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1 Introduction

One of the most useful examples of a black hole is the hole made with D1, D5, and P
charges in string theory. The microscopic entropy for these charges, Smicro, agrees with
the Bekenstein entropy, Spek, obtained from the classical gravity solution with the same
charges [1, 2]. Further, a weak coupling computation of radiation from the branes, I"picro,
agrees with the Hawking radiation from the gravitational solution, I'iawking [3, 4]-

AdS3/CFT;y duality [5-7] states that the near horizon dynamics of the black hole is
described by a 141 dimensional CF'T called the D1-D5 CFT. The momentum charge P
is carried by left moving excitations of this CF'T. The CFT has a ‘free point’ called the
‘orbifold CFT’, where the theory can be described using free bosons and free fermions on
a set of twisted sectors [8-14], see [15] for a review of the D1-D5 brane system.

At the orbifold point all states which have only left moving excitations are BPS; i.e.
they have energy equal to their charge. This need not be true as we deform the theory
along some direction in the moduli space of the D1-D5 CFT. Some of the states which were
BPS at the orbifold point will remain BPS, while others can pair up and ‘lift’.

In this paper we will look at a specific family of D1-D5-P states which are BPS at the
orbifold point but which lift as we move away from this free point towards the supergrav-
ity description of the black hole. We use conformal perturbation theory to compute the
lifting at quadratic order in the coupling A. The form of this lifting will tell us about the
behavior of string states in the gravity dual, and shed light on the nature of the fuzzball
configurations that describe black hole microstates [16-20].

We now summarize the set-up and the main results.



Figure 1. (a) N singly-wound component strings in their vacuum state wrapping the S*; this gives
the vacuum of the theory. (b) n of these N copies have been excited by the application of current
operators.

1.1 The D1-D5 CFT

We consider type IIB string theory compactified as
Mg?l — M4,1 X Sl X T4 . (11)

We wrap nq; D1 branes on S' and ns D5 branes on S! x T%. The bound states of these
branes generate the D1-D5 CFT, which is a 141 dimensional field theory living on the
cylinder made from the S' and time directions. This theory is believed to have an orbifold
point, where we have

N = nins (1.2)

copies of a ¢ = 6 free CFT. The free CFT is made of 4 free bosons and 4 free fermions in
the left-moving sector and likewise in the right-moving sector. The free fields are subject
to an orbifold symmetry generated by the group of permutations Sy; this leads to var-
ious twisted sectors around the circle S'. The field theory is a CFT with small ' = 4
supersymmetry in each of the left and right-moving sectors; thus the left sector has chiral
algebra generators L, Gir, J5 associated with the stress-energy tensor, the supercurrents,
and the su(2) R-currents (the right-moving sector has analogous generators). The small
N = 4 superconformal algebra and our notations are outlined in appendix A.

1.2 The states of interest

Consider the untwisted sector, i.e. the sector where each copy of the ¢ = 6 CF'T is singly
wound around the S'. The N copies of the ¢ = 6 CFT can be depicted by N separate
circles; we sketch this in figure 1. We consider the NS sector. If all the copies are unexcited,
we get the vacuum state |0) as shown in the left panel of the figure; the gravity dual of
this state is AdSs x S3 x T4.

We will now consider a set of excited states, proceeding in the following steps:

(i) Consider the state where N — 1 copies are in the NS vacuum state, and one of the
copies is excited by application of the operator

J-i-

T ome1) - NAPWAR (1.3)



on the NS vacuum. This is illustrated in the right panel of figure 1. At the orbifold
point this operator has quantum numbers
(h h) = (m®,0),  (j,4) = (m,0) . (1.4)
Thus the energy of the state at the orbifold point is
FEorvitold = h+ B = m2 . (15)
At the orbifold point, the excitation is BPS since the right movers of the CFT are in
the supersymmetric ground state on all copies.

We will argue that when we move to the supergravity domain, this state can be
heuristically described by a string localized at the center of the AdS space. Because
the excitation is a string rather than a supergravity quantum, the energy will change
away from the orbifold point (1.5); we write the extra energy as

E — Eowifold = AE . (1.6)
(ii) Suppose we place the excitation (1.3) on two copies of the CFT. At the orbifold point
we have
(h,h) = (2m?,0),  (j,j) = (2m,0), (1.7)
and
Eorbifold = 2m” . (1.8)

At the supergravity point in the dual theory, our heuristic picture will have two
strings placed at the center of AdS. Each string will have an extra energy AE as
before. But there will also be some gravitational attraction between these strings,
which will lower the energy by some amount AFEg,,. This suggests that the energy
at the supergravity point will have the schematic form

E — Eomifold = 2AE — Egrav . (19)

(iii) Now suppose we place the excitation (1.3) on n out the the N copies. In the dual
gravity description we have n strings. We get a positive energy from each of the n
strings, and a negative contribution to the energy from the attraction between each
pair of strings. Thus the total energy has the schematic form

nin—1
(2)Egrav , (1.10)

where we have added a subscript n to the energies to indicate the number of copies

E, — Eorbifold,n =nAE —

which have been excited.

(iv) Finally we place the excitation (1.3) on all the N copies of the ¢ = 6 CFT. In this
situation we know the energy E exactly, because this state is obtained by a spectral
flow of the vacuum by 2m units. We have

EN — Eoifola, N =0 (1.11)

To summarize, the quantity E,, —Eqghifold,n should have the schematic behavior depicted
in figure 2: it vanishes at n = 0, rises for low values of n, then falls back to zero at n = N.



» N

n=0 n:N

Figure 2. A schematic plot showing the energy lift when n out of the N copies of the ¢ = 6 CFT
are excited. The lift vanishes when n = 0 and when n = N: the n = 0 state is the vacuum and the
n = N state is a spectral flow of the vacuum.

1.3 The results

In this paper we study the deformation of the D1-D5 CFT off the orbifold point towards

the supergravity point, upto second order in the coupling A. We show that, at this order,

the energy E, of the family of the states we consider in eq. (1.3) indeed has the form

depicted in figure 2:

o2 Dm? — 4]
2 T[m2—1]

where m is the number of the R-currents in the initial state (1.3), see section 7 for details.

((En — Eorbifold)) = A n(N —n), (1.12)

We also consider the case where the IV copies of the CFT are grouped into twist sectors
with winding %k each, and then excited in a manner similar to that discussed above, We
again find an expression of the energy lift of the form (1.12).

Finally, we note a general property of the computation of lifting at second order. If
the deformation operators join two component strings and then break them apart, the
covering surface arising in the computation has genus 0. If on the other hand the defor-
mation operators break and then rejoin a component string, the covering space arising in
the computation has genus 1. The maximally twisted sector can only exhibit the second
possibility; this suggests that the large class of unlifted states needed to explain black hole
entropy may lie in this sector.

There are several earlier works that have studied conformal perturbation theory, the
lifting of the states, the acquiring of anomalous dimensions, and the issue of operator
mixing, in particular in the context of the D1-D5 CFT. In particular, [21] studied the
lifting of states in the pp-wave limit, and matched the results to a computation using
string states on AdS. For other related computations, see for example [22-37].

1.4 The plan of the paper

In section 2 we outline the computation that gives the lift to second order; in particu-
lar we explain why the issue of operator renormalization does not arise to this order in
our problem.



In section 3 we describe the deformation operator and the states whose lift we are
interested in.

In section 4 we compute the vacuum correlation function of two twist-2 operators; we
call this the ‘base’ amplitude, as it appears as a starting element in the computation of all
other correlation functions.

In section 5 we compute the lifting of energies of the states under consideration.

In section 6 we consider global modes and use our approach to show that they are not
lifted under conformal perturbation, to the order we study, as expected.

In section 7 we perform the needed combinatorics to extend our result to the case
where we have an arbitrary number N of component strings.

In section 8 we compute the lift for the case where the component strings on the initial
state are grouped into sets with twist k& each.

In section 9 we analyze the nature of the covering space in different instances of second
order perturbation theory, and find a special role for the maximally twisted sector.

Section 10 is a general discussion, where we state the physical implications of our
results.

2 Outline of the method

In this section we first outline the conformal perturbation theory approach that we will
use to compute the lifting of energies. We then derive a general expression for lifting to
second order.

2.1 Conformal perturbation theory on the cylinder

We proceed in the following steps:

(a) Suppose we have a conformal field ¢ with left and right-moving dimensions (h,0).
On the plane, the 2-point function is

(@(2)0(0))o = — . (2.1)

where the subscript “0” corresponds to the unperturbed theory. After a perturbation
of the CFT, the conformal dimensions can change to (h + 0h,dh). The left and right
dimensions must increase by the same amount, since h — h must always be an integer
for the operator to be local. The operator gg in the perturbed theory, having a well
defined dimension, will also in general be different from ¢. So we should write

p=¢+0¢. (2.2)

We will see, however, that to the order where we will be working, the correction 5(13
will not be relevant (see egs. (2.16), (2.23), (2.25), and footnote 1). We can then write

1 1 1

_ 1
(¢(2)$(0))pert = S = e 25hlog|2| 4, (1~ 26hlog 2]), (2.3)



where the subscript “pert” corresponds to the perturbed theory. Thus the perturba-
tion to the 2-point function has a correction term of the form ~ z~"log|z|, and the
perturbation to the dimension dh can be read off from the coefficient of this term.
For more details on the analyses of conformal perturbation theory in two and higher
dimensional CFTs see, e.g. [38-45].

We will find it convenient to work on the cylinder rather than the plane, so let us
see how the expressions in (a) change when we work on the cylinder. The cylinder
coordinate is given by

z=eY, w=T+io0. (2.4)

Consider the state |¢) corresponding to the operator ¢; we assume that this state is
normalized as

(Ploho=1. (2.5)

As will become clear below, we can ignore the change d¢ in this state itself. Let us
also assume for the moment that the energy level of ¢ is nondegenerate. We place
the state |¢) at 7 = —% and the conjugate state (¢| at 7 = % We compute the
amplitude A(T) for transition between these two states. In the unperturbed theory,

we have for our operator ¢ with dimensions (h,0):
A(T) = (ol |g) = e, (2:6)

where the energy of the state is £ = h 4+ h = h, and H® is the Hamiltonian in the
unperturbed theory. After the perturbation, we get

A(T) + 6A(T) = (g|e”HOFSIT| gy — o= (h+20W)T o o=hT _ o5p Te=hT  (2.7)
Thus, we can read off 6k from the coefficient of Te™" in §A(T).

With these preliminaries, we now set up the formalism for situation that we actually
have. In our problem, the space of operators with dimension (h,0) is degenerate.
Thus, we consider the case where we have operators ¢,,a = 1,...,n, all with the same
dimension (h,0). Let the remaining operators having well defined scaling dimensions
be called ¢,,; there will in general be an infinite number of the ¢, (), with dimensions
going all the way to infinity. These operators are normalized as

<¢a’¢b> = 5ab7 <¢,u|¢u> = (5/,1,1/ y <¢a’¢,u> =0. (2'8)

After the perturbations, there will be a different set of operators which have well
defined scaling dimensions; let these operators be denoted by a tilde on top. We
separate these operators into two classes. The first class is the operators that are
deformations of the degenerate set ¢,,a = 1,...n. We call these deformed operators
cZ;a/()\), a’ =1,...n, where we have explicitly noted the dependence of these operators
on the coupling A. The second class is comprised of the remaining operators in the



deformed theory which have well defined scaling dimensions; let us call these (]3“(/\).
We assume that these operators are normalized

(G N|oy (V) =8, (SuMNow(A) =0y (D (N)]@u(N) =0.  (2.9)

The ¢, have conformal dimensions of (h + 0hg(N), 0he(N)). The energies of the
unperturbed states ¢, and the perturbed states q@a/ are therefore

E=h+h=h, Ey=h+25hy()), (2.10)
We expand the perturbed energies as

Ey(\) = E+AEY + EQ 4. (2.11)
1) 2)
By = Ey+ B + NED 4. (2.12)

Let us now consider the expansions of operators themselves. We can write

ar (V)

/ = C’a’a(/\)¢a+ba’u(/\)¢#’
Qg,u’()‘) =F

u’a()‘)gba + é/ﬂll()‘)d)l/ ) (213)

where Cuq, Dy, Flya, and Gy, are A-dependent expansion coefficients. We can
invert these expansions to write

¢a = Caa’()‘)gga’()‘) + Dau’()‘)q;u’()‘) s
¢u = ,ua’()‘)(ga’()‘) + G/w’O‘)(Z;z/()‘) . (2'14)

Finally, we expand the coefficients above in powers of A:

Coar (V) = C9 42 + 2262 +

a/

0 1 2
Doy (N) = DY), + AD), + 32D + .. (2.15)

Q

Thus, in particular ¢, can be expanded as
b0 = COGw + AC VG + X2C G0 + -+ ADN G + -+ (2.16)
The condition (2.8) gives at leading order

cOcOr — s, . (2.17)
The reason all these preliminaries are needed is that when computing an amplitude
in perturbation theory we find ourselves in the following situation. The operators in
the amplitude are taken to be the unperturbed operators ¢, ¢, since these are the
ones with well understood and explicit constructions. But the operators that have
well defined scaling dimensions are the G ‘ZEM? which are not explicitly known. Thus
we would compute an amplitude of the type

Ag(T) = <¢b (%) ‘e—(H(o>+5H(A))T‘¢a (_%) > . (2.18)



Here the operators ¢, ¢, are operators in the unperturbed theory, and therefore
explicitly known to us. But these unperturbed operators do not give eigenstates of
the full Hamiltonian H(®) +§H (\); the latter eigenstates correspond to the perturbed
operators J)ar, g?)ul. Thus we have

(@ (3) ‘e_(H(o>+5H(A))T’q3a/ (=1) > — e EaTs
<qu, (%) o~ (HO+6HO)T 9?’;4’ (_%) > _ e_Eﬂ’Téu/l,/,
(B () [ HOHHOTIG, (-2) ) = 0. (2.19)

Substituting the expansions (2.16) in eq. (2.18), we find

da(-3))

= (W acu + 220+ ) (el k) + a2+ )

aa aaq

Au(T) = (6 (§) e 010 0mODT

Xe—(E+,\EE(L}>+,\2ES)+... )T

n )\QDE();)*D((IBe—(Eu—i-/\Ele)—i-/\QEff)+... T (2.20)
In general amplitudes like Ay, (7)) are functions of the fields like ¢, ¢, placed at the
upper and lower time slices, the time interval T" between the slices, and the coupling
A. From the set of such amplitudes, we can extract the perturbed dimensions of the
theory. We will do this below, but first we note that it is convenient to expand the
above amplitude in powers of A

Aap(T) = AD 4240 4 2242 4. (2.21)

We first look at the coefficient of ATe™#7 in (2.20). This coefficient is found to be

0 1 0)*
~ Coa By Gl (2.22)
We can write the above relation in matrix form, defining (AM"),, = A((i))’ (), =
C((z((B’ and (EW)qy = 5a/b/EC(L}). This gives
AW _y _7eETAH0) () AOF (2.23)

where the arrow indicates that we are writing only the coefficient of Te #7 in AQ),

We now note that, in our problem, the amplitude A,(7") has no terms at O(\). This
is because, as we will see in the next subsection, the deformation operator D which
perturbs the theory away from the orbifold point is in the twist 2 sector, while the
states |¢q) and |¢p) are in the untwisted sector. The 3-point function (¢y|D|¢,) then
vanishes due to the orbifold group selection rules. From eq. (2.17) we see that C
is unitary. Thus the vanishing of the above contribution tells us that EMD = 0; ie.
EEL,I) =0forall a € {1,...,n}.



Now we look at the coefficient of A2Te=F7 in A, (T) in eq. (2.20). We find

A5 = —re T (cOICr B ) (2.24)

a

In matrix form, this reads
Ay _TeETE0O) p(2) 6Ot (2.25)

Thus, if we compute the matrix A® and look at the coefficient of —Te FT then the
eigenvalues of this matrix give the corrections to the energies upto O(A\?):

E® = 2h, (2.26)

and the eigenvectors give the linear combinations of the ¢, which correspond to

operators with definite conformal dimensions.!

(e) In our system, we have states |®(™) labelled by a parameter m € Zsg, see eq. (1.3).
As we go to higher m, the number of states with the same conformal dimensions as
|Q>(m) ) increases; in fact even for the lowest interesting value, m = 2, the number
of degenerate states is large enough to make the computation of the matrix Aﬁ)

difficult. We will be interested in computing something a bit different. The state

|®(m)) of interest to us is one of the states |¢q); let us call it |¢;). Then we compute
the quantity Aﬁ) in eq. (2.24). From (2.25) we see that the coefficient of —T'e~F7 in

A®) g

Do 1Cw B =3 [(buwlon) By (2.27)
a’ a’

Thus we get the ezpectation value of the increase in energy for the state |¢;) = |®™)).
Computing this quantity will allow us to make our arguments about the nature of
lifting of string states.

2.2 The general expression for lifting at second order

In the above discussion we have expressed the amplitude Ay, in eq. (2.21) in terms of
Hamiltonian evolution. But we will actually compute A, using path integrals, since the
perturbation is known as a change to the Lagrangian rather than a change to the Hamil-
tonian:

So — Spert = So + )\/deD(w,w) , (2.28)

where D(w,w) is an exactly marginal operator deforming the CFT. As mentioned before,
A((l? = 0, see the discussion below eq. (2.23). We will work with the next order, where
we have

AD(T) = ;<¢b () ‘(/dzwgD(w2,w2)> (/d%lp(wl,wl)) 6o (—T) > (2.29)

We note that, as mentioned below eq. (2.5), 8¢ defined in eq. (2.2) does not appear in the expectation

value up to second order in perturbation theory. 6(2) corresponds to the terms with the ¢ and D®
(i € Z>o) coefficients in eq. (2.16) and do not appear at the first and second order amplitudes in egs. (2.23)
and (2.25), respectively.



where the range of the w; integrals are
0<oi<2r, —-L<m<i. (2.30)

Before proceeding, we write the initial and final states in a convenient form. The local
operators like J%(w) in the CFT depend on time 7. Thus if we create the state |1),) by the
application of such an operator, then the value of 7 at the point of application is relevant.
But if we expand in modes J*(w) = >, J2e™, then the operators J¢ do not have the
information about the point of application. It is convenient to write the state in terms of
mode operators like J?, and so we need to factor out the 7-dependence explicitly.

For 7 < —L | the state is the NS vacuum |0). Suppose that the state created at 7 = —%
has energy E. Then we have

_ET
6(=5)) =2 12), (2.31)
where the state |®) is written with upper case letters: this will denote the fact that this
state is made from modes like J2 which have no 7-dependence. Similarly, the final state is

($(5)|=e 5 (9] . (2.32)
Eq. (2.29) then reads:
AQ(T) = ;eET<‘I’b (2) (/d2w2D(w27w2)> </d2w1D(w17w1)>"1’a (—§)>
(2.33)

To compute A((j)), we proceed as follows:

(a) Since @, has the same energy as ®;, the integrand depends only on
Aw = wy —wy . (2.34)

It would be convenient if we could write the integrals over wy, w9 as an integral over
Aw, and factor out the integral over

s = %(wl + ws) . (2.35)

We cannot immediately do this, however, as the ranges of the 7; integrals given
in (2.30) do not factor into a range for Aw and a range for s. But for our case, we
will see that we can obtain the needed factorization by taking the limit 7" — oo.

Suppose that w; < ws. In the region —% < 7 < 71, we have the state ®,, and

Hamiltonian evolution gives the factor ~ e~ 7. Similarly, in the region 7 < 7 < %,
we have the state ®;, and Hamiltonian evolution gives ~ e~ 7. In the region 71 <

—ExT - As we will show

T < T9, we have a state @ with energy E}, giving a factor ~ e
below, we have
E,>FE+2, (2.36)

so that the integrand in A((j;) in eq. (2.33) is exponentially suppressed as we increase

Aw. Thus we can fix w; = 0, and integrate over we = w to compute

<¢b (%) (/deD(w,u‘))) D(0)|pa (—§)> . (2.37)

~10 -



Here the w integral ranges over 0 < o < 2, —% <7< % The 7 range is large in
the limit 7" — oo. But the contributions to the integral die off quickly for |w| > 2.
Integration over w; then just gives a factor

/d2w1 — 2T . (2.38)
Thus in the limit 7" — oo, eq. (2.33) reads

(/deD(w,w)> D(O)‘(I)a (—§)> . (2.39)

To prove eq. (2.36), we note that Ej must lie in the conformal block of some primary

AD(T) = (2rT) ;e_ET<CI)b (%)

operator x with dimensions (hy, hy ). Thus, we need a non-vanishing 3-point function

f={(¢a(21) D(22, 22) x(23, 23)) - (2.40)

Since ¢, has dimensions (h,0), there is no power of zZo — Zz; in the correlator. Since
D has dimensions (hp,hp) = (1,1), this implies that h, = 1. Further, since the w;
are integrated over the spatial coordinates o; with no phase, the state ¢; must have
the same spin as ¢q; i.e. by, — Ex = h. Thus we have

(hys Bry) = (h+1,1) . (2.41)

and the lowest state Ej corresponding to such a primary has E, = E + 2. If we have
a descendent of this lowest state, then we have Ey > E + 2. Thus we obtain (2.36).

Now consider the integrand of A((j,) in eq. (2.39). We have the correlation function

(®a| D(w, w) D(0) |®p) - (2.42)
The right-moving dimensions of ®, and ®; are zero, so the antiholomorphic part of
this correlator is (0| D(w) D(0) |0). Since hp = 1, we find

Ch

(0] D(w) D(0) |0) = m
2

(2.43)

for some constant Cy. The left moving part is more complicated and we will calculate
it in later sections. But this part also has the same singularity as the right movers
when the two D operators approach. So the full correlator will have the form

Qab(w) 1

®,| D(w, @) D(0) |dy) = . 9.44
< ‘ (’lU ’U)) ( )| b> Sinh2 (%) sinh2 (%) ( )
We define )
Xo(T) = / d*w Qa‘;(w) . (2.45)
sinh (%) sinh (%)
The amplitude (2.39) then reads
AD(T) = %(QWT) e BT Xop(T) . (2.46)

- 11 -



(c)

(iif)

To evaluate eq. (2.45) we write

B 2 Qab(w 1
Xap(T) = /d wsinh2( ) sinh® (%)
w

= /d2wsinh (aﬁ,coth (%))

— —2/d2w8w m coth(g))

=1 w A co w

N /cd <sinh2 (%) th(ﬂ) ) (2.47)

where in the last line we have used the divergence theorem in complex coordinates.

~—

O
Q
ol S
—
—~
~—
O
IS}
=
S
=

O
s

The boundary integral is defined over a contour C' consisting of three parts:

C1: the upper boundary of the integration range at 7 = % This integral, which we
call I, runs in the direction of positive o. Note that i(dw) = i(ido) = —do and
we have
2m
Qab(w) D
Io, = — do | ———~ coth (¥ . 2.48
“ /0 (sinh2 (%) () (248)

C5: the lower boundary of the integration range at 7 = —%. The contour runs in the

direction of negative o. The integral is called I, and has the form
I, = /27r do Qun(w) coth (%) (2.49)
= Jy % w2 () ) |

Cs: an integral over a small circle of radius € around the origin where we have the
operator D(0). The contour here runs clockwise as this is an inner boundary of the
integration domain. We therefore write it as

2

= —3 w 7Qab(w) co o
Ic, = /|w|:6d (sinh2 (w) th(2)> (2.50)

where now the integral runs in the usual anticlockwise direction. The integral over
(5 contains divergent contributions from the appearance of operators with dimension
h 4+ h < 2 in the OPE D(w,w)D(0,0). These divergences have to be removed by
adding counterterms terms to the action. Thus we get

ICg + ICg, counterterm — ICg, renormalized - (25 1)

Then eq. (2.47) reads

Xab(T) = IC1 + ICz + ICg,renormalized . (252)

Figure 3 shows the locations of the three contours.

- 12 —



lc, |w|=€

IC /\r:_z

2\<_/ 2
N
w

Figure 3. Here we show the locations of the three boundary contour integrals, Ic,,Ic,, and I¢,
given in equations (2.48), (2.49), and (2.50) respectively.

(iv) Let us now summarize the above discussion. As mentioned in section 2.1(d), we com-
pute Aﬁ) = A® for just one state |®1), see eq. (2.27). This will give the expectation
value of the increase in energy of |®1). From eqgs. (2.46) and (2.52) we obtain

A(Q) (T) = 7TT€_ET (ICl + IC2 + ICg,renormalized) . (253)

Finally, for our state |®1), the lift in the expectation value of the energy is given
by the coefficient of —Te~#7 in the limit 7' — oo, see egs. (2.25) and (2.26). Thus,
we find

(E@) = —7 lim Xo(T) = —7 lim (Ig, + Ic, + Iy, renormalized) - (2.54)
T—00 T—o00

3 Setting up the computation

3.1 The deformation operator

The orbifold CFT describes the system at its ‘free’ point in moduli space. To move towards
the supergravity description, we deform the orbifold CF'T by adding a deformation operator
D, as noted in (2.28).

To understand the structure of D we recall that the orbifold CFT contains ‘twist’
operators. Twist operators can link any number k out of the N copies of the CFT together
to give a ¢ = 6 CF'T living on a circle of length 27k rather than 2w. We will call such a
set of linked copies a ‘component string’ with winding number k.

~13 -



The deformation operator contains a twist of order 2. The twist itself carries left and
right charges j = :t%,; = i% [47]. Suppose we start with both these charges positive; this
gives the twist a; *. Then the deformation operators in this twist sector have the form

D =P80, = PABG;_%G*’ Loit (3.1)
Here PAB is a polarization. We will later choose
PAB = (AB (3.2)
where €™~ = —1. This choice gives a deformation carrying no charges.

We will omit the subscript 2 on the twist operator from now on, and will also consider
its holomorphic and antiholomorphic parts separately. We normalize the twist operator as

(3.3)

We note that [25, 26, 48]

G, .0 ——G+ o (3.4)
T2 T2

It will be convenient to write one of the two deformation operators as Gg’_ 1 oT and the
other as —Ggﬁéaf. We will make this choice for both the left and right movers, so the
negative sign in (3.4) cancels out. Thus on each of the left and right sides we write one
deformation operator in the form G;_ 1 oT and the other in the form GJAE_ 1 0.

From (3.3) we find that on the cylinder

(0o~ (wa)o (wn)]0) = -
2 sinh (%)

where
Aw = wy —wy . (3.6)

3.2 The states

We start by looking at a CFT with N = 2; i.e., we have two copies of the ¢ = 6 CFT (we
will consider general values of N in section 7). The vacuum |0) with h = j = 0 is given
by two singly-wound copies of the CFT, i.e. there is no twist linking the copies, and the
fermions on each of the copies are in the NS sector. Thus we can write

0) = 10)®[0), (3.7)

where the superscripts indicate the copy number.

We consider one of the copies to be excited by the application of m R-current operators.
The orbifold symmetry requires that the state be symmetric between the two copies, so
the state we take is

|q)(m)> - (J‘H )

(O 1
E‘(

D)yt
BRI Ar A )|0>

N+ ), (38)
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Figure 4. The cylinder with the locations of the initial state |®(™)) at 7 = —Z the final state
(@™ at 7 = L, and the two deformation operators G;lor+ and GZO’7 at w1 = 0 and we = w,

respectively.

where in |®(™)() the excitations act on copy i. This state has

(h,h) = (m*,0),  (5.7) = (m,0) . (3.9)
The energy of the state is
E=h+h=m? (3.10)
and its momentum is
P=h—h=m?. (3.11)

The final state is the conjugate of the initial state

m 1 -(1) ;1) (1) -(2) ;=) -2
(2] = 2= (0 R B I e R St IR G A P
4 The vacuum correlator
As a first step, we compute the vacuum to vacuum correlator
T i (wa, wy) = <O|(Ga_%a_(w2)) (G;L_%J'F(wl)ﬂ()) ) (4.1)

The complex conjugate of this correlator will give the right moving part of the correlator
of A®(T), see eq. (2.39). Figure 4 represents the full state on the cylinder.
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4.1 The map to the covering space

To compute the vacuum amplitude T (w2, w1) in eq. (4.1) we first map the cylinder
labeled by w to the complex plane labeled by z:

z=e". (4.2)

We then map this plane to its covering space where the twist operators are resolved, see [46]
for the details of the covering space analyses. We consider the map

o (t+a)t+b) _ (4.3)
t
We have
dz ab
—=1-—=. 4.4
dt t2 ( )

The twist operators correspond to the locations given by % = 0; i.e. the points

t1 = —\/%, 1 = el = (\/>— \/5)2, (4.5)
tQZM, zzze‘”:(\/ﬁ+\/l;)2.

Note that
dz (t —tl)(t—tg)
—_— == 4.7
dt 2 ( )
We define
Aw = wy —wy, (4.8)
1
s = §(w1 + ws), (4.9)
Then we find
a = ¢* cosh? (%) , b= e®sinh? (%) . (4.10)
It will be useful to note the relations
a—b=2¢% z129=¢>, 2z —z9=—2¢°sinh (%) ) (4.11)
4.2 The ‘base’ amplitude
To compute the vacuum correlator Ty, j(w2,w) in eq. (4.1), we start by computing
U(wz,w1) = (0|0~ (w2) o (w1)]0) . (4.12)

We call this the ‘base’” amplitude since each correlator we compute will have this structure
of twist operators, and the only extra elements will be local operators with no twist.

The computation of correlators like (4.12) is discussed in [46, 47]. We briefly summarise
the computation by proceeding in the following steps:
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(i) We already mapped the cylinder labelled by the coordinate w to the complex plane
labelled by the coordinate z in subsection 4.1, through the map z = ¢*. We then
mapped the plane to the covering space, labelled by the coordinate ¢, though the
map (4.3). These maps generate a Liouville factor since the curvature of the covering
space is different from the curvature on the cylinder, and the change of curvature
changes the partition function due to the conformal anomaly of the CFT. Let this
Liouville factor be

L [Zl, 22] . (413)
(i) The twist operator ot (w;) has left-moving dimension h = 1 and transforms to the
plane as
1
dz ’ 3 +
<dw(21)> 0" (z1) =207 (=1) . (4.14)

Now consider the map to the cover. A twist o7 (z = 0) on the plane z transforms to
a spin field ST(t = 0) on the covering space? under the map z = t2. The spin field
has left-moving dimension h = 7. In the map (4.3) we have

1
z—n=Ct—t)?, C=-——, 4.15
(t—t) N (4.15)
so we have an extra scaling factor v/C furnishing ¢ compared to the standard map
z— 2 ~ (t —t1)?%, see [47]. Combining with eq. (4.14), we find that the twist 2
operator o (wy) transforms to the spin field S*(¢1) on the covering surface with an
overall factor

Ll VI

z

(VO)i = 22 (—\/}b)é : (4.16)

(iii) Similarly, the operator o~ (ws) transforms to the spin field S~ (t2) on the cover ac-

2 <\/1ch>8 . (4.17)

(iv) At this stage we have on the ¢ plane the amplitude

quiring an overall factor

(0[S™(t2) ST (t1)[0) - (4.18)

As discussed in footnote 2, the spin field S*(¢;) creates an R vacuum at t;. We can
make a spectral flow transformation around the point ¢t = ¢; to map this R vacuum to
the NS vacuum |0), see appendix B for a brief review. The NS vacuum is equivalent
to no insertion on the covering space at all, so we would have taken all the effects of
the twist into account. The spectral flow parameter needed is a = —1, and we obtain

ST (t1)]0) — |0) . (4.19)

2This is because fermionic fields have different boundary conditions in the odd versus even twisted sectors
of the symmetric orbifold. The NS sector fermions have the usual NS-type half-integer modes in the odd
twisted sector, whereas in the even twisted sector they have Ramond-type integer modes. The spin fields
account for the ground state energy in the Ramond (R) sector, see ([47], section 2.2) for details.
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Under such a spectral flow transformation, other fields in the ¢ plane pick up a factor
as given in eq. (B.2). Thus, the field S~ (t2) (which has R-charge j = —3) acquires a
1

factor (ty —t1)” 2.

(v) Now consider the spin field S~ (t2). We perform a similar spectral flow around the
point ¢t = to with a = 1. This gives

S™(t2)]0) — [0) . (4.20)

There are no other fields in the ¢ plane, so this time we get no additional factors from
the spectral flow.

(vi) We now just have the ¢ plane with no insertions. The amplitude for this vacuum state
is unity: it has been set to this value when defining the Liouville factor (4.13). Col-
lecting all the factors (i)—(v) above, we obtain the amplitude U(ws,w1) in eq. (4.12).

While we can compute U(ws,w;) as outlined above, it turns out that we do not need
to carry out these steps in this specific example: we already know the result from eq. (3.5)

1

2 sinh (%) )

U(wg,wl) = (4.21)
The reason we do not have to carry out the steps (i)—(v) explicitly here is that we have
only two twist operators in our correlator; in this situation the factors from steps (i)-(v)
can be absorbed in the normalization of the twists. However, if we have more than two
twists then we do need to compute all factors explicitly.

Even though we can compute U (w2, w;) without carrying out these steps, it is impor-
tant to list the steps since when we have other excitations in the correlator then we will
get additional factors from each of these steps. For later use, it will be helpful to also write
the base amplitude (4.21) in alternative ways using the relations in section 4.1:

11
2z (a—))

(22 — 21) B 4v/ab

4.3 The complete vacuum amplitude

U=

(4.22)

We now return to the computation of the vacuum amplitude T, i (w2, w1) defined in (4.1).
Consider the operator

1
G, =5 [ dwiG(wy). 4.23
We proceed in the following steps:
(i) We have
1 1 dz \ 3
— | dwiG(w)) = =— d’( 1>G‘.’ 4.24
27 J,, wy A(w1) i /Z1 “1\ Jw A(Z1> (4.24)

/

1
1 LAt rdZi N .,
-‘2ﬂij£‘”1<¢%) <dw3> @at)

]. 1 1
= — [ dt)(th —t1)"2(th —ty) 2t
3 J, A — ) (0 )7

N

() +a)2 (#h +b)2G (1)
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(ii) In section 4.2 above we have seen that we perform a spectral flow around ¢ = ¢; by
« = —1 and another one around ¢t = t5 by a = 1. These flows give the factors

GL(th) — (= t1) 2 (1 — 12)2 G (1), (4.25)
see appendix B. Thus, we obtain

1 1 1
o | autGRh) — o [ an - ) 06+ 06 )

270 Sy 211 Jy,
t3 (t +a)3 (b +0)2G () - (4.26)
(iii) Similarly we have
1
— / dw)GE(wh) — 22 (ty + a) 2 (ta + b)2 G () . (4.27)
2700 Sy c c

(iv) Apart from the c-number factors in steps (i)-(iii), we have the t plane correlator

OIGEE) GHI0) = e s (128)

(v) Collecting all the factors and noting the base amplitude (4.21), we find®
Toi(wa,wn) = (30 +a)b (b +0)3) (3 (1 + @) (6 + 1)) x

—2
X <€C’A (tg(— t)1)3U(IU2, wl))

(a —b)? 1
= = €pf —— e - 4.2
€cA 16 ab €cA 4 sinh? (A2w) (4.29)

The right moving part of the correlator in the integrand of A®)(T) in eq. (2.53) is
found by taking the complex conjugate of this expression and taking € ; — €5

<0’(G+D7_%J_<’U_Jg)) (G;7_%J+<’ll_)1>)‘0> =€pp m . (4.30)

5 Lifting of D1-D5-P states

In this section we evaluate lifting of the D1-D5-P states (3.8). We compute the left part of
the correlator appearing in the amplitude A®)(T), see eqs. (2.39) and (2.53). Analogous
o (4.1), we define

7@ (wa, wy) = (J’)<(I)(m) ‘ (Gg 0 (w2)) (G

Teim 1 i1t (w) |2 N (5.1)

where the superscripts (i), (j) indicate which of the two copies carries the current excitations.

3Since there are fractional powers in the expressions here, the overall phase involves a choice of branch.
But similar fractional powers appear in the right moving sector, and we can choose the signs as taken here
with the understanding that we choose similar signs for the right movers.
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5.1 Computing 7O

CAm (w2’ wl)

Let us start by computing Tgf)x(ig (wa,w1). We will see that this computation will automat-
ically extend to yield all the Téj-l(;)l(wg, wy) amplitudes.
The operator 7

j-i-,(m) =Jr

Fomo1y 50 (5.2)

has quantum numbers (h, h) = (m?,0) and (4, 7) = (m,0). With the commutation relations
given in (A.16), we find that 7, (2 = 0) generates a state with unit norm at z = 0. The
operator conjugate to J,! is

J—m = JrJy - J

) - (5.3)

We follow the same process by which we computed the amplitude Ty (w2, w1) in
subsection 4.3. The initial and final states have been written in terms of operator modes
and can therefore be assumed to be placed at 7 — —oo0 and 7 — o0, respectively. We
first map the cylinder w to the plane z. The currents in the initial state give the operator
J M) (z = 0) on copy 1. The currents in the final state give the operator j*’(m)(z = 00),
again on copy 1.

Next we map to the ¢ plane via the map (4.3). The point z = 0 for copy 1 maps to
t = —a. Thus, 5™ (z = 0) maps as

dt\m* a \m
+(m)(, — (7) M) (p — _g) — ( ) M) (g — _g) 4
THmE=0) — (2) 7= —a) = (1) T =) )
The point z = oo for copy 1 maps to t = co. We have z ~ t at t = 0o, so the operator
J ™) (z = 00) maps as

T (2 = 00) s T (¢t = o0) . (5.5)

We note that the state J(™|0) is obtained by spectral flow of the vacuum |0) by
a = 2m, see appendix B. Thus we can use the spectral flow by o = —2m to map j+’(m)\0>
to the vacuum |0). We will use this trick to remove the insertion of 7+ (™) on the t plane:
this reduces the amplitude to the one we had for T, ; (w2, w1) in eq. (4.29). (Note that when
we remove J (™) from any point in the ¢ plane, we remove at the same time the operator
T at infinity.) Figure 5 shows the covering space insertions for the unspectral flowed
amplitude, the amplitude with only spin fields spectral flowed away, and the amplitude
with both spin fields and currents spectral flowed away. )

Let us note the extra factors we get in computing TéA (w2, w1) in eq. (5.1) as com-

pared to T 4 (w2, w1) in eq. (4.29):

(i) From (3.8) we see that the initial and final states |¥(™)1) and (W) have a
normalization % each; this gives a factor

fi= (\}5)2 . (5.6)
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(c)

Figure 5. (a) The ¢ plane with the spin fields ST (¢;) and S~ (t2), the G contour circling ¢y, the
G, contour circling to, the J ™ contour circling t = —a, and the J ™ contour circling ¢ = oo.
(b) The spin fields, S* (1) and S~ (t2) spectral flowed away. (c) The spin fields ST (¢;) and S~ (t2)
and the currents J " and J ™ all spectral flowed away. All of the spectral flow factors are given

in subsection 5.1.

(ii) We have the factor obtained in (5.4) when mapping J+ (™ from the z to the ¢ plane:

J2 = <a i b)m2 : (5.7)

(iii) We perform a spectral flow by a = —1 around the point ¢ = ¢;. Under this spectral
flow, the operator J+’(m)(t = —a) picks up the factor

fa=(-a—t)". (5.8)
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(iv) We perform a spectral flow by = 1 around the point ¢ = ¢o. Under this spectral
flow, the operator j+’(m)(t = —a) picks up the factor

fa=(—a—t2)7™. (5.9)
(v) We perform a spectral flow around ¢ = —a by a = —2m. This gives
jJr’(m)’O)(t:fa) — ‘O>(t=fa) . (510)
We have the operator G, (¢t = t1); this picks up a factor
fs={t1+a)™. (5.11)
Likewise, the operator Gg(t = tg) picks up a factor
fo = (ta+a)™ . (5.12)

We are now left with just the amplitude (4.29). Combining egs. (5.6)—(5.12), we find

6 2 2
1)(1 €cil o \™ [(a—0b)
Téjsfnz(“’%wl):HfiTOA(MQ’wl): 02A<a—b> [ 16ab }
=1

cosh (Buw) )™
Loosh (5 L)U : (5.13)

5.2 Computing the remaining ng‘(i)

Suppose we fix o1 and consider the shift oo — 09+ 27. This gives Aw — Aw+ 2mi. Under
this change sinh(%) = — sinh(%), and so sinhQ(%) is invariant. Similarly, sinhQ(%)
is invariant. But cosh(%) — isinh(%). Thus, the integrand in (5.13) is not periodic
under o9 — 09 + 2mw. The reason is that when we move o9 through 27, we move from copy

1 to copy 2. This implies

(D) (2)(@)
TCA,m — TCA,m . (5.14)
Under the shift o9 +— 09 4+ 27 we find
(cosh (22))*™ i (—1)™(sinh (A2))*™ . (5.15)

Thus, we see that we can take into account all the four terms 70 by taking 7M1
and making the replacement

(cosh (32) )*™ = 2 ((cosh (32))™™ + (—1)" (sinh (82) )*™) . (5.16)
Collecting the left and right parts of the correlator, we find that
m? . w m?
((cosh (82))™™ + (~1)" (sinh (&2) )™

16 sinh? (%) sinh? (%)

(W™ D(w)D(0)[ W) = PABPCDe, e p s

(5.17)
Comparing with (2.44), we find that

L cosh (Aw 2m? _1)"(sinh (Aw 2m?
Q(m)(w) _ PABPCDECA €hp (( ( 4 )) + (16 ) ( ( 4 )) ) ' (5.18)
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5.3 Computing X (T) for m even

Due to the term (—1)™ in (5.18), it is convenient to treat the cases of even and odd m
separately. We consider even values of m in this subsection and treat the odd m case in
the next subsection.

We first compute the contour integral I, in eq. (2.48) in the limit 7 — co. To do so,
we set wy = w, w; = 0, and expand the functions in (5.18) in powers of e™. We find:

2m2 1 m?2 2m 2 k
(cosh (%)) = S ez Z 2 Che 2"
k=0
2m2 1 m? 2m? 2 k
(sinh (%))™ = 22767” Z 2 O (—1)Fem 2 (5.19)
k=0

where ™C,, are the binomial coefficients. Defining k = 2k/, k' € Z, we find

2
2m? . 2m? 2 m? - 2 o
(cosh (2) 2"+ (sinh (1)) = 20 3™ 2 et (5.0
k'=0
We also have
1 oo
e = 46T Y (I e (5.21)
. 12 )
sinh (%) P
— e —
coth (2) = (1+e™") Z e " (5.22)
n=0
We have I¢, in eq. (2.48) as an integral over w at 7 = L:
I, = —PABPPc,, e
2 &2 m?2 oo
1 " ez 2m? —K'w —w —lw
Xi 0 dO' W Z CQkJ@ € Z(l+ 1)6 X
7= k'=0 1=0
— 0 —
x ((1 +e )Y e_"w> : (5.23)
n=0
where the last bracket contains antiholomorphic factors of the form 1,e=%, 2%, .... We

will now argue that only the leading term, 1, survives from this bracket, in the limit 7" — oo.

7”2
To see this, note that the first bracket on the r.h.s. of (5.23) has a power e 2 . From the
second and third brackets, we can get a power e 1% with k; > 0 and from the last bracket
we can get a power e *2? with ko > 0. These factors give

(2
e(mTz_kl_kQ)Tel(T_kﬁb)a . (5.24)

We have

(5.25)

27 '(m2 k k )
(5 —ki1t+k2)o _
/0 doe 27,2 ey k2.0

2
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so that we have k; = ng + ko. The power of €™ then gives (since 7 = 1)
ekl (5.26)

Thus in the limit 7" — oo, the only surviving term is ko = 0, and therefore the last bracket
in (5.23) can be replaced by unity. We then get

2
klzk’+z+1:m7 (5.27)
which sets [ = mTQ — k" — 1. The condition [ > 0 then gives
2
K < % —1. (5.28)
Using (5.25), we find
2
m?_y
AB pCD m 2m? 2
Icl =-P P €COACDB 22m2 Z m Cgk/ (mT - k/)
k=0
S 'lm2 -1
—_ _PABPCD \/7? [m 2] (529)

‘CADB g T[m2-1]

We proceed similarly for the contour integral Ic, in eq. (2.49) at 7 = —%. This time
we expand the functions in (5.18) in powers of e":

w 2m? 1 7m—2w o 2m? Ew
(cosh(z)) = e 2 Z Crez? |

92m? P
2m?2 1 m2 2m? 2 k
(sinh (2))*™ = We*T“’Z 2 Cp(—1)kez® (5.30)
k=0

Defining again k = 2k’, k' € Z in these sums, we find

m2
(cosh () )>™ + (sinh (2) )*™ = 22%26—%% 3 oy (5.31)
k'=0

We further have

1 [e.e]
— = 4" (I+ 1), 5.32
bz () ~ 20T (552
— e —
coth (%) = —(1+¢%) Ze"w . (5.33)
n=0
Our integral becomes
Ie, = —PABPCPc,, e
2 2
1 [ 2077 | [ K g2 : -
X2/_ do W Z 2m Cleekw <€w Z(l + l)elw>
o=0 k'=0 1=0

X ((1 + e") i e”w) , (5.34)
n=0
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where the last bracket now contains antiholomorphic factors of the form 1,e?,e??, ...

Following a reasoning similar to that in the case of the computation for I, in eq. (5.23),
we find that only the leading term, 1, survives from the last bracket in the limit T — oco.
We then have

o 1
Io, = —PCDPABEC',AGDB 7227;2 Z 2m202k/ (mTQ — k‘/)
k'=0
2 1
b pAB V7 L[m? = 5]

We next consider I¢, in eq. (2.50), the contribution from the contour around w = 0.
For small |w| we have (with m > 2)

2
(cosh ()" + (sinh ()77 = 14+ Tou? 4., (5.56)
1 4 1
= 5.37
sinh? (%)  w? 3 (5:37)
2w
th(¥) = — — e 5.38
co (2) w + 6 + ( )
The leading term in the integrand (2.50) gives:
AB mCT i dw 1 AB mCT T
IC3 — —P BPCDGCAEDB 2/ —5 - = P BPCDECAEDB - - (5.39)
‘w‘zew w €

This is a constant independent of the states at the bottom and top of the cylinder in the
correlator, and will arise even if we replace these states with the vacuum state |0). Thus,
to maintain the normalization

(0j0) =1 (5.40)
of the vacuum at O()\?) we must add to the Lagrangian a counterterm proportional to the
identity operator, which generates an integral

AB pCD T
—pP*°P CCACDB 3 - (5.41)

IC’37 counterterm —

This cancels the divergent contribution to Ic,. The next largest terms in the integrand
of (2.50) give

L im2 dw 7 dw 1 dw
pABpCD . _Zm/ iy — - — —w | . 5.42
€CAEDB 39 /e o + 24 e w0 24 lw|=e w2 w ( )
We find that each of these terms vanishes. Higher order terms give contributions having

positive powers of |e| and so for these terms we have I, renormalized = O-
Finally, using (2.52), we find that for even m, X (™) (T) is of the form

L Tlm2—-1
lim XM = —pABpCD v Llm® = 5] (5.43)

T30 ‘CADE "4 Tm2—1]
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5.4 Computing X (T) for m odd

We next compute eq. (5.18) for odd values of m. Defining k = 2k’ 4+ 1, k' € Z we find that

2

m2—1
(cosh (2))>™ — (sinh (2))™ = 2;7126“"1‘% S 2 et (544)
k'=0

Proceeding just as for the case of even m, we find

(mzfl)i1
\B SO T 3 2 (m?—1)
Iey = =P PPecieps gmr D, " O (2 - kl)
k=0
2_ 1
_ pABpCD v T[m? — 5]
= PP ecatos g T o] - (5.45)
We also find, as before,
ICQ = ICN ICg,renormalized — 0. (546)
Thus, for odd m we get the same expression as for even m
2_ 1
- D pi Vv L[m? — 3]

5.5 Expectation values

We shall now compute the expectation value of the energy (2.54) for the states (3.8):

T 3 2_ 1
<E(2)> — —7 lim X(m) — PCDPAB m2 F[m 2]

A€DE = 24 5.48
o0 ‘CADE "y Tlm? — 1] (5.48)

We set the polarization PAB o correspond to a perturbation with no quantum numbers
pAB = AB (5.49)

We expect such a perturbation to correspond to the direction towards the supergravity
spacetime AdSs x S% x T*. Then we obtain

(5.50)

This is the main result of this section. We will generalise this result to arbitrary values of
N in section 7.



6 No lift for global modes

The chiral algebra generators of the CF'T at the orbifold point are described by a sum over
the generators of each copy:

Ty =7t et (6.1)

n n n

If we act with such a current on any state then the dimension of the state will rise as
h—h+n. (6.2)

There cannot be any anomalous contribution since the change (6.2) is determined by the
chiral algebra. We can use this fact as a check on the computations that we have performed;
we will perform this check for a simple case in this section.
Let us assume that we have two copies (as in the above sections); so N = 2. First
consider the case where we apply Jfl; this gives the state
) = 255 000 = 2 (74 ) (0010, (63)

where we have added a normalization factor to normalize the state to unity. This is the
same as the state |®(1)) defined in (3.8). From (5.50) we see that the lift vanishes in
this case.

Next consider the state

1
X2) = —=J 25T 4 10)V]0)®

- ;g (7T 7P 1000
1
= (Jfé”Jff” + JféZ)Jfl“)) 10y(D]0)(2)

= |x21) + Ix2:2)- (6.4)

3

+

The conjugate state is written in a similar way in two parts

(x2|l = (xea| + (x2.2! - (6.5)

Note that the state |y21) is (upto a normalization factor) the same as the state |®(2))
defined in (3.8).

We now consider the lift of the state |y2). There are four contributions to this lift.
The first has |x2,1) as the initial and final states, and this is proportional to the lift we
have computed for |®(2)), see eq. (5.50). Thus, this contribution is nonzero. But there are
three other contributions which involve |x22). When we add all these contributions and
subtract the identity contribution in (4.29), the lift is expected vanish as we now check.

—97 —



Computing the amplitudes by the same method as in the above sections, we find

1 < cosh® (%) sinh® (%) >

Gt - G- + — €
bl o o) (@G ol = ceag\ G qume ey ¥ Tame (32)

1 cosh® (M) sinh® (M)
Gt - G~ + Y 1) 7
Ozl (G, _yo™ (w)) (G5 o™ (w) ) €0A4< tsint? (32)  asmb? (A2) T
b )
4sinh? (42) )’
1 cosh® (M) sinh® (—“’)
G - G- ot — e = 1) _ 4
Ol (GG, g (w)) (G5 o () Ixze) 6CA4( Asint? (32)  4sinn? (32)
)
4 sinh? (%) ’
1/ cosh® (M) sinh® (M)
G+ - G~ + — .. 4 4
<X2’2‘( Cﬁ—%a (wQ))( Aﬁ—%g (wl))|X2’2> 6CA4<45111h2 %) + 4 sinh? (%) +
2
6.6
4 sinh? (%) (6.6)
We add up all four contributions and obtain
_ _ 1
<X2|(G2’_%U (w2))(GA’_%U+(w1))|X2> = EC'AM : (6.7)
Collecting the left at right parts of the correlator we find
B nOI 1 1
D(w,w)D(0 = PABPOPe e — . 6.8
(X2|D(w, w)D(0)[x2) €CA DB 16 sinh? (%) sinhZ (%) (6.8)
Comparing with (2.44) we have
Q=PABPPe, iep % . (6.9)

We want to compute Ic,,Ic, and Icy renormalized i €gs. (2.48)—(2.50). For I, insert-
ing (6.9) into (2.48) yields
21

.. .. 1 _
I, = —PABpCDc. .. / do| ————~—— coth (¥ . 6.10
C1 CA®DB -0 16 sinh? (%) (2) ( )

Inserting the expansions (5.32) and (5.33) give

1 27 0 _ > _
Io, = 4/ do <e—w —201(1)%—1“)) ((1 +e ™)y —1cn(1)”e—"w> . (6.11)
=0

o=0 n=0

This contour is evaluated at 7 = % with T"— oo. Since our expression only contains

negative powers of w and w, every term vanishes and we find that

Io, =0. (6.12)
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Similarly, for Ic, we find

toy = -2 [T [ S 201yt 1+w§:*10 —1)"e™” (6.13)
Co = 4/ Uelzo 1(—=1)e (1+4+¢€") n(—1)"e . .

o=0 n=0

This contour is evaluated at 7 = —% with T" — oco. Our expression only contains positive

powers of w and w and we find
Ie, =0 . (6.14)

For Ic,, inserting (6.9) into (2.50) yields

8 oo 1 @
_ _pABpCD_ . . w
Iy = =P P~ erjcppt /|w|=e dw (1681nh2(1§’) coth(2>> . (6.15)

Inserting the expansions (5.37) and (5.38) and taking the leading order term in the inte-
grand we have

AB pCD i dw AB pCD m
IC3 — —P4PP ECAGDB2/w:6 02T = P*°P GC’AEDB? . (616)
Using (5.41), we find
ICS,renormalized = ICS + ICS,counterterm = 0 : (617)
The expectation value (2.54) then reads
2 .
<E( )> - jll—r)rolo (Icl + ICQ + ICS,renormaliZed) = 07 (618)

proving the absence of lifting for the global mode in (6.4). From (2.27) we can now argue
that the global mode does not mix with any eigenstate that lifts. We have E((I,Q) > 0 for all
a’, since the states éa/ are chiral primaries in the right-moving sector, and therefore must
have Ah = Ah > 0. Thus, a vanishing of (E(®)) = 0 means a vanishing overlap of |x2)
with each of the ¢, which lift; from this it follows that |x2) remains an unlifted eigenstate
of the Hamiltonian.

7 General values of NV

So far we have considered two copies of the ¢ = 6 CFT: N = 2. The initial state had
two singly-wound copies; the twist operators twisted these together and then untwisted
them, so that we ended with two singly-wound copies again. In general, the orbifold CFT
has an arbitrary number N = nins of copies of the CFT. But as we will now see, for our
situation, the computation with two copies that we have carried out allows us to obtain
the expectation values for arbitrary N.
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7.1 The initial state

We have N copies of the ¢ = 6 CFT and each copy is singly-wound. Each copy is in the
NS sector. Out of these copies, we assume that n copies are excited as
+(i +(i) 74(i ; .

T oy I P0@ e {1, n) (7.1)
in the left moving sector, while the right moving sector is in the vacuum state |0). The
remaining N —n copies are in the vacuum state |0) on both the left and right sectors. This
state is depicted in figure 1.

There are VC,, ways to choose which strings are excited. Thus, the initial state is
composed of VC,, different terms, with each term describing one set of possible excitations.
The sum of these terms must be multiplied by a factor

1
N="c,) 2 (7.2)
in order that the overall state is normalised to unity.

7.2 Action of the deformation operator

When we were dealing with just two copies, we denoted the twist operator of the deforma-
tion by o¥; it was implicit that this operator would twist together the two copies that we
had, see subsection 3.1. But when we have N > 2 copies, then we need to specify which
two copies are being twisted. If the (i) and (j) copies are twisted, we denote the twist
operator by U(ii) Gy Thus the deformation operator (3.1) now has the form

~— ++
EELS D750 (7.3)

1<J

_ pAB—
D=P GA.

)

where 1 < 4,7 < N. The supercurrents G;i are given by a sum over the contributions from
each copy:

- _ —(0)
GA:ZGA : (7.4)

7.3 Expectation values for general values of N

We argue in the following steps:

(i) Consider the action of the first deformation operator on the initial state. Suppose this
first deformation operator twists together the copies (i), (j). Since we are computing
an expectation value, the final state must be the same as the initial state; thus the
final state must also have all copies singly-wound. So the second deformation operator
must twist the same copies i, j to produce a state with all copies singly-wound.

(ii) Copies other than the two copies that get twisted act like ‘spectators’; thus we get an
inner product between their initial state and their final state. If the initial state for
such a copy is unexcited, then the final state must also be unexcited, and if the initial

— 30 —



(iii)

(iv)

state is excited then the final state has to be excited. The inner product between
copies with the same initial and final state is unity.

Since the state of the spectator copies does not change, the number of spectator
copies which are excited are also the same between the initial and final states. As a
consequence, for the pair 4, j which do get twisted, the number of excited copies in
the initial and final states is the same.

We therefore find that there are three possibilities for the excitations among the
twisted copies 1, j:

(a) Neither of the copies (i), (j) are excited. In this case there is no contribution to
the lifting, as the vacuum state |0)()|0)) is not lifted.

(b) Both the copies (i), (j) are excited. But the state where both copies are excited
is a spectral flow of the state where neither copy is excited, as we have seen in
section 6. So again there is no lift.

(¢) One of the copies out of (i), (j) is excited and one is unexcited. There are four
contributions here: (1) Copy (i) excited in the initial state, copy (i) excited in
the final state; (2) Copy (j) excited in the initial state, copy (i) excited in the
final state; (3) Copy (4) excited in the initial state, copy (j) excited in the final
state; (4) Copy (j) excited in the initial state, copy (j) excited in the final state.
These are the four contributions we had in eq. (5.1). Thus summing these four
contributions gives the same anomalous dimension E(?) that we computed for
the case N = 2, see eq. (5.50), with an extra factor of 2 since we do not here
have the normalization factors % in the initial and final state. Thus, the pair

(1), (j) contribute 2E®?), with E() given by eq. (5.50).

Let us now collect combinatoric factors. First we select the pair (i), (j) out of the
N copies. This is done in Y Cy ways. Out of these two copies, one has to be excited
(as noted in (iii) above). Thus, out of the remaining N — 2 copies, n — 1 are excited.
These n — 1 copies can be chosen in ¥ ~2C,,_; ways, so this is the number of terms
which have the contribution 2E®). We note that 1 <n < N — 1.

Let us finally collect all the factors. We have a normalization factor (7.2) both
from the initial and final configurations, so we get a factor |A|?. Together with the
combinatorial factors from the previous paragraph, we find that the expectation value
is of the form:

(B = Eortioia)) = A(NCo) ™1 (VCo) (V720 1) (B
= Nn(N —n)(E®)

N|w
=
=2
|
S

= )\25 m (7.5)

The above expression gives the lifting to order O(A\?) for the case where we have
N copies of the seed ¢ = 6 CFT, and n of these are excited by application of the
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Figure 6. A total of N singly wound copies that have been linked into % ‘multiwound’ copies
each of winding k. A number n of these twisted sets have been excited by current operators.

operator J (™) (eq. (5.2)) which is composed of m currents. We note that N = 2
and n = 1 corresponds to the case studied in section 5, see eq. (5.50).

8 Multi-wound initial states

So far our initial state has consisted of IV singly-wound copies of the seed ¢ = 6 CFT. We
now consider the case where we link together k£ of these copies to make a ‘multi-wound
copy’. We assume that all copies are grouped into such sets; i.e. there are % sets of linked
copies, with each set having winding k. Note that this requires that N be divisible by k.
This case is depicted in figure 6.

For the case where the copies are singly-wound, the ground state of each copy was the
vacuum |0) with A = j = 0. A set of linked copies, however, has a nontrivial dimension,
see, e.g. [47] for the computation of the ground state energies in both odd and even twisted
sectors. We start with each set being in a chiral primary state |k) with

We now take n of these linked sets, and excite each of these by the application of current
operators:
kYew = I sy - I 5 T |K) (8.2)
TR KTk
This excitation adds a momentum
1 3 (2m—1) m?
E+%+...+7k =4 (8.3)

to this set of linked copies. This momentum must be an integer [49], so m? should be
divisible by k.

We wish to find the expectation value of the energy of the state constructed in this
way, see eq. (2.54). It turns out that this computation is related to the ones we performed
in the above sections by having multiply wound copies in the initial state instead of singly-
wound copies. We will now see that we obtain the expectation value for the multi-wound
case by going to a covering space of the cylinder, where we undo the multi-winding, and
then relating the computation to the singly-wound case.
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8.1 The action of the twist operator

Consider the action of the first twist operator O'(Jg)(j). There are two possibilities:
(i) The copies i, are from the same set of linked copies.
(ii) The copies 4, j belong to different sets of linked copies.

In case (i), the twist will break up the set of linked copies into two sets with windings
k' k —k'. Since we are computing an expectation value, the second twist has to link these
two sets back to a single set of k linked copies.

But we can easily see that such an action of twist operators will give no contribution to
the expectation value, <E(2)>. The set of linked copies that we started with could be either
unexcited, i.e. in the state |k) (8.1), or excited, i.e. in the state |k)e; (8.2). The copies
other than the ones in our set of £ linked copies play no role in the computation. Thus,
the action of the two deformation operators tells us the correction E®) to |k) or |k)e,. But
|k) is a chiral primary state; this means that its dimension is determined by its charge and
so its anomalous dimension F() will have to vanish. The state |k)e, arises from a spectral
flow of |k), so again its anomalous dimension will vanish. Thus we get no contributions
from the case (i).

In case (ii), the first twist takes the two sets of k linked copies and joins them into
one set of 2k linked copies. Since we are looking for an expectation value, the second twist
must break up this set of 2k linked copies back to two sets of copies with linking k each.
This is the situation that we will analyze in more detail now.

8.2 The k-fold cover of the cylinder

Since each set of linked copies has winding number k, we can go to a covering space of the
cylinder where the spatial coordinate ¢ runs over the range 0 < 6 < 27k. It is convenient
to think of the range of & to be subdivided into the k£ intervals

0<o<2m, 2r<d<d4m, ... 2n(k—-1)<d <27k . (8.4)

We have not changed the time 7 in going to the cover, so we have
T=rT. (8.5)

Now we look at the factors emerging from going to this cover:

(i) For the first set of linked copies, we label the copies 1,2,--- k. For the second set,

we label them 1/,2',--. | k’. Then the first twist operator has the form U(t') (')’ where

")
i is from the first set and j’ is from the second set. Suppose we consider a twist at
the point ¢ = 0. Then there are k% ways of joining the two sets into one set of 2k

linked copies.

On the covering space &, there are k images of the point o = 0, and we can apply a
twist at any of these points. Thus we get k rather than k? similar interaction points.
Thus we must multiply the result we get from the covering space by an extra factor
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(iii)

k.(The origin of this factor can be understood alternatively as follows: we can choose
any of the copies i = 1,...k to be the first copy ¢ = 1, and use this to set the origin
o = 0; the factor k then describes the different ways we can choose the copy ¢/ = 1
from the second set of k linked copies.)

The second twist acts on a set of 2k linked copies labeled by ¢ = 1,--- ,2k. Suppose
this twist is at the location ¢ = 0 on the cylinder. This time there are only k possible
ways for the twist to act: once we choose one of the copies 7, the second copy must
be ¢ = i + k, since otherwise the set will not break up into two sets of winding k
each. Because the twist is symmetric between ¢ and ¢/, the different possibilities are
given by choosing ¢ = 1,...k; i.e., there are k possible choices.

We now see that on the covering space &, these k different choices are accounted for
by the k different images of ¢ = 0 on the space &. Thus there is no additional factor
(analogous to case (i)) from the second twist.

We now make a conformal map from the covering space &, 7 to a cylinder where the
spatial coordinate has the usual range (0, 27):

o'=-0, T=-7. (8.6)
Under this map the deformation operators scale as
.= 1 P .= 1 P
D(iq,w1) — ?D(wpw 1), D(wg,w2) — ﬁD(w%w 2) (8.7)

so we get an overal factor of ki‘l from this scaling.

Let us now recall the computation of the amplitude A®2) (T') in subsection 2.2, see
egs. (2.33) and (2.53). This amplitude involved integrals over the positions wy, wy of
the two deformation operators. (We later recast these integrals in the form of contour
integrals in eq. (2.53), but it is simpler to see the scalings in terms of the original
integrals in eq. (2.33)). We have

/ d*iwy — k? / d*w / d?iy — k> / d?wh (8.8)

so we obtain a overall factor of k*.

The integral over Aw = (i, — W1) converges, but the integral over s = 3(wy + Ws)
gives a factor of T. We need to multiply by a factor %, which scales as

1

T

(8.9)

M| =
T =

We have now mapped the problem to the cylinder w’, which is just like the cylinder w
which worked with in the situation with £k = 1. Collecting all the factors we obtained
from (i)—(v) above, we find that the factors of k cancel out. We thus find the following:
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suppose we have N = nins copies of the CFT. These copies are grouped into % sets
of copies, with each set having k linked copies. A number 0 < n < % of these sets is
excited in the form |k).,, while the remainder are in the state |k). Then the lifting
of the energy is given by

Njw

i - 3]

Im2—-1] °

T
((E = Eorbifold)) = )\27 n(N —n) (8.10)
The above expression gives the lifting to order O(\?) for the case where we have N
copies of the ¢ = 6 CFT, with these copies being grouped into % sets (with NV being
divisible by k) with each set having winding k. Of these sets, n are excited in the

form (8.2) which describes the action of m fractionally moded currents.

9 The maximally wound sector

We have computed the lifting of certain states which are excited on the left, but are a chiral
primary on the right. Apart from special cases this lifting was found to be nonzero. In [21],
the lifting of a more general class of states was computed in a certain approximation; again
it was found that generic states were lifted.

Let us analyze this lifting in the context of the elliptic genus [50] which tells us how
many unlifted states we expect at a given energy for the left movers. The elliptic genus for
the case where the compactification was K3 x S! was computed in [51, 52]. The elliptic
genus vanishes for the compactification 7% x S' that we have considered, but a modified
index was defined in [53]. This index protects very few states for low levels of the left
moving energy. Thus in the Ramond (R) sector, there are very few unlifted states for

N
h<—.
— 4

(9.1)

But for h > % the number of states that are unlifted is very large; in fact their number N
has to reproduce the black hole entropy which behaves as

S =InN ~ 27V Nh . (9.2)

Thus we need to ask: what changes when we cross the threshold h = %? Since we have
been working in the NS sector, let us first spectral flow to the NS sector. Consider the R
sector ground state with maximal twist & = N. This state has dimension

c N
== 1 (9.3)
and charge j = :l:%; let us take j = —%. The spectral flow of this state to the NS sector
gives a chiral primary with

hoj= N1 (9.4)
2
This is the state |k) we defined above with £k = N. We can obtain states contributing to

the entropy (9.2) by acting with left moving creation and annihilation operators on |N).
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Let us now ask if there is a special property shared by states in the maximally wound
sector, which is not present for states in sectors where we do not have maximal winding.
We will now argue that there is indeed such a property: the nature of the linkage that is
produced by the action of twists.

If a state is not in the maximally wound sector, then the twist o(;) ;) present in the
deformation operator can do one of two things:

(i) It can join two different set of linked copies, with windings ki, ke, into one linked
copy with winding k1 4+ k2. The second deformation operator will break this back to
two sets with windings ki, k2, since we are computing an expectation value and so
need the final state to be the same as the initial state.

(ii) If we have a subset of strings with winding kj + k2 > 1, then it can break this subset
into two sets of linked copies, with windings ki, k2. The second deformation operator
will join these sets back to one set with winding ky + ks.

If on the other hand we have a state in the maximally wound sector, then there are no
other sets of copies in the state; thus we are allowed possibility (ii) but not possibility (i).

We must now ask if there is a difference in the action of the deformation operators in
the cases (i) and (ii). We will see that there is indeed a difference: in case (i), the covering
space obtained when we ‘undo’ the twist operators is a sphere (genus g = 0), while in case
(ii) the covering space is a torus (genus g = 1).

To see this, we recall how we compute the genus of the covering space obtained from
undoing the action of twist operators [46]. Suppose we have twists of order k;,7 = 1,. .. imax.
The ramification order at a twist oy, is 7; = k; — 1. Let the number of sheets (i.e. copies)
over a generic point be s. Then the genus of the covering surface is given by the Riemann-
Hurwitz relation

1
g:5Zri—s+1. (9.5)
(2

Let us now compute g in the two cases above. We focus only on the copies which are
involved in the interaction:

(I’) In case (i), we create the initial set of linked strings using twist operators oy, , o,.
The final state is created by the twists of the same order. The two deformation
operators carry twists o9 each. The number of sheets is s = ki + ko. Thus

9:3[2(k1—1)+2(k2—1)+2]—(k1+k2)+1:0. (9.6)

(ii’) In case (ii), we create the initial state by a twist ok, +x,. The final state is created by
a twist of the same order. The two deformation operators carry twists oo each. The
number of sheets is s = k1 + ky. Thus

g:%[2(k1+k2—1)+2]—(k1+k2)+1:1. (9.7)
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In the present paper we have considered an example of case (i), where the covering
space t was a sphere. In this situation we found that the lift (F(®)) was nonzero. It is
possible that when the covering space is a torus, then the lift vanishes, at least for some
class of states. If that happens, then such states in the maximally wound sector will not
be lifted. We hope to return to this issue elsewhere.

10 Discussion

We have considered the family of states depicted in figure 1, and computed the correction
to the expectation value of their energy - the ‘lift’ - upto second order in the deformation
parameter A. The results, depicted in figure 2, suggest a heuristic picture for this lift; this
picture was discussed in section 1.2.

We know that the lift vanishes in two extreme cases: (i) when no copies are excited
and (ii) when all copies are excited. (The state in (ii) is just a spectral flow of the state in
(i).) But in between these two extremes, the energy does rise. The heuristic picture aims
to explain this phenomenon as follows.

Each set of linked copies corresponds, in this heuristic picture, to one elementary object
in the dual gravity configuration. The excitations (3.8) for m > 1 do not correspond to
supergravity quanta; thus we must think of them as ‘string’ states. String states will have
more mass than charge, and will therefore ‘lift’. But the gravitational attraction between
the strings will cause the overall energy to reduce. If we have enough strings so that all
the copies in the CFT are excited, then the negative potential energy cancels the energy
from string tension, and we end up with no lift.

We noted in section 8 that this picture holds also for the case where the copies of the
¢ =6 CFT are linked together in sets of k copies each. Thus if none of these sets is excited
then we have no lift, and again if all the sets are excited we have no lift. But when some
of the sets are excited, then we do have a lift in general.

Now consider the limiting case where all the N copies of the CFT are linked into one
copy with winding £ = N. If we excite this multi-wound set, then we have excited all the
sets, since there is only one set to excite. If we extrapolate our heuristic picture above to
this limiting case, then we see that the energy lift of this string state will be cancelled by
the self-gravitation of the state, and the state will not lift at all. This suggests that states
in the maximally wound sector will not lift.* This is interesting, because we know that at
high energies we have to reproduce the large entropy of the extremal hole [1], so we need
a large class of states that will not lift.

This picture also tells us how we should think about states in the fuzzball paradigm.
There are certainly some states in general winding sectors that are not lifted, and the
gravity description of many of these states have been constructed. But as we have seen,
many states will lift. The fuzzball paradigm says that all states are fuzzballs; i.e., they
have no regular horizon. Thus the class of states obtained in the fuzzball construction
will in general cover both extremal and non-extremal states. It turns out that it is often

Tt has been argued earlier [54] that states relevant for the dynamics of the near-extremal hole should
be in the highly wound sectors.
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easier to take a limit where the non-extremal states are in fact near-extremal. We can
then look for the subclass of extremal states as limits of the construction that gives the
near-extremal states.

We also note that one should not make a sharp distinction between ‘supergravity’
states and ‘stringy’ states. In figure 2 the state with n = 0 is a supergravity state with no
strings. As n rises, we add more and more strings, but at n = N this collection of strings
again behaves like a supergravity state with no lift.

In [21], the lifting of D1D5P states was computed in the pp-wave limit. In this compu-
tation, one component string is taken to have a large winding k, while the other component
strings are singly wound. Only the multiwound string is taken to have excitations. One
takes the approximation 1 < k < N. In this limit, for low lying excitation levels, the
lifting is a sum of liftings for each individual excitation on the multiwound component
string. For an excitation of the form J~,, the lifting is

k

1 1>
~_-a202( =
Ah~ 2@ <k> (10.1)

where g, is the string coupling and @5 is the number of D5 branes. We find, for the scaling
with N (and using the coupling A that we have assumed)

6h ~ N2N (10.2)

We cannot compare this directly to our results, since we have taken all component strings
to have the same winding k. We can get some rough comparison, however, by taking (8.2)
and setting n = 1; i.e., only one component string is excited. We see from (8.10) that the
combinatorial factor is n(N — n) &~ N for this case. Together with the coupling constant,
we find a lift that is dh ~ A2N, in rough agreement with (10.2). We hope to study the
lifting of more general states elsewhere, and then a more accurate comparison to (10.1)
should be possible.

We have suggested above that a large class of extremal states might lie in the maximally
wound sector. We noted in section 8 that the O(A?) lift of such states has contributions
only from genus 1 covering surfaces while states with lower winding have both genus 0
and genus 1 contributions; this fact may be relevant to the relation between lifting and
maximal winding. But maximally wound sectors are difficult to study in the classical limit:
the classical limit corresponds to N — oo, and a winding & = N will typically produce
a conical defect with conical angle 1/k = 1/N — 0 [56-58]. Thus such states should be
thought of as limits of states with finite k. If the general k states are near-extremal, and
the £ = N state is extremal, then the extremal state can be seen as a limit of a family of
near-extremal states.

Finally, we note that we have considered only a special family of D1-D5-P states in
this paper. It is of interest to ask if there is a general characterization of which D1-D5-P
states lift and which do not. We hope to study this issue elsewhere.
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A Notation and conventions

A.1 Field definitions

Here we give the notation and conventions used in our computations. We have 4 real left
moving fermions 1,19, 13, ¥4 which are groupped into doublets ¥*4 as follows:

(R N O R A
(w) R <w3+iw4> (a1)
P 1 V3 — ity
= ) A.
<¢__> V2 <—(¢1 —i%)) (8.2
The index o = (4, —) corresponds to the subgroup SU(2);, of rotations on S* and the

index A = (4, —) corresponds to the subgroup SU(2); from rotations in T¢. The 2-point
functions read

1
(WA () (w)) = —e et —— (A.3)
zZ—w
where we have
cp=1, €2=-1 (A.4)
The 4 real left-moving bosons X1, X2, X3, X4 are grouped into a matrix
1 1 [ Xs5+iXy X7 —iX
X X = L (KatiXa Xi—is (A5)
V2 V2 \ X1 +iXe —X3+iXy
where 0; = (04,4I). The bosonic field 2-point functions are then of the form
1
(0X 4 4(2)0X gp(w)) = CABEAB T e (A.6)

The chiral algebra is generated by the R-currents, supercurrents, and the stress-energy
tensor:

1
J¢ = *ea,yEA(j@/ﬂC(JTa)agwﬁA, a=1,2,3

4
GY = 10X 4, o=+,—
1 iF 1
T = ieABeABﬁXBBﬁXAA + EeageABdJﬁBawo‘A (A7)
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A.2 OPE algebra

We note the OPEs between the various operators of interest.

A.2.1 OPE’s of currents with 90X, ;(z) and ¢*4(2)

0X i (w) N 82XAA(U))

T(2)0X 4 4(w) ~

(z —w)? z—w
1. ,0A w aA w
()0 (w) ~ f_ ;); ¢ )

G5 (2P () ~ eier Kaill)

azz aA w
Gj(z)&XBB(w) ~ EABEAB(i_(w))Q + EABEAB&ﬁ_EU)
T Aw) ~ 5 (T )g A w)
~Al
TH ()t (w) = 0, T (@9 (w) = wz—(w)
—A A (w) A
TR Aw) = T2 euiw) =0 (A8)

A.2.2 OPE’s of currents with currents

5 2T(w) | 9T(w)

z—w)? (z-w)? z—-w
7o(e) ) o 20y 1)
(z —w) Z—w
5 aTve [ 24w 0J*(w o 1
GG W) ~ —cip|™ E=mE ¢ (o")5 ((z—(w))2 * z—(w)> e T W)
TG (w) ~ (o) (w)
T(z)J“(w) (ja_(Z)P + a;]i(Z)
3Ga(w) OGS (w
T(2)G%(w) ~ (QZ _AEU)Z + Zf(w) (A.9)

We convert the relations involving J*!, J? to those involving J*,.J~. Defining J*, J~ as

Jt=Jt+iJ?
J = J —iJ? (A.10)
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yield the following OPE’s

§ L 2w :

JT(2) T (w) ~ + : J7(2)JF (w) ~

(z—w)?  z—-w (z —w)?

J3(2)J T (w) ~ f_(ww) T3 (2) 7 (w) ~ T w
T () (w) ~ — L), T (2) 7 (w) ~

Z—w Z—w

JTH(w)  0Jt (w) J~(w)

T(2)J " (w) ~

(z—w)? z-—w’ (z —w)?

Gt (w G (w
JH(2)G S (w) ~ ZA_(w), T (2)G (w) ~ ZA_(U})

A.3 Mode and contour definitions of the fields

The modes are defined in terms of contours through

L, = %dzzm'HT(z)

211

Iy = fdzsz“(z)

211

(e} dz 's l (0%
GA,r = %,z t2G%(2)

[ dz
Y i = 17{ 2mz 0X (%)

A= § o)

The inverse relations are

A.4 Commutation relations

A.4.1 Commutators of «, ;. and deA

[aAA,m’ aBB,n} = —ME€, j€5[0mtn,0

(o4, dPB] = —ePeABs, .,

_41 -
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A.4.2 Commutators of currents with o, ;. and de

[Lm7 OéAA,n] = TNOUA mtn
L] = = (5 +7) di,
{G% ,dPP} = je¥BeAB

ArrTs aAA,rJrs
[GZT, OzBB m] = —imeABGABdgfm
a Jo 1 ava 3BA
[T di ) = 5 (0730,
[J:r;v d:_A] - 0 [Jm7 d;j—A] dmjir
[Jma de] d;H-r? [Jga d;rA] =0 (A15)
A.4.3 Commutators of currents with currents
c
[Lm7 LTL] == ﬁm(mg - 1)5m+n 0 + (m — n)Lm+n
[ng ']2] - ﬁmé 5m+n0 + i€ cjﬁz+n
(63 (07 C 1 a (0% a (0%
{G5 G%S} =€ip [e 56 (7"2 — 4) Srrs0 + (@) (r — 8) T o+ €P Ly
a a 1 aT\a B
[Jm7GA'7T] = 5(0 ),BGAMJFT
(L, Jnl = =g i
« _ m o
L, GS,] = (5 ) G
[T 7] = gmammo +2J3
Ly, J = -nJt . | ms Iy —nd i
[ n m+n n
A - Gt
[J G ] - O’ [ A ] Am+r
3= PGy, =
[Jf%, Jn+] Tohns [ T = = Jin (A.16)

A.5 Current modes written in terms of o, ; . and de
1
Jo = ZZGAdeBeM (@3, a=1,23
T
1 _ 1 Ch o
Jgn = _5 Z d7—"’—+dm7r - § Z dr +d:;17r
T
Jt = Zd++dm ” Zd“d‘
Gir= _szr n@Adn

. 1 1
AB A A 8B
n

T
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B Spectral flow

In this appendix we review the rules for spectral flow transformations [55]. Under spectral
flow by « units, the dimension, h, and the charge, j, transform like

ca2 acC
W =h+aj+ — =+ — B.1
tajtor. J =it g (B.1)

where ¢ is the central charge of the CFT. Consider an operator O(z) of charge ¢. Under
spectral flow by « units at a point zg, the operator transforms as

O(z) = (2 — 2z0)"0(z) . (B.2)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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