach. This includes for example
the study of mass renormalization or vacuum shift [1], or studying superstring theory
in RR background [28].

8. The superstring field theory of open and closed strings constructed here does not
suffer from any ultra-violet divergence. However this theory suffers from all the usual
infra-red divergences that a quantum field theory suffers. These have physical origin
and need to be dealt with as in a quantum field theory.

9. Superstring field theory action that we write down can be formulated around any
background associated with a superconformally invariant world-sheet theory in the
NSR formalism. Even for a given background the theory is not unique — it depends
on the choice of local coordinates at the punctures and the choice of PCO locations
that we have to make in defining the interaction terms of the action. For superstring
field theories of closed strings it is known that apparently different string field the-
ories, that one gets by making different choices, are all related by field redefinition.
We expect a similar result to hold for the theory described here, but we have not

4For this one needs to use o cohomology where one allows polynomials in the zero modes of the non-
compact space-time coordinate fields to appear in the state.

~10 -



attempted to give a complete proof. Another feature of the theory that we would like
to prove is background independence — if we have different backgrounds related by
marginal deformation of the world-sheet theory, then the superstring field theories
formulated around these different backgrounds should also be related by field redef-
inition. This analysis is expected to be more complicated than the corresponding
analysis for closed superstring field theory, since under marginal deformation of the
bulk world-sheet theory we also need to deform the D-brane system appropriately [10].
We hope to return to these problems in the future.

2 Construction of 1PI vertices and their properties

We shall now describe the construction of the 1PI vertices {Af--- A%; A7 --- A} and
{/TC} p satisfying the various identities described in section 1. Since the construction pro-
ceeds more or less in the same way as in the case of closed superstring field theory reviewed
in [1], we shall only emphasize the differences.

We begin by describing our convention for correlation functions of open string vertex
operators. If there are N D-branes, not necessarily of the same kind, then a general open
string state is described by an N x N matrix, with the ¢-j matrix element describing the
state of an open string whose left end is on the i-th D-brane and the right end is on the j-th
D-brane. A correlation function of open and closed string vertex operators on a general
Riemann surface with multiple boundaries include taking traces over the N x N Chan-
Paton matrices on each boundary of the Riemann surface. These traces will not be written
explicitly, but will be understood as part of the definition of the correlation function. We
shall follow the standard convention of referring to the locations of the vertex operators on
the Riemann surface as punctures, with closed string vertex operators inserted at the bulk
punctures and the open string vertex operators inserted at the boundary punctures.

We shall first define {EC} p- We take this to be the one point function of g;tcy GAC
on the unit disc |z| < 1, with the vertex operator inserted at the center of the disc using
local coordinate ze®. Here § is some positive number and®

7 (2.1)

g _ {1 onH_1 1
3(Xo+ Xo)on H_5/5 3/

where X, Xp are zero modes of the PCOs as defined in (1.10). The ¢, factor is needed due
to the presence of conformal Killing vector on the disc, which makes one point function of
any operator vanish if the operator is annihilated by b, . The G factor is needed for picture
number conservation. Since A¢ has picture number —2 in the NSNS sector and —3 in the
RR sector, GA® has picture number —2 in both sectors. This is the correct picture number
for getting a non-vanishing one point function on the disc. The identity (1.15) can now be
proved by deforming the integration contour defining Q5 to the boundary of the disc. On

®Since there is no insertion on the boundary, Xy and Xy could be evaluated by taking their defining
integration contours on the boundary. Since on the boundary the holomorphic and anti-holomorphic PCOs
are equal, Xy and X, are identical. Therefore we could replace G by Xy or Xo.
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the boundary the holomorphic and the anti-holomorphic components of Qp cancel each
other. There is no additional contribution from having to pass Qg through QA since [@p, 3]
vanishes. The term containing {@p, ¢, } vanishes since {@Q g, ¢, } does not contain a ¢, and
therefore integration over the zero mode ¢, associated with the conformal Killing vector
vanishes.

Given this definition of {A}p, we can define [ |p via (1.5). We can also express [ |p
in terms of the boundary state [29-32] of the D-brane system as follows. Let |B) be the
boundary state of the D-brane system under consideration so that (¢°|c, |B) describes the
one point function of the closed string vertex operator c; ¢¢, inserted at the center of the
unit disc |z| <1 in the z coordinate system. This gives

(A% p = g7t (Aley G e Plotlo)| By | (2.2)

Since one point function on the disc is non-zero only for vertex operators of picture number
—2, ¢° must have picture number —2 for getting non-vanishing (¢°|c,|B). On the other
hand, (¢°|cy |B), being related to a sphere correlation function of ¢¢ and B, is non-zero
only when the total picture number of ¢¢ and B add up to —4. Therefore |B) has picture
number —2. Comparing the last equation of (1.5) and (2.2), we can express [|p € H¢ as

I = g7 PG e Plotlo)|py (2.3)

where P denotes projection operator into H¢. Its role is to pick the (—1,—1) and
(=1/2,—-1/2) components of G|B), which otherwise has states in Hum,n for all m,n with
m + n = —2 in the NSNS sector and m +n = —1 in the RR sector.

The construction of {---} proceeds as in the case of closed superstring field theory
— therefore we shall be brief, emphasizing only the new aspects of this construction.
We denote by Mg bm. ne.pege,momn, the moduli space of Riemann surfaces with genus g, b
boundaries, m. NSNS punctures, n. NSR punctures, p. RNS punctures, g. RR punctures,
m, NS-sector punctures on the boundary and n, R-sector punctures on the boundary,
with the understanding that the integration over Mg . ne.pe.gesmom. iCludes sum over
spin structures. It will also be understood that the Ramond punctures carry picture number
—1/2, i.e. when we insert a vertex operator at the puncture, it belongs to H¢ or H®. We
denote by ﬁg,b,ms,nc,pc,qc,mo,no a fiber bundle over this moduli space, with the fiber directions
specifying the choice of local coordinates at the punctures and also the locations of the

O=49+2b—4+42m.+ 3(nec+pe) /2 + Ge + Mo +no/2, (2.4)

PCOs. Note that for Riemann surfaces with boundary, the picture number in the holomor-
phic and anti-holomorphic sectors are not separately conserved, but only the total picture
number is conserved. For this reason, we have specified only the total picture number.
Ouly for b = 0, we have to have 29 — 2 + m. + n. + (pc + ¢.)/2 anti-holomorphic PCOs
and 2g — 2 + m¢ + pe + (ne + ¢¢)/2 holomorphic PCOs. Therefore for b # 0 the fiber has
o + 1 different branches, with the r-th branch having r holomorphic PCOs and (p — )
anti-holomorphic PCOs.
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In order to simplify notation we shall define the formal sum

Py, N = E , Pgbmene,pegermormo s (2.5)

mc,Nc;Pcsq9c,Mo;Mo
me+nct+petac=N,mo+no=M

and similarly Mgy v . Following the same procedure reviewed in [1] for closed string
theory, given a set of closed string states A{,---, A%, and open string states A7,---, A},
we can construct a p-form Qg’b’N’M( O AG AL, AG)) on ﬁg,b,N,M for any positive
integer p, in terms of appropriate correlation functions of b-ghosts, PCOs and of vertex
operators {A¢}, {A?} on the corresponding Riemann surfaces. In this construction the
local coordinates used in the insertion of off-shell vertex operators and the locations of the
PCOs are determined by the point in ﬁg,b, ~N,m where we compute the p-form. The specific
form of the ghost insertions is determined by the tangent vectors of 7597(,, ~,m with which
we contract Q4"M i, the particular components of Q4" that we want to compute.
The sign rules of section 1, that tells us that we can take a grassmann odd c-number out
of {---} from the left, implicitly assumes that in computing the correlation functions that
define Qg’b’N’M, we insert the vertex operators for the external states first in the order
they appear inside {---} and then insert all the ghosts and PCOs. Similarly the sign rule
that we can move a grassmann odd c-number through ( without extra sign corresponds to

treating the bra vacuum (0| as grassmann even. Qg’b’N’M satisfies the useful property:
N
0,N, M .

ZQ}Z ( (1:7"'7A7?—17QBA;’:7A§+17"' (J:V’ (1)7"'714?\4)
=1

M

i—109,b,N,M .

) (1IN (AS AR AS, AT QBAT AT AS)

=1

= k(g,0, N, M, p) dQ3" VM (A, - AR AT, AS), (2.6)

where k is an appropriate sign factor about which we shall say more later. The identity
is derived by deforming the integration contour used in defining Qp away from the vertex
operators and making it act on the ghosts / PCO insertions. This generates insertion of
stress tensor in the correlation function which in turn has the interpretation of an exterior
derivative acting on €2, 1. The phase s could in principle differ from the corresponding
result in the closed string case from having to move odd operators through open string
vertex operators. It can be determined by careful analysis as in [10], but we shall extract
the relevant information using an indirect approach to be described later. A special role
will be played by Qg;’fg%b 4on4y Since the dimension of the moduli space Mgy v s is
given by 6g —6 4+ 30+ 2N + M.

As in the case of closed (super-)string field theory reviewed in [1], we introduce the
notion of a generalized section of ﬁgyb, ~,m by extending the notion of a section. A general-
ized section can be a formal weighted average of many sections — with the understanding
that integral over such a generalized section will be given by the weighted average of the
integral over the corresponding sections. Unlike a regular section, a generalized section may
also contain vertical segments across which the PCO locations jump discontinuously. The
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integral of Qg’gb’_]g%b ron4 s over such vertical segments will have to be defined by adding

to the integral over the continuous part of the section some correction terms described
in [33, 34].

The ability to include vertical segments in the generalized section plays a crucial role
in open-closed string field theory — it allows us to choose generalized sections that can
jump between the different branches of ﬁg,b, ~,m mentioned earlier. This is done by moving
one or more PCOs from the bulk to a boundary across a vertical segment [33, 34]. Since on
the boundary the holomorphic and anti-holomorphic PCOs are identical, we can replace
holomorphic PCOs by anti-holomorphic PCOs (or vice versa) and then move them to the
desired positions in the bulk across another vertical segment. Such jumps may be necessary
in order to ensure that near various boundaries of the moduli space, the generalized section
factorizes correctly into the direct product of the sections on the component Riemann
surfaces to which the original Riemann surface degenerates.

For defining {-- - } we also need the notion of a section segment where we remove from
the base M, n a certain codimension zero regions and then erect a generalized section on
this truncated space. Even though we drop the word generalized for brevity, it should be
understood that the section segments we shall be working with refer to generalized section
segments, allowing us to take weighted averages and vertical segments. Each such section
segment represents a family of punctured Riemann surfaces equipped with a choice of local
coordinates at the punctures and the choice of PCO locations. We shall now define two
operations on section segments that will be important for us:

1. Sewing. Let us take a pair of section segments, one in ﬁg@ ~N,m and the other in
ﬁg/,b@ N, mv- Bach represents a family of Riemann surfaces equipped with choice of
local coordinates at the punctures and PCO locations. We can now construct a new
section segment by sewing them at a pair of punctures — one from each section
segment. If the sewing is done at a bulk puncture, then this means that we take a
Riemann surface from one family and sew one of its punctures to a puncture on the
Riemann surface from the other family by making the identification

wiwy =e ¥ 0<s<o0, 0<6<2rm, (2.7)

where w; and wy are the local coordinates at the respective punctures. For sewing
at a pair of boundary punctures the analog of (2.7) takes the form

wiwy = —e °. (2.8)

In both cases, we also insert a factor of G defined in (1.9) around the origin of the
wy (or the wg) coordinate system. Doing this operation for each element of the
first section segment and each element of the second section segment, we generate a
family of new Riemann surfaces equipped with local coordinates at the punctures and
choice of PCO locations, producing a new section segment. When the sewing is done
at a pair of bulk punctures via (2.7), the resulting family of Riemann surfaces gives a
section segment of 759+g/,b+b/7 N+N'—2,M+M7- On the other hand for sewing at a pair of
boundary punctures via (2.8), we get a section segment of 759+g/,b+b/_17N+NI,M+M/_2.
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2. Hole creation. Another way of producing a new section segment from a given one
is to sew a Riemann surface belonging to a section segment to a disc |z| < 1 with one
bulk puncture, via the relation

wwy = e °, (2.9)

where w; is the local coordinate at the bulk puncture on the Riemann surface that is
being sewed and wo is the local coordinate at the bulk puncture at the center of the
disc. We also need to insert a factor of G defined in (2.3) around the origin of the w;
or wy coordinate system. Note the absence of the phase e~ even though we sew two
closed string punctures — this is related to the presence of a conformal Killing vector
on the one punctured disc. We shall take ws to be related to the standard coordinate
z on the unit disc by wy = ez, where 3 is the positive constant that appeared in the
definition of {gc} p- In that case, hole creation is equivalent to inserting at a bulk

puncture on the Riemann surface the state (see (A.16))

— g2 e=* ot Lo (b 1 bo)|[|p) = —gs e HIUTLI PG (by + bo)[B), 0 < s < o0.
(2.10)
The parameter s labels the extra modulus that appears when we replace a closed
string puncture by a boundary. If the original section segment belonged to 75975,, N,M>
then the new section segment obtained by hole creation belongs to 75g,b+1, N—1,M-

In bosonic open-closed string field theory the hole creation need not be described as
a separate operation, — it can be included in the sewing of a Riemann surface with
punctures to the disc with one bulk puncture. In open-closed superstring field theory
the disc with one bulk puncture requires special treatment since picture number
conservation makes the disc one point function of vertex operators in H¢ vanish and
we need to pick vertex operators from He.

The definition of {---} requires choice of section segments R,y n ar Of ﬁg,b, N,M satis-
fying certain properties:

1. The projection of Ry n s on the base Mgy vy must not contain any separating
type degeneration.

2. Ryp,n,m must be symmetric under the exchange of punctures, separately for closed
strings and for open strings.

3. Given a set of section segments {Ryp N}, We can generate new section segments
from them by repeated application of sewing and hole creation. The demand we
make on Ry n s is that the formal sum of all of these section segments produces
a full generalized section whose projection to the base covers the full moduli space

Mg b, N M-

As in the case of closed superstring field theory described in [1], we can systematically
construct the section segments Ry v a's satisfying the above requirements as follows.
Since the sewing and hole creation operation always increase the dimension of the section
segment due to appearance of new parameters s or 6, we shall set up a recursive procedure
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for constructing Ry p n, s With the dimension of Rgp v 1 as the recursion parameter. We
begin by making choices of R 3,0, Ro,1,0,3 and Ro,1,1,1- In each of these cases the moduli
space is 0-dimensional, so the only choice we have to make is the choice of local coordinates
and PCO locations.® We choose the local coordinates w; so that they are related to some
natural local coordinate z on these Riemann surfaces by large scaling: w; = €% z with large
|Bi], so that |w;| = 1 describes a small circle around the puncture in the natural coordinates.
This is known as adding long stubs to the string vertices [35]. Similarly we choose the
parameter 8 appearing in the definition of {KC} p in (2.3) to be large. In order to make
Rg,p,n, v symmetric under the exchange of punctures, we may need to average over different
choices of local coordinates and / or PCO locations — this is allowed since we only require
Rgp,n,0m to be a generalized section segment. We now focus on Ry v a’s whose expected
1,1,2, Ro,1,2,0 and Ro2,0,1. For any such g,b, N, M, we first

It Rt ] )Ly

dimension is 1, e.g. Ro,1,0,4, Ro
determine all section segments obtained by sewing or hole creation operation involving zero
dimensional Ry iy N7 p7. As long as the zero dimensional Ry i v a7 have been constructed
by adding long stubs, sewing and hole creation of the corresponding section segments will
generate one dimensional section segments of ﬁg,b, ~N,M, Whose projection on the base covers
only small regions in M ;s around separating type degenerations, leaving behind large
gaps. We now choose one dimensional Ry n s to ‘fill the gap’ so that together we have a
complete generalized section of 75971,7 ~,m- There is clearly a lot of freedom since the section
segments generated by sewing or hole creation of zero dimensional Ry i ar N+ only fix the
boundaries of one dimensional Ry a7, by requiring them to match the s = 0 boundaries
of the sewing operation (2.8) or hole creation operation (2.9). In the interior we can choose
local coordinates / PCO locations arbitrarily, subject to the restriction that the local
coordinates should carry long stubs, and the PCOs must avoid spurious poles [36] by finite
margin [1]. We now repeat the process, generating all the two dimensional section segments
by sewing and hole creation of the section segments of lower dimensional Ry nv a+’s and
then choose the two dimensional R,p v as’s by filing the gap. This procedure can be
repeated to generate all the Ry v ar's.

Note that allowing R, n 1 to be generalized section segments is crucial for this con-
struction. We have already mentioned that making it symmetric under the exchange of
punctures may require averaging over different choices of local coordinates and/or PCO lo-
cations. Furthermore the boundaries of R, v a, fixed by sewing or hole creation in lower
dimensional Ry p a7 N/'s, are often generalized sections since they often have insertion of
the operator G or G involving average of PCO insertions on a circle.

For the purpose of our analysis we shall not need the explicit form of Ry N as's.
Explicit construction of such Ry na’s can be done using minimal area metric [8] or
hyperbolic metric [37-39], but any other choice satisfying the above requirements will also
be acceptable for our construction. We now define:

{AT--- AR AT ARy} (2.11)

_ 29—2+b 9,b,N,M c c_. po o
= § (gs) / Qeg_6+3b+2N+M( 1o """ s AN 47 7AM)'
Rg,b,N,M

,b>0
(9,6)#(0,1) for (N,M)=(1,0)

5Note that Ro,0,n,0 and Ro,1,0.» are empty for n < 2.
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The proof of the main identity (1.16) can now be given as follows. It is clear from (2.11)
that the left hand side of the main identity is given by

> (gs)zg””/ Lh.s. of (2.6) with p = 6g — 6+ 3b+ 2N + M .
R
(6.6)70,1) o (N, M) =(1,0) 90 NM

(2.12)

We can now use (2.6) to express this as

2g—2+b BN, M .

Z (g:)%7" /8R Kg.b,N,M Qggf7+3b+2N+M( AN AL - LAY,

(g,b);ﬁ(o,l)f’obrz(?v,M):(m) 9.0, M
(2.13)

where kg N = K(g,0, N, M,6g — 6 4 3b + 2N + M). From the definition of Ry N m
given above, it follows that ORgp v, must match onto the s = 0 boundary of one of the
three sewing operations (2.7), (2.8), (2.9) acting on (a pair of) Ry n7.pv. The standard
arguments in conformal field theory now show that up to signs, the s = 0 boundary of
the operation (2.7) produces the term involving B¢ on the right hand side of (1.16), the
s = 0 boundary of the operation (2.8) produces the term involving B° on the right hand
side of (1.16), and the s = 0 boundary of the operation (2.9) produces the term involving
{[-- -]} p on the right hand side of (1.16). The signs can be determined by careful analysis as
in [10] since there is no essential difference between bosonic and superstring theories here,
the open string fields being grassmann odd in both cases. However we shall determine the
signs by an indirect argument. We outline below the general strategy, leaving the detailed
analysis to appendix A.

First of all, the fact that using (1.16) we can prove gauge invariance of the action, as
shown in section 3, provides an indirect evidence for the correctness of the signs of the terms
on the right hand side of (1.16). We can provide a more direct argument for these signs
using the factorization property of string amplitudes as follows. Factorization property tells
us that near the separating type degeneration, the integrand of a string amplitude breaks
into a sum of products of the integrands associated with the component Riemann surfaces
into which the original Riemann surface degenerates. This property is needed to ensure
that the contribution to the amplitude from the region near a separating type degeneration
has the interpretation of a pair of string amplitudes connected by a propagator. This can be
used to fix any phase ambiguity in the integrand of a string amplitude by relating it to the
product of the phases of amplitudes at lower genus / with lower number of punctures. We
shall show in appendix A that if the phases of the amplitudes are fixed this way, then (2.13)
gives precisely the right hand side of the main identity (1.16) without any extra sign.

Other properties of {---} and [---]9° described in section 1 can be proved easily.
For example, symmetry of {A{---A%;Af---A$,} under arbitrary exchanges A§ « Af
and A7 < A7 follows immediately from the symmetry of Rgp n s under permuta-
tion of bulk punctures and of boundary punctures. Put another way, the definition of
{A§ - AR AT -+ Af, ) involves explicit symmetrization under A7 <> A and A7 < Aj.
The fact that {A{--- AS; AT --- A9, } and {A°}p are grassmann even can be proved itera-
tively by starting with an amplitude with no external states (or, for low genus, amplitudes
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with minimal number of external states needed for removing the conformal Killing vectors)
and then noting that the addition of a grassmann even closed string state is accompanied
by two insertions of b-ghosts in the correlator, while the addition of a grassmann odd open
string is accompanied by one insertion of b-ghost. Therefore the grassmann parity of the
correlator remains unchanged under these operations. This is also consistent with the fact
that in order to get a non-zero result for an amplitude, the total number of grassmann
odd component fields (coming from space-time ghosts, fermions etc.) must be even. The
identities (1.6)—(1.8) can be proved using (1.5). For example we can express the left hand
side of (1.6) as:

[Af - ALGIBE -+ B CF - a3 DY -+ DY)

— (GBS -+ B CF -+ ColFleg |IAS -+ Af DS -+ D3)

= (B} B{: CY -~ Calfley GIIAT -+ A DY - DE°)

= (GIAS -+ Af DY -+ Dl |[Bf -+ Bis CF -+ Ca )

= {Bf - B{GIAS -+ Afs DY DRl CY - C (2.14)

where in the second step we have used the fact that the both [---]¢in (2.14) are grassmann
odd. This establishes the symmetry property (1.6). The other identities (1.7), (1.8) can
be proven in a similar manner.

3 Gauge invariance of the 1PI action

In this section we shall prove the invariance of the 1PI action given in (1.13) under the
gauge transformation (1.14). The corresponding result for bosonic string field theory of
open and closed strings follows from this by setting U = v, A=Aand G =1.

Under the gauge transformation (1.14), the variation in the action (1.13) is given by

0S1Pr = 9*2(‘1’ ey QBGI5T°) + gﬁ<5‘1’°|60 Qp|¥) + gﬁ<WC|Co Qp|ove)
1 1
gf@olQ BG|6V°) + p <5‘I’°!QB|‘I’°> +;(W°|QBI5WO>

o oo
J,C c\N-1 c. o
a4 3 S e (w)
N=1 M=0

22 le{@c)Nﬁ‘I’o(\I’”)M‘l}, (3.1)
N=0M=1

where we used the identity
(60°|cy @BGIYC) = (¥°|c; Qpg|oTe)
(60°|Qp3|¥°) = (V°|QpG|0T°). (3.2)

We shall analyze separately the effect of the transformations generated by Kc, KO, A€ and
A°. First we consider the gauge transformation parametrized by A in (1.14). Using Q% = 0
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we see that the variation of the action is given by
5.51pr = {QBA°}p. (3.3)

But this vanishes by the identity (1.15). Similarly, the variation of the action parametrized
by A° in (1.14) vanishes identically:

8,51pr = 0. (3.4)

For the gauge transformation parametrized by A€, we have, from (1.14),

SeSier = = 2 3 s (Ul QugIIA(w) Y (1)) (3.5)
N>0M>0
#3030 A ()l @l 9°)
N>0M>0" "~ °
+ Z Z N]ljw| <CI}C‘C(;QBQ|[AC(\I/C)N, (\IJO)M}C>
N>0M>0
T Z Z 'M' lIIO‘QBgHAC(\I/c)N; (\IJO)M]O>
N>0 M>0
DY N!11\4!<[AC(‘I’C>N%(‘I"’)M]"\QBW)
N>0 M>0
P> NM‘T’”lQBGHAC@C)N;<w0>M]O>
N>0M>0
+gs Z Z 'M' {[AS( \I/C) (\I,O)M]C}D
N>0 M>0
3 G (V) Qe ()
N=1 M=0
e W 'M'p@'{<‘I’C>N‘19[AC<\PC>P; (09)2]7; (2°) )

_ Z Z Z Z NI 1 'P'Q'{(\IIC)N;Q[AC(\I/C)P; (0)Q)°(wo)M-1}

=0 M=1P>0Q>0

The first and 3rd terms cancel each other while 4th and 6th terms cancel each other. After
using (1.5) we are left with

Sir = 30 Y Qe A(E) Y () (36)
N>0M=>0
—2 2 N!IM!{AC(‘I’C)N%(QB‘I"’)(\I"’)M}
N>0M>0
2 YD AT (0
N>0M>0
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> v () et ()
M=

ad 2
2 A 1>g'sM'p!@! {9 N AGIA(W) P (7)) (7))

_ Z Z Z Z N' 'P'Q'{(\IJC) g[AC( ) ;(\I]O)Q]O(\IIO)M—I}'

=0 M=1P>0Q>0

Now, we specialize the identity (1.16) to the following case

Af = U° for 1=1,--- ,N—-1,
v = CA°,
Af = W° for j=1,---,M, (3.7)

where ( is a grassmann odd c-number. This gives

_1 {QB\I/C \I,C)N 2<Ac M}+{ \chN IQ CAC( O)M}
+M{ \I/CN 1<AC7(QB\I/O)<\I/OM 1}

:_Nz:lgj( >( )( 2{(w G(we)N Lk Ae, (wo)M e, (\I,O)e}

k=0 (=0
+ g5 { ()5 GL(we)N 1A <WO>M—E]O<W°>E})
2[NS (WM (3.8)

In writing the above equation, we have used the identities (1.6), (1.7). Now, bring-
ing the grassmann odd parameter ¢ to the extreme left, multiplying the expression by
{(N —1)!M!}~! and summing over M and N, we obtain

0— Z Z |M'{QB\IJC \I/C)N 2Ac <\I/O) }
M>0N>2
#3030 e (v
M>0N>1
_ Z Z N )‘{(\I’ )NflAc; (QB\IIO)(\I,O)Mfl}

M>0N>1
N-1

(
M
+ Z Z Z Z (N—1—k)! M f)'ﬁ'k'( {(\I}C) g[(\IIC)Nflkac; (WO)M*@]C; (\IIO)E}

M>0N>1 k=0 (= 0

_gs{(\l’c)k; [(\I’C N—-1— kAc (\I]O)M Z] (\1]0) })

02 D2 S ) A ). (3.9)

M>0N>1

After redefining the sums appropriately, we see that the right hand side of the above
equation is precisely the gauge transformation §.51p; given in (3.6). This proves gauge
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invariance under the transformation generated by A¢:
0.51pr =0. (3.10)

Finally, we consider the variation of the action under the gauge transformation
parametrized by A°. The variation of the action is given by

e =2 ) Nvlm@cica Qrd[(w)Y; A1) M) (3.11)
N>0M>0 : :
2.2 'M, N AWM g QU
N>0M>0
£ S e (g Qg I[N A(w) M)
N>0M>0
PP N!lM!<‘T’°|QBQ|[(‘1’C)N;A"(‘I'°)M]”>
N>0M>0
-2 2 lMl N A (w)M0|Qp D)
N>0M>0
PP N!IM!<‘T’O|QBQ|[(‘1’C)N;A”(\I"’)M]°>
N>0M>0
+gS Z Z NlMl \I,c ;AO(\I/O)M]c}D
N>0M>0
3 3 1 c . o o _
+ 2 2 (V) Qe
oo 00 gg c\IN— c\P. Ao0/Ts0 c. °
+NZ—:1MX—:0P20Q20 EENIIT YNTIGIWO) T A (W)@ (20) M)
o Z Z N!(M _gsl)!P!Q!{(\I/C)N;gK\IIC)P;AO(\IJO)Q]O(\I/0>M—1}.

Again, the first and third terms cancel each other and the fourth and sixth terms cancel
each other. After using (1.5), we are left with

SoStPr=>_ > ‘M' {(QpT)(T)N; A2()M} (3.12)
N>0M=>0
-2 2 NllM!{(\PC)N;(QB\IJ‘?)AO(@O)M}
N>0M=>0
+93 ) D, ,M, M A (e) MY p
N>0M=>0
+Z Z 'N' ( C)N;QBAO(\PO)Mfl}
=0 M= 1
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IS = 1)!1M!P!Q! [V 7IG[(we) s A(w0) e ()M

(e 9] [e.9] 1

95 ) 2. N = P (P GIw) s A (w2 @)y

Now, we specialize the identity (1.16) to the following case

AY = W° for i=1,--- M -1,
& =CA%,
Aj = U for j=1,---,N, (3.13)

for some grassmann odd c-number (. This gives

N{QB\IJC C)N—I;CAO( M 1}+{ \ch QBgAO)( M—l}

{(q, QB\D%AO(\IJO M1y

N -1
Z () (M) (et arwe*caeqwey =y ooy
=0 ¢=0
+gs{(\1,c)k g[(qjc)N—l—k; CAO(\I,O)M—K—I]O(\I,O)Z})

—g2{1(w)N; A (T) M p (3.14)

Bringing the grassmann odd parameter ¢ to extreme left and summing over M and N after

multiplying with {N!(M — 1)!}71 we get

=2 > o 1)11(M L@ T A ()

N>1M>1 : :
£ S @A)y

N>0M>1""" ’

Z Z N'(]Wl ( C)N;(QB\IJO)AO(\I/O)M_Q}

N>0M>2

N M-1
2 c\k c\N—k. po/qo\M—L£—17c, o\l
+N2m;k2; M oy (LGN o A w2 ()
_gs{(qﬁ) L Gl(° )N*]-*k?.AO(\IIO)M*E*].]O(WO)K})
92 Y D war = LN A g (3.15)
N>0M>1 N

After redefining the sums and comparing with (3.12), we find
5oS1pr = 0. (3.16)

This completes the proof of gauge invariance of the 1PI effective action.
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4 Classical BV master equation for the 1PI action

We shall now show that the 1PI effective action satisfies the classical BV master equa-
tion [8, 10, 40, 41]. For this, we first identify the fields and anti-fields of the theory. This
is done by dividing the Hilbert spaces as follows

HE=HE ©HE, HE =HE ©HE,

H =HT DH, H=H] ©H, (4.1)
such that the states in HS and 7—~[i have world-sheet ghost number > 3, the states in
HS and HE have world-sheet ghost number < 2, the states in H9 and H$ have world-
sheet ghost number > 2 and the states in H¢ and HE have the world-sheet ghost number

< 1. We denote the basis states of HG, HE, ~i, and HE by ¢ ), e ), @) and [@;)
respectively. They are chosen to satisfy orthonormality and completeness conditions:

(Bhleg lps) =05 = (o5 leg [€4),  {(Whleg los) = 05 = (&5 lcq lely),
or NP+ [N | = by = [&1) (o [ + [ Wl - (4.2)
Similarly, we denote the basis states of HS, H?, Nﬂ_, and H° by 197, |67), |9%) and |¢;)
respectively. They satisfy orthonormality and completeness conditions:
(hley) =00 = (67164),  (d1165) = o7 = (45 |6)),
|6, D]+ 10500, | = 1= 187 ) (e | + 16, ) (@] (4.3)

The closed string fields are expanded as’

59 = g0 SO(=1) @)187) — g0 SN 1B

W) — 5018 = g0 37 (17 (@Y ler) — g S0 1), (1.4)

where ¢ in the exponent for any state |¢) denotes the grassmann parity of the vertex
operator ¢, taking value 0 for even operators and 1 for odd operators. We define the target
space ghost number of the coefficient fields by ¢ = 2 — G where G denotes the world-
sheet ghost number of the corresponding basis states. This means that the coefficients
(1), (1)°)" have target space ghost numbers > 0 whereas the coefficients (¢°); and (1°)*
have target space ghost numbers < —1. In the BV quantization, the (¢/¢)” and (¢¢)" will be
interpreted as fields whereas (¥¢)* and (1)°)* will be interpreted as anti-fields. The factors
of gs in (4.4) ensure that in the action ()", ()", ()% and (¥°)* have conventionally
normalized kinetic terms.

In a similar way, we expand the open string fields as

B°) —93/22 +gs/22 )P (y0)2 |8,

v >—*g|‘1"’ = I/QZ +gs/22 D) [¢h) - (4.5)

in these equations * denotes anti-fields and not complex conjugation.
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We define the target space ghost number of the coefficient fields by ¢ = 1 — G where G
denotes the world-sheet ghost number of the corresponding basis states. This means that
the coefficients ()", (1’/;0)T have target space ghost numbers > 0 whereas the coefficients
(wo) and (wo) have target space ghost numbers < —1. In the BV quantization, (1°)" and
(1°)" will be interpreted as fields whereas (¥°)* and (¢°)* will be interpreted as anti-fields.

The BV anti-bracket between any two functions F' and G of the fields is given by

OrF OLG  ORF 0LG
oYr oYy oY

(F,G) = (4.6)

where 9" stand for all the fields (¢°)", (QZC)T, (¥°)" and ({/;O)’" and ¢ stand for all the
anti-fields (19)%, (¥°)%, (¥°)% and (¢°)%. 01 and Jr denotes left and right derivatives
respectively. If for an arbitrary function F(W¥¢ W€ W° W), one expresses the first order

variation as

OF = (Ffley |09°) + (Ffiley [00°) + (FRI09°) + (FR[0°)
= (09 ey |FL) + (69%eq [FE) + (0W°|FT) + (00 |FT) , (4.7)

then using (4.4), (4.5), (4.6), one can express the anti-bracket as

(F,G) = —g((FRleg |G5) + (FRleg 1G5) + (FRle; 91G5) )
g, ((FRIGY) + (FRIGE) + (FRIGIGE)) (4.8)

Our goal will be to verify that the action (1.13) satisfies the classical BV master

equation:

(Sipr,S1pP1) =0. (4.9)

For this we need to compute the quantities S’f,%’o, SZ’O, g;%,o and S’VZO using the definition (4.7).
The variation of the action (1.13) under an arbitrary deformation of the fields is given by

6S1pr = gﬁ<5WC!CoQBg\‘PC> E<5\IIC‘COQ3’\P> ?<5\IIC‘COQB‘\I]>

L (59°1Qs013%) + ;<5W°!QB!W°> + ;(NOIQB!@O) + (80eq [ 1p)

S

203 v O Y ()M
N=1 M=0

+Z Z iz — 1y O MMy (4.10)
N=0M=1
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This gives,
c 1 J;C 1 c
1S1) = —7QBQI‘I’ )+ ?QBM] )+ 1),

57) = 2QB|\I]C +Z Z N'M" ]c>’

NOMO

157) = —g*QBQI‘I’% + —QBI‘P°> :

Qo 1 o — c o\M1yo
152) = ;QB‘\I’ NZ:: 2; N,M|\ [(T)N; (W0)M]0). (4.11)
The variation (4.10) can also be written as

0S1Pr = gﬁ<‘1’ ¢y QBG|5T°) + ?@’C!Co QploT°) + ?@’C\Co QpB|6T°)

L (5°1056159°) + ;<WO|QB|6@°> + gl<w0|QB|6w0> + ([ Iples [659)

(N_ll)!m<[(‘1’c)N b P (V ) Iley ’5‘I’C>

+

]' C
Nz =)

+

Mo F S
M 510

M) lowe) . (4.12)

2
Il
=
[

1

This gives

(S5 = Z@C@BQ—QQ@CQBHH .

S

~ 1
(Bl = — 5 (¥IQ5 + Z 3 S ()Y (@) e

OMO

Sol = —— \IJO o
(Sl g< IQBQ+g< QB

)

<§%\: (0 @l0s > Y S (Y ()], (4.13)

N=0 M=0

in the convention that the operators Qg and G act on the right even though they are to
the right of a bra state. Using (4.8), (1.5), (1.15) and Q% = 0, we now get

—(S1pr1,S1P1) 222 Z ,M,{QB‘I’C(‘I’C) (UM}
Z Z N'M' N Qpue(w)My

5 3D 3D D) Pl am— N,M,P,Q, {GIOwO)N; (1) M]e(w9) P (0°)2)

N=0M=0P=0Q=0
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9, Z ) DD D) PRI SEgH (Pl (1))

=0 M=0 P=0 Q=0

22y ZN,M, () (29)M)°) (4.14)

N=0 M=0

If we specialize the main identity (1.16) to the case

AZGZ\IICa i:]-a"'va
A2 = 0° i=1,---,M, (4.15)

we obtain

N{QuU ()N (1)} M {(00)Y; Qpu(w0) )

_ 7% i% (]Z> < )( 2{ (WO Nk, (goyM—)e, (\1,0)5}

k=0 £=0
g5 { (W) GI(wA)NTH; (wey Mo <W})
—g2{[(w)N; (00) M) . (4.16)

Multiplying by W and summing over N and M from 0 to co, we get

ZZ |M1{QB\I' (we)™ M}+2ZZ 'M'{ M Qpuo() }

N=0 M=0 =0 M=0
co oo N M

+ Z Z ZZ N k M E)‘k'ﬁ' (gs{(\IjC) g[(\IIC)N k. (\I/O)M f] (\IIO)Z}

=0 M=0 k=0 ¢=
+gs{<wc>k Glwe)NEs (@) M (w0) Y )
+2gs§j > w0 (@M} (117)
=0 M=0

By redefining the sums in the second line and comparing with the expression of anti-bracket
(Sip1,S1p1), We see that
(Sipr.Sipr) =0. (4.18)

Therefore the 1PI effective action satisfies the classical BV master equation.

The BV formalism also gives a way to derive the gauge transformation laws (1.14).
The classical BV master action — and therefore also the 1PI effective action — is known
to be invariant under gauge transformations that transform any function F' of the string
fields [¥€), [U€), [¥°) and |°) as [5],

5F = (F,(S,A)). (4.19)
where A is any even function of the fields. Choosing

A=g2 ((F)65 [A°) + (95 1A) — (Tl GIA) ) + g ((#71A7) + (°]R%) — (#7[G]A%)
(4.20)
we reproduce the gauge transformation laws given in (1.14).
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5 Quantum BV master action

We can also write down the quantum BV master action for the combined open closed string
field theory following the procedure reviewed in [1]. It is given by

Spy = 7(‘1’ g @BGIT) + ?@1’ |co @BIYE) —

1 - o 1
10|QpGIT°) + —(¥°|Qp|w°
22 25, V1QBGIN) + —{¥°]Q|¥)

S

+{@ﬂp+—§j§jjwwﬂ we)Y; (1), (5.1)
=0 M=0
where {- - - }}, to be defined shortly, denotes the contribution to the off shell amplitude due
to the elementary interaction vertices of superstring field theory. {{ZC}} p is defined exactly
in the same way as {A°}p. {---} is defined in a way similar to {-- - } given in (2.11), except
that the region of integration Ry v 1 is replaced by a smaller region ﬁgﬁb, ~N,u defined as
follows. Recall that we determine R v 3 by demanding that Ry v ar’s, together with all
section segments generated from Ry i N7 ar’s by repeated application of hole creation and
sewing punctures on different Riemann surfaces, generate complete generalized sections of
ﬁg,b, ~,m’s whose bases cover the full moduli spaces Mgy v 1. For ﬁ%b, N, Wwe make a
similar demand, except that we now also allow sewing two punctures on the same Riemann
surface via the sewing relations (2.7) or (2.8). A systematic procedure for constructing
the ﬁg@ ~,m’s can be developed along the same lines as for the Ry v a's, as described
in section 2. We begin with the dimension zero ﬁg@ ~N,Mm’s, which can be taken to be
identical to the dimension zero Ry n ', and then begin building higher dimensional
section segments from the lower dimensional ones by sewing and hole creation operations
described in (2.7), (2.8) and (2.9). The only difference from the corresponding procedure
for the construction of Ry n as's is that we also allow sewing of punctures on the same
Riemann surface. After constructing all the section segments for a given g,b, N, M this
way, we ‘fill the gap’ by ﬁg,b, ~N,M SO as to generate a full generalized section of 75971,7 N, M-
The quantum BV master action (5.1), constructed this way, satisfies the quantum BV
master equation:

1

i(SBVMS’BV) + ASpy =0, (5.2)
where the anti-bracket (,) has been defined in (4.6), and
Or OLSBv
oPr oY

Here 9" stand for all the fields (1,/16)’” (1°)", (¥°)" and (JO)T and 1} stand for all the anti-
fields (1°)%, (4°)%, (¥°)* and (¢4°)%. —(Sgv,Spy) is given by the right hand side of (4.14)
with { } replaced by { }. Using (5.3) one finds that AS is given by:

ASpy =

(5.3)

% ZOMZON'M )N psiors (W) M H(%|eg Gl@T)
59 ZZMM N ot (WM EFIGIFY,  (5.4)

=0 M=0
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where |¢,), @), |¢r) and |¢,) are the basis states in H®, HE, H° and H°, normalized
according to (A.2), (A.9), and (—1)?s denotes grassmann parity of the state |¢s). The BV
master equation (5.2) can be proved using a modified version of the main identity for { }:

N
> HAT AT QAN AL, - ARIAT - A3}
i=1

M

+ Y (1AL AGAS - AT (QBAD AT, - A Y
j=1

1N M
Sh-D DINEED DD DENNED DN (2 RV by LV (RS

k:(] {217. 7ik}c{1’-“ ’N} €:0 {jl’.“ ?jé}c{]‘7”. 7M}

FOofAG, e AGBOAS, - AS )

C C o o 1 C C o o ~8 — ~Tr
—g2{[AS - A A A Y - 59? {AS - Apsor; AL+ A3 (5 g GI@T)
1

—595(—1)¢S{{Ai‘-' i dsdr AT AL B(S°(G14) - (5:5)

The proof of this follows the same analysis as used in section 2 and appendix A for the
proof of (1.16). The last two terms arise due to the fact that R, y a has two extra sets of
boundaries compared to Rg n,ar, Where two bulk punctures or two boundary punctures
on a lower dimensional Ry y nv a are sewed via (2.7) or (2.8) with s = 0.

Given a set of ﬁg@ ~N,M's satisfying the necessary conditions, we can construct a set
of Rgpn,m’s by sewing the ﬁg/ﬁb@ N7, m's with each other / itself via the sewing opera-
tions (2.7) and / or (2.8), subject to the constraint that if we omit one such operation, the
Riemann surface should not become disconnected. This is precisely the way we build the
1PI amplitudes from elementary vertices using Feynman diagram, with the sewing playing
the role of joining vertices by propagators. Ry n,ar’s constructed this way automatically
satisfy the required conditions described in section 2.

6 Unoriented open-closed string field theory

Our construction of the 1P1 effective action or BV master action holds for any superconfor-
mal field theory that we use to compute the correlation functions of vertex operators that
enter the definition of {A§--- AS; A7 --- A9, } and {A°}p. Therefore the same construction
is valid for any compactification of type IIA or type IIB superstring field theory involving
NSNS background. The construction should also generalize to orientifolds where we have
unoriented strings, but there will be a few differences. The main difference will be that the
definitions of H°¢, ?:ZC, HO and H° will automatically include projection by the appropriate
orientifold operation. Therefore the sewing and hole creation operation will also have this
projection operator. For consistency, now we must also include non-orientable Riemann
surfaces in the construction of superstring field theory interaction vertex, — if we start
with an oriented Riemann surface and sew two of its punctures with the orientifold pro-
jection inserted, we shall generate a non-orientable surface. Together, the oriented and
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non-orientable surfaces that will be relevant for us are known as Klein surfaces. Review of
the essential results that we shall need can be found in [42-44] and has been summarized
in appendix B.

Due to the inclusion of non-orientable surfaces, we encounter a few differences from
the corresponding results in oriented open-closed string field theory.

1. Off-shell amplitudes now include sum over the moduli spaces of oriented and non-
orientable surfaces. The oriented surfaces are as usual characterized by their genus g
and the number of boundaries b, while the non-orientable surfaces are characterized
by the number of crosscaps ¢ and the number of boundaries b [42], with the Euler
character given by b+c—2. Therefore in the definition (2.11) of {- - - }, the contribution

c+b=2 whereas

from the non-orientable surfaces must be weighted by a factor of (gs)
the contribution from the oriented surfaces continue to be weighted by (gs)29+*~2. We
shall often express such factors as (g,)?9707¢~2 with the understanding that oriented

surfaces will have ¢ = 0 and non-orientable surfaces will have g = 0.

2. We shall now show that in the definition of {- - - } given in (2.11) we must also include

an extra factor of
9—g—(c+b)/2+M/4 ’ (6.1)

if we normalize €, . v a7 in the same way as in the case of oriented string theories,
e.g. for ¢ =0, Q is defined with the same normalization as for oriented string theory.
As we shall explain below, this extra factor (6.1) is needed to ensure that amplitudes
factorize correctly near degeneration.®

First let us consider the effect of sewing two bulk punctures on an oriented surface.
Now the sewing has a projection operator P = (14+W)/2 where W is the operation of
world-sheet orientation reversal, possibly accompanied by some action on the space-
time. Insertion of 1 corresponds to the usual sewing via (2.7) and produces a handle.
The resulting Riemann surface is an oriented Riemann surface with two less closed
string punctures and one additional genus compared to the original Riemann surface.
b, M and c¢(= 0) remain fixed under this operation. Under this change (6.1) picks
up a factor of 1/2. This correctly accounts for the factor of 1/2 that appears in the
projection operator (1 + W)/2.

On the other hand insertion of W changes one of the local coordinates in (2.7) to its
complex conjugate. Therefore the sewing relation takes the form

2 =e 7Y (6.2)

This is known as a cross handle. If the original Riemann surface had genus g, then
this operation produces a non-orientable Klein surface with 2¢g + 2 crosscaps. M and

8The presence of the M dependent factor may be understood as follows. Since we have a factor of 27%/2,

and since the open string kinetic term involves a disc amplitude, it would be natural to multiply the open
string kinetic term by a factor of 1/1/2. However we can remove this factor by scaling each open string
field by 2'/4. This introduces the factor of 2*/4 in the definition of the interaction terms. There is no such
factor for closed strings since the kinetic term is a genus 0 amplitude, and for this there is no additional
factor of 1/2.
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b remain unchanged. It is easy to verify that (6.1) changes by a factor of 1/2 under
this operation. This again correctly accounts for the factor of 1/2 in the projection
operator.

If the original surface was non-orientable, with ¢ crosscaps, then the effect of sewing
two of its bulk punctures may be analyzed in a similar manner. We again have the
projection operator (14 W)/2 with 1 corresponding to sewing with a handle and W
corresponding to sewing with a cross handle. Both operations increase the number
of crosscaps by 2, leaving fixed g(= 0), b and M. Under this (6.1) picks a factors of
1/2, correctly accounting for the 1/2 in the projection operator.

Next consider the effect of sewing a pair of boundary punctures of a Klein surface.
Let us for definiteness consider the case where the two punctures lie on the same
boundary. Again sewing introduces a factor of (1+ W')/2. For the term proportional
to 1, the sewing reduces the number M of open string punctures by 2 and increases
the number b of boundaries by 1. Under such changes, (6.1) picks up a factor of 1/2,
correctly accounting for the factor of 1/2 in the projection operator. On the other
hand if we pick the term proportional to W, then this reduces the number M of open
string punctures by 2 and increases the number of crosscaps by 1, leaving the number
of boundaries unchanged. Under such a change also (6.1) picks up the desired factor
of 1/2. Similar analysis can be done for the sewing of a pair of boundary punctures
lying on two different boundaries.

It is easy to verify that (6.1) is also compatible with separating type degenerations.
For example when we sew two oriented surfaces along bulk punctures, the total
numbers for g,c¢,b and M all remain unchanged and therefore there is no change
in (6.1). On the other hand in this case even though sewing introduces a factor of
(1 +W)/2, both 1 and W produce the same set of oriented surfaces and therefore
there is no factor of 1/2. Similar agreement can be shown for sewing of boundary
punctures. A description of different kinds of sewing that can arise in unoriented
open closed string field theory can be found in [43] and reviewed in appendix B.

. Finally, in defining {A°}p we must now include not only one point function of ¢ A¢
on the disc, but also on RP?, together with an insertion of a as before. The latter is
similar to one point function on the disc, but with the boundary condition on the disc
replaced by a crosscap. In keeping with our discussion above we must accompany
each crosscap and disc by a factor of 1/v/2 by including it in the definition of {Xc} D-

. The choice of local coordinates at the punctures and PCO locations must be com-
patible with the orientifold projection.

. In the presence of one or more crosscaps, only the total picture number is conserved
but the holomorphic and anti-holomorphic picture numbers are not separately con-
served. Therefore the corresponding 730,556, ~,m will have multiple branches. We can
jump between the branches by moving the PCOs to the crosscap via vertical segments
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and converting holomorphic PCOs into anti-holomorphic PCOs or vice versa using
the boundary condition on the crosscap.

With these few changes, the construction of Ry . n as for unoriented open-closed string
field theory proceeds in the same way as in the case of oriented strings, beginning with
zero dimensional Ry . v ar's. Egs. (2.11) and (2.3) are generalized to:

{AS - AS; AY--- A3, = Z (98)29—2+b+c 9—g—(b+c)/2+M/4
g,b,c>0
(g,b,¢)#(0,1,0),(0,0,1) for (N,M)=(1,0)
7b7 ’N7M .
/ QEég—CG—i-3b—i—3c—',—2N-i—M( iv ) ?Vv (l)a o ’Aﬁ/[) ) (63)
Rg.b,c,N,M

and,

1 ~ - _

1= 5 PG {e i) o hilbotlo)} 6.0

where (B, and 3, are positive constants and |B) and |C) are the boundary states for the
disc and the crosscap. The form of the action, various identities described in section 1,
the gauge transformation laws and the definition of the anti-bracket remains the same. We
can also construct quantum BV master action by replacing Ry p . n,a's by ﬁ%b@ N,Mm's that
satisfy slightly different constraints as described in section 5.
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A Signs of the terms in the ‘main identity’

In this appendix we shall determine the signs of various terms on the right hand side of the
main identity (1.17), following the strategy outlined at the end of section 2. We shall do the
analysis iteratively in the dimension of Ry v 1 (or equivalently Mgy v 1) associated with
the interaction vertex, which we shall simply refer to as the dimension of the interaction
vertex. Therefore we shall assume that (1.17) holds for vertices carrying dimension < K
and prove that it holds for vertices of dimension K + 1.

In the following we shall analyze the behaviour of the amplitude near the boundary of
the moduli space using the language of string field theory. This may give the impression
that our argument is circular, i.e. we use string field theory to prove relations among string
field theory interaction vertices. However the factorization property of the string amplitude
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BC
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Figure 1. A Feynman diagram where a 1PI vertex with the external states (QpAf, AS---,
Aj, AT -+ A7 and an internal closed string state and another 1PI vertex with the external states
B, .-+, By, Bf,--- By and an internal closed string state are joined by a closed string propagator.

that we use is known to hold independently of string field theory, and tells us that the
contribution to an amplitude near a separating type degeneration has the interpretation
of the contribution from a Feynman diagram where two different diagrams are connected
by an internal line. This has been shown in figure 1. Therefore our argument does not
use any essential element of string field theory. We shall also use gauge invariance of the
amplitude, that tells us that if in an amplitude we act (Q)p in turn on each external state,
the result vanishes. This property of the amplitude also follows from standard world-sheet
analysis and does not rely on the existence of an underlying string field theory.

Let us consider an amplitude with external closed string states AS,---Af, BY,--- By,
and external open string states A{,---, Ap, Bf,---, By, with (@ p acting in turn on each
external state. Gauge invariance requires this amplitude to vanish. However the contribu-
tion to this amplitude from the 1PI vertex does not vanish — rather it is given by the right
hand side of the main identity (1.17).? Let us first focus on the particular contribution:

— g {AT - AL GC[BY - By BY - Byl AT - ADY (A1)

on the right hand side of (1.17). This is expected to get cancelled against the con-
tribution from the Feynman diagram where a 1PI vertex with the external states
Ty, AL, AT -+ - A7 and an internal closed string state and another 1PI vertex with the
external states B, -, By, BY, -+ By and an internal closed string state are joined by a
closed string propagator, and (Qp acts in turn on each of the A7”’s and B;”’s. Figure 1
shows one of these Feynman diagrams where (Qp acts on Af{. Our strategy will be to

evaluate these Feynman diagrams explicitly and use this to test the sign in (A.1).
We shall first compute the contribution to the amplitude from the Feynman diagram

when (Qp acts on A, as shown in figure 1. Let us denote by |¢,) the basis states in H¢

9As in [1] we shall follow the convention that the 1PI vertex contributes to the amplitude without any
sign factor.
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and by |@") the conjugate basis in ﬁc, satisfying

(Bleg lps) = 05 = (psleg [87), eor) (@] = by = [&"){erl, (A.2)

so that the closed string field can be expanded as ¥¢|¢,). Then the product of the two
vertex factors in figure 1 can be expressed as:

{(CQBAT) - AL dhipr; AT - - ApH{5ps B -~ Bs BY - By} (A.3)

We shall eventually get a propagator by contracting ¢ and ¢S. Therefore ¢¢ and ¥¢ must
have same grassmann parity. Since the closed string field is grassmann even, |¢,) and |@s)
will also have the same grassmann parities as ¢y and 5. We shall denote this grassmann
parity by (—1)¥". We now pull the ¢ from the ¢¢|¢,) factor inside the first vertex and ¢
from the 9¢|¢s) factor inside the second vertex to the left outside the respective {---}’s.
This does not generate any sign since the A{’s are grassmann even. ¢y and S are now
separated by {(CQBAS) - -- Ajpr; AY - -- A9}, This has grassmann parity (—1)¥. Therefore
the contraction of ¥¢ and ¥ gives a factor of (—1)?rA,s where A, is the propagator.

A, can be computed as follows. In the kinetic term, we expand (V€| as ¥5(p,| and
pull ¢ to the left without picking any sign, and express |¥¢) as 9¢|ps) and pull ¥¢ to
the left, picking a factor of (—1)%" since it has to pass through (y,|c, @p which has the
same grassmann parity as ¢S. Similar operation can be done for fields in He. Furthermore
in the Siegel gauge we can replace Qg by (coLo + ¢oLo). Inverting the kinetic operator
we now get a ¥,-1)s propagator A,y = —g2(—1)¢7 (" |cg by G(Ld) 7 @*) [1].10 After can-
celling the (—1)¥" factor in A,s with the (—1)% factor coming from the contraction of 1,
and s across {((QBAY) - - Afpr; A -+ AD}, we arrive at the following expression for the
amplitude shown in figure 1:

— 9 {(CQBATD) -+~ ALpps AT - ATY( |eg by G (L) |@*) {ws B - By BY -+~ By} . (A4

We now use (1.5) to express the last factor as (ps|cy |[Bf - -+ By,; BY - - - B7|°) and then
perform the sum over s in (A.4) using the completeness relation to express the product of
the last two factors as (3" |cg by G (L{) H[Bf - -+ By BY - -- B2]°). On the other hand the
first {---} factor in (A.4) can be expressed as

(orleg [(CQBAT) - - - AT AT -+ AJ]%) = ([(CRBAT) -~ Ay AT - APl eg lor) . (ALD)

where we have used the fact that [((QpAS])--- Af; AT -+ A7]¢ is grassmann odd. We can
now perform the sum over r in (A.4) using completeness relation and express (A.4) as

—g2 ([(CQBAS) -+ AS; A -+ A% | cg b G (L) |[BS -+ By BY -+ B2])
= —g2(bfG (L) [Bf -+ B BY -~ B | ¢y |[(CQBAT) -+ AG; AT -+ A%])
= —g2{(CQBAS) -+ AL bF G(LJ ) [BS -+ By BY -+ - BI% A7 -+ A%} (A.6)

0Ty computing the propagator, we only use the terms involving Qp as kinetic operator and treat the
quadratic and linear terms in {---} as interaction terms. This allows us to make contact with the world-
sheet formulation, although in order to correctly compute the renormalized masses we have to work with
the full quadratic term. In [1] the propagator was written as —g2(3%|cy by G(LT)™*|¢"). This can be shown
to be equal to —g2(—1)*"(@"|cy b G(LT)HP%).
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where in the first step we have used the fact that both factors of |- --]¢ are grassmann odd
and in the last step we have used (1.5).

Similar expressions can be obtained when (@ p acts in turn on the other A§’s and Ag’s.
Using the main identity for lower number of external states, which we are allowed to use
in a recursive proof, the effect of acting with (Qp in turn on the B{*”’s can be represented
by (Qp acting on [Bf---BS; Bf - -- Bg]c. There are additional terms corresponding to the
right hand side of the main identity with B;"*’s as external states but these would cancel
against other Feynman diagrams with two propagators, where the right vertex of figure 1
is replaced by sub-diagram containing an additional propagator. This brings the sum of
the Feynman diagrams of the form shown in figure 1 to a form where (g acts in turn
on all the A?”’s and on [Bf--- By,; BY - -- Bg]® in the right hand side of (A.6). We again
use the main identity on this expression and throw away the right hand side which would
cancel against contribution from Feynman diagrams where the left vertex in figure 1 will
be replaced by sub-diagrams with an additional propagator. The left over term is given
by —(Qp acting on biG(L{)™! in (A.6), producing just a factor of —G¢. This brings
the relevant contribution from the Feynman diagram with one closed string propagator
to the form:

GH{AS - A% GBS - BYy: By - BLJs A3 - AZ). (A7)

This cancels (A.1), confirming that the sign in (A.1) is correct.
Next we consider the contribution:

— gs{ AT AL GC[BY -+ By BY -~ BJ°AY -~ Aj} (A.8)

arising from the right hand side of (1.17). In the Ward identity for the amplitude, this is
expected to get cancelled against the contribution from the sum of Feynman diagrams of
the same type as the ones in figure 1, except that the internal line is now an open string
instead of a closed string. To evaluate the contribution from the Feynman diagram we first
introduce conjugate pair of basis states |¢,) € H, |<]3T> € ﬁo, satisfying

<(5r|¢s> - 52 = <¢s‘&r>a ‘¢r><q~5r‘ =1= "gr><¢r’ (A.Q)

Let us first consider the case where (()p acts on Af. We proceed as in the earlier case, by
first writing down the product of the two vertex factors:

{(CQBAT) -~ A% 920 AT -+ - ADH{BY -+ Bry; 56s BY -+ By} (A.10)

Following the same approach as in the case of (A.3) we can prove that ¢,, ¢s have the same
grassmann parity (—1)?", the open string fields ¥ and ¢ multiplying them have grass-
mann parity (~1)*+1, and {(CQpAS)--- A%; ¢, A9 AZ} and {Bf--- Bg: ¢35 - - B2}
have grassmann parity (—1)?"*1. We can pull the ¢ and ¢ factors from the two ampli-
tudes in (A.10) to the left outside {---} without picking any sign. The contraction of 1?2
with ¥¢ produces a factor of (—1)¢5’“Jr1 besides the propagator, since they are separated by
{(CQBAS)--- AS; 9 A - X AP} The propagator is obtained as follows. If we express (we
and |W°) (and similarly (¥°]) and |¥°)) in the kinetic term as ¥2(¢,| and ¥?|¢s) and then
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pull 42 and ¥ to the left, we get a factor of (—1)?*! from having to pass ¢ through
(¢r|Qp. After replacing Qp by coLo in the Siegel gauge and inverting the kinetic opera-
tor, we get a ¢2-1)¢ propagator of the form —gs(—1)?"t1(¢"|bgG(Lo)~"|¢*). Cancelling the
(—1)%*! factor from the propagator with the (—1)? ! factor coming from the contraction,
we arrive at the expression:

— 95 {(CQBAT) -+ Af; dr AT - APH boG(Lo) ") Bf - By: 5By -~ By} . (A1)

The rest of the analysis proceeds almost in the same way as for (A.4), with the [---]%s
o

replaced by [---]°, ¢, ’s removed, bar replaced by by and ¢,, ¢, replaced by ¢,, é,. Using
the fact that [((QpAT)--- Af; AT --- AJ]° is grassmann even, we can verify that there are
no extra signs compared to those that appeared in the earlier analysis. The final result

takes the form analogous to (A.6)
— 9s{(CQBAT) -+ AL;00G(Lo) ™' [BY -+~ By BY - BJ°AT - - A7} . (A.12)

We now sum over terms where (Qp acts in turn on all the external states. Each of these
terms can be analyzed in the same way, leading to expressions similar to (A.12) with
the position of (@Q)p shifted. Using the main identity for vertices of lower dimension and
throwing away terms that would cancel with Feynman diagrams with two propagators, we
can, as in the case of (A.6), express the sum of these terms as the negative of the term
where (Qp acts on byG(Lo)~!, producing just a factor of G¢. This brings the boundary
contribution to the form:

9s{AT - AL GCIBY -+ By By -+ - Byl?AT - - AT} (A.13)

This cancels (A.8), confirming that the sign in (A.8) is correct.
Finally we turn to the contribution

— g {ClAc- - ARBY - BRs AT ADBY -+ B D, (A.14)

arising on the right hand side of (1.17). The Feynman diagram that cancels it is the sum of
the diagrams of the form shown in figure 2, with (Q)p acting on each external state in turn.
This amplitude can be analyzed in the same way as (A.3) and is given by an expression
similar to (A.4):

— g2 {CQBAL - ASBY - Bpr; A -+ A9 BY - BOW(@ ey bd (L) Hes){@°}p . (A.15)

together with similar terms where (@ p acts in turn on the other external states. Note that
there is no G insertion in the propagator since we have to use the 1,-1)5 propagator [1]. We
now carry out manipulations similar to those for (A.4) to express (A.15) in the form given
in (A.6):

— 9 {CQpAL - ALBY - Brbg (L)~ [ Ips AT -+ A7, BT - By} (A.16)

The vertex appearing in (A.16) has one less dimension compared to the original vertex,
since we replace a boundary by a closed string puncture where bj (Lg)~![ |p is inserted.
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w;«:@r ~§¢s

Figure 2. A Feynman diagram where a 1PI vertex with the external states (QpAf, AS---,
AL, By, -+, By, AT - AD BT, - By and an internal closed string state in H¢ and another one

point 1PI vertex with an internal closed string state in HE are joined by a closed string propagator.

Therefore we can use the main identity (1.17). Throwing away the terms on the right
hand side of (1.17) that would cancel against Feynman diagrams with two propagators,
and using BRST invariance of [ |p, we can express the sum of Feynman diagrams of the
type shown in figure 2 as

gi{Ac- - ALBE - Bl lps AT - AR BY - By}
= gi{C[Ae - ALBE - By AL - ALBY - BYldp (A.17)

where in the last step we used (1.8). This cancels (A.14), confirming that the sign in (A.14)
is correct.

B Review of non-orientable surfaces

In this appendix we shall review some properties of non-orientable surfaces follow-
ing [42—-44].

A 2 dimensional surface is non-orientable if we cannot assign an orientation to the
surface uniquely, i.e. there exist closed curves such that the tangent bundle, parallel trans-
ported along the curve, comes back with opposite orientation. A non-orientable 2 dimen-
sional surface can be described using the ‘crosscap’ — a disc whose diametrically opposite
points have been identified. By attaching an arbitrary number of crosscaps to a sphere with
holes, we can generate an arbitrary non-orientable surface in 2 dimensions. Examples of
non-orientable surfaces which appear at tree and one loop level in unoriented string theory
are real projective plane (RP?), Mobius strip and Klein bottle. The RP? is a sphere with
one crosscap, the Mobius strip is a disc with one crosscap whereas Klein bottle is a sphere
with two crosscaps. Therefore to construct RP?, we remove a disc from the sphere and iden-
tify the diametrically opposite points of the resulting hole, whereas to construct the Mobius
strip, we remove a disc from the interior of the disc and identify the diametrically opposite
points of the resulting hole. A Klein bottle can be obtained by removing two discs from
the sphere and identifying the diametrically opposite points of each of the resulting hole.

— 36 —



We now recall some general statements about two dimensional surfaces. Any compact
orientable 2 dimensional manifold is topologically equivalent to a sphere with ¢ handles
and b boundaries. On the other hand, any compact non-orientable 2 dimensional manifold
is topologically equivalent to a sphere with ¢ crosscaps and b boundaries. Surfaces with
both handles and crosscaps are redundant, since, in the presence of crosscaps, a handle can
be replaced by two crosscaps:

handle + crosscap = 3 crosscaps. (B.1)

Therefore for non orientable surfaces, the number of boundaries and crosscaps specify
the surface topologically. The Euler number of a general surface, having ¢ handles (or ¢
crosscaps) and b boundaries is given by

Orientable surfaces : x=2—2g—0
Non orientable surfaces : x =2—-c—b. (B.2)

These determine the power of the string coupling constant gs in a given amplitude. Often,
one combines the two formula in (B.2) into a single one to write y = 2 — 2g — ¢ — b with
the understanding that we choose g = 0 for the non-orientable surfaces and ¢ = 0 for the
oriented surfaces. In the same convention, the dimension of moduli space of an arbitrary
two dimensional surface with N bulk punctures and M boundary punctures is given by

dim (Mg penn) =69 —6+3b+3c+ 2N + M. (B.3)

Also for getting a non-zero correlation function, the required value of the total picture
number on a surface is given by

49 — 4+ 2b+ 2c. (B.4)

This, together with the picture numbers carried by the string states, dictates the number
of PCOs one needs to insert on the surface.

The conformal killing groups of sphere and disc without punctures are SL(2,C) and
SL(2,R) respectively. There are 3 complex conformal Killing vectors (CKVs) on the sphere
and 3 real CKVs on the disc. Moreover, the volume of these conformal killing groups is
infinite. This implies that the 1 and 2 point sphere amplitudes do not give any contribution
to the 1PI effective action.!! Similarly, the 1 and 2 point disc amplitudes for external open
strings also do not give any contribution to the 1PI effective action. However, the amplitude
of 1 closed string on the disc does not vanish since the resulting surface — disc with one
bulk puncture — has only one real CKV, generating a finite volume U(1) group. The
conformal killing group of RP? is SU(2) which has finite volume. Hence, we can also have
non zero 1-point function of closed strings on RP2.

"1t has been argued in a recent paper [45] that the two point function on the sphere does not vanish.
This, however, represents the standard forward contribution to the S-matrix present in any quantum field
theory, including string field theory, and is needed for unitarity of the theory [6]. Therefore this does not
require us to add a new term in the action. The same comment holds for two point function on the disc.
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The parametrization of the world-sheet with coordinates (o, 7) defines an orientation
to the world-sheet locally. The orientation can be reversed by making the following trans-
formation

Q: o—d =0-0, T—=T7 =7 (B.5)

The parameter ¢, describing the length of the string in ¢ coordinates, is usually chosen to
be 7 for open strings and 27 for the closed strings. In complex coordinates z = e” 1% the
operator €) acts as

Closed strings : 2z — Z, zZ—z,

Open strings : 2z — —Z, Z—o —z. (B.6)

The operator € is called world-sheet parity operator. Since acting twice with {2 gives us
the original orientation, we have 22 = 1 and hence the eigenvalues of § are +1.
Orientifold operation typically corresponds to taking a projection by the operator
) possibly accompanied by another symmetry transformation acting on the world-sheet
superconformal field theory. It could for example involve reversing the directions of certain
space-time coordinates. Let us denote by W this combined operation. We can take W2 =
1.'2 In the theory obtained by quotienting the original theory by W, we keep only those
states that carry W eigenvalue +1. This can be achieved using the projection operator P:

1+W
P - +2 . (B.7)

Note that the propagator also has GSO projection in all superstring field theories and
Lo = Ly projection in the closed string sector, but we do not display this explicitly.

Let us now review how non-orientable surfaces appear in the unoriented theories. Con-
sider a loop diagram. In the intermediate state, we need to sum over all the states. Since
we only want to keep the W = 1 states, the intermediate states must include the pro-
jection operator (1 + W)/2. This corresponds to cutting the world-sheet describing the
propagation of the intermediate state, inserting the projection operator P and then sewing
back the cut-edges. Then the 1 part of the projector corresponds to gluing the cut edges
with the same orientation — via the sewing relations (2.7) for closed strings and (2.8) for
the open strings. However, the W part of the projector corresponds to first reversing the
orientation of one edge and then gluing it with the other edge. The corresponding sewing
relations are zw = ¢ = e %% for closed strings and zw = e~* for open strings. This
produces a non-orientable surface even if the original surface was oriented. Note that both,
the oriented and the non-orientable surface produced this way, come with weight half.

With this understanding we can now describe the effect of different types of sewing in
the unoriented theories. One general result that one can infer from this is that sewing two

121f W2 is not identity, then it must be given by some symmetry U of the world-sheet theory that does
not involve world-sheet parity transformation. We can first define a theory where we take the quotient of
the world-sheet theory by U. This is an ordinary orbifold superconformal field theory describing oriented
strings. In this theory U acts as identity operator, and therefore W2 = 1. The desired orientifold is now
given by the W quotient of the orbifold theory.
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; degeneration Boundary . . change in
Sewing type Sewing relation
type sewn topology
closed-closed separating - Zw=gq, 20 =q -
closed-closed non separating - Zw =q g9+l
c—c+2
closed-closed non separating - 2w =q ¢c—>29+2
c—c+2
open-open separating different zw—e %, zw=¢e"% b—>b—-1
open-open non separating same zw=—e*® b—>b+1
open-open non separating same zw =e * c—+29+1
c—c+1
open-open non separating different zw = —e 9ot b bl
c—>c+2, b >b—-1
open-open non separating different i =e ° R
c—c+2, b—>b-1

Table 1. Relation between the topology of the sewed surface to the topology of the surface(s)
before sewing. The last column of some of the rows have two entries. The top entry refers to the
case where the original surface before sewing is oriented, while the bottom entry refers to the case
where the original surface was non-orientable.

different surfaces never produces a non-orientable surface (unless one of the sewed surface
itself is non-orientable). The reason for this is that while sewing two surfaces ¥ with X/,
we can consider the sewing of a fixed surface ¥ with all possible surfaces ¥’ having the
same topology. For sewing with W, we just change w — w without changing the topology
of ¥'. Hence, the new surface obtained by w — w is already included in the original list
of surfaces ¥'. So, by sewing with W, we do not generate any new surface which had
not been already generated by the sewing with 1. In contrast, for non-separating type
degeneration sewing with W produces non-orientable surfaces from oriented surfaces for
reasons explained earlier. We reproduce in table 1 the results described in [43] for different
type of sewing and the associated degeneration of the sewed surface.
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