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1 Introduction

The construction and analysis of smooth solitonic geometries in supergravity have attracted

an intense activity over the last few years driven by the fuzzball proposal [1]. This proposal

postulates that the semi-classical picture of black hole breaks down near its horizon and



the black hole quantum state is a vector in a Hilbert space spanned by microstates approxi-
mated by smooth horizonless geometries that have the same mass, angular momentum and
charges as the corresponding black hole. Most microstate geometries that have been con-
structed so far correspond to supersymmetric extremal black holes [2—-6]. This domain of
research brought many fruitful developments as the construction of the entropy enigma [7],
the calculation of index-jumps when crossing walls of marginal stability [8], their applica-
tion to AdSs holography [9], the quantization of the phase space of multicenter solution [10]
and many others.

From this large amount of breakthroughs, it is natural to take this line of research
further towards the description of microstates of real astrophysical black holes. Several
steps were taken in the construction of non-extremal non-supersymmetric black hole mi-
crostates [11-14].

In the present work, we are interested in the extreme Kerr black hole. Such a black
hole in four dimensions has an angular momentum J which saturates the bound J < GM?
and its near-horizon geometry contains a specific warped AdSs factor (WAdS3), which is
a particular U(1) fiber over AdSs.

The Kerr/CFT correspondence has been first conjectured in [15] and relates the near-
horizon geometry of extremal Kerr black hole (NHEK) to a chiral 2-dimensional conformal
CF'T whose the central charges are given by the angular momenta of the black hole. This
conjecture correctly reproduces via Cardy’s formula the Bekenstein-Hawking entropy of
the black hole. Nevertheless, even if there are several possible candidates of dual “CFT5”
as a dipole CFT [16] or as warped-CFT [17], the Kerr/CFT holographic dictionary is still
poorly understood. Hence, it is very useful to have concrete examples, if not of the CFT,
then of asymptotically NHEK geometries, which are bulk duals of pure CFT states.

For this purpose, it is crucial to have embeddings of NHEK in string theory as ge-
ometries arising from a system of D-branes. Omne of these is the six-dimensional uplift
of the extremal non-supersymmetric D1-D5-P black hole in type IIB string theory on
T* x S [18-20]. This theory contains the extremal non-supersymmetric Kerr-Newman
black hole solution with one of its angular momenta set to be zero. Its near-horizon ge-
ometry is a squashed S3 (SqS?) over WAdS3 which corresponds to a NHEK geometry, but
the warp factor is constant, unlike for the NHEK solution in four dimensions.!

In [21], it has been shown that WAdS3x SqS? solutions, of which the NHEK spacetime is
a particular example, can be obtained from AdS3xS?3 by a specific sequence of supergravity
transformations known as STU transformations or generalized spectral flows [22]. This sets
up the first cornerstone to build more solutions with a NHEK region in supergravity since
they can be generated from more “common” six-dimensional non-supersymmetric extremal
solutions in type IIB string theory (see [23] for instance).

The main goal of this paper is to apply this technique to construct smooth bubbling
geometries which are asymptotically WAdS3xSqS? or more particularly asymptotically
NHEK. Our methodology is to start from a family of initial non-supersymmetric extremal
solutions known as almost-BPS multicenter solutions [24, 25]. As their BPS cousins, they

'In 4d NHEK the warp factor depends on the polar angle.



are defined by a certain number of centers in a four-dimensional Taub-NUT space which
carry magnetic and electric charges corresponding to branes wrapping cycles of the trans-
verse space. The supersymmetry is broken in a subtle way by having opposite duality
between the Taub-NUT space and the fluxes [24]. Their conditions of existence being close
to the BPS multicenter solutions, one can easily generate families of almost-BPS solutions
using similar technique as for BPS solutions. Following the idea of [26], we will work with
the family of almost-BPS solutions with three supertube centers in Taub-NUT. Each cen-
ter preserves locally 16 supersymmetries. One can systematically construct such solutions
and their parameter space is well-understood. Initially, these solutions are not regular
in six dimensions since each species of supertube sources a different KKM dipole charge.
However, as explained in [22], the three generalized spectral flows transform each of the
three supertube centers to a smooth Gibbons-Hawking center. We then expect that the
spectrally-flowed solutions which are the ones containing the NHEK will be smooth.

If the generalized spectral flows map one BPS solution to another, they have a much
richer structure for almost-BPS solutions as the spectrally flowed solutions do not belong
to the almost-BPS class any more [27]. By deriving the effect of generalized spectral
flows on our three-supertube solutions, we will show in section 3 that one can indeed
obtain systematically asymptotically WAdS3xSqS? solutions by just constraining the initial
solutions to have both angular momenta to be zero in order to be asymptotic to the specific
U(1) fiber over AdSy that gives the full AdSs.

Having the same metric at infinity is not the only requirement to build either asymp-
totically WAdS3xSqS? or asymptotically NHEK solutions. The periodicities of the angles
of the squashed 3-sphere and the angle of the warped AdS3 must have a specific form (equa-
tion (2.7) for WAdS3 with the specification (2.8) for NHEK). Imposing such periodicities
to our solutions in the UV has a major impact on the smoothness of the geometry in the
IR. Indeed, multicenter solutions have a R xS! local geometry around each center. Thus,
depending on the periodicities of the angles, conical defects can occur at these locations.
A tedious smoothness analysis needs to be performed to have a smooth discrete quotient
of RMxS! at each center.

We sketch the overall idea about our construction of smooth bubbling asymptotically
WAdS3xSqS? or asymptotically NHEK geometries in figure 1. The recipe we use to con-
struct the solutions has the following steps:

o We start with a specific family of almost-BPS solutions. They have four centers,
one is the center of Taub-NUT and the three others are two-charge supertube cen-
ters of different species. This choice of solution is just a matter of simplicity since a
systematic construction is given in [26] when the solutions are supersymmetric. How-
ever, nothing prevents from taking different almost-BPS configurations. We construct
asymptotically AdSsxS! xS? solutions where the S! fibration over AdS, gives the full
AdS3. Moreover, we require their left and right angular momenta to be zero.

e We perform three generalized spectral flows which transform the UV geometry to
WAdS3xSqS? and preserve the bubble feature in the IR.

e We identify the periodicities at infinity of WAdS3xSqS? or NHEK and impose the
absence of conical singularities at the centers.
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Figure 1. Schematic description of the construction of a family of smooth asymptotically NHEK
solutions from the family of almost-BPS solutions.

Once all these steps are performed, we obtain a family of smooth bubbling geome-
tries, asymptotically WAdS3xSqS? or asymptotically NHEK in type IIB on T¢. From a
Kerr/CFT perspective, these bubbling geometries are dual to CFT pure states of the chiral
CFT5 dual to WAdS3 or NHEK.

Nearly extreme Kerr black holes have been observed in the sky ([28] for instance). Thus,
our construction can also lead to interesting astrophysical computations. One can compute
the Kerr multipole moments of our solutions to see if there exist deviations from the
Kerr black hole solution. This could give interesting observable imprints of the microstate
structure of black holes on the gravitational wave emission after a collision between two
black holes, which are expected to be measurable with LISA.

In section 2.1, we review the six-dimensional uplift of the non-supersymmetric rotat-
ing D1-D5-P black holes in type IIB string theory on T%. We discuss their near-horizon
geometry and the specific transformations which deform AdS3 to WAdS3. In section 3,
we review the almost-BPS solutions in type IIB, the effect of generalized spectral flows
on multicenter solutions and we discuss in detail the systematic construction of our start-
ing family of almost-BPS solutions. In section 4 we apply the procedure discussed above
to construct asymptotically WAdSs smooth bubbling solutions and in section 5 we con-
struct similarly asymptotically NHEK smooth bubbling solutions. In both sections, we
give explicit examples of solutions.



2 5D extremal rotating black holes in type 11B

In this section we briefly review the description of non-supersymmetric three-charge over-
rotating Cvetic-Youm black holes which arise in the low-energy limit of type IIB string
theory compactified on 7% x S' [18-20]. We describe their near-horizon or NHEK limit
and the more general family of warped-AdSs geometries (WAdS3) to which those NHEK
solutions belong to [16, 21, 29-31]. We also discuss the supergravity transformations which
deform an AdS3; geometry to a WAdS3 geometry [21].

2.1 The non-supersymmetric extremal D1-D5-P black holes

We work in the context of type IIB string theory on a 7% x S'. We assume that the torus
is much smaller than the one-sphere. As a consequence, the five-dimensional black hole
solutions can be seen as six-dimensional black string solutions. In this paper, we consider a
four-parameter family of non-supersymmetric extremal spinning black holes characterized
by a mass M, two SU(2), and SU(2)g angular momenta J;, and Jg and three charges Q;
with I = 1,5, p as follows

M = 2a? (c%+s%+c§+s%+c§+s§),
Jr =0,

Jp =4a® (cre5¢p + S18558p)

Qr =4a?sycy, I=15p,

(2.1)

where s; = sinhd; and ¢; = coshd;. The Bekenstein-Hawking entropy and the left and
right temperatures are

Sy = 277\/J% — Q1Q5Q, =8 a’ (c1e5¢) — 51858p)

TLZOa

(2.2)
1
ol i @00
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The metric of the six-dimensional black string is [20, 29]
4a3c? di? a?s? di?
ds2=—[1- 2 1+ 52 |
7“+a* | \/H{H;5 r“+a* | \/H Hs
L S di dij+ (72 +a?)/H H P g (2.3)
7 +a 5 dr .
(P ra )V, ERNGETDE

4a*
72 —|—CL2) H,H;

N A . N2
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8a?
(f2+a2) H1H5

((c1escp+s1858p)dt + (s155¢, 4 ci1¢55p)dY) (c052 0 dy)+sin*é d¢3>

where 5
4 ‘
Hi=1+ 5t  i=1p5. (2.4)

72 + a2’



The coordinate 7 is the radial coordinate of the four-dimensional base space defined by #
and the three angles 6, ¢, ¢ and ¢ is the KK direction. The periodicities of the angles ¢,
Y and ¢ are?

(4,4, 6) + 2 (1,0,0)
(@,%,6) =< (9,9, 6) + 27 (0,1,0) » (2.5)

(9,9, 9) + 27 (0,0,1)

The geometry is asymptotically R x S and has an event horizon at #, = a.

2.2 The near-horizon extremal Kerr geometry

The near-horizon geometry of the six-dimensional uplift of the five-dimensional black hole
solutions given in (2.3) has been shown to be a near-horizon extremal Kerr geometry
(NHEK) [16, 21, 29, 30, 32]. It is a squashed S* fibered over warped AdSs with specific
angle periodicities.

The near-horizon limit is obtained by changing the coordinates as follows

4me . 72 — a2 S o
t=——1 = = y — Vit
5 b r — 7TQ1Q5(y Vit),
A~ 8ma®. 4J;, - A A
— 4+ f— j — Vit) , =1 — @, 0 =20, 2.6
v=v+9¢ 5 Q1Q5(y Ht) d=v—9 (2.6)

87 a3(clc5sp—sls5cp)
- S

where Vg is the linear velocity Vg = . Thus, the periodicities of y, 1

and ¢ are given by the following identifications

(yv sz)a ¢) + 2rm (Ty7 _Twa 0)

(Y1, 0) =9 (y,9,9) + 27(0,2,0) : (2.7)

(v, ¢,¢) + 27 (0,1,1)

ith
" T = 5 T, = 4L
YT Qs YT Qs

By taking the limit ¢ — 0, the near-horizon metric in terms of the above coordinates gives
rise to a T2 fibration over AdSyx S?

(2.8)

2 dr?
dsiuek = KZ —r2dt? + Trz + v (dy + rdt)* + v (dy + cos 0dg)?

(2.9)
+ 2a (dy + rdt)(dy + cos 0 dp) + d6* + sin® 0 d¢? |.
where the warp constant factors v and « and the length  are given by
14 1 1 n 1
Y= ’ o = )
(cf + s7)(cE + 53) i +st cs+s3 (2.10)

K2 = 202/ + (2 + 52).

#We have chosen the unit Ry = 1.




This background belongs to the family of deformations of AdS3xS? into squashed
S3 (SqS?) over warped AdS3 (WAdS3) [33-35]. However, for generic WAdS3xSqS? back-
grounds, the periods Ty, and T}, (2.7) are arbitrary.

One can rewrite the solutions in terms of the SU(2) p-invariant one-forms on S?

o1 = cosydl + sinfsiny do, o9 = —siny df + sinf cosy do,

(2.11)
o3 = dy + cosfdop,
and the SL(2,R)-invariant one forms on AdSs
wy = —e Y <dr —l—rdt> , w_ = €Y (d’r - rdt> , wyg = dy + rdt, (2.12)
r r
to make the WAdS3xSqS? geometry manifests
12
ds%pr = vy (—wiw_ +y w3 + 07 + 03 + 703 + 20 w303) . (2.13)

In the present paper, we want to build asymptotically WAdS3xSqS? and more particularly
asymptotically NHEK bubbling geometries. For that purpose, it is interesting to review
the supergravity transformations described in [21] which deform AdS3xS3 — WAdS3xSqS?
since building asymptotically AdS3xS? geometries is well-controlled and well-known.

2.3 From AdS3xS3 to WAdS3xSqS?

The sequence of supergravity transformations from an AdS3zxS® spacetime to a
WAdS3xSqS? has been exhaustively detailed in [21]. We just give a brief summary in
this section. The transformations can be seen as a series of STU transformations or equiv-
alently as a sequence of three generalized spectral flows:

- A T Kaéhler transformation or the first generalized spectral flow.

A T Kahler transformation consists of a T-duality along y followed by a shift of
© — ¢+ vy where ¢ can be either ¥ or ¢ and a T-duality back along y. We usually
denote such a transformation as “T'sT”. The first generalized spectral flow differs
from T transformation by a S-duality at the beginning and at the end (STsTS) and
it induces the same transformation of the geometry.

- A S transformation or the second generalized spectral flow.

Using the previous notation, the second generalized spectral flow can be denoted as
a T4STsTST* transformation where the “T*” part refers to four T-dualities on the
transverse 4-torus. A S transformation corresponds to the same transformation with
an S-duality at the beginning and at the end.

- A U transformation or the third generalized spectral flow.

The transformations correspond to a volume-preserving change of coordinate which
(192
S

simply corresponds to a shift of .



The two possible choices of ¢ differ significantly. If the AdS3xS? background has a
dual three-form field strength, the STU transformations associated to this background
(SL(2,R)1,xSU(2), invariant) or the generalized spectral flows along v will preserve su-
persymmetry and the transformed geometry will remain AdS3xS3. Reversely, if the three-
form field strength is anti-self-dual, the STU transformations associated to this background
(SL(2,R),xSU(2) g invariant) or the generalized spectral flows along ¢ will break super-
symmetry and will transform the geometry to WAdS3xSqS? (see section 2.2 of [21] for
more precision).

3 Almost-BPS bubbling geometries in type IIB

In the previous section, we have described the UV geometry we want to build. We have
detailed how it can be obtained from an AdS3xS? UV geometry by spectral flow trans-
formations. In the current section, we discuss our choice of non-supersymmetric extremal
bubbling geometries. We work with a family of “almost-BPS” multicenter solutions in
type IIB string theory on a T#xS! [24, 25, 27, 36, 37]. We will be brief in the review
of their general construction in section 3.1 as these solutions are discussed in great detail
in [25]. In section 3.2 we explain the construction of asymptotically AdS3xS? almost-BPS
solutions. Then, we review the effect of generalized spectral flows on these geometries in
section 3.2 [27]. Finally, we focus on the particular family of three almost-BPS two-charge
supertubes in R?* in section 3.4.

3.1 Multicenter solutions in Taub-NUT

The extremal almost-BPS solutions are constructed with the same ansatz of type IIB metric
and matter fields as the BPS solutions:

Z Z
2 2 p 2 1,2
(dt + k)* +\/Z1Z5dsy + les(Aerdy) +,/—Z5dsT4,

1
dsipps = — 75—
770 Zs

A
2P 1
== 3.1
Z (5.0)
BY® =0,
dt + k
AI:_ + +ar, I:175>p>
Zr

where Z; are the warp factors with I = 1,5, p encoding respectively the electric D1, D5
and P charge, a; are the magnetic one-forms, k£ the angular momentum one-form, Ay are
the electromagnetic gauge fields and dsy4 is a hyper-Kéahler four-dimensional metric which
is chosen to have a Gibbons-Hawking form [38, 39]

ds3 =Vl (dy + A)® + V (dr? + r?(d6® + sin® 0dg®)) ,  *3dA =dV . (3.2)

The Hodge star %3 is with respect to the three-dimensional base space, the one-form A is
a Kaluza-Klein gauge field and V is the Taub-NUT potential:

V:hoo—i—% = A =qcosfdo. (3.3)



The RR three-form flux is given by
7 5 1/4
F@:m%AMN%w—<35J w5 dAs . (3.4)
AN
The almost-BPS equations of motion are
da [ = — *4 da[,
dmdzp:kgKMmJAdmﬂ (3.5)
dk — *4dk = Z]da[,

where x4 is the Hodge star with respect to the Gibbons-Hawking space and €7 g is the
Levi-Civita tensor with €15, = 1. An almost-BPS background breaks supersymmetry by re-
versing the duality of the magnetic dipole field strengths da; and of the angular momentum
one-form k (anti-self-dual) relative to the duality of the curvature of the Gibbons-Hawking
space (self-dual). We expand a; and k along the i-fiber of the Gibbons-Hawking space

ar = Kr(dy + A) + wy k= p(dy+ A) +w. (3.6)
The equations of motion become equations on the three-dimensional base space

_ lewkl
2
*x3dwy =V dK7 — K1 dV, (3.7)
*3dw = VZ[ClK[ — d(MV),

d*g d(,uV) = —d(VZ[) *3 dK[

d*gdZ[ Vd*gd(KJKK),

The solutions are determined by eight harmonic functions {V, K1, K5, K,,, L', L>, L?, M }
where the functions L; source the warp factors Z; and M sources p. Each harmonic
function is sourced by n + 1 centers on the three-dimensional base space. In the present
paper, we are interested in axisymmetric configurations where the centers are denoted by
a coordinate a; on the z axis in R?, i = 0...n with ap = 0,. The harmonic functions carry
a charge at each center. We use the following notation:

I I — k! I . Q(I) - my;

— 2 _ 1 _

K_%+Zgﬁm_%+27?rM4%+ZEq (3.8)
1=0 =0 =0

where r; is the three-dimensional distance to the " center r; = \/ r2 4 a? — 2ra; cos .

From those expressions and the equations (3.7), one can derive the general form of the

warp factors [25]
lersk| gr \ kg
Zr=Lr+ Z hoo + —— | =——, (39)
2 Iy aja ) Ty

and the generic expression of the angular momentum one-form k given by w and p can be
found in [25].



In anticipation of the computation of generalized spectral flows in section 3.3, we define
four magnetic and electric one-forms, vy and vy, determined by the following equations

lersx|
*3d = —dZ —— (Vd(KjKg) — KjKgdV),
3dvr 1+ (VA(K ;1 Kk) JKkdV) (3.10)

*3dvg = KjdZ; — Z;dK; + K1K5KpdV — Vd<K1K5Kp).

These solutions do not necessarily correspond to physical geometries. For that purpose,
regularity conditions have to be satisfied [25]:

- Since the angular momentum one-form w is proportional to d¢, w must vanish on the
z-axis where ¢ degenerates to avoid Dirac-Misner string singularities. This imposes
n + 1 bubble equations on the distances between the centers (see [25] for the generic
equations).

- The absence of closed timelike curves requires the positivity of the quartic invariant:

Ty = 71252,V — pi*V? > 0. (3.11)

Those regularity conditions constrain significantly the parameter space of the solutions.
Once they are satisfied, we have a family of extremal non-supersymmetric solutions in six
dimensions which cap off in the IR. The solutions are regular everywhere but they might
have singularities at the centers. These corresponding regularity conditions depend on the
nature of the centers and will be discussed for supertube centers in section 3.4.2.

3.2 Asymptotics of multicenter solutions

In section 2.3 we have described a procedure to go from an AdS3xS? UV region to
WAdS3xSqS3. We discuss now the asymptotics of a bubbling almost-BPS solution. We
derive the conditions to be asymptotic to the specific S! fibration over AdSsxS? that gives
the full AdS3xS3:

ds?

o0

2
o« —r2dt? + d% + (dy + rdt)? + dQ3. (3.12)
T

The asymptotics of a multicenter solution is given by the large-distance behavior of the
warp factors Zj, the Gibbons-Hawking function V and the angular momentum one-form k.
We already assume that the constant term in V' is zero which is a straightforward necessary
condition to have an AdS factor at infinity. The series expansion of Z;, V' and k involves
the constant terms I/, and m., the D1, D5 and P charges and the left and right angular
momenta of the solution which we denote as q1, g5, gy, jr and jg:

Z o~ L+ Zs ~ 1+ B Z, ~ B + K3
r—00 r r—00 r r—00 r
jr+ jrcosf Jjr + jrcosf q (3.13)
k —dy + q————dp, V ~ =
r—roo r r r—oo T

From the metric (3.1), we see that an asymptotic behavior as (3.12) can be achieved by

imposing that all the constant terms and the left and right angular momenta are strictly

267’0.3

3Having no angular momentum essentially means that y and w decay as r~2.

~10 -



The requirement ho, = 0 makes the Taub-NUT space to be a trivial R*. The su-
persymmetry breaking obtained by an opposite direction between the base space and the
gauge fields does not hold anymore and the solution can be mapped to a BPS solution by
interchanging ¢ <> ¢ [21, 24, 36]. However, as explained in section 2.3, one can still count
on the generalized spectral flows to break supersymmetry.

Furthermore, in our language, having no constant terms in the harmonic functions
makes the solution to be asymptotically AdSoxS! rather than AdSz [9]. This is just a
matter of convention since one can consider the AdS3xS? metric (3.12) as a U(1) fiber on
an AdSyxS3.

Once the conditions on the constant terms and the angular momenta are satisfied,
one can perform a sequence of three generalized spectral flows. They will transform the
IR geometry by keeping it bubbling and by transforming the supertube center to smooth
center [22]. They will transform the UV geometry from (3.12) to a WAdS3xSqS? geome-
try (2.9).

3.3 Almost-BPS generalized spectral flows

The three generalized spectral flows detailed in 2.3 can be translated in the formalism of
multicenter solutions as transformations of the NSNS and RR fields. As explained in the
previous section, our choice of constant terms makes our solutions to be BPS by inter-
changing ¢ <> 1. Consequently, the generalized spectral flows corresponding to a shift
¢ — &+ vy produce the usual BPS generalized spectral flows which consist in interchang-
ing linearly the harmonic functions and which will preserve the supersymmetry [40-42].
However, the generalized spectral flows corresponding to a shift ¢» — ¥ + vy produce
the expected supersymmetry breaking and will allow to go from the almost-BPS class of
solutions to different non-supersymmetric classes [27, 43] as the family of asymptotically
WAdS3 solutions. We now review the transformation rules of generalized spectral flows on
the NSNS and RR fields [21, 27]. Let us define the three constant shifts v, 75 and -, of
the three types of spectral flows and the following new functions

‘GIJK|

Tr = 14+~v1Ky, N; = 9

1212k + VT Zr — 2y VT,  1=1,5p, (3.14)

and we define the usual short-hand notations K? = K1 K5K,, T3 = T,T5T,, N3 = N1N5Np,
73 = 71757y and Z 3 =27, Z5Zy. The spectrally flowed 6-dimensional metric and the matter
gauge fields are given by [27]

1 _ ~ 2
dsgq = - —F——= (dH“(‘wJFAH”) A+ dy)’
RVAYL Z1Zs
— /_ N2 o~
+ \/;25 <V—1 (dw + A) + Vds(R3)2> , (3.15)
~ dt ~ ~ ~
AI:_ jw+P](d¢+A)+wI7
Wi

- 11 -



where

V= |TV? + 8373V — T3V (lersx vy Ti Z1)

‘ﬁlJK’ 2 22,2 2 1/2

+ Wi Zr - lerik Vi vkTiZiTx Z|
= €ITK
A=A — ywy — | 5 |'YJ'YKUI + Yo,
~ N
Zr = 7] : (3.16)
~ ~ _ € €
p=v (TSVQM -7 + lezrx| IgK"YJ'YKZITIV,U _ lerax] I;K"VIVTJZJTKZK> ;

_ N;
I = )
T3V + 108l 1 Ty 70 — er il Tr Z
ﬁ VZiTiKr + LgM'YIZJZK - (QT[ - 1)V/L
I = )
Ny

o lersk|
wr = wr + |ergk |vIvK — 5 WIKY-

Generalized spectral flows produce a non-trivial modification of the functions. How-
ever, the spectrally flowed extremal solutions still satisfy the regularity conditions. In-
deed, the one-form w is unchanged which guarantees the absence of Dirac-Misner string at
0 = 0, 7. Moreover, the quartic invariant is preserved under spectral flows 7, = Z,. Hence,
a reqular almost-BPS multicenter solution is transformed by a generic spectral flows to a
regqular extremal non-supersymmetric solution.

Furthermore, if the initial almost-BPS solution has curvature singularities at the cen-
ters which happens for supertube centers of type I = 1,5, the corresponding generalized
spectral flows will transform the singular local geometries to quotients of R xSt [22].

Nevertheless, conical singularities related to the angle periodicities can still occur at
these locations. Indeed, the NHEK angle periodicities or the WAdSs angle periodici-
ties (2.7) imposed in the UV can spoil the periodicities at the centers where the three-sphere
shrinks and conical singularities can emerge. Those are the only regularity conditions we
need to worry about after spectral flows.

We now have all the basic ingredients to construct an extremal non-supersymmetric
geometry which caps off smoothly in the IR and is asymptotically NHEK or WAdS3. Work-
ing with the most generic almost-BPS multicenter solutions can lead to very complicated
regularity conditions that are hard to analyze. That is why, we will focus our work on the
family of four-center solutions of three two-charge supertubes in R*. As explain in [26],
a systematic construction can be performed for BPS configurations. We extend the con-
struction in the almost-BPS context in the next section.

3.4 The family of almost-BPS three-supertube solutions in R*

We consider the family of almost-BPS solutions with three two-charge supertubes and a
R* base space. For the BPS solutions, a systematic construction of the family have been
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performed [26]. As explained in section 3.2, almost-BPS solutions in R* do not literally
break supersymmetry as they can be mapped to BPS solutions [24, 36]. Those solutions
are BPS, but can be constructed either as BPS or as almost-BPS solutions. Since we need
the second for the spectral flows to break supersymmetry, we will do it here.

Thus, the extension of the construction is just a matter of rewriting carefully in the con-
text of almost-BPS solutions. In this section, we apply the general results obtained in sec-
tion 3.1 to our specific family of solutions. We will consider an axisymmetric supertube con-
figuration. We first detail how the NSNS and RR fields are sourced by such a configuration.
We then derive the regularity conditions and show that they can be systematically satisfied.

3.4.1 The solution

A type “I” supertube, with I = 1,5, p, has a singular magnetic source in K’, two singular
electric sources in Zj and Zg with I # J # K and one angular-momentum charge in
M [44]. The six-dimensional metric and the matter fields are still given by (3.1). We
assume that the R* center is at the origin of the space and that a supertube of type 1 is at
a second center with coordinate a; on the z-axis, a supertube of type 5 is at a third center
with coordinate as and a supertube of type p is at a fourth center with coordinate a,. We

consider that a;y > 0. We denote by r; the three-dimensional distance from the I th center
rr=./r?+ a% — 2ray cosf. We use the following notation for the eight harmonic functions?
m m m m
V:g7 M:moo+70+71+75+7p’
r r ™ s Tp
(1) (1)
K'=kl + 25 =@l @ (3.17)
qnr 5 Tp
(5) (5)
K5=k5+a5ﬁ5 L5:Q71_|_QL
< qrs r1 rp
(p) (p)
KP = k8, + 2 PR G
> qrp ’ P 1 s ’

We have defined on purpose the “effective” dipole charges x; as a function of the charges

in K': k; = %. Those effective dipole charges have been argued to be the local

magnetic charges obtained by integrating the magnetic dipole strength da; around the
center [25, 37]. Using the expression of the warp factors (3.9) and the general expressions

4We remind that all the constant terms in V and L’ have been set to zero to have an asymptotically
AdS,xS'xS? solution.
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for ;1 and w in the [25], we obtain for our specific solutions

1 1
g)+Q1(,)+ﬁ5/-;p T

Zl = 5
s ’I"p q 7"57“p
5 5
L L L
r1 Tp q Ty’
(») (p)
Z, = QUi Q5 rums T (3.18)
r1 rs qg T1Ts

I) 2 2
Q( K1 r° 4+ aray — 2ayrcosf  Kkiksk, r°cosd  rM
p=>y > = + L +

2q (ay —ar)riry @ rirsry q

I J#I

QSI)H[ r(ay + aycos260) — (r? + aray) cos 6 K1K5Kp r2sin? 0
- |os :

(ag —ar)riry q 1757

I J£I

+w0—2m100801—m00059 do,
T

where we have defined the polar angles 6; which correspond to the angle with the z-axis
with respect to the center 1

rcosf —ay

cos 01 (3.19)

rr

In order to analyze the spectrally-flowed solutions, we need to compute the electromagnetic
gauge fields Aj of the initial solutions

rr

dt + p(d 0d
A, = ‘”;CQS D)L L Ko(dip+ qeosfdo) + w;
I

wy = (m“‘”cose — gkl cose) dé |
(3.20)

For the same reason, the electromagnetic one-forms vy and vy involved in the spectral flow
transformations of the gauge fields must be derived. This has not been done yet in the lit-
erature. We solve their equations (3.10) in the context of our solutions in the appendix A:°

oy = 127K [—quokfo cost + 2kLe" 1) — 2QP P - BIEK tff’}(] do,
q

2
S 077 < PR S SR G () B¢V R PO S )
0= 6  RooRoohog COSU + ooQJ tJ 3 0o ooHKtK (321)
K]QSI) (3) klokki (4) KIKJREK ,(5)
+ 6 . tU+3TtJK+TtUK do,

5This result can be easily generalized to generic multicenter almost-BPS solutions.
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with

ar  r*+ara;— (a; +ay)rcosf

(1) _ 3) _
t = 0 t =
! cosuL = ay—ar rry ’
tgg) _ r —aycosf 7 t%) _ (r?2 +ajay)cosd — (ar + ay)r 7 (3.22)
T rITy
(5 ¥+ r(aray + ajagx + ajag) — (r*(a; + ay + ax) + ajayar) cos 6
LIK = TITITK '

At this point, we have the full description of the almost-BPS solutions we will use as input
for our construction. In general, most of the solutions in this class are not regular. We
investigate the regularity conditions in the next section.

3.4.2 The regularity conditions and conditions on the asymptotics

e 16-supercharge regular two-charge supertube:

A single two-charge supertube with dipole charge corresponding to, say, K, gives a regular

(1) ~(5)
six-dimensional metric if its angular-momentum charge is fixed to be m, = % [25,

45]. Imposing such a condition to the three types of supertubes, we obtain the usual
supertube regularity

J K
oy el 0@y @)

I=1 . 2
92 2@[%[ 9 ,5,]) (3 3)

e Absence of Dirac-Misner strings at the centers:

The absence of Dirac-Misner string singularities in w requires w|p—p = 0. From (3.18),
this gives one condition on the constant term in w and four bubble equations

wo — 0
T T I
2mg = ——— f —L g
a1 — as ap — ap as — ap
5
QQg )Qﬁ”) _ s n I'ip
a1k lar —as|  |a1 —ap|’ (3.24)
1
(JQ(5 )Qép) __TIs n ['sp
asks lar —as| * |as —ap|’
1) (5
1@y’ Q) _ T T
Aphp lar —ap|  |as —ap|’

where I';; = IQ[QS]) - HJQ([J).
e Absence of closed timelike curves:

The absence of closed timelike curves in the rest of the space requires the positivity of the
quartic invariant Z, (3.11). This condition is in general very complicated to check directly
since it is not an algebraic condition. However, it has been showed in [26] that it can be
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systematically satisfied for our configurations. We just review briefly here the mechanism.
A necessary condition for Zy > 0 is to have

ZiVv.>0, I=15p, uw — 0. (3.25)

T—00

Imposing @ — 0 requires straightforwardly that ms, = 0. Furthermore, if we expand Z;V
around the poles which is sufficient to prove (3.25) we get the following conditions:

I
QS) KIKJ
+
aj  lar —ay|

q

oW (1)
>0 and ¢ =L+ | >0, I+J+K. (3.26)
aj aK

This is trivially solved by taking all the supertube charges and ¢ to be positive. However, if
one sums the three last bubble equations (3.24), at least one supertube dipole charge needs
to be negative. Let us consider only one negative charge, say k5. The conditions (3.26)
will just define a significantly large domain of possible values.

A priori, the condition (3.25) only guarantees that Z;Z5Z,V > 0 which does not nec-
essarily mean Z, > 0. However, from the construction of p (3.7), this is practically always
sufficient. Moreover, we want our initial solutions to satisfy j;, = jr = 0 as explained in
section 3.2. So p decays as r—2 rather than 7~! which gives a stronger evidence for this fact.

e Conditions on the asymptotics

Our solutions need to be asymptotic to the specific S! fibration over AdS, giving
AdSs3 (3.12). For that purpose, the constant terms in the warp factors Z; and in the
Gibbons-Hawking function V' have been set to zero at the beginning (3.18). Furthermore,
to obtain the specific S fibration, the right and left angular momenta must be zero as
detailed in section 3.2. They can be derived from the asymptotic behaviour of

jr + jr cosf

r—00 T

(3.27)

The AdS, throat has an infinite length due to the vanishing constant terms. This means
that jr = 0 is straightforwardly satisfied. We obtain j, from (3.18):

(K)

)
. 2 [ K1KksK 1
i == %+ Z QI,SIJWZ“IQ((JD —0. (3.28)

TAJ#K I£J
Our initial almost-BPS solutions must satisfy this equation before applying the sequence
of generalized spectral flows.

In this section, we have described in full detail the family of extremal non-
supersymmetric three-supertube solutions with a flat R* base space and with zero left and
right angular momenta. We have shown a procedure to construct systematically bubbling
solutions of this type. We expect from section 2.3 that acting with three generalized spectral
flows on those initial solutions will produce our expected smooth bubbling asymptotically
WAdS?xSqS? or NHEK geometries. We will discuss this construction in the next section.

~16 —



4 Asymptotically WAdS3xSqS3 bubbling geometries

We start with the solutions constructed in the previous section. We will perform three
generalized spectral flows parametrized by the constant shifts v, 75 and v,. Even if
the transition from an AdSs; to a WAdSs; with generalized spectral flows seems to be
straightforward from the point of view of section 2.3, things get more complicated for a
bubbling geometry and we will need to massage the initial solutions and the spectral flows
to satisfy different regularity conditions in the UV and IR geometries:

e The spectrally flowed UV geometry differs from a WAdS3xSqS? geometry by the
angle periodicities (2.7) even if we start with an initial solution which is asymptotic
to the right S! fibration over AdS,. In section 4.1, we will deal with the spectral flow
parameters and the parameters of the initial solution to get a UV geometry exactly
identified as a WAdS3xSqS? geometry with the right angle periodicities (2.7).

e The spectrally flowed IR geometry is a smooth bubbling geometry. However, the
modification of the angle periodicities in the UV region changes drastically the periods
around the centers. Conical singularities can occur at the centers where the S3
shrinks. We will show in section 4.2 that one can still systematically build geometries
where the UV angle periods do not yield to conical singularities.

Several attempts on building bubbling geometries with a NHEK or WAdS3xSqS?
region have been performed in the previous work [21, 23]. In [21], only very specific WAdS3
geometries with limited field contents have been built. Furthermore, in both papers, the
NHEK regions were built in the deep IR and the issue of conical singularities which can
occur at the centers was not tackled. Here we give all the details of the construction of the
largest known family of smooth general solutions with a WAdS3xSqS? UV.

4.1 The ultraviolet geometry

We start with a solution of the family of almost-BPS solutions (detailed in 3.4) with all
the constraints and regularity conditions satisfied. Thus, the asymptotic behavior of the
initial solution is

Zy ~ = KT ~ k! V o~

o0 )

g, p=w=00r"2, r>1,  (41)

By applying the spectral flow transformation rules (3.16), the solution after three general-
ized spectral flows has the following asymptotic expansion:

i~ vt et WM B
r r r r (4.2)
E~(Z§,§>+Zoocose>d¢, @[N(@§(;L+@Ioocose>d¢a r— 00,

where each tilded quantity in the right-hand side is a constant which can be derived
from (3.16) as a function of the asymptotic values of the initial solution (4.1). Since
these functions are rather complicated and of minor interest, we did not write them down
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in their general forms. However, it is noteworthy that ¢ is generically a square root of a
polynomial function. In anticipation of the constraints demanded by the regularity around
the centers, one needs to impose all the quantities to be at least rational. For that pur-
pose, we fix the polynomial to be a perfect square. Two simple choices are: «, = 0 and

Yo = —k%. We have analyzed both possibilities and it happens that the second one leads
to simpler solutions. From now on, we suppose that v, = —é. We define the constants
tto = 1+kl ;. (4.3)

Then, we have®

~ ot — gsmtd _ qar (t1)% + r2<la2g 5,
q= kp ) qi = = ;
00 q
> Qg - 2qqr
J = 175 Gp + G tog X1 = €K
koo g2 (s 4y ) et — 2

_ KLt + \GIJK| J _ | 45
k({o:qtﬂ V1495 A — Dl T 57t (4.4)

~ D ’
qqr (t.)? + ‘“JK'quJqK X1 koo

~ €EIJK
Woo = —‘2’ [q kS tlthe + 25 + 707k Y kkar]
The expressions of iﬁg)))o and Z&%’ remain complicated functions of the charges of the initial
solution and the interested reader can easily compute them from (3.20) and (3.21). One
can check by curiosity that the asymptotic value of the quartic invariant 7, (3.11) is
indeed preserved

Thoo = 401050 = G 01G58p — TJ° = Laco. (4.5)

By inserting (4.2) in the spectrally flowed six-dimensional metric (3.28), the
WAdS3xSqS? asymptotic expansion of the metric is explicit

2 d 2
a5t = 5 [r2ar? + B o g+ ) 7 (o + 08 00)°
(4.6)

+2a (dyoo + 7d7)(dbso + cos 0 dop) + d92+sin29d¢2] + ...,

where we have defined the six-dimensional coordinates at infinity (7,7,0, @, Yo, Yoo) using
the initial coordinates (¢, r,0, ®,1,y) as follows

| By (¢+A(0)¢ —ﬁoo(er@z(agZa ) ot
e = Vi Xy (Lo~ PMT) — T 5] Vi

Yoo

SWe use 8, = 1+ kB, = 0.
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and where the warp constant factors, v and «, and the length, x, are given by

~ 2 ~ T3 ~ 2
_ <qp> s <wp> .
wp qulﬂququp Z]vp ’

’y =
VI4oo ("’ Tp ~2 ~ ~ ~ (48)
o= ——— |4 (kfgo + J) + woo) ,
@ 01350 X %

K2 =4\ Q135 -
The last condition to obtain WAdS3xSqS? in the asymptotic region is on the periods for
(Yoo: Yoo, @)

(y007 wooa ¢) + 271— (Ty7 _TMMO)

(Yoos Yooy B) = § (Yoo thos, @) + 27 (0,2,0) : (4.9)

(Yoos Yooy @) + 2m(0,1,1)

Such periodicities are complicated to obtain while keeping the usual periods for (y, ), ¢)

y=y+2m, =1 +4r, (Y, ¢) = (¥, ) + (27, 2m). (4.10)

However, one can just reverse the perspective by imposing directly the periods (4.9) for
(Yoo, Yoo, @) and express the corresponding periods of (y, v, ¢) by inverting (4.7). This has
the advantage of adding no new complicated constraints on the parameters of the solution
but the main drawback is that this drastic modification of periods of (y, ), ¢) can induce
conical singularities in the IR wherever the S? shrinks.

4.2 The infrared geometry

Generalized spectral flows preserve the bubbling feature of the initial solution: the number
of centers and their positions on the R3 base space are straightforwardly preserved. They
also preserve all the conditions for the absence of closed timelike curves as detailed in
section 3.3. Moreover, they transform a singular supertube center to a smooth Gibbons-
Hawking center.” A series expansion of the spectrally flowed solution around the center J
(where J =0,1,5,p) gives
Zr~Zy, Vo~ i~pgrs, Wi~ X, Pre~kiy
" (4.11)
AVN <g§) +AVJCOSHJ> dop, Wy~ (@E—?I) +1ZIJCOSOJ> do, r;—0,

where the tilded quantities in the right-hand sides are constant. It is not necessary for
what will follow to write their complicated dependence on the parameters of the initial
solution.® The three noteworthy points are

"A two-charge supertube is regular only when its magnetic dipole charge sources the P charge of the
system. In our convention, this is a two-charge supertube of type p. Singular supertube centers are
supertubes which source magnetically the D1 or the D5 charges [44].

8For the interested reader, they can be easily derived with a calculation software using the transformation
rules (3.16) on the initial almost-BPS supertube solution given in (3.18), (3.20) and (3.21) and then taking
the limit r; — 0.

~19 —



- The ratio % is equal to 1. This is a key feature of an ambipolar Gibbons-Hawking
metric. Indeed, in a generic Gibbons-Hawking metric (3.2), the term proportional to

cosfd¢ in é must be exactly cos 8 d¢.

- The quantity Ep JAs+ Wy is equal to zero. Thus, the U(1) fiber defined by Avp + dy
in (3.15) has no term proportional to cosf;d¢ when we approach the center .J.
The local five-dimensional base space is then an exact direct product of a S! with a
Gibbons-Hawking space.

- All the quantities in (4.11) except z7; are rational functions of the initial parameters.
This will be an important ingredient if we require the local geometry to be a discrete

quotient of S' x R

We can now use the expansions (4.11) and the three remarks above to compute the limit
of the spectrally flowed six-dimensional metric around the center J:

e dr? .
ds? = Gy\/Z1y%s) [—dﬁ + % + 7y ((d% + (14 cosfy)d¢)* + db> + sin? eJd¢2)
J

%J 2
—d , 4.12
* qJ 21J%5J Y } ( )

where we have defined the six-dimensional Gibbons-Hawking coordinate system
(17,77,07,%7,0,y5) as a function of the initial coordinates (t,r,0, ¢, 1, y):

t rcosf —ay
o e — Ty =4/r?+a% — 2a, 7 cost, cosy = —,

_ o~ e~ e~ )
\V 47 217757 %pJ rJ

e+ AP -1 _ to T 730 ~(0)
by = = , yJ:y—%pJ—f—ka?/)—F(kaAJ +ij)¢. (4.13)

We recognize the metric of a U(1) fiber over a Gibbons-Hawking space. Thus, the local
geometry has no curvature singularity. However, a conical singularity can occur depending
on the periodicities of (yj,17,¢). If the periodicities were the usual Gibbons-Hawking
periods (4.10), the base space would be a discrete Zyg,| quotient of S! x R*. The absence
of conical singularity at r; = 0 would simply require that ¢y is integer-valued and would
impose some arithmetic constraints on the coefficients involved in (4.13).° However, the
modification of the periodicities at infinity have drastically modified the periods of (y, 1, ¢)
and the smoothness analysis will require the full mathematical machinery which we briefly
detail following [14, 46, 47].

Let us first map the Gibbons-Hawking patch of angles (0,7, ¢) to the S? patch

(05,617, ¢rs) by taking

QSRJ:%a ¢LJ:% + 0. (4.14)

9See [12] for examples of this kind.
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The spacelike components of the metric (dt; = 0) gives the spherically symmetric metric
on St x R4

B S ds? — drj + Py dy>
Vz1025 0Ty 47 217%5.7 (4.15)

+ 7y |d6% +2(1 + cos ) dg ; + 2(1 — cosOy) do%, |

The periodicities of (ys, ¢r.7, ®rs) can be read off from the periodicities of (Yo, Voo, @) (4.9)
with the sequence of three linear changes of coordinates (Yoo, Voo, @) — (y, 1, @) in (4.7),

(¥, 0, 0) = (y1,%1,0) in (4.13) and (y7,%75,¢) = (Y7, ¢Ls, RJ) in (4.14). After few lines

of computation, the periodicities translate into the following identifications

(Y, o7, 9RI) + 27 (204, Ba, Ba) (A4)

(Y, 007, 9R1) = 4 (y7, 015, 9RI) + 27 (ap, B, BB) (B) (4.16)

(s, oL7,PRI) + 27 (ac, 1+ Bo, Bo) )

where the coefficients «; and ; are complicated but computable rational functions depend-
ing on:
- The parameters of the initial almost-BPS solution.
- The spectral flow parameters ~;.
The periods T, and Ty, of the angles of the UV WAdS3 (2.7).
- The square root of the asymptotic value of the quartic invariant v/Z; o (4.5).

The local geometry is a discrete quotient of S' xR* if ay and 3 are rational numbers. Thus,
all the initial parameters and v/Z4 o must be rational.'! Choosing the other parameters
to be rational is easy. However, imposing v/Z4 to be rational requires a little bit of
arithmetic.

Conical singularities only occur at points that are invariant under the operation

ArABnECTC (na,np,ne) €Z. (4.17)

Furthermore, they all arise at r; = 0 where ¢y and ¢r; are both degenerate, at 05 = 0
where ¢pry is degenerate and at 05 = m where ¢ ; is degenerate. The periods of ¢r; and
¢r; are almost identical with a difference of 27 for the periodicity C, so if the identifi-
cations (4.16) at r; = 0 do not destroy smoothness, they will also ensure the absence of
singularities at ;7 =0 or 7 .

At rj = 0, in order for the shifts ¢r; — ¢y + 27 and ¢r; — dry + 27 at fixed
ys to be a closed orbit, any triplet of integers (na,np,nc) where y; — y; under (4.17)
must satisfy naf84 + npBp + ncfc € Z. In more concrete terms, any operation (4.17)
which leaves y; invariant, that is to say where naaa + npap + ncac = 0, must transform

0For readability, we have dropped the index J referring to the center but the coefficient a; and 3; are
not identical for the four centers.
" This means that the entropy of the corresponding black hole given by S = 27v/Z4 o belongs to 27Q.
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or; — ¢pg+2n N and ¢r; — ¢r; + 2n N’ where N and N’ are both integers. Using
simple arithmetic arguments one can show that this is equivalent to prove the condition
for the three sets of integers (0,np,nc), (n4,0,n¢) and (na,np,0). If the conditions are
satisfied for each set, the action of the quotient is free and the local geometry around the
center J is then a smooth discrete quotient of S' x R*.

This analysis applies at every center. The total number of smoothness conditions is
then 12 (3x4 centers). The number of parameters is still greater than the number of
conditions which gives good hope to draw a systematic construction procedure.

4.3 The construction procedure

We sketch briefly a technical summary of what we have done until now to build asymptot-
ically WAdS3xSqS? geometries:

o We start with the family of almost-BPS four-center solutions of three supertubes in
R*. Initially, it is a family of 15 rational parameters: ¢, Qg‘]), k!, a; and kI . The
regularity of the solution imposes three bubble equations (3.24), the condition on the
asymptotics requires jr = 0 (3.28) and the positivity of the quartic invariant Zy is
satisfied by imposing all the initial charges and dipole charges to be positive except
one. Furthermore, /745, needs to be a rational number which is not an equation but
one can consider that this fixes a parameter. We have consequently a 10-parameter
family of initial almost-BPS solutions.

o After three generalized spectral flows, we have three new parameters vy whose one is
fixed to have rational spectrally flowed charges. Moreover, the periods T, and T}, of
the angles of the WAdS3xSqS? region can also be considered as free parameters.

e We have in total a 14-parameter family of bubbling asymptotically WAdS3xSqS? ge-
ometries. The smoothness of the geometry in the IR requires 12 arithmetic conditions
as discussed in the previous section. These conditions do not exactly fix parameters
so the parameter space of the resulting family of smooth solutions is complicated to
define. However, many solutions can be easily generated by generating parameters
and by checking for each set of parameters if the 12 arithmetic conditions can be
satisfied. We give an example of such a solution in the next section.

4.4 An explicit example

We construct an explicit example of the procedure discussed above. We picked an almost-
BPS three-supertube solution in R* giving the solution which we use in the first step of
the procedure:

2A

A A
¢=A, =g, R =g mp=g. Q) =A
2A 5 A 4A
o ===, B _n QY =n, QP = 3 QY = 5 (413)

where A € QT is a degree of freedom of the charges which does not compromise the
regularity of the solution and the condition on the asymptotics. We can consider A as a
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free parameter all along the construction. The coordinates of the three supertube centers

on the z-axis are
36

E )

The solution is asymptotically AdSsxS!xS? which implies that the center positions are

ap =1, as = ap, =24. (4.19)

scaling invariant ay — Aar [9]. Consequently, one can freely rescale (4.19) to make the
inter-center distances as small as we want.

We did not fix yet the constant terms k., since they are not involved in the regularity
of the solution. They are actually irrelevant from the point of view of the initial almost-
BPS solution since they affect only the asymptotic values of the gauge, Ay, of the solution
which can be gauge-fixed to zero. However, they affect greatly the solutions one obtains
after spectral flows.

From (3.18), one can derive the asymptotic values of the D1, D5, P charges of the
initial solution, the left and right angular momenta and the entropy of the corresponding
three-charge black hole

A oA A
q1 = 3 ) g5 = A ) dp = 3 ’
Jr=Jr=0, (4.20)

S = 27/ Tyoo = ATA2.

One can now play with the spectral flow parameters v; and the constants kL to
generate an extremal non-supersymmetric smooth asymptotically WAdS3xSqS? bubbling
geometry. We found an infinite number of such solutions. To give an example, we pick one
of these solutions:

1

57 75:_17 fyp:_la kéo:_f kgo:?), kgozl (421)

Y1 = 27

We can derive the full geometry by computing the metric and the gauge fields (3.15)
and (3.16). We will just focus on the WAdS3xSqS? asymptotic region which is given by

1 /4 dr? 1 1
ds’ = = 48 27+ 4 o1 (dyoo + 1 d7)* + o1 (dipoo + cos Od)*

3V 6 72 485 485

1309 (4.22)
+es (Yoo + 7 d7)(dtpeo + cos O dg) + dO?* + sin® 0 dp* ] .
We choose the periodicities of the angles to be'?
24 8
00y Yooy 2 19 T, BETE T7
(Yoo Voo, ) + 7T<43 1 0>

(yoo’ Yoo, ¢) - (y007 Yoo, ¢) + 27 (07 2, O) ’ (4.23)

(Yoo Voo, @) + 27 (0,1,1)

12Many other possibilities were available.
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where T is a free parameter. For the reader interested in the smoothness of the bubbling
geometry in the IR, the metric and the periodicities of the angles around the centers are
given in the appendix B. We found that the IR bubbling geometry is smooth if and only if
T =% € Q and b is not divisible by 2 or 13.

5 Asymptotically NHEK bubbling geometries

In the previous section, we have constructed in detail a large family of extremal non-
supersymmetric bubbling solutions which cap off smoothly in the IR and which are asymp-
totically WAdS3xSqS?. In the present section, we push a bit further the construction to
asymptotically NHEK bubbling solutions. The path from WAdS3xSqS? to NHEK requires
to relate the WAdS3 region of our solutions to the near-horizon region of the over-rotating
5d D1-D5-P black hole detailed in section 2.1. This essentially means that we have to ex-
press the charges, angular momentum and mass of the D1-D5-P black hole in terms of the
parameters of our solutions. Once this is done, we have to impose the NHEK periodicities
of the angles at infinity (2.8) and check the smoothness of the IR geometry as it has been
done for asymptotically WAdSs geometries in section 4.2. At first sight, this might seem
to be a mere formality. However, the fact that the periods of Yy, and 1, were free param-
eters for asymptotically WAdS3 solutions was practical to satisfy the twelve conditions of
smoothness at the centers. Now that the periods are connected to the parameters defining
the bubbling geometry, this requires more work.

In this section, we use all the results obtained in the previous section. We have started
with the family of almost-BPS three-supertube solutions in R* and performed the se-
quence of generalized spectral flows detailed in section 4.1 to obtain an asymptotically
WAdS3xSqS? bubbling geometry. In section 5.1 we will match this asymptotic region to a
near-horizon region of an extremal non-supersymmetric D1-D5-P black hole. We will iden-
tify the corresponding periodicities and see how such solutions can be systematically gener-
ated in section 5.2. At the end of the section, we will give an explicit example of a solution.

5.1 Matching the WAdS3 UV geometry to NHEK

After applying the sequence of generalized spectral flows to our family of almost-BPS
solutions, the asymptotic metric is given by (4.6) where the constant warp factors v and
a and the length k are defined in (4.8). We want to relate this geometry to the near-
horizon geometry of an extremal non-supersymmetric D1-D5-P black hole determined by
four parameters a, 01, 65 and J,, and given by the metric (2.9) where v, a and « are defined
by (2.10). We use the three identities between v, o and k to relate a, §; and d5 to the
parameters of our solutions and we use the matching of the entropy to find 6,. After few
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lines of computation, we obtain

1/4
a=2 (Lo st t2)"

r 2 71/2
. 1lgatd” +7 (16 @ — 2v7Ta00 )
1= ,
2 I Y ttovZico |
r 2 11/2 5.1
. 1{qastd” + 75 (1501 @p — 2vZa00 t3,) (5.1)
5= 5 ,
2 L V5 tgo\/I4oo ]

Do 5185+ c1es VH

S =
P g3 c%cg—s%sg ’

where s; = sinh d;, ¢; = cosh §; and H is defined as

a’® (cf ¢ — 7 s3)
=1-256 /vt t3 (Mastde + 5 qts) (athetde +apms)-

H=1-16

The mass, the D1, D5 and P charges and the left angular momentum of the corresponding
Cvetic-Youm black hole can be derived using (2.1). However, the most interesting quantities
are the NHEK periods T, and Ty, (2.8). Using (5.1), we can show that they are rational
numbers if:

- VI is rational. This is the same condition as the one imposed for asymptotically
WAdS3 bubbling geometries.

- VH is rational. This is a more complicated condition to satisfy than the previous
one. Tricky arithmetic is required.

Once the matching to NHEK is performed, one can look at the IR bubbling region
of our solutions. The periodicities of the angles around each center depends on T; and
Ty. Thus the local geometries are quotients of R*xS! only if they are rational. Moreover,
conical singularities might still occur as for asymptotically WAdSs bubbling geometries.
We use the same smoothness analysis as in section 4.1 to derive 12 conditions to have
smooth discrete quotients on R*xS! around the centers.

5.2 The construction procedure

The procedure to build smooth asymptotically NHEK bubbling geometries is similar to
the one depicted in section 4.3:

o We start with the family of almost-BPS four-center solutions of three supertubes in
R*. Initially, it is a family parametrized by 15 rational parameters: g, (IJ), k!, ar
and k. . We solve the three bubble equations (3.24), jr = 0 (3.28) and we require the
positivity of the quartic invariant Z, by imposing all the initial charges to be positive
except one. Furthermore, \/Z4o needs to be a rational number which fixes a param-

eter. We have consequently a 10-parameter family of initial almost-BPS solutions.
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e After three generalized spectral flows, we have two more parameters v7(y, is fixed
to have rational spectrally flowed charges). The condition on the periods T}, and Ty,
to be rational requires some arithmetic machinery which fixes 3 parameters (the two
remaining spectral flow parameters and k2.).

e We have in total an 8-parameter family of bubbling asymptotically NHEK3 geome-
tries. The smoothness of the geometry in the IR requires 12 arithmetic conditions.
Even if the parameter space is not easy to determine, we can perform a loop
generating technique to build a large number of such solutions. We give an example
of such a solution in the next section.

5.3 An explicit example

We construct an explicit example of the procedure discussed above. We choose a smooth
almost-BPS three-supertube solution in R* satisfying the first point of the procedure:

q:17 ﬁl:A? 55:_%7 ’ip_j‘;a Qél):Az,
A2 2A2 A2 A2
=5, Q=I5 QP=%, Q=5 QP =a, (3

where A € Q% corresponds to the charge-scaling free parameter. We choose a slightly
different charge-scaling A than in section 4.4. They are actually equivalent. The present
choice is just more adapted to the matching with NHEK. The coordinates of the three
supertube centers on the z-axis are
ap =1, %z%(l?%—\/@), ap:%<9+\/@). (5.4)

Once again, the AdS,xS;xS? asymptotics of the solution allows us to rescale a; — Aar
as small as we want. The irrationality of the inter-center distances does not impact the
smoothness of the solution around the centers.

From (3.18), one can derive the asymptotic values of the initial D1, D5, P charges of
the solution, the left and right angular momenta and the entropy of the initial system

wo

— = = A2
q1 3 ) qs 3 ) dp )
jL=jr=0, (5.5)
—— 87 .3

One can now play with the spectral flow parameters 7; and the constants k. to
generate an extremal non-supersymmetric smooth asymptotically NHEK 3 xSqS? bubbling
geometry. This requires VA in (5.2) to be rational. After a rather technical arithmetic
computation we found several values for ~;, 75 and k2, which lead to rational NHEK
periods T}, and Ty, without inducing any conical singularities at the centers:

o _9A-6 .
N=3A—2 75T T40A2 =
A2437A
1 e 5 e — T
kL =2, =355 Ko=1. (5.6)
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We can derive the full geometry by computing the metric and the gauge fields (3.15)
and (3.16). We will just focus on the NHEK asymptotic region which is given by

ds?. = A—Z —r2dr? + dL2 + 3 (dyoo + 7 d7)? + 3 (dipoo + cos Bdp)?
o 3 r2 25 25 (5.7)
- % (dyoo + 7 d7)(dtpoo + cos 0 d¢) + dO* + sin’ O dep* ] .
The NHEK angle periodicities are
(o r8) + 27 (0~ 250)
(Yoo Vo0 ) = 4 (yoo, oo, &) + 27 (0,2,0) : (5.8)
(Yoos Yoos @) + 2w (0,1,1)

The asymptotic NHEK region corresponds to the near-horizon region of an extremal Kerr
black hole given by the following mass, angular momenta and charges:

2
M — 287 A 7
75
124A3
— — 5.9
Jr=0, Jr - (5.9)
16A2 16A2 21A2
Q1 = T Q5 = 5 Qp = o

For the reader interested in the feature of the bubbling geometry in the IR, we gave
the local metrics and the periodicities of the angles around the centers in the appendix C.

For any rational values of A, we found a smooth non-supersymmetric extremal geom-
etry which is bubbling in the IR and NHEK in the UV.

One can also be interested in computing the RR three-form flux F® of the final
solution. One can perform a similar computation of the spectrally flowed RR three-form
flux F®) as in [23].

6 Conclusions

In this paper, we have constructed a family of smooth bubbling solutions in six dimensions
which are asymptotic to either generic WAdS3xSqS? or NHEK. We gave explicit examples
of the construction which can be used for different purposes:

e One can investigate their CFT dual states. They can give some hints on the nature
of the CFT5 dual to WAdS3 or the CFTy dual to NHEK.

e Nearly extreme black hole have been seen in the sky [28]. From an astrophysical point
of view, one can compute the Kerr multipole moments of our solutions to see if there
exist deviations from the Kerr-Newman black hole solution. This could give interest-
ing observable quantities in order to detect some imprints of the microstate structure
of black holes in the gravitational wave emission after a collision of two black holes.
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Furthermore, one can extend the construction to have microstates of the whole Kerr-
Newman black hole solution in five dimensions and not only its near-horizon geometry. In
the context of multicenter solutions, we have to “bring back the ones” in the harmonic
functions which will make the solutions to be asymptotically flat. This is the subject of
future work.
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A Derivation of v; and v

In this section, we derive the electromagnetic one-forms vy and v;. They are involved in the
generalized spectral flow transformations of an almost-BPS multicenter solutions (3.16).
This is why they have to be derived in order to match the asymptotics of the spectrally
flowed solutions to WAdS; or NHEK and to regularize them. They satisfy the equa-
tions (3.10) where Z;, K1 and V are given (3.17) and (3.18). We decompose the equations
as follows

wgdvy = \qgm[_ gkLEE g dT© 4+ 2k k" xgdTV — 2QV) wgdT?®

= % w3 dTV) || (A.1)
xadug = 1 IéK| [q KLELEE g dT© 4 6 KL Q) wg aT$M) — 3L kL kg x5 dT)
(1)
K kL
+ 6122 3 dT%) + 3 OO’ZJ”K x3 dT) + L’Z’“K 3dT}2(} :

where T, TI(2) T}i), (4) and TI(J)K satisfy

1 1 1 1
43dT© = () . wgdT) = d () . wdT? =g <) _ Yy () ,
T rr T rr rr T
1 argy 1 (4) aragj T
ar® =Yg =) - Ug( = ar® = (1 - YN g (L A2
I rr \ry ry \rr/)’ 31y ( r2 ) riry )’ (A-2)
1 1 1 1 r 1
dT(5) _ - _ _ d|l —
IR e <a1aJ + r2  arag ajag > Ty (TK>
1 B 1 r d i
araK r2 aray ajarx ) rirx \rs
1 1 1
+< e
ajar 7“ arjay ajak rjr rr

1 1 2 1
+ > N <> . (A.3)
CL[CLJ a[a[( ajag TITKTK T

_l’_
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7O = cosfdp, TV = cosOrdy, TP = r-arcost .
I
2 _
T}i) _ _a ritaa (a[—l—aLJ)r(:OSHd(257 (A1)
aj—ajy riry
2
4 r“ 4+ aray)cosf — (ar +ajy)r
T = ( ) ( ) do.
TITJ
) 3+ r(aray + ajax + ajag) — (r2(a1 +aj+ag)+ aIaJaK) cos 6
T = do.
Triryrg
Thus, vg and vy are given by
= [ R 70 4 2 T — 200 1P
RIKK (3
_ ) ] , (A5)
q
= |€IéK| [ KL ELKE TO 4 6kl QY T — 3k kL ki TS
/iIQL(]I) 3) klkik 1y | Kikjkk (5
+ 6 . by +37q T + " T} 7k

B The explicit asymptotically WAdS3;xSqS? bubbling solution

In this section, we focus on the IR geometry of the solution constructed in section 4.4. We
give the local S! x R* metric (4.15) at each of the four centers and the periodicities of the
angles.

e At the origin of the space, r ~ 0:

The local metric is

5 BHAZ [T[dr? 5632
=15 V3| t s

(B.1)

7 (d6® +2(1 + cos ) dop7 + 2(1 — cos ) doFy )
where 19, ¢ro and ¢ry are related to the angles at infinity ¥, ¥ and ¢ by
9
yOZyoo'i‘Z(d]oo_gZ))’
dro = 3 (21Ys + 31 (oo — 9)) + ¢, (B.2)

OOM—‘OO =

dro = 5 (21 Yoo + 31(Voo — @)) .
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We can read the periodicities from (4.23)

20T
(Y0, ¢r0, dr0) — — == (51,64,64)
(40, pL0: $R0) = 3 (y0, br0, PRO) + g (18,31, 31) : (B.3)

| (%0, @10, $r0) + 27 (0,1,0)

Using the procedure detailed in section 4.2, this corresponds to a smooth discrete quotient
of S' x R* if b is not divisible by 2 where b is the denominator of the irreducible fraction
T=7%.

e At the second center, ri ~ 0:

The local metric is

A% 1 2 15548
dst = 33 ? [drl + g7 W
" (B.4)
+ 71 (d6F + 2(1 + cos01) dp7, + 2(1 — cosb1) doi) |
where y1, ¢r1 and ¢p; are related to the angles at infinity 9.0, Yoo and ¢ by
= Yoot — 20
Y1 = Yoo 0 137
1
¢L1:6(21yoo+31¢00—23¢)+¢, (B.5)
1
¢r1 = 8 (21 Yoo + 31 9o — 23 9) .
We can read the periodicities from (4.23)
1607 T
- 2,32
(y1, L1, OR1) 219 (3,32,32)
2
(Y1, 001, 0r1) = (y1, d11, bR1) + ?W (6,31,31) : (B.6)
27
(Y1, 11, PR1) + 2 (24,91, 52)

This corresponds to a smooth discrete quotient of S' x R* if b is not divisible by 13 where
b is the denominator of the irreducible fraction 7" = 7.

e At the third center, r5 ~ 0:
The local metric is
65A% [11[dr? 599081
d 2 _ i Bk} d 2
=207 V6 [r5 * 128700 ¥

+ s (d@g + 2(1 + cos B5) de25 + 2(1 — cos 05) dqﬁ%{s) ,

(B.7)
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where ys5, ¢15 and ¢rs are related to the angles at infinity yso, ¥ and ¢ by

U5 = Yoo — — (3the — 136) |

61
615 = o (2 + 310 — 179) +6, (B.8)
1
¢R5 = 372(21?/00 +3]-17[}OO - 17¢) .

Then, we can read the periodicities from (4.23)

p

3207 T
—— (120, -61, —61
(Y5, dL5: PR5) = (ys, o5, DRS) + & (—288,1891,1891) - (B.9)
™
(45, 615, r5) + oz (480, 1403, 427)

This corresponds to a smooth discrete quotient of S' x R* if b is not divisible by 16 where
b is the denominator of the irreducible fraction T' = 7.

o At the fourth center, r, ~ 0:

The local metric is

A? [1457dry 66309
= g\ 3 |5+
" (B.10)
+ 7 (dﬁg +2(1 +cosb,) dgb%p +2(1 — cosb,) d(ﬁzp) ,
where y,, ¢r, and ¢g, are related to the angles at infinity Yoo, Yo and ¢ by
21
yp:yoo_ﬁ(woo"‘(b) )
1
o1y = 75 (2L toe + 31000 +150) + 6. (B.11)
brp = E(21yOO + 3119 +159) .
Then, we can read the periodicities from (4.23)
6407 T
==~ (3,-31,-31
(Up: PLps bp) + Toes (3,31, -31)
(Yp, PLp: PRp) = (Yps PLps PRp) + & (336,961,961) - (B.12)
T
(Up: Grp: S1p) + 57 (336,961,713)

This corresponds to a smooth discrete quotient of S' x R* if b is not divisible by 8 where
b is the denominator of the irreducible fraction T' = 3.

Consequently, the IR bubbling geometry is smooth if and only if T'= 7 € Q and b is
not divisible by 2 or 13.
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C The explicit asymptotically NHEK bubbling solution

In this section, we focus on the IR geometry of the solution constructed in 4.4. We give
the local S! x R* metrics (4.15) around each of the four centers and the periodicities of the

angles.
e At the origin of the space, r ~ 0:

The local metric is

e A% 675 — 6765 [er 49 (2915 + 259/65) w
2 - 070 —bIvDbo par?

910 0
240 6 r 10240 (1)

+ 7 (d6® +2(1 + cos ) dop7 + 2(1 — cos 6) dogy) |
where yg, ¢ro and ¢rg are related to the angles at infinity yso, Yoo and ¢ by

17
y():yoo"i‘?(woo_(b) )
610 = —6 Yoo + 10 (6 — 1) + 6, (©2)
$ro = =6y + 10 (QS_woo) .

The periodicities derived from (5.8) are

/

33 15 15
(y07¢L07¢R0> + 27w <_7A7A7A>)

(Yo, dro, Pro) = (Y0, dL0, Pro) + 27 <374’_20’ _20> . (C.3)

(Y0, #L0, dro) + 27 (0,1,0)

\

Using the procedure in section 4.2, this is a smooth discrete quotient of S' x R* for any
rational A.

e At the second center, r; ~ 0:

The local metric is

A? [ —635 +123V65 [dr} N 289 (2575 + 303/65)

— dy? A4
420 2 " 47360 o (C.4)

2 _
dsy =

+ (d@% 4 2(1 + cosby) dep?, + 2(1 — cos 6y) dqﬁ?ﬂ) ,
where y1, ¢r1 and ¢p; are related to the angles at infinity 9.0, Yoo and ¢ by

1
n :yoo+ﬁ(23¢oo —279¢),
b1 = 6y — 1000 + 126, (C-5)

ORr1 = —6Yoo — 109 + 11 0.
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The periodicities are

27 15 15
(yh(bLly(le) — 2 <_17A>A7A7>

(y17¢L17¢R1) = (y1,¢L1,¢Rl) + 27 <i(;,—20, —20) . (06)

4
(Y1, 011, 9R1) + 27 (—17,2, 1)

This is a smooth discrete quotient of S' x R*.
e At the third center, r5 ~ 0:

The local metric is

dy?) (C.7)

42 — A? 9635 — 323/65 {dr% 529 (1215 + 223/65)
2 _ J099 = 929V 09 | ATy

560 6 s 564480

+ 75 (03 + 2(1 + cos 05) dpTs + 2(1 — cos 05) s )
where y5, ¢r5 and ¢ps are related to the angles at infinity Yoo, ¥ and ¢ by

y5:yoo+%(7/}oo+3¢) 5
615 = — o (B + 1000 +99) + . (C8)
ORrs = —ﬁ(ﬁyoo+10¢oo+9¢)

with the following periodicities

(Y5, 015, 0Rs5) + 27 < iA 5A>

23
(y57¢L57¢R5): (y5a¢L5a¢R5 + 27 <2237 i’ > . (Cg)

) -
(Y5, ¢L5, PR5) + 27 <23 BTR )

This corresponds to a smooth discrete quotient of S x
e At the fourth center, r, ~ 0:

The local metric is

2 1 dr?  45(614
as? — 4A dry 45 (6145 + 737/65) ay? (C.10)
9 43675 + 543565 | 7p 8

+ 7 (d&g +2(1 4+ cosb,) dd)%p +2(1 — cos b)) dgzﬁ%zp) ,
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where y,, ¢r, and ¢g, are related to the angles at infinity Yoo, Yoo and ¢ by

3
Yp = Yoo + ¢ (Yoo + 0)
Grp = —6Yoo —10%c — 99, (C.11)
Prp = —6Yoo — 109 — 10 ¢.

The periodicities are

3 15 15
(yp7¢Lp7¢Rp) — 27 <M7A7Aa>

(Yp> PLps PRp) = (Yps OLps ORp) + 27 <§, —20, —20) . (C.12)

6
(yp7¢Lp7¢Rp) + 27 <5, —19, —20>
\

This corresponds to a smooth discrete quotient of St x R%.
Consequently, the IR bubbling geometry is smooth for any rational values of A.
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