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ABSTRACT: We introduce a solvable system of equations that describes non-extremal mul-
ticenter solutions to six-dimensional ungauged supergravity coupled to tensor multiplets.
The system involves a set of functions on a three-dimensional base metric. We obtain a
family of non-extremal axisymmetric solutions that generalize the known multicenter ex-
tremal solutions, using a particular base metric that introduces a bolt. We analyze the
conditions for regularity, and in doing so we show that this family does not include solu-
tions that contain an extremal black hole and a smooth bolt. We determine the constraints
that are necessary to obtain smooth horizonless solutions involving a bolt and an arbitrary
number of Gibbons-Hawking centers.
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1 Introduction and discussion

The black hole information paradox [1, 2] is a sharp and intriguing consistency challenge
for any theory of quantum gravity. String Theory offers a microscopic interpretation of
black hole entropy as an enumeration of an exponentially-large number of microstates of
the black hole [3]. It is natural to ask what the gravitational description of individual
microstates is, and whether microstates have non-trivial structure on horizon scales, thus
providing quantum “hair” for the black hole.

For extremal black holes, it has been shown that certain (coherent or semi-classical)
microstates have classical descriptions that are smooth, globally hyperbolic supergravity
solutions. These horizonless solutions have the same mass, charge and angular momenta as
black holes with a classically-large horizon area, and are known as “microstate geometries”,
“black hole solitons”, or “fuzzball solutions” [4—12]. For the two-charge small supersymmet-
ric black hole, such supergravity solutions (and limits thereof) provide, upon quantization,
a basis for the full space of black hole microstates [4, 13-15], and it has been argued that the
same may be true of the three-charge large supersymmetric black hole [16]. Of course, even
when there is a basis of solutions described by smooth horizonless supergravity solutions,
typical microstates are complicated quantum superpositions of such basis states.

These supergravity constructions rely on the property that both for BPS [17-21] and
for extremal non-BPS systems [22-24], the supergravity equations of motion reduce to



solvable systems of linear equations, to which solutions can be found relatively straightfor-
wardly. Constructing such families of solutions for non-extremal black holes is much more
complicated, as it involves solving several coupled second-order non-linear PDEs which, in
the absence of supersymmetry or extremality, do not have any a priori reason to factorize.
Hence, despite its importance for resolving the information paradox and investigating the
experience of infalling observers [25-28], building structure at the horizon of non-extremal
black holes has proven much more difficult.’

The first non-extremal horizonless microstate solutions were found by Jejjala, Madden,
Ross and Titchener (JMaRT) [34], and involve a single topologically-nontrivial three-cycle,
that forms a smooth bolt in the core of the solutions. These solutions have both of their an-
gular momenta larger than those of classical black hole solutions, and decay via ergoregion
emission [35]. In a near-BPS limit, the solutions have a large AdS3 x S® region, with the
ergoregion deep inside the throat; the ergoregion emission exactly matches the Hawking
radiation emitted by the holographically-dual CFT states [36, 37]. The JMaRT solutions
were found by taking certain limits of the general Cvetic-Youm family of solutions [38], and
unfortunately this procedure does not directly enable more general constructions. Hence,
for almost ten years there was little progress in this direction, except for some artisanal
constructions [39-41].

The first glimmer of hope that a systematic way to build non-extremal solutions might
exist appeared two years ago, when two of the present authors found a solvable system that
allows a layer-by-layer construction of non-extremal supergravity solutions [42, 43], allow-
ing for multi-center generalizations of the JMaRT [34] and running-Bolt [39] solutions.
This layered structure is a nontrivial generalization of the corresponding natural struc-
tures for supersymmetric and non-supersymmetric extremal solutions based on nilpotent
subalgebras [24, 44-46].

Using this graded system, the first non-extremal horizonless solution that contains
two topologically-nontrivial three-cycles (or “bubbles”) was recently constructed [47]. The
construction adds a Gibbons-Hawking center to the JMaRT solution, at a finite distance
from the bolt, which gives rise to an additional three-cycle. This two-bubble construction
also succeeded in lowering one of the two angular momenta below the black-hole bound,
while the second angular momentum remained slightly over-rotating.

The system of [43] therefore appears to be the tool of choice for constructing smooth
horizonless solutions with non-extremal black hole charges.? However, this system is quite
cumbersome to solve in the form in which it was originally derived.

The purpose of this paper is to de-mystify this system by rewriting all its equations
in terms of new variables that simplify the differential equations, and to find a general
family of axisymmetric solutions that represents a non-extremal extension to the general
axisymmetric BPS and almost-BPS multicenter solutions.

!There are some alternative approaches, including the construction of near-extremal microstates using
probe antibranes [29, 30], investigating string production near black hole horizons [31, 32], and investigating
the physics of soft particles [33]. However, such approaches lack either the generality or the precision and
control that fully-backreacted supergravity solutions offer.

2JMaRT solutions have also recently been constructed using inverse scattering methods [48], which,
though currently less developed, offer another promising route to finding multicenter nonextremal solutions.



The configurations described in this paper are solutions to six-dimensional A" = (1,0)
supergravity coupled to n;, tensor multiplets, with three commuting isometries. Upon
dimensional reduction, these configurations become solutions to five-dimensional super-
gravity coupled to n; + 1 vector multiplets, with symmetric scalar manifold isometry
group SO(1,1) x SO(1,ns). Our new variables also have the advantage of making this
symmetry manifest.

The new system of equations has four layers, and can be thought of as a deformation
of the BPS and almost-BPS systems by additional functions that describe the deviation
from extremality. We construct a general family of solutions in which the ansatz functions
contain poles along an a priori singular three-dimensional surface and an arbitrary collection
of isolated centers. This three-dimensional surface is similar to that appearing in the general
Cvetic-Youm family of solutions [38], and which can be made into a smooth bolt for certain
values of the parameters [34]. The existence of this bolt distinguishes our solutions from the
BPS and almost-BPS families, to which our solutions reduce upon taking the appropriate
extremal limits.

In the extremal systems, the poles of the ansatz functions can be chosen in such a way
as to allow for finite-size regular black hole (or black ring) horizons. One can ask whether
the present system contains similar solutions involving finite-size regular black objects
together with a smooth bolt. As a by-product of our general regularity analysis, we show
that no such solutions exist. This is a highly nontrivial result, given that our system
has the same structure as the BPS and almost-BPS systems. It would be interesting to
understand whether this is an accidental feature of the particular system of equations we
use, or is rather a consequence of a deeper reason for non-existence of extremal black holes
in non-extremal solutions, as we will discuss momentarily.?

Much like in the BPS and almost-BPS solutions, generic values of the parameters ap-
pearing in the ansatz lead to solutions with curvature singularities. Smooth horizonless
solutions can be obtained by imposing certain constraints on these parameters. The result-
ing metric has similar behaviour near the poles of the bolt and near the added Gibbons-
Hawking centers as the two-bubble solution of [47], with additional parameters allowed by
the more general solution of this paper. These geometries are supported by fluxes on the
bolt, on the cycles between the bolt and the Gibbons-Hawking centers, and also on the
cycles between all the pairs of centers. Although these cycles are not all homologically
independent, the corresponding fluxes are not additive? because the three-spheres that
shrink are different at each Gibbons-Hawking center.

Finally, we impose absence of closed time-like curves near the special points of the
solution, and construct the so-called “bubble equations” arising from these conditions.
These equations have a similar, but considerably more complicated form compared to the
corresponding bubble equations for extremal solutions. As in extremal solutions, these
equations restrict the positions of the various centers.

#Note that the system constructed in [43] explicitly forbids asymptotically four-dimensional non-extremal
black holes, as the Noether charges of those black holes lie outside the duality orbits allowed by that system.
However, a priori this does not rule out asymptotically five-dimensional solutions.

4The flux on a cycle linking points A and B is not the sum of the fluxes on the cycles linking A and C
and linking C and B with appropriate signs.



Our local analysis suggests that a large class of such solutions with arbitrary many
centers should exist, although in this paper we will not explicitly solve the full set of posi-
tivity and integrality conditions to construct new explicit solutions. (An explicit example is
already provided by the the two-bubble solution of [47], where a complete smoothness anal-
ysis was performed.) However, the existence of a structure similar to the bubble equations
for extremal solutions makes us optimistic that many more smooth multicenter solutions
exist in this system, and it is interesting to anticipate what kind of physics might arise
from such smooth multicenter non-extremal solutions.

Of particular physical importance is the possibility of constructing solutions that have
angular momenta within the range of parameters corresponding to regular black holes,
and that resemble a single-center black hole at large distances. For BPS solutions, these
requirements are met by so-called “scaling solutions”, which are solutions for which only the
ratios of the distances between centers are fixed, whereas the overall scale can (classically)
be tuned arbitrarily [7, 49]. The scaling solutions develop an arbitrarily long AdSs throat
(characteristic of extremal black holes) which is capped smoothly. Furthermore, since the
angular momenta arise from dyonic interactions between the fluxes, in the scaling regime
one has much more control over their values [7, 12].

The non-extremal microstate geometries known to date do not exhibit scaling
behaviour, and carry total angular momenta that violate the black hole regularity
bound [34, 47]. In addition, these solutions have ergoregions that are significantly larger
than that of the corresponding Cvetic-Youm black hole [38]. It is therefore natural to ask
whether non-extremal scaling solutions, with lower angular momenta, exist. The crucial
difference between non-extremal solutions and extremal solutions is that we do not expect
non-extremal solutions to display arbitrary scaling, since this would produce a throat of
infinite proper length, and therefore would not resemble a non-extremal black hole throat.

One therefore expects that, if non-extremal scaling solutions exist, there should be
a mechanism to enforce a truncated form of scaling behaviour. The absence of extremal
black hole horizons within our general solution may be regarded as a positive indication
of the existence of such a mechanism: if such a solution existed, one would expect to find
similar horizonless solutions in which the extremal black hole horizon is replaced locally
by a corresponding smooth scaling solution, with an arbitrarily long throat.

We therefore expect that solutions to the non-extremal bubble equations presented in
this paper should include families that display truncated scaling behaviour between the
Gibbons-Hawking centers. We believe that an exploration of this physics is of central
importance for the development of the microstate geometry programme for non-extremal
black holes.

This paper is organized as follows. In section 2 we directly present our new incarnation
of the system of [43], giving all the supergravity fields in terms of the functions appearing
in the system. We further present our general solution describing a non-extremal bolt
interacting with an arbitrary number of extremal centers, and discuss the BPS and almost-
BPS limits of both the general system and the solution. In section 3 we discuss the general
properties of our solution, including the restrictions required for our desired asymptotics,
and the analysis of potential black hole horizons arising at the various special points of



the solution. In section 4 we discuss the conditions required for smoothness near these
special points, analyzing in turn the conditions for local smooth geometry and for absence
of closed time-like curves. Finally, appendix A provides the map from the original version
of the system in [43] to the one described in the present paper, while appendix B contains
the explicit expressions for the vector fields arising from the general multi-center solution
given in the main text.

2 The supergravity ansatz

In section 2.1 we present the general structure of our system of differential equations
describing solutions to six-dimensional supergravity. In section 2.2 we then give the general
solution involving a single bolt and a set of arbitrarily many centers. We provide a short
discussion of the extremal limits of the system in section 2.3.

2.1 The theory and the equations

We consider solutions to six-dimensional ' = (1,0) supergravity coupled to n, tensor
multiplets. The field content of this theory is the metric, n, + 1 twisted self-dual two-form
potentials C,, and n, scalar fields parametrized by n,+1 scalars, t,, subject to a quadratic
constraint, where we use the non-standard numbering a,b =1,2,4,5,...,ny+2 (the index
3 is reserved for later convenience, since 3 is naturally a distinguished index when n, = 1).

In the later parts of this paper we will focus our attention on the model containing a
single tensor multiplet (n; = 1), whose field content reduces to a single unrestricted two-
form potential, C' = C1, and a scalar, ¢, viewed as the Type IIB dilaton. Upon reduction
to five and four dimensions this model gives rise to the familiar STU model. For the time
being, we emphasize that we keep n; general.

Upon reduction on a circle, one obtains five-dimensional minimal supergravity coupled
to ny + 2 vector multiplets, which we label by the index I, using the standard numbering
I1=1,2,3,...ny + 2. We are interested in constructing smooth horizonless solutions that
correspond to microstates of generic non-extremal black holes in these five-dimensional the-
ories (or black strings in the above six-dimensional theories). We will focus on solutions that
are asymptotically flat in five dimensions, and asymptotically R*! x S! in six dimensions.

For the general six-dimensional model with n; tensor multiplets, the five-dimensional

CI/K  of a particular type,

theory is described by totally symmetric structure coefficients,
defined as follows. Let 7% be the (mostly negative) Minkowski metric of SO(1,ny), with

the following non-zero entries:

me =n21 =1,
Tab - (2'1)
nab:—(sab fora,b:4,...nT+2.

CIJK

Then the structure coefficients are defined by requiring that for all vectors Hj,

we have . )
5 ClYEHH;H, = 3 nH,H,Hs . (2.2)



We also define the function |H| via
1
uﬂ2::§nwfakh. (2.3)

Note that |H|? is not strictly positive for arbitrary H,, but the latter can be restricted
such that it is. For the STU model considered in later sections, one simply has n2 = 1,
C'?3 =1, and all components not related by symmetry equal to zero.

To construct non-supersymmetric solutions to this theory, we use the partially-solvable
system of differential equations of [43], whose solutions automatically solve the equations of
motion of supergravity. However, the parametrization of the system appearing in [43, 47]
was rather complicated, thus making it hard to find explicit solutions in a systematic way.
To remedy this, we introduce a new parametrization of the same system, resulting in a
much more systematic form of the differential equations. As an added bonus, this new
version of the system makes manifest the symmetries of the models based on (2.2), which
are also present in the extremal systems of solutions to the same theory, both BPS and
almost-BPS alike. Here, we concentrate on the new parametrization directly; in appendix A
we give the explicit change of variables from the version of the system presented in [43].

The new system of equations involves 2n,+7 functions on a three-dimensional base
space, of which two functions, V, V, can be thought as specifying an auxiliary four-
dimensional Ricci-flat gravitational instanton with an isometry. Unlike in the Floating
Brane ansatz [39], the full metric of this instanton does not appear in our six-dimensional
metric; only the three-dimensional base metric appears as a warped component of the six-
dimensional metric. An additional n, + 2 pairs of functions, K’, L;, can be thought as
parametrizing the n, + 2 vector multiplets in five dimensions. The remaining function, M,
corresponds to an angular momentum.

The three-dimensional base space metric, v;;, and the functions, V, V, are altogether
a solution to the following nonlinear system of differential equations:

2V - 2 S
oV 9;V
R@M:_H:VﬁT (2.4)

describing a four-dimensional gravitational instanton. The general solution to the Eu-
clidean Einstein equations with one isometry is of course not known, but starting from any
known instanton solving (2.4), one obtains a solvable system of equations in this auxiliary
base space. In particular, the Laplacian, A, appearing in the remainder of this section is
the one computed using the metric ;;.

The equations for the rest of the functions that determine the solution then become

2 _
AR =2V vy,
1+VV
AH:E—K:MMV&Vm( (2.5)
214+VV ’
ANL:V(‘/(LVKJ—ZMVVO,
1+VV



where the structure constants C1/K

are given in (2.2). When solved in the order outlined
above these equations are linear, and therefore represent a solvable system on the base
specified by a solution to (2.4).

Any solution to the system (2.5) gives rise to a metric, two-forms and scalar fields that
solve the supergravity equations of motion. The six-dimensional Einstein-frame metric is
given in terms of a function, W, a vector of functions, H;, and three vector fields, A3, k
and w®. Anticipating our focus on asymptotically-flat solutions in five dimensions in the

next section, we write the metric as:

Hj

ds® =
|H|

B8 gy 4 A3)? —HV’Vm(de) +yHy< (i + w?)? +%jdmidxj>. (2.6)

The notation for the Kaluza-Klein vector field A is motivated by the fact that it is one of
the gauge fields appearing symmetrically in the STU model in the five-dimensional theory.
The vectors A3 and k decompose as

AP = A (dt +w) + o (dyp + w’) + w?, k:%(

where Ai’ , a3, pand w®, w are three scalars and two vector fields on the three-dimensional

dip +w°) +w, (2.7)

base. The functions W, u, Hy appearing in the metric are given in terms of the functions
(V,V, Ky, L', M) as follows:

R ?
W= ((1+V)M—KILI+241 VVC’UKKIKJKK>
A=V (1 gk 7 rpark Lok LyM
C KiIKjKgM+—- (1—|—V)C[JKL L'L*—-C KjKgCrpyL™L s
1+VV 3 4
Vv

+VV

1
H; = §C[JKLJL — K M-l-* <(KJLJ)K[— 2C[JKLJCKLPKLKP> s

_ 1 V_
=14V MQ—MKLI—<1+2 )c L'/ L¥
= ) I 1—|—VV 1K
1 Vv IJK IJK M
- _ K K; KM K K Lir 2.
+21+VV( 120 1KjK§ + C JKk Crom (2.8)

Similarly, the vector fields w, w® and w? are determined by the first-order equations

V

rdw = dM — (L"dK; —2MdV), (2.9)
wdw’ = —(1+V)dM — 5 M (L'dK; —2MdV) + 1KIde
- i 1 +VVV 4(CE KiKyKi) + 214 CIZf f é%KK (V2dV +dv),
*dw! = dL’ — % 1+Vvv d(CE K Ki) + (1+1VV)2 CMEK Kk (V2dV +dV),

where the Hodge star in taken in the metric 7;; and we have given the w! in an
SO(1,1) x SO(1,ny) covariant form; the w* will appear in the matter sector, as we will
discuss shortly.



The n, + 1 scalar fields, t,, are given by the expression

H,

ty = —
a ’H|7

(2.10)

with the Hy as in (2.8). This set of constrained scalars can be decomposed into the n;

physical scalar fields, namely the dilaton, ¢, and the n, — 1 real axions, ¢, for a = 4 to

nr + 2, as
t1 = ed’,
taiQty=e 0+ L1e? 3, 2, (2.11)
te = %<, fora=4,...np+2
leading to the expressions
¢:’Z1|, gazgj. (2.12)
The SO(n;)\SO(1,n,) coset representative is parametrized in terms of the physical
scalars as
e? %(ch) e?sT
V=10 % 0 , (2.13)
0 S 1

where 1 is the (n; — 1)-dimensional identity matrix, so that V is a square (n; + 1)-
dimensional matrix. The matrix V defines the symmetric SO(1,n;) matrix M = VIV,

which is given by
H.H,

My, = =20

. (2.14)

The inverse of M is M® = n®nbdM,,.
The n, + 1 two-form potentials, C,, give rise to one anti-self-dual and n, self-dual
three-form field strengths G, = dC,, satisfying the twisted self-duality equations

M® %6 Gy +n™Gy = 0. (2.15)

The two-form potentials, C,, can be expressed in terms of three-dimensional quantities.
We first introduce the scalars Af, B, and a® with the latter identified as axions in the
reduction to four dimensions. Additionally, we introduce the three-dimensional one-forms
w®, v, and by; the w* are determined by (2.9), while v, and b, will be defined shortly.
Finally, we define the two-forms in three dimensions, €2,, through

dQy = vg A dw® — nabwb A dw? + by A dw . (2.16)
In terms of these quantities, we have

Cy, = nabAi’ (dy +w3) A (dt + w) + Nap (dy + w3) A (dp + w®) — Bq (dt + w) A (dip + w°)
— Napw® A (dy 4+ w3) 4 by A (dt + w) + vy A (dip + w°) + Q. (2.17)
Note that the 2, ensure that the field strengths, G, depend on the vectors w®, b, and v,

only through the gauge-invariant quantities dw®, db, and dv,. The €2, vanish for axisym-
metric solutions, since all vector fields have components only along the angular coordinate



around the axis, implying that their wedge products appearing in (2.16) vanish identi-
cally. We only construct axisymmetric solutions in the current work, so we henceforth set
), to zero.

The one-forms, vg, b, in (2.17) are determined in terms of the functions appearing in
the ansatz by solving the first-order equations

-V K _ _

*dby = —dKj+ ———=— (V-1 VdV+ (1 +V)dV), 2.18

= T T gy (VDY VY) (218

*dvI::—A—li—fdka-+4——§z—4—(deV1+dvq (2.19)
1+VV (1+VV)? ’ '

where we again give a fully covariant form for completeness, even though dbs, dvs are not
relevant for our solution. The explicit form for these one-forms can be obtained straight-
forwardly for any given solution to the system (2.4), (2.5). The scalars 3, are given by

Similarly to the vectors w?, the electric potentials A¢ and axions a“ in (2.17) are also
extended by the scalars A7, o of (2.7) in the five-dimensional reduction of the theory. For
the STU model (ny = 1), on which we shall concentrate in later sections, these scalar fields
for I = 1,2,3 are given by (note that the Einstein summation convention does not apply
in the following two equations)

1 _ 1V K1 K2 K5 ; V-1
Al= — 204+ V\M =S KjL/ + -——"22 9K L — |, 2.21
t 2m<( ) %:J 2 14+VV irvv (221)
1 V K L!
I I
- (M- =) 2.22
“ HI( 1+VV> ( )

The corresponding expressions for these fields in more general models are straightforward
to obtain.”
We close this general discussion of the system by pointing out a symmetry that was

not evident in the variables used in [43, 47], but becomes clear in the covariant version of
the system described above. For some constants, k', one can verify that the equations (2.5)

5Deﬁning det H = %CIJKH]HJHK, one must make the replacements

1 1 IJK
o sden’  HoHx
K;L' 1

H,  2detH (CUKHJHK K L'+ L' C/" K HgHL — C"" K7 CrpoL” CQRSHRHS) . (2.23)
I



transform linearly among themselves under the transformation defined by
Kr—Kr+k [V,

1 1 _
J Ly SR 3 CYE L Ky + 1 CYE ik V

1 1 Vv
MM+ -kL'+>-——— YK KK
—1—2 1 +81+VV TN g K
1 11 1 _
+=(1-2 — ) (O E kjk Kk + = CT 5 Kk k V>. 2.24
4< 21+VV>< 1k Kk + 5 rkski (2.24)

It then follows that one may act with this symmetry on any solution for K;, L' and M
to obtain a new solution. It will prove useful in packaging our general solution in the next
section to make use of the following invariant combinations
1 1 1 24VV
L' — — VKK Ky, M- =KL +— S KKK (2.25)
4V 2V AV 14+VV
When acting on the vector fields this symmetry leaves the combination dw 4 dw® invariant,
and transforms:

d?)] — d’l)] +k[dp,
dv[ *db[ — dv[ *db] — k[dO’,

1 1
dw! — dw! — 5 CHE | (dvg — dbge) + 1 CHE k ke do
1 1 1
duw® — duw® + 3 krdw! — 3 CHE ik (dvg — dbg) — 1 Fkaka do, (2.26)

where we have used the conserved currents
_Vdv-vdv V4V v

Ve VR (220

This symmetry is conjugate in SO(4,3 + n,) to the gauge transformations/spectral flows
appearing in the BPS and almost-BPS systems [50-52], via an S-duality and a change of
time coordinate t — ¢t — 1.

2.2 The solution

In this paper, we focus on solutions containing a single bolt and an arbitrary number of cen-
ters, by which we mean locations in which the ansatz functions have poles, and which can
potentially become smooth Gibbons-Hawking centers for certain choices of parameters. A
necessary starting point is obtaining an appropriate solution to (2.4). Throughout this pa-
per, we work with a solution to these equations specified by choosing the three-dimensional
base to be the base space of the Euclidean Kerr solution:

a?sin26

2 _ 2

Yijda'de? = (1 + ) dr® 4 (r? — & + a?sin? 0)do? + (r* — ?)sin? 0dy?® , (2.28)
r

where a and c are real constants, and we take a > ¢ > 0 by convention. This is a natural
choice for axisymmetric solutions above the extremality bound, but is not unique in general.

~10 -



At the locus r = ¢, the base metric ;; is singular. In our full six-dimensional solution,
this singularity can be resolved into a bolt, with two nuts at the North pole and South pole
of the bolt, defined by cosf = +1 respectively (we follow the terminology of [53]). Such
a smooth bolt is present in the JMaRT solution [34] and the two-bubble solution of [47].
The solutions that we consider can be thought of as adding an arbitrary number of centers
to this bolt.

In order to look for explicit solutions, we restrict attention to axisymmetric solutions
built on the base (2.28). This implies that all centers outside the bolt at » = ¢ must lie on
the symmetry axis, i.e. at cos§ = £1 and r > ¢. Similarly, all vectors on the 3D base are
constrained to have a single component along ¢, for example

w = wydyp, w! = w{odgo. (2.29)

We now proceed to construct an explicit solution. The first step is to find functions V'
and V that solve (2.4) with the base metric (2.28). We shall take V and V to be those of
the Euclidean Kerr-NUT solution:

Velq 1=

r —acosf

22 2 _ 2

74— el : (2.30)
m— Xy  m_(r+acosf)+c?—a?

where m_ is a (real-valued) constant of integration, and where we defined the combination
34 for later convenience. With this choice for the base metric and the functions V' and
V, one may proceed to solve the remaining equations in (2.5) in the order in which they
appear, since they become linear equations with sources involving the functions obtained
by the previous steps.

The first of (2.5) is homogeneous in the K and allows for zero modes with simple
poles anywhere on the axis. Using A to label a point at position R, along the axis, we
denote by X, the Euclidean distance

Ya= \/(r2 —c2) sin?0 + (Ry — 7 cos0)?. (2.31)
Then we find the solution for the K7
Ki=hi+Kr=h +/<:V+Z 2n; 7"—i-acosﬁ—i—a2_c2 cos 0 (2.32)
=Ny 1= hyp+kr SN Rr—a ) .

where hy, k; and n} are integration constants and 3 was defined in (2.30) above. Note
that the second term in K can be introduced via the symmetry transformation (2.24),
so that one can solve the equations without it, then re-introduce it by hand. A similar
structure is present in LY and M; in order to parametrize this in what follows, we have
introduced above the function K 1 which asymptotes to zero.

It turns out that a combination of the shift parameters, k!, and the asymptotic con-
stants, h! is relevant for describing the solution. We therefore introduce the shorthand
notation

qr =kr —hr, (2.33)

which will be used in the functions below. The parameters ¢; will also be convenient
quantities to use in the discussion of regularity in the next section.
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With this notation, the solution for the L; takes the form

CIJKIE K I
2 BJBRK gy P Z
4V r+ ccosf r—00050
m_ C”Knﬁn?{ (a2—62)
— 0)— —(RA+Rg— 0) |.
a2—CQZB N <(r+acos ) (RA—a)(RB—a)(T (Ry+Rg—a) cos ))

Note that the first term in L includes all terms that depend on kj; this follows from

(2.34)

the invariance of the combination (2.25) and can be seen to reproduce the dependence
n (2.24). The constants p} and P! parametrize harmonic components of this solution
sourced at the poles of the bolt and at the Gibbons-Hawking points respectively. Here,
we chose to disregard any higher multipole harmonic functions sourced at these locations,
which can in principle be added to (2.34). We make this restriction using intuition from the
extremal multi-center solutions, BPS and almost-BPS, in which such higher order harmonic
pieces in the L! are not physically relevant.

The same comments apply to the kr-dependent terms in M, for which we find the

solution:
KiLP 1 2 - ~
- VYV KRR R + (lo—%mﬂm)
2V 12V 14VV 1+VV 2(a? —c?)
PO 2cosf (a+c)sin®0
72 — 2 4 a?sin? 0 Qo+ (7’—0(}059_(7’—00030)2
s 2cosf (a—c sin? 6 Z o (r(Ra+a)—cost (aRA—i—cQ))
r+ccosf  (r+ccos)? YA
2 _ .2 : 2
L (1?2 =) (cosO Ry — 1)+ a sin? 0(r Ry — ¢* cos )
+> 53
n Z pin% m— m_YX;(Rs—a) N a+ec\ a—ec—m_cosl
L (Ra—a)E, latec  (a? —c2)(r —eccosb) a—ec r—eccosf
2 a(a—ec)(r+eccosf) —am_(r cosf + ec) +m_a’sin 0
a—ec r2 — 2 + a?sin? 0
A,B RA_a VEAEB
a? —c? (X4 —¥5)%2 — (Rs — Rp)?
_ R _ _ 2 . 20 A B A B
[ (Fr —a) r2 — 2 + a2sin’ 6 (a SO 2(Ry — Rg)
N m_ CTE pinBng
3V(1+VV) e Y Xp Yo

— —. |r+acosb 1 1 1
24V +VV) | ——r— 0
{( +V+ )[ 5@ TCos (RA—a+RB—a+Rc—a>]

_ (Ba+ Ry + Ro — 3a)(r —acosb) + (a% — c?) cos b

1 2ov V sin® 6
(R — a)(Ry — a)(Ro —a) (+cos V+VVsin )

2m_a —
+(RA ) (B —a) (Re —a) V cos 20} . (2.35)
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In the above, the term that contains (R, — Rg) in the denominator should be understood to
be zero when A=B. Here, the constants [°, gg, J+, J* and ¢ parametrize zero modes for M.

We close this section by forewarning the reader that we impose a redefinition of the
P!l in the following sections and in appendix B, in order to simplify expressions. Explicitly,
we set

Pl =Cc"En5(pk — ax), (2.36)

where the p} are triplets of constants at each Gibbons-Hawking center. While this does
not impose any restriction for general n}, p7, the redefinition (2.36) is particularly useful
when considering vectors n} of restricted rank, as we shall see later.

2.3 Extremal limits

In view of the manifest SO(1,1) x SO(1, n;) symmetry, the present system lends itself easily
to comparison with the BPS and almost-BPS systems. In order to obtain an extremal limit,
one must ensure that the three-dimensional base of the metric is flat, which implies that
the Ricci tensor in (2.4) must vanish. There are two ways of obtaining this result, namely
setting either V or V to a constant.

In the explicit solution in section 2.2, V can be made constant while keeping V' non-
trivial only by holding m_ fixed and non-zero and taking the limit a — ¢, in which case V'
becomes zero. Alternatively, V can be made constant while keeping V non-trivial only by
sending m_ to zero and a — ¢, keeping the ratio (a? — ¢?)/m_ = p° fixed. In this case V
becomes equal to 1. In both extremal limits, since a — ¢, the metric (2.28) degenerates.

Upon setting V to a constant, one finds that the defining equations (2.5) reduce to the
almost-BPS system as given in [22], upon identifying the combination V/(1 +V V) as a
harmonic function. In the explicit solution in eq. (2.30), we have V = 0, and V is harmonic
with a single pole at r — ¢ cosf. The K! become harmonic, as can be seen directly from
eq. (2.5), or by setting a = ¢ in (2.30) and (2.32). The remaining functions, L; and M, as
given by (2.34)—(2.35), are consistent with the solution to the almost-BPS equations with
a single pole in V, as given in [23, 54]. However, the embedding of the various functions
in the supergravity solution described by (2.8) is not the standard one; rather, it is related
to the one in [22, 23, 54] by a four-dimensional S-duality and a gauge transformation.

Similarly, setting V' to a constant simplifies in a different way the defining equa-
tions (2.5), this time leading to the BPS system. Setting V' = 1 for definiteness, and
introducing the notation H*, H, for A = 0, I for the BPS functions that form a symplectic
vector of functions, one finds the following change of variables:

RV 2 ,H[ 1 I 1 I1JK
V=->""-1 Kyj=-2-7 L= —C
o L I o M+ 5Hy HiHk
1 1
M = —2 (HoH" + HH) — g Mo Hs (2.37)

In terms of the explicit solution in section 2.2, in the BPS limit Hy has a single pole at
r 4 ¢ cos f, while the remaining harmonic functions are those of a standard BPS smooth
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solution. In this limit, defining dvy to be the BPS limit of —2do in eq. (2.27), we have
A A
*dw _ dH 7 (2.38)
*dvp dH

and 1
*dw = o (H dHA — HadHD). (2.39)

With these definitions, the symmetry in (2.24) survives and its action on the vector fields
and harmonic functions is conjugate to a spectral flow transformation with parameters
—% k1, through a gauge transformation in five dimension that amounts to the redefinition
Ho — Ho — 2. We observe that this is consistent with the transformation (2.27), noting
that by vanish identically in the BPS limit.

3 General properties of the solution

In this section we analyze the local regularity conditions on the parameters of the general
solution in section 2.2, focusing on the various interesting locations, namely asymptotic
infinity, the centers away from the bolt, and the bolt itself. As mentioned above, we
are interested in microstates of black holes in five dimensions (and black strings in six
dimensions) and so we are interested in solutions with R*! x S asymptotics.

We first consider the behaviour of the solution near asymptotic infinity in section 3.1,
identifying the appropriate constraints. We then proceed in section 3.2 to analyze the
possibility of obtaining regular black hole horizons at any of the special points in the bulk,
namely the poles of the bolt and the centers away from the bolt, and show that such regular
horizons cannot be built using our ansatz, unless one takes an extremal limit.

3.1 Asymptotics

In the solution that is obtained by directly substituting (2.32)—(2.35) in the relevant expres-
sions, various components of the metric and fields tend to non-zero constants at asymptotic
infinity. In order to obtain standard asymptotics, we first make a set of gauge transforma-
tions and coordinate transformations to set these constants to zero. These operations do
not impose any constraints on the parameters of the general solution.

We start by shifting away the asymptotic constants from the off-diagonal components of
the metric and the two-forms C,, using a set of diffeomorphisms and gauge transformations.
Specifically, one can shift to zero the asymptotic values of the scalars a®, 3, and A{ in (2.17)
by a gauge transformation on the two-forms, provided that one redefines the vector fields as

w? = w® + A?‘ww + aa|ww0,
v(/z = Vg — /Ba‘oow +77abab‘oow37

b, = bg + Nap Ai’}mwg + ﬁa’wwo , (3.1)

where primes denote redefined quantities, we denote asymptotic values by ‘OO, and we
use (2.2). Having done these redefinitions, we immediately drop the primes on the above
expressions, and likewise for the following two steps.
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Next, one may remove the asymptotic constants of A} and o that appear in the
Kaluza-Klein gauge field A® given in (2.7), by a diffeomorphism that mixes the coordinate
y with ¢ and ¢ at infinity, provided that one makes the redefinitions

1 3 b
Vg = Vg + @ |Oo77abw s

b, = by + A?‘wnabwb,
By = Ba+ 0| _nap AL (3.2)

Additionally, one can shift away the constant values of w, w? and the w® at infinity by
making an appropriate diffeomorphism that mixes the coordinates t, y with ¢, as well as by
doing a further gauge transformation on the two-forms; these do not induce any additional
redefinitions. A final redefinition we use is a diffeomorphism mixing time with one of the
compact directions, t = t' + v, and introducing the redefined fields

W=w-—yu?, W=p+yW, o’ =aol +4AF, vp = v+ by (3.3)
where the value of v will be determined by the asymptotic conditions below. We again
immediately drop the primes on all the above expressions.

The concrete expressions for the various asymptotic constants appearing in the above
redefinitions are straightforward to obtain using the solution given in section 2.2, but are
not illuminating and play no role in the following. Therefore, we refrain from giving them
explicitly and henceforth work with the quantities after (3.1) and (3.2) have been applied.

We next discuss the conditions arising from the asymptotics that impose constraints
on the parameter space. For simplicity we shall consider only one tensor multiplet; the
generalization to arbitrary n;, is straightforward, but requires the introduction of a unit
norm vector of SO(1,n7). To obtain our desired R*! x S! asymptotics, we impose the
fall-off behaviour

1 1 1 1 1

It turns out that the p obtained from (2.8) contains an asymptotic r—2 term that can be
eliminated using the redundancy (3.3), for the specific value

2
7:_1—*—7—’— h] <p+ +p +ZP1) 8m CIJKhIqJQK

m_ n%
=My Z RA et C”KhIqJZnK (3.5)

We henceforth proceed with the solution obtained after (3.3) with 4 as in (3.5) has
been applied.

In order to simplify the analysis, we take the same approach as in [47] and fix the
asymptotic values of gy, and the dilaton. (Note that there is no loss of generality in doing
this, since we keep the radius of the y circle explicitly as R,, and since more general
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asymptotic values of €2? can be restored straightforwardly by rescaling.) This results in
the following restrictions on the asymptotic constants 9, I/ and h;:

1
10—11—5, hy=1, (3.6)
while we also find convenient to use (2.33) to eliminate the parameters k; in favour of the
qr, as
kr=1+qr, (37)

where g7 are now a triplet of unrestricted real parameters. Given (3.6), the fall-off condi-
tions (3.4) are imposed by fixing the parameter ¢y that appears in the harmonic part of
the function M in (2.35), as

1 2_2 1
QO=—1+1m_+ o QIQ2QS—§QI~ +Z — (Ra +a)q})
I
Pl -
ClIK A ny + 3.8
£ 3 (O Swamik e g (B ) 58

where we defined the shorthand quantity

2 B
=l — IJK I LJK A m— Nk
= +pl +— C + P, + C + ,
p+ pL 4m 479K E § <QK Rr—a EB Ry — a)

(3.9)

which will be useful in the following.

Once the conditions (3.6)—(3.8) are imposed, the expressions given in section 2.2 pro-
duce an asymptotically R*! x S! solution. However, this solution does not yet possess
the asymptotics of a single-center black hole in five spacetime dimensions. The reason is
that the asymptotic conditions on the metric leave room for the gauge fields to have a
more general behaviour at infinity. In order to restrict to black hole asymptotics, one has
to introduce the vectors of five-dimensional electric charges, ()7, and the corresponding
constants governing the asymptotic fall-off of the scalars, Ey, defined as

2 2

Q124a

qr + 8 an—Zm_ +2Cr rE ”K, (3.10)

2 _ 2
‘ qr + 8 ZTLI +2m_= +2C[JK"' Jek (3.11)

EI:4“

An asymptotic solution describing a single center five-dimensional black hole must satisfy
the conditions

- Qi =F; - Q3 =E; — Q3, (3.12)

or in other words that all the components of the vector E% —Q% be equal. This only imposes
two conditions on the various parameters.
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3.2 Absence of black holes

As already mentioned in the Introduction, the solvable system under consideration does not
allow for single-center black hole solutions. However, one may consider the possibility of ob-
taining solutions that contain black holes at the special points of the base space: the centers
away from the bolt, and the centers at the poles of the bolt. As part of our general regularity
analysis, we now provide a simple analysis ruling out this possibility, therefore restricting
the range of interesting solutions within this system to smooth horizonless geometries.

In order to have a black hole horizon at a given special point located at r, = 0, the
six-dimensional metric (2.6) must be well-behaved around r, = 0. This condition requires
that the base metric, 7;;, be regular, and that the series expansions around 7, = 0 of the
metric functions, W, p and Hj, be:

2 .
W hr wJ, sin 6
WNE, H[Ng, HNT, (313)

with strictly positive coefficients w, hy. In addition, one must check the regularity of the
would-be horizon, and in particular that it has finite area. The horizon area of a five-
dimensional extremal black hole is controlled by the combination

qu _ HiHaHy —p?  §% + JEsin®
W rd ’

(&

(3.14)

where 16725 > 0 is the horizon area.

We now analyze in turn the centers away from the bolt, and the centers at the poles
of the bolt.

Centers away from the bolt. We start with the centers away from the bolt, so we set
r+ = 2, where A denotes any such center. Near any of these centers, the base metric is
smooth by construction, so we need only consider the metric functions. It is a cumbersome
but straightforward exercise to expand W, u and Hj for the solution given in section 2.2
around ¥, = 0, and to investigate whether it is possible to obtain the behaviour (3.13) by
imposing restrictions on the parameters of the solution.

Considering first the highest poles, and using the notation detn* = nfnins, we find

the behaviour®

R%2 — % cosf,

_ 2 —4
W = —8m? J,(det n?) (Ra—af 0 +O(2%),
R R2 — 2 cosf
= (1 W — 8 m_Ju(det n®) —2 (R, — A 210
2 ( +7) m A(en>’RA‘< A a) (RA_a)g Ei ( A)?
R?2 — 2 0
H;=2Jyn} ﬁ COSS 21022, (3.15)
A

One could a priori make several choices in order to cancel these poles. However, any
restriction on the bolt background parameters, as m_, a or ¢ would either lead to an
extremal limit or degenerate the base, so we restrict to fixing only local parameters at the

SRecall that v is the shift that imposes the correct asymptotics in p, see below eq. (3.4).
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center. One must have |R,| > ¢ in order for the distance from the bolt to make sense, and
assuming that not all the components of n} vanish, one is forced to set J, = 0 in order to
make the cubic poles of H vanish in (3.15). If all the n} are zero, one obtains the quartic
pole W ~ (cos 0, Jx(Ra + a))Q/Elf, so that indeed one must set J, = 0.

Continuing with the next-order poles, using the condition J, = 0 in order to simplify
the result, we find the following structure:

W =m?2 (m2 (det n*)? F1(Ra,m—,a,c) cos® 0, + Fiy) =1 + O(517),

?

p=m_ (m?(detn*)? Fy(Rs,m_,a,c) cos® 0, + F) ﬁ +0(27),

cos HA _
E%A + E—g +0(z7Y,  (3.16)

H; =m_ (m_(detn™)ny F3(Ra,m_,a,c) cosf, + F})

where the Fy(R,,m_,a,c) for k = 1,2,3 are three independent functions of the quantities
displayed in the argument, while the Fy,, Fj3, F7, H} are independent functions of the
same quantities as the FJ, the variables pi at the bolt and Plf at the center. The explicit
expressions for these functions are rather cumbersome, and are not needed for the present
argument; the fact that the Fj are functionally independent means that the only way to
remove the unwanted poles proportional to cos?, in (3.16) using only local variables at
center A is to set ninyny = 0. We therefore impose this, so that the n} are rank-2 vectors
at each center. For the purpose of exposition, and without loss of generality, we implement
this by setting ng = 0. Then (3.16) reduces to

, (n} P! —n3P2)?

W=m= (Ry —a)?X4

+0(2?),

n‘fP1 — N P2)
(o — a2
Ry (n Py —n5P?) cos, Hp
|Rs| (Ra —a)? 2 2

(R —a) ( +0(23%),

R
p=1+7W+m_—2
| Ra

Hy=2m_{-n}, ny, 0} +0(zh, (3.17)
where the H are the appropriate restriction of the H 1 in (3.16). We therefore find that the
antisymmetric combination n{ P} —n4 P? controls all the unwanted poles and must vanish.
The general solution to this equation can be parametrized by (the term proportional to
the ¢y is added for later convenience)

Pl = CHE nA(p — qx), (3.18)

where the arbitrary component P? is parametrized by both p} and p3; this is arranged to
ensure that there will be no loss of generality when n} is constrained to be rank 1, as it
will be shortly. This parametrization is invariant under the further shift p} — pf + enf,
p5 — p5 —ens. We thus henceforth adopt the redefinition (3.18), as anticipated in eq. (2.36).

At this stage the H; now have the desired behaviour described in (3.13), while both
W and p still contain $73 poles, which we now consider. In the interest of brevity we
suppress in the following analysis the terms proportional to Ji and pi, anticipating our
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later result that J1 = pL = 0 for any regular solution. The functions W and u, together
with the ¥32 poles of the H; when the ny are rank-2 vectors, then take the form

Ry ((RZ—a®)ps + (0 —*)a3) . @

W =2m_ 02
"R (Raa) (R @) Mg O
Ry Ry — ninypi Qi o
M= < +’Y+‘RA| e )W_ 23 +O(2A)a
- . - 1
={—n}q@, —nsdy, nins (53)° }g +0(z 1), (3.19)
where we used the shorthand definitions
~ R sign(Ry, — R )ngB>
A _ A A B
=ph — — (1-2 ,
DP3 P3 |RA| RA —a < ];
N R2—¢?
=28 LR — a0t - an
N R R, +a 1 R, +a n3
A A A A B
= _ + 2 . 3.20
% Q3+\RA]m <a2—c Z(RB—a+a —c2>|RB— ]> ( )

B#A

Setting either of n{, nj, 42 to zero would also set to zero the double pole of one component
of the H;. Therefore, the only possibility to cancel the cubic pole of W without reducing
the rank of the double pole of Hj is to set (R2 — a?) p3 + (a? — ¢?)@ = 0. However, from
the form of p in (3.19), we see that cancelling the cubic pole in W automatically implies
that HiHyHs — p? ~ O(ZZE’), and therefore that the horizon area vanishes. This implies
that (3.13) and (3.14) cannot be satisfied. We therefore conclude that it is not possible to
obtain a regular extremal black hole with finite horizon located at a finite distance from
the non-extremal bolt.

Poles of the bolt. We now turn to the poles of the bolt, where the metric behaves the
same way as the centers away from the bolt, analyzed above. The analysis is the same for
both the North and South pole, so we write r, = r4, and expand for small r,. To do this
we introduce coordinates centered on the North / South pole via

1 1
r= 2<T‘:|:+\/T‘:E + 4cry cos 4 +402> , cosf = i2— (Ti— r? 4 4derycosOy + 4c?
c

(3.21)
Then near the poles, the three-dimensional base metric ~;; behaves as
i g 2, .2 392 2 o2 2
vijdx'de?! ~ wi(04)(dri+ridff) + risin®0idep”, (3.22)
with the function . .
— 6
wi(ei)za + ¢ F (a® — ¢*) cos - (3.23)

2c2
Up to this #-dependent factor, which reduces to unity in the BPS limit, the behaviour of the
various functions required for the existence of a black hole horizon is again that in (3.13).
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Computing the expansions of W and u, one obtains

(axe)(aFeF(ate)coshyi)? atc 1 9 3\ 1 _3
W= =L g Lt
( 4ctwy(0+)? L cwi(0+) M-PEPePs rd +0(rs"),
=" j@a o), (3.24)

and therefore one must separately impose J+ = 0 and pLpipd = 0 for the quartic poles of
these functions to vanish.

We set J+ = 0 and without loss of generality we choose p3. = 0. Having done this, one
can examine the cubic poles of W and p and the quadratic poles of the Hy at r+ = 0, and
find expressions parallel to those in (3.19). The cubic pole of W can be eliminated by either
demanding p3 = 0 (so that the vector p} is rank-1), or by solving a linear equation for one
of the other parameters (say pIJF) associated to the antipodal pole. However, exactly as for
the centers away from the bolt, setting the vector pL to be rank-1 also eliminates some of the
quadratic poles in H;. Similarly, the alternative choice of solving for an antipodal charge
pgc implies that the sextic pole of HyHyH3 — ju? vanishes, as before. Therefore, we rule out
the possibility of a solution with a finite-size black hole horizon at the poles of the bolt.

4 Conditions for smooth solutions

We turn now to the analysis of the conditions required for obtaining globally-hyperbolic
smooth solutions from our general solution in section 2.2. The general analysis implies three
sets of constraints: the first set comprises algebraic relations between various parameters,
the second set involves a set of inequalities, and the last set involves quantization conditions
on specific combinations of the parameters.

The algebraic equations on the parameters of the solutions follow from the absence of
curvature singularities or event horizons at the special points, and the absence of Dirac-
Misner string singularities between the special points. The inequalities are the positivity
conditions for the dilaton and the signature of the metric to be the same at each special
point, and for the absence of closed time-like curves. Finally, the absence of singularities
requires the metric to be well-defined on each local patch, with meshing maps that pre-
serve the periodicity of the angular coordinates. This gives quantization conditions on the
parameters, as well as arithmetic constraints to avoid orbifold singularities. For further
details we refer to [47], in which this complete analysis was carried out for an explicit exam-
ple smooth solution containing a non-extremal bolt interacting with one Gibbons-Hawking
center (a solution which is of course contained in the present system). While the first set
of algebraic equations can be dealt with systematically, the second and the third sets of
constraints can in practice only be analyzed case by case. In this paper we focus on the
first set of constraints and leave the analysis of the other constraints (and hence the full
construction of new explicit smooth horizonless solutions) for future work.

In section 4.1 we derive and solve the algebraic constraints associated to the absence of
curvature singularities or event horizons at the special points. In section 4.2 we derive the
algebraic constraints ensuring the absence of Dirac-Misner string singularities between the
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centers and the vanishing of the Kaluza-Klein vector w on the bolt, which is also required
for the absence of closed time-like curves. The latter equations define a set of “bubble equa-
tions” involving the positions of the centers that resembles the corresponding conditions
for absence of Dirac-Misner string singularities in analogous extremal solutions. However,
we shall see that these “non-extremal bubble equations” are much more complicated, and
we do not discuss their solution in this paper.

4.1 Local smooth geometry

In order to have local smooth geometry at a center, r. = 0, a necessary condition is that
the metric functions W, u and Hj behave as:

w = W) +(’)(1> ,  Hr= hr.(6) +0(r)), u= O(1> : (4.1)

r2 Ty Ty Ty

where W2(6) and hr. () are strictly positive functions of 6.
When the special points are away from the bolt, the function W2(6) is a constant, and
moreover is the square of an integer (the Gibbons-Hawking charge); we therefore write it as

2
W= ]ZV;: + 0=, N, €Z. (4.2)
For such a center, the local five-dimensional spatial geometry is that of a Zy,| quotient
of R* x S'. This is a simple generalization of what is known as a Gibbons-Hawking center
in four spatial dimensions; for ease of notation we will simply refer to this as a Gibbons-
Hawking center. For more details, see the discussion in [47].
At the poles of the bolt, a factor of w4 (f+) defined in eq. (3.23) again enters, and
we have
wo (N ) omn Ni€Z 4.3
(soos;) vomh.  Meez (4.3
In order to impose (4.1), one must first cancel the higher-order poles analyzed in the
preceding section. We must therefore impose

Jy=J*=0, (4.4)

as explained below (3.15) and (3.24). Concentrating first on the centers away from the
bolt, recall that canceling the higher poles in (3.17) moreover requires n} to vanish along
one component and P} to be parametrized as (3.18), leading to the pole structure (3.19).

The requirement that the quadratic poles of H; vanish also removes the cubic poles of
W and u, so we focus on the H;. The quadratic poles of H; can be set to zero in three
ways: (i) all three n, vanish; (ii) two ns, vanish and ¢ in (3.20) vanishes; (iii) both ¢
and p3, in (3.20) vanish. However, setting ¢ = p3, = 0 also cancels the first order pole of
Hs, and respectively for the three other choices, so that option (iii) must be disregarded.
In option (i), nya = 0, one must relax the ansatz (2.36) for P! to be non vanishing, and
one finds that Plf must be rank 1 in order for the quadratic poles in H; to vanish. This
solution can nonetheless be considered as a degenerate limit of option (i) in which n, =0,
so we shall not consider it independently.
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We therefore concentrate on option (ii), which sets the n} to be of rank-1 at each center:

7 EpAn =0, (4.5)
and to impose
o _ L Ri—a 15k a;a A
dh =773 3 C 7P —a1) Pk — ax)- (4.6)
4 R —c

Considering the definition of the P! in (2.36) along with the condition (4.5), we note that
the component of the p; along the direction of nt does not appear in the solution. The
pole at the center A is therefore eventually parametrized by one non-zero component of n’
and two components of p}. This is also in agreement with the solutions found in [47], in
which the ansatz assumed that only n} # 0.7

In the BPS limit, this solution reproduces the behaviour of a standard smooth super-
symmetric Gibbons-Hawking center, with
0 I
HON%‘Z, legi, wa%f, Ho ~0, (4.7)
up to overall normalization factors. Note that this is the S-dual of a supertube center
(see for example [55, 56]).

We note that the integer Gibbons-Hawking charge appearing in eq. (4.2) is given by

1 1 a®—c?
Na= ) Z NPT AP 42 — I R2 — 2 Z n7 (Pr1 — @41) (Pr42 — Qr+2)
I A I

Ry Np Ny < Pr pr >
+m_ — . 4.8
I;A‘RA| |RA*RB| RB*CL RAfCL ( )

The same analysis applies in the vicinity of the poles of the bolt. One finds that in
order to cancel the double poles of all the Hy, the pL. must be at most rank 1. A further
condition must be implemented, which can be obtained for either pL = 0 or constraining
the g7, but the second leads to a cancellation of the first order pole of one of the Hj
function. The only consistent solution is therefore to set

pL=0. (4.9)

Note that this choice implies that in the solution of section 2.2, there are no remaining pa-
rameters that are intrinsic to the poles of the bolt (the parameters a, ¢, m_, gr are associated
to the bolt as a whole, rather than to its poles). One determines then the Gibbons-Hawking
charges Ny at the poles as

atec x
Ny = — 1 N, — 4.1
e G LS (4.10)

"Since that solution was given in the context of a different parametrization for the system, a complete
translation to the language of this paper is a cumbersome but straightforward task; the map is given in
appendix A.
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where we introduced the integer

CL2—C2

2m

T = 419293 (4.11)

a —c I (RA—Q)2 A A
Z|RA\RA a( 72— P = are)(phee — are2) —greare |

Note that the Gibbons-Hawking charge is only additive in the extremal limit in which a = ¢,
such that Ny + N_+ >, Ny = —1, because the bolt is only regular in six dimensions for
an integer ¢ greater than 1. The two Gibbons-Hawking charges must be integral, implying
that z must be an integer with the same parity as aTJ“C(l + >, Na).

4.2 Absence of closed time-like curves

We finally examine the constraints arising from the absence of closed time-like curves.
While this is hard to do in general since it requires a careful analysis of the global properties
of solutions, a first strong requirement is that the vector w, describing the time fibration,
is globally defined over the space-like base. Given that the solution under consideration is
axisymmetric, the global definition of w amounts to the condition that w, is continuous on
the symmetry axis.

It is straightforward to use the expression in appendix B together with the restric-
tions (4.4)-(4.9) to compute the potential discontinuities of w at the bolt and at the
Gibbons-Hawking centers. Note that eq. (3.8) already ensures that w is single-valued
at asymptotic infinity, so we only need to impose its continuity at the special points in the
bulk. This leaves us with potential discontinuities at the Gibbons-Hawking centers and a
potential discontinuity on the bolt.

In order to write the conditions for the the vector field w to be continuous, let us
introduce the following shorthand quantity, that will also be useful below:

A B
m_ a — 2 Nryr Mo
Co= — + n +2m_ , 4.12
0 ST ZQI—HQH-Q AIZ#J IpJ Z Ri—aRs—a ( )

as well as the sign, e,5, depending on the position of centers
oy = fa By
|[Ra — Re|
In terms of these quantities and the Gibbons-Hawking charges N, given in (4.8), the

(4.13)

conditions required for the discontinuities of the vector field w to vanish at the Gibbons-
Hawking centers are given by®

pA _pB
CoNa+ Y mipy+2 > n?—&-l”?—i—?ﬁ
I£J I,B#A A B

. RA a2 — C2 RA —

~ |Rs| m— R%-

_ 1-2 1—-2
PR 2w P ) (e

$Note that we use the rank 1 condition (4.5) of n} to simplify these formulae.

2 Z ny(P741 — ar+1) (T2 — Qr+2)
1

a) o (4.14)
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We now consider the continuity of w at the bolt. The coordinate ¢ degenerates only
on the poles of the bolt, not everywhere on the bolt; however w,, is constant on the bolt,
and so must vanish identically on the bolt by continuity [47]. One can also verify that the
same condition wy,|p = 0 is required for the quadratic pole of the function p to vanish on
the poles of the bolt. Simplifying the expression of wy|p assuming that (3.8) and (4.14)
hold, one obtains:

2 2 2 2
a a” — ¢ a~ — ¢ x
I — (EA:NA+1+ T q1q2q3> ~Cy <2+ZNA+1>

where x is the integer defined in (4.11).

The vanishing of the expressions (4.14) and (4.15) is the analogue of the bubble equa-
tions appearing in extremal solutions, both BPS and non-BPS alike [23, 57, 58]. Indeed,
imposing the BPS limit a — ¢,m_ — 0 with “;%02 kept fixed as in section 2.3, one finds
that these constraints reduce to the BPS bubble equations for a set of Gibbons-Hawking
centers defined by the harmonic functions H*, H of (2.37) with restricted poles according
to (4.7). It is in particular straightforward to see that these equations become linear in
the inverse distances. This is consistent with the fact that the bolt reduces to a pair of
Gibbons-Hawking centers in the BPS limit [10, 59, 60]. The connection to the Almost-BPS
system in the limit given in section 2.3 is less straightforward, as it leads to a non-standard
duality frame. In the almost-BPS extremal limit, the poles of the ansatz functions at the
South pole of the bolt turn out to vanish identically (in particular N_ = 0 in (4.10)).

It is also important to compute the value of the vector w® defining the fibration over
1) on the bolt,

a g a Ry
— =1 1-—— | N 4.16
fublp =t 3 (1 E ) M (1.16)

since the regularity conditions at the bolt imply that

a a

=m-n, Ewg‘B:m—i—n, (4.17)

for two integers m and n [34, 47]. One then finds that the Gibbons-Hawking charges at
the poles of the bolt are automatically integers:

Ny =-m—-> N., N_=n—- Y N, (4.18)

Ra>c Ra<—c

Let us summarize the set of free parameters in our solutions and the physical/geome-
trical quantities they correspond to. In the following we switch back to discussing solutions
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of general six-dimensional supergravity theories with n, tensor multiplets. One can con-
sider that ¢ and R, are determined by the bubble equations (4.14) and (4.15). Then
the parameters gy, a, m_ at the bolt are understood to parametrize the two integers m
and n characterizing its topology, the flux @, = ﬁ J p Ga over the bolt 3-cycle, and the
radius R, associated to the y coordinate. Each new Gibbons-Hawking center is a Zy,|
quotient of R* x S parametrized by two integers N, and M, (for the action on the ad-
ditional circle), and its presence introduces one new 3-cycle that supports ny + 1 fluxes
Fr=4% Js, Ga [47]. We thus see that each Gibbons-Hawking center is parametrized by
nr + 2 parameters ny, p; for ny + 3 new physical quantities Ny, My, F'. We therefore
understand that the additional integers M, (say) can be thought of as determined in terms
of the other quantities. Given integer values for m, n, Q,, N, and F', it would be nice if
the M, were automatically integers, however this is rather difficult to check. Moreover, for
the solution to have the same asymptotics as a Cvetic-Youm black hole, one must constrain
nr + 1 additional parameters to satisfy (3.12). Therefore, on one of the Gibbons-Hawking
centers, the fluxes F* must be determined in terms of other parameters. For a single addi-
tional center, the only free parameter is its Gibbons-Hawking charge N1, as in the solution
derived in [47].

It will be very interesting to explore the space of non-extremal smooth horizonless su-
pergravity solutions contained in our general solution. Work in this direction is in progress.
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A Relation to the Floating JMaRT system

In this appendix we briefly describe the relation of the solvable system given in section 2.1
to the “Floating JMaRT” system constructed in [43] and used in [47] to obtain an explicit
solution with a single Gibbons-Hawking center together with a smooth bolt. The system
in [43] is based on a set of Ernst potentials for an auxiliary Euclidean Maxwell-Einstein
solution, denoted by £+ and ®_, together with six more functions, L' and K7y, for I = 1,2, 3,
where there was no explicit triality covariance despite the naming. To avoid confusion with
the functions of the same name appearing in this paper, we will use the notation L!©%
and K;©9% for the functions appearing in [43].
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Explicitly, in terms of the functions appearing in the ansatz in section 2.1, we have the

identifications
K 2
€+:_—3*7 —:7_17
2+ K3+2V \%
1+ K3+2V 2V -1
PRt A S S (A1)
24+ K3+2V AV

for the Ernst potentials, where \ is a free parameter, set to A = m_/e_ when comparing
with the explicit Maxwell-Einstein solution used in [43]. Note that this is not an honest
redefinition, since the four original Ernst potentials are mapped to only three functions.
This is a particular choice inspired by the fact that the nontrivial Maxwell-Einstein solu-
tions we use are such that £ and ®_ are those of an extremal solution and are therefore
not independent.

We then proceed to the L©Y and K, 9, for a = 1,2 and using the 7, in (2.2), for
which we find
1

1 n®K,+ L° _
raea — = AT o — — (g, —2(V+1
294+ Ky 42V ¢ o (fam2(Vrl)

Ka + nabLb

). (A.2)
2+ K3+2V

The final two functions in the Floating JMaRT system are identified as

1 1V V-1 (Ki+L? (Ky+ L)

Ko = — (p4+13— = — (K L%+ K1 Ks) + = = )
3 4)\< 2 1 vy K )+ 2+ K3 +2V
1 (V+1 1 1V 1 V-1

30 — _ M- -K;L'+= — KKy Kz — = = (K,L*+ K1 K.
)\2< 5 A +81+VV 18283 21+VV( oLl + K1 K>2)
(V-1 (V+1) (K1+L2)(K2+L1)> (A3)

1+VV 2+ Kz +2V )’ '
where we caution that we use both a sum over indices ¢ = 1,2 and I = 1,2,3 for

convenience.

Besides these identifications, we further applied a gauge transformation on the gauge
field A3 — A3 — 2dt + 2\ di) and we rescaled all fields appropriately in order to remove
the explicit dependence on the parameter A. The latter is enforced by a rescaling of the
coordinates

t— 16\t y— 8y, P — 8A%, (A.4)

while also imposing that the six-dimensional metric and the two-form potentials C, rescale
by a factor of 32 A\?, and the dilaton is invariant. We display the redefinitions used explicitly
in this paper:

W =64 W, pu— 128X, {Hy, Hy, H3} — 16 \> {2H,, 2H,, Hs},

w— 16 Aw, {w®, w', w?, w3} — 4232 {200, wh, w? 2w}, (A.5)

while the rest are fixed uniquely by imposing consistency. Finally, we flipped the overall
sign of the two gauge fields A' and A2.
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B Vector fields

In this appendix we list the explicit expressions for the various vector fields used in the
main text. Since we deal exclusively with axisymmetric solutions, all vector fields only have
a single component, along ¢ in the 3D base (2.28), which is displayed explicitly below. We
first define some useful functions

sin?
S(r,8) = ,
(r,9) r2 — 2 + a?sin% 0
Wy =cosl+aS(r,0)(r—acosf+m_),
Wi =cosl FaS(r,0)(r+acosh),
r cosf Fc
= — B.1
Ve rFccosb’ (B.1)

which we use for brevity. Additionally, we use the shorthand cg = cos 8 for the remainder
of this appendix.

Starting from the electric vector fields, using the general solution (2.32)—(2.35) we find
from (2.18) the p-components

2 2

a’ — ¢ 2 2

— S (W_ - W) — m_m)

a
(vr)p = qr Wo + hy (

n4
9 T[22 _R2 (r —
+ EA (Rr—a) 5 [¢* = R{ + m_(r — Racy)

+((@* =) eg+ (r+acy) (Ry — a)) Wo) - (B.2)

Similarly, from (2.9) we find the following expression for the p-components of the magnetic

vector fields w!, wO

(wl) :_}CIJKq v +HCIJK(] qK WO—EW
¢ 2 TR 7 97

1
— S m_CY Ry (hg +2q) Wy —pL Ve —pl V-

4
CIJK(QJ—‘th) n?{ a2—62
_ —acy—(Ry— 29— Wy —W_
+m ZA: (Fr—a)5n (7’ acog—(Ra—a) Wi+ - (2co—W4—-W ))
Ry—1c
+ZCUK”§ (P?(—QK)ATG
A
+m_z NN 4o 1 [((Ra — Re)? — 52— 22) W,
AB (RA - a) (RB - a) EAEB A B
+8(r,0) (1* = ¢*) (2(r + acy) (Ra + Ry — 2a) + 4 (a® — 02)09)] , (B.3)
(w?), = —+ 1K Lt o+ = (02 L gt} ove—w
=3 0147 VK = 5w’ + g Wi + ——— 5 (hr+anl™ | (Wo —W-)

2 2
— m_
+ a4mc ((kkoks +2q19205) Wo — (ki koks +q10243) W=) + = (014293 — kakoks) Wy
0
Y5t [(Bata—a(@®=)S(,0) (R —reg) + (@ = ) (P = ) 5(r,0)]
A A
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iyl [RA—TCM (’”2_‘:2(%”“9) S(r,0) ((r — ace) (Ra + a) + (a® ~ 02)09)]

S(r,6)

# 3 [ W) = (ar o) ZED (2 (a0 o) Ve e+ )

e 3 e (Tt 2 - ) T )

A— Q)% a r—e€cc
Ae= il A + 4

A
—m_ <l1—4CUKka:K> Z (Rﬁﬁ (r—acg—(Ra—a)Ws+a(a®—c*)S(r,0)cy)

CEnpnl (P — ax) 2
—m_ Z (R —a) 50 5 [S(r@)(r —c”) (r+acy)

1 (ZA*EB)2
2 W+ (RA L N

2 2 2.2

—Am? Z nyny ng S(r, 0) (r* =) (r* = ) (B.4)
J(Rg —a) (Rec —a) YA g X ‘ .

ABC

Finally, the vector field w is also determined from (2.9) as

1 1 1
we =3 (hr + qn)w’ + 3 CE(qrqy — hrhy) vk + 3 oy

1
— "Wy — 5 hall Wi + n‘fb—o (Wo + Ws)

1 3 1
—5 (@ + 0 (@ 1) (¢ + B <w +3 Wo) + 5 CH gy (hie + ax)Ws

CL2—02

0 g2 _ (2
+ZQA[ — <r+a09+m_(1—09W+)+

co (W- — Wo)>

m_

2 2
+(R4s + a) (RA—rce—am ¢ Wo)]
_2;{: [RA_TCH+(7122)EJFS(T 0) ((r—ace)(RA+a)+(a2—02)69)]

a2—c2

- i (J4+J2) ( W = Wp) —m-_(Wy — W))

m_

+ Y Jelate S( ‘) [(a—eC)CQVe—TC(9+a+<27’—a2m_02> (CeJrVe)]

=, r—ecce _
!
+ g £ [CQSiHQH—r(RACQ—r)
A— Q) XAT —€CCy
Ae= :I:l

+25(r,0) (m,(r2 — 02) (r+acy) — 2(r2 - 6205))]

n Z ntpl Ry —rep m_ L c
Yo Ri—a a+ ec rT—€cCcy

Ae=+1

1 CIJKk[kJTL?(

Zm_ Z WWUK (p — (R, — 2 _ ) S(r.0
+4m ZA: (Ra—a) 5a (r—aco— (Ra —a) Wy +a(a® —c*)S(r,0) cp)
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CHEninb (p% — qx)

2(Rx — a) S S

T Z [2 m_S(r,0) (r* — )%y

A,B
(I2 — 62 N, -3 2
I = )
ning ( G <r2—c2cz>)
+2m- Wase —2m_S(r,0 7
A%,:c (Rs—a) (Ro—a) (Re—a) \""**° ) S s v
(B.5)

where Wygc is given by

= ——— [RARBRC W4 + ¢?sin? 0 ¢g (Ry+ Rs+Rc—a)—r (r2 — 62)
+ (a® — %) sin? 0 (r—aS(r,0) (ar — ? co))
—(r—aS(r,0) (ar+ccp)) x
(RaRp + RyRo + RuRe — (a sin® @+ rcg) (Ra + Ry + Re) +¢%)]. (B.6)
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