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1 Introduction

Exclusive S-matrix elements in electrodynamics and gravity vanish because of the cele-
brated infrared “catastrophe.” One solution to the problem is to consider as physical only
infrared-safe, inclusive cross sections [1-3]; the other is to “dress” asymptotic states by
defining an intertwiner to a new Hilbert space, that maps Fock space states to non-Fock
space ones. Physically, this means to multiply a state containing a finite number of particles
with an operator that creates a coherent state with an infinite average number of soft pho-
tons/gravitons. The S-matrix between the dressed states has been argued to be free from
(leading, soft) infrared divergences [4-9]. Much more recently, infrared degrees of freedom
have been argued to be essential for a complete description of electrodynamics and gravity
(see [10] and references therein). It has been further argued to be a resource, rather than a
problem, that can produce entanglement between (visible) hard particles, such as Hawking
particles emitted by an evaporating black hole, and unobserved soft quanta [11-13].

This possibility is to be contrasted with the results of [14-16], who argue that dressed
states and their associated dressed operators remove in a universal and operationally simple
way the entanglement of hard particles with soft quanta. Black holes and soft quanta have
been studied in, among others, refs. [17-20].

This paper will not delve into the deeper question of whether entanglement with soft
particles can either solve or at least alleviate the black hole information problem. It will



instead show how to use the infrared factorization of dynamics induced by the infrared
dressing to simplify the dynamics of the radiative degrees of freedom. In particular, we
will show that when the infrared dressing is applied to operators instead of states, the
resulting canonical transformation achieves two noteworthy effects.

The first is that one can define “dressed” deformed Lorentz transformations that com-
mute with both the supertranslations charges and the boundary gravitons. The latter are
canonically conjugate to supertranslation charges. After constructing these transformations
and showing that their definition is consistent, we will briefly discuss the additional steps
necessary to use this result to define new Lorentz transformations acting on Hilbert-space
states, that are isomorphic to the standard Lorentz transformations, are symmetries of the
radiative degrees of freedom, and act trivially on all vacua related by supertranslations. If
the charges associated to such transformations do exist, they could replace the standard
ones. Because all vacua related by supertranslations would be annihilated by the new
charges, the latter would define unambiguously the angular momentum of any state. The
standard charges instead give different outcomes even when evaluated on states that differ
only by the state of the soft quanta. We will define the new Lorentz charges in section 2.

Section 3 takes a detour and extend the construction of the dressing operator given
in refs. [21, 22] to the case when the total hard charge of an asymptotic state is nonzero.
Section 3 establishes a bridge between the language of [4-9, 21, 22| and that of [15].

Section 4 applies the formalism developed in this paper, that is the construction of
dressed operators defined by the canonical transformation generated by the dressing opera-
tor, to the computation of Hawking’s radiation in the limit G — 0, 2GM = Rg = constant.
The fixed Schwarzschild radius Rg and the vanishing Newton’s constant G eliminate back
reaction effects — and also guarantee that our calculation will not resolve one way or an-
other the diatribe on entanglement of Hawking quanta with soft quanta. On a positive
note, this approximation will allow us to take into account exactly the entanglement of the
Hawking radiation with zero-energy quanta. We find that entanglement with photons is
trivial, while entanglement with soft gravitons induces a phase shift in the Bogolyubov coef-
ficients relating the incoming and outgoing modes. However, the flux of outgoing particles,
given by the absolute value of the Bogolyubov coeflicient, turns out to be insensitive to this
phase. Local asymptotic observables defined at future null infinity are also insensitive to
the phase. We therefore conclude that the entanglement between soft and hard states due
to infrared dynamics does not affect Hawking’s radiation, when back-reaction is negligible.

1.1 Dressing as a canonical transformation

Here we use the results of [15] to define a quantum canonical transformations of the operator
algebra that maps the standard asymptotic local fields into “dressed” fields that commute
with the soft charges. We will be general and rather brief, deferring some explicit formulas
to the next sections and referring to [15] for definitions not given in this paper. We will
work in flat or asymptotically flat spacetimes; for such spaces the metric near future null
infinity Z, is, in an appropriate gauge

ds? = —du® — 2dudr + 1*y,5d0*dOP + rCpdO4dO" + . .. (1.1)



The coordinates of Zt are two angles, ©4 and the retarded time u. The “Bondi news”
tensor is Nap = 0,C4ap; it is of course zero for Minkowski space. The metric near past
null infinity, Z~ is defined in terms of angles 64, radius r and advanced time v:

ds® = —dv? — 2dvdr + r*yapdf*do® + rC zdoAde® + .. .. (1.2)

The past Bondi news is N,z = 0,C 5. Both large gauge transformations (LGT) [23, 24]
and BMS transformations [25, 26] are generated by charges that can be defined, in the
absence of massive matter, either at Z+ or at Z—. The superscript £ will distinguish
between the two sets of charges. The charges are functions of the two angles parametrizing
the “celestial sphere,” i.e. the S in T+ = Rx.S%. A convenient decomposition of the charges
is given in terms of spherical harmonics, labelled as usual by the angular momentum [ and
magnetic quantum number m. So we end up with two sets of charges, fon. The equation
expressing conservation of the total charges is very simple: once the angles ©4 and 4 are
identified antipodally (see e.g. [10]) then the conservation equation is

Qf =97'Q, 2=Q, . (1.3)

Here © is the Heisenberg time evolution operator from Z~ to ZT. This equation says that
Qiﬂ commute with the evolution operator. The charges Qiﬂ are the sum of two pieces

Let us discuss only the 4 charges, as the — are completely analogous. The “hard” charges
Q;lm are defined only in terms of nonzero-frequency, a.k.a. radiative degrees of freedom.
For LGT these are the U(1) field-strength components Fy, 4, plus eventual matter degrees
of freedom. For BMS, the radiative degrees of freedom in the Bondi gauge are the Bondi
news N 4p plus eventual matter degrees of freedom. The soft charges Q:lm commute with
all the radiative degrees of freedom. The LGT soft charges are nonzero for [ > 0 while the
BMS soft charges are nonzero for [ > 1. In order to be dynamical, the soft charges need
conjugate variables with nonzero commutators — otherwise they would be constants in each

irreducible representation of the algebra of fields carrying radiative degrees of freedom. The

+

<1 are defined at ZF, while those conjugate to

conjugate variables to the soft charges @
Q,, are defined at 7. In the case of LGT they are sometimes called “boundary photons”
while in the BMS case they are called “boundary gravitons”. In the rest of the Introduction
we will call them @, in both cases. Ref. [15] shows that for both LGT and BMS there
exist a formally unitary transformation Uy that maps the soft charge into the total charge

while it leaves the conjugate variable invariant
ULQE, Uit = Qi U@y Ur' = gy (1.5)

The same operators Uy defines canonical transformations that act on all observables
of the theory. In the LGT case, radiative variables of charge ¢ transform to “dressed
variables” as

X(1,0) = Uy x(u, 0)U; " = 1%+ Oy (u, ©)
X(U79) = U*X(’Ua H)U—_l = eiq¢7(v76)X(v> 9)7 (16)



so the photon radiative modes are unaffected. In the BMS case the transformation acts on
all radiative degrees of freedom, including the Bondi news, as a translation (see [15] and
section 4). Denoting all these degrees of freedom collectively as ¢ we have

¢" (1, 0) = 67 (u,0) = Urd™ (u,0)U" = ¢ (u—04(0),0)
¢ (v,0) = ¢ (v,0) =U_¢~ (v,0)U-" = ¢~ (v — ®_(6),0). (1.7)

The key property of the dressed (hatted) variables is that they commute with the total
charges and with the conjugate variables.

(6%, Q5] = [Ue6* UL UQE, UL = Us [¢*,Q%, ] ULt = 0,
(6%, ®s ] = [Usd™ UL UL®y UL = Us[pF, ®py UL = 0. (1.8)

Besides the conservation law (1.3), there exist also matching conditions for the boundary
gravitons (and photons) [27]

Dy = Q0 Q0 =Dy (1.9)

The matching condition (1.9) is imposed at Z* and Z,. In a geometry resulting from
the collapse of matter with finite total energy causality guarantees that this asymptotic
region is unaffected by the future evolution and ultimate fate of spacetimes. So it must
hold for spacetimes that obey the Strong Asymptotic Flatness condition of Christodoulou
and Klainermann [28] — even if they do not obey the global smallness assumption [28]
so that they may contain black hole horizons. The charges Qﬁn were defined recently at
spacelike infinity, where conservation is essentially ensured by definition [29-31]; it is plau-
sible that soft gravitons and photons could be likewise defined at spacelike infinity, where
the matching condition (1.9) would be automatic. Moreover, (1.9) is the only condition
that leaves @4 ,, invariant under CPT. Had we chosen different matching conditions, CPT
transformations will map different super-selection sectors into each other and won’t leave
them invariant. Finally, the matching condition (1.9) is the limit of the conservation of
finitely-soft memories [16], which is understood as the trivial propagation of soft degrees
of freedom across spacetime to the antipodal angle.

Since the variables ‘I)le,Qljfn have canonical commutation relations among them-
selves and commute with all the dressed variables, they can be represented canonically as
Q%,i@/@)@fﬁn. Because of egs. (1.3), (1.9), the Heisenberg evolution operator then com-
mutes with both Qljfn and their derivatives, so it depends only on the hatted radiative
variables and is instead independent of the soft one. We conclude that the hatted radiative
variables evolve independently of the soft variables as

¢t =107 Q) = FléT]. (1.10)

We should point out here that this derivation can be generalized to the case when in- and
out- operators do not evolve unitarily but are still related by a linear map. This is the
case that applies to fields that scatter to ZT in a collapsing black hole geometry. They are
related to incoming fields defined on Z* by a linear map that becomes invertible (and is in



fact derived from a unitary evolution operator) only when the modes that cross the horizon
of the black hole are taken into account. Yet, the linear map does not need the latter to be
defined. This feature, that was prominently used in the original 1975 calculation of black
hole radiation by Hawking [32, 33], will be used also in section 4.

2 Dressed symmetry group

2.1 Spacetime and its symmetries

From now on we will work in the retarded coordinates (u,r, z,Z). The metric of the flat
spacetime in this coordinate is

ds® = —du® — 2dudr + 2r*y,zdzdz. (2.1)

In the above equation v, = is the round metric on the unit sphere and z =

=
tan(g)ei‘z’ is the coordinate defining the stereographic projection from the sphere to the
complex plane. The metric (2.1) has ten Killing vectors, which we will use to find the
representation of Poincaré generators on the phase space of the theory. We will consider
first a U(1) gauge theory and its associated LGT. Essentially, Poincaré transformation
are induced by different components of the energy-momentum tensor. More precisely, the

conserved charge
Qe = / Jrds, = | §'T,"ds, = lim / &M, 1y 2zdzdzdu, (2.2)
T+ T+ oo Jy
induces transformation along the Killing vector £, when we use following equation
5 = —i[Qc, @] (2.3)

2.2 Gauge fixing and Lorentz transformations

We work in radial gauge
A, =0, Ayl;+ =0. (2.4)

A Lorentz transformation generically spoils the gauge condition; therefore, we will need a
further gauge transformation to preserve the gauge condition (this can be thought of as a
definition of the Lorentz generators). It can be shown that the extra gauge transformation
only changes the leading order term of A, when expanded in powers of »~!. It is convenient
to write the explicit form of the leading order term of the gauge field near future null infinity
in the following manner:

A=

Au Y ? z —= — —
Mdu + A (u,z,2)dz + Az(u, 2, 2)dz. (2.5)
r

The E.O.M gives the following constraint on the gauge field
Au = ’725(82142 + aEAz) + Q(Z, Z)a

where g(z, Z) is independent of u but otherwise arbitrary function.



2.3 Phase space construction and its symmetries

The phase space of a U(1) gauge theory plus massless particles near the asymptotic null
infinities of an asymptotically flat spacetime is described by the set {F., Fyz, 4, U},
which consists of radiative degrees of freedom and soft degrees of freedom. Note that
this phase space is defined on ZT; its canonical coordinates are functions of u and of the
coordinates on the celestial sphere F,,, = Fy,(u, z,2), &4 = &4 (2, 2).

2.3.1 Lorentz transformation

Next we find the representation of Lorentz generators acting on the phase space variables
(Fyz, Fuz). Their gauge potentials satisfy the following commutation relation

’L€2

{A(u,2,2), As (W, 2/, )} = —I@(u —u')d(z — 2")6(z = 2). (2.6)
However, as we mentioned in the introduction, the pair (F,., Fyz) is not enough to describe
the complete phase space, because we need two more fields ¥, (z,z) and @4 (z, z) defined
at Ii and Z, respectively. The commutation relation for these new fields can be obtained
from a “continuity” condition on the commutators of the gauge potentials (A,, Az). It is
simpler to introduce variables (U, ®, ), related to (¥, &, ) by a canonical transformation.

T \I/+<Z,2)+(I)+(Z,2)

(I)+(Z> 2) = ) ) (27)
¢’+(Z,2) E\Il+(z,2)—(1)+(z,2). (28)
in terms of these fields, the commutation relations take the form
. ie? 1
W z AZ ) ) U = ) 2'
[ -‘r(zaz)a (U w ’U))] AT 2 — w ( 9)
. 2 1
[0y (2, 2), As(u, w, @)] = (2.10)
+\< ) s Wy Ar 5 — ’lT)7
= ~ ie? 9
[q)+(2,2),\1’+(w,’d))] = —Zlog|z—w| ) (211)
T
(@, (2,2), AL (u,w,@)] = [®4(2, %), Az(u, w,@)] = 0. (2.12)

Equation (2.11) shows that <i>+ and U, are conjugate variables. On the other hand, the
soft charge is also conjugate to <i>+ (see e.g. [15]), so \il+ and the soft charge cannot be
independent variables. The soft charge is related to the boundary field \il+ by following

equation,
2 = _
QY0 (z —w))] = —gawaw\lf+(w,w). (2.13)
An explicit form of the charge (2.2) can be written for this theory as
Qe = ] Tlggo/f“r Tyuy-zdzdzdu (2.14)
1 . . .
= 7672 /+[Au(Fuz€Z + Fuifz) + VZZ(QFuzFuié-u + FZZ(Fuzgz - Fuiéz))]/yzEdZdZdU-
T



The commutation relations of the conserved charge with the radiative and soft degrees of

freedom are then given by

[Q¢, Fuz (v, w, w)] = iLeFyz, (2.15)
[Q§7 Fuz(u » W, ﬂ))] = Z‘CﬁFuz; (2.16)
[Qe, +] =0#iLDT, (2.17)
[Qe, UF] =il Ut (2.18)

This shows that the boundary field ®* does not belong to a standard representation of
Lorentz group, while Ut is in the scalar representation. This means that the states of the
U(1) theory do not transform covariantly under Lorentz transformations — yet we can still
have Lorentz invariant scattering amplitudes. In fact it has been known for a long time
that there exists no Lorentz-covariant Hilbert space of charged physical states for gauge
theories. Our motivation, however, is not to solve this problem. What we want instead is
to find a transformation that acts only on hard dressed variables and that commutes with
their evolution operator. The factorization property of the S-matrix! — or equivalently the
discussion in the Introduction — implies the existence of an evolution operator that acts
only on hard variables and leave soft variables untouched. We would like to have the same
property for symmetry transformations, this is why we look for a symmetry transformation
that acts nontrivially only on the hard states.

More precisely, we want to change the standard definition of the Lorentz transformation
in two ways. First of all, we want to “dress” the Lorentz transformation with the operators
U, defined in the Introduction. In other words, we want to perform the quantum canonical
transformation

Qe — Qf = UxQeUL". (2.19)

This transformation acts on the hatted, dressed operators exactly as the original Lorentz
does on the undressed ones. In the rest of the section we will work with dressed operators
only, so can drop the hat from all fields to avoid notational clutter. The second change to
the Lorentz transformation is the crucial one: we change its action on the soft variables,
while leaving its action on the radiative variables unchanged. The Lorentz transformation
is finally defined by the following commutators

ZﬁfFuza
zﬁgFuz,

Qg Fuz(u/, w, )]
[Qe, Fuz(u/, 0w w)]
"]
U]

[Qfa

||

~ o~ —~
[\
[\

— — ~— —

[@F

Evidently, this symmetry is not the usual one since it acts like Lorentz only on the hard

variables. The definition given above has to pass a crucial test of consistency: it must
satisfy the Jacobi identities. Thanks to the fact that the new Lorentz transformation is the
same as the standard one on radiative variables, it is easy to check that the Jacobi identities

!See e.g. ref [14, 15] for an approach close to the needs of this paper.



are indeed satisfied. The action of the symmetry on operators, given by eqgs. (2.20), plus its
action on the vacuum (which we can choose to be trivial) then formally define an operator
acting on a Hilbert space. The Lorentz transformations defined here are automorphisms of
the operator algebra. To show that they are in fact generated by commutators of Hermitian
operators, several other properties would have to be proven. The first is that the transfor-
mation maps a vector obtained by applying a polynomial function of dressed operators to
one of the vacua — i.e. a state containing only soft photons — into a state belonging to the
same Hilbert space. The second is that such property holds for a dense set of states in the
Hilbert space. These two properties define a linear operator in the Hilbert space, that can
be identified with the Lorentz charge only after a third property is proven; namely, that
the domain of the operator and the domain of its adjoint coincide. In spite of these pit-
falls, the definition given here provides a sketch of the construction of a factorized “dressed
Lorentz,” that can be thought of as a counterpart to the factorization of the S-matrix.

A similar construction can be done for gravity and BMS. Here we look for Lorentz
transformations that leave the soft variables untouched and only change the hard degrees
of freedom — which in this case are the Bondi news tensors. By denoting here with C' the
boundary graviton the transformation laws that we look for are

[Qe, Nzz] = iLe N,
[Q¢, Nzz| = iLeNss,
[Qe.C] =0
[Qe,Qf] = 0. (2.24)

Here the generators of supertranslation are denoted by Q. As before, these are transfor-
mations on dressed fields, where hats have been dropped.

The “dressed Lorentz” defined in (2.24) commutes with supertranslations, so it is an
ideal subalgebra of BMS. We have to check again the Jacobi identity. It is easy to see that
the only nontrivial equation to check is

[Qr, [Qe, C1 + [C, [Qr, Qel] + [Qe, [C, Q)] = 0. (2.25)

Since Q¢ and C' commute to a c-number, eq. (2.25) does satisfy the Jacobi identity.

The undressed Lorentz transformations ()¢ do not commute with supertranslations;
this is true for boosts as well as rotations. Even on a state that contains no hard degrees
of freedom supertranslations change the state of the soft hair. The non-commutativity of
undressed rotations with supertranslations then means that angular momentum depends
on soft degrees of freedom and cannot be computed unambiguously from the knowledge of
the state of hard degrees of freedom alone. The ambiguity in the definition of the angular
momentum is an old problem classical general relativity [34]. If our definition of dressed
Lorentz transformations can be promoted to a well-defined Hermitian operator acting on
a Hilbert space, it will offer an interesting new definition of angular momentum free of
ambiguities. Whether this new definition is operationally useful depends on an additional
property that we did not and will not address in this paper; namely whether it can be
expressed as an asymptotic boundary integral of local fields. This property, which is true for



standard definitions of energy, momentum and angular momentum, allows the computation
of such quantities from local data evaluated in an asymptotic, weak gravity region.

3 Asymptotic states

Asymptotic states for Abelian gauge theories were studied in [4-9], and more recently
in [35-37] for perturbative quantum gravity. In this section we derive covariant expressions
for the dressing functions of the asymptotic states in terms of the fields at null infinity.
We will concentrate on incoming asymptotic states at past null infinity, but to linear order
in the fluctuations around a fixed background a similar analysis applies also to future null
infinity, as well as to any other null surface. We generalize results known in the literature
to the case where the total charge (gauge or supertranslations) is nonzero. We define the
dressing function Ry(p) on one-particle states as

‘mAsymptotic = eR'f(p) |ﬁ> : (31)

3.1 Abelian gauge theory

We start with the case of Abelian gauge theory. The dressing function in this case is given by

e d*q «
Ry(p) =~y [ g (el = o). (32)
where the function f* is given by
wo_ 8 _C”(‘j)] Ho— oy M 3.3
f [p_ Pl v, a), ¢ =wed (3-3)

and c* satisfies ¢- § = 1 and ¢® = 0. Notice that up to a conventional overall scale factor,
the function ¢ = ¢#(q) depends only on the celestial sphere’s coordinates. An example of
c* that satisfies the aforementioned condition is

= 2(1+1ww_)(1+ww,—w—w,i(w—w),—1+ww). (3.4)

While we will keep a generic ¢* in our formulas, this specific choice simplifes

egs. (3.16), (3.19) and particularly eq. (3.22). (p,q) is a regulating smooth func-
tion that obeys ¢(p,q) — 1 as ¢ — 0.

Next we write the dressing function in terms of the asymptotic gauge field at null infin-

ity. We use the following decomposition of the gauge field in terms of Fourier components

3 o o .
A7) = / (;17332; [a, ()™ + al(Rye=] (3.5)

The Fourier modes can be decomposed in terms of polarization modes

a,(q) = e:f‘(cj')aa(cj), o=+ (3.6)



We will focus on the form of the gauge field at past null infinity, where it takes the form
Ay (v,w,w) = le Ay (v, 7w, ),

_ L f@ / dwq |:CL+ (q—)e—zqu o G/T_ (@elqu )
0

8721+ ww

(3.7)

The analysis for future null infinity (or any other null surface) can be carried out in a

similar fashion, yielding similar results. The reverse relations are given by
4 ;
/ dve_lquAw/u_J (Uv w, QI]),

€N/ Yww
47g

€/ Yww
Without loss of generality we write the regulating function in the following form

b(p,q) = e e (3.9)
we can then write the cloud operator (3.2) as?

_ Qo
2

a:_/_ (@) =—
(3.8)

a_;+(q) =+ /dveiw‘“}Aw/w(v,w,w).

Ry (p)

m
/d2w o (pp.(j _ c“) (e;Aw(vc,w,w) + eZAw(UC,w,u_))) ) (3.10)

Here v, is parametrizing the regularization scheme.
Since the photon is a massless particle its four-momentum can be written as
14 ww

q" (1 4+ ww,w +w, —i(w —w),1 —ww). (3.11)
For a massless external particle with energy w, located at (zp,Zp) on the celestial sphere
the four-momentum is similarly given by

Wp

T 1+ 2% (1 + 2020, 20 + 20, —i(20 — Z0), 1 — 20%0) - (3.12)

Pt
The photon polarization vectors can be chosen to take the form

1
€+M(® = 72 (’U_), 17 _7;7 _U_]) )

\f
| (3.13)

e Mg =—(w,1,i,—w),

V2

such that they are orthogonal to ¢*
Qe () =0,  eheh, = dap. (3.14)

Using this parametrization one can evaluate

pe
VvV Yww = —
pra w0 (3.15)

+
p-e€
o =

pq  w—z

’In terms of the advanced system of coordinates, the volume form is given by d¢q = wg'ywﬂ,dwqd2w.
We use that i fdve_“’“’ = (v). Note that since the w-integration is over half the real plane we have

Jo° dwd(w) f(w) = 3 £(0).

,10,



The expression for the cloud operator is then given by

R¢(p) = i;ff/dzw {(w _1 % — V/YwzC - e) Ay (ve, w, )

1 (3.16)
+ ( — VY wwC - 6+> A@(Uca w, ’II)):| .
w — 20
The Green’s function for the radiative modes is given by
G(z,w) =1In|z — w|* (3.17)
and it obeys
9.0:G(z,w) = 2m6? (z — w),
1
aZG(Z, w) = . —w’ (318)
1
0:G(z,w) = ——.
(z,w) R

The cloud operator can be expressed using the Green’s function as follows
Qo

Rs(p) = e

/defywwszfyzzG(z, w) [2777225(2)(2 —20)D - A(ve, w, W)
—0* (V22(c- €7)z) 0" Ay (ve, w, @)
0 (Ve - €),) 0% Au(ve, w, w)}, (3.19)

2 2|

where D - A = D¥A,, + D”Ag. In the above equation, the subscript on (c - ei) » means
that the expression inside the parentheses is evaluated at (z, z), while previously it was a
function of the position of the soft photons inside the cloud, (w,w). For brevity, we will
remove this subscript from now on, as the dependence on the coordinates is clear from the
derivative acting on it.

At this point we would like to discuss the regularization scheme parametrized by v..
Note that in order to isolate the contribution of zero momentum photons in the cloud
we should consider v, = 400 (see [15, 16]). In the absence of magnetic monopoles and
long-range magnetic fields

0, Az (4+00,2,2) = 0:A,(+00, 2, 2) (3.20)

The dressing operator then takes the final simplified form

Rs(p) = i /dvd2wfywwd22fyzz [Jv(v, 2, 2) — ju(v,2,2)] G(z,w)D - A(400,w,w), (3.21)

Ju(v,2,2) = Qod(v — vg)’yzzd(Q)(z — 20),

. ) (3.22)
jv(’U, 2, Z) = %5(1} - 'UO)’VZZ [az ( VYzzC - 6_) + 0 ( YzzC - €+)] .

Here j,(v, 2, Z) is the classical incoming gauge current and j,(v, z, Z) is interpreted as the
LGT current, in accordance with ref. [21]. Eq. (3.22) holds for generic ¢*; the particular

i +_ 0 - w 5 7\ — Qo
choice c-e™ = L c-¢ —ﬁand]v(v,z,z)_E

75 §(v —vp) makes the current j, isotropic.
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3.2 Gravity

We now turn to studying the dressing operator in perturbative quantum gravity, following
refs. [36, 37]. It is given by

d3 VX v
Rio) =5 [ ot [P alal@ — au@]. =G (32
q
The function f*¥ is given by
BV M (G
o= |BL_LBD )y ) (3:24)
p-q Wq

As in the gauge theory case, we have factorized the magnitude wy from the function c,,
and ¥(p,q) — 1 as ¢ — 0. For a detailed discussion about the function c,, and the
constraints it should obey we refer the reader to [36].

In a similar fashion to the previous subsection we would like to express the cloud
operator in a covariant form, using the asymptotic form of the fields. We decompose the
metric into Fourier components

(@) = [ 5 [oml@e + al @] (3.25)

Decomposing the Fourier components in terms of the polarization modes

auy = € s (3.26)
r==+

the radiative data at past null infinity can then be written as

_ _ 1 _
C(v,2,2) = /irlggo ;hzz(r,v, 2,Z)

i, (3.27)

o0
— s [ doy [ar (@ - o (@],
0

We can invert the expression to express the Fourier coefficients in term of the asymptotic
fields

47 :
0@ = [ et vz,

K2z
4 ;
aJr_/+(gj’) . m_ /dve_quCZZ/zz(v,z,Z),

to write the cloud operator as

(3.28)

R¢(p) = —% /dzwwq [(f €N O (Vey,w, @) + (f - € )Copy(Ve, w, W) — h.c.} . (3.29)

Here f - et = eiy, and we have used the regularizing function 1 (p, q) = e~"¥4, as in

the Abelian gauge theory case.
The Green’s function for the radiative modes obeys the equation

D?D2G(z,w) = 217,50 (z — w), (3.30)
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where D is the covariant derivative on the 2-sphere (see, for example, [38-40]). The equation
above is solved by
|z —wf? |z —wf?

GEw) = 20 S0 wn) A+ 251 + wa)’ (3:31)

It will be convenient to define
s(z,w) =YY D2 G (z,w). (3.32)

Note that while G(z,w) is real and symmetric in its two arguments, s(z,w) is not. One
can show that s(z,w) obeys the following equations

D%s(z,w) = 2m6@) (2 — w), (3.33)
D2 [ywas(z,w))] = 20750 (2 — w). (3.34)

Note also that the action of two covariant derivatives on a scalar function is given by

= 83 - Fizaz = ’Yziaz')/zzaz = 'Yzzazaz- (3.35)
Using the decomposition ei, = fef we have
+\2
: 1
foet = M — —c-€t, (3.36)
p-q Wy
where ¢ - e = c”"effl,. The first term in the expression above can be evaluated using the

explicit form of the polarization vectors (3.13)

(p-e")? _
—— = s(zp, w),
P (3.37)
p-<) )\ = —5(zp, w)
p-q .
We then have
Ry(p) = Qir/d% [(5(20,w) + ¢+ €")Copp (ve, w, @) + (5(20,w) + €+ € )Crpyy (Ve, W, )]

= % /d2wd22[5(2) (z = 20) (s(2, w)Cpg (v, w, W) + 5(z,w)Cppyy (v, w, @) (3.38)

+ 6@ (2 = w)((e- )2 Cp(ve, w, @) + (¢ €)2Crpy (ve, w, @) )

where, again, the subscript on (c-€¥), is to indicate that now the expression in the paren-
thesis is evaluated at (z, z), instead of (w,w). We now use equation (3.33) to express the
delta function in the second line of the equation above in terms of the function s(z,w).

After integration by parts we arrive at

R¢(p) = e /ded2 ( (z,w) [27r5(2)(z—20) + 0:07(y2z¢ - € )} Coo(Ve, w,w) (3.39)
+35(z,w) {2715(2)(2 — 20) + 0,07 (Yaz¢ - € } w (Ve, w, w)>

where we have omitted the subscript on (7,sc - €*) for brevity.
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Finally, using eq. (3.32) to express the function s(z,w) in terms of the Green’s function
and integrating by parts we arrive at
1
(2m)?
+ 070 (v2z¢ - €7 ) DV DV Cl (Ve, w, w) 4+ 8707 (12z¢ - € ) DYDY Cpyypy(ve, w, )],

Rs(p) = /deywwdQZVZZ G(z,w) [271'7’325(2)(2 — 20)D? - C™ (ve, w, W) (3.40)

where D? . C~ = D*D¥C,,, + D"D"C.
As in the gauge theory case, at this point we make the regularization choice v, = 400
that isolates the contribution of zero momentum gravitons in the cloud. The boundary

condition
[DiC;, — DIC%]

7 =0 (3.41)

then implies
Rs(p) = QL /dUdQUJ’)/wwdQZ’YZZ G(z,w) [Tw(v, 2,2) — Tyy(v, 2, 2)] D? . C™ (400, w,w),
T
(3.42)

Tyw(v,2,2) = 0(v — vo)'yﬁé@)(z —20),
(3.43)

— B 1 5 5 _
Typ(v,2,2) = —55(0 — vo)Y** [8582(%50 €M)+ 0.0%(Vazc - € )} .
Tyo(v, 2, 2) is the classical stress energy tensor of the shockwave while T, (v, z, Z) is inter-
preted as the supertranslation current, in accordance with ref. [36].

4 Hawking radiation of dressed states

We now turn to study black hole horizons and the Hawking radiation. We start by analyzing
the selection rule for S-matrix elements between Fock states, in the presence of a black
hole horizon. Then we describe how the selection rule is modified once we consider dressed
asymptotic states instead of Fock states. At this point we would like to emphasize that
to linear order in the fluctuations around the background the asymptotic analysis of the
previous sections applies to any null surface and in particular to a black hole horizon. The
cloud operators, given by equations (3.21) and (3.42), will take the same form, with the
fields and charge densities evaluated at the horizon.

After discussing the selection rule we turn to a semi-classical analysis of the matter
fields. We finally revisit Hawking’s computation [32, 33] of particle creation near a black
hole horizon, using the formalism of dressed asymptotic fields that we developed in the rest
of the paper. In this section we work in the limit G — 0, Rg = 2GM = constant, so that we
consistently neglect back reaction of matter and Hawking’s radiation on the background.

4.1 Horizon selection rule

Let us start by commenting on the selection rule for S-matrix elements in the presence of a
black hole horizon. To be concrete, we consider a collapsing geometry generated by a null
shockwave with initial energy M sent at advanced time v = 0. The collapsing thin shell of
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Figure 1. Penrose diagram of the Vaidya black hole formed by a collapsing shell of a null shockwave
at v = 0. Another null shockwave is sent at a later advanced time v = vg. Spacelike infinity is
denoted by i while i* /i~ is the future/past timelike infinity.

matter will eventually form a Schwarzchild black hole of mass M. The resulting spacetime
geometry is described by the Vaidya metric

2M
ds? = — (1 - GG(U)) dv? + 2dvdr + 2r%~,:dzdz (4.1)

r

where 6 denotes the step function

o(v) = {0’ v<0 (4.2)

1, v>0

The horizon of the Vaidya metric is located at

0, v < —4M
ra(v) =<5+ 2M, —4M <v <0 (4.3)
2M, v>0
and is therefore stretched from v = —4M to v = co.

Incoming (outgoing) states are characterized by charges defined at past (future) null

infinity .
Qeli = ? dzw'Ywﬂ)fFrva
an
4.4
1 , (4.4)
Q. =— d* WY €Fry.-
62 Ii‘
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Horizon states are similarly characterized by the charge

1
Q= > [H N d* WYz Fyp. (4.5)

+

The conservation law of these charges implies
{out| QS — SQ [in) = 0, (4.6)
where Q7 is the sum of the two charges
Qr=Qf +Q (4.7)

We can rewrite the charges as integrals over the boundary of spacetime by extending
the gauge parameter €(z, z) along a null generator of the boundary [17]. A natural choice
that makes the connection with soft quanta explicit is to keep the gauge parameter constant
along a null generator of the (null) Cauchy surface. On Z~ this means that it does not
depend on the advanced null coordinate v. In a similar way, the gauge parameter on ZT is
taken to be independent of the retarded null coordinate u. In the presence of a black hole
horizon, however, the null Cauchy surface is not made of Z* alone, but rather of its union
with the horizon ZT U H™*. This surface is the limit of a spacelike Cauchy surface which,
by assumption, exhibits no singularity in the limit at i*. A radial generator of the Cauchy
surface then becomes a null generator of ZT U H ™ which starts as the null generator u of
Z7", “turns at the corner” at ™, and continues as the null generator v of H*. The gauge
parameter is then extended by taking it to be constant along this generator, so it takes
the same value at equal values of the angular coordinates on the horizon and at future null
infinity ZT.

The soft parts of each of the charges are given by

o0 —
No :/ dv FL |
—0o0

> +
Ni= [ aurE (48)

%0 1
NHY —/ dv (Fjﬁ + 0(—U)FZ§+> .

1

—— the conservation law can be written as

If we choose e(w,w) =
+ o .
(out| (N} + N*")S — SN, |in) = Q% (out| S |in) , (4.9)

where

£ soft— soff soff +
Queoft — Qoft— _ ysofit _ qsoft T (4.10)
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The soft factors are expressed in terms of the asymptotic particles coming from Z~ or going

to ZT and HT o

Qsoft— _ k

47r Z z— 2z
kEln
soft+ _
23 Z p— (4.11)
2
e Qk
onft,H+ - Z )

4 k€horizon S

Incoming, outgoing and horizon states are characterized by their eigenvalues under the
corresponding soft charges

N IN) = N (z,2) [N2)
N INZ™) = N2¥(z, 2) IN2™) (4.12)
NI NE) = N (z,2) IN).
The conservation law (4.9) then reduces to
(N" + NI — NI} (out| S |in) = Q" (out| S |in) (4.13)
and it implies that either
Nout 4 NH _ yin — goft. (4.14)
or the S-matrix element vanishes
(out| S |in) = 0. (4.15)

Equation (4.14) cannot be satisfied in general and therefore we conclude that S-matrix
elements between Fock states vanish.

We now turn to consider dressed asymptotic states instead of Fock states. Using the
canonical commutation relation

7,62

[Aw(v,w, @), Fyz(v',2,2)] = 50— 6@ (w — 2) (4.16)

we see that the dressing shifts the action of F),, on states by

_ e?6(v — v, G (V2,2 — G (U, 2 7
(Fur(2, 2 Ry = =20 [yt 22 E) 200, 2)

2 —z
4.17
Qoe%6(v —ve)  e25(v —v.) / o ,Ju (2, 2) ( )
— + d 7’
4m(z — 2p) 47 2l —z

where we used the expression (3.21) for the photons’ cloud operator. The delta function
in the above expression is centered around v = v, because we evaluate the cloud opera-
tor (3.21) at v.. The choice v, = 400 isolates the contributions of the soft modes but the ac-
tion of the soft charge on incoming multi-particle state given by the v.-independent formula

=) 5
in in QAez 62 Jy (Z ’Z) in
Nz |N >dressed Nz - Z ( ! - M/dzz/ / ’N >dressed (418)

= Am(z — z5) 2 — z;
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Similarly, for outgoing and horizon multi-particle states we have, respectively

RO
ou ou ou QieQ 62 Ju! (Z ’Z)
<Nz t‘dressed]\[;r:<]\/vz t‘dressed [NZ - Z (471.(2_2,) _E d22l ’ (419)

. 2=z
1€out
out HT out H le2 62 2 /jgﬁ) (zlazl)
<NZ ‘dressesz = <NZ ‘dressed NZ - Z m_a d’z ﬁ :
k€eHorizon k k

Thanks to (4.13) conservation law (4.6) then becomes

2 O (k)1 o1 =) (o o
(N;ut+N§—Nzin)—z/d2Z/ 2 :]v’ (Z,Z)+ 2 : jyl (Z’Z)_ ]v/ (Z’Z)
T

2=z 2 —zy —~ '~z

icout keHorizon j€in

X <Ouﬂdressed8 |in>dressed =0. (420)

As was explained in [21], the integrand inside the z’-integral above should vanish,® and

therefore the conservation law reduces to

(N;)m + NE - N;n) <Out|dressed S |11’1> 0. (421)

dressed —

It implies that the S-matrix element between dressed asymptotic states does not vanish
when the soft charge is conserved

(0Ut] gressed S M) dqresseq # 0 for N+ NI = NP, (4.22)
Notice that the LGT current j, do not affect the selection rule (4.22).

4.2 The action of the cloud operator

We now turn to a semi-classical analysis of matter fields. We start by looking at the action
of the cloud operator on an incoming massless scalar. The effect of the photon cloud
operator on matter fields is rather trivial, since it commutes with all of them up to a phase
proportional to the charge — see eq. (1.6). However, since the graviton cloud operator
contains the stress-energy tensor it acts in a non-trivial way on any field. The dressed

scalar field is given by
Sin = e P) gy P (), (4.23)

where the graviton dressing operator Rf(p) is given by (3.42).
Let us summarize our notations for the scalar field. First of all, it can be expanded

around null infinity as follows
1
O(r,v,2,2) = ;gb(v, 2,2) + O(r2). (4.24)

Its Fourier decomposition is given by

3 . .
o@) = [ (2:);;% [d)e + dip)e] (4.25)

3The authors of [21] made a different choice of the transformation parameter ¢(w,d).
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with the Fourier components obeying the canonical commutation relations
(), d' ()] = (2m)*2,0) (7~ ). (4.26)

Using the asymptotic expansion for exp(+ip - ) (see for example appendix A of [21]) we

then have d
dmlo,22) = =i [ £ [dye o — dip)er]. (4.27)
8
The field therefore obeys the following commutation relation
[¢in (v, 2, 2), Opin (v, 2/, 2')] = i’yzzé(v —0)6@ (2 — 2. (4.28)
The stress tensor is given by
1
Tvv = _5(8v¢in)27 (429)
thus we have
[$1a(v,2,2), Too (v, 2, )] = =277 006 (v, 2, )30 = )3 (2 = 2). (4.30)
One can then compute
[qﬁin(v,z,E),Rf(p)]:—’yzgavqﬁm(v,z,é)/d2w’ywwG(z,w)D2~C_(:|:oo,z,2) (4.31)

:—ryzzﬁvgbin(v,z,é)/d2w[s(z,w)C’gw(ioo,z,Z)+§(2,w)C;w(j:oo,z,2)},

where in the second line we used integration by parts. The boundary conditions further
implies that
C(£00,2,2) = —2D?C~(z, 2). (4.32)

Integrating by parts and using (3.34) we arrive at
[(rbin(va Z, 2)7 Rf(p)] =-C" (Z’ 5)8v¢in(7)7 Z, 2)' (433)

Now we can expand the dressed asymptotic state using the Baker-Campbell-Hausdorff
formula as follows

(gin('l},z,z) = ein(p)(bin(’l%ZvZ)eRf(p) (434)

_ _ 1 _
= 0in(v,2,2) + [din(v, 2, 2), By (p)] + 5[0 (v, 2, 2), By ()], By (p)] + -
The n-th commutator of ¢i, with R¢(p) is given by

[[[Pin(v, 2, 2), Re(p)] s Rp ()], - - . ],, = —C7 (2, 2)0) din (v, 2, 2). (4.35)
We have therefore showed that
qgin(vy Z, Z) = e_Rf(p)¢in(va Z, Z)eRf(p)

>0 L mem ~ o ~ (4.36)
= Z(—C’ (2,2)" 0 pin(v,2,2) = pin(v — C™ (2, 2), 2, Z).
n=0
We see that the dressing of the incoming scalar state is equivalent to a shift in the null
direction. This result was derived in [15] using different methods. Note that, in particular,
the supertranslation current T}, does not affect the dressed scalar state.
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4.3 Particle creation in a black hole background

To adjust for the normalization most commonly used in the literature on Hawking radiation,
we rescale

a(w). (4.37)

Then we have the following expansion of incoming and outgoing modes

bin(v, 2, 7) = /oO _dw <a e—iwv | ot 6iwv>
mn Pl 0 m w w 9

. (4.38)
= dw Wy T —iwu
dout(u, 2,2) = <bwe +ble ) .
0 2w
Hawking [32, 33| found the relation between the incoming and outgoing modes
[o.¢]
by = / dw’ <04ww’aw’ + wa’ai,/) )
0
. (4.39)
bl = / dw’ <afjw,al, + B:‘M/aw/) ,
0
where the explicit form of the universal, late-time Bogolyubov coefficients is
t S w! A . _ ;—1
Q) = ﬁel(‘“ w')vo Zf(l — ik W) (i) TR (4.40)
Buw = _iaw(fw’)'

We would like to consider now asymptotic states dressed with a graviton cloud (4.36)

. © g A .
Gin(v,2,2) = pin(v — C™(2,2),2,2) = / 2w (dwe_’w” + dlewv> )
—00 Tw
R g, o ) ' (4.41)
ot (:2,2) = bl = Oz, 2,2) = [ (bue™ +Bhein)
oo V2w
where
gy, = awe—i-iwC”(z,z)’
. (4.42)

b, = bwe—iwC(z,Z)'

Note that the boundary conditions on the boundary graviton at i’ impose C(z,%2) =
—C~(z, %), but we will keep them independent for now.

To compute the effect of soft hair on the process it suffices to recall that eq. (1.10) in
the Introduction implies that dressed variables evolve independently of soft variables. It is
straightforward to check that eq. (1.10) applies also to the Vaydia metric. In fact the fields
defined at Z* are independent of all variables defined at the horizon by locality, so the
derivation given in the Introduction can be carried out word by word also in the present
case. Since dressed variables do not interact with soft variables, while their interactions
with radiative variables are proportional to G, they do interact only with the background
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in the limit G — 0, Rg = 2GM = constant. This means that the standard derivation of
Hawking follows through unmodified for the dressed variables; namely:
o0
Bw = / dw’ (Oéww’&w/ + wa/&:[)/) )
o (4.43)
BI} = / dw’ <a:w’alf + Bj;w/dw’) .
0

The coefficients o, and B, are exactly those given in (4.40). This implies the following
relation for the undressed operators

[e.e]
by, = / du’ (élww’aw/ + wa’al/) )
o (4.44)
b = /O de <o?$w,al/ + ﬁg;w,aw/),
where [ |
&= e wC(z,2)+w'C~(2,2) 7
Aww ww' ) o (445)
B = walez[wc’(z,z)—w C (z,z)].
The flux of outgoing particles is given by
(n) = (blb,,). (4.46)
More generally, one could calculate the correlation function
(bllbw) = /dw/B:le//Bw2w/
(4.47)

= e—i(uq—wg)C(z,E) /dw/B:z UJ'BCAJQOJI'
1
Following Hawking’s derivation [32, 33] the last integral can be evaluated to give

—i(w1—w2)C(2,z
<bL1bw2> —e ( 1 2) ( )<bL1bw2>Hawl§ing (448)

_ e_i(wl_wg)C(z,E)‘tw|2(627rwn_ . 1)_15(0‘}1 — wQ).

—i(w1=w2)C(2.2) ip the result for

We see that the dressing operators introduce a phase factor e
the flux of outgoing particles, compared to the original derivation of Hawking. However,
this phase disaapears as a result of the delta function é(w; — we). Higher point functions

will also contain a phase factors

(n) = emmAeOED (e (4.49)

that will vanish in a similar manner due to the delta function.

Let us have another look at the effect of the phase factor. Using the boundary condition
C(z,z) = —C~(z,2z) we see that the dressed Bogolyubov coefficients are related to the
undressed ones by

dww’ = [awwl]vo—)v0+c(3u5) ’ (4 50)
Buw = [ﬁww’]vo%vo—i-c(z,f)'

Namely, the effect of the dressing is to shift vy by an amount C(z, 2).
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We end this section with a few remarks on the result (4.45). First, we would like to em-
phasize that the effect of the dressing on the Bogolyubov coefficients (4.45) is independent
of the details of the gravitational collapse. Namely, corrections due the details of collapse
will only affect the undressed Bogolyubov coefficients «y,,, 8., while the dependence on
the dressing in (4.45) will remain unchanged. We also note that the phase factor does
not appear in any observable. As we have seen, it vanishes in the correlator <bIJ1 bu,) due
to the delta function d(w; — wa). Other correlation functions, like (by, bu,) ~ 0(w1 + w2),
which could potentially depend on the dressing’s phase factor, vanish identically due the
delta function since both w1, wy are positive. These results imply in particular that correla-
tion functions of the form (@ous(u1, 21, Z21) Pout (U2, 22, Z2)) Will not depend on the dressing’s
phase factor. We therefore conclude that the dressing is not observable with local operators
defined on ZT, for a gravitational collapse and particle creation near a black hole horizon
in the limit G — 0, Rg = constant.
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