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1 Introduction

In this article we investigate integrable deformations of the semi-symmetric space o-model
on Z4 permutation supercosets. These are supercosets that take the form
Gx@

= (1.1)

S| =

where Fj is the bosonic diagonal subgroup of the superisometry group G x G. The bosonic
truncation of the undeformed theory yields the symmetric space o-model on the Zy per-

mutation coset
F() X F()

Fy 7’

which is equivalent to the principal chiral model on Fy. In [1] a three-parameter integrable

(1.2)

deformation of this bosonic model was constructed, generalising the SU(2) case discussed
in [2]. This deformed model can be understood as the bi-Yang-Baxter deformation of the
principal chiral model plus Wess-Zumino term. Our aim in this article is to construct the
analogous three-parameter integrable deformation of the semi-symmetric space o-model on
the Z, permutation supercoset (1.1).



The Yang-Baxter deformation of the principal chiral model was first introduced in [3],
generalising the one-parameter anisotropic SU(2) principal chiral model of [4] to general Lie
groups. The construction of a Lax pair for this model in [5] and the proof of Hamiltonian
integrability in [6] rely on the deformation being governed by a solution of the modified
classical Yang-Baxter equation. The two-parameter bi-Yang-Baxter deformation of the
principal chiral model was introduced in [5] and shown to be integrable in [7, 8]. As
demonstrated in [9], the bi-Yang-Baxter deformation of the SU(2) principal chiral model
is equivalent to the two-parameter deformation of S3 found in [10]. In [6] the Yang-Baxter
deformation of the symmetric space o-model was constructed and shown to be integrable.
For symmetric spaces that take the form of Zs permutation cosets (1.2), the deformed
model is equivalent to a particular one-parameter model contained within the bi-Yang-
Baxter deformation of the principal chiral model on Fj.

Adding the standard topological Wess-Zumino term [11-13] to the principal chiral
model is well-known to preserve its classical integrability. Up to the expected quantization
of the level, the resulting model interpolates between the principal chiral and conformal
Wess-Zumino-Witten models. Generalising the SU(2) construction of [14, 15], the Yang-
Baxter deformation of the principal chiral model plus Wess-Zumino term for general Lie
groups was derived in [16]. In order to construct this deformation it was assumed that
the solution of the modified classical Yang-Baxter deformation governing the deformation
cubes to its negative. This assumption is natural since it is satisfied by the standard
Drinfel’d-Jimbo R-matrix for a non-split real form of a semi-simple Lie algebra [17-19]. In
this article we will continue to focus on deformations governed by such R-matrices.

By allowing for an antisymmetric term in the action, the two-parameter deformation
of [10] was generalised to an integrable four-parameter deformation of S in [2]. Observing
that this model also contains the TsT transformation of the SU(2) Wess-Zumino-Witten
model [20, 21], it was proposed in [9] that the four-parameter model should be understood
as the combined bi-Yang-Baxter deformation and TsT transformation of the o-model on
S3 plus Wess-Zumino term. The bi-Yang-Baxter deformation of the principal chiral model
plus Wess-Zumino term was constructed in [1]. Applying a TsT transformation in the
directions of the Cartan subalgebra, which is associated with adding a compatible abelian
solution of the classical Yang-Baxter equation [22-29] to the Drinfel’d-Jimbo R-matrix,
and considering the SU(2) case it was shown that this model indeed generalises the four-
parameter deformation of [2] to general Lie groups.

The semi-symmetric space o-model of [30, 31] is integrable [32-34] and describes the
Green-Schwarz superstring [35-39], and consistent truncations thereof, on various super-
gravity backgrounds supported by Ramond-Ramond flux [40]. Included amongst these are
the AdS3x S3x T* [41-44] and AdS3x S3x S3x S! [45] backgrounds, each preserving 16
supersymmetries, which, in the context of this article, are of particular interest as the cor-
responding o-models are on Z, permutation supercosets (1.1) with F = PSU(1,1[2) and
F= D(2,1; «) respectively.

Furthermore, it is well-known that both these two backgrounds can be supported
by either Ramond-Ramond (R-R) flux, Neveu-Schwarz-Neveu-Schwarz (NS-NS) flux or
a combination of the two. Classically, there is a one-parameter family of backgrounds



interpolating between the pure R-R and pure NS-NS cases, whose bosonic truncation is
the principal chiral model plus Wess-Zumino term. The corresponding one-parameter
deformation of the semi-symmetric space o-model, the mixed flux model, together with
the Lax pair demonstrating its integrability, was derived in [46].

In [47, 48] the Yang-Baxter deformation of the semi-symmetric space o-model for
general Z, supercosets was constructed. In the case the supercoset takes the form of a Z4
permutation supercoset (1.1) it is natural to expect that the model admits a two-parameter
bi-Yang-Baxter deformation. This was indeed shown to be the case in [49]. In this article
we generalise these constructions to find the bi-Yang-Baxter deformation of the mixed flux
model of [46] giving a three-parameter integrable deformation of the semi-symmetric space
o-model on the Z, permutation supercosets (1.1).

The plan of this article is as follows. In section 2 we present the action of the three-
parameter deformation in two forms. The first involves additional gauge and auxiliary
fields, the inclusion of which clarifies the underlying structure of the model. The additional
fields are therefore particularly useful for constructing the Lax pair and demonstrating the
classical integrability of the model, which is discussed in section 3. The second form is the
action that follows from integrating out the additional fields, the explicit computation of
which we give in section 4. In section 5 we demonstrate agreement with various known
truncations and limits. First, in subsection 5.1, we consider the bosonic truncation and
relate it to the model of [1]. We then study the limits that give the mixed flux model
of [46] and the two-parameter bi-Yang-Baxter deformation of [49] in subsections 5.2 and 5.3
respectively. We conclude with some possible future directions and applications in section 6.
There are three appendices. In appendix A we give the explicit form of coefficients of the
linear maps used in section 3 to construct the Lax pair. In appendix B we start from the
action of [1] and rewrite it in a form suitable for comparing with the bosonic truncation
obtained in subsection 5.1. Finally, in appendix C, we rewrite the metric and B-field of
the three-parameter deformation of S, first given in [2], in a particularly simple form.

2 Action of the three-parameter deformation

In this section, we give the definition of the three-parameter integrable deformation of
Z4 permutation supercosets. As stated in the introduction and proved in subsection 5.1,
the bosonic truncation of the integrable o-model presented here is in agreement with the
three-parameter integrable deformation of Zy permutation cosets built in [1]. This model
generalised the Yang-Baxter deformation of the principal chiral model plus Wess-Zumino
term constructed in [16]. To construct an integrable deformation one needs to demonstrate
the existence of a Lax pair. On a technical level, this requires the inversion of some operator
involving the R-matrix, a skew-symmetric solution of the modified classical Yang-Baxter
equation (mCYBE) used to define the Yang-Baxter deformation. As shown in [16], for
the Yang-Baxter deformation of the principal chiral model plus Wess-Zumino term this
inversion is tractable when the R-matrix takes the standard form.

To combine the bi-Yang-Baxter deformation and the WZ term the strategy developed
in [1] is based on formulating the principal chiral model as a Zy permutation coset (1.2). As



shown in [1] introducing a gauge field makes the inversion of the relevant operators, which
is necessary to prove the existence of a Lax pair, tractable. To go further and construct the
action in the supercoset case we also introduce auxiliary fields. In this section we therefore
give two formulations of the model. The first corresponds to the action including the gauge
and auxiliary fields. It is this formulation that enables us to construct a Lax pair. The
second is obtained after eliminating the gauge and auxiliary fields.

Algebraic setting and related definitions. We consider supercosets of the type F /Fo
where F{ is the bosonic diagonal subgroup of the product supergroup F =G xG. The
superalgebras g and f = g@g correspond to the supergroups Gand I respectively. We shall
make use of the standard block-diagonal matrix realisation of the product supergroup F.
At the level of the superalgebra, for any element X = diag(X%, X*) € f with X*, X% € g,
we define the supertrace of X as STr(X) = STr(X ") 4+ STr(X*). The superalgebra f has a
Z4 decomposition:
F=fo®f @

with fo the Lie algebra associated with the Lie group Fp. Let us denote Pp and Pp the
projections onto the even and odd parts of g. The Z4 decomposition of X is defined as [45]

Py =x0 = % (PB(XLO+ XF) PB(XLO+ XR)) 7 (2.1a)
Px=x0 = % (PF(XLO+ iXT) _ipF(X(z . z’XR)) ’ (2.1b)
EX:X®:;<H%%;X%—H#£—X%>’ (2.1¢)
%X:Qwazé(Bﬂxz_mePﬂXP_MwJ_ (2.1d)

This decomposition is such that for any X,) € ]E we have STr(X(®) Y(®)) = 0 if a + b #
0 mod 4. Finally, we introduce the matrix W = diag(1, —1), which satisfies the relations

PoW =WP,, PW=WP, PW=WP, PW=WP.

Action with gauge and auxiliary fields. The action depends on three parameters
N,z and k. The dynamical field of the model is

~

g = diag(g,, gr) with g, x(c™) € G,

+

and where o= are light-cone coordinates. The left-invariant current is defined as

Jr =g 1019 = diag(g; ' 0191, 95 019r),

with 0+ = 9y = 01. We also introduce A4 taking values in ]E As we shall see, the grade
zero part, AS_B), plays the role of a gauge field while the other gradings, Aﬁf ) with a # 0,



are auxiliary fields. The definition of the action with gauge and auxiliary fields is
Sy, wnlgs As] = /d% STR[(T4 — A1) O (T = A) + A (T + kW (1+ T ) A

4 kST [W(j+A_ AT +TPgO J_(O)Jf))} + Swaklgl,
(2.2)
where the non-standard Wess-Zumino (WZ) term of [46], in the form already used in [49-
51], is given by

2
Swaklg) = —4k / d2ode e“”pSTr[SWJf)J,,(Z)jp@) +WTY, 753>]j,§2>], (2.3)

with e*”? completely antisymmetric.
The operator 7_ is defined as the following linear combination of projectors,

AP, — EW P3 B AP; + EW Py

with
1— k2 —n2)1— k2 — 2
\ \/ ( ZLZ(kz n;) (2.5)

As usual, we introduce a standard skew-symmetric solution R of the modified classical
Yang-Baxter equation on f. It therefore satisfies the three properties

[R¥, RY] = R([RX, V] + [X, RY]) + [X, V],

STr[X RY] = —STr[RX )], R3 = —R, (26)

for any X,) € )E Since R is a standard solution of the mCYBE, the operator
II=1+7R’
is the projector onto the Cartan subalgebra of f and satisfies (see for instance [16])
IR = RIL = 0, MRX, V]| +1[X,RY] =0, X, YVef (2.7)

As a consequence of the property R? = —R we also have the following simple
inversion formula

I+ BR+yR*) ™ =T + (=BR +9R?). (2.8)

B2+
The operator O_ is defined in terms of the dressed operators
Rg=Ad,'oRoAd, and II; = Ad," ollo Ady,

such that the operator R, is also a skew-symmetric solution of the mCYBE. We then
introduce the operators

0, = 4 V(= D0 —F) RgikW< pol )R2 (2.9)

1F kW LfkW )



In this expression, p is a block-diagonal matrix depending on the three parameters 7,
and k:

p=1+ diag(n, n%)- (2.10)

1
A2 + k2
Finally, the operator O_ appearing in the action (2.2) is given by

1 EWQL

= 2.11
O 14+Q4 ( )

where for later use we have also introduced O = (O_)".

Action after elimination of A.. In section 4 we compute the action obtained after
elimination of the gauge and auxiliary fields Ay. The result is given in equation (4.7). For
convenience, we reproduce it here. It takes the form

Spslel = [ P STE[7,.5- 7] + Swalal. (2.12)
The definition of the operator S_ is
S = ((1 — (2P + Pp) kWQ_) d_ + Pp kW (1 — d_)) 1+0Q.d )", (2.13)
with
1 2
d-=2P+ -5 (A= ) P = (1 + A kW Ry)

1— k2
1

(2.14)
o (AR P+ (1= N kWP,

Gauge invariance. As we shall indicate in section 3 for the action (2.2) and prove in
subsection 4 for the action (2.12), the field theory constructed in this article is on the
supercoset F /Fy. This is the consequence of the existence of a gauge invariance under Fy.
More precisely, the corresponding gauge transformations are

9= 99,  Ax— g5 '0xg0 + g5 Axgo, (2.15)
with go(o%) taking values in Fy. In particular, this means that A(f ) transforms as
0 _ —1 4(0
A(i) — 90 19190 + 90 1-/45()90-

This shows that .A(io ) is a gauge field. The other gradings A(f ) of A4 with a # 0, have the
homogeneous gauge transformations

Aﬁf) — galA(f)go.

Therefore, they correspond to auxiliary fields.



3 Equations of motion, the Maurer-Cartan equation and the Lax pair

In this section we will demonstrate the classical integrability of the bi-Yang-Baxter defor-
mation of the mixed flux model as defined in section 2. To do so we first compute the
equations of motion following from the action (2.2). These are of two types: two constraint
equations arising from the variation with respect to A+ and a dynamical equation that
comes from varying with respect to the supergroup-valued field g. Working on the con-
straint equations, we show that the dynamical equation in first-order form, i.e. in terms of
currents, and the Maurer-Cartan equation for the currents follow from the zero curvature
of a Lax pair.

Equations of motion for A;. Varying the action (2.2) with respect to A+, we find the

constraint equations
(O FEW) (T — Ax) = (L F kW) TeAx, (3.1)
where we have introduced a second sum of projectors, 7, defined as
To= (1= kW) (T2 + W+ T0) 4+ k).

The linear combinations of projectors 71 are given by

AP, — EW P3 4 AP; + EW Py

_ _9p
T 2T ESUE

and satisfy the following relation
4k
= —W(P, + Ps).
T- T+ + 21 (P + P3)

In order to show the existence of a Lax pair, it will be convenient to introduce a new
current Q4+ defined as
O =(1+Q4) (T — Ay), (3.3)

where we recall that Q4 are defined in (2.9). In terms of this new current, the equations
of motion for A (3.1) take the particularly simple form

Qi =T+ AL, (3.4)

from which it follows that

Equation of motion for g. Varying the action (2.2) with respect to g and eliminating
J+ in favour of Q4 (3.3) we find the following equation of motion

E=D (1+kW)Q_+D_(1—kW)Q4 + 2kWF,_(As) =0, (3.5)

where

Fr(Ap) =01 A —0_ Ay +[Ay, A, Dy =0+ +adj4,,



with adj 4, = [Az,]. Decomposing £ under the Z, grading (2.1) we find that the grade 0
part is given by

£O — kW (3, + adj A(O))(Q(2) +249) — kW (o + adj L)@ +24%)

ALY, QP+ [A ,Q@H%W([A“) DA, A%
+ A, 0P + [ g S] AY, QP+ 14, o]
+ kW (AP, QW] + (AP, 0¥ - 14D, 1) - [4®) o).

Evaluating on the constraint equations (3.4) we find that £ () identically vanishes. This is
a consequence of the gauge invariance (2.15) of the action (2.2).

Maurer-Cartan equation. We now turn to the Maurer-Cartan equation
0rJ- —0_T4 + [T+, T-] =0, (3.6)
which we rewrite in terms of Q4 and AL using
Jr=As +(1+Q4)Qx,

which follows from (3.3). As outlined in section 2, in equation (2.9) the operators Q4
are defined in terms of a standard skew-symmetric solution R of the mCYBE on ]E In

particular, we have

1+ Qe =T+ BeRy + 1R, (3.7)
with the block diagonal matrix coefficients 54 and ~4 given by
V=D - k2p) __1F kW
be = 1x=ew 0 ET T aFw (3:8)

The Maurer-Cartan equation (3.6) is then given by

b (A +(14+99)D0- —(1+Q0)D_9+ — [(1+9Q4)94,(1+Q-)0_]
+(14+Q2)[(14+92)Q+, 2 1 +(1+Q)[Q,(1+Q2)Q_

Using the equation of motion for g (3.5) to replace

I
e

DiQ-+D_Qy - —kW(Dy Q- —D_Qy) — 2kWF,_(As),

we substitute in the explicit expressions for 1 + Q4 (3.7) and simplify using the proper-
ties (2.6) and (2.7), to rewrite the Maurer-Cartan equation as

O1F:—(As) + 02D Q- — D_Qy) + 03[+, Q-]

3.10
Bt OIL[Q Ry Q] — B (L h v R0 0 =0, O
where
O1 =TIy + kW (B+ — B-)Rg + (kW (4 —7-) — 1)RE,
0y =1, + %(m + B+ kW (Bs — B-))Rg + %(% +y- + kW (s —7-))R;, (3.11)

O3 = —(B4+B- + 77— + 7+ + 7)1y — (Byr- +74+:8-)Rg + (B4 8- — ’Y+’Y—)R§-



From the definitions of S+ and v+ (3.8) one can check that

Bi(l47) = B_(1+s). (3.12)
This, together with the identity (2.7), implies that the left-hand side of the second line

of (3.10) is identically zero. Furthermore, again using the definitions of S4 and 7., the
three operators (3.11) can be seen to be block proportional to each other with

O1 =0y = pu 0.
Together, this brings us to our final form of the Maurer-Cartan equation
E£=D,0 —D_Q: +ulQs,Q ]+ Fy_(As) = 0. (3.13)
Lax pair. In order to construct a Lax pair we work on the constraint equations (3.4)
and understand the equation of motion (3.5) and the Maurer-Cartan equation (3.13) as a

set of two first-order equations for Ay. We then attempt to construct two linear maps
3 . .
Ap =Y (BPKs + L WPK), (3.14)
i=0

and (recalling that £©) = 0) the two combinations

I
.Mw o

£ (e;PE + EWPE +wiP,Z + ;WP Z),
7 (3.15)
2= (4PZ+5WPZ+ fiPE+ ;WPE),
such that o
g2 = pPx® + DOK® + k), M) - k), kP,
V=0, V=P ¥, =P
20 = 0 4 kP e+ e e+ ke ey,
2® = pVx® - pOr® + kP, k)4 kP, ), (10
20 = pPxk® - pOrcW) 4 k@, @+ K, ),
20 = pPx® — pOr® + kP, kW14 k), ),
where

DY =os+adjpw,  FY =0,k -0k + K, k).
Such linear maps can indeed be found, with b% and ¢, along with the remaining parame-
ters, given in appendix A. The equations
EW = 2z — ¢
as defined in (3.16) then take the form of the familiar first-order equations of the semi-

symmetric space o-model [30]. It immediately follows that the Lax pair for the three-
parameter deformation is given by [32]

Ei(z):K$)+z_1K$)+zi2Kf)+sz), (3.17)
where K4 are defined in terms of J1 through (3.14), (3.4) and (3.3).



Comment. At this point we should emphasise that the existence of the Lax pair is highly
non-trivial. Its existence stems from the peculiar form of the action (2.2). This includes,
in particular, the very specific way in which the auxiliary fields appear as well as the
tuning of the many coefficients that enter into its definition. Let us therefore stress that
the action (2.2) does not come from nowhere! It is the result of a thorough and rather
complicated investigation.

4 Elimination of gauge and auxiliary fields

The reason for introducing the gauge and auxiliary fields is that it enabled us to determine
the Lax pair as demonstrated in the previous section. We now compute the action obtained
after elimination of the gauge and auxiliary fields A..

Equations of motion for A.. We first determine the on-shell values of A4 in terms of
J+. For this we combine (3.3) and (3.4) to obtain

Jr—Ar=(14+Q0) T Ay, (4.1)
Defining
di = T:t )
14+ 7T+

equation (4.1) may be rewritten as
Jr —Ar =T AL + Qude (1 4+ T1)Ax.

We therefore have
Ap = (14 T2) 7 (1 + Quds) ™ Ta, (4.2)

which are the on-shell expressions for A..
Action. One way to proceed is to rewrite the action (2.2) as
Sopnklg, As] = — / d?oSTr [A+((c9_ +EW)(J-—A) — (L +EW)T_AZ) + J+c_}
+ Swzklg]; (4.3)
where
Co=(O_+kW)(J- —A_)+kW (2P, + Pp) A_ — kW 2Py + Pp) (J- — A_). (4.4)

The first term in the action (4.3) vanishes upon imposing the equation of motion (3.1) for
A . It remains therefore to compute C_ on-shell. We find

C_

(L4+kW)T_A_ + kW 2P, + Pr) A- — kW 2Py + Pp) (1+Q_)T_A_ (4.5)
= ((1—- 2P+ Pp) kWQ_)d_ + Pp kW (1 —d_) ) (1 +T-) A_,

~10 -



where we have first used the relations (3.1) and (4.1) to arrive at (4.5). We can now replace
A_ in terms of J_ using its on-shell expression (4.2) to obtain

Syl = [ o STE[,5-7] + Suaslel, (4.7)
where the operator S_ takes the form
S =2P_ (1+Q.d )", (4.8)

with the quantity P_ defined as

1

P- 2

((1 — (2P, + Pp) EWQ_)d_ + PpkW (1 — d_)>. (4.9)

The introduction of the operator P_ is useful to take the limits corresponding to both
the mixed flux model and the bi-Yang-Baxter deformation in subsections 5.2 and 5.3
respectively.

Proof of gauge invariance. We can now present the postponed proof of the Fy-gauge
invariance of the field theory we have constructed. Under the gauge transformation (2.15),
the non-standard Wess-Zumino term Sy [g] is invariant. The operator Q_ defined by (2.9)
transforms as

Q_ — g, La_go.

Due to the presence of the projectors P», Pp and of d_, defined by (2.14), in the expression
of S_, the only gradings of jj([a) which contribute to the first term of the action (4.7)
are the non zero ones. As these components of the currents have homogeneous gauge
transformations, the action (4.7) is gauge invariant.

5 Bosonic truncation and limits

In this section we demonstrate agreement with three known results corresponding to certain
truncations and limits. The first corresponds to the bosonic truncation, for which we
recover the three-parameter deformation of Zgs permutation cosets worked out in [1]. The
second and third cases are the mixed flux model and the bi-Yang-Baxter deformation
respectively. These are obtained when 7,z = 0 and k = 0 respectively. The mixed flux
model has been constructed in [46] while the bi-Yang-Baxter deformation of Z4 permutation
supercosets has been found in [49]. The corresponding actions have been constructed
without a gauge or auxiliary fields. Therefore, here we make the comparison using the
action (4.7).

5.1 Bosonic truncation

The bosonic model of [1] was constructed making use of a gauge field. Its form after
eliminating the gauge field was also derived. For the three-parameter deformation of Z,4
permutation supercosets, we not only have a gauge field but also auxiliary fields. This
statement still holds for the bosonic truncation, where Af) plays the role of the gauge

- 11 -



field and Af ) is an auxiliary field. Therefore, the simplest way to show that the bosonic
truncation coincides with the model of [1] is to compare the actions after eliminating the
gauge and auxiliary fields.

An additional complication arises, however, as the action depending on the gauge field
in [1] is not written explicitly in terms of projection operators associated with the Zg grad-
ing. For this reason, in equation (B.1) of appendix B, we first rewrite this action in the
language used in this article. We then eliminate the gauge field. The action after elimi-
nating the gauge field is given in (B.15). The comparison between the bosonic truncation
and (B.15) will then be immediate and leads to the map between the parameters used in
this article for the supercoset case and those used in [1]. It is worth noting that the bosonic
action after eliminating the gauge field (B.15) is written in a simpler form than in [1].

Action. When we consider the bosonic truncation the operator d_ in (2.14) becomes
d_ = 2P,. Therefore, the operator S_ in (4.8) is now

S =2(1-2PkWQ_)Py (1420_P,)" "
= 2P, (1 —2kWQ_P,) (1+2Q_Py)" . (5.1)

The non-standard Wess-Zumino term (2.3) becomes the standard gauge invariant WZ term
S£Z7k[gL gr'], which is written in terms of one copy of the supergroup G. Thus we have

Sh o klgL.z) :/d% STr [2 TPy (1 =2kWQ_P) (1+2Q_P) t T 52)

+ S8 xlos 7',

with Q_ given in equation (2.9). We need to compare this action to the action (B.15),
which is reproduced here for convenience:

~ 1 - N _ N B
Sﬁ,g,%[gL,R] = 2N</d2o STr [2 j+P2(1 — QbWQ,PQ) (1 + 297P2) 1],}
(5.3)
+ sl '],
where

V= 20 5 1+ ) A
N = 2kb 1’ Q= nl/ (—A g — ”/7727eg> (5.4)

265 (1 + 72 + kW)? 1+7

The values of b and @ in terms of the parameters (k, 7, ) are given in equations (B.13)
and (B.8) respectively, while A and 7 are defined through (B.7) and (B.2).

Map between the parameters. To determine the map between the parameters (k, 7, z)
and (k,7;.z), we first focus on the WZ terms in the actions (5.2) and (5.3). This implies
that we should identify k£ and b, that is,

2+ 72 +72)k
(1 +72) (1 +32) + k2

k=b= (5.5)
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It is then clear that we would have

SB

77LRk

9] = NSB

nL,r,k [ ] (56)

if Q. = Q_. Comparing the coefficients of Q_ in (5.4) and of Q_ in (2.9), we find the two
conditions

(L +72)? - K?)
o= 1= 2+ + 72)?
P2 ((1+72)2 — k?)
2+n2+72)2

Using the form of p given in equation (2.10), these relations may be rewritten as

:U’R_lz

R Al (5.72)
L=n)A—n2) =k —n2 —n3) 2+ +73)° '
(1—k*)n? LR+ - i2)
=)0 —m) - R0 —ni—n3) ~ C+i+ia)? (5.70)

Therefore, the map between the parameters used in the present article and those used in [1]
is defined by (5.5) and (5.7). This demonstrates the agreement between the bosonic trun-
cation of the three-parameter deformation of Z, permutation supercosets and the model
constructed in [1].

5.2 Mixed flux model

Now let us investigate the limit in which we expect to recover the mixed flux model of [46].
For this we take 1, = 0. It then immediately follows from (2.10) and (2.9) that p =1
and Q_ = 0. As a consequence, the relation (4.8) becomes S_ = 2P_. We also have from
equation (2.5) that A = v/1 — k2. It remains to compute the values of d_ and P_, defined
in (2.14) and (4.9) respectively, when 7, » = 0. Doing so we find

P-(ne,r = 0,k) = %(df +PekW(1—d_)) =P+ %\/1 — k2(P — Ps). (5.8)

Therefore, we have

S w0kl (/d% STr[JﬂJ J } n Swzk[ })

This action indeed corresponds to the mixed flux model of [46], written in the form given
in [49-51].
5.3 Bi-Yang-Baxter deformation

The limit that should correspond to the bi-Yang-Baxter deformation of Z4 permutation
supercosets is given by taking k£ = 0. We then have

2
A=V =af) (=), P =1+ Hg, (5.9)

~13 -



and
d_ =2Py+ A(P) — P3), P_ = %d_, S_=2P_(1+ 29_77_)’1. (5.10)

Therefore,

VA -72)(1 - n3)
2
It remains to compute Q_ when k£ = 0. Starting from (2.9), we find

P-(epk=0) =P+ (P — P3). (5.11)

1
Q_(ppk=0)=—\/p—1Ry = —5%739,

where we have used equation (5.9) and defined

2

n = diag(n.,nr).
a8l e)

Substituting this expression for _ into S_ (5.10) we find that the action (4.7) becomes

SﬂL,R,k:O[g] = 2/d20 STr<j+ P_ (1 _ %Rg 7)_)—1 \7_>,

with P_ given in equation (5.11). This action indeed coincides with the bi-Yang-Baxter
deformation of Z4 permutation supercosets constructed in [49].

6 Conclusion

In this article we have constructed the bi-Yang-Baxter deformation of the mixed flux model
of [46] giving a three-parameter integrable deformation of the semi-symmetric space o-
model on Z4 permutation supercosets. Furthermore, we demonstrated its classical integra-
bility via the existence of a Lax pair and confirmed the agreement of various truncations
and limits with known models.

For F = PSU(1,1]2) or F= D(2,1; «) the mixed flux model, together with the appro-
priate number of free compact bosons, is a k-symmetry gauge-fixing of the Green-Schwarz
superstring on AdS3x S3x T4 or AdS3x S3x S3x S' supported by mixed R-R and NS-
NS flux [45, 46, 52, 53]. Yang-Baxter deformations based on solutions of the modified
classical Yang-Baxter equation do not typically describe strings on type II supergravity
backgrounds [54, 55]. Instead the background fields satisfy a generalisation of the super-
gravity equations [56, 57]. This is indeed the case for the Yang-Baxter and bi-Yang-Baxter
deformations of the AdS3x S2x T* background supported by pure R-R flux [56, 58, 59].
It would be interesting to determine the R-R fluxes that support the metrics and B-fields
of the three-parameter deformations of AdS3x S3x T* and AdS3x S*x S3x S! (see [1, 2]
and appendix C) and confirm that the generalised supergravity equations are satisfied.
Furthermore, the generalised supergravity equations should imply that the model is scale
invariant and UV finite on a flat two-dimensional worldsheet [56]. It would be important to
confirm that this is indeed the case, for example, by checking the vanishing of the one-loop
beta function for the o-model coupling.
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While Yang-Baxter deformations based on solutions of the modified classical Yang-
Baxter equation do not typically describe strings on supergravity backgrounds, their T-
duals [56, 58] and Poisson-Lie duals [60] can. Poisson-Lie duality, introduced in [61-63], is
a generalisation of (non-abelian) T-duality to models with Poisson-Lie symmetry. Poisson-
Lie duals of the Yang-Baxter deformation of the principal chiral model plus Wess-Zumino
term have been studied in [64, 65]. Extending this analysis to the bi-Yang-Baxter case, as
well as to the R-R sector (see for instance [60, 66, 67]) would be necessary for investigating
whether there exist duals of the three-parameter deformations of the AdSsx S3x T* and
AdS3x S3x S3x S! backgrounds that are solutions of type II supergravity.

In order to understand the possible Poisson-Lie duals of the three-parameter integrable
deformation it would also be helpful to study the Poisson-Lie symmetry of the model, to-
gether with the associated g-deformation of the global symmetry algebra [68]. An alterna-
tive route to exploring the g-deformed symmetry would be to compute the light-cone gauge
dispersion relation and S-matrix as done for the Yang-Baxter deformation of the AdSsx
S® superstring in [54, 69]. An initial proposal, based on symmetry considerations, for the
deformed dispersion relation and S-matrix (up to overall phases) in the massive sector
was given in [49, 70] following [71]. These are deformations of the undeformed dispersion
relation and S-matrix constructed in [72-74].

Finally, it would also be interesting to perform the Hamiltonian analysis of this inte-
grable o-model and determine its twist function [34] (see [75] for a review). This would be
the first step towards its reinterpretation as an affine Gaudin model, in the spirit of [76].
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A Coefficients of the linear maps used for the Lax pair

In this appendix we give the values of the various coefficients used in equations (3.14)
and (3.15). We have

0 1 p =~ ) (= ) KA — )
V1= k(1= kninz)
—(1 = k) (07 —mz) £ k(1 — K+ nin3)

& =0, A = )
V1= k21— k2 = n3n?)

bl = a(k,mp,mp) +al—knp,me), b= d(k,ne,na) + d(=k,nr, ),

b% = d(—k,n,np) + Ak nmyne), b2 = a(—k, e, ne) + alk, ng,15),

cy = a(k, e, ms) — a(—k, 1m, 1), b = —d(k,ns,nr) + d(—k, 0, 1),

¢t = —d(=k, e, nz) + d(k,mm,nz), & = a(—k,ne,mx) — alk, g, m0),
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a(k )——<1_k>i(1—kz—ni)(n§—2(1+k))+k(1—k2)
s Ny Nr) = 1+k 2\/1_]{32\/1_]{:2_77%77123\/1_]{72_7]%7

Ao — (1_k>i (1— k2 — wp)ni + k(1 — k?)
G T W ey ey =gy gy oy

while for the remaining coefficients we find

o) — V1 k(1 -k —ning) 7y = k(1 — k> +ninz)
P () - -m) P 2 ng) -~ k(- nE - )
- (1=K (1 =) (A —nz) — k?) o = —kvV1- K2(1— k* — nins)
0T AR - RO - ) 0T - ) - kRO - )
o V1— k(1 -k — nin3) P (1= K*)(n7 — %)
2T U R —n3) T AR RO - )
fo=wo =wy =0, €2 = Zg = wa = 0,
€1 = e(kanvnR) + e(_kv Mg, nL)7 €1 = e(_ka N, nR) - e(’ﬁ%ﬂh%
€3 = _e(_kanL)T/R) - e(k777R777L)7 é3 = _e(kanLanR) + e(_k777Ra77L)7
w1 = w(k777L777R) + W(_kv MR, 77L)7 wl = _W(_kanLanR) + W(k777Ra 77L)?
w3 = W(*kv’r’LvnR) + W(ka nRanL)v ’ng - *W(kanvnR) + W(ikvnRa 77L)7
z1 = z(k,nL,Mr) + 2(=k, N8, ML), Z1 = z(—k,nu,nr) — z(k,nr, ML),
z3 = Z(_kynL7nR) + Z<k7nR7nL)7 23 = Z<k7 N, nR) - Z(_kvnPnnL)a
J1 =tk ne,nz) +£(=k, 08, 11), fi = —f(=k,mu,nr) + £k, nr. 1),
f3 = _f(_kanL)T/R) - f(kvnRanL)v f~3 = f(kanLanR) - f(_kanRanL)7
1 LRV k2 202)3 (1 12 2
e(k777L;7]R) _ (1*]4)4 (1 k )(1 k 77L77R) (1 k (1+k)77R) -
L+ k 1—k2—n2((1—n2)(1—n2) — k2(1 —n2 —n2))

- k)i (1 —k?)(1— k% - 7]L7]H)2

1=k =2 ((1—n2)(1—n2) — k2(1 —n2 —n2))’
1k)zlx\/1—k2\/1—/f2—77%77%(2(1+k)( — k2 —n2) - kz( )
1

W(ka N, 77R) =

(
z(k,ne,mr) = (
(

iy =12 — 2 (L= ) (1 = n2) — k(1 —n? — 1)) ’
1
1—k\12 V1— k21— k> — i3
£(k, L, nr) = oy
(s 12 1) 1+k> /TR -2 ((1- )1 —n2) — k(1 — 2 — n2))°

x (k(1— k%) — k(1 — k)3 + k)n? —2(1 — k*) (L + k)n3
+(L+ k) A+ k= E)nine — (24 k(1 + k)nins).

B Three-parameter deformation of Z, permutation cosets

In this appendix we rewrite the three-parameter deformation of Zo permutation cosets
constructed in [1] in the language used in this article. We first give the action which
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includes a gauge field and then eliminate this gauge field. Note that, to be precise, we
write the action of the Zy permutation coset embedded in a Z4 permutation supercoset.
This explains why the action is written using the supertrace as opposed to the negative
trace, which would be the appropriate bilinear form for compact Lie groups.

Action with gauge field. The three parameters are denoted by k and 7.,z The action is

58 il AL = [ o sTi](7 - A0)6- (7 - A?)
+ (7 = AW g® —kwgP (7. - A0)|  BY)
+ Susilg, 97
The operator O_ is defined as O_ = diag(O*, O%) with

1+ ApRy,

1+ AR, ~ N
OFf = (1+72) .
1—-2R2,

OF = (14 7j?) ———9& °
" 1_77%R52]L

The coefficients A, j take the values [1, 14-16]

5 k2 i L2
A, =1l — —— =1 l1— ——. B.2
L nL 1+7—7%7 R 77R 1+77123 ( )

Action after eliminating the gauge field. The equation of motion for the gauge field

ASS) is

PyOs (T — AN FiWT® =0, (B.3)
with O, = (O_)!. Let us introduce the current Q- defined as
Qs = (Ox FhW) (72 — AD). (B.4)

The equation of motion (B.3) implies that P O. =0 and thus P, Oy = Oy. Therefore,

JO ~ A0 = R0y kW) 'GP, (B.5a)
T = p(OL Fiw) 0P, (B.5b)

It remains to compute the inverse operators appearing in these equations. This may be
done by using the formula (2.8). Doing so we find
1 1+ 72 . -

~ ] 2
OL FIW) = ————— T, + ) +AR, — (1FkW)R2), (B.6
(O 7 kW) L+ kW ? (1+ﬁ2$kW)2( o~ (LF W) 9) (B.5)

where

n = diag(7.,7z) and A= diag(AL,flR). (B.7)

We then write I1, = 1—{—7{3 and decompose the coefficient multiplying II, into its symmetric
and anti-symmetric part, that is
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with

21+ 72 Fh)(L+ 73 £ k) 201+ 77 F k)1 477 £ k)
Finally we find ~
(O 7hW) " =6y (1+ 22 W +204), (B.9)
+
where the operators ﬁi are given by
_ 14 2 B W2
265 0y — /i (£AR, + Wi R2). (B.10)
(1+ 72 F kW)? 1+
Equations (B.5) may then be expressed as
_ aa N~
g - AY = a3 (=W +2p0.) 0, (B.11a)
+
TE = a5 (1+42P,04) 00 (B.11b)

We can now compute the action obtained after eliminating the gauge field .Z(io ). We

first eliminate .,Z(,O) by making use of the equation of motion of .,ZS?). The Lagrangian
defined by the first two lines of the action (B.1) becomes STr(J+C_) with

C.=P((0- +iw)(7- - AV) —2kw (7.~ AV)). (B.12)
The quantity C_ can be written as
C.=ao% - 2&515W<g; W+ 2P0(2_> o®

L+ a2)(1+72) + k2 -\ =
— ( fnL)Q + nR)~+ _ (1 _ 2bWPOQ_) Q(_2)7
(1477 + k) (1 + 1777 — k)
where we have made use of the definition (B.4), the property P, W J_ = PwIY and
equations (B.11a). We have also defined

2+72 +72) k

b= _ R (B.13)
(1+72) (1 + 77) + k2
The last step is to invert the relation (B.11b) and use the identities
(142P0 ) 'P = B(1+20_P) ), (B.14a)
(1 - 2bWPQ_) Py = Po(1— 2bWQ_P), (B.14b)
to write the action after elimination of the gauge field as
- 1~ . ~ _
SE  ilgnel = 2N</d20 STr (2.7, Po(1 = 20W Q- P) (1420 P) 7|
(B.15)
+ Swzlo: 951]>,
where
- o -~ 14+ 72 B IN€W~2
N =2kb ', O -+ (—A - 772R§> (B.16)
265 (1 + 72 4+ EW)? L+
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C Metric and B-field for the three-parameter deformation of S3

In this appendix we give simple expressions for the metric and B-field in the case of the
three-parameter deformation of S3. Other expressions have been previously obtained in [1,
2]. We start from the result (B.15) with the supertrace being replaced by the negative
trace. In the case of G = SU(2), we take the familiar basis for the Lie algebra su(2)

)
Ty = 504,

2

where o, are the Pauli matrices. The Drinfel’d-Jimbo [17-19] solution of the modified
classical Yang-Baxter equation is then given by

RTy = -1y, RTy =11, RT3 =0.
We use the gauge symmetry g, r — gz rgo to fix gr = 1 and parametrise g, as
9o = exp[(—p + ¢)T3)].(r1 — 2V 1 — r2T7). exp[(p + ¢)T3)].

We substitute into the action (5.2) and replace STr by —Tr to arrive at the three-
parameter (7., 7z and k) deformation of the S* o-model. Comparing with the usual
o-model form in conformal gauge

—2 / o (PG00 X 05 X" + €*P B, 0, X105 X") = 2 / d*0 (G + Byw)0+ XFO_X",

we find the following target space metric and B-field

B 14+ 62r2(1 — 12
ds? = F~! <( * qlr_(rz ! ))dr2 — 2Gk_ (1 — r¥)rdrdyp — 2GR r3drde

+ (14721 =) —rH)de? + (1 + &3r?)r?de® + 2R+ k_r?(1 — rQ)dgpqu),
B=aF (7% — &2 4+ @1 — 2r?)) (—FRyrdr Ade + F_rdr A do)

—agF (1 —2r* — &2r* + B2 (1 — %)) dp A do,
1
V(@ + 7+ 72)2 + 432 — 7372

<Y

F=1+r/r2+ k(1 —r?) +@r?(1 —r?),

where we have introduced the new parameters

21, Tk

dzf.
24177 + 77

L U A A+ )
T @+ + ) |

For convenience when relating the two sets of parameters we assume that 7., nz and k
are all positive and all square roots are positive so that x4, ¢ and a are also positive.
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Furthermore, we assume that we are in a region of parameter space such that the following
relations hold

an U= i) (= i — K
A C+n2+n2)?
iy — 2R )T £ An(L 4 73)7)
(2+ 77 +777)? ’
. (2 + 1777, +72)?

4 (1) (1 +73) + k2)
Let us conclude with some observations. First, we note that the first line of the B-field

is closed and hence locally it can be set to zero by a gauge transformation. Second, the
metric is invariant under the following formal transformation

r—V1i—-1r2 o<+ o, Ry <> R, qg— —q,

while the B-field changes just by an overall sign. Finally, the analogous deformation of
AdS3 can be found by analytically continuing

p—rir, o=t Q=
as well as flipping the overall sign of the metric and B-field.
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any medium, provided the original author(s) and source are credited.
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